Numerical Constants 


Name Symbol Value 

Speed of light in vacuum c 2.99792458 - 10° ms! 
Elementary charge e 1.602176487(40)- 10”? C 
Universal gravitational constant G 6.67428(67)- 107 m° kg? s”? 
Planck’s constant h 6.62606896(33) - 10 J s 
Boltzmanns constant ks 1.3806504(24)-10 7 JK? 
Avogadros number Ng 6.02214179(30)- 107 mol! 
Universal gas constant R 8.314472(15) J mol! K` 
Mass of an electron M, 9.10938215(45)- 10°! kg 
Mass of a proton m, 1.672621637(83) - 10” kg 
Mass of a neutron My, 1.674927211(84)-10°°’ kg 
Magnetic permeability of free space (Be 47-10’ NA” 


8.854187817...-10 7N A 
5.760400(40) - 1078 W m”? K 


Electric permittivity of free space CE) 


Stefan-Boltzmann constant o 


Source: National Institute of Standards and Technology, http://physics.nist.gov/constants. The numbers in parentheses show the 
uncertainty in the final digits of the quoted number. For example, 6.67428(67) means 6.67428 + 0.00067. Values shown without 
uncertainties are exact. 


Name Symbol Value 

Standard acceleration due to gravity g 9.81 ms” 

Standard atmospheric pressure at 20 °C atm 1.01325 - 10° Pa 

Volume of ideal gas at 0 °C and 1 atm 22.413996(39) liter/mol 
Mechanical equivalent of heat 4.186 J/cal 

Atomic mass unit u 1.660538782(83) kg 
Electron-volt eV 1.602176487(40)- 10°" J 
Atomic mass unit energy equivalent uc” 931.494028(23) MeV 
Electron mass energy equivalent mec 0.510998910(13) MeV 
Proton mass energy equivalent mc” 938.272013(23) MeV 
Neutron mass energy equivalent mC 939.565346(23) MeV 
Planck’s constant divided by 27 h 1.054571628(53)-10 “Js 
Planck’s constant divided by 277 times c he 197.3269631(49) MeV fm 
Bohr radius ay 0.52917720859(36)- 10°"? m 


Source: National Institute of Standards and Technology, http://physics.nist.gov/constants. The numbers in parentheses show the 
uncertainty in the final digits of the quoted number. For example, 6.67428(67) means 6.67428 + 0.00067. Values shown without 
uncertainties are exact. 


Unit Conversion Factors 


Length 
1 m= 100 cm =1000 mm = 10° um = 10° nm 
1 km = 1000 m = 0.6214 mi 
1 m = 3.281 ft = 39.37 in 
1 cm = 0.3937 in 
1 in = 2.54 cm (exactly) 
1 ft = 30.48 cm (exactly) 
1 yd = 91.44 cm (exactly) 
1 mi = 5280 ft = 1.609344 km (exactly) 
1 Angstrom = 10°"? m =10°* cm = 0.1 nm 
1 nautical mile = 6080 ft = 1.152 mi 
1 light-year = 9.461-10'° m 


Area 
1 m? =10* cm? =10.76 ft? 
lcm? = 0,155 in? 
1 in? = 6.452 cm? 
1 ft? =144 in? = 0.0929 m° 
1 hectare = 2.471 acre = 10000 m? 
1 acre = 0.4047 hectare = 43560 ft” 
1 mi’ = 640 acre 
1 yd? = 0.8361 m? 


Volume 


1 liter =1000 cm? =107°m? = 0.03531 ft? = 61.02 in? = 


33.81 fluid ounce 
1 ft = 0.02832 m? = 28.32 liter = 7.477 gallon 
1 gallon = 3.788 liters 
1 quart = 0.9463 liter 


Time 
1 min = 60s 
1h = 3,600 s 


1 day = 86,400 s 
1 week = 604,800 s 
1 year = 3.156-10’s 


Angle 
1 rad = 57.30° =180°/a7 
1° = 0.01745 rad = (77/180) rad 
1 rev = 360° = 277 rad 
1 rev/min (rpm) = 0.1047 rad/s = 6°/s 


Speed 
1 mile per hour (mph) = 0.4470 m/s = 1.466 ft/s = 
1.609 km/h 
1 m/s = 2.237 mph = 3.281 ft/s 
1 km/h = 0.2778 m/s = 0.6214 mph 
1 ft/s = 0.3048 m/s 
1 knot = 1.151 mph = 0.5144 m/s 


Acceleration 


1 m/s? =100 cm/s” = 3.281 ft/s” 
1 cm/s? = 0.01 m/s” = 0.03281 ft/s” 
1 ft/s” = 0.3048 m/s” = 30.48 cm/s” 


Mass 


1 kg =1000 g = 0.0685 slug 

1 slug =14.95 kg 

1 kg has a weight of 2.205 Ib when g = 9.807 m/s” 
1 Ib has a mass of 0.4546 kg when g = 9.807 m/s” 


Force 


1 N = 0.2248 lb 
1 lb = 4.448 N 
1 stone = 14 lb = 62.27 N 


Pressure 


1 Pa =1 N/m? =1.450 - 10~™* lb/in? = 0.209 lb/ft? 

1 atm =1.013-10° Pa =101.3 kPa =14.7 lb/in? = 2117 lb/ft’ = 
760 mm Hg = 29.92 in Hg 

1 lb/in* = 6895 Pa 

1 lb/ft” = 47.88 Pa 

1 mm Hg = 1 torr = 133.3 Pa 

1 bar =10° Pa =100 kPa 


Energy 


1 J = 0.239 cal 

1 cal = 4.186 J 

1 Btu = 1055 J = 252 cal 
1 kW-h = 3.600- 10°J 

1 ft-lb =1.356 J 

1 eV =1.602-10°'°J 


Power 


1W=1Js 

1 hp = 746 W = 0.746 kW = 550 ft-Ib/s 
1 Btu/h = 0.293 W 

1 GW =1000 MW =1.0- 10° W 

1 kW = 1.34 hp 


Temperature 


Fahrenheit to Celsius: To = ¿(Tp -32 °F) 
Celsius to Fahrenheit: Tp = Tc + 32 °C 
Celsius to Kelvin: Ty = Te + 273.15 °C 
Kelvin to Celsius: Te = Ty - 273.15 K 
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A Note from the Authors 


e 
Physi CS is a thriving science, alive with intellectual challenge and presenting innumerable 
research problems on topics ranging from the largest galaxies to the smallest subatomic particles. 
Physicists have managed to bring understanding, order, consistency, and predictability to our universe 
and will continue that endeavor into the exciting future. 

However, when we open most current introductory physics textbooks, we find that a different 
story is being told. Physics is painted as a completed science in which the major advances happened 
at the time of Newton, or perhaps early in the 20th century. Only toward the end of the standard 
textbooks is “modern” physics covered, and even that coverage often includes only discoveries made 
through the 1960s. 

Our main motivation to write this book is to change this perception by appropriately 
weaving exciting, contemporary physics throughout the text. Physics is an exciting, dynamic 
discipline—continuously on the verge of new discoveries and life-changing applications. In order 
to help students see this, we need to tell the full, exciting story of our science by appropriately 
integrating contemporary physics into the first-year calculus-based course. Even the very first 
semester offers many opportunities to do this by weaving recent results from non-linear dynamics, 
chaos, complexity, and high-energy physics research into the introductory curriculum. Because we 
are actively carrying out research in these fields, we know that many of the cutting-edge results are 
accessible in their essence to the first-year student. 

Authors in many other fields, such as biology and chemistry, already weave contemporary 
research into their textbooks, recognizing the substantial changes that are affecting the foundations 
of their disciplines. This integration of contemporary research gives students the impression that 
biology and chemistry are the “hottest” research enterprises around. The foundations of physics, on 
the other hand, are on much firmer ground, but the new advances are just as intriguing and exciting, 
if not more so. We need to find a way to share the advances in physics with our students. 

We believe that talking about the broad topic of energy provides a great opening gambit to 
capture students’ interest. Concepts of energy sources (fossil, renewable, nuclear, and so forth), 
energy efficiency, alternative energy sources, and environmental effects of energy supply 
choices (global warming) are very much accessible on the introductory physics level. We find 
that discussions of energy spark our students’ interest like no other current topic, and we have 
addressed different aspects of energy throughout our book. 

In addition to being exposed to the exciting world of physics, students benefit greatly 
from gaining the ability to problem solve and think logically about a situation. Physics is 
based on a core set of ideas that is fundamental to all of science. We acknowledge this and 
provide a useful problem-solving method (outlined in Chapter 1) which is used throughout 
the entire book. This problem-solving method involves a multi-step format that both of us 
have developed with students in our classes. 

With all of this in mind along with the desire to write a captivating textbook, we have 
created what we hope will be a tool to engage students’ imaginations and to better prepare 
them for future courses in their chosen fields (admittedly, hoping that we would convert 
at least a few students to physics majors along the way). Having feedback from more than 300 
people, including a board of advisors, several contributors, manuscript reviewers, and focus group 
participants, assisted greatly in this enormous undertaking, as did field testing of our ideas with 
approximately 4000 students in our introductory physics classes at Michigan State University. We 
thank you all! 
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Preface 


University Physics is intended for use in the calculus-based introductory physics sequence at univer- 
sities and colleges. It can be used in either a two-semester introductory sequence or a three-semester 
sequence. The course is intended for students majoring in the biological sciences, the physical sci- 


ences, mathematics, and engineering. 


Problem-Solving Skills: Learning to Think Like a Scientist 


Perhaps one of the greatest skills students can take from their physics course is the ability to prob- 
lem solve and think critically about a situation. Physics is based on a core set of fundamental ideas 
that can be applied to various situations and problems. University Physics by Bauer and Westfall 
acknowledges this and provides a problem-solving method class tested by the authors, and used 
throughout the entire text. The text’s problem-solving method involves a multi-step format. 


“The Problem-Solving Guidelines help students improve their problem-solving skills, by 
teaching them how to break a word problem down to its key components. The key steps in 
writing correct equations are nicely described and are very helpful for students.” 


—Nina Abramzon, California Polytechnic University-Pomona 


“I often get the discouraging complaint by students, ‘I don’t know n 


where to start in solving problems. I think your systematic approach, 
a clearly laid-out strategy, can only help? 


—Stephane Coutu, The Pennsylvania State University 


Problem-Solving Method 


Solved Problem 

The book’s numbered Solved Problems are fully worked problems, each 
consistently following the seven-step method described in Chapter 1. Each 
Solved Problem begins with the Problem statement and then provides a 
complete Solution: 


1. THINK: Read the problem carefully. Ask what quantities are known, 
what quantities might be useful but are unknown, and what quanti- 
ties are asked for in the solution. Write down these quantities, repre- 
senting them with commonly used symbols. Convert into SI units, if 
necessary. 


2. SKETCH: Make a sketch of the physical situation to help visualize 
the problem. For many learning styles, a visual or graphical repre- 
sentation is essential, and it is often necessary for defining variables. 


3. RESEARCH: Write down the physical principles or laws that apply 
to the problem. Use equations that represent these principles and 


SOLVED PROBLEM 6.6 [Power Produced by Niagara Falls 
—— 


PROBLEM 

Niagara Falls pours an average of 5520 m° of water over a drop of 49.0 m every second. If 
all the potential energy of that water could be converted to electrical energy, how much 
electrical power could Niagara Falls generate? 


SOLUTION 


THINK 

The mass of one cubic meter of water is 1000 kg. The work done by the falling water is 
equal to the change in its gravitational potential energy. The average power is the work 
per unit time. 


SKETCH 
A sketch of a vertical coordinate axis is superimposed on a photo of Niagara Falls in 
Figure 6.22. 


RESEARCH 


The average power is given by the work per unit time: 


The work that is done by the water going over Niagara Falls is equal to the change in 
gravitational potential energy, 


AU=W. 
The change in gravitational potential energy of a given mass m of water falling a distance 
his given by 
AU =mgh. 
SIMPLIFY 


We can combine the preceding three equations to obtain 


paina ra 
t t t 


Continued— 


connect the known and unknown quantities to each other. At times, S22 


equations may have to be derived, by combining two or more known 
equations, to solve for the unknown. 


xiii 


CALCULATE 


We first calculate the mass of water moving over the falls per unit time from the given 
volume of water per unit time, using the density of water: 


3 
msn 
t sS 


| 1000 


m? 


‘The average power is then 


P =(5.52-10° kg/s}(9.81 mjs?}(49.0 m)=2653.4088 MW. 


ROUND 


We round to three significant figures: 


P=2.65 GW. 


DOUBLE-CHECK 

Our result is comparable to the output of large electrical power plants, on the order 
of 1000 MW (1GW). The combined power generation capability of all of the hydro- 
electric power stations at Niagara Falls has a peak of 4.4 GW during the high water 
season in the spring, which is close to our answer. However, you may ask how the wa- 


a 4. 


=5.52-10° kg/s. 5. 


SIMPLIFY: Simplify the result algebraically as much as possible. 
This step is particularly helpful when more than one quantity has to 
be found. 


CALCULATE: Substitute numbers with units into the simplified 
equation and calculate. Typically, a number and a physical unit are 
obtained as the answer. 


ROUND: Consider the number of significant figures that the result 
should contain. A result obtained by multiplying or dividing should 
be rounded to the same number of significant figures as the input 
quantity that had the least number of significant figures. Do not 
round in intermediate steps, as rounding too early might give a 
wrong solution. Include the proper units in the answer. 


ter produces power by simply falling over Niagara Falls. The answer is that it doesn't. 7. DOUBLE-CHECK: Consider the result. Does the answer (both the 
Instead, a large fraction of the water of the Niagara River is diverted upstream from number and the units) seem realistic? Examine the orders of magni- 
the falls and sent through tunnels, where it drives power generators. The water that de. T luti in limiti 
makes it across the falls during the daytime and in the summer tourist season is only tude. Test your so. ution in imiting cases. 
about 50% of the flow of the Niagara River. This flow is reduced even further, down 
to 10%, and more water is diverted for power generation during the nighttime and 
in the winter. 
E ars = cela 7 
| EXAMPLE 17.4 | Rise in Sea Level Due to Thermal Expansion of Water 
The rise in the level of the Earth’s oceans is of current concern. Oceans cov- 
24 er 3.6-10* km’, slightly more than 70% of Earth’s surface area. The average 
— ocean depth is 3700 m. The surface ocean temperature varies widely, between 
g a 35 °C in the summer in the Persian Gulf and -2 °C in the Arctic and Antarctic 
z 16 regions. However, even if the ocean surface temperature exceeds 20 °C, the water 
E] temperature rapidly falls off as a function of depth and reaches 4 °C at a depth 
3.2 of 1000 m (Figure 17.22). The global average temperature of all seawater is 
5 3 approximately 3 °C. Table 17.3 lists a volume expansion coefficient of zero 
5 for water at a temperature of 4 °C. Thus, it is safe to assume that the volume 
= 4 of ocean water changes very little at a depth greater than 1000 m. For the top 
0 n n 1 1 > 1000 m of ocean water, lets assume a global average temperature of 10.0 °C 
o Í 2 3 7 and calculate the effect of thermal expansion. 
Water depth d (km) 
FIGURE 17.22 Average ocean water tempera- PROBLEM 
ture as a function of depth below the surface. By how much would sea level change, solely as a result of the thermal expansion 
Exa m ples of water, if the water temperature of all the oceans increased by AT =1.0 °C? 
Briefer, terser Examples (Problem statement and SOLUTION 
E i . The volume expansion coefficient of water at 10.0 °C is B = 87.5-10°° °C" (from Table 17.3), 
Solution only) focus on a specific point or con- and the volume change of the oceans is given by equation 17.9, AV = BVAT, or 
cept. The briefer Examples also serve as a bridge AV _ par ð 
between fully worked-out Solved Problems (with is | 
ll d h h k bl We can express the total surface area of the oceans as A = (0.7)477R*, where R is the radius 
ail seven steps) and the homework problems. of Earth and the factor 0.7 reflects the fact that about 70% of the surface of the sphere is 
S 
PROBLEM-SOLVING PRACTICE F 


Problem-Solving Practice 

Problem-Solving Practice provides Additional Solved Problems, again 
following the full seven-step format. This section is found immediately 
before the end-of-chapter problems to provide a review and to emphasize 
the fundamental concepts of the chapter. Additional Problem-Solving 
Strategies and Guidelines are also presented here. 


“They provide a useful tool for students to improve their problem- 
solving skills. The authors did a good job in addressing, for each 


| Problem-Solving Guidelines: Kinetic Energy, Work, 
and Power 
1. In all problems involving energy, the first step is to clearly 
identify the system and the changes in its conditions. If an 
object undergoes a displacement, check that the displacement 
is always measured from the same point on the object, such as 
the front edge or the center of the object. If the speed of the 
object changes, identify the initial and final speeds at specific 
points. A diagram is often helpful to show the position and 
the speed of the object at two different times of interest. 
2. Be careful to identify the force that is doing work. Also 
note whether forces doing work are constant forces or variable 
forces, because they need to be treated differently. 


3. You can calculate the sum of the work done by individual 
forces acting on an object or the work done by the net force 
acting on an object; the result should be the same. (You can 
use this as a way to check your calculations.) 

4. Remember that the direction of the restoring force exerted 
by a spring is always opposite the direction of the displacement 
of the spring from its equilibrium point. 

5. The formula for power, P= F eř, is very useful, but applies 
only for a constant force. When using the more general 
definition of power, be sure to distinguish between the average 


5_W 
power, P=—, and the instantaneous value of the power, 
aw 


P=. 
dt 


SOLVED PROBLEM 5.2 | Lifting Bricks 
pa Bas 
PROBLEM 


power of the crane? 


SOLUTION 
THINK 


A load of bricks at a construction site has a mass of 85.0 kg. A crane raises this load from 
the ground to a height of 50.0 m in 60.0 s at a low constant speed. What is the average 


XIV 


chapter, the most important steps to approach the solution of the 
end-of-chapter problems. Students that never had physics before 
will find this guideline quite beneficial. I liked in particular the 
connection between the guideline and the solved problem. The 
detailed description on how to solve these problems will certainly 
help the students to understand the concepts better?” 


—Luca Bertello, University of California-Los Angeles 


Raising the bricks at a low constant speed means that the kinetic energy is negligible, so 
the work in this situation is done against gravity only. There is no acceleration, and fric- 
tion is negligible, The average power then is just the work done against gravity divided by 
the time it takes to raise the load of bricks to the stated height. 


SKETCH 

A free-body diagram of the load of bricks is shown in Figure 5.20. Here we have defined 
a coordinate system in which the y-axis is vertical and positive is upward. The tension, T, 
exerted by the cable of the crane is a force in the upward direction, and the weight, mg, 4 
of the load of bricks is a force downward. Because the load is moving at a constant speed, 
the sum of the tension and the weight is zero. ‘The load is moved vertically a distance h, 
as shown in Figure 5.21. 


RESEARCH 
‘The work, W, done by the crane is given by mg 


W=mgh. 
FIGURE 5.20 Free-body diagram 


‘The average power, P, required to lift the load in the given time At is of the load of bricks of mass m being 


yW lifted by a crane. 
P=—. 
At š 
SIMPLIFY 
Combining the above two equations gives film 
parish 
At h 
CALCULATE 


Now we put in the numbers and get 


m 


FIGURE 5.21 The mass m is lifted a 
distance h. 


(85.0 kg)(9.81 m/s \(s00 m) aw. 
60.05 Continued— 


P= 


End-of-Chapter Questions and Problem Sets 

Along with providing problem-solving guidelines, examples, and strategies, University Physics also 
offers a wide variety of end-of-chapter Questions and Problems. Often professors say, “I dort 
need a lot of problems, just a handful of really good problems.” University Physics has both. The end- 
of-chapter Questions and Problems were developed with the idea of making them interesting to the 
reader. The authors, along with a panel of excellent writers (who, perhaps more importantly, are also 
experienced physics instructors) wrote Questions and Problems for each chapter, being sure to pro- 
vide wide variety in level, content, and style. Included in each chapter are a set of Multiple-Choice 
Questions, Questions, Problems (by section), and Additional Problems (no section “clue”). One 
bullet identifies slightly more challenging Problems, and two bullets identify the most challenging 
Problems. The problem-solving theme from the text is also carried through to the Test Bank: The 
same group that wrote the end-of-chapter questions and problems also wrote the Test Bank ques- 
tions, providing consistency in style and coverage. 


MULTIPLE-CHOICE QUESTIONS QUESTIONS 


13.1 Salt water has a greater density than freshwater. A boat 13.7 In one of the Star Closing walls of | 13.12 You know from experience that if a car you are riding 


floats in both freshwater and salt water. The buoyant force on 
the boat in salt water is that in freshwater. 


a) equal to b) smaller than 


13.2 You fill a tall glass with ice and then add water to the 
level of the glass’s rim, so some fraction of the ice floats above 
the rim. When the ice melts, what happens to the water level? 
(Neglect evaporation, and assume that the ice and water 
remain at 0 °C during the melting process.) 


c) larger than 


a) The water overflows the rim. 

b) The water level drops below the rim. 

c) The water level stays at the top of the rim. 

d) It depends on the difference in density between water and ice. 
13.3 The figure shows four identical open-top tanks filled to 
the brim with water and sitting on a scale. Balls float in tanks (2) 
and (3), but an object sinks to the bottom in tank (4). Which of 
the following correctly ranks the weights shown on the scales? 


ie 


(4) 
a) (1) < (2) < (3) < (4) €) (1) < (2) = (3) = (4) 
b) (1) < (2) = (3) < (4) d) (1) = (2) = (3) < (4) 
13.4 You are in a boat filled with large rocks in the middle 
ofa small pond. You begin to drop the rocks into the water. 
What happens to the water level of the pond? 
a) It rises. 
b) It falls. 


c) It doesn't change. 


d) It rises momentarily and then 
falls when the rocks hit bottom. 
e€) There is not enough information 
to say. 
13.5 Rank in order, from largest to smallest, the magnitudes 
of the forces Fy, Fp and F; required for balancing the masses 
shown in the figure. 

600kg 600kg 600 kg 
Fy Fy 


500kg 500kg 500 kg 


A 


13.6 In a horizontal water pipe that narrows to a smaller 
radius, the velocity of the water in the section with the 

smaller radius will be larger. What happens to the pressure? 

a) The pressure will be the same in both the wider and 
narrower sections of the pipe. 

b) ‘The pressure will be higher in the narrower section of the 
pipe. 

c) The pressure will be higher in the wider section of the pipe. 
d) Itis impossible to tell. 


=) P trash compactor 
Wars ™® movies, four of P 


the heroes are trapped 
in a trash compactor 
on the Death Star. 

‘The compactor’s walls 
begin to close in, and 
the heroes need to pick 
an object from the 
trash to place 

between the closing 
walls to stop them. 

All the objects are the 
same length and have 
a circular cross section, 
but their diameters 
and compositions are 
different. Assume that 
each object is oriented 
horizontally and does not bend. They have the time and 
strength to hold up only one object between the walls. Which 
of the objects shown in the figure will work best—that is, will 
withstand the greatest force per unit of compression? 


13.8 Many altimeters determine altitude changes by 
measuring changes in the air pressure, An altimeter that is 
designed to be able to detect altitude changes of 100 m near 
sea level should be able to detect pressure changes of 

a) approximately 1 Pa. d) approximately 1 kPa. 
b) approximately 10 Pa. e) approximately 10 kPa. 


c) approximately 100 Pa. 
13.9 Which of the following assumptions is not made in the 
derivation of Bernoulli’s Equation? 

a) Streamlines do not cross. c) There is negligible friction. 
d) There is no turbulence. 


€) There is negligible gravity. 


b) ‘There is negligible 
viscosity. 

13.10 A beaker is filled with water to the rim. Gently placing a 
plastic toy duck in the beaker causes some of the water to spill 
out. The weight of the beaker with the duck floating in it is 

a) greater than the weight before adding the duck. 

b) less than the weight before adding the duck. 

c) the same as the weight before adding the duck. 

d) greater or less than the weight before the duck was 
added, depending on the weight of the duck. 

13.11 A piece of cork (density = 

0.33 g/cm’) with a mass of 10 g 

is held in place under water by a 9 

string, as shown in the figure. What T 

is the tension, T, in the string? 
a) 0.10 N c) 0.30 N 
b) 0.20 N d) 100 N 


e) 200 N 
f) 300N 


in suddenly stops, heavy objects in the rear of the car move 
toward the front. Why does a helium-filled balloon in such a 
situation move, instead, toward the rear of the car? 


13.13 A piece of 
in half and then 


opened up and placed on a flat table so that it “peaks” up in 
the middle as shown in the figure. If you blow air between the 
paper and the table, will the paper move up or down? Explain. 


13.14 In what direction does a force due to water flowing 
from a showerhead act on a shower curtain, inward toward 
the shower or outward? Explain. 


13.15 Point out and discuss any flaws in the following 
statement: The hydraulic car lift is a device that operates 

on the basis of Pascal’ Principle. Such a device can produce 
large output forces with small input forces. Thus, with a 

small amount of work done by the input force, a much larger 
amount of work is produced by the output force, and the 
heavy weight of a car can be lifted. 

13.16 Given two springs of identical size and shape, one made 
of steel and the other made of aluminum, which has the higher 
spring constant? Why? Does the difference depend more on 
the shear modulus or the bulk modulus of the material? 

13.17 One material has a higher density than another. Are 
the individual atoms or molecules of the first material nec- 
essarily more massive than those of the second? 


PROBLEMS 


13.18 Analytic balances are calibrated to give correct 
mass values for such items as steel objects of density p, = 
8000.00 kg/m’. The calibration compensates for the buoyant 
force arising because the measurements are made in air, of 
density p, = 1.205 kg/m*. What compensation must be made 
to measure the masses of objects of a different material, of 
density p? Does the buoyant force of air matter? 


13.19 Ifyou turn on the faucet in the bathroom sink, you 
will observe that the stream seems to narrow from the point 
at which it leaves the spigot to the point at which it hits the 
bottom of the sink. Why does this occur? 


13.20 In many problems involving application of New- 
ton’s Second Law to the motion of solid objects, friction is 
neglected for the sake of making the solution easier. The 
counterpart of friction between solids is viscosity of liquids. 
Do problems involving fluid flow become simpler if viscosity 
is neglected? Explain. 


13.21 You have two identical silver spheres and two un- 
known fluids, A and B. You place one sphere in fluid A, and 
it sinks; you place the other sphere in fluid B, and it floats, 
What can you conclude about the buoyant force of fluid A 
versus that of fluid B? 


13.22 Water flows from a circular faucet opening of radius ry, 
directed vertically downward, at speed vy. As the stream of water 
falls, it narrows. Find an expression for the radius of the stream 
as a function of distance fallen, r (y), where y is measured down- 
ward from the opening, Neglect the eventual breakup of the 
stream into droplets, and any resistance due to drag or viscosity. 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One » and two +« 
indicate increasing level of problem difficulty. 


Sections 13.1 and 13.2 

13.23 Air consists of molecules of several types, with an 
average molar mass of 28.95 g. An adult who inhales 0.50 L 
of air at sea level takes in about how many molecules? 
13.24 Ordinary table salt (NaCl) consists of sodium and 
chloride ions arranged in a face-centered cubic crystal lattice. 
‘That is, a sodium chloride crystal consists of cubic unit cells 
with a sodium ion on each corner and at the center of each 
face, and a chloride ion at the center of the cube and at the 
midpoint of each edge. The density of sodium chloride is 
2.165-10° kg/m’. Calculate the spacing between adjacent 
sodium and chloride ions in the crystal. 


Section 13.3 

13.25 A 20-kg chandelier is suspended from the ceiling by 
four vertical steel wires, Each wire has an unloaded length of 
1 mand a diameter of 2 mm, and each bears an equal load. 
When the chandelier is hung, how far do the wires stretch? 


13.26 Find the minimum diameter of a 50-m-long nylon string 
that will stretch no more than 1 cm when a load of 70 kg is sus- 
pended from its lower end. Assume that Y,yion = 3.51- 10° N/m’, 
13.27 A 2.0-m-long steel wire in a musical instrument has 
a radius of 0.03 mm. When the wire is under a tension of 
90 N, how much does its length change? 

+13.28 A rod of length L is attached to a wall. The load on 
the rod increases linearly (as shown by the arrows in the 
figure) from zero 

at the leftend to Way 
W newtons per 

unit length at the 
right end, Find 

the shear force at 

a) therightend, b) the center, and 


+13.29 Challenger Deep in the Marianas Trench of the Pacific 
Ocean is the deepest known spot in the Earth’s oceans, at 
10.922 km below sea level. Taking density of seawater at atmo- 
spheric pressure (pọ = 101.3 kPa) to be 1024 kg/m’ and its bulk 
modulus to be B(p) = By + 6.67(p - po), with By = 2.19- 10° Pa, 
calculate the pressure and the density of the seawater at the 


c) the left end. 


“The problem-solving technique, to borrow a phrase from my students, ‘doesn’t suck? Pm 
a skeptic when it comes to anybody else’s one-size-fits-all approach to problem solving— 
I’ve seen too many that just don’t work, pedagogically. The approach used by the authors, 
however, is one in which students are really forced to tap their intuition before they start, to 
reflect on the relevant first principles... . 


Wow! There are some really nice problems at the end of the chapter. My compliments 
to the authors. There was a nice diversity of problems, and most of them required a lot 
more than simple plug-and-chug. I found many problems Td be inclined to assign.” 


—Brent Corbin, University of California-Los Angeles 


“The text strikes a very good balance of providing mathematical details and rigor together 
with a clear, intuitive presentation of physics concepts. The balance and variety of problems 
provided, both as worked-out examples and as end-of-chapter problems, are outstanding. 
Many features are found in this book that are difficult to find in other standard texts, 
including proper use of vector notation, explicit evaluation of multiple integrals, e.g., in 
moment of inertia calculations, and intriguing connections to modern physics.” 


—Lisa Everett, University of Wisconsin-Madison 


Contemporary Topics: Capturing Students’ Imaginations 


University Physics incorporates a wide variety of contemporary topics as well as research-based dis- 
cussions designed to help students appreciate the beauty of physics and see how physics concepts are 
related to the development of new technologies in the fields of engineering, medicine, astronomy 
and more. The “Big Picture” section at the beginning of the text is designed to introduce students 
to some of the amazing new frontiers of research that are being explored in various fields of physics 
and the results that have been obtained during the last few years. The authors return to these topics 
at various points within the book for more in-depth exploration. 

The authors of University Physics also repeatedly discuss different aspects of the broad topic 
of energy, by addressing concepts of energy sources (fossil, nuclear, renewable, alternative, and so 
forth), energy efficiency, and environmental effects of energy supply choices. Alternative energy 
sources and renewable resources are discussed within the framework of possible solutions to the 
energy crisis. These discussions provide a great opportunity to capture students’ interest and are 
accessible on the introductory physics level. 

The following contemporary physics research topics and topical energy discussions (in green) 
are found in the text: 


discusses tunneling of particles 


Chapter 7 
Example 7.5 Particle Physics 


research on objects in Kuiper Belt 
Section 12.7 Dark Matter 


Chapter 13 


reflection seismology 
Figure 15.11b shows nanoscale guitar 
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Chapter 1 Section 15.8 includes Self-Test Opportunity 15.4 on nanoscale 
Section 1.3 has a subsection called “Metrology” that mentions the guitar string 

new definition of the kilogram and the optical clock at NIST Section 15.9 Research on Waves 
Section 1.4 mentions the authors’ research on heavy-ion collisions Chapter 16 
Chapter 4 Section 16.4 has a subsection titled “Mach Cone” that mentions 
Section 4.2 has a subsection on the Higgs particle creation of shock waves by collisions of nuclei in particle accel- 
Section 4.7 has a subsection on tribology erators and has a paragraph on Cherenkov radiation 
Chapter 5 Chapter 17 
Section 5.1 Energy in Our Daily Lives Section 17.2 has subsections titled “Research at the Low- 
Section 5.7 Power and Fuel-Efficiency of U.S. Cars Temperature Frontier” and “Research at the High-Temperature 
Chapter 6 Frontier 


Section 6.8 has a subsection titled “Preview: Atomic Physics” that 


Solved Problem 6.6 Power Produced by Niagara Falls 


Section 7.8 discusses Sinai billiards and chaotic motion 


Chapter 8 Solved Problem 18.3 Power Carried by the Gulf Stream 
Example 8.3 mentions electromagnetic propulsion and radiation Example 18.8 Earth as a Blackbody 
shielding in context of sending astronauts to Mars Section 18.8 Modes of Thermal Energy Transfer/Global Warming 
Chapter 10 Section 18.8 has a subsection titled “Heat in Computers” 
Example 10.7 Death ofa Star Chapter 19 
Example 10.8 Flybrid Example 19.5 The Quark-Gluon Plasma 
Chapter 12 Chapter 20 
Section 12.1 has a subsection titled “Solar System” that mentions Example 20.2 Warming a House with a Heat Pump 


Section 13.1 briefly discusses nanotubes and nanotechnology 
Section 13.2 briefly discusses plasmas and Bose-Einstein 


condensates Section 207 E. mean 
Section 13.6 has a subsection titled “Applications of Bernoulli’s eet on an A aR 
Equation” that discusses lift and design of aircraft wings Chapter 21 
Section 13.8 Turbulence and Research Frontiers in Fluid Flow Section 21.3 Superconductors 
Chapter 14 ae als Electrostatic Force—Coulomb’s Law/Electrostatic 
Section 14.7 Chaos recipitator 
Chapter 15 Chapter 22 


Section 15.5 has a subsection titled “Seismic Waves” that mentions 


Section 17.5 Surface Temperature of Earth 

Section 17.6 Temperature of the Universe 

Example 17.4 Rise in Sea Level Due to Thermal Expansion of 
Water 


Chapter 18 
Example 18.7 Roof Insulation 
Solved Problem 18.2 Warming Costs for Winter 


Example 20.4 Maximum Efficiency of an Electrical Power Plant 

Solved Problem 20.1 Efficiency of an Automobile Engine 

Section 20.4 Real Engines and Efficiency/Hybrid Cars 

Section 20.4 Real Engines and Efficiency/Efficiency and the 
Energy Crisis 

Solved Problem 20.2 Cost to Operate an Electrical Plant 


Example 22.4 Time Projection Chamber (STAR TPC) 
Section 22.6 discusses noninvasive imaging of brain electric fields 
and the brain-computer interface 


Chapter 23 
Section 23.2 describes new batteries 
Example 23.2 Battery-Powered Cars 


Chapter 24 
Example 24.4 The National Ignition Facility 
Section 24.9 Supercapacitors 


Chapter 25 

Example 25.1 Iontophoresis 

Section 25.3 Temperature Dependence, and Superconductivity 

Solved Problem 25.2 Brain Probe (ECoG) 

Section 25.7 Energy and Power in Electric Circuits discusses high- 
voltage electric power transmission 

Section 25.8 Diodes: One-Way Streets in Circuits 

Solved Problem 25.4 Size of Wire for Power Line 


Chapter 27 

Section 27.3 and Example 27.1 STAR TPC 

Section 27.3 has a subsection on magnetic levitation 
Example 27.3 Cyclotron 


Chapter 28 

Solved Problem 28.1 Electromagnetic Rail Accelerator 

Section 28.7 discusses superconducting magnets and the Meissner 
effect 


Chapter 29 

Section 29.4 Generators and Motors discusses regenerative 
braking 

Section 29.10 discusses computer hard drives and giant 
magnetoresistance 


Chapter 30 


Section 30.7 Transformers 


Chapter 31 
Example 31.1 Using Solar Panels to Charge an Electric Car 


Chapter 32 


Section 32.2 discusses perfect mirrors and laser surgery 


Chapter 33 


Section 33.8 Laser Tweezers 


Chapter 35 

Example 35.2 discusses the possibility of a muon collider 

Section 35.6 discusses particle accelerators 

Section 35.8 discusses the Hubble Space Telescope and gravita- 
tional lensing, Black holes, LIGO, and LISA 

Section 35.9 Relativity in Our Daily Life: GPS 


Chapter 36 

Section 36.2 Blackbody Radiation describes cosmic background 
radiation 

Section 36.3 discusses night-vision devices 

Section 36.8 has a subsection on “Bose-Einstein Condensate” 


Chapter 37 

Introduction on quantum computing, nanoscience, and nanotech- 
nology 

Section 37.9 discusses two-fermion wave function and computer 
modeling of physical systems, as well as quantum computing 


Chapter 38 

Section 38.4 has a subsection titled “X-Ray Production” that dis- 
cusses X-rays in medicine 

Section 38.5 discusses the use of lasers in surgery, weapons, 
measurement, chemical bonds, free-electron lasers, and the NIF 
laser system 


Chapter 39 

Section 39.1 discusses CERN, LHC, complex atomic-level systems, 
protein folding, DNA, and the origin of life 

Section 39.3 discusses elementary particles and Higgs bosons 

Section 39.4 has a subsection titled “Supersymmetry and String 
Theory” 


Chapter 40 

Section 40.2 discusses neutrino-less double-beta decays 

Section 40.3 describes the nuclear shell model and models of 
nuclear collisions 

Section 40.4 Nuclear Energy: Fission and Fusion discusses the 
use of controlled fusion for energy production, as well as ITER 
and NIF 

Section 40.5 describes core-collapse supernova explosions 

Section 40.6 discusses gamma knives (in brain surgery), heavy-ion 
beam treatments for cancer, and technetium diagnostic scans 


“I think this idea is great! It would help the instructor show the students that physics is 


a live and exciting subject. . 


. . because it shows that physics is a happening subject, 


relevant for discovering how the universe works, that it is necessary for developing 
new technologies, and how it can benefit humanity . . . . The [chapters] contain a lot of 


interesting modern topics and explain them very clearly.” 


—Joseph Kapusta, University of Minnesota 


“Section 17.5 on the surface temperature of the Earth is excellent and is an example of what 
is missing from so many introductory textbooks: examples that are relevant and compelling 


for the students.” 


—John William Gary, University of California—Riverside 


“I think the approach to include modern or contemporary physics throughout the text is 
great. Students often approach physics as a science of concepts which were discovered long 
ago. They view engineering as the science which has given them the advances in technology 
which they see today. It would be great to show students just where these advances do start, 


with physics? 


—Donna W. Stokes, University of Houston 


Enhanced Content: Flexibility for Your Student and 
Course Needs 


To instructors who are looking for additional coverage of certain topics and mathematical support 
for those topics, University Physics also offers flexibility. This book includes some topics and some 
calculus that do not appear in many other texts. However, these topics have been presented in such 
a way that their exclusion will not affect the overall course. The text as a whole is written at a level 
appropriate for the typical introductory student. Below is a list of flex-coverage content as well as 


additional mathematical support: 


Chapter 2 

Section 2.3 The concept of the derivative is developed using 
an approach that is both conceptual and graphical. Examples 
using the derivative are provided, and students are referred 
to an appendix for other “refreshers.” This is a more extensive 
approach than is taken in some other texts. 

Section 2.4 Acceleration as the time derivative of velocity is intro- 
duced by analogy, and the discussion includes an example. 

Section 2.6 Integration as the inverse to differentiation is intro- 
duced for finding the area under a curve. This more extensive 
presentation than in many texts is spread over two sections with 
multiple examples. 

Section 2.7 Examples using differentiation are included. 

Section 2.8 A derivation on minimum time arguments is shown to 
lead to a solution that is equivalent to Snell’s Law. 

End-of-chapter exercises related to this coverage include Questions 
20, 22, and 23 and multiple Problems using calculus. 


Chapter 3 

Section 3.1 The component-wise derivative of a three-dimensional 
position vector into three-dimensional velocity and then into 
three-dimensional acceleration is presented. 

Section 3.3 The tangetiality of the velocity vector to the trajectory 
is covered. 

Section 3.4 The maximum height and range of a projectile are 
found by setting the derivative equal to zero. 

Section 3.5 Relative motion is covered (equation 3.27). 

End-of-chapter Problem 3.38 covers the derivative. 


Chapter 4 
Section 4.8 Example 4.10 on the best angle to pull a sled is a 
maximum-minimum problem. 


Chapter 5 

Section 5.5 Work done by a variable force is covered using definite 
integrals and the derivation of equation 5.20. The chain rule is 
also covered. 


Section 5.7 Power as the time derivative of work is covered (equa- 
tion 5.26). 

A number of end-of-chapter Problems supplement this coverage, 
such as Problems 5.34 through 5.37. 


Chapter 6 

Section 6.3 Finding the work done by a force includes use of inte- 
grals. 

Section 6.4 Obtaining force from the potential includes the use of 
derivatives; partial derivatives and the gradient are also intro- 
duced (for example, the Lennard-Jones potential). 

A number of end-of-chapter Questions and Problems supplement 
this coverage, such as Questions 6.24 and 6.25 and Problems 
6.34, 6.35, and 6.36. 
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Section 5.6 Work done by spring force is discussed (equation 5.24). 


Chapter 8 

The text introduces volume integrals so that the volume of a sphere 
and the center of mass of a half sphere can be determined in a 
worked example. 


Chapter 9 

Explicit derivatives of the radical and tangential unit vectors are 
provided. The text derives the equations of motion for constant 
angular acceleration, repeating the customary derivation of 
equations of motion for constant linear acceleration presented in 
Chapter 2. 


Chapter 10 

The volume integral introduced in Chapter 8 is utilized in finding 
the moment of inertia for different objects. The text derives the 
expression for angular momentum to determine the relationship 
between the angular momentum of a system of particles and the 
torque. 


Chapter 11 

Section 11.3 The stability condition is utilized, and the second 
derivative of potential energy is examined to determine the type 
of equilibrium through graphical interpretation of the functions. 


Chapter 12 
Section 12.1 Unique coverage is provided of the derivation of the 
gravitational force from a sphere and inside a sphere. 


Chapter 14 

Section 14.4 The subsection titled “Small Damping” applies the 
student’s knowledge of simple harmonic oscillators to derive the 
small damping equation through differentiation. For the case of 
large damping, the student is again referred to the solution to the 
differential equation. Example 14.6 walks the student through 
an example of a damped harmonic oscillator. The solution to 
this equation is stated explicitly, but the text utilizes calculus 
to reach the answer. The subsection “Energy Loss in Damped 
Oscillations” includes a calculation of the rate of energy loss that 
uses the differential definition of power. 

Section 14.5 A thorough discussion of forced harmonic motion 
takes advantage of the student’s understanding of differential 
equations, graphically analyzes the solution, and then analyzes 
the outcome. 

A number of end-of-chapter Problems supplement this coverage, 
such as Problems 14.55 and 14.73. 


Chapter 15 

Section 15.4 This entire section is unique among introductory 
physics texts as it utilizes partial differential equations to derive 
the wave equation. 

Several of the end-of-chapter Questions and Problems related to 
the content of Section 15.4 require an understanding of the cal- 
culus used in this section, particularly 15.30 and 15.31. 


Chapter 16 
Section 16.4 Covers the Doppler effect as a function of the 
perpendicular distance. 


Chapter 22 
Section 22.9 Solved Problem 22.3 covers the electric field for a 
nonuniform spherical charge distribution 


Chapter 25 
Section 25.5 Solved Problem 25.2, “Brain Probe” covers a case of 
nonconstant cross-sectional area. 


Chapter 32 

Section 32.3 This textbook goes deeper into calculus than many 
others by demonstrating how calculus can be used in deducing 
from Newton's Laws of Motion the necessarily parabolic shape of 
liquid surfaces that have a net circular motion. 

Some end-of-chapter Problems, such as Problem 32.43, also use 
calculus to solve a minimization problem. 


Chapter 34 

Section 34.10 This section discusses the quality of diffraction 
gratings using the concept of dispersion. In many similar physics 
textbooks, the formula for dispersion is simply given. This 
textbook, however, uses calculus to derive dispersion in a 
straightforward manner. 


Chapter 35 

Section 35.2 This section has a very instructive and intuitive deri- 
vation of light cone variables that goes beyond what is found in 
most standard textbooks. 

Section 35.6 The text features calculus-based derivations for velocity 
transformation and energy (based on integrating the distance 
dependence of work). While the energy derivation follows standard 
integration techniques and is used in most books, the velocity 
transformation derivation is unique and very instructive. 


Chapter 36 

Section 36.2 The level of detail that characterizes the derivation of 
several radiation laws (Wien, Planck, Boltzmann, Raleigh-Jeans) 
is not found in many other textbooks. 

Section 36.8 The introduction to Bose-Einstein and Fermi-Dirac 
statistics is important and unique to this textbook. The connection 
to radiation laws is especially relevant. The end-of-chapter 
Problems related to Section 36.8, in particular Problems 36.53 
through 36.55, are challenging and utilize the relevant mathematics. 


Chapter 37 

Most standard textbooks teach quantum mechanics with minimal 
usage of calculus, using mostly a conceptual approach. This book 
takes a more formal approach, from Section 35.1 on wave func- 
tions. The students are exposed to derivations that are unique 
to modern physics, starting from the normalization condition 
of the wave function over operators for momentum and kinetic 
energy and continuing to solutions for infinite and finite poten- 
tials. Hamiltonians are introduced and applied to Schrédinger 
and Dirac equations. The many-particle wave function is then 
covered in Section 37.9. The end-of-chapter Problems that utilize 
calculus include Problems 37.28 through 37.39. 


Chapter 38 

This textbook derives the full solution of the hydrogen electron 
wave function and breaks it down into radial and angular parts. 
This complete solution allows the student to derive the degen- 
eracy of the quantum levels rather than simply learning a simple 
formula for calculating the levels without understanding their 
physical origin. 

Section 38.3 The solution of the Schrödinger equation in Section 
38.3. is based on the derivations in Chapter 37, and the text further 
explores the full solution of the hydrogen electron wave function 
considered earlier in the chapter. The end-of-chapter Problems 
38.35, 38.36, and 38.37 use the calculus from the chapter. 


Chapter 39 

The definition of the differential scattering cross section is defined 
in equations 39.3 and 39.4, based on classical (Rutherford) phys- 
ics. (Many other texts simply show and describe graphs.) The 
differential cross section from quantum considerations is given 
in equation 39.6, and the form factor (deviation from Rutherford 
and deviation from point particle) is given in equations 39.7 and 
39.8. Form factors are not often described in other texts. While 
this discussion adds to the mathematical detail, it could be easily 
omitted to fit the needs of the course. End-of-chapter Problem 
39.32 makes use of calculus to calculate the fraction of particles 
scattered into a range of angles. 


Chapter 40 

The text presents a slightly more detailed discussion than is usually 
seen in deriving the Fermi energy while covering Fermi’s model 
of the nucleus in Section 40.3. Some end-of-chapter problems 
could involve simple integration of the exponential function: 
40.31, 40.33, 40.52, 40.53, and 40.61. 


“Strongest feature . . . The use of real mathematics, especially calculus, to derive kinematic 
relations, the relations between quantities in circular motion, the direction of the gravitational 
force, the magnitude of the tidal force, the maximum extension of a set of piled blocks. Solved 
problems are always addressed symbolically first. Too often textbooks don't let the math do 


the work for them.” 


—Kieran Mullen, University of Oklahoma 
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(~ Gia vinta >) Derivations 


Bg jy you have already taken integral calculus, you can skip this section. If equation 520 Detailed derivations are provided in the text as examples for students, who will even- 
$ x is your first exposure to integrals, the following derivation is a useful introduction. 
E E ee tually need to develop their own derivations as they review Solved Problems, work 
In the case of a constant force, we can think of the work as the area under the . $ A ies 
Ss horizontal Hine that plots the value of the constant foree in the interval between 3, through Examples, and solve end-of-chapter Problems. The Derivations are identified 
i GSN A manainae ena ia of el BE one aid de in the text with numbered headings so that instructors can include these detailed fea- 
under the curve F,(x) by a series of rectangles and add their areas to approximate . 
5 Fi) tewo As jr ca esa ipa S lda, the acho ic rectie beech ad tures as necessary to fit the needs of their courses. 
Xe is given by Ese) Gia ~ x) = F, (x) -Ax. We obtain an approximation for the 
Work by summing overall retang 
| il WWJ E) Ar “Again the derivation resulting in equation 6.15 is outstanding. Few books that I 
% Fi =” Now we space the points x closer and closer by using more and more of them. have seen will show students even once all the math steps in derivations. This is a 
‘This method makes Ax smaller and causes the total area of the series of rectangles N E K F 2 E 
A to be a better approximation of the area under the curve F(x) as in Figure 5.14b, In strength of this book. Also, in the next section, I like very much the generalization 
x Fx) the limit as Ax — 0, the sum approaches the exact expression for the work: 
Wen Dayar of the relation between force and potential energy to three dimensions. It is 
Axo] 7 pail y * . » 
‘This limit of the sum of the areas is exactly how the integral is defined: something that I always do in lectur e although most books do not get close: 


o we fR —James Stone, Boston University 
FIGURE 5.14 (a) A series of rectangles T 
approximates the area under the curve 
obtained by plotting the force as a function We have derived this result for the case of on 


a e 

of the displacement; (b) a better approxima- tion of the three-dimensional case proceeds alo 

tion using rectangles of smaller width; (c) the in terms of algebra e n 1 xX 
exact area under the curve 


Mathematics Primer 


Calculus Primer 


A Calculus Primer can be found in the appendices. Since this 


1. Algebra Ad course sequence is typically given in the first year of study at 
1.1 Basics AT ; oe " + p 
1.2 Exponents A-2 universities, it assumes knowledge of high school physics and 
1.3 Li ithi A-2 : : 
sight ao EUT aa mathematics. It is preferable that students have had a course 
2. Geometry A-3 t ; im 
CECA Sapas ta Two Dimensions AS in calculus before they start this course sequence, but cal 
2.2 Geometrical Shapes in Three Dimensions A-3 culus can also be taken in parallel. To facilitate this, the text 
3. Trigonometry A-3 ` f i f ie 
Siri i contains a short calculus primer in an appendix, giving the 
3.2 General Triangles 5 ` * A š A 
4. Calculus A-6 main results of calculus without the rigorous derivations. 
4.1 Derivatives A-6 
4.2 Integrals A-6 
5. Complex Numbers A-7 
Example A.1 Mandelbrot Set A-8 


Building Knowledge: The Text’s Learning System 


Chapter Opening Outline 


At the beginning of each chapter is an outline presenting the section heads within the chapter. The 
outline also includes the titles of the Examples and Solved Problems found in the chapter. At a quick 
glance, students or instructors know if a desired topic, example, or problem is in the chapter. 


What We Will Learn / What We Have Learned 


Each chapter of University Physics is organized like a good research seminar. It was once said, “Tell 
them what you will tell them, then tell them, and then tell them what you told them!” Each chap- 
ter starts with What We Will Learn—a quick summary of 
the main points, without any equations. And at the end of 


f WHAT WE WILL LEARN 


= A force is a vector quantity that is a measure of how c) The third law addresses equal (in magnitude) 
an object interacts with other objects. and opposite (in direction) forces that two bodies each chapter, What We Have Learned/Exam Study Guide 
| exert on each other. 
= Fundamental forces include gravitational attraction s ; a ; š 
and electromagnetic attraction and repulsion. In = The gravitational mass and the inertial mass of an contains key concepts, including major equations, symbols, 
daily experience, important forces include tension object are equivalent. and key terms. All symb ols used in the chap ters formulas 
and normal, friction, and spring forces. + E f : 
= Kinetic friction opposes the motion of moving are also listed. 
= Multiple forces acting on an object sum to a net force. objects; static friction opposes the impending motion ü 
= Free-body diagrams are valuable aids in working eropiects at Test ~i 
problems. . a PO eee WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 
| = Newton's three laws of motion govern the motion of VO Tiree Saas and ( th k biect tet fth N s Third ER i a PA 
: : a e e . r 
objects under the influence of forces. g e net force on an object is the vector sum of the A A eee ces oe 
d p F = Applications of Newton's laws of forces acting on the object: E=) F. 
a) he first Aa T objects for which external ie objects, multiple forces, s ) as! 2 , equal in magnitude and opposite in direction: 
b) The second law dabe those cases for which applying the laws to analyze a sit = Massis an intrinsic quality of an object that quantifies Ras Boy 
external forces are not balanced. the most important problem-sol both the object’ ability to resist acceleration and the = Two types of friction occur: static and kinetic 
i physics. gravitational force on the object. friction. Both types of friction are proportional to the 
E E = A free-body diagram is an abstraction showing all popoa orcs N 


forces acting on an isolated object. Static friction describes the force of friction between 
an object at rest on a surface in terms of the coef- 
ficient of static friction, j1,. The static friction force, 
Newton's First Law. In the absence of a net force fo opposes a force trying to move an object and has 
on an object, the object will remain at rest, if it was a maximum value, f, maw such that f; < UN = fo max 
at rest. If it was moving, it will remain in motion 
in a straight line with the same velocity. 


= Newton’ three laws are as follows: 


Kinetic friction describes the force of friction 

x between a moving object and a surface in terms 
Newton's Second Law. If a net external force, Ee» of the coefficient of kinetic friction, uy. Kinetic 
acts on an object with mass m, the force will cause friction is given by fy = pN. 

an acceleration, d, in the same direction as the 


force: Fy, =m. In general, p, > yy | 


Conceptual Introductions 


Conceptual explanations are provided in the text prior to any mathematical explanations, formulas, 
or derivations in order to establish for students why the quantity is needed, why it is useful, and why 
it must be defined accurately. The authors then move from the conceptual explanation and defini- 


tion to a formula and exact terms. 


“The section on thermal expansion is outstanding and the supporting example problems 
are very well done. This section can be put up against any text on the market and come out 


ahead. The authors do very well on basic concepts.” 


—Marllin Simon, Auburn University 


Self-Test Opportunities 


Sets of questions follow the coverage of major concepts within the text 
to encourage students to develop an internal dialogue. These questions 
will help students think critically about what they have just read, decide 
whether they have a grasp of the concept, and develop a list of follow- 


6.3 Self-Test Opportunity 


Why does the lighter-colored ball 
arrive at the bottom in Figure 6.10 
before the other ball? 


up questions to ask in lecture. The answers to the Self-Tests are found at 


the end of each chapter. 


“The Self-Test Opportunities are effective for encouraging 
students to place what they have learned in this chapter in the 
context of the broader conceptual understanding they have 


been developing throughout the earlier chapters.” 


— Nina Abramzon, California Polytechnic University-Pomona 


In-Class Exercises 


path length is greater. 


Ad 


FIGURE 6.10 Race of two balls down different inctines of the same height. 


6.3 The lighter-colored ball descends to a lower eleva- 
tion earlier in its motion and thus converts more of 

its potential energy to kinetic energy early on. Greater 
kinetic energy means higher speed. Thus, the lighter- 
colored ball reaches higher speeds earlier and is able to 
move to the bottom of the track faster, even though its 


FPP 


In-Class Exercises are designed to be used with personal response system technology. They will 
appear in the text so that students may begin contemplating the concepts. Answers will only be 
available to instructors. (Questions and answers are formatted in PowerPoint for universal use with 


personal response systems.) 


Visual Program 


Familiarity with graphic artwork on the Internet and 
in video games has raised the bar for the graphical pre- 
sentations within textbooks, which must now be more 
sophisticated to excite both students and faculty. Here 
are some examples of techniques and ideas imple- 
mented in the University Physics: 


e Overlays of line drawings over photographs con- 
nect sometimes very abstract physics concepts to 
students’ realities and everyday experiences. 


e A three-dimensional look for line drawings adds 
plasticity to the presentations. Mathematically 
accurate graphs and plots were created by 
the authors in software programs such as 
Mathematica and then used by the graphic artists 
to ensure complete accuracy along with a visually 


appealing style. 


a 


~ 


(a) 


(c) 


(d) 


FIGURE 4.16 (a) Snowboarding as an 
example of motion on an inclined plane. (b) 
Free-body diagram of the snowboarder on the 
inclined plane. (c) Free-body diagram of the 
snowboarder, with a coordinate system added. 
(d) Similar triangles in the inclined-plane 
problem. 


7 
2.2 In-Class Exercise — 

j| 

Throwing a ball straight up into the 


air provides an example of free-fall 
motion. At the instant the ball 

reaches its maximum height, which 
of the following statements is true? 


a) The ball’s acceleration points 
down, and its velocity points up. 


b) The ball’s acceleration is zero, 
and its velocity points up. 


c) The ball’s acceleration points up, 
and its velocity points up. 


d) The ball’s acceleration points 
down, and its velocity is zero. 


e) The ball’s acceleration points up, 
and its velocity is zero. 


f) The ball’s acceleration is zero, 
and its velocity points down. 
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McGraw-Hill Connect™ Physics 


With Connect Physics, instructors can deliver assignments, quizzes, and 
tests online. The problems directly from the end-of-chapter material in 
Bauer/Westfall’s University Physics are presented in an auto-gradable for- 
mat. The online homework system incorporates new and exciting inter- 
active tools and problem types: a graphing tool; a free-body diagram 
drawing tool; symbolic entry; a math palette; and multi-part problems. 
The seven-step problem-solving method from the text is also reflected 
in Connect Physics: Students will find the familiar seven steps outlined 
in the guided solutions, with additional detailed help with the math 
where they need it most. Over 2300 multiple-choice Test Bank questions 
(written by the authors and the same contributors who provided the 
text’s end-of-chapter problems) are also included. a WS UGA Nia blind SNAGU 

Instructors can edit existing questions and write entirely new problems; i ji uill 
track individual student performance—by question, assignment, con- 
cept, or in relation to the class overall—with automatic grading; pro- 
vide instant feedback to students; and secure storage of detailed grade 
reports online. Grade reports can be easily integrated with Learning 
Management Systems (LMS), such as WebCT and Blackboard. 


By choosing Connect Physics, instructors are providing their students with a powerful tool for 
improving academic performance and truly mastering course material. Connect Physics helps 
reduce the time instructors spend grading homework and closes the loop on student homework and 
feedback. 


Connect Physics allows students to practice important skills at their own pace and on their own 
schedule. Importantly, students’ assessment results and instructors’ feedback are all saved online—so 
students can continually review their progress and plot their course to success. 


Instructors also have access to PowerPoint lecture outlines, an Instructor’s Solutions Manual, elec- 
tronic images from the text, clicker questions, quizzes, tutorials, simulations, video clips, and many 
other resources that are directly tied to specific material in University Physics. Students have access 
to self-quizzes, simulations, tutorials, and more. 


Go to www.mhhe.com/bauerwestfall to learn more and register. 


ConnectPlus™ Physics 


Some instructors may also choose ConnectPlus Physics for their students. ConnectPlus offers an 
innovative and inexpensive electronic textbook integrated within the homework platform. Like 
Connect Physics, ConnectPlus Physics provides students with online assignments and assessments 
AND 24/7 online access to an eBook—an online edition of the University Physics text. 


As part of the ehomework process, instructors can assign chapter and section readings from the text. 
With ConnectPlus, links to relevant text topics are also provided where students need them most— 
accessed directly from the ehomework problem! 


ConnectPlus Physics: 


e Provides students with a ConnectPlus eBook, allowing for anytime, anywhere access to the 
University Physics textbook to aid them in successfully completing their work, wherever and 


whenever they choose. 


e Includes Community Notes for student-to-student or instructor-to-student note sharing to 


greatly enhance the user learning experience. 


e Allows for insertion of lecture discussions or instructor-created additional examples using 


Tegrity (see page xxvi) to provide additional clari- 
fication or varied coverage on a topic. 


e Merges media and assessments with the text’s nar- 
rative to engage students and improve learning 
and retention. The eBook includes simulations, 
interactives, videos, and inline assessment ques- 
tions. 


e Pinpoints and connects key physics concepts in a 
snap using the powerful eBook search engine. 


e Manages notes, highlights and bookmarks in one 
place for simple, comprehensive review. 


TECRITY HA @egrity campus 


Tegrity Campus is a service that makes class time 
available all the time by automatically capturing every 
lecture in a searchable format for students to review 
when they study and complete assignments. With 
a simple one-click start-and-stop process, you cap- 
ture all computer screens and corresponding audio. 
Students replay any part of any class with easy-to-use 
browser-based viewing on a PC or Mac. Educators 
know that the more students can see, hear, and expe- 
rience class resources, the better they learn. With 
Tegrity Campus, students quickly recall key moments 
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chapter 7. momentum and collisions 
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by using Tegrity Campus’s unique search feature. This search helps students efficiently find what 
they need, when they need it across an entire semester of class recordings. Help turn all your stu- 
dents’ study time into learning moments immediately supported by your lecture. 

To learn more about Tegrity watch a 2-minute Flash demo at http://tegritycampus.mhhe.com. 
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Additional Resources for 


Instructors and Students 


Electronic Book Images and Assets for 
Instructors 


Build instructional materials wherever, whenever, and however 
you want! 


An online collection of Presentation Tools containing photos, art- 
work, and other media can be accessed from University Physics’ 
Connect Physics companion site to create customized lectures, 
visually enhanced tests and quizzes, compelling course websites, 
or attractive printed support materials. Assets are copyrighted by 
McGraw-Hill Higher Education but can be used by instructors for 
classroom purposes. The visual resources in this collection are 


e Art Full-color digital files of all illustrations in the book can 
be readily incorporated into lecture presentations, exams, or 
custom-made classroom materials. In addition, all files are pre- 
inserted into PowerPoint slides for ease of lecture preparation. 
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Energy 
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FIGURE 6.16 Total, potential, and kinetic energy for a roller coaster. 


¢ Photos The photo collection contains digital files of photo- 
graphs from the text, which can be reproduced for multiple 
classroom uses. 


¢ Solved Problem Library, Example Library, Table Library, 
and Numbered Equations Library Access the worked exam- 
ples, tables, and equations from the text in electronic format for 
inclusion in your classroom resources. 


Also residing on the companion site are 


¢ PowerPoint Lecture Outlines Ready-made presentations 
(created by the text authors) that combine art and lecture notes 
are provided for each chapter of the text. The outlines include 
historical information and additional examples. 


¢ PowerPoint Slides For instructors who prefer to create their 
lectures from scratch, all illustrations and available photos are 
pre-inserted by chapter into PowerPoint slides. 


Computerized Test Bank Online 


The same group of instructors who wrote the text's end-of-chapter 
Questions and Problems also wrote the Test Bank questions to 
reinforce the important concepts from the text while ensuring con- 
sistency in style and coverage. The questions were combined with 
a set of questions created and tested by the authors of the text. A 
comprehensive bank of over 2300 test questions in multiple-choice 
format, organized by section of the text, at a variety of difficulty 
levels, is provided within a computerized Test Bank powered by 
McGraw-Hill’s flexible electronic testing program: EZ Test Online 
(www.eztestonline.com). EZ Test Online allows you to easily create 
paper and online tests or quizzes! 


Imagine being able to create and access a test or quiz anywhere, at 
any time, without installing the testing software. Now, with EZ Test 
Online, instructors can select questions from multiple McGraw-Hill 
test banks or create their own, and then either print the test for paper 
distribution or give it online. Go to www.mhhe.com/bauerwestfall for 
more information. 


CourseSmart 


CourseSmart is a new way for faculty to find and review eBooks. It’s 
also a great option for students who are interested in accessing their 
course materials digitally and saving money. CourseSmart offers 
thousands of the most commonly adopted textbooks across hun- 
dreds of courses from a wide variety of higher education publishers. 
It is the only place for faculty to review and compare the full text 
of a textbook online, providing immediate access without the envi- 
ronmental impact of requesting a print exam copy. At CourseSmart, 
students can save up to 50% off the cost of a print book, reduce their 
impact on the environment, and gain access to powerful web tools 
for learning including full text search, notes and highlighting, and 
email tools for sharing notes between classmates. For further details 
contact your sales representative or go to www.coursesmart.com. 


Create 


Craft your teaching resources to match the way you teach! With 
McGraw-Hill Create, www.mcgrawhillcreate.com, you can easily 
rearrange chapters, combine material from other content sources, 
and quickly upload content you have written like your course 
syllabus or teaching notes. Find the content you need in Create by 
searching through thousands of leading McGraw-Hill textbooks. 
Arrange your book to fit your teaching style. Create even allows you 


to personalize your book’s appear- 
ance by selecting the cover and add- 
ing your name, school, and course 
information. Order a Create book and 
youll receive a complimentary print 
review copy in 3-5 business days or a 
complimentary electronic review copy 
(eComp) via email in about one hour. 
Go to www.mcgrawhillcreate.com 
today and register. Experience how 
McGraw-Hill Create empowers you 

to teach your students your way. l 


Find out more >> 


Create and print 
custom books for 
your students. 


Curious? Try it! 
ù Find content to add to your project 
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Browse all Categones Searc» Tipa 


Ss Arrange your project into a book 


Personalize your book's appearance 


Personal Response Systems 


Personal response systems, or “clickers,” bring 
interactivity into the classroom or lecture 
hall. Wireless response systems give the 
instructor and students immediate feedback 
from the entire class. The wireless response 
pads are essentially remotes that are easy to 
use and engage students, allowing instruc- 
tors to motivate student preparation, inter- 
activity, and active learning. Instructors 
receive immediate feedback to gauge which 
concepts students understand. The In-Class 
Exercises from University Physics (formatted 
in PowerPoint) are available on the companion 
website. 


Solutions Manuals 


The Instructor’ Solutions Manual includes answers to all of the 
text’s end-of-chapter Questions and complete, worked-out solu- 
tions for the end-of-chapter Problems. Chapters 1 through 13 
include worked out-solutions that follow the seven-step problem- 
solving method from the text for all Problems and Additional 
Problems. Chapters 14 through 40 continue to use the seven-step 
problem-solving method for all challenging (one bullet) and most 
challenging (two bullet) Problems and Additional Problems, while 
switching to a more abbreviated solution for the less challenging 
(no bullet) Problems and Additional Problems. 
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The Student Solutions Manual contains answers and worked- 
out solutions to selected end-of-chapter Questions and Problems. 
Again, the worked-out solutions for Chapters 1 through 13 follow 
the complete seven-step problem-solving method from the text 
for Problems and Additional Problems. Chapters 14 through 
40 continue to use the seven-step method for challenging (one 
bullet) and most challenging (two bullet) Problems and Additional 
Problems, while switching to a more abbreviated solution for the less 
challenging (no bullet) Problems and Additional Problems. 

For more information, contact a McGraw-Hill customer service 
representative at 800-338-3987 or by e-mail at http://www.mhhe.com/. 
To locate your sales representative, go to http://www.mhhe.com/ for 
Find My Sales Rep. 


Disclaimer 


As a full-service publisher of quality educational products, McGraw- 
Hill does much more than just sell textbooks to your students. 
We create and publish an extensive array of print, video, and digi- 
tal supplements to support instruction on your campus. Orders of 
new (versus used) textbooks help us to defray the cost of develop- 
ing such supplements, which is substantial. Please consult your local 
McGraw-Hill representative to learn about the availability of the 
supplements that accompany University Physics. If you are not sure 
who your representative is, you can find him or her by using the tab 
labeled “My Sales Rep” at www.mhhe.com. 
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DEVELOPMENT 


PROCE 


McGraw-Hill’s 360° Development process is an ongoing, market- 
oriented approach to building accurate and innovative print and 
digital products. It is dedicated to continual large-scale and incre- 
mental improvement and is driven by multiple customer feedback 
loops and checkpoints. This process is initiated during the early 
planning stages of our new products, intensifies during the develop- 
ment and production stages, and then begins again on publication, 
in anticipation of the next edition. 

A key principle in the development of any physics text is its 
ability to adapt to teaching specifications in a universal way. The 
only way to do so is by contacting those universal voices—and 
learning from their suggestions. We are confident that our book 
has the most current content the industry has to offer, thus pushing 
our desire for accuracy to the highest standard possible. In order 
to accomplish this, we have moved through an arduous road to 
production. Extensive and open-minded advice is critical in the 
production of a superior text. 

We engaged over 200 instructors and students to provide 
guidance in the development of this first edition. By investing in this 
extensive endeavor, McGraw-Hill delivers to you a product suite that 
has been created, refined, tested, and validated as a successful tool 
for your course. 


Board of Advisors 


A hand-picked group of trusted instructors active in the calculus- 
based physics course and research groups served as the chief advi- 
sors and consultants to the author and editorial team with regard 
to manuscript development. The Board of Advisors reviewed the 
manuscript; served as a sounding board for pedagogical, media, and 
design concerns; helped to respond to issues raised by other review- 
ers; approved organizational changes; and attended a focus group to 
confirm the manuscript’s readiness for publication. 


Nina Abramzon, California Polytechnic University-Pomona 
Rene Bellweid, Wayne State University 

David Harrison, University of Toronto 

John Hopkins, The Pennsylvania State University 

David C. Ingram, Ohio University-Athens 

Michael Lisa, The Ohio State University 

Amy Pope, Clemson University 

Roberto Ramos, Drexel University 


Contributors 


A panel of excellent writers created additional Questions and 
Problems to enhance the variety of exercises found in every chapter: 


Carlos Bertulani, Texas A&M University-Commerce 
Ken Thomas Bolland, Ohio State University 

John Cerne, State University of New York-Buffalo* 
Ralph Chamberlain, Arizona State University 
Eugenia Ciocan, Clemson University* 

Fivos Drymiotis, Clemson University 

Michael Famiano, Western Michigan University* 
Yung Huh, South Dakota State University 

Pedram Leilabady, University of North Carolina-Charlotte* 
M.A.K. Lodhi, Texas Tech University 

Charley Myles, Texas Tech University 

Todd Pedlar, Luther College* 

Corneliu Rablau, Kettering University 

Roberto Ramos, Drexel University 

Ian Redmount, Saint Louis University 

Todd Smith, University of Dayton* 

Donna Stokes, University of Houston* 

Stephen Swingle, City College of San Francisco 
Marshall Thomsen, Eastern Michigan University 
Prem Vaishnava, Kettering University* 

John Vasut, Baylor University* 


*These contributors also authored questions for the Test Bank to accompany University 
Physics along with David Bannon of Oregon State University, while Richard Hallstein of 
Michigan State University organized and reviewed all of the contributions. Additionally, 
Suzanne Willis of North Illinois University helped us to compile our assets for the 
University Physics ConnectPlus eBook. Jack Cuthbert of Holmes Community College- 
Ridgeland composed the text’s In-Class Exercises into PowerPoint files for use with 
clickers. Collette Marsh and Deborah Damcott of Harper College edited the PowerPoint 
Lectures, and finally, but certainly not least, Rob Hagood of Washtenaw Community 
College and Amy Pope of Clemson University spent innumerable hours reviewing and 
providing vital input on the quality of our Connect online homework content. 


Class Testing 


For five years before the production of University Physics, the authors 
tested and refined the textbooks materials with approximately 4000 
of our students at Michigan State University. They collected written 
feedback and also conducted one-on-one interviews with a represen- 
tative sample of the students, in addition to classroom testing of the 
in-class exercises and the PowerPoint slides. Several of the authors’ col- 
leagues (Alexandra Gade, Alex Brown, Bernard Pope, Carl Schmidt, 
Chong-Yu Ruan, C. P. Yuan, Dan Stump, Ed Brown, Hendrik Schatz, 
Kris Starosta, Lisa Lapidus, Michael Harrison, Michael Moore, Reinhard 
Schwienhorst, Salemeh Ahmad, S. B. Mahanti, Scott Pratt, Stan Schriber, 
Tibor Nagy, and Thomas Duguet), who co-taught the introductory 
physics sequence in parallel sections, also provided invaluable help and 
insight, and their contributions made this book much stronger. 
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Accuracy Assurance 


i . . o’ D The authors and the publisher acknowl- 
y Multiple rounds of review by college physics instructors edge the fact that inaccuracies can be a 

v Independent accuracy check of the text, examples, and solved ee ee 
problems by a professional firm employing mathematicians and the writing and production of this first 
physicists edition, we have worked diligently to 
eliminate errors and inaccuracies. Ron 

¥ Second independent accuracy check of the end-of-chapter Fitzgerald, John Klapstein, and their team 
problems by a team of solution manual authors at MathResources conducted an indepen- 

dent accuracy check and worked through 

y Test bank authors’ review all end-of-chapter questions and prob- 


: 3 r lems in the final draft of the manuscript. 
C V Clicker question author review J They then coordinated the resolution of 


discrepancies between accuracy checks, 
ensuring the accuracy of the text, the 

ND 3 end-of-book answers, and the solutions 
2" ROUND: TYPESET PAGES manuals. Corrections were then made to 
the manuscript before it was typeset. 


The page proofs of the text were 

y Authors double-proofread against the manuscript 
to ensure the correction of any errors 

y First proofreading introduced when the manuscript was 
. typeset. Any issues with the textual 

v Third accuracy check of the text, examples, solved problems, examples, solved problems and solutions, 
and end-of-chapter problems by the same professional firm end-of-chapter questions and problems, 
employing mathematicians and physicists and problem answers were accuracy 


a checked by MathResources again at the 
page proof stage after the manuscript was 
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typeset. This last round of corrections 
3° ROUND: REVISED TYPESET PAGES was then cross-checked against the 
solutions manuals. The end-of-chapter 
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= problems from the text along with their 
solutions were then double-checked by 
V Authors two independent firms upon entry into the 
y Second proofreading Connect Physics online homework system, 
and again any issues were addressed in the 

y Accuracy check of any unresolved issues by the professional text and solutions manuals. 


firm employing mathematicians and physicists 


y A parallel fourth accuracy check of the end-of-chapter problem 
and solution content is made after this content is entered into 
the Connect Online Homework System, which allows for any 
further issues to be corrected in the printed text and online 
solutions manuals 


y Reviews by physics instructors 
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Developmental Symposia 


McGraw-Hill conducted four symposia and reviewer focus groups 
directly related to the development of University Physics. These 
events were an opportunity for editors, marketing managers, and 
digital producers from McGraw-Hill to gather information about the 
needs and challenges of instructors teaching calculus-based physics 
courses and to confirm the direction of the first edition of University 
Physics, its supplements, and related digital products. 


Nina Abramzon, California State Polytechnic University-Pomona 
Ed Adelson, The Ohio State University 

Mohan Aggarwal, Alabama A&M University 

Rene Bellweid, Wayne State University 

Jason Brown, Clemson University 
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Mike Dubson, University of Colorado-Boulder 

David Elmore, Purdue University 

Robert Endorf, University of Cincinnati 

Gus Evrard, University of Michigan 
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John B. Gruber, San Jose State University 

John Hardy, Texas A&M University 

David Harrison, University of Toronto 

Richard Heinz, Indiana University 

Satoshi Hinata, Auburn University 

John Hopkins, The Pennsylvania State University 

T. William Houk, Miami University-Ohio 

David C. Ingram, Ohio University-Athens 

Elaine Kirkpatrick, Rose-Hulman Institute of Technology 
David Lamp, Texas Tech University 

Michael McInerney, Rose-Hulman Institute of Technology 
Bruce Mellado, University of Wisconsin-Madison 

C. Fred Moore, University of Texas-Austin 

Jeffrey Morgan, University of Northern Iowa 
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Amy Pope, Clemson University 

Earl Prohofsky, Purdue University 

Roberto Ramos, Drexel University 

Dubravka Rupnik, Louisiana State University 

Homeyra Sadaghiani, California State Polytechnic University-Pomona 


Sergey Savrasov, University of California-Davis 
Marllin Simon, Auburn University 

Leigh Smith, University of Cincinnati 

Donna Stokes, University of Houston 

Michael Strauss, University of Oklahoma 
Gregory Tarlé, University of Michigan 


Reviewers of the Text 


Numerous instructors participated in over 200 reviews of various 
drafts of manuscript and the proposed table of contents to provide 
feedback on the narrative text, content, pedagogical elements, accu- 
racy, organization, problem sets, and general quality. This feedback 
was summarized by the book team and used to guide the direction 
of the final-draft manuscript. 
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Edward Adelson, Ohio State University 
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The Big Picture 


Frontiers of Modern Physics 


This book will attempt to give you insight into some of 
the astounding recent progress made in physics. Examples 
from advanced areas of research are accessible with the 
knowledge available at the introductory level. At many 
top universities, freshmen and sophomores are already 
involved in cutting-edge physics research. Often, this partici- 
pation requires nothing more than the tools developed in this 
book, a few days or weeks of additional reading, and the curiosity 
and willingness necessary to learn new facts and skills. 
The following pages introduce some of the amazing frontiers of 
current physics research and describe some results that have been obtained 
during the last few years. This introduction stays at a qualitative level, skipping all mathe- 
matical and other technical details. Chapter numbers in parentheses indicate where more 
in-depth explorations of the topics can be found. 


Quantum Physics 


The year 2005 marked the 100th anniversary of Albert Einsteins landmark papers on 
Brownian motion (proving that atoms are real; see Chapters 13 and 38), on the theory of 
relativity (Chapter 35), and on the photoelectric effect (Chapter 36). This last paper intro- 
duced one of the ideas forming the basis of quantum mechanics, the physics of matter on 
the scale of atoms and molecules. Quantum mechanics is a product of the 20th century that 
led, for example, to the invention of lasers, which are now routinely used in CD, DVD, and 
Blu-ray players, in price scanners, and even in eye surgery, among many other applications. 
Quantum mechanics has also provided a more fundamental understanding of chemistry: 
Physicists are using ultrashort laser pulses less than 107™™ s in duration to gain an under- 
standing of how chemical bonds develop. The quantum revolution has included exotic dis- 
coveries such as antimatter, and there is no end in sight. During the last decade, groups 
of atoms called Bose-Einstein condensates have been formed in electromagnetic traps; this 
work has opened an entirely new realm of research in atomic and quantum physics (see 
Chapters 36 through 38). 


Condensed Matter Physics and Electronics 


Physics innovations created and continue to drive high-tech industry. Only slightly more 
than 50 years ago, the first transistor was invented at Bell Labs, ushering in the electronic 
age. The central processing unit (CPU) of a typical desktop computer or laptop now con- 
tains more than 100 million transistor elements. The incredible growth in the power and 
the scope of applications of computers over the last few decades has been made possible 
by research in condensed matter physics. Gordon Moore, cofounder of Intel, famously 
observed that computer processing power doubles every 18 months, a trend that is pre- 
dicted to continue for at least another decade or more. 
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Computer storage capacity grows even faster than processing power, with a doubling 
time of 12 months. The 2007 Nobel Prize in Physics was awarded to Albert Fert and 
Peter Griinberg for their 1988 discovery of giant magnetoresistance. It took only a decade 
for this discovery to be applied in computer hard disks, enabling storage capacities of 
hundreds of gigabytes (1 gigabyte = 1 billion pieces of information) and even terabytes 
(1 terabyte = 1 trillion pieces of information). 

Network capacity grows even faster than storage capacity or processing power, dou- 
bling every 9 months. You can now go to almost any country on Earth and find wireless 
access points, from which you can connect your laptop or WiFi-enabled cell phone to the 
Internet. Yet it is less than a couple of decades since the conception of the World Wide Web 
by Tim Berners-Lee, who was then working at the particle physics laboratory CERN in 
Switzerland and who developed this new medium to facilitate collaboration among particle 
physicists in different parts of the world. 

Cell phones and other powerful communication devices have found their way into 
just about everybody’s hands. Modern physics research enables a progressive miniaturiza- 
tion of consumer electronics devices. This process drives a digital convergence, making 
it possible to equip cell phones with digital cameras, video recorders, e-mail capability, 
Web browsers, and global positioning system receivers. More functionality is added con- 
tinuously, while prices continue to fall. Forty years after the first Moon landing, many cell 
phones now pack more computing power than the Apollo spaceship used for that trip to 
the Moon. 


Quantum Computing 


Physics researchers are still pushing the limits of computing. At present, many groups are 
investigating ways to build a quantum computer. Theoretically, a quantum computer con- 
sisting of N processors would be able to execute 2™ instructions simultaneously, whereas a 
conventional computer consisting of N processors can execute only N instructions at the 
same time. Thus, a quantum computer consisting of 100 processors would exceed the com- 
bined computing power of all currently existing supercomputers. To be sure, many deep 
problems have to be solved before this vision can become reality, but then again, 50 years 
ago it seemed utterly impossible to pack 100 million transistors onto a computer chip the 
size of a thumbnail. 


Computational Physics 


The interaction between physics and computers works both ways. Traditionally, physics 
investigations were either experimental or theoretical in nature. Textbooks appear to favor 
the theoretical side, because they present the main formulas of physics, but in fact they ana- 
lyze the conceptual ideas that are encapsulated in the formulas. On the other hand, much 
research originates on the experimental side, when newly observed phenomena seem to 
defy theoretical description. However, with the rise of computers, a third branch of phys- 
ics has become possible: computational physics. Most physicists now rely on computers to 
process data, visualize data, solve large sets of coupled equations, or study systems for which 
simple analytical formulations are not known. 

The emerging field of chaos and nonlinear dynamics is the prime example of such 
study. Arguably, MIT atmospheric physicist Edward Lorenz first simulated chaotic 
behavior with the aid of a computer in 1963, when he solved three coupled equations 
for a simple model of weather and detected a sensitive dependence on the initial condi- 
tions—even the smallest differences in the beginning of the simulation resulted in very 
large deviations later in time. This behavior is now sometimes called the butterfly effect, 
from the idea that a butterfly flapping its wings in China could change the weather in 
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the United States a few weeks later. This sensitivity implies that long-term deterministic 
weather prediction is impossible. 


Complexity and Chaos 


Systems of many constituents often exhibit very complex behavior, even if the individ- 
ual constituents follow very simple rules of nonlinear dynamics. Physicists have started 
to address complexity in many systems, including simple sand piles, traffic jams, the 
stock market, biological evolution, fractals, and self-assembly of molecules and nano- 
structures. The science of complexity is another field that was discovered only during 
the last decade and is experiencing rapid growth. 

Chaos and nonlinear dynamics are discussed in Chapter 7 on momentum and in 
Chapter 14 on oscillations. The models are often quite straightforward, and first-year phys- 
ics students can make valuable contributions. However, the solution generally requires 
some computer programming skills. Programming expertise will enable you to contribute 
to many advanced physics research projects. 


Nanotechnology 


Physicists are beginning to acquire the knowledge and skills needed to 
manipulate matter one atom at a time. During the last two decades, the 
scanning, tunneling, and atomic force microscopes were invented allow- 
ing researchers to see individual atoms (Figure 1). In some cases, indi- 
vidual atoms can be moved around in controlled ways. Nanoscience and 
nanotechnology are devoted to these types of challenges, whose solution 
holds promise for great technological advances, from even more minia- 
turized and thus more powerful electronics to the design of new drugs, 
or even the manipulation of DNA to cure some diseases. 


Biophysics 
Just as physicists moved into the domain of chemists during the 
20th century, a rapid interdisciplinary convergence of physics and 


molecular biology is taking place in the 21st century. Researchers FIGURE 1 Individual iron atoms, arranged in the shape of 
are already able to use laser tweezers (Chapter 34) to move indi- a stadium on a copper surface. The ripples inside the stadium 


vidual biomolecules. X-ray crystallography (Chapter 34) has become 
sophisticated enough that researchers can obtain pictures of the 
three-dimensional structures of very complicated proteins. In addi- 
tion, theoretical biophysics is beginning to be successful in predict- 
ing the spatial structure and the associated functionality of these molecules from the 
sequences of amino acids they contain. 

Figure 2 shows a model of the spatial structure of the protein RNA Polymerase II, 
with the color coding representing the charge distribution (blue is positive, red is nega- 
tive) at the surface of this biomolecule. (Chapter 23, on electric potentials, will help you 
understand the determination of charge distributions and their potentials for much sim- 
pler arrangements.) Also shown in the figure is a segment of the DNA molecule (yellow 
spiral structure in the center), indicating how RNA Polymerase II attaches to DNA and 
functions as a cleaver. 


Nuclear Fusion 


Seventy years ago, nuclear physicist Hans Bethe and his colleagues figured out how 
nuclear fusion in the Sun produces the light that makes life on Earth possible. Today, 


are the result of standing waves formed by electron density 
distributions. This arrangement was created and then imaged 
by using a scanning tunneling microscope (Chapter 37). 


FIGURE 2 Model of the protein RNA 
Polymerase II. 
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FIGURE 3 (a) The STAR detector at RHIC during its construction. (b) Electronically reconstructed tracks of more than 5000 charged subatomic 
particles produced inside the STAR detector by a high-energy collision of two gold nuclei. 


nuclear physicists are working on how to utilize nuclear fusion on Earth for nearly limit- 
less energy production. Chapter 5 introduces the concept of energy, which is discussed fur- 
ther numerous times throughout this book. The international thermonuclear fusion reactor 
(Chapter 40), presently under construction in southern France by a collaboration involving 
many industrialized countries, will go a long way toward answering many of the important 
questions that need to be resolved before the use of fusion is technically feasible and com- 


mercially viable. 


FIGURE 4 Aerial view of Geneva, Switzerland, with the lo- 
cation of the underground tunnel of the Large Hadron Collider 
superimposed in red. 


High-Energy/Particle Physics 


Nuclear and particle physicists are probing deeper and deeper into the 
smallest constituents of matter (Chapters 39 and 40). At Brookhaven 
National Laboratory on Long Island, for example, the Relativistic Heavy 
Ion Collider (RHIC) smashes gold nuclei into each other in order to 
recreate the state of the universe a small fraction of a second after its 
beginning, the Big Bang. Figure 3a is a photo of STAR, a RHIC detec- 
tor; Figure 3b shows a computer analysis of the tracks left in the STAR 
detector by the more than 5000 subatomic particles produced in such a 
collision. Chapters 27 and 28 on magnetism and the magnetic field will 
explain how these tracks are analyzed in order to find the properties of 
the particles that produced them. 

An even bigger instrument for particle physics research has just 
been completed at the CERN accelerator laboratory in Geneva, Switzer- 
land. The Large Hadron Collider (LHC) is located in a circular under- 
ground tunnel with a circumference of 27 km (16.8 mi), indicated by 
the red circle in Figure 4. This new instrument is the most expensive 
research facility ever built, with a cost of more than $8 billion, and it 
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FIGURE 5 Some of the 27 individual radio telescopes that are part of the Very Large Array. 


was put into operation in September 2008. Particle physicists will use this facility to try to 
find out what causes different elementary particles to have different masses, to probe what 
the true elementary constituents of the universe are, and perhaps to look for hidden extra 
dimensions or other exotic phenomena. 


String Theory 

Particle physics has a standard model of all particles and their interactions (Chapter 39), but 
why this model works so well is not yet understood. String theory is currently thought to 
be the most likely candidate for a framework that will eventually provide this explanation. 
Sometimes string theory is hubristically called the Theory of Everything. It predicts extra 
spatial dimensions, which sounds at first like science fiction, but many physicists are trying 
to find ways in which to test this theory experimentally. 


Astrophysics 

Physics and astronomy have extensive interdisciplinary overlap in the areas of investigat- 
ing the history of the early universe, modeling the evolution of stars, and studying the 
origin of gravitational waves or cosmic rays of the highest energies. Ever more precise and 
sophisticated observatories, such as the Very Large Array (VLA) radio telescope in New 
Mexico (Figure 5), have been built to study these phenomena. 

Astrophysicists continue to make astounding discoveries that reshape our understand- 
ing of the universe. Only during the last few years has it been discovered that most of the 
matter in the universe is not contained in stars. The composition of this dark matter is still 
unknown (Chapter 12), but its effects are revealed through gravitational lensing, as shown 
in Figure 6 by the arcs observed in the galaxy cluster Abell 2218, which is 2 billion light- 
years away from Earth, in the constellation Draco. These arcs are images of even more dis- 
tant galaxies, distorted by the presence of large quantities of dark matter. This phenomenon 
is discussed in more detail in Chapter 35 on relativity. 
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Galaxy cluster Abell 2218, with the arcs that are created by gravitational lensing due to dark matter. 


Symmetry, Simplicity, and Elegance 

From the smallest subatomic particles to the universe at large, physical laws govern all 
structures and dynamics from atomic nuclei to black holes. Physicists have discovered a 
tremendous amount, but each new discovery opens more exciting unknown territory. Thus, 
we continue to construct theories to explain any and all physical phenomena. ‘The develop- 
ment of these theories is guided by the need to match experimental facts, as well as by the 
conviction that symmetry, simplicity, and elegance are key design principles. The fact that 
laws of nature can be formulated in simple mathematical equations (F = ma, E = mc’, and 
many other, less famous ones) is stunning. 

This introduction has tried to convey a bit about the frontiers of modern physics 
research. This textbook should help you build a foundation for appreciating, understand- 
ing, and perhaps even participating in this vibrant research enterprise, which continues to 
refine and even to reshape our understanding of the world around us. 


MECHANICS OF POINT PARTICLES 


An image of the W5 star-forming region taken by the Spitzer Space 
Telescope using infrared light. 
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Chapter 1 Overview 


WHAT WE WILL LEARN 
i 


Studying physics has many benefits. 


The use of scientific notation and the appropriate 
number of significant figures is important in physics. 


We will become familiar with the international unit 
system and the definitions of the base units as well as 
methods of converting among other unit systems. 


We will use available length, mass, and time scales 
to establish reference points for grasping the vast 
diversity of systems in physics. 


We present a problem-solving strategy that will be 
useful in analyzing and understanding problems 
throughout this course and in science and 
engineering applications. 


We will work with vectors: vector addition and 
subtraction, multiplication of vectors by scalars, unit 
vectors, and length and direction of vectors. 


The dramatic image in Figure 1.1 could be showing any of several things: a colored liquid 
spreading out in a glass of water, or perhaps biological activity in some organism, or maybe 
even an artist’s idea of mountains on some unknown planet. If we said the view was 70 wide, 
would that help you decide what the picture shows? Probably not—you need to know if we 
mean for example 70 meters or 70 millionths of an inch or 70 thousand miles. 

In fact, this infrared image taken by the Spitzer Space Telescope shows huge clouds of 
gas and dust about 70 light-years across. (A light-year is the distance traveled by light in 
1 year, about 10 quadrillion meters.) These clouds are about 6500 light-years away from 
Earth and contain newly formed stars embedded in the glowing regions. The technology 
that enables us to see images such as this one is at the forefront of contemporary astronomy, 
but it depends in a real way on the basic ideas of numbers, units, and vectors presented in 
this chapter. 

The ideas described in this chapter are not necessarily principles of physics, but they 
help us to formulate and communicate physical ideas and observations. We will use the 
concepts of units, scientific notation, significant figures, and vector quantities throughout 
the course. Once you have understood these concepts, we can go on to discuss physical 
descriptions of motion and its causes. 


1.1 Why Study Physics? 


Perhaps your reason for studying physics can be quickly summed up as “Because it is 
required for my major!” While this motivation is certainly compelling, the study of science, 
and particularly physics, offers a few additional benefits. 

Physics is the science on which all other natural and engineering sciences are built. 
All modern technological advances—from laser surgery to television, from computers to 
refrigerators, from cars to airplanes—trace back directly to basic physics. A good grasp of 
essential physics concepts gives you a solid foundation on which to construct advanced 
knowledge in all sciences. For example, the conservation laws and symmetry principles of 
physics also hold true for all scientific phenomena and many aspects of everyday life. 

The study of physics will help you grasp the scales of distance, mass, and time, from the 
smallest constituents inside the nuclei of atoms to the galaxies that make up our universe. 
All natural systems follow the same basic laws of physics, providing a unifying concept for 
understanding how we fit into the overall scheme of the universe. 

Physics is intimately connected with mathematics because it brings to life the abstract 
concepts used in trigonometry, algebra, and calculus. The analytical thinking and general 
techniques for problem solving that you learn here will remain useful for the rest of your life. 

Science, especially physics, helps remove irrationality from our explanations of the 
world around us. Prescientific thinking resorted to mythology to explain natural phenom- 
ena. For example, the old Germanic tribes believed the god Thor using his hammer caused 
thunder. You may smile when you read this account, knowing that thunder and lightning 
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come from electric discharges in the atmosphere. However, if you read the daily news, you 
will find that some misconceptions from prescientific thinking persist even today. You may 
not find the answer to the meaning of life in this course, but at the very least you will come 
away with some of the intellectual tools that enable you to weed out inconsistent, logically 
flawed theories and misconceptions that contradict experimentally verifiable facts. Scien- 
tific progress over the last millennium has provided a rational explanation for most of what 
occurs in the natural world surrounding us. 

Through consistent theories and well-designed experiments, physics has helped us 
obtain a deeper understanding of our surroundings and has given us greater ability to 
control them. In a time when the consequences of air and water pollution, limited energy 
resources, and global warming threaten the continued existence of huge portions of life 
on Earth, the need to understand the results of our interactions with the environment has 
never been greater. Much of environmental science is based on fundamental physics, and 
physics drives much of the technology essential to progress in chemistry and the life sci- 
ences. You may well be called upon to help decide public policy in these areas, whether as 
a scientist, an engineer, or simply as a citizen. Having an objective understanding of basic 
scientific issues is of vital importance in making such decisions. Thus, you need to acquire 
scientific literacy, an essential tool for every citizen in our technology-driven society. 

You cannot become scientifically literate without command of the necessary elemen- 
tary tools, just as it is impossible to make music without the ability to play an instrument. 
This is the main purpose of this text: to properly equip you to make sound contributions 
to the important discussions and decisions of our time. You will emerge from reading and 
working with this text with a deeper appreciation for the fundamental laws that govern our 
universe and for the tools that humanity has developed to uncover them, tools that tran- 
scend cultures and historic eras. 


1.2 Working with Numbers 


Scientists have established logical rules to govern how they communicate quantitative infor- 
mation to one another. If you want to report the result of a measurement—for example, 
the distance between two cities, your own weight, or the length of a lecture—you have to 
specify this result in multiples of a standard unit. Thus, a measurement is the combination 
of a number and a unit. 

At first thought, writing down numbers doesn't seem very difficult. However, in phys- 
ics, we need to deal with two complications: how to deal with very big or very small num- 
bers, and how to specify precision. 


Scientific Notation 


If you want to report a really big number, it becomes tedious to write it out. For example, the 
human body contains approximately 7,000,000,000,000,000,000,000,000,000 atoms. If you 
used this number often, you would surely like to have a more compact notation for it. This 
is exactly what scientific notation is. It represents a number as the product of a number 
greater than 1 and less than 10 (called the mantissa) and a power (or exponent) of 10: 


number = mantissa -10°P°""" (1.1) 


The number of atoms in the human body can thus be written compactly as 7 - 10°’, where 7 
is the mantissa and 27 is the exponent. 

Another advantage of scientific notation is that it makes it easy to multiply and divide 
large numbers. To multiply two numbers in scientific notation, we multiply their mantis- 
sas and then add their exponents. If we wanted to estimate, for example, how many atoms 
are contained in the bodies of all the people on Earth, we could do this calculation rather 
easily. Earth hosts approximately 7 billion (=7-10°) humans. All we have to do to find 
our answer is to multiply 7- 10” by 7-10”. We do this by multiplying the two mantissas and 
adding the exponents: 


(7-10°” )-(7-10°) = (7-7) 107+? = 49-10% = 4.9.10”. (1.2) 
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1.1 In-Class Exercise 


The total surface area of Earth is 
A=4nR*=4n(6370 km)? = 

5.099 - 10 m*. Assuming there are 
7.0 billion humans on the planet, 
what is the available surface area 
per person? 


a) 7.3-10'm? c) 3.6 - 10 m? 
b) 7.3-10% m? d) 3.6 - 10% m? 


In the last step, we follow the common convention of keeping only one digit in front of the 
decimal point of the mantissa and adjusting the exponent accordingly. (But be advised that 
we will have to further adjust this answer—read on!) 

Division with scientific notation is equally straightforward: If we want to calculate A / B, 
we divide the mantissa of A by the mantissa of B and subtract the exponent of B from the 
exponent of A. 


Significant Figures 


When we specified the number of atoms in the average human body as 7-107, we meant to 
indicate that we know it is at least 6.5- 10” but smaller than 7.5- 10°”. However, if we had writ- 
ten 7.0-107, we would have implied that we know the true number is somewhere between 
6.95-10” and 7.05- 10”. This statement is more precise than the previous statement. 

As a general rule, the number of digits you write in the mantissa specifies how precisely 
you claim to know it. The more digits specified, the more precision is implied (see Figure 1.2). 
We call the number of digits in the mantissa the number of significant figures. Here are 
some rules about using significant figures followed in each case by an example: 


= The number of significant figures is the number of reliably known digits. For example, 
1.62 has 3 significant figures; 1.6 has 2 significant figures. 


= Ifyou give a number as an integer, you specify it with infinite precision. For example, if 
someone says that he or she has 3 children, this means exactly 3, no less and no more. 


= Leading zeros do not count as significant digits. The number 1.62 has the same number 
of significant digits as 0.00162. There are three significant figures in both numbers. We 
start counting significant digits from the left at the first nonzero digit. 


= Trailing zeros, on the other hand, do count as significant digits. The number 1.620 
has four significant figures. Writing a trailing zero implies greater precision! 


= Numbers in scientific notation have as many significant figures as their mantissa. For 
example, the number 9.11-10~*' has three significant figures because that’s what the 
mantissa (9.11) has. The size of the exponent has no influence. 


= You can never have more significant figures in a result than you start with in any of 
the factors of a multiplication or division. For example, 1.23 / 3.4461 is not equal to 
0.3569252. Your calculator may give you that answer, but calculators do not automati- 
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FIGURE 1.2 Two thermometers measuring the same temperature. (a) The thermometer is marked in 
tenths of a degree and can be read to four significant figures (36.85 °C); (b) the thermometer is marked 
in degrees, so it can be read to only three significant figures (36.8 °C). 


cally display the correct number of significant figures. Instead, 1.23 / 3.4461=0.357. 
You must round a calculator result to the proper number of significant figures—in this 
case, three, which is the number of significant figures in the numerator. 


= You can only add or subtract when there are significant figures for that place in every 
number. For example, 1.23 + 3.4461 =4.68, and not 4.6761 as you may think. This 
rule, in particular, requires some getting used to. 


To finish this discussion of significant figures, let’s reconsider the total number of atoms 
contained in the bodies of all people on Earth. We started with two quantities that were 
given to only one significant figure. Therefore, the result of our multiplication needs to be 
properly rounded to one significant digit. The combined number of atoms in all human 
bodies is thus correctly stated as 5- 10°”, 
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1.2 In-Class Exercise 


How many significant figures are in 
each of the following numbers? 


a) 2.150 d) 0.215000 
b) 0.000215 e) 0.215 + 0.21 
c) 215.00 


1.3 SI Unit System 


In high school, you may have been introduced to the international system of units and com- 
pared it to the British system of units in common use in the United States. You may have 
driven on a freeway on which the distances are posted both in miles and in kilometers or 
purchased food where the price was quoted per lb and per kg. 

The international system of units is often abbreviated as SI (for Système International). 
Sometimes the units in this system are called metric units. The SI unit system is the standard used 
for scientific work around the world. The base units for the SI system are given in Table 1.1. 

The first letters of the first four base units provide another commonly used name for the 
SI system: the MKSA system. We will use the first three units (meter, kilogram, and second) 
in the entire first part of this book and in all of mechanics. The current definitions of these 
base units are as follows: 


= 1 meter (m) is the distance that a light beam in vacuum travels in 1/299,792,458 of a 
second. Originally, the meter was related to the size of the Earth (Figure 1.3). 


= 1 kilogram (kg) is defined as the mass of the international prototype of the kilogram. 
This prototype, shown in its elaborate storage container in Figure 1.4, is kept just 
outside Paris, France, under carefully controlled environmental conditions. 


= 1 second (s) is the time interval during which 9,192,631,770 oscillations of the 
electromagnetic wave (see Chapter 31) that corresponds to the transition between 
two specific states of the cesium-133 atom. Until 1967, the standard for the second 
was 1/86,400 of a mean solar day. However, the atomic definition is more precise and 
more reliably reproducible. 


Notation Convention: It is common practice to use roman letters for unit abbreviations and 
italic letters for physical quantities. We follow this convention in this book. For example, m 
stands for the unit meter, while m is used for the physical quantity mass. Thus, the expres- 
sion m=17.2 kg specifies that the mass of an object is 17.2 kilograms. 


EGEA Unit Names and Abbreviations for the Base Units of the SI System 
of Units 


Unit Abbreviation Base Unit for 

meter m length 

kilogram kg mass 

second 8 time 

ampere A current 

kelvin K temperature 

mole mol amount of a substance 


candela cd luminous intensity 


FIGURE 1.3 Originally, the meter 
was defined as 1 ten-millionth of the 
length of the meridian through Paris 
from the North Pole to the Equator. 


FIGURE 1.4 Prototype of the kilo- 
gram, stored near Paris, France. 
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Units for all other physical quantities can be derived from the seven base units of 
Table 1.1. The unit for area, for example, is m’. The units for volume and mass density are m? 
and kg/m’, respectively. The units for velocity and acceleration are m/s and m/s’, respectively. 
Some derived units were used so often that it became convenient to give them their own names 
and symbols. Often the name is that of a famous physicist. Table 1.2 lists the 20 derived SI units 
with special names. In the two rightmost columns of the table, the named unit is listed in terms 
of other named units and then in terms of SI base units. Also included in this table are the 
radian and steradian, the dimensionless units of angle and solid angle, respectively. 

You can obtain SI-recognized multiples of the base units and derived units by multiplying 
them by various factors of 10. These factors have universally accepted letter abbreviations that 
are used as prefixes, shown in Table 1.3. The use of standard prefixes (factors of 10) makes it 
easy to determine, for example, how many centimeters (cm) are in a kilometer (km): 


1km=10 m=10 m- (10? cm/m)=10 cm. (1.3) 
In comparison, note how tedious it is to figure out how many inches are in a mile: 
1 mile = (5,280 feet/mile) - (12 inches/foot) = 63,360 inches. (1.4) 


As you can see, not only do you have to memorize particular conversion factors in the 
British system, but calculations also become more complicated. For calculations in the SI 
system, you only have to know the standard prefixes shown in Table 1.3 and how to add or 
subtract integers in the powers of 10. 

The international system of units was adopted in 1799 and is now used daily in 
almost all countries of the world, the one notable exception being the United States. In 
the United States, we buy milk and gasoline in gallons, not in liters. Our cars show speed 
in miles per hour, not meters per second. When we go to the lumberyard, we buy wood 


IEW OA A Common SI Derived Units 


Derived or 

Dimensionless Unit Name Symbol Equivalent Expressions 
Absorbed dose gray Gy J/kg m2s“ 
Activity becquerel Bq — g~ 

Angle radian rad — — 
Capacitance farad E C/V m” kg™ s* A” 
Catalytic activity katal kat — s' mol 

Dose equivalent sievert Sv J/kg ms 
Electric charge coulomb G — sA 

Electric conductance siemens 5 A/V m “kg s’ A? 
Electric potential volt V W/A m’ kgs? AT 
Electric resistance ohm Q V/A m’kgs° A 
Energy joule J Nm m’ kg s* 
Force newton N = m kg s? 
Frequency hertz Hz = s 
Illuminance lux Ix Im/m? mcd 
Inductance henry H Wb/A m’kgs* A” 
Luminous flux lumen Im cd sr cd 

Magnetic flux weber Wb Vs m’kgs? A! 
Magnetic field tesla T Wb/m? kes AT 
Power watt W J/s m° kg s”? 
Pressure pascal Pa N/m? m~” kgs” 
Solid angle steradian sr — — 
Temperature degree Celsius EG = K 
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IED (ule) ST Standard Prefixes 


Factor Prefix Symbol Factor Prefix Symbol 

O yotta- X NOg yocto- y 

10> zetta- Z 10> zepto- Z 

KO exa- E 107 atto- a 

10, peta- Pp 10° 7 femto- f 

10: tera- T i” pico- p 

10° giga- G 10° nano- n 

10° mega- M 10° micro- pe 

10° kilo- k 10° milli- m 

102 EE in 102 pene A FIGURE 1.5 The Mars Climate Orbiter, 
i E i a victim of faulty unit conversion. 

10 deka- da 10 deci- d 


as two-by-fours (actually 1.5 inches by 3.5 inches, but that’s a different story). Since we use 
British units in our daily lives, this book will indicate British units where appropriate, to 
establish connections with everyday experiences. But we will use the SI unit system in all 
calculations to avoid having to work with the British unit conversion factors. However, we 
will sometimes provide equivalents in British units in parentheses. This is a compromise 
that will be necessary only until the United States decides to adopt SI units as well. 

The use of British units can be costly. The cost can range from a small expense, such as 
that incurred by car mechanics who need to purchase two sets of wrench socket sets, one 
metric and one British, to the very expensive loss of the Mars Climate Orbiter spacecraft 
(Figure 1.5) in September 1999. The crash of this spacecraft has been blamed on the fact 
that one of the engineering teams used British units and the other one SI units. The two 
teams relied on each other’s numbers, without realizing that the units were not the same. 

The use of powers of 10 is not completely consistent even within the SI system itself. The 
notable exception is in the time units, which are not factors of 10 times the base unit (second): 


= 365 days form a year, 

= a day has 24 hours, 

= an hour contains 60 minutes, and 

= a minute consists of 60 seconds. 
Early metric pioneers tried to establish a completely consistent set of metric time units, but 
these attempts failed. The not-exactly-metric nature of time units extends to some derived 


units. For example, a European sedan’s speedometer does not show speeds in meters per 
second, but in kilometers per hour. 


EXAMPLE 1.1 | Units of Land Area 


The unit of land area used in countries that use the SI system is the hectare, defined as 
10,000 m°. In the United States, land area is given in acres; an acre is defined as 43,560 ft’. 


PROBLEM 
You just bought a plot of land with dimensions 2.00 km by 4.00 km. What is the area of 
your new purchase in hectares and acres? 


SOLUTION 
The area A is given by 
A= length. width = (2.00 km)(4.00 km) = (2.00-10° m)(4.00-10° m) 


A=8.00 km? =8.00-10° m?. 


Continued— 
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The area of this plot of land in hectares is then 
2 1 hectare 


al 8.00- 10" hectare = 800. hectare. 
10,000 m 


A=8.00-10° m 


To find the area of the land in acres, we need the length and width in British units: 


l mi . 5,280 ft 


length = 2.00 km 1.24 mi — =6,563 ft 
lmi 


1609km 
vbe- E = 2,49 mi 2280 k 
1.609 km lmi 


The area is then 
A= length. width =(1.24 mi)(2.49 mi) = (6,563 ft)(13,130 ft) 
A=3.09 mi’ =8.61-10’ ft’. 
In acres, this is 
l acre 


A=8.61-10' ft? ———— = 1980 acres. 
43,560 ft? 


Metrology: Research on Measures and Standards 


The work of defining the standards for the base units of the SI system is by no means com- 
plete. A great deal of research is devoted to refining measurement technologies and pushing 
them to greater precision. This field of research is called metrology. In the United States, 
the laboratory that has the primary responsibility for this work is the National Institute of 
Standards and Technology (NIST). NIST works in collaboration with similar institutes in 
other countries to refine accepted standards for the SI base units. 

One current research project is to find a definition of the kilogram based on reproduc- 
ible quantities in nature. This definition would replace the current definition of the kilo- 
gram, which is based on the mass of a standard object kept in Sèvres on the outskirts of 
FIGURE 1.6 Cesium fountain atomic Paris, as we have seen. The most promising effort in this direction seems to be Project 
clock at NIST. Avogadro, which attempts to define the kilogram using highly purified silicon crystals. 

Research on keeping time ever more precisely is one of the major tasks of NIST and 
similar institutions. Figure 1.6 shows what is currently the most accurate clock at NIST in 
Boulder, Colorado—the NIST-F1 cesium fountain atomic clock. It is accurate to + 1 second 
in 60 million years! However, NIST researchers are working on a new optical clock that 
promises to be a thousand times more accurate than the NIST-F1. 

Greater precision in timekeeping is needed for many applications in our information-based 
society, where signals can travel around the world in less than 0.2 seconds. The Global Position- 
ing System (GPS) is one example of technology that would be impossible to realize without the 
precision of atomic clocks and the physics research that enters into their construction. The GPS 
system also relies on Einstein’s theory of relativity, which we will study in Chapter 35. 


1.4 The Scales of Our World 


The most amazing fact about physics is that its laws govern every object, from the smallest 
to the largest. The scales of the systems for which physics holds predictive power span many 
orders of magnitude (powers of 10), as we'll see in this section. 


Nomenclature: In the following, you will read “on the order of” several times. This phrase 
means “within a factor of 2 or 3.” 


Length Scales 


Length is defined as the distance measurement between two points in space. Figure 1.7 shows 
some length scales for common objects and systems that span over 40 orders of magnitude. 


Let’s start with ourselves. On average, in the United States, a woman is 1.62 m 
(5 ft 4 in) tall, and a man measures 1.75 m (5 ft 9 in). Thus, human height is on the order 
of a meter. If you reduce the length scale for a human body by a factor of a million, you 
arrive at a micrometer. This is the typical diameter of a cell in your body or a bacterium. 


1.4 The Scales of Our World 


Visible universe —> 
Galaxy cluster —> 


Spiral galaxy M74 —> 
1 Light-year —> 


Solar system ——> 


If you reduce the length of your measuring stick by another factor of 10,000, you 
are at a scale of 10-'° m, the typical diameter of an individual atom. This is the smallest 
size we can resolve with the aid of the most advanced microscopes. 

Inside the atom is its nucleus, with a diameter about 1/10,000 that of the atom, 
on the order of 10` m. The individual protons and neutrons that make up the atomic 
nucleus have a diameter of approximately 10° m=1 fm (a femtometer). 

Considering objects larger than ourselves, we can look at the scale of a typical city, 
on the order of kilometers. The diameter of Earth is just a little bigger than 10,000 km 
(12,760 km, to be more precise). As discussed earlier, the definition of the meter is 
now stated in terms of the speed of light. However, the meter was originally defined as 
1 ten-millionth of the length of the meridian through Paris from the North Pole to the 
Equator. If a quarter circle has an arc length of 10 million meters (= 10,000 km), then 
the circumference of the entire circle would be exactly 40,000 km. Using the modern 
definition of the meter, the equatorial circumference of the Earth is 40,075 km, and 
the circumference along the meridian is 40,008 km. 

The distance from the Earth to the Moon is 384,000 km, and the distance from the 
Earth to the Sun is greater by a factor of approximately 400, or about 150 million km. This 
distance is called an astronomical unit and has the symbol AU. Astronomers used this unit 
before the distance from Earth to Sun became known with accuracy, but it is still conve- 
nient today. In SI units, an astronomical unit is 


Earth —> 

City —> 

Human —> 

Cell —> 

Atom —> 

Atomic nucleus —> 


FIGURE 1.7 Range of length scales for 
physical systems. The pictures top to bottom 
are the Spiral Galaxy M 74, the Dallas skyline, 
and the SARS virus. 


1 AU = 1.495 98-10" m. (1.5) 


The diameter of our solar system is conventionally stated as approximately 10'° m, or 60 AU. 

We have already remarked that light travels in vacuum at a speed of approximately 
300,000 km/s. Therefore, the distance between Earth and Moon is covered by light in just 
over 1 second, and light from the Sun takes approximately 8 minutes to reach Earth. In order 
to cover distance scales outside our solar system, astronomers have introduced the (non-SI, 
but handy) unit of the light-year, the distance that light travels in 1 year in vacuum: 


1 light-year = 9.46 -10° m. (1.6) 


The nearest star to our Sun is just over 4 light-years away. The Andromeda Galaxy, the sister 
galaxy of our Milky Way, is about 2.5 million light-years =2-10” m away. 

Finally, the radius of the visible universe is approximately 14 billion light-years = 
1.5-10°° m. Thus, about 41 orders of magnitude span between the size of an individual pro- 
ton and that of the entire visible universe. 


Mass Scales 


Mass is the amount of matter in an object. When you consider the range of masses of physi- 
cal objects, you obtain an even more awesome span of orders of magnitude (Figure 1.8) 
than for lengths. 

Atoms and their parts have incredibly small masses. The mass of an electron is only 
9.11- 10°" kg. A proton’s mass is 1.67 : 10°” kg, roughly a factor of 2000 more than the mass 
of an electron. An individual atom of lead has a mass of 3.46- 10” kg. 


10 “kg 107% kg 107 kg 1kg 10" kg 10% kg 10% kg 10” kg 10% kg 


FIGURE 1.8 Range of mass scales for physical systems. 
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The mass of a single cell in the human body is on the order of 10°” kg to 10°'* kg. Even 
a fly has more than 10 billion times the mass of a cell, at approximately 10~* kg. 

A car’s mass is on the order of 10° kg, and that of a passenger plane is on the order 
of 10° kg. 

A mountain typically has a mass of 10”? kg to 10’* kg, and the combined mass of all the 
water in all of the Earth’s oceans is estimated to be on the order of 10” kg to 10” kg. 

The mass of the entire Earth can be specified fairly precisely at 6.0 - 10°% kg. The Sun has a 
mass of 2.0- 10% kg, or above 300,000 times the mass of the Earth. Our entire galaxy, the Milky 
Way, is estimated to have 200 billion stars in it and thus has a mass around 3- 10“! kg. Finally, 
the entire universe contains billions of galaxies. Depending on the assumptions about dark 
matter, a currently active research topic (see Chapter 12), the mass of the universe as a 
whole is roughly 10°! kg. However, you should recognize that this number is an estimate 
and may be off by a factor of up to 100. 

Interestingly, some objects have no mass. For example, photons, the “particles” that 
light is made of, have zero mass. 


Time Scales 


Time is the duration between two events. Human time scales lie in the range from a second 
(the typical duration of a human heartbeat) to a century (about the life expectancy of a per- 
son born now). Incidentally, human life expectancy is increasing at an ever faster rate. Dur- 
ing the Roman Empire, 2000 years ago, a person could expect to live only 25 years. In 1850, 
actuary tables listed the mean lifetime of a human as 39 years. Now that number is 80 years. 
Thus, it took almost 2000 years to add 50% to human life expectancy, but in the last 150 
years, life expectancy has doubled again. This is perhaps the most direct evidence that sci- 
ence has basic benefits for all of us. Physics contributes to this progress in the development 
of more sophisticated medical imaging and treatment equipment, and today’s fundamen- 
tal research will enter clinical practice tomorrow. Laser surgery, cancer radiation therapy, 
magnetic resonance imaging, and positron emission tomography are just a few examples of 
technological advances that have helped increase life expectancy. 

In their research, the authors of this book study ultrarelativistic heavy-ion collisions. 
These collisions occur during time intervals on the order of 10” s, more than a million times 
shorter than the time intervals we can measure directly. During this course, you will learn that 
the time scale for the oscillation of visible light is 10™ s, and that of audible sound is 10° s. 

The longest time span we can measure indirectly or infer is the age of the universe. 
Current research puts this number at 13.7 billion years, but with an uncertainty of up to 0.2 
billion years. 

We cannot leave this topic without mentioning one interesting fact to ponder during 
your next class lecture. Lectures typically last 50 minutes at most universities. A century, by 
comparison, has 100-365-24-60 ~ 50,000,000 minutes. So a lecture lasts about 1 millionth of 
a century, leading to a handy (non-SI) time unit, the microcentury = duration of one lecture. 


1.5 General Problem-Solving Strategy 


Physics involves more than solving problems—but problem solving is a big part of it. At 
times, while you are laboring over your homework assignments, it may seem that’s all you 
do. However, repetition and practice are important parts of learning. 

A basketball player spends hours practicing the fundamentals of free throw shooting. 
Many repetitions of the same action enable a player to become very reliable at this task. You 
need to develop the same philosophy toward solving mathematics and physics problems: 
You have to practice good problem-solving techniques. This work will pay huge dividends, 
not just during the remainder of this physics course, not just during exams, not even just in 
your other science classes, but also throughout your entire career. 

What constitutes a good problem-solving strategy? Everybody develops his or her own 
routines, procedures, and shortcuts. However, here is a general blueprint that should help 
get you started: 
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1. THINK Read the problem carefully. Ask yourself what quantities are known, what 
quantities might be useful but are unknown, and what quantities are asked for in the 
solution. Write down these quantities and represent them with their commonly used 
symbols. Convert into SI units, if necessary. 


2. SKETCH Makea sketch of the physical situation to help you visualize the problem. 
For many learning styles, a visual or graphical representation is essential, and it is 
often essential for defining the variables. 


3. RESEARCH Write down the physical principles or laws that apply to the problem. 
Use equations representing these principles to connect the known and unknown 
quantities to each other. In some cases, you will immediately see an equation that 
has only the quantities that you know and the one unknown that you are supposed 
to calculate, and nothing else. More often you may have to do a bit of deriving, 
combining two or more known equations into the one that you need. This requires 
some experience, more than any of the other steps listed here. To the beginner, the 
task of deriving a new equation may look daunting, but you will get better at it the 
more you practice. 


4. SIMPLIFY Do not plug numbers into your equation yet! Instead, simplify your 
result algebraically as much as possible. For example, if your result is expressed as a 
ratio, cancel out common factors in the numerator and the denominator. This step is 
particularly helpful if you need to calculate more than one quantity. 


5 CALCULATE Put the numbers with units into the equation and get to work with a 
calculator. Typically, you will obtain a number and a physical unit as your answer. 


6. ROUND Determine the number of significant figures that you want to have in your 
result. As a rule of thumb, a result obtained by multiplying or dividing should be 
rounded to the same number of significant figures as in the input quantity that is given 
with the least number of significant figures. You should not round in intermediate 
steps, as rounding too early might give you a wrong solution. 


7. DOUBLE-CHECK Step back and look at the result. Judge for yourself if the answer 
(both the number and the units) seems realistic. You can often avoid handing in a 
wrong solution by making this final check. Sometimes the units of your answer are 
simply wrong, and you know you must have made an error. Or sometimes the order of 
magnitude comes out totally wrong. For example, if your task is to calculate the mass 
of the Sun (we will do this later in this book), and your answer comes out near 10° kg 
(only a few thousand tons), you know you must have made a mistake somewhere. 


Let’s put this strategy to work in the following example. 


SOLVED PROBLEM 1.1 { Volume of a Cylinder 
————— 
PROBLEM 
Nuclear waste material in a physics laboratory is stored in a cylinder of height 4 = inches and 
circumference 8 = inches. What is the volume of this cylinder, measured in metric units? 


SOLUTION 
In order to practice problem-solving skills, we will go through each of the steps of the 
strategy outlined above. 


THINK 
From the question, we know that the height of the cylinder, converted to cm, is 
h = 42 in = 4.8125 in 
= (4.8125 in) -(2.54 cm/in) 


= 12.22375 cm. Continued— 
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Z . Also, the circumference of the cylinder is specified as 


_— D> c=82 in =8,1875 in 


= (8.1875 in): (2.54 cm/in) 
= 20.79625 cm. 


h Obviously, the dimensions given were rounded to the nearest 16th of an inch. Thus, it 
makes no sense to specify five digits after the decimal point for the dimensions when 
converted to centimeters, as the output of our calculator seems to suggest. A more realis- 
tic way to specify the given quantities is h = 12.2 cm and c= 20.8 cm, where the numbers 


Coo =e have three significant figures, just like the numbers given originally. 
SKETCH 


Next, we produce a sketch, something like Figure 1.9. Note that the given quantities are 
shown with their symbolic representations, not with their numerical values. The circum- 
ference is represented by the thicker circle (oval, actually, in this projection). 


RESEARCH 

Now we have to find the volume of the cylinder in terms of its height and its circumfer- 
ence. This relationship is not commonly listed in collections of geometric formulas. In- 
stead, the volume of a cylinder is given as the product of base area and height: 


FIGURE 1.9 Sketch of right cylinder. 


V=rrh. 
Once we find a way to connect the radius and the circumference, we'll have the formula we 
need. The top and bottom areas of a cylinder are circles, and for a circle we know that 
c=27r. 
SIMPLIFY 


Remember: We do not plug in numbers yet! To simplify our numerical task, we can solve 
the second equation for r and insert this result into the first equation: 


c 
c=2Tmr => r =— 


2T 
2 
vemrh=a| c | h= ch 
27 47 
CALCULATE 
Now it’s time to get out the calculator and put in the numbers: 
B Ch 
dr 
_ (20.8 cm)’ -(12.2 cm) 
4T 
= 420.026447 cm’. 
ROUND 


The output of the calculator has again made our result look much more precise than we 
can claim realistically. We need to round. Since the input quantities are given to only 
three significant figures, our result needs to be rounded to three significant figures. Our 
final answer is V=420. cm’. 


DOUBLE-CHECK 

Our last step is to check that the answer is reasonable. First, we look at the unit we got for 
our result. Cubic centimeters are a unit for volume, so our result passes its first test. Now 
let’s look at the magnitude of our result. You might recognize that the height and circum- 
ference given for the cylinder are close to the corresponding dimensions of a soda can. 
If you look on a can of your favorite soft drink, it will list the contents as 12 fluid ounces 
and also give you the information that this is 355 mL. Because 1 mL =1 cm’, our answer 
is reasonably close to the volume of the soda can. Note that this does not tell us that our 
calculation is correct, but it shows that we are not way off. 


e 
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Suppose the researchers decide that a soda can is not large enough for holding the waste in 
the lab and replace it with a larger cylindrical container with a height of 44.6 cm and a circum- 
ference of 62.5 cm. If we want to calculate the volume of this replacement cylinder, we dont 
need to do all of Solved Problem 1.1 over again. Instead, we can go directly to the algebraic 
formula we derived in the Simplify step and substitute our new data into that, ending up witha 
volume of 13,900 cm’ when rendered to 3 significant figures. This example illustrates the value 
of waiting to substitute in numbers until algebraic simplification has been completed. 

In Solved Problem 1.1, you can see that we followed the seven steps outlined in our 
general strategy. It is tremendously helpful to train your brain to follow a certain procedure 
in attacking all kinds of problems. This is not unlike following the same routine whenever 
you are shooting free throws in basketball, where frequent repetition helps you build the 
muscle memory essential for consistent success, even when the game is on the line. 

Perhaps more than anything, an introductory physics class should enable you to develop 
methods to come up with your own solutions to a variety of problems, eliminating the need 
to accept “authoritative” answers uncritically. The method we used in Solved Problem 1.1 is 
extremely useful, and we will practice it again and again in this book. However, to make a 
simple point, one that does not require the full set of steps used for a solved problem, we'll 
sometimes use an illustrative example. 


EXAMPLE 1.2 { Volume of a Barrel of Oil 


PROBLEM 

The volume of a barrel of oil is 159 L. We need to design a cylindrical container that will 
hold this volume of oil. The container needs to have a height of 1.00 m to fit in a transpor- 
tation container. What is the required circumference of the cylindrical container? 


SOLUTION 
Starting with the equation we derived in the Simplify step in Solved Problem 1.1, we can relate 
the circumference, c, and the height, h, of the container to the volume, V, of the container: 
2 
ch 


Aq’ 


ATV 
c=,|——. 
h 


1000 mL 1 cm? 3 
v=159 L im, 


L 1ml 10° cm? 


The required circumference is then 


V 


Solving for the circumference, we get 


The volume in SI units is 


4n {0.159 m?) 
1.00 m 


=1.41 m. 


As you may have already realized from the preceding problem and example, a good 
command of algebra is essential for success in an introductory physics class. For engineers 
and scientists, most universities and colleges also require calculus, but at many schools an 
introductory physics class and a calculus class can be taken concurrently. This first chapter 
does not contain any calculus, and subsequent chapters will review the relevant calculus 
concepts as you need them. However, there is another field of mathematics that is used 
extensively in introductory physics: trigonometry. Virtually every chapter of this book uses 
right triangles in some way. Therefore, it is a good idea to review the formulas for sine, 
cosine, and the like, as well as the indispensable Pythagorean theorem. Let’s look at another 
solved problem, which makes use of trigonometric concepts. 
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FIGURE 1.10 Distance from the top 


of the Willis Tower (B) to the horizon (C). 


SOLVED PROBLEM 1.2 [View from the Willis Tower 
eee eee 


PROBLEM 

It goes without saying that one can see farther from a tower than from ground level; the 
higher the tower, the farther one can see. The Willis Tower in Chicago has an observation 
deck, which is 412 m above ground. How far can one see out over Lake Michigan from 
this observation deck under perfect weather conditions? (Assume eye level is at 413 m 
above the level of the lake.) 


SOLUTION 


THINK 

As we have stressed before, this is the most important step in the problem-solving pro- 
cess. A little preparation at this stage can save a lot of work at a later stage. Perfect weather 
conditions are specified, so fog or haze is not a limiting factor. What else could determine 
how far one can see? If the air is clear, one can see mountains that are quite far away. Why 
mountains? Because they are very tall. But the landscape around Chicago is flat. What 
then could limit the viewing range? Nothing, really; one can see all the way to the hori- 
zon. And what is the deciding factor for where the horizon is? It is the curvature of the 
Earth. Let’s make a sketch to make this a little clearer. 


SKETCH 
Our sketch does not have to be elaborate, but it needs to show a simple version of the Willis 
Tower on the surface of the Earth. It is not important that the sketch be to scale, and we elect 
to greatly exaggerate the height of the tower relative to the size of the Earth. See Figure 1.10. 
It seems obvious from this sketch that the farthest point (point C) that one can see from 
the top of the Willis Tower (point B) is where the line of sight just touches the surface of the 
Earth tangentially. Any point on Earth’s surface farther away from the Willis Tower is hidden 
from view (below the dashed line segment). The viewing range is then given by the distance r 
between that surface point C and the observation deck (point B) on top of the tower, at height 
h. Included in the sketch is also a line from the center of Earth (point A) to the foot of the 
Willis Tower. It has length R, which is the radius of Earth. Another line of the same length, R, 
is drawn to the point where the line of sight touches the Earth’s surface tangentially. 


RESEARCH 

As you can see from the sketch, a line drawn from the center of the Earth to the point 
where the line of sight touches the surface (A to C) will form a right angle with that line of 
sight (B to C); that is, the three points A, B, and C form the corners ofa right triangle. This 
is the key insight, which enables us to use trigonometry and the Pythagorean theorem to 
attack the solution of this problem. Examining the sketch in Figure 1.10, we find 


+R =(R+h). 


SIMPLIFY 
Remember, we want to find the distance to the horizon, for which we used the symbol r in 
the previous equation. Isolating that variable on one side of our equation gives 


r =(R+h) —R’. 
Now we can simplify the square and obtain 
r =R +2hR+h —R =2hR+h. 


Finally, we take the square root and obtain our final algebraic answer: 


r=\2hR+h’. 
CALCULATE 


Now we are ready to insert numbers. The accepted value for the radius of Earth is R= 6370 
km =6.37-10°m, and h=413 m=4.13-10?m was given in the problem. This leads to 


r= 2(4.13- 107 m)(6.37-10°m) + (4.13-10’m) = 7.25382: 10m. 
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ROUND 
The Earth’s radius was given to three-digit precision, as was the elevation of the eye level 
of the observer. So we round to three digits and give our final result as 1.3 In-Class Exercise 
_ 4 What is the maximum distance 

r=7.25-10 m= 72.5 km. from which a sailor on top of 
Ferro ole steven onesie artace, cast 
Always check the units first. Since the problem asked “how far,’ the answer needs to be a another sailor on top of aet 
distance, which has the dimension of length and thus the base unit meter. Our answer passes of ship 2, who is 26 m above the 
this first check. What about the magnitude of our answer? Since the Willis Tower is almost ocean's surface? 


0.5 kilometer high, we expect the viewing range to be at least several kilometers; so a multi- 
kilometer range for the answer seems reasonable. Lake Michigan is slightly more than 80 km 
wide, if you look toward the east from Chicago. Our answer then implies that you cannot b) 0.89 km e) 39 km 
see the Michigan shore of Lake Michigan if you stand on top of the Willis Tower. Experience c) 4.5 km 

shows that this is correct, which gives us additional confidence in our answer. 


gy 


a) 0.17 km d) 21 km 


Problem-Solving Guidelines: Limits 


In Solved Problem 1.2, we found a handy formula, r=2hR+h’, for how far one can see 

on the surface of Earth from an elevation h, where R is the radius of Earth. There is another 

test that we can perform to check the validity of this formula. We did not include it in 

the Double-Check step, because it deserves seperate consideration. This general problem- Al |, 
solving technique is examining the limits of an equation. 

What does “examining the limits” mean? In terms of Solved Problem 1.2, it means 
that instead of just inserting the given number for h into our formula and computing the 
solution, we can also step back and think about what should happen to the distance r one 
can see if h becomes very large or very small. Obviously, the smallest that h can become is 
zero. In this case, r will also approach zero. This is expected, of course; if your eye level is 
at ground level, you cannot see very far. On the other hand, we can ponder what happens 
if h becomes large compared to the radius of Earth (see Figure 1.11). (Yes, it is impossible 
to build a tower that tall but 4 could also stand for the altitude of a satellite above ground.) 
In that case, we expect that the viewing range would eventually simply be the height h. Our 
formula also bears out this expectation, because as h becomes large compared to R, the first 


term in the square root can be neglected, and we find lim ¥2hR+h” =h. 


What we have illustrated by this example is a general guideline: If you derive a formula, 
you can check its validity by substituting extreme values of the variables in the formula and 
checking if these limits agree with common sense. Often the formula simplifies drastically 
at a limit. If your formula has a limiting behavior that is correct, it does not necessarily 
mean that the formula itself is correct, but it gives you additional confidence in its validity. 


FIGURE 1.11 Viewing range in the 
limit of very large h. 


Problem-Solving Guidelines: Ratios 


Another very common class of physics problems asks what happens to a quantity that 
depends on a certain parameter if that parameter changes by a given factor. These prob- 
lems provide excellent insight into physical concepts and take almost no time to do. This 
is true, in general, if two conditions are met: First, you have to know what formula to use; 
and second, you have to know how to solve this general class of problems. But that is a big 
if. Studying will equip your memory with the correct formulas, but you need to acquire the 
skill of solving problems of this general type. 

Here is the trick: Write down the formula that connects the dependent quantity to the 
parameter that changes. Write it twice, once with the dependent quantity and the parame- 
ters indexed (or labeled) with 1 and once with them indexed with 2. Then form ratios of the 
indexed quantities by dividing the right-hand sides and the left-hand sides of the two equa- 
tions. Next, insert the factor of change for the parameter (expressed as a ratio) and do the 
calculation to find the factor of change for the dependent quantity (also expressed as a ratio). 

Here is an example that demonstrates this method. 
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EXAMPLE 1.3 { Change in Volume 


PROBLEM 
If the radius of a cylinder increases by a factor of 2.73, by what factor does the volume 
change? Assume that the height of the cylinder stays the same. 


SOLUTION 
The formula that connects the volume of a cylinder, V, and its radius, r, is 
Vearrh. 


The way the problem is phrased, V is the dependent quantity and r is the parameter it de- 
pends on. The height of the cylinder, h, also appears in the equation but remains constant, 
according to the problem statement. 

Following the general problem-solving guideline, we write the equation twice, once 
with 1 as indexes and once with 2: 


Y=amqh 
V, = mrih. 
Now we divide the second equation by the first, obtaining 
2 2 
Vy _ 7h h | A | 
Vi mh (n 


As you can see, h did not receive an index because it stayed constant in this problem; it 
canceled out in the division. 
The problem states that the change in radius is given by: 


h = 2.73%. 
We substitute for r, in our ratio: 


2 2: 
vV, -f2 -[2721] = 2.73? =7.4529, 
f Gi 


or 
V, =7.45V,, 


where we have rounded the solution to the three significant digits that the quantity given 
in the problem had. Thus, the answer is that the volume of the cylinder increases by a fac- 
tor of 7.45 when you increase its radius by a factor of 2.73. 


Problem-Solving Guidelines: Estimation 


Sometimes you don't need to solve a physics problem exactly. When an estimate is all that 
is asked for, knowing the order of magnitude of some quantity is enough. For example, an 
answer of 1.24- 10% km is for most purposes not much different from 1-10°° km. In such 
cases, you can round off all the numbers in a problem to the nearest power of 10 and carry out 
the necessary arithmetic. For example, the calculation in Solved Problem 1.1 reduces to 


(20.8 cm)’ - (12.2 cm) = (2-10! cm? - (10 cm) T 4-10 cm? 
AT 10 10 


= 400 cm’, 


which is pretty close to our answer of 420. cm®. Even an answer of 100 cm? (rounding 20.8 cm 
to 10 cm) has the correct order of magnitude for the volume. Notice that you can often 
round the number 7 to 3 or round 7° to 10. With practice, you can find more tricks of 
approximation like these that can make estimations simpler and faster. 

The technique of gaining useful results through careful estimation was made famous by 
the 20th-century physicist Enrico Fermi (1901-1954), who estimated the energy released 
by the Trinity nuclear explosion on July 16, 1945, near Socorro, New Mexico, by observing 
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how far a piece of paper was blown by the wind from the blast. There is a class of estimation 
problems called Fermi problems that can yield interesting results when reasonable assump- 
tions are made about quantities that are not known exactly. 

Estimates are useful to gain insight into a problem before turning to more complicated 
methods of calculating a precise answer. For example, one could estimate how many tacos 
people eat and how many taco stands there are in town before investing in a complete busi- 
ness plan to construct a taco stand. In order to practice estimation skills, let’s estimate the 
number of dentists working in the United States. 


EXAMPLE 1.4 | Number of Dentists 


PROBLEM 
How many dentists are practicing in the United States? 


SOLUTION 

To make this estimate, we start with the following facts and assumptions: There are about 
300 million people in the United States. One half of them have regular dentist visits, 
mainly for routine teeth cleaning. Each person who sees a dentist regularly visits the 
dentist twice a year. Each office visit lasts + hour on average, with the occasional fix of 
a cavity included. Thus, the total number of hours of dental care being provided in the 
United States in 1 year is 


(300 -10° people)(0.5)(2 visits/person)(0.5 hours/visit =1.5-10° hours. 
We assume that a dentist works 40 hours per week and 50 weeks a year. Thus, a dentist works 
(40 hours/week }(50 weeks/year ) = 2000 hours/year. 
Thus, the required number of dentists is 


1.5-10° hi 
Number of dentists = pe BO 75,000 dentists. 
2000 hours 
The Department of Labor’s Bureau of Labor Statistics reports that there were 161,000 li- 
censed dentists in the United States in 2006. Thus, our estimate of the number of dentists 
practicing in the United States was within a factor of 3 of the actual number. 


1.6 | Vectors 


Vectors are mathematical descriptions of quantities that have both magnitude and direc- 
tion. The magnitude of a vector is a nonnegative number, often combined with a physi- 
cal unit. Many vector quantities are important in physics and, indeed, in all of science. 
Therefore, before we start this study of physics, you need to be familiar with vectors and 
some basic vector operations. 

Vectors have a starting point and an ending point. For example, consider a flight 
from Seattle to New York. To represent the change of the plane’s position, we can draw an 
arrow from the plane’s departure point to its destination (Figure 1.12). (Real flight paths 
are not exactly straight lines due to the fact that the Earth is a sphere and due to airspace 
restrictions and air traffic regulations, but a straight line is a reasonable approximation 
for our purpose.) This arrow represents a displacement vector, which always goes from 
somewhere to somewhere else. Any vector quantity has a magnitude and a direction. If 
the vector represents a physical quantity, such as displacement, it will also have a physi- 
cal unit. A quantity that can be represented without giving a direction is called a scalar. 
A scalar quantity has just a magnitude and possibly a physical unit. Examples of scalar 
quantities are time and temperature. 
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FIGURE 1.13 Representation of a 
point P in two-dimensional space in 
terms of its Cartesian coordinates. 


FIGURE 1.14 Representation of a 
point P in a one-dimensional Cartesian 
coordinate system. 


y 
A P 
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P = (P,, P,, P) 


FIGURE 1.15 Representation of a 


point P in a three-dimensional space in 
terms of its Cartesian coordinates. 


Seattle 


New York 


FIGURE 1.12 Flight path from Seattle to New York as an example of a vector. 


This book denotes a vector quantity by a letter with a small horizontal arrow point- 
ing to the right above it. For example, in the drawing of the trip from Seattle to New York 
(Figure 1.12), the displacement vector has the symbol C. In the rest of this section, you will 
learn how to work with vectors: how to add and subtract them and how to multiply them 
with scalars. In order to perform these operations, it is very useful to introduce a coordinate 
system in which to represent vectors. 


Cartesian Coordinate System 


A Cartesian coordinate system is defined as a set of two or more axes with angles of 90° 
between each pair. These axes are said to be orthogonal to each other. In a two-dimensional 
space, the coordinate axes are typically labeled x and y. We can then uniquely specify any 
point P in the two-dimensional space by giving its coordinates P, and P, along the two 
coordinate axes, as shown in Figure 1.13. We will use the notation (P,, P,) to specify a 
point in terms of its coordinates. In Figure 1.13, for example, the point P has the position 
(3.3, 3.8), because its x-coordinate has a value of 3.3 and its y-coordinate has a value of 
3.8. Note that each coordinate is a number and can have a positive or negative value or 
be zero. 

We can also define a one-dimensional coordinate system, for which any point is located 
on a single straight line, conventionally called the x-axis. Any point in this one-dimensional 
space is then uniquely defined by specifying one number, the value of the x-coordinate, 
which again can be negative, zero, or positive (Figure 1.14). The point P in Figure 1.14 has 
the x-coordinate P,,=-2.5. 

Clearly, one- and two-dimensional coordinate systems are easy to draw, because the 
surface of paper has two dimensions. In a true three-dimensional coordinate system, the 
third coordinate axis would have to be perpendicular to the other two and would thus 
have to stick straight out of the plane of the page. In order to draw a three-dimensional 
coordinate system, we have to rely on conventions that make use of the techniques for 
perspective drawings. We represent the third axis by a line that is at a 45° angle with the 
other two (Figure 1.15). 

In a three-dimensional space, we have to specify three numbers to uniquely deter- 
mine the coordinates of a point. We use the notation P=(P,, P,, P,)to accomplish this. 
It is possible to construct Cartesian coordinate systems with more than three orthogonal 
axes, although they are almost impossible to visualize. Modern string theories (described in 
Chapter 39), for example, are usually constructed in 10-dimensional spaces. However, for 
the purposes of this book and for almost all of physics, three dimensions are sufficient. As a 
matter of fact, for most applications, the essential mathematical and physical understanding 
can be obtained from two-dimensional representations. 


Cartesian Representation of Vectors 


The example of the flight from Seattle to New York established that vectors are characterized 
by two points: start and finish, represented by the tail and head of an arrow, respectively. 
Using the Cartesian representation of points, we can define the Cartesian representation of 
a displacement vector as the difference in the coordinates of the end point and the starting 
point. Since the difference between the two points for a vector is all that matters, we can shift 
the vector around in space as much as we like. As long as we do not change the length or 
direction of the arrow, the vector remains mathematically the same. Consider the two vectors 
in Figure 1.16. 

Figure 1.16a shows the displacement vector A that points from point P= (-2, -3) to point 
Q= (3,1). With the notation just introduced, the components of A are the coordinates of 
point Q minus those of point P, A=(3-(-2),1-(-3)) =(5, 4). Figure 1.16b shows another vec- 
tor from point R=(-3, -1) to point S=(2, 3). The difference between these coordinates is 
(2-(-3),3-(-1) =(5, 4) , which is the same as the vector A pointing from P to Q. 

For simplicity, we can shift the beginning of a vector to the origin of the coordinate 
system, and the components of the vector will be the same as the coordinates of its end 
point (Figure 1.17). As a result, we see that we can represent a vector in Cartesian coor- 
dinates as 


A=(A, A, ) in two-dimensional space (1.7) 


A= (A, Ay, A, ) in three-dimensional space (1.8) 


where A, Ay and A, are numbers. Note that the notation for a point in Cartesian coordi- 
nates is similar to the notation for a vector in Cartesian coordinates. Whether the notation 
specifies a point or a vector will be clear from the context of the reference. 


Graphical Vector Addition and Subtraction 


Suppose that the direct flight from Seattle to New York shown in Figure 1.12 was not avail- 
able, and you had to make a connection through Dallas (Figure 1.18). Then the displace- 
ment vector C for the flight from Seattle to New York is the sum of a displacement vector A 
from Seattle to Dallas and a displacement vector B from Dallas to New York: 


C=A+B. (1.9) 


This example shows the general procedure for vector addition in a graphical way: Move the 
tail of vector B to the head of vector A; then the vector from the tail of vector A to the head 
of vector B is the sum vector, or resultant, of the two. 

If you add two real numbers, the order does not matter: 3+5=5+3. This property is 
called the commutative property of addition. Vector addition is also commutative: 


A+B=B+A. (1.10) 


Figure 1.19 demonstrates this commutative property of vector addition graphically. It shows 
the same vectors as in Figure 1.18, but also shows the beginning of vector A moved to the 
tip of vector B (dashed arrows)—note that the resultant vector is the same as before. 

Next, the inverse (or reverse or negative) vector, =Ç , of the vector Č is a vector with 
the same length as C but pointing in the opposite direction (Figure 1.20). For the vector 
representing the flight from Seattle to New York, for example, the inverse vector is the return 
trip. Clearly, if you add C and its inverse vector, -C, you end up at the point you started from. 
Thus, we find 


C+(-C)=C-C=(0,0,0), (1.11) 


and the magnitude is zero, Ic - C| =0. This seemingly simple identity shows that we can treat 
vector subtraction as vector addition, by simply adding the inverse vector. For example, the 
vector B in Figure 1.19 can be obtained as B=C-A. Therefore, vector addition and sub- 
traction follow exactly the same rules as the addition and subtraction of real numbers. 
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(b) 
FIGURE 1.16 Cartesian representa- 
tions of a vector A. (a) Displacement 
vector from P to Q; (b) displacement 
vector from R to S. 


FIGURE 1.17 Cartesian components 


of vector A in two dimensions. 


26 Chapter 1 Overview 


FIGURE 1.19 Commutative property 
of vector addition. 


FIGURE 1.20 Inverse vector -C of 
a vector C. 


FIGURE 1.21 Vector addition by 
components. (a) Components of vectors 
A and B; (b) the components of the 
resultant vector are the sums of the 
components of the individual vectors. 


FIGURE 1.18 Direct flight versus one-stop flight as an example of vector addition. 


Vector Addition Using Components 


Graphical vector addition illustrates the concepts very well, but for practical purposes the 
component method of vector addition is much more useful. (This is because calculators 
are easier to use and much more precise than rulers and graph paper.) Let’s consider the 
component method for addition of three-dimensional vectors. The equations for two- 
dimensional vectors are special cases that arise by neglecting the z-components. Similarly, 
the one-dimensional equation can be obtained by neglecting all y- and z-components. 

If you add two three-dimensional vectors, A=(A,,A,,A,) and B=(B,,B,,B, ), the 


resulting vector is 
C=A+B=(A,,A,,4,)+(B,,B,B,)=(A,+B,,A,+B,,A, +B,). (1.12) 


In other words, the components of the sum vector are the sum of the components of the 
individual vectors: 


C, =4, +B, 
Cy=A, +B, (1.13) 
C,=A, +B. 


The relationship between graphical and component methods is illustrated in Figure 
1.21. Figure 1.21a shows two vectors A= (4, 2) and B = (3, 4) in two-dimensional space, and 
Figure 1.21b displays their sum vector C =(4+3,2+4) = (7,6). Figure 1.21b clearly shows that 
C,=A, + B, because the whole is equal to the sum of its parts. 

In the same way, we can take the difference D=A-B, and the Cartesian components 
of the difference vector are given by 


=A 


D, x — B, 
D, =A,-B, (1.14) 
D, =A, —B,. 


(a) (b) 


Multiplication of a Vector with a Scalar 


What is A+ A+ A? If your answer to this question is 3A, you already understand multiplying 
a vector with a scalar. The vector that results from multiplying the vector A with the scalar 3 is 
a vector that points in the same direction as the original vector A but is 3 times as long. 

Multiplication of a vector with an arbitrary positive scalar—that is, a positive number— 
results in another vector that points in the same direction but has a magnitude that is the 
product of the magnitude of the original vector and the value of the scalar. Multiplication 
of a vector by a negative scalar results in a vector pointing in the opposite direction to the 
original with a magnitude that is the product of the magnitude of the original vector and the 
magnitude of the scalar. 

Again, the component notation is useful. For the multiplication of a vector A with a 
scalar s, we obtain: 

E=sA=s(A,,A,,A,)=(sA,SA,,SA,). (1.15) 


In other words, each component of the vector A is multiplied by the scalar in order to arrive 
at the components of the product vector: 


E, =sA,. 
E,=sA, (1.16) 


E,=sA,. 
Unit Vectors 


There is a set of special vectors that make much of the math associated with vectors easier. 
Called unit vectors, they are vectors of magnitude 1 directed along the main coordinate axes 
of the coordinate system. In two dimensions, these vectors point in the positive x-direction 
and the positive y-direction. In three dimensions, a third unit vector points in the positive 
z-direction. In order to distinguish these as unit vectors, we give them the symbols å, /, and 
2. Their component representation is 


y=(0,1,0) (1.17) 


Figure 1.22a shows the unit vectors in two dimensions, and Figure 1.22b shows the unit 
vectors in three dimensions. 

What is the advantage of unit vectors? We can write any vector as a sum of these unit 
vectors instead of using the component notation; each unit vector is multiplied by the cor- 
responding Cartesian component of the vector: 


A =(A,,A,,A, ) 
=(A,,0,0)+(0,4,,0)+ (0,0, A,) 


(1.18) 
=A, (1,0,0)+ A, (0,1,0)+ A, (0,0,1) 
=A, +A, P+ AZ. 
In two dimensions, we have E 
A=4, + A, J. (1.19) 


This unit vector representation of a general vector will be particularly useful later in the 
book for multiplying two vectors. 


Vector Length and Direction 


If we know the component representation of a vector, how can we find its length (magni- 
tude) and the direction it is pointing in? Let’s look at the most important case: a vector in 
two dimensions. In two dimensions, a vector A can be specified uniquely by giving the two 
Cartesian components, A, and A,. We can also specify the same vector by giving two other 
numbers: its length A and its angle 6 with respect to the positive x-axis. 

Let's take a look at Figure 1.23 to see how we can determine A and 6 from A, and A,. 
Figure 1.23a shows the result of equation 1.19 in graphical representation. The vector A is 
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(b) 
FIGURE 1.22 Cartesian unit vectors 


in (a) two and (b) three dimensions. 


FIGURE 1.23 Length and direction 
of a vector. (a) Cartesian components 
A,and Ay; (b) length A and angle 8. 
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1.4 In-Class Exercise 


Into which quadrant do each of the 
following vectors point? 


y 


Quadrant II 
90° < 8 < 180° 


Quadrant I 
o°<¢@< 90° 


Quadrant III Quadrant IV 
180° < 6 < 270° | 270° < 6 < 360° 


a) A=(A,, Ay) with A, =1.5 cm, 


Ay=-1.0 cm 


b) a vector of length 2.3 cm and 
angle of 131° 


c) the inverse vector of B =(0.5 cm, 
1.0 cm) 


d) the sum of the unit vectors in 
the x and y directions 


the sum of the vectors A,x and A,ĵ. Since the unit vectors £ and are by definition orthogo- 
nal to each other, these vectors form a 90° angle. Thus, the three vectors A, A,x, and A, 
form a right triangle with side lengths A, A,, and A,, as shown in Figure 1.23b. 

Now we can employ basic trigonometry to find 0 and A. Using the Pythagorean theo- 


rem results in 


A=,/A, +A}. (1.20) 
We can find the angle 6 from the definition of the tangent function 
A 
é=tan —. (1.21) 
A 


x 


In using equation 1.21 you must be careful that 0 is in the correct quadrant. We can also 
invert equations 1.20 and 1.21 to obtain the Cartesian components of a vector of given 
length and direction: 


A, =Acosé (1.22) 


A, =Asin6. (1.23) 


You will encounter these trigonometric relations again and again throughout introductory 
physics. If you need to refamiliarize yourself with trigonometry, consult the mathematics 
primer provided in Appendix A. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


Large and small numbers can be represented using 
scientific notation, consisting of a mantissa and a 
power of ten. 


Physical systems are described by the SI system of 
units. These units are based on reproducible standards 
and provide convenient methods of scaling and 
calculation. The base units of the SI system include 
meter (m), kilogram (kg), second (s), and ampere (A). 


Physical systems have widely varying sizes, masses, and 


time scales, but the same physical laws govern all of them. 


A number (with a specific number of significant 
figures) or a set of numbers (such as components of 
a vector) must be combined with units to describe 
physical quantities. 

Vectors in three dimensions can be specified by their 
three Cartesian components, A=(A, Ay Az). Each of 
these Cartesian components is a number. 


KEY TERMS 

scientific notation, p. 9 metrology, p. 14 
significant figures, p. 10 vector, p. 23 

SI unit system, p. 11 scalar, p. 23 


Cartesian coordinate 


Vectors can be added or subtracted. In Cartesian 
components, C=A+B=(A,,A,,A,)+(B,,B,,B,) 


=(A, +B, Ay +B,, A, +B). 


Multiplication of a vector with a scalar results in another 
vector in the same or opposite direction but of different 
magnitude, E=sA=s(A,, Ap, Az )=(sA,, sA, SA, ). 


Unit vectors are vectors of length 1. The unit vectors 
in Cartesian coordinate systems are denoted by , ĵ, 
and Z. 


The length and direction of a two-dimensional vector 
can be determined from its Cartesian components: 


A=,/A2 + A? and @ = tan! (A,/A,). 


The Cartesian components of a two-dimensional vector 
can be calculated from the vector’s length and angle 
with respect to the x-axis: A,=Acos 6 and A,= Asin 6. 


resultant, p. 25 


system, p. 24 unit vectors, p. 27 


components, p. 25 


PROBLEM-SOLVING PRACTICE 


SOLVED PROBLEM 1.3 ( Hiking 

p 
You are hiking in the Florida Everglades heading southwest from your base camp, for 
1.72 km. You reach a river that is too deep to cross; so you make a 90° right turn and hike 
another 3.12 km to a bridge. How far away are you from your base camp? 


SOLUTION 


THINK 

Ifyou are hiking, you are moving in a two-dimensional plane: the surface of Earth (because 
the Everglades are flat and the distance of the hike is small compared with the distance over 
which the altitude changes significantly due to the curvature of the Earth). Thus, we can 
use two-dimensional vectors to characterize the various segments of the hike. Making one 
straight-line hike, then performing a turn, followed by another straight-line hike amounts 
to a problem of vector addition that is asking for the length of the resultant vector. 


SKETCH 

Figure 1.24 presents a coordinate system in which the y-axis points north and the x-axis 
points east, as is conventional. The first portion of the hike, in the southwestern direc- 
tion, is indicated by the vector A, and the second portion by the vector B. The figure also 
shows the resultant vector, C= Á + B, for which we want to determine the length. 


RESEARCH 

If you have drawn the sketch with sufficient accuracy, making the lengths of the vectors 
in your drawing to be proportional to the lengths of the segments of the hike (as was 
done in Figure 1.24), then you can measure the length of the vector C to determine the 
distance from your base camp at the end of the second segment of the hike. However, the 
given distances are specified to three significant digits, so the answer should also have 
three significant digits. Thus, we cannot rely on the graphical method but must use the 
component method of vector addition. 

In order to calculate the components of the vectors, we need to know their an- 
gles relative to the positive x-axis. For the vector A, which points southwest, this an- 
gle is 9,=225°, as shown in Figure 1.25. The vector B has an angle of 90° relative to A, 
and thus 0,=135° relative to the positive x-axis. To make this point clearer, the start- 
ing point of B has been moved to the origin of the coordinate system in Figure 1.25. 
(Remember: We can move vectors around at will. As long as we leave the direction and 
length of a vector the same, the vector remains unchanged.) 

Now we have everything in place to start our calculation. We have the lengths and 
directions of both vectors, allowing us to calculate their Cartesian components. Then, we 
will add their components to calculate the components of the vector C, from which we 
can calculate the length of this vector. 


SIMPLIFY 7 

The components of the vector C are: 
C, =A, + B, = Acos, + Bcos 0p 
Cy =A, +B,=Asin6, + Bsin 6g. 


Thus, the length of the vector C is (compare with equation 1.20) 


C= J+ = (4, +B, H(A, +B,” 


= (Acos, +Bcos Ý +(Asin@, + Bsin6,) . 


Continued— 
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FIGURE 1.24 Hike with a 90° turn. 
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FIGURE 1.25 Angles of the two 


hike segments. 


30 Chapter 1 Overview 


CALCULATE 


Now all that is left is to put in the numbers to obtain the vector length: 


C= (azz km)cos225° + (3.12 km)cos135°) +((1.72 km) sin 225° + (3.12 km) sin 135°) 


= fuze. J1/2)+3.12-( J) (0.724 J1/2)4 312-412) km. 


Entering these numbers into a calculator, we obtain: 


ROUND 


C=3.562695609 km. 


Because the initial distances were given to three significant figures, our final answer 
should also have (at most) the same precision. Rounding to three significant figures yields 


our final answer: 


DOUBLE-CHECK 


C=3.56 km. 


This problem was intended to provide practice with vector concepts. However, if you forget 
for a moment that the displacements are vectors and note that they form a right triangle, you 
can immediately calculate the length of side C from the Pythagorean theorem as follows: 


C=V a LB = 1.722 + 3.12? km =3.56 km. 


Here we also rounded our result to three significant figures, and we see that it agrees with 
the answer obtained using the longer procedure of vector addition. 


en 


MULTIPLE-CHOICE QUESTIONS 


| 1.1 Which of the following is the frequency of high C? 
a) 376g b) 483 m/s c) 523 Hz d) 26.5 J 
1.2 If Á and B are vectors and B=- A, which of the 
following is true? 
a) The magnitude of B is equal to the negative of the 
magnitude of A. 
b) Á and B are perpendicular. 
c) The direction angle of B is equal to the direction angle of 
A plus 180°. 
d) A+B=2A. 
1.3 Compare three SI units: millimeter, kilogram, and 
microsecond. Which is the largest? 
a) millimeter 
b) kilogram d) The units are not comparable. 
1.4 What is(are) the difference(s) between 3.0 and 3.0000? 


a) 3.0000 could be the result from an intermediate step in 
a calculation; 3.0 has to result from a final step. 


c) microsecond 


b) 3.0000 represents a quantity that is known more 
precisely than 3.0. 

c) There is no difference. 

d) They convey the same information, but 3.0 is preferred 
for ease of writing. 

1.5 A speed of 7 mm/ws is equal to: 


a) 7000 m/s b) 70 m/s c) 7m/s d) 0.07 m/s 


1.6 A hockey puck, whose diameter is approximately 

3 inches, is to be used to determine the value of 7 to three 
significant figures by carefully measuring its diameter and its 
circumference. For this calculation to be done properly, the 
measurements must be made to the nearest 


c) mm e) in 
d) cm 

1.7 What is the sum of 5.786- 10° m and 3.19- 104 m? 
a) 6.02-107 m c) 8.976-10° m 

b) 3.77-10* m d) 8.98-10° m 


a) hundredth ofa mm 
b) tenth of a mm 


1.8 What is the number of carbon atoms in 0.5 nanomoles of 
carbon? One mole contains 6.02- 10” atoms. 

a) 3.2-10'* atoms d) 3.2- 10” atoms 

b) 3.19-10'* atoms e) 3.19-10'” atoms 

c) 3.-10'* atoms f) 3.-10'” atoms 

1.9 The resultant of the two-dimensional vectors (1.5 m, 0.7 m), 
(-3.2 m,1.7 m), and (1.2 m,-3.3 m) lies in quadrant 

a) I b) II c) M d) IV 

1.10 By how much does the volume of a cylinder change if 
the radius is halved and the height is doubled? 

d) The volume doubles. 
e) The volume 


a) The volume is quartered. 
b) The volume is cut in half. 
c) There is no change in the volume. quadruples. 


QUESTIONS 


1.11 In Europe, cars’ gas consumption is measured in liters 
per 100 kilometers. In the United States, the unit used is 
miles per gallon. 


a) How are these units related? 

b) How many miles per gallon does your car get if it 
consumes 12.2 liters per 100 kilometers? 

c) What is your car’s gas consumption in liters per 100 
kilometers if it gets 27.4 miles per gallon? 

d) Can you draw a curve plotting miles per gallon versus liters 
per 100 kilometers ? If yes, draw the curve. 


1.12 If you draw a vector on a sheet of paper, how many 
components are required to describe it? How many compo- 
nents does a vector in real space have? How many compo- 
nents would a vector have in a four-dimensional world? 


1.13 Since vectors in general have more than one component 
and thus more than one number is used to describe them, 
they are obviously more difficult to add and subtract than 
single numbers. Why then work with vectors at all? 


1.14 If Á and B are vectors specified in magnitude-direction 
form, and C= A + B is to be found and to be expressed in 
magnitude-direction form, how is this done? That is, what is 
the procedure for adding vectors that are given in magnitude- 
direction form? 

1.15 Suppose you solve a problem and your calculator’s 
display reads 0.0000000036. Why not just write this down? Is 
there any advantage to using the scientific notation? 

1.16 Since the British system of units is more familiar to most 
people in the United States, why is the international (SI) sys- 
tem of units used for scientific work in the United States? 

1.17 Is it possible to add three equal-length vectors and 
obtain a vector sum of zero? If so, sketch the arrangement of 
the three vectors. If not, explain why not. 

1.18 Is mass a vector quantity? Why or why not? 

1.19 Two flies sit exactly opposite each other on the surface 
of a spherical balloon. If the balloon’s volume doubles, by 
what factor does the distance between the flies change? 
1.20 What is the ratio of the volume of a cube of side r to 
that of a sphere of radius r? Does your answer depend on the 
particular value of r? 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 1.2 

1.29 How many significant figures are in each of the follow- 
ing numbers? 

a) 4.01 c) 4 e) 0.00001 

b) 4.010 d) 2.00001 f) 2.1- 1.10042 


g) 7.01-3.1415 


Problems 31 


1.21 Consider a sphere of radius r. What is the length of a 
side of a cube that has the same surface area as the sphere? 


1.22 The mass of the Sun is 2- 10% kg, and the Sun contains 
more than 99% of all the mass in the solar system. Astronomers 
estimate there are approximately 100 billion stars in the Milky 
Way and approximately 100 billion galaxies in the universe. The 
Sun and other stars are predominantly composed of hydrogen; a 
hydrogen atom has a mass of approximately 2- 10” kg. 


a) Assuming that the Sun is an average star and the Milky Way 
is an average galaxy, what is the total mass of the universe? 

b) Since the universe consists mainly of hydrogen, can you 
estimate the total number of atoms in the universe? 


1.23 A futile task is proverbially said to be “like trying to 
empty the ocean with a teaspoon.” Just how futile is such a 
task? Estimate the number of teaspoonfuls of water in the 
Earth's oceans. 


1.24 The world’s population passed 6.5 billion in 2006. Esti- 
mate the amount of land area required if each person were to 
stand in such a way as to be unable to touch another person. 
Compare this area to the land area of the United States, 3.5 
million square miles, and to the land area of your home state 
(or country). 


1.25 Advances in the field of nanotechnology have made 

it possible to construct chains of single metal atoms linked 
one to the next. Physicists are particularly interested in the 
ability of such chains to conduct electricity with little resis- 
tance. Estimate how many gold atoms would be required to 
make such a chain long enough to wear as a necklace. How 
many would be required to make a chain that encircled 

the Earth? If 1 mole of a substance is equivalent to roughly 
6.022- 10” atoms, how many moles of gold are required for 
each necklace? 


1.26 One of the standard clichés in physics courses is to talk 
about approximating a cow as a sphere. How large a sphere 
makes the best approximation to an average dairy cow? That 
is, estimate the radius of a sphere that has the same mass and 
density as a dairy cow. 


1.27 Estimate the mass of your head. Assume that its density 
is that of water, 1000 kg/m’, 


1.28 Estimate the number of hairs on your head. 


1.30 Two different forces, acting on the same object, are 
measured. One force is 2.0031 N and the other force, in the 
same direction, is 3.12 N. These are the only forces acting 
on the object. Find the total force on the object to the correct 
number of significant figures. 


1.31 Three quantities, the results of measurements, are to 
be added. They are 2.0600, 3.163, and 1.12. What is their 
sum to the correct number of significant figures? 
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1.32 Given the equation w= xyz, and x=1.1- 10°, 
y=2.48-10°, and z=6.000, what is w, in scientific notation 
and with the correct number of significant figures? 


1.33 Write this quantity in scientific notation: one ten- 
millionth of a centimeter. 


1.34 Write this number in scientific notation: one hundred 
fifty-three million. 


Section 1.3 
1.35 How many inches are in 30.7484 miles? 


1.36 What metric prefixes correspond to the following 
powers of 10? 


a) 10° b) 107 


1.37 How many millimeters in a kilometer? 


c) 10° 


1.38 A hectare is a hundred ares and an are is a hundred 
square meters. How many hectares are there in a square 
kilometer? 


1.39 The unit of pressure in the SI system is the pascal. 
What would be the SI name for 1 one-thousandth of a 
pascal? 


1.40 The masses of four sugar cubes are measured to be 
25.3 g, 24.7 g, 26.0 g, and 25.8 g. Express the answers to the 
following questions in scientific notation, with standard SI 
units and an appropriate number of significant figures. 


a) If the four sugar cubes were crushed and all the sugar 
collected, what would be the total mass, in kilograms, of the 
sugar? 

b) What is the average mass, in kilograms, of these four 
sugar cubes? 


1.41 What is the surface area of a right cylinder of height 
20.5 cm and radius 11.9 cm? 


Section 1.4 


1.42 You step on your brand-new digital bathroom scale, and 
it reads 125.4 pounds. What is your mass in kilograms? 


1.43 The distance from the center of the Moon to the center 
of the Earth ranges from approximately 356,000 km to 
407,000 km. What are these distances in miles? Be certain to 
round your answers to the appropriate number of significant 
figures. 


1.44 In Major League baseball, the pitcher delivers his 
pitches from a distance of 60 feet, 6 inches from home plate. 
What is the distance in meters? 


1.45 A flea hops in a straight path along a meter stick, 
starting at 0.7 cm and making successive jumps, which are 
measured to be 3.2 cm, 6.5 cm, 8.3 cm, 10.0 cm, 11.5 cm, 
and 15.5 cm. Express the answers to the following questions 
in scientific notation, with units of meters and an appropri- 
ate number of significant figures. What is the total distance 
covered by the flea in these six hops? What is the average 
distance covered by the flea in a single hop? 


¢1.46 One cubic centimeter of water has a mass of 1 gram. 
A milliliter is equal to a cubic centimeter. What is the mass, 
in kilograms, of a liter of water? A metric ton is a thousand 
kilograms. How many cubic centimeters of water are in a 
metric ton of water? If a metric ton of water were held in a 
thin-walled cubical tank, how long (in meters) would each 
side of the tank be? 


e1.47 The speed limit on a particular stretch of road is 45 
miles per hour. Express this speed limit in millifurlongs per 
microfortnight. A furlong is ; mile, and a fortnight is a period 
of 2 weeks. (A microfortnight is in fact used as a unit in a par- 
ticular type of computing system called the VMS system.) 


e1.48 According to one mnemonic rhyme, “A pint’s a 
pound, the world around.” Investigate this statement of 
equivalence by calculating the weight of a pint of water, 
assuming that the density of water is 1000. kg/m? and that 
the weight of 1.00 kg of a substance is 2.21 pounds. The 
volume of 1.00 fluid ounce is 29.6 mL. 


Section 1.5 


1.49 If the radius of a planet is larger than that of Earth by 
a factor of 8.7, how much bigger is the surface area of the 
planet than Earth’s? 


1.50 If the radius of a planet is larger than that of Earth by 
a factor of 5.8, how much bigger is the volume of the planet 
than Earth's? 


1.51 How many cubic inches are in 1.56 barrels? 


1.52 A car’s gasoline tank has the shape of a right rectangu- 
lar box with a square base whose sides measure 62 cm. Its 
capacity is 52 L. If the tank has only 1.5 L remaining, how 
deep is the gasoline in the tank, assuming the car is parked 
on level ground? 


¢1.53 The volume of a sphere is given by the formula inr, 
where r is the radius of the sphere. The average density of an 
object is simply the ratio of its mass to its volume. Using the 
numerical data found in Table 12.1, express the answers to 
the following questions in scientific notation, with SI units 
and an appropriate number of significant figures. 


a) What is the volume of the Sun? 

b) What is the volume of the Earth? 

c) What is the average density of the Sun? 

d) What is the average density of the Earth? 

e1.54 A tank is in the shape of an inverted cone, having height 


h =2.5 mand base radius r = 0.75 m. If water is poured into 
the tank at a rate of 15 L/s, how long will it take to fill the tank? 


°1.55 Water flows into a cubical tank at a rate of 15 L/s. If 
the top surface of the water in the tank is rising by 1.5 cm 
every second, what is the length of each side of the tank? 


ee1.56 The atmosphere has a weight that is, effectively, about 
15 pounds for every square inch of Earth’s surface. The aver- 
age density of air at the Earth’s surface is about 1.275 kg/m’. If 
the atmosphere were uniformly dense (it is not—the density 
varies quite significantly with altitude), how thick would it be? 


Section 1.6 

1.57 A position vector has a length of 40.0 m and is at an 
angle of 57.0° above the x-axis. Find the vector’s components. 
1.58 In the triangle shown in the figure, the side lengths are 
a=6.6 cm, b=13.7 cm, and c=9.2 cm. What is the value of 
the angle y? (Hint: See Appendix A for the law of cosines.) 


1.59 Write the vectors A, B, A 
and C in Cartesian coordi- 
nates. 

1.60 Calculate the length 
and direction of the vectors 
A, B, and C. 

1.61 Add the three vectors A, 
B, and C graphically. 

1.62 Determine the differ- 
ence vector E=B-A graphi- 
cally. 

1.63 Add the three vectors A, 
B, and C using the component method, and find their sum 
vector D. 


Figure for problems 1.59 
through 1.64 


1.64 Use the component method to determine the length of 
the vector F=C-A-—B. y 


1.65 Find the components of 
the vectors A, B, C, and D, 
where their lengths are given 
by A=75.0, B=60.0, C=25.0, 
D=90.0 and their angles are 
as shown in the figure. Write 
the vectors in terms of unit 
vectors. 


1.66 Use the components of the vectors from Problem 1.65 
to find 


a) the sum A+B+C+D in terms of its components 
b) the magnitude and direction of the sum A-B+D 


e1.67 The Bonneville Salt Flats, located in Utah near the 
border with Nevada, not far from interstate I-80, cover an 
area of over 30,000 acres. A race car driver on the Flats first 
heads north for 4.47 km, then makes a sharp turn and heads 
southwest for 2.49 km, then makes another turn and heads 
east for 3.59 km. How far is she from where she started? 


+1.68 A map in a pirate’s log gives directions to the loca- 
tion of a buried treasure. The starting location is an old oak 
tree. According to the map, the treasure’s location is found 
by proceeding 20 paces north from the oak tree and then 

30 paces northwest. At this location, an iron pin is sunk in 
the ground. From the iron pin, walk 10 paces south and dig. 
How far (in paces) from the oak tree is the spot at which 
digging occurs? 


Problems 33 


°°1.69 The next page of the pirate’s log contains a set of di- 
rections that differ from those on the map in Problem 1.68. 
These say the treasure’s location is found by proceeding 20 
paces north from the old oak tree and then 30 paces north- 
west. After finding the iron pin, one should “walk 12 paces 
nor’ward and dig downward 3 paces to the treasure box.” 
What is the vector that points from the base of the old oak 
tree to the treasure box? What is the length of this vector? 


ee1.70 The Earth’s orbit has a radius of 1.5-10!! m, and that of 
Venus has a radius of 1.1-10'' m. Consider these two orbits to 
be perfect circles (though in reality they are ellipses with slight 
eccentricity). Write the direction and length of a vector from 
Earth to Venus (take the direction from Earth to Sun to be 0°) 
when Venus is at the maximum angular separation in the sky 
relative to the Sun. 


ee1.71 A friend walks away from you a distance of 550 m, 
and then turns (as if on a dime) an unknown angle, and 
walks an additional 178 m in the new direction. You use a 
laser range-finder to find out that his final distance from 
you is 432 m. What is the angle between his initial departure 
direction and the direction to his final location? Through 
what angle did he turn? (There are two possibilities.) 


Additional Problems 
1.72 The radius of Earth is 6378. km. What is its circumfer- 
ence to three significant figures? 


1.73 Estimate the product of 4,308,229 and 44 to one sig- 
nificant figure (show your work and do not use a calculator), 
and express the result in standard scientific notation. 


1.74 Find the vector C that satisfies the equation 3% + 6f - 
102 + C = -7å + 14/. 

1.75 Sketch the vectors with the components Å= (A,,A,) = 
(30.0 m,-50.0 m) and B = (B,,B,) = (-30.0 m,50.0 m), and 
find the magnitudes of these vectors. 


1.76 What angle does A= (A,A,) = (30.0 m,-50.0 m) make 
with the positive x-axis? What angle does it make with the 
negative y-axis? 

1.77 Sketch the vectors with the components A= (A,pA,) = 
(-30.0 m,—50.0 m) and B = (B,,B,) = (30.0 m, 50.0 m), and 
find the magnitudes of these vectors. 


1.78 What angle does B= (B,.B,) = (30.0 m,50.0 m) make 
with the positive x-axis? What angle does it make with the 
positive y-axis? 

1.79 A position vector has components x= 34.6 m and 
y=-53.5 m. Find the vector’s length and angle with the 
x-axis. 

1.80 For the planet Mars, calculate the distance around 


the Equator, the surface area, and the volume. The radius of 
Mars is 3.39-10° m. 


1.81 Find the magnitude and direction of each of the fol- 
lowing vectors, which are given in terms of their x- and 
y-components: A = (23.0,59.0), and B = (90.0,-150.0). 
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1.82 Find the magnitude and direction of -A+ B, where 
= (23.0,59.0), B = (90.0,-150.0). 


A 

1.83 Find the magnitude and direction of -5A+B, where 
A = (23.0,59.0), B = (90.0,-150.0). 

1 


.84 Find the magnitude and direction of -7B+3A, where 


A = (23.0,59.0), B = (90.0,-150.0). 

01.85 Find the magnitude and direction of (a) 9B-3A and 
(b) -5A+ 8B, where A = (23.0,59.0), B = (90.0,-150.0). 

°1.86 Express the vectors A= (A,A,) = (-30.0 m,-50.0 m) 
and B = (B,,B,) = (30.0 m,50.0 m) by giving their magnitude 
and direction as measured from the positive x-axis. 


1.87 The force F a spring exerts on you is directly pro- 
portional to the distance x you stretch it beyond its resting 
length. Suppose that when you stretch a spring 8.00 cm, it 
exerts a 200. N force on you. How much force will it exert 
on you if you stretch it 40.0 cm? 


1.88 The distance a freely falling object drops, starting 
from rest, is proportional to the square of the time it has 
been falling. By what factor will the distance fallen change if 
the time of falling is three times as long? 


1.89 A pilot decides to take his small plane for a Sunday 
afternoon excursion. He first flies north for 155.3 miles, 
then makes a 90° turn to his right and flies on a straight line 
for 62.5 miles, then makes another 90° turn to his right and 
flies 47.5 miles on a straight line. 


a) How far away from his home airport is he at this point? 
b) In which direction does he need to fly from this point on 
to make it home in a straight line? 

c) What was the farthest distance he was away from the 
home airport during the trip? 


+1.90 As the photo shows, 
during a total eclipse, the 
Sun and the Moon appear 

to the observer to be almost 
exactly the same size. The 
radii of the Sun and Moon 
are r = 6.96- 10° m and 

Ty = 1.74-10° m, respectively. 
The distance between the 
Earth and the Moon is 

dpm = 3.84- 10° m. 

a) Determine the distance from the Earth to the Sun at the 
moment of the eclipse. 


D 


Se 


Total solar eclipse. 


b) In part (a), the implicit assumption is that the distance 
from the observer to the Moon’s center is equal to the 
distance between the centers of the Earth and the Moon. 
By how much is this assumption incorrect, if the observer 
of the eclipse is on the Equator at noon? Hint: Express this 
quantitatively, by calculating the relative error as a ratio: 


(assumed observer-to-Moon distance—actual observer-to- 
Moon distance)/(actual observer-to-Moon distance). 

c) Use the corrected observer-to-Moon distance to 
determine a corrected distance from Earth to the Sun. 


e1.91 A hiker travels 1.50 km north and turns to a heading 
of 20.0° north of west, traveling another 1.50 km along that 
heading. Subsequently, he then turns north again and travels 
another 1.50 km. How far is he from his original point of 
departure, and what is the heading relative to that initial 
point? 

e1.92 Assuming that 1 mole (6.02- 10” molecules) of an 
ideal gas has a volume of 22.4 L at standard temperature and 
pressure (STP) and that nitrogen, which makes up 80.0% of 
the air we breathe, is an ideal gas, how many nitrogen mol- 
ecules are there in an average 0.500 L breath at STP? 


1.93 On August 27, 2003, Mars approached as close to 
Earth as it will for over 50,000 years. If its angular size (the 
planet’s radius, measured by the angle the radius subtends) 
on that day was measured by an astronomer to be 24.9 
seconds of arc, and its radius is known to be 6784 km, how 
close was the approach distance? Be sure to use an appropri- 
ate number of significant figures in your answer. 


1.94 A football field’s length is exactly 100 yards, and its 
width is 53+ yards. A quarterback stands at the exact center 
of the field and throws a pass to a receiver standing at one 
corner of the field. Let the origin of coordinates be at the 
center of the football field and the x-axis point along the 
longer side of the field, with the y-direction parallel to the 
shorter side of the field. 


a) Write the direction and length of a vector pointing from 
the quarterback to the receiver. 

b) Consider the other three possibilities for the location of 
the receiver at corners of the field. Repeat part (a) for each. 


e1.95 The circumference of the Cornell Electron Stor- 
age Ring is 768.4 m. Express the diameter in inches, to the 
proper number of significant figures. 


e°1.96 Roughly 4.00% of what you exhale is carbon dioxide. 
Assume that 22.4 L is the volume of 1 mole (6.02- 10” mole- 
cules) of carbon dioxide and that you exhale 0.500 L per breath. 


a) Estimate how many carbon dioxide molecules you 
breathe out each day. 


b) If each mole of carbon dioxide has a mass of 44.0 g, how 
many kilograms of carbon dioxide do you exhale in a year? 


e°1.97 The Earth's orbit has a radius of 1.5- 10"! m, and that 
of Mercury has a radius of 4.6-10'° m. Consider these orbits 
to be perfect circles (though in reality they are ellipses with 
slight eccentricity). Write down the direction and length 

of a vector from Earth to Mercury (take the direction from 
Earth to Sun to be 0°) when Mercury is at the maximum 
angular separation in the sky relative to the Sun. 
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FIGURE 2.1 A fast-moving train passes a railroad crossing. 
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Chapter 2 Motion in a Straight Line 


WHAT WE WILL LEARN 
a 


We will learn to describe the motion of an object = We will define the concepts of instantaneous velocity 
traveling in a straight line or in one dimension. and average velocity. 

We will learn to define position, displacement, and = We will define the concepts of instantaneous 
distance. acceleration and average acceleration. 

We will learn to describe motion of an object in a = We will learn to calculate the position, velocity, and 
straight line with constant acceleration. acceleration of an object moving in a straight line. 


An object can be in free fall in one dimension where 
it undergoes constant acceleration due to gravity. 


You can see that the train in Figure 2.1 is moving very fast by noticing its image is blurred 
compared with the stationary crossing signal and telephone pole. But can you tell if the 
train is speeding up, slowing down, or zipping by at constant speed? A photograph can con- 
vey an object’s speed because the object moves during the exposure time, but a photograph 
cannot show a change in speed, or acceleration. Yet acceleration is extremely important in 
physics, at least as important as speed itself. 

In this chapter, we look at the terms used in physics to describe an object’s motion: 
displacement, velocity, and acceleration. We examine motion along a straight line (one- 
dimensional motion) in this chapter and motion on a curved path (motion in a plane, or 
two-dimensional motion) in the next chapter. One of the greatest advantages of physics 
is that its laws are universal, so the same general terms and ideas apply to a wide range of 
situations. Thus, we can use the same equations to describe the flight of a baseball and the 
lift-off of a rocket into space from Earth to Mars. In this chapter, we will use some of the 
problem-solving techniques discussed in Chapter 1 along with some new ones. 

As you continue in this course, you will see that almost everything moves relative to 
other objects on some scale or other, whether it is a comet plunging through space at several 
kilometers per second or the atoms in a seemingly stationary object vibrating millions of 
times per second. The terms we introduce in this chapter will be part of your study for the 
rest of the course and afterward. 


2.1 Introduction to Kinematics 


The study of physics is divided into several large parts, one of which is mechanics. 
Mechanics, or the study of motion and its causes, is usually subdivided. In this chapter 
and the next, we examine the kinematics aspect of mechanics. Kinematics is the study of 
the motion of objects. These objects may be, for example, cars, baseballs, people, planets, or 
atoms. For now, we will set aside the question of what causes this motion. We will return to 
that question when we study forces. 

We will also not consider rotation in this chapter, but concentrate on only translational 
motion (motion without rotation). Furthermore, we will neglect all internal structure of a 
moving object and consider it to be a point particle, or pointlike object. That is, to deter- 
mine the equations of motion for an object, we imagine it to be located at a single point in 
space at each instant of time. What point of an object should we choose to represent its loca- 
tion? Initially, we will simply use the geometric center, the middle. (Chapter 8, on systems 
of particles and extended objects, will give a more precise definition for the point location 
of an object called the center of mass.) 


2.2 Position Vector, Displacement Vector, and Distance 


The simplest motion we can investigate is that of an object moving in a straight line. Exam- 
ples of this motion include a person running the 100-m dash, a car driving on a straight seg- 
ment of road, and a stone falling straight down off a cliff. In later chapters, we will consider 
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motion in two or more dimensions and will see that the same concepts that we derive for 
one-dimensional motion still apply. 

If an object is located on a particular point on a line, we can denote this point with its 
position vector, as described in Section 1.6. Throughout this book, we use the symbol 7 
to denote the position vector. Since we are working with motion in only one dimension in 
this chapter, the position vector has only one component. If the motion is in the horizontal 
direction, this one component is the x-component. (For motion in the vertical direction, we 
will use the y-component; see Section 2.7.) One number, the x-coordinate or x-component 
of the position vector (with a corresponding unit), uniquely specifies the position vector 
in one-dimensional motion. Some valid ways of writing a position are x = 4.3 m, x = 7+ 
inches, and x = -2.04 km; it is understood that these specifications refer to the x-component 
of the position vector. Note that a position vector’s x-component can have a positive or a 
negative value, depending on the location of the point and the axis direction that we choose 
to be positive. The value of the x-component also depends on where we define the origin of 
the coordinate system—the zero of the straight line. 

The position of an object can change as a function of time, t; that is, the object can 
move. We can therefore formally write the position vector in function notation: f =7(t). In 
one dimension, this means that the x-component of the vector is a function of time, x = x(t). 
If we want to specify the position at some specific time t,, we use the notation x, = x(t,). 


Position Graphs 


Before we go any further, let’s graph an object’s position as a function of time. Figure 2.2a 
illustrates the principle involved by showing several frames of a video of a car driving down 
a road. The video frames were taken at time intervals of + second. 

We are free to choose the origins of our time measurements and of our coordinate 
system. In this case, we choose the time of the second frame to be t = + s and the position 
of the center of the car in the second frame as x = 0. We can now draw our coordinate axes 
and graph over the frames (Figure 2.2b). The position of the car as a function of time lies on 
a straight line. Again, keep in mind that we are representing the car by a single point. 

When drawing graphs, it is customary to plot the independent variable—in this case, the 
time t—on the horizontal axis and to plot x, which is called the dependent variable because its 
value depends on the value of f, on the vertical axis. Figure 2.3 is a graph of the car's position 
as a function of time drawn in this customary way. (Note that if Figure 2.2b were rotated 90° 
counterclockwise and the pictures of the car removed, the two graphs would be the same.) 


Displacement 


Now that we have specified the position vector, lets go one step further and define displacement. 
Displacement is simply the difference between the final position vector, 7, =7(t,), at the end 
of a motion and the initial position vector, 7, =7(t,). We write the displacement vector as 


AF =F, -7. (2.1) 


We use the notation AF for the displacement vector to indicate that it is a difference between 
two position vectors. Note that the displacement vector is independent of the location of 
the origin of the coordinate system. Why? Any shift of the coordinate system will add to the 
position vector 7, the same amount that it adds to the position vector 7; thus the differ- 
ence between the position vectors, or AF, will not change. 

Just like the position vector, the displacement vector in one dimension has only an 
x-component, which is the difference between the x-components of the final and initial 
position vectors: 


Ax =X, -X,. (2.2) 


Also just like position vectors, displacement vectors can be positive or negative. In par- 
ticular, the displacement vector A7,, for going from point a to point b is exactly the negative 
of Ay, going from point b to point a: 


Afya = i- a= (a) = ~ Atay - (2.3) 
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FIGURE 2.2 (a) Series of video 
frames of a moving car, taken every ; 
second; (b) same series, but with a coor- 
dinate system and a red line connecting 
the centers of the car in each frame. 


t (s) 
FIGURE 2.3 Same graph as Figure 
2.2b, but rotated so that the time axis 
is horizontal, and without the pictures 
of the car. 
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And it is probably obvious to you at this point that this relationship also holds for the 
x-component of the displacement vector, Ax,, = Xp - X4 = —(%q - Xp) = -Ax pp: 


Distance 


The distance, £, that a moving object travels is the absolute value of the displacement vector: 


¢=|A7. (2.4) 
For one-dimensional motion, this distance is also the absolute value of the x-component of 
the displacement vector, / = |Ax|. (For multidimensional motion, we calculate the length 
of the displacement vector as shown in Chapter 1). The distance is always greater than or 
equal to zero and is measured in the same units as position and displacement. However, 
distance is a scalar quantity, not a vector. If the displacement is not in a straight line or if it 
is not all in the same direction, the displacement must be broken up into segments that are 
approximately straight and unidirectional and then the distances for the various segments 
are added to get the total distance. The following solved problem illustrates the difference 
between distance and displacement. 


SOLVED PROBLEM 2.1 (Trip Segments 


The distance between Des Moines and Iowa City is 170.5 km (106.0 miles) along Inter- 
state 80, and as you can see from the map (Figure 2.4), the route is a straight line to a 
good approximation. Approximately halfway between the two cities, where 180 crosses 
highway US63, is the city of Malcom, 89.9 km (54.0 miles) from Des Moines. 


Des Moines 


FIGURE 2.4 Route 180 between Des Moines and Iowa City. 


PROBLEM 
If we drive from Malcom to Des Moines and then go to Iowa City, what are the total dis- 
tance and total displacement for this trip? 


SOLUTION 
THINK 


Distance and displacement are not identical. If the trip consisted of one segment in one 
direction, the distance would just be the absolute value of the displacement, according 
to equation 2.4. However, this trip is composed of segments with a 
direction change, so we need to be careful. We'll treat each segment 


Xp = 0 XM x individually and then add up the segments in the end. 
Segment 1: SKETCH 
ee E x — Because 180 is almost a straight line, it is sufficient to draw a straight 
horizontal line and make this our coordinate axis. We enter the posi- 
Segment 2: tions of the three cities as x; (Iowa City), xų (Malcom), and xp (Des 
Xp XM x * Moines). We always have the freedom to define the origin of our coor- 
ane dinate system, so we elect to put it at Des Moines, thus setting xp = 0. 
CWT >x Asis conventional, we define the positive direction to the right, in the 
xp XM Xi 


FIGURE 2.5 Coordinate system and trip segments for the 
Malcom to Des Moines to Iowa City trip. 


eastward direction. See Figure 2.5. 
We also draw arrows for the displacements of the two segments 
of the trip. We represent segment 1 from Malcom to Des Moines by 
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a red arrow, and segment 2 from Des Moines to Iowa City by a blue arrow. Finally, we draw 
a diagram for the total trip as the sum of the two trips. 


RESEARCH 
With our assignment of xp = 0, Des Moines is the origin of the coordinate system. According to 
the information given us, Malcom is then at x, = +89.9 km and Iowa City is at x, = +170.5 km. 
Note that we write a plus sign in front of the numbers for x, and x to remind us that these are 
components of position vectors and can have positive or negative values. 

For the first segment, the displacement is given by 


Ax, = Xp - Xy: 
Thus the distance driven for this segment is 
4 =|Ax,|=|xp ~ xyj|. 


In the same way, the displacement and distance for the second segment are 
Ax, =X, —Xp 
(,=|Ax, | = Ix - xp]. 
For the sum of the two segments, the total trip, we use simple addition to find the displace- 
ment, 


Axiota = Ax, + Ax), 
and the total distance, 


Liota = £1 + L2 


SIMPLIFY 
We can simplify the equation for the total displacement a little bit by inserting the expres- 
sions for the displacements for the two segments: 


AXotal = Ax, F Ax, 
= (Xp - Xm) + (x1 - Xp) 
=% — XM. 
This is an interesting result—for the total displacement of the entire trip, it does not matter 
at all that we went to Des Moines. All that matters is where the trip started and where it 


ended. The total displacement is a result of a one-dimensional vector addition, as indicated 
in the bottom part of Figure 2.5 by the green arrow. 


CALCULATE 
Now we can insert the numbers for the positions of the three cities in our coordinate sys- 
tem. We then obtain for the net displacement in our trip 


AXtotal = X1 Xm = (+170.5 km) - (+89.9 km)=+ 80.6 km. 
For the total distance driven, we get 


Liora =|89-9 km|+ {170.5 km|= 260.4 km. 


(Remember, the distance between Des Moines and Malcom, or Ax,, and that between Des 
Moines and Iowa City, or Ax, were given in the problem; so we do not have to calculate 
them again from the differences in the position vectors of the cities.) 


ROUND 

The numbers for the distances were initially given to a tenth of a kilometer. Since our entire 
calculation only amounted to adding or subtracting these numbers, it is not surprising that 
we end up with numbers that are also accurate to a tenth of a kilometer. No further round- 


ing is needed. 
Continued— 
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2.1 Self-Test Opportunity 


Suppose we had chosen to put the 
origin of the coordinate system in 
Solved Problem 2.1 at Malcom in- 
stead of Des Moines. Would the final 
result of our calculation change? If 
yes, how? If no, why not? 


DOUBLE-CHECK 
As is customary, we first make sure that the units of our answer came out properly. Since we 
are looking for quantities with the dimension of length, it is comforting that our answers have 
the units of kilometers. At first sight, it may be surprising that the net displacement for the trip 
is only 80.6 km, much smaller than the total distance traveled. This is a good time to recall that 
the relationship between the absolute value of the displacement and the distance (equation 
2.4) is valid only if the moving object does not change direction (but it did in this example). 
This discrepancy is even more apparent for a round trip. In that case, the total distance 
driven is twice the distance between the two cities, but the total displacement is zero, because 
the starting point and the end point of the trip are identical. 


This result is a general one: If the initial and final positions are the same, the total dis- 
placement is 0. As straightforward as this seems for the trip example, it is a potential pitfall in 
many exam questions. You need to remember that displacement is a vector, whereas distance 
is a positive scalar. 


2.3 Velocity Vector, Average Velocity, and Speed 


Just as distance (a scalar) and displacement (a vector) mean different things in physics, 
their rates of change with time are also different. Although the words “speed” and “velocity” 
are often used interchangeably in everyday speech, in physics “speed” refers to a scalar and 
“velocity” to a vector. 

We define v, the x-component of the velocity vector, as the change in position (i.e., 
the displacement component) in a given time interval divided by that time interval, Ax/At. 
Velocity can change from moment to moment. The velocity calculated by taking the ratio of 
displacement per time interval is the average of the velocity over this time interval, or the 
x-component of the average velocity, ¥,,: 


z=- Ax 
* At 
Notation: A bar above a symbol is the notation for averaging over a finite time interval. 
In calculus, a time derivative is obtained by taking a limit as the time interval approaches 
zero. We use the same concept here to define the instantaneous velocity, usually referred 


to simply as the velocity, as the time derivative of the displacement. For the x-component 
of the velocity vector, this implies 


(2.5) 


. — 4, Ax dx 
v,= lim v= lim —= 


=—, 2.6 
At—0 Ato At dt 


We can now introduce the velocity vector, V, as the vector for which each component is the 
time derivative of the corresponding component of the position vector, 
. dr 
y E (2.7) 
with the understanding that the derivative operation applies to each of the components of 
the vector. In the one-dimensional case, this velocity vector v has only an x-component, v,, 
and the velocity is equivalent to a single velocity component in the spatial x-direction. 
Figure 2.6 presents three graphs of the position of an object with respect to time. Figure 
2.6a shows that we can calculate the average velocity of the object by finding the change in 
position of the object between two points and dividing by the time it takes to go from x, to 
x. That is, the average velocity is given by the displacement, Ax,, divided by the time inter- 
val, At,, or V, = Ax,/At,. In Figure 2.6b, the average velocity, v) = Ax,/At,, is determined 
over a smaller time interval, At, In Figure 2.6c, the instantaneous velocity, v(t;) = dx/dt|, _;,, 
is represented by the slope of the blue line tangent to the red curve at t = t}. 
Velocity is a vector, pointing in the same direction as the vector of the infinitesimal 
displacement, dx. Because the position x(t) and the displacement Ax(f) are functions of 
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X2 


Xi x} 
At, At, 


(a) (b) (c) 
FIGURE 2.6 Instantaneous velocity as the limit of the ratio of displacement to time interval: (a) an 


average velocity over a large time interval; (b) an average velocity over a smaller time interval; and (c) the 
instantaneous velocity at a specific time, t3. 


time, so is the velocity. Because the velocity vector is defined as the time derivative of the 
displacement vector, all the rules of differentiation introduced in calculus hold. If you need 
a refresher, consult Appendix A. 


EXAMPLE 2.1 | Time Dependence of Velocity 


PROBLEM 

During the time interval from 0.0 to 10.0 s, the position vector of a car on a road is given 
by x(t) = a+ bt + ct’, with a = 17.2 m, b = -10.1 m/s, and c = 1.10 m/s”. What is the car’s 
velocity as a function of time? What is the car’s average velocity during this interval? 


SOLUTION 
According to the definition of velocity in equation 2.6, we simply take the time derivative 
of the position vector function to arrive at our solution: 
dx d 
V,=——=—(a+bt+ct?)=b + 2ct =-10.1 m/s+2-(1.10 m/s*)t. 
dt dt t(s) 
It is instructive to graph this solution. In Figure 2.7, the position as a function of time is FIGURE 2.7 Graph of the position 
shown in blue, and the velocity as a function of time is shown in red. Initially, the velocity x and velocity v, as a function of the 
has a value of -10.1 m/s, and at t = 10 s, the velocity has a value of +11.9 m/s. time t. The slope of the dashed line 
Note that the velocity is initially negative, is zero at 4.59 s (indicated by the vertical EET E pe forthe 
dashed line in Figure 2.7), and then is positive after 4.59 s. At t = 4.59 s, the position graph 5 
x(t) shows an extremum (a minimum in this case), just as expected from calculus, since 
b —10.1 m/s _ 


d 
#2649 0 Sh=-— Se Š = 4.59 s. 
dt 2c 2.20 m/s 


From the definition of average velocity, we know that to determine the average velocity 
during a time interval, we need to subtract the position at the beginning of the interval 
from the position at the end of the interval. By inserting t = 0 and t = 10 s into the equation 
for the position vector as a function of time, we obtain x(t = 0) = 17.2 m and x(t = 10 s) 
= 26.2 m. Therefore, 
Ax = x(t =10)-x(t=0)= 26.2 m-17.2 m=9.0 m. 

We then obtain for the average velocity over this time interval: 

— Ax 90m 

Vy. ZE 

At 10s 


The slope of the green dashed line in Figure 2.7 is the average velocity over this time interval. 


=0.90 m/s. 
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FIGURE 2.8 Measuring the speeds 
of passing cars. 


FIGURE 2.9 Choosing an x-axis in a 
swimming pool. 


Speed 


Speed is the absolute value of the velocity vector. For a moving object, speed is always posi- 
tive. “Speed” and “velocity” are used interchangeably in everyday contexts, but in physical 
terms they are very different. Velocity is a vector, which has a direction. For one-dimen- 
sional motion, the velocity vector can point either in the positive or negative direction; in 
other words, its component can have either sign. Speed is the absolute magnitude of the 
velocity vector and is thus a scalar quantity: 


speed =v = g =|v,.). (2.8) 
The last part of this equation makes use of the fact that the velocity vector has only an 
x-component for one-dimensional motion. 

In everyday experience, we recognize that speed can never be negative: Speed limits 
are always posted as positive numbers, and the radar of passing cars also always displays 
positive numbers (Figure 2.8). 

Earlier, distance was defined as the absolute value of displacement for each straight- 
line segment in which the movement does not reverse direction (see the discussion following 


equation 2.4). The average speed when a distance £ is traveled during a time interval At is 


4 
average speed = V = —. 2.9 
verage sp a (2.9) 


EXAMPLE 2.2 | Speed and Velocity 


Suppose a swimmer completes the first 50 m of the 100-m freestyle in 38.2 s. Once she reach- 
es the far side of the 50-m-long pool, she turns around and swims back to the start in 42.5 s. 


PROBLEM 
What are the swimmer’s average velocity and average speed for (a) the leg from the start 
to the far side of the pool, (b) the return leg, and (c) the total lap? 


SOLUTION 
We start by defining our coordinate system, as shown in Figure 2.9. The positive x-axis 
points toward the bottom of the page. 


(a) First leg of the swim: 
The swimmer starts at x, = 0 and swims to x, = 50 m. It takes her At = 38.2 s to 
accomplish this leg. Her average velocity for leg 1 then, according to our definition, is 


z -%2 _50m-0m_ 50 
“O At 38.2 s 38.2 


Her average speed is the distance divided by time interval, which, in this case, is the 
same as the absolute value of her average velocity, or Fal = 1.31 m/s. 


m/s = 1.31 m/s. 


(b) Second leg of the swim: 
We use the same coordinate system for leg 2 as for leg 1. This choice means that the 
swimmer starts at x, = 50 m and finishes at x, = 0, and it takes At = 42.5 s to do so. Her 
average velocity for this leg is 
_ %)-x% 0m-50m _ -50 
>" At 425s 42.5 
Note the negative sign for the average velocity for this leg. The average speed is again 
= |-1.18 m/s| =1.18 m/s. 


m/s = -1.18 m/s. 


al 


the absolute magnitude of the average velocity, or 


Veo 
(c) The entire lap: 
We can find the average velocity in two ways, demonstrating that they result in the same 
answer. First, because the swimmer started at x, = 0 and finished at x, = 0, the difference 
is 0. Thus, the net displacement is 0, and consequently the average velocity is also 0. 
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We can also find the average velocity for the whole lap by taking the time-weighted 
sum of the components of the average velocities of the individual legs: 
z=- Va’ Ah +¥,-At, _ (1.31 m/s)(38.2 s)+ ( -1.18 m/s)(42.5 s) _ 


0. 
i At, + At, (38.2 s)+ (42.5 s) 


What do we find for the average speed? The average speed, according to our definition, is 
the total distance divided by the total time. The total distance is 100 m and the total time 
is 38.2 s plus 42.5 s, or 80.7 s. Thus, 

£ 100m 


y =— = 
At 80.7s 


=1.24 m/s. 


We can also use the time-weighted sum of the average speeds, leading to the same result. 
Note that the average speed for the entire lap is between that for leg 1 and that for leg 2. 
It is not exactly halfway between these two values, but is closer to the lower value because 
the swimmer spent more time completing leg 2. 


OY 
2.4. Acceleration Vector 


Just as the average velocity is defined as the displacement per time interval, the x-component 
of average acceleration is defined as the velocity change per time interval: 


Av 
a4,=—. 2.10 
Oa (2.10) 


Similarly, the x-component of the instantaneous acceleration is defined as the limit of the 


average acceleration as the time interval approaches 0: 
_ Av, dv 

a, = lim a, = lim —*=—~., (2.11) 
At—0 Ato At dt 


We can now define the acceleration vector as 
a=—, (2.12) 


where again the derivative operation is understood to act component-wise, just as in the 
definition of the velocity vector. 

Figure 2.10 illustrates this relationship among velocity, time interval, average accelera- 
tion, and instantaneous acceleration as the limit of the average acceleration (for a decreasing 
time interval). In Figure 2.10a, the average acceleration is given by the velocity change, Av,, 
divided by the time interval At,: a, = Av,/At,. In Figure 2.10b, the average acceleration is deter- 
mined over a smaller time interval, At,. In Figure 2.10c, the instantaneous acceleration, a(t) = 
dv/dt\, = ,,, is represented by the slope of the blue line tangent to the red curve at t = f,. Figure 
2.10 looks very similar to Figure 2.6, and this is not a coincidence. The similarity emphasizes 
that the mathematical operations and physical relationships that connect the velocity and accel- 
eration vectors are the same as those that connect the position and velocity vectors. 


v Y A FIGURE 2.10 Instantaneous ac- 
celeration as the limit of the ratio of 
velocity change to time interval: (a) 
average acceleration over a large time 

i interval; (b) average acceleration over a 
Avy, Z smaller time interval; and (c) instanta- 
neous acceleration in the limit as the 


v v . . 
i 1 time interval goes to zero. 


>t >t >t 


(a) (b) (c) 
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2.1 In-Class Exercise — 


When you're driving a car along a 
straight road, you may be traveling 
in the positive or negative direction 
and you may have a positive accel- 
eration or a negative acceleration. 
Match the following combinations of 
velocity and acceleration with the 
list of outcomes. 


a) positive velocity, positive 
acceleration 


b) positive velocity, negative 
acceleration 


c) negative velocity, positive 
acceleration 


d) negative velocity, negative 
acceleration 


1) slowing down in positive direction 
2) speeding up in negative direction 
3) speeding up in positive direction 


4) slowing down in negative direction 


a J 


The acceleration is the time derivative of the velocity, and the velocity is the time 
derivative of the displacement. The acceleration is therefore the second derivative of the 
displacement: 


a, = (2.13) 


d d | d | d? 
Vy = x|=—x 

dt dt\dt ) dt’ 

There is no word in everyday language for the absolute value of the acceleration. 

Note that we often refer to the deceleration of an object as a decrease in the speed 
the object over time, which corresponds to acceleration in the opposite direction of the 
motion of the object. 

In one-dimensional motion, an acceleration, which is a change in velocity, necessarily 
entails a change in the magnitude of the velocity—that is, the speed. However, in the next 
chapter, we will consider motion in more than one spatial dimension, where the velocity 
vector can also change its direction, not just its magnitude. In Chapter 9, we will examine 
motion in a circle with constant speed; in that case, there is a constant acceleration that 
keeps the object on a circular path but leaves the speed constant. 

As the in-class exercise shows, even in one dimension, a positive acceleration does 
not necessarily mean speeding up and a negative acceleration does not mean that it must 
be slowing down. Rather, the combination of velocity and acceleration determines the 
motion. If the velocity and acceleration are in the same direction, the object moves faster; if 
they are in opposite directions, it slows down. We will examine this relationship further in 
the next chapter. 
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a, (m/s?) 


V,(m/s) 


0.00 0 2.83 

1.88 10 ae 2.66 

L. N : 
9.26 

2.96 20 > 

= < 10.87 

3.88 30 0.40 
11.24 

4.77 40 0.77 
11.90 

5.61 50 —0.17 
11.76 

6.46 60 0.17 
11.90 

7.30 70 0.17 
12.05 

8.13 80 —0.65 
11.49 

9.00 90 0.00 
11.49 

9.87 100 


FIGURE 2.11 Time, position, aver- 
age velocity, and average acceleration 
during Carl Lewis's world record 100-m 
dash. 


In some situations, the acceleration changes as a function of time, but the exact functional 
form is not known beforehand. However, we can still calculate velocity and acceleration even 
if the position is known only at certain points in time. The following example illustrates this 
procedure. 


EXAMPLE 2.3 | World Record for the 100-m Dash 


In the 1991 Track and Field World Championships in Tokyo, Japan, Carl Lewis of the 
United States set a new world record in the 100-m dash. Figure 2.11 lists the times at 
which he arrived at the 10-m mark, the 20-m mark, and so on, as well as values for his 
average velocity and average acceleration, calculated from the formulas in equations 2.5 
and 2.10. From Figure 2.11, it is clear that after about 3 s, Lewis reached an approximately 
constant average velocity between 11 and 12 m/s. 

Figure 2.11 also indicates how the values for average velocity and average accelera- 
tion were obtained. Take, for example, the upper two green boxes, which contain the 
times and positions for two measurements. From these we get At = 2.96 s - 1.88 s = 1.08 s 
and Ax = 20 m - 10m = 10 m. The average velocity in this time interval is then v = Ax/At 
= 10 m/1.08 s = 9.26 m/s. We have rounded this result to three significant digits, because 
the times were given to that accuracy. The accuracy for the distances can be assumed to 
be even better, because these data were extracted from video analysis that showed the 
times at which Lewis crossed marks on the ground. 

In Figure 2.11 the calculated average velocity is positioned halfway between the lines 
for time and distance, indicating that it is a good approximation for the instantaneous 
velocity in the middle of the time interval. 

The average velocities for other time intervals were obtained in the same way. Using 
the numbers in the second and third green boxes in Figure 2.11, we obtained an aver- 
age velocity of 10.87 m/s for the time interval from 2.96 s to 3.88 s. With two velocity 
values, we can use the difference formula for the acceleration to calculate the average 
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acceleration. Here we assume that the instantaneous velocity at a time corresponding to 
halfway between the first two green boxes (2.42 s) is equal to the average velocity during 
the interval between the first two green boxes, or 9.26 m/s. Similarly, we take the instan- 
taneous velocity at 3.42 s (midway between the second and third boxes) to be 10.87 m/s. 
Then, the average acceleration between 2.42 s and 3.42 s is 


a, = Av, / At = (10.87 m/s - 9.26 m/s)/(3.42 s - 2.42 s)=1.61 m/s’. 


From the entries in Figure 2.11 obtained in this way, we can see that Lewis did most of 
his accelerating between the start of the race and the 30-m mark, where he attained his 
maximum velocity between 11 and 12 m/s. He then ran with about that velocity until he 
reached the finish line. This result is clearer in a graphical display of his position versus 
time during the race (Figure 2.12a). The red dots represent the data points from Figure 
2.11, and the green straight line represents a constant velocity of 11.58 m/s. In Figure 
2.12b, Lewis's velocity is plotted as a function of time. The green line again represents a 
constant velocity of 11.58 m/s, fitted to the last six points, where Lewis is no longer ac- 
celerating but running at a constant velocity. 
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FIGURE 2.12 Analysis of Carl Lewis's 100-m dash in 1991: (a) his position as a function of time; 
(b) his velocity as a function of time. 


The type of numerical analysis that treats average velocities and accelerations as 
approximations for the instantaneous values of these quantities is very common in all 
types of scientific and engineering applications. It is indispensable in situations where 
the precise functional dependencies on time are not known and researchers must rely on 
numerical approximations for derivatives obtained via the difference formulas. Most practical 
solutions of scientific and engineering problems found with the aid of computers make use 
of difference formulas such as those introduced here. 

The entire field of numerical analysis is devoted to finding better numerical approxi- 
mations that will enable more precise and faster computer calculations and simulations of 
natural processes. Difference formulas similar to those introduced here are as important for 
the everyday work of scientists and engineers as the calculus-based analytic expressions. 
This importance is a consequence of the computer revolution in science and technology, 
which, however, does not make the contents of the textbook any less important. In order 
to devise a valid solution to an engineering or science problem, you have to understand 
the basic underlying physical principles, no matter what calculation techniques you use. 
This fact is well recognized by cutting-edge movie animators and creators of special digital 
effects, who have to take basic physics classes to ensure that the products of their computer 
simulations look realistic to the audience. 
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2.6 Finding Displacement and Velocity from Acceleration 


v(t) 
A 


Area = x(t) — xo 


to 


(a) 


Le = BG) = Bay 


>t 


(b) 


FIGURE 2.13 Geometrical interpre- 
tation of the integrals of (a) velocity and 
(b) acceleration with respect to time. 


The fact that integration is the inverse operation to differentiation is known as the Funda- 
mental Theorem of Calculus. It allows us to reverse the differentiation process leading from 
displacement to velocity to acceleration and instead integrate the equation for velocity (2.6) 
to obtain displacement and the equation for acceleration (2.13) to obtain velocity. Let’s start 
with the equation for the x-component of the velocity: 


v,(t)= an 


[roars f ERa sts 


to to 


=> 


x(t)=%)+ f v (t)dt'. (2.14) 


to 


Notation: Here again we have used the convention that x(t) = xo, the initial position. 
Further, we have used the notation t'in the definite integrals in equation 2.14. This prime 
notation reminds us that the integration variable is a dummy variable, which serves to 
identify the physical quantity we want to integrate. Throughout this book, we will reserve 
the prime notation for dummy integration variables in definite integrals. (Note that some 
books use a prime to denote a spatial derivative, but to avoid possible confusion, this 
book will not do so.) 

In the same way, we integrate equation 2.13 for the x-component of the acceleration to 
obtain an expression for the x-component of the velocity: 


dv, 


a, (t) = = > 


t 


f a(e)de'= we t= ve(t)~ Yello) > 


to to 


h= Í a,(tdt'. (2.15) 


to 


Here v,(t) = Vy is the initial velocity component in the x-direction. Just as the derivative 
operation is understood to act component-wise, integration follows the same convention, 
so we can write the integral relationships for the vectors from those for the components in 
equations 2.14 and 2.15. Formally, we then have 


=A + f Pear (2.16) 
and i 


¥(t)=T + f a(t')dt' (2.17) 


This result means that for any given time dependence of the acceleration vector, we can 
calculate the velocity vector, provided we are given the initial value of the velocity vector. 
We can also calculate the displacement vector, if we know its initial value and the time 
dependence of the velocity vector. 

In calculus, you probably learned that the geometrical interpretation of the definite inte- 
gral is an area under a curve. This is true for equations 2.14 and 2.15. We can interpret the area 
under the curve of v,(t) between tọ and t as the difference in the position between these two 
times, as shown in Figure 2.13a. Figure 2.13b shows that the area under the curve of a,(t) in 
the time interval between fy and t is the velocity difference between these two times. 
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2.7 Motion with Constant Acceleration 


In many physical situations, the acceleration experienced by an object is approximately, or 
perhaps even exactly, constant. We can derive useful equations for these special cases of 
motion with constant acceleration. If the acceleration, a,, is a constant, then the time inte- 
gral used to obtain the velocity in equation 2.15 results in 


t t 
vvt | audt'=vgo ta |de= 
0 0 


Vy (t) =Vyq + ayts (2.18) 


where we have taken the lower limit of the integral to be tọ = 0 for simplicity. This means 
that the velocity is a linear function of time. 


t t 
ssx | veld = 25+ f rotad dr 


t t 
=x) +v | dta, f t'dt'=> 
0 0 


x(t)= X9 + Vyot + 44,0. (2.19) 


Thus, with a constant acceleration, the velocity is always a linear function of time, and the 
position is a quadratic function of time. Three other useful equations can be derived using 
equations 2.18 and 2.19 as a starting point. After listing these three equations, we'll work 
through their derivations. 

The average velocity in the time interval from 0 to fis the average of the velocities at the 
beginning and end of the time interval: 


v, =F (Veo +v). (2.20) 
The average velocity from equation 2.20 leads to an alternative way to express the position: 
x= X +Vzt. (2.21) 


Finally, we can write an equation for the square of the velocity that does not contain the 
time explicitly: 


v =v) +2a, (x - xo). (2.22) 


DERIVATION 2.1 


Mathematically, to obtain the time average of a quantity over a certain interval At, we have 
to integrate this quantity over the time interval and then divide by the time interval: 


1 ft if 
n= | vd == f (vo tat )at' 
tJo tJo 


t t 
v. ' a ' ' 
-20 f a+? f t'dt' =v o + tat 
t Jo tJo 7 


=} x0 +F(Vx0 +at) 


=F (Vo +v). to t 


This averaging procedure for the time interval f, to t is illustrated in Figure 2.14. You can FIGURE 2.14 Graph of velocity 
see that the area of the trapezoid formed by the blue line representing v(t) and the two versus time for motion with constant 
vertical lines at fọ and t is equal to the area of the square formed by the horizontal line to acceleration. 

v, and the two vertical lines. The base line for both areas is the horizontal t-axis. It is more 

apparent that these two areas are equal if you note that the yellow triangle (part of the 

square) and the orange triangle (part of the trapezoid) are equal in size. [Algebraically, the 


Continued— 
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area of the square is V, (t - tọ), and the area of the trapezoid is +(v,9 + v,)(t - to). Setting 
these two areas equal to each other gives us equation 2.20 again. ] 

To derive the equation for the position, we take tọ = 0 and use the expression V, = vyo 
+ +a,t and multiply both sides by the time: 


Vx = Vag + at 
> V,t=Vyotttat’. 
Now we compare this result to the expression we already obtained for x (equation 2.19) 
and find: 
% =X +Vzot ta,t =x + Txt. 


For the derivation of equation 2.22 for the square of the velocity, we solve vy = V9 + ayt for 
the time, getting t = (v, - v,9)/a,. We then substitute into the expression for the position, 
which is equation 2.19: 


= 1, £ 
X= X + xot +7 at 


2 
Ver. Vv, -V 
x x0 1 x x0 
Vo F 3 ^x 
a 


= Xo + 
x ay 
2 2 2 
eS Vx V0 — V0 ah 1 Vx + V9 -2V Vro 
Xo A : 
a a 


x x 


Next, we subtract x, from both sides of the equation and then multiply by a,: 


2 2 2 
a, (x -Xq) =V V0 — Vx + H T Vo -2v V0) 


2_ 1,2 
= A, (x-x9)= 4v7 — FM x0 


>v =v +24, (x - xo). 


Here are the five kinematical equations we have obtained for the special case of motion 
with constant acceleration (where initial time when x = x); v = Vy has been chosen to be 0): 


(i) X=Xy + vott tat 

(ii) X=X)+V,t 

(iii) Vy =V, t,t 023) 
(iv) Vy = a T vo) 

(v) ve =v +2a,(x-xo) 


These five equations allow us to solve many kinds of problems for motion in one dimen- 
sion with constant acceleration. However, remember that if the acceleration is not constant, 
these equations will not give the correct solutions. 

Many real-life problems involve motion along a straight line with constant accelera- 
tion. In these situations, equations 2.23 provide the template for answering any question 
about the motion. The following solved problem and example will illustrate how useful 
these kinematical equations are. However, keep in mind that physics is not simply about 
finding an appropriate equation and plugging in numbers, but is instead about understand- 
ing concepts. Only if you understand the underlying ideas will you be able to extrapolate 
from specific examples to becoming skilled at solving more general problems. 


SOLVED PROBLEM 2.2 ( Airplane Takeoff 
eee 
As an airplane rolls down a runway to reach takeoff speed, it is accelerated by its jet en- 
gines. On one particular flight, one of the authors of this book measured the acceleration 
produced by the plane's jet engines. Figure 2.15 shows the measurements. 
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FIGURE 2.15 Data for the acceleration of a jet plane before takeoff. 


You can see that the assumption of constant acceleration is not quite correct in this 
case. However, an average acceleration of a, = 4.3 m/s” over the 18.4 s (measured with a 
stopwatch) it took the airplane to take off is a good approximation. 


PROBLEM 

Assuming a constant acceleration of a, = 4.3 m/s” starting from rest, what is the airplane’s 
takeoff velocity after 18.4 s? How far down the runway has the plane moved by the time 
it takes off? 


SOLUTION 
THINK 


An airplane moving along a runway prior to takeoff is a nearly perfect example of 
one-dimensional accelerated motion. Because we are assuming constant acceleration, we 
know that the velocity increases linearly with time, and the displacement increases as the 
second power of time. Since the plane starts from rest, the initial value of the velocity is 
0. As usual, we can define the origin of our coordinate system at any location; it is conve- 
nient to locate it at the point of the plane’s standing start. 


SKETCH 

The sketch in Figure 2.16 shows how we expect the velocity and displacement to increase 
for this case of constant acceleration, where the initial conditions are set at v, = 0 and xy 
= 0. Note that no scales have been placed on the axes, because displacement, velocity, and 
acceleration are measured in different units. Thus, the points at which the three curves 
intersect are completely arbitrary. 


RESEARCH 
Finding the takeoff velocity is actually a straightforward application of equation 2.23 (iii): 
Vy =Vy9 + a,b. 


Similarly, the distance down the runway that the airplane moves before taking off can be 
obtained from equation 2.23(i): 


X=Xp +Vyot that. 


SIMPLIFY 

The airplane accelerates from a standing start, so the initial velocity is v,. = 0, and by our 
choice of coordinate system origin, we have set x) = 0. Therefore, the equations for takeoff 
velocity and distance simplify to 


V =a,t 
x=ta,t’. 


Continued— 
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FIGURE 2.16 The acceleration, 


velocity, and displacement of the plane 
before takeoff. 
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CALCULATE 
The only thing left to do is to put in the numbers: 


v, = (4.3 m/s” )(18.4 s)=79.12 m/s 
x=4(4.3 m/s”)(18.4 s} =727.904 m. 


ROUND 
The acceleration was specified to two significant digits, and the time to three. Multiply- 
ing these two numbers must result in an answer that has two significant digits. Our final 
answers are therefore 

Vv, =79 m/s 

x=7.3-10° m. 
Note that the measured time to takeoff of 18.4 s was probably not actually that precise. If 
you have ever tried to determine the moment at which a plane starts to accelerate down 
the runway, you will have noticed that it is almost impossible to determine that point in 
time with an accuracy to 0.1 s. 


DOUBLE-CHECK 
As this book has repeatedly stressed, the most straightforward check of any answer to a 
physics problem is to make sure the units fit the situation. This is the case here, because 
we obtained displacement in units of meters and velocity in units of meters per second. 
Solved problems in the rest of this book may sometimes skip this simple test; however, if 
you want to do a quick check for algebraic errors in your calculations, it can be valuable 
to first look at the units of the answer. 

Now let’s see if our answers have the appropriate orders of magnitude. A takeoff dis- 
placement of 730 m (~0.5 mi) is reasonable, because it is on the order of the length of an 
airport runway. A takeoff velocity of v, = 79 m/s translates into 


(79 m/s)(1 mi/1609 m)(3600 s/1 h) ~ 180 mph. 


This answer also appears to be in the right ballpark. 


ALTERNATIVE SOLUTION 

Many problems in physics can be solved in several ways, because it is often possible to 
use more than one relationship between the known and unknown quantities. In this case, 
once we obtained the final velocity, we could use this information and solve kinematical 
equation 2.23(v) for x. This results in 


Vi = vo + 2a, (x -Xq) => 

2 2 2 

said Vy = Vo -04 (79 m/s) 
2a, 2(4.3 m/s”) 


Thus, we arrive at the same answer for the distance in a different way, giving us additional 
confidence that our solution makes sense. 


T 


=7.3-10° m. 


Solved Problem 2.2 was a fairly easy one; solving it amounted to little more than plug- 
ging in numbers. Nevertheless, it shows that the kinematical equations we derived can be 
applied to real-world situations and lead to answers that have physical meaning. The follow- 
ing short example, this time from motor sports, addresses the same concepts of velocity and 
acceleration, but in a slightly different light. 


EXAMPLE 2.4 | Top Fuel Racing 


Accelerating from rest, a top fuel race car (Figure 2.17) can reach 333.2 mph (= 148.9 m/s), 
a record established in 2003, at the end of a quarter mile (= 402.3 m). For this example, 
FIGURE 2.17 Top fuel NHRA race car. we will assume constant acceleration. 


2.7 Motion with Constant Acceleration 


PROBLEM 1 


What is the value of the race car’s constant acceleration? 


SOLUTION 1 

Since the initial and final values of the velocity are given and the distance is known, we 
are looking for a relationship between these three quantities and the acceleration, the 
unknown. In this case, it is most convenient to use kinematics equation 2.23(v) and solve 
for the acceleration, a,: 


v2 = vo _ (148.9 m/s)” 
2(x-X9) 2(402.3 m) 


=27.6 m/s’. 


v? =v? +2a,(x- X)) >a, = 


PROBLEM 2 
How long does it take the race car to complete a quarter-mile run from a standing start? 


SOLUTION 2 


Because the final velocity is 148.9 m/s, the average velocity is [using equation 2.23(iv)]: 
L 


V, = +(148.9 m/s + 0) = 74.45 m/s. Relating this average velocity to the displacement and 


=p 
time using equation 2.23(ii), we obtain: 
x-X _ 4023m _ 
v, 74.45 m/s 


x 


x= Xp +V,t>t= 


Note that we could have obtained the same result by using kinematics equation 2.23 (iii), 
because we already calculated the acceleration in Solution 1. 

If you are a fan of top fuel racing, however, you know that the real record time for the 
quarter mile is slightly lower than 4.5 s. The reason our calculated answer is somewhat 
higher is that our assumption of constant acceleration is not quite correct. The accelera- 
tion of the car at the beginning of the race is actually higher than the value we calculated 
above, and the actual acceleration is lower than our value toward the end of the race. 


Free Fall 


The acceleration due to the gravitational force is constant, to a good approximation, near 
the surface of Earth. If this statement is true, it must have observable consequences. Let’s 
assume it is true and work out the consequences for motion of objects under the influence 
of a gravitational attraction to Earth. Then well compare our results with experimental 
observations and see if constant acceleration due to gravity makes sense. 

The acceleration due to gravity near the surface of the Earth has the value g = 9.81 m/s’. 
We call the vertical axis the y-axis and define the positive direction as up. Then the accelera- 
tion vector @ has only a nonzero y-component, which is given by 


ay =-g. (2.24) 


This situation is a specific application of motion with constant acceleration, which we dis- 
cussed earlier in this section. We modify equations 2.23 by substituting for acceleration 
from equation 2.24. We also use y instead of x to indicate that the displacement takes place 
in the y-direction. We obtain: 


G Y= Yt Vyot- Fat 

(ii) V=Mot+Vyt 

(iii) Vy =V — gt (2.25) 
(iv) v, =4(v, +Vy0) 


= 


(v) Y= Vo -28(y- yo) 


Motion under the sole influence of a gravitational acceleration is called free fall, and 
equations 2.25 allow us to solve problems for objects in free fall. 
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2.2 In-Class Exercise — 


Throwing a ball straight up into the 
air provides an example of free-fall 
motion. At the instant the ball 

reaches its maximum height, which 
of the following statements is true? 


a) The ball’s acceleration points 
down, and its velocity points up. 


b) The ball’s acceleration is zero, 
and its velocity points up. 


c) The ball’s acceleration points up, 
and its velocity points up. 


d) The ball’s acceleration points 
down, and its velocity is zero. 


e) The ball’s acceleration points up, 
and its velocity is zero. 


f) The ball’s acceleration is zero, 
and its velocity points down. 


2.3 In-Class Exercise —— 
A ball is thrown upward with a 
speed v,, as shown in Figure 2.19. 
The ball reaches a maximum height 
of y = h. What is the ratio of the 
speed of the ball, vp, at y = h/2 in 
Figure 2.19b, to the initial upward 
speed of the ball, v}, at y= 0 in 
Figure 2.19a? 


a) v/v =0 

b) v,/v, = 0.50 
c) V>/v, = 0.71 
d) v/v; = 0.75 


e) v,/v, = 0.90 
X J 


y (m) 


Now lets consider an experiment that tested the assumption of constant gravitational 
acceleration. The authors went to the top of a building of height 12.7 m and dropped a com- 
puter from rest (v, = 0) under controlled conditions. The computer's fall was recorded by 
a digital video camera. Because the camera records at 30 frames per second, we know the 
time information. Figure 2.18 displays 14 frames, equally spaced in time, from this experi- 
ment, with the time after release marked on the horizontal axis for each frame. The yellow 
curve superimposed on the frames has the form 


y =12.7 m- 5 (9.81 m/s’ Jt’, 


which is what we expect for initial conditions yọ = 12.7 m, v, = 0 and the assumption of a 
constant acceleration, a, = -9.81 m/ s°. As you can see, the computer’s fall follows this curve 
almost perfectly. This agreement is, of course, not a conclusive proof, but it is a strong indi- 
cation that the gravitational acceleration is constant near the surface of Earth, and that it 
has the stated value. 

In addition, the value of the gravitational acceleration is the same for all objects. This is 
by no means a trivial statement. Objects of different sizes and masses, if released from the 
same height, should hit the ground at the same time. Is this consistent with our everyday 
experience? Well, not quite! In a common lecture demonstration, a feather and a coin are 
dropped from the same height. It is easy to observe that the coin reaches the floor first, 
while the feather slowly floats down. This difference is due to air resistance. If this experi- 
ment is done in an evacuated glass tube, the coin and the feather fall at the same rate. We 
will return to air resistance in Chapter 4, but for now we can conclude that the gravitational 
acceleration near the surface of Earth is constant, has the absolute value of g = 9.81 m/s’, 
and is the same for all objects provided we can neglect air resistance. In Chapter 4, we will 
examine the conditions under which the assumption of zero air resistance is justified. 

To help you understand the answer to the in-class exercise, consider throwing a ball 
straight up, as illustrated in Figure 2.19. In Figure 2.19a, the ball is thrown upward with 
a velocity v. When the ball is released, it experiences only the force of gravity and thus 
accelerates downward with the acceleration due to gravity, which is given by a = -gf. 
As the ball travels upward, the acceleration due to gravity acts to slow the ball down. In 
Figure 2.19b, the ball is moving upward and has reached half of its maximum height, h. 
The ball has slowed down, but its acceleration is still the same. The ball reaches its maxi- 
mum height in Figure 2.19c. Here the velocity of the ball is zero, but the acceleration is 
still a = -gy. The ball now begins to move downward, and the acceleration due to gravity 
acts to speed it up. In Figure 2.19d, the velocity of the ball is downward and the accelera- 
tion is still the same. Finally, the ball returns to y = 0 in Figure 2.19e. The velocity of the 
ball now has the same magnitude as when the ball was initially thrown upward, but its 
direction is now downward. The acceleration is still the same. Note that the acceleration 
remains constant and downward even though the velocity changes from upward to zero 
to downward. 


i is 
1 fi fi 1 1 fi 1 
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FIGURE 2.18 Free-fall experiment: dropping a computer off the top of a building. 
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EXAMPLE 2.5 | Reaction Time 


It takes time for a person to react to any external stimulus. For example, at the beginning 
of a 100-m dash in a track-and-field meet, a gun is fired by the starter. A slight time delay 
occurs before the runners come out of the starting blocks, due to their finite reaction 
time. In fact, it counts as a false start if a runner leaves the blocks less than 0.1 s after the 
gun is fired. Any shorter time indicates that the runner has “jumped the gun” 

There is a simple test, shown in Figure 2.20, that you can perform to determine your 
reaction time. Your partner holds a meter stick, and you get ready to catch it when your 
partner releases it, as shown in the left frame of the figure. From the distance h that the 
meter stick falls after it is released until you grab it (shown in the right frame), you can 
determine your reaction time. 


PROBLEM 
If the meter stick falls 0.20 m before you catch it, what is your reaction time? 


SOLUTION 

This situation is a free-fall scenario. For these problems, the solution invariably comes from 

one of equations 2.25. The problem we want to solve here involves the time as an unknown. 
We are given the displacement, h = yọ - y. We also know that the initial velocity of the 

meter stick is zero because it is released from rest. We can use kinematical equation 

2.25(i): y = Yo + Vot — $gt”. With h = yo — y and vo_o, this equation becomes 


1 42 


— 15/2 
>h= 58t 
2h 2-0.2 
ste |Z = [eA ors 
£ 9.81 m/s 
Your reaction time was 0.20 s. This reaction time is typical. For comparison, when Usain 


Bolt established a world record of 9.69 s for the 100-m dash in August 2008, his reaction 
time was measured to be 0.165 s. 


Let’s consider one more free-fall scenario, this time with two moving objects. 


FIGURE 2.19 The velocity vector 
and acceleration vector of a ball thrown 
straight up in the air. (a) The ball is 
initially thrown upward at y = 0. (b) 
The ball going upward at a height of 

y = h/2. (c) The ball at its maximum 
height of y = h. (d) The ball coming 
down at y = h/2. (e) The ball back at 

y =0 going downward. 


FIGURE 2.20 Simple experiment to 
measure reaction time. 


2.2 Self-Test Opportunity 


Sketch a graph of reaction time 

as a function of the distance the 
meter stick drops. Discuss whether 
this method is more precise for re- 
action times around 0.1 s or those 
around 0.3 s. 
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2.4 In-Class Exercise —. SOLVED PROBLEM 2.3 | Melon Drop 


If the reaction time of person B 


determined with the meter stick Suppose you decide to drop a melon from rest from the first observation platform of the 
method is twice as long as that of Eiffel Tower. The initial height h from which the melon is released is 58.3 m above the 
person A, then the displacement hg head of your French friend Pierre, who is standing on the ground right below you. At 


measured for person B relative to 


- : the same instant you release the melon, Pierre shoots an arrow straight up with an initial 
the displacement hy for person A is 


velocity of 25.1 m/s. (Of course, Pierre makes sure the area around him is cleared and gets 


a) hg = 2h, out of the way quickly after he shoots his arrow.) 
b) he = za PROBLEM 
c) hy = V2h; (a) How long after you drop the melon will the arrow hit it? (b) At what height above 
Pierres head does this collision occur? 
d) Ag = 4h; 
ahs [im SOLUTION 
C ) THINK 


At first sight, this problem looks complicated. We will solve it using the full set of steps 
and then examine a shortcut we could have taken. Obviously, the dropped melon is in a 
free fall. However, because the arrow is shot straight up, the arrow is also in free fall, only 
with an upward initial velocity. 


SKETCH 

We set up our coordinate system with the y-axis pointing verti- 
cally up, as is conventional, and we locate the origin of the coor- 
dinate system at Pierre’s head (Figure 2.21). Thus, the arrow is re- 
leased from an initial position y = 0, and the melon from y = h. 


RESEARCH 

We use the subscript m for the melon and a for the arrow. We 
start from the general free-fall equation, y = yp + Vjot - Lgr, 
and use the initial conditions given for the melon (v, = 0, yọ = 
h = 58.3 m) and for the arrow (vo = Va = 25.1 m/s, yo_o) to set 
up the two equations of free-fall motion: 


Ym (t)=h-4 gt? 
Yq(t)=Vaot -4.gt’. 


FIGURE 2.21 The melon drop (melon and person are not drawn to The key insight i that at to the moment when the melon and 
scale!). arrow collide, their coordinates are identical: 


Yalta) = Ym (te). 
SIMPLIFY 


Inserting t, into the two equations of motion and setting them equal results in 
2 2 
h-+ gte =Vagl -38 = 
h = Viote = 


h 
t =—. 


c 
Vao 
We can now insert this value for the time of collision in either of the two free-fall equa- 
tions and obtain the height above Pierre’s head at which the collision occurs. We select 
the equation for the melon: 
Ym (t.)=h—+ gt. 


CALCULATE 
(a) All that is left to do is to insert the numbers given for the height of release of the melon 
and the initial velocity of the arrow, which results in 


_ 58.3m 


= = 2.32271 s 
25.1 m/s 


c 


for the time of impact. 


2.7 Motion with Constant Acceleration 55 


(b) Using the number we obtained for the time, we find the position at which the colli- 
sion occurs: 
Ym (t-) =58.3 m-+(9.81 m/s”)(2.32271 s} = 31.8376 m. 


ROUND 

Since the initial values of the release height and the arrow velocity were given to three 
significant figures, we have to limit our final answers to three digits. Thus, the arrow will 
hit the melon after 2.32 s, and this will occur at a position 31.8 m above Pierre’s head. 


DOUBLE-CHECK 

Could we have obtained the answers in an easier way? Yes, if we had realized 
that both melon and arrow fall under the influence of the same gravitational 
acceleration, and thus their free-fall motion does not influence the distance 
between them. This means that the time it takes them to meet is simply the 
initial distance between them divided by their initial velocity difference. With 
this realization, we could have written t = h/v,) right away and been done. 
However, thinking in terms of relative motion in this way takes some practice, 
and we will return to it in more detail in the next chapter. 0 05 1 1.5 2 25 3 

Figure 2.22 shows the complete graph of the positions of arrow and melon t(s) 

as functions of time. The dashed portions of both graphs indicate where the 
arrow and melon would have gone, had they not collided. 


FIGURE 2.22 Position as a function of time for 
the arrow (red curve) and the melon (green curve). 


ADDITIONAL QUESTION 
What are the velocities of melon and arrow at the moment of the collision? 


SOLUTION 
We obtain the velocity by taking the time derivative of the position. For arrow and melon, 
we get 
A(t) 
Ym(t)=h-1 gt? > v,,(t)= = =~ gt 
dy, (t : 
y(t) =Vaot -1g =>v,(t)= in =v- gt. 2.5 In-Class Exercise 
4 If the melon in Solved Problem 2.3 
Now, inserting the time of the collision, 2.32 s, will produce the answers. Note that, un- is thrown straight up with an initial 
like the positions of the arrow and the melon, the velocities of the two objects are not the velocity of 5 m/s at the same time 
same right before contact! that the arrow is shot upward, how 
5 long does it take before the colli- 
Vm (t )=- (9.81 m/s“ )(2.32 s) =- 22.8 m/s sion occurs? 
v, (t.) = (25.1 m/s)- (9.81 m/s” )(2.32 s) =2.34 m/s. a) 2.32 s 
Furthermore, you should note that the difference between the two velocities is still 25.1 m/s, b) 2.90 s 
just as it was at the beginning of the trajectories. c) 1.94 s 


We finish this problem by plotting (Figure 2.23) the velocities as a function of time. 
You can see that the arrow starts out with a velocity that is 25.1 m/s greater than that of the 
melon. As time progresses, arrow and melon experience the same change in velocity under 
the influence of gravity, meaning that their velocities maintain the initial difference. 


d) They do not collide before the 
melon hits the ground. 


2.3 Self-Test Opportunity 


As you can see from the answer to 
Solved Problem 2.3, the velocity of 
the arrow is only 2.34 m/s when it 
hits the melon. This means that by 
the time the arrow hits the melon, 
its initial velocity has dropped 
substantially because of the effect 
of gravity. Suppose that the initial 
velocity of the arrow was smaller 
by 5.0 m/s. What would change? 
Would the arrow still hit the melon? 


v (m/s) 


FIGURE 2.23 Velocities of the arrow (red curve) and melon (green curve) as a function of time. 


SRO 


56 Chapter 2 Motion in a Straight Line 


FIGURE 2.24 Geometry of the aquathlon 
course. 


2.8 Reducing Motion in More Than One Dimension to One Dimension 


Motion in one spatial dimension is not all there is to kinematics. We can also investigate 
more general cases, in which objects move in two or three spatial dimensions. We will do 
this in the next few chapters. However, in some cases, motion in more than one dimension 
can be reduced to one-dimensional motion. Lets consider a very interesting case of motion 
in two dimensions for which each segment can be described by motion in a straight line. 


EXAMPLE 2.6 { Aquathlon 


The triathlon is a sporting competition that was invented by the San Diego Track 
Club in the 1970s and became an event in the Sydney Olympic Games in 2000. 
Typically, it consists of a 1.5-km swim, followed by a 40-km bike race, and finish- 
ing with a 10-km foot race. To be competitive, athletes must be able to swim the 
1.5-km distance in less than 20 minutes, do the 40-km bike race in less than 70 
minutes, and run the 10-km race in less than 35 minutes. 

However, for this example, we'll consider a competition where thinking is re- 
warded in addition to athletic prowess. The competition consists of only two legs: 
a swim followed by a run. (This competition is sometimes called an aquathlon.) 
Athletes start a distance b = 1.5 km from shore, and the finish line is a distance 
a =3 km to the left along the shoreline (Figure 2.24). Suppose you can swim with a 
speed of v, = 3.5 km/h and can run across the sand with a speed of v, = 14 km/h. 


PROBLEM 

What angle 0 will result in the shortest finish time under these conditions? 

SOLUTION 

Clearly, the dotted red line marks the shortest distance between start and finish. This 


distance is y @ +b = J 1.5? +3? km = 3.354 km. Because this entire path is in water, the 
time it takes to complete the race in this way is 


EEE 
a +b _ 3.354 km _ pcg 


bre = 
v 3.5 km/h 


Because you can run faster than you can swim, we can also try the approach indicated by 
the dotted blue line: swim straight to shore and then run. This takes 
b a 15km 3 km 


fue =— += + =0.643 h. 
ble yy y, 335kmh  14km/h 


Thus, the blue path is better than the red one. But is it the best? To answer this question, 
we need to search the angle interval from 0 (blue path) to tan~™!(3/1.5) = 63.43° (red path). 
Let’s consider the green path, with an arbitrary angle 0 with respect to the straight line 
to shore (that is, the normal to the shoreline). On the green path, you have to swim a 


distance of fay +’ and then run a distance of ap, as indicated in Figure 2.24. The total 


time for this path is 
Vath m 


vi v2 


To find the minimum time, we can express the time in terms of the distance a, only, take 
the derivative of that time with respect to that distance, set that derivative equal to zero, 
and solve for the distance. Using a,, we can then calculate the angle 0 that the athlete must 
swim. We can express the distance a, in terms of the given distance a and a}: 


a, =a-Q. 
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We can then express the time to complete the race in terms of a,: 


t(a,)= Vai +b" | aa (2.26) 


T 
vi v2 


Taking the derivative with respect to a, and setting that result equal to zero gives us 


dt(a,) S a = 


=0. 
day J a+b » 
Rearranging yields 
a, _1 
nya +b 2 
which we can rewrite as 
nya +b 
—— n. 
Gl 
Squaring both sides and rearranging terms produces 
ve (a +0") =av; > dv +b =av3 bv; =ap (v3 #). 
v1 
Solving for a, gives us 
by, 
a= . 
vy 
In Figure 2.24, we can see that tan@ = a,/b, so we can write v v3 — y? 
by, 
22 
a V2 =V v 
tang=1+=12 74 -i , 
bo b da 
We can simplify this result by looking at the triangle for the angle 0 in Figure 2.25. The FIGURE 2.25 Relation between v}, 
Pythagorean theorem tells us that the hypotenuse of the triangle is v» and 8. 
Ave + —y? =v. 
We can then write 
v 
sind=—. 
v2 


This result is very interesting because the distances a and b do not appear in it at all! In- 
stead the sine of the optimum angle is simply the ratio of the speeds in water and on land. 
For the given values of the two speeds, this angle is 


6, =sin 33 14.48., 
14 


Inserting a, = btan@,, into equation 2.26, we find t(0,,) = 0.629 h. This time is ap- 
proximately 49 seconds faster than swimming straight to shore and then running 
(blue path). 

Strictly speaking, we have not quite shown that this angle results in the minimum 
time. To accomplish this, we also need to show that the second derivative of the time 
with respect to the angle is larger than zero. However, since we did find one extre- 
mum, and since its value is smaller than those of the boundaries, we know that this 
extremum is a true minimum. 


Continued— 
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A Finally, Figure 2.26 plots the time, in hours, needed to complete the 
race for all angles between 0° and 63.43°, indicated by the green curve. 
This plot is obtained by substituting a, = btan 0 into equation 2.26, which 


gives us 
deca F a g 
t(0)= (btand) +b 42 btan _bsecO | a btan@ 


vi v2 vi v2 


#(@) (h) 


> 


using the identity tan’?@ + 1 = sec’. A vertical red line marks the maxi- 
mum angle, corresponding to a straight-line swim from start to finish. 
The vertical blue line marks the optimum angle that we calculated, and 
@ (degrees) the horizontal blue line marks the duration of the race for this angle. 


FIGURE 2.26 Duration of the race as a function of 
initial angle. 


Having completed Example 2.6, we can address a more complicated question: 
If the finish line is not at the shoreline, but at a perpendicular distance b away 
from the shoreline, as shown in Figure 2.27, what are the angles 0, and 6, that a 
competitor needs to select to achieve the minimum time? 

We proceed in a fashion very similar to our approach in Example 2.6. How- 
ever, now we have to realize that the time depends on two angles, 6, and 6,. These 
two angles are not independent of each other. We can better see the relationship 
between 6, and 6, by changing the orientation of the lower triangle in Figure 2.27, 
as shown in Figure 2.28. 

Now we see that the two right triangles a,bc, and a,bc, have a common side b, 
which helps us relate the two angles to each other. We can express the time to com- 
plete the race as 


o Jè +b’ 5 TE 
FIGURE 2.27 Modified aquathlon, with finish vi v2 
away from the shoreline. Again realizing that a, = a - a,, we can write 


eae l = Pe 
t(a,)= a + G . 


Taking the derivative of the time to complete the race with respect to a, and setting 
that result equal to zero, we obtain 
dt(a ) _ q 7 a-4 -0 
da y 2 42 2 f 
1o nya tb y, (a-a) +0 


We can rearrange this equation to get 


FIGURE 2.28 Same as previous figure, 
but with lower triangle reflected along the 
horizontal axis. 


a, = a-a —_ % 
nya +b vy(a-a f +e vya +b? 


Looking at Figure 2.28 and referring to our previous result from Figure 2.25, we can see that 


sinĝ = zm 
ya +b? 
and 
sin 0; = h 


We can insert these two results into the previous equation and finally find the shortest time 


to finish the race we require 


sin _ sind, (2.27) 
v vno ` 


We can now see that our previous result, where we forced the running to take place along 
the beach, is a special case of this more general result equation 2.27, with 6, = 90°. 

Just as for that special case, we find that the relationship between the angles does not 
depend on the values of the displacements a and b, but depends only on the speeds with 
which the competitor can move in the water and on land. The angles are still related to a 
and b by the overall constraint that the competitor has to get from the start to the finish. 
However, for the path of minimum time, the change in direction at the boundary between 
water and land, as expressed by the two angles 6, and 6,, is determined exclusively by the 
ratio of the speeds v, and v,. 

The initial condition specified that the perpendicular distance b from the starting point 
to the shoreline be the same as the perpendicular distance between the shoreline and the fin- 
ish. We did this to keep the algebra relatively brief. However, in the final formula you see that 
there are no more references to b; it has canceled out. Thus, equation 2.27 is even valid in the 
case that the two perpendicular distances have different values. The ratio of angles for the path 
of minimum time is exclusively determined by the two speeds in the different media. 

Interestingly, we will encounter the same relationship between two angles and two speeds 
when we study light changing direction at the interface between two media through which 
light moves with different speeds. In Chapter 32, we will see that light also moves along the 
path of minimum time and that the result obtained in equation 2.27 is known as Snell’s Law. 

Finally, we make an observation that may appear trivial, but is not: If a competitor 
started at the point marked “Finish” in Figure 2.27 and ended up at the point marked 
“Start,” he or she would have to take exactly the same path as the one we just calculated for 
the reverse direction. Snell's Law holds in both directions. 
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= x is the x-component of the position vector. = For constant accelerations, five kinematical 
Displacement is the change in position: Ax = x, - x). equations describe motion in one dimension: 
; : , i) x=Xo+V of + ad 
= Distance is the absolute value of displacement, (i) a Ta 
f= |Ax, and is a positive scalar for motion in one (ii) x=xy +V,t 
direction. (iii) v, =V,9 +a,t 
= The average velocity of an object in a given time (iv) v% = als +Vx9) 
; 5 : = Ax Di 
interval is given by Vv, = Ri (v) v2 =vo +2a,(x-x%) 
= The x-component of (instantaneous) velocity vector is where xo is the initial position, ka is the initial 
the derivative of the x-component of position vector as velocity, and the initial time tọ is set to zero. 
a function of time, v, =—. a For situations involving free fall (constant 
’ dt ; acceleration), we replace the acceleration a with -g 
= Speed is the absolute value of the velocity: v =|v,|. and x with y to obtain 
3 2 
= The x-component of (instantaneous) acceleration Gi) y= % tY; sat 
vector is the derivative of the x-component of the (ii) y=yo+,t 
5 3 v 
velocity vector as a function of time, a, = F ; (iii) v, =v,9- gt 
iv) y =4 
(iv) v, =30 tY) 
pe 
(v) Vy =Vyo -2g(y- yo) 
where yọ is the initial position, v, is the initial 
velocity, and the y-axis points up. 
KEY TERMS 
mechanics, p. 36 displacement, p. 37 instantaneous velocity, p. 40 instantaneous acceleration, p. 43 
kinematics, p. 36 distance, p. 38 speed, p. 42 free fall, p. 51 


position vector, p. 37 average velocity, p. 40 average acceleration, p. 43 
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NEW SYMBOLS 


| 
| Ax =x, - x), displacement in one dimension Av 
=—, average acceleration in one dimension in a time 


— Ax cae À Poe ai i 
v, =—, average velocity in one dimension in a time At interval At 
interval At 


dv, . ee f i 
a, = de , instantaneous acceleration in one dimension 
t 


dx . it ; : 
v, = ae , Instantaneous velocity in one dimension 
t 


ANSWERS TO SELF-TEST OPPORTUNITIES 


| 2.1 The result would not change, because a shift in the the height, h. (In the graph, the slope at 0.1 s is indicated 
origin of the coordinate system has no influence on the net by the blue line, and that at 0.3 s by the green line.) So, a 
displacements or distances. given uncertainty, Ah, in measuring the height results in a 
2.2 smaller uncertainty, At, in the value for the reaction time 


for longer reaction times. 


2.3 The arrow would still hit the melon, but at the time of 
collision the arrow would already have negative velocity and 
thus be moving downward again. Thus, the melon would 
catch the arrow as it was falling. The collision would occur a 
bit later, after t = 58.3 m/(20.1 m/s) = 2.90 s. The altitude of 
the collision would be quite a bit lower, at y,,(¢,) = 58.3 m - 
1(9.81 m/s”)(2.90 s)? = 1.70 m above Pierre's head. 


This method is more precise for longer reaction times, 
because the slope of the curve decreases as a function of 


PROBLEM-SOLVING PRACTICE 


SOLVED PROBLEM 2.4 | Racing with a Head Start 
AAA AL ALT AA AAT 
Cheri has a new Dodge Charger with a Hemi engine and has challenged Vince, who owns 
a tuned VW GTI, to a race at a local track. Vince knows that Cheri’s Charger is rated to 
go from 0 to 60 mph in 5.3 s, whereas his VW needs 7.0 s. Vince asks for a head start and 
Cheri agrees to give him exactly 1.0 s. 


PROBLEM 

How far down the track is Vince before Cheri gets to start the race? At what time does 
Cheri catch Vince? How far away from the start are they when this happens? (Assume 
constant acceleration for each car during the race.) 


SOLUTION 
THINK 


This race is a good example of one-dimensional motion with constant acceleration. The 
temptation is to look over the kinematical equations 2.23 and see which one we can apply. 
However, we have to be a bit more careful here, because the time delay between Vince's 
start and Cheri's start adds a complication. In fact, if you try to solve this problem using 
the kinematical equations directly, you will not get the right answer. Instead, this problem 
requires some careful definition of the time coordinates for each car. 


SKETCH 

For our sketch, we plot time on the horizontal axis and position on the vertical axis. Both 
cars move with constant acceleration from a standing start, so we expect simple parabolas 
for their paths in this diagram. 


Since Cheri's car has the greater acceleration, her parabola (blue curve in Figure 2.29) 
has the larger curvature and thus the steeper rise. Therefore, it is clear that Cheri will 
catch Vince at some point, but it is not yet clear where this point is. 


RESEARCH 

We set up the problem quantitatively. We call the time delay before Cheri can start 
At, and we use the indices (subscripts) C for Cheri’s Charger and V for Vince's VW. 
We put the coordinate system's origin at the starting line. Thus, both cars have initial 
position x(t =0) =xy(t = 0) = 0. Since both cars are at rest at the start, their initial 
velocities are zero. The equation of motion for Vince’s VW is 


Xy (t)= Layt. 


Here we use the symbol ay for the acceleration of the VW. We can calculate its value 
from the 0 to 60 mph time given by the problem statement, but we will postpone this 
step until it is time to put in the numbers. 

To obtain the equation of motion for Chers Charger we have to be careful, because 
she is forced to wait At after Vince has taken off. We can account for this delay with a 
shifted time: t' = t - At. Once t reaches the value of At, the time t' has the value 0 and then 
Cheri can take off. So her Charger’s equation of motion is 


xc(t) =1act’ = tac (t- At? for t > At. 
Just like ay, the constant acceleration aç for Cheri’s Charger will be evaluated below. 
SIMPLIFY 
When Cheri catches Vince, their coordinates will have the same value. We will call the 


time at which this happens t_, and the coordinate where it happens x_ = x(t_). Because the 
two coordinates are the same, we have 


2 2 
X= 5 Aytl =F de (t -~Aty. 


We can solve this equation for t_ by dividing out the common factor of > and then taking 
the square root of both sides of the equation: 


ayt = Jac (t.- At) => 
t (Vac -Jay }- At fac = 
T 
= ie : la . 
Why do we use the positive root and discard the negative root here? The negative root 
would lead to a physically impossible solution: We are interested in the time that the two 


cars meet after they have left the start, not in a negative value that would imply a time 
before they left. 


CALCULATE 

Now we can get a numerical answer for each of the questions that were asked. First, let’s 
figure out the values of the cars’ constant accelerations from the 0 to 60 mph specifica- 
tions given. We use a = (v, - V,9)/t and get 


_ 60 mph _ 26.8167 m/s 


ae = 3.83095 m/s” 
7.0 s 7.0 s 

= 0 mph. 268167 mi -e e078 nie 
5.3 s 5.3 s 


Again, we postpone rounding our results until we have completed all steps in our calcula- 
tions. However, with the values for the accelerations, we can immediately calculate how 
far Vince travels during the time At = 1.0 s: 


xy (1.0 s)=+(3.83095 m/s*)(1.0 s} =1.91548 m. 


Continued— 


Problem-Solving Practice 61 


FIGURE 2.29 Position versus time for 


the race between Cheri and Vince. 
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Now we can calculate the time when Cheri catches up to Vince: 


„Atac (L0 s)v5.05975 mis? 


= =7.70055 s. 
Ja -Jay {5.05975 m/s” — 3.83095 m/s” 


At this time, both cars have traveled to the same point. Thus, we can insert this value into 
either equation of motion to find this position: 


x_=4Layt? = +(3.83095 m/s” )(7.70055 s} = 113.585 m. 


ROUND 

The initial data were specified only to a precision of two significant digits. Rounding 
our results to the same precision, we finally arrive at our answers: Vince receives a 
head start of 1.9 m, and Cheri will catch him after 7.7 s. At that time, they will be 
1.1-10’ m into their race. 


DOUBLE-CHECK 

It may seem strange to you that Vince's car was able to move only 1.9 m, or approxi- 
mately half the length of the car, during the first second. Have we done anything 
wrong in our calculation? The answer is no; from a standing start, cars move only a 


t(s) comparatively short distance during the first second of acceleration. The following 
FIGURE 2.30 Plot of the parameters and solved problem contains visible proof for this statement. 
equations of motion for the race between Figure 2.30 shows a plot of the equations of motion for both cars, this time with 
Cheri and Vince. the proper units. 


SOLVED PROBLEM 2.5 | Accelerating Car 


PROBLEM 

You are given the image sequence shown in Figure 2.31, and you are told that there is a 
time interval of 0.333 s between successive frames. Can you determine how fast this car 
(2007 Ford Escape Hybrid, length 174.9 in) was accelerating from rest? Also, can you give 
an estimate for the time it takes this car to go from 0 to 60 mph? 


SOLUTION 
THINK 


Acceleration is measured in dimensions of length per time per time. To find a number 
for the value of the acceleration, we need to know the time and length scales in Figure 
2.31. The time scale is straightforward because we were given the information that 0.333 s 
passes between successive frames. We can get the length scale from the specified vehicle 
dimensions. For example, if we focus on the length of the car and compare it to the overall 
width of the frame, we can find the distance the car covered between the first and the last 
frame (which are 3.000 s apart). 


FIGURE 2.31 Video sequence of a SKETCH 


car accelerating froma standing start. We draw vertical yellow lines over Figure 2.31, as shown in Figure 2.32. We put the center 


of the car at the line between the front and rear windows (the exact location is irrelevant, as 
long as we are consistent). Now we can use a ruler and measure the perpendicular distance 
between the two yellow lines, indicated by the yellow double-headed arrow in the figure. 
We can also measure the length of the car, as indicated by the red double-headed arrow. 


RESEARCH 

Dividing the measured length of the yellow double-headed arrow by that of the red one 
gives us a ratio of 3.474. Since the two vertical yellow lines mark the position of the cen- 
ter of the car at 0.000 s and 3.000 s, we know that the car covered a distance of 3.474 car 
lengths in this time interval. The car length was given as 174.9 in = 4.442 m. Thus, the 


total distance covered is d = 3.474- loar = 3.474- 4.442 m = 15.4315 m (remember that we 
round to the proper number of significant digits at the end). 


SIMPLIFY 

We have two choices on how to proceed. The first one is more complicated: We could 
measure the position of the car in each frame and then use difference formulas like those 
in Example 2.3. The other and much faster way to proceed is to assume constant accelera- 
tion and then use the measurements of the car’s positions in only the first and last frames. 
We'll use the second way, but in the end we'll need to double-check that our assumption 
of constant acceleration is justified. 

For a constant acceleration from a standing start, we simply have 


X=Xy+ tat” = 
eee: 
d=X-X)= at => 
pe 2d 
2 
This is the acceleration we want to find. Once we have the acceleration, we can give an 


estimate for the time from 0 to 60 mph by using v, = vyo + at > t = (v, - V,)/a. A standing 
start means Vv, = 0, and so we have 


t(0-60 mph) = 90 mph 
a 


CALCULATE 
We insert the numbers for the acceleration: 


qa- 24 _ 215.4315 m) 


> = = 3.42922 m/s’. 
t (3.000 s) 


Then, for the time from 0 to 60 mph, we obtain 


60 mph _ (60 mph)(1609 m/mi)(1 h/3600 s) 
a 3.42922 m/s” 


t(0-60 mph) = =7.82004 s. 

ROUND 

The length of the car sets our length scale, and it was given to four significant figures. The time 
was given to three significant figures. Are we entitled to quote our results to three significant 
digits? The answer is no, because we also performed measurements on Figure 2.32, which are 
probably accurate to only two digits at best. In addition, you can see field-of-vision and lens 
distortions in the image sequence: In the first few frames, you see a little bit of the front of the 
car, and in the last few frames, a little bit of the back. Taking all this into account, our results 
should be quoted to two significant figures. So our final answer for the acceleration is 


a=34mis’. 
For the time from 0 to 60 mph, we give 


t(0-60 mph) =7.8 s. 


DOUBLE-CHECK 

The numbers we have found for the acceleration and the time from 0 to 60 mph are fairly 
typical for cars or small SUVs; see also Solved Problem 2.4. Thus, we have confidence that 
we are not off by orders of magnitude. 

What we must also double-check, however, is the assumption of constant accelera- 
tion. For constant acceleration from a standing start, the points x(t) should fall on a pa- 
rabola x(t) = 4at*. Therefore, if we plot x on the horizontal axis and t on the vertical axis 
as in Figure 2.33, the points t(x) should follow a square root dependence: t(x)=V2x/a. 
This functional dependence is shown by the red curve in Figure 2.33. We can see that the 
same point of the car is hit by the curve in every frame, giving us confidence that the as- 
sumption of constant acceleration is reasonable. 


Ma 
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FIGURE 2.32 Determination of the 
length scale for Figure 2.31. 


t (s) 


FIGURE 2.33 Graphical analysis of 
the accelerating car problem. 
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MULTIPLE-CHOICE QUESTIONS 


2.1 Two athletes jump straight up. Upon leaving the 
ground, Adam has half the initial speed of Bob. Compared 
to Adam, Bob jumps 
a) 0.50 times as high. 
b) 1.41 times as high. 
c) twice as high. 


d) three times as high. 
e) four times as high. 


2.2 Two athletes jump straight up. Upon leaving the 
ground, Adam has half the initial speed of Bob. Compared 
to Adam, Bob is in the air 


a) 0.50 times as long. d) three times as long. 
b) 1.41 times as long. e) four times as long. 


c) twice as long. 


2.3 A car is traveling due west at 20.0 m/s. Find the velocity 
of the car after 3.00 s if its acceleration is 1.0 m/s” due west. 
Assume the acceleration remains constant. 
a) 17.0 m/s west c) 23.0 m/s west 

b) 17.0 m/s east d) 23.0 m/s east 

2.4 Acar is traveling due west at 20.0 m/s. Find the velocity 
of the car after 37.00 s if its constant acceleration is 1.0 m/s” 
due east. Assume the acceleration remains constant. 

a) 17.0 m/s west c) 23.0 m/s west e) 11.0 m/s south 
b) 17.0 m/s east d) 23.0 m/s east 

2.5 An electron, starting from rest and moving with a 


constant acceleration, travels 1.0 cm in 2.0 ms. What is the 
magnitude of this acceleration? 


e) 11.0 m/s south 


a) 25 km/s? c) 15 km/s” e) 5.0 km/s” 
b) 20 km/s” d) 10 km/s” 
QUESTIONS 


2.11 Consider three ice skaters: Anna moves in the positive 
x-direction without reversing. Bertha moves in the nega- 
tive x-direction without reversing. Christine moves in the 
positive x-direction and then reverses the direction of her 
motion. For which of these skaters is the magnitude of the 
average velocity smaller than the average speed over some 
time interval? 


2.12 You toss a small ball vertically up in the air. How are 
the velocity and acceleration vectors of the ball oriented with 
respect to one another during the ball’s flight up and down? 


2.13 After you apply the brakes, the acceleration of your car 
is in the opposite direction to its velocity. If the acceleration of 
your car remains constant, describe the motion of your car. 


2.14 Two cars are traveling at the same speed, and the driv- 
ers hit the brakes at the same time. The deceleration of one 
car is double that of the other. By what factor does the time 
required for that car to come to a stop compare with that for 
the other car? 


2.6 Acar travels 22.0 m/s north for 30.0 min and then 
reverses direction and travels 28.0 m/s for 15.0 min. What is 
the car’s total displacement? 


a) 1.44-10'm b) 6.48-10'm c) 3.96-10'm d) 9.98-10*m 
2.7 Which of these statement(s) is (are) true? 

1. An object can have zero acceleration and be at rest. 

2. An object can have nonzero acceleration and be at rest. 

3. An object can have zero acceleration and be in motion. 

b) land3 c) land2 d) 1,2, and 3 
2.8 A car moving at 60 km/h comes to a stop in 4.0 s. What 
was its average deceleration? 
a) 24m/s* b) 15 m/s* 


2.9 You drop a rock from a cliff. If air resistance is neglected, 
which of the following statements is (are) true? 


a) 1 only 


c) 4.2m/° d) 41 m/s” 


1. The speed of the rock will increase. 
2. The speed of the rock will decrease. 
3. The acceleration of the rock will increase. 


4. The acceleration of the rock will decrease. 
a) 1 b) 1 and 4 c) 2 d) 2 and 3 


2.10 A car travels at 22.0 mph for 15.0 min and 35.0 mph 
for 30.0 min. How far does it travel overall? 


a) 230m_ b) 3.70-10fm œc) 1.38-10°m d) 3.30-10°m 


2.15 Ifthe acceleration of an object is zero and its velocity 
is nonzero, what can you say about the motion of the object? 
Sketch velocity versus time and acceleration versus time 
graphs for your explanation. 


2.16 Can an object’s acceleration be in the opposite direc- 
tion to its motion? Explain. 


2.17 You and a friend are standing at the edge of a snow- 
covered cliff. At the same time, you both drop a snowball over 
the edge of the cliff. Your snowball is twice as heavy as your 
friend’s. Neglect air resistance. (a) Which snowball will hit the 
ground first? (b) Which snowball will have the greater speed? 


2.18 You and a friend are standing at the edge of a snow- 
covered cliff. At the same time, you throw a snowball 
straight upward with a speed of 8.0 m/s over the edge of the 
cliff and your friend throws a snowball straight downward 
over the edge of the cliff with the same speed. Your snowball 
is twice as heavy as your friend’s. Neglecting air resistance, 
which snowball will hit the ground first, and which will have 
the greater speed? 


2.19 A car is slowing down 
and comes to a complete stop. 
The figure shows an image 
sequence of this process. 

The time between succes- 

sive frames is 0.333 s, and the 
car is the same as the one in 
Solved Problem 2.5. Assuming 
constant acceleration, what is 
its value? Can you give some 
estimate of the error in your 
answer? How well justified is 
the assumption of constant 
acceleration? 


2.20 A car moves along a road with a constant velocity. 
Starting at time t = 2.5 s, the driver accelerates with constant 
acceleration. The resulting position of the car as a function of 


time is shown by the blue curve in the figure. 
A 
80+ 
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a) What is the value of the constant velocity of the car before 
2.5 s? (Hint: The dashed blue line is the path the car would 
take in the absence of the acceleration.) 

b) What is the velocity of the car at t = 7.5 s? Use a graphical 
technique (i.e., draw a slope). 

c) What is the value of the constant acceleration? 

2.21 You drop a rock over the edge of a cliff from a height h. 
Your friend throws a rock over the edge from the same height 
with a speed vy vertically downward, at some time t after you 
drop your rock. Both rocks hit the ground at the same time. 
How long after you dropped your rock did your friend throw 
hers? Express your answer in terms of vo, g, and h. 

2.22 The position of a particle as a function of time is given 
as x(t) = 240%, where a is a positive constant. 

a) At what time is the particle at 2x)? 

b) What is the speed of the particle as a function of time? 

c) What is the acceleration of the particle as a function of 
time? 

d) What are the SI units for a? 

2.23 The position versus time for an object is given as 

x= At- BË +C. 

a) What is the instantaneous velocity as a function of time? 
b) What is the instantaneous acceleration as a function of 
time? 

2.24 A wrench is thrown vertically upward with speed vo. 
How long after its release is it halfway to its maximum height? 


ia 

| A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 2.2 

2.25 A car travels north at 30.0 m/s for 10.0 min. It then 
travels south at 40.0 m/s for 20.0 min. What are the total 
distance the car travels and its displacement? 

2.26 You ride your bike along a straight line from your house 
to a store 1000. m away. On your way back, you stop at a friend’s 
house which is halfway between your house and the store. 

a) What is your displacement? 

b) What is the total distance traveled? After talking to your 
friend, you continue to your house. When you arrive back at 
your house, 

c) What is your displacement? 

d) What is the distance you have traveled? 


Section 2.3 

2.27 Running along a rectangular track 50 m x 40 m you 
complete one lap in 100 s. What is your average velocity for 
the lap? 


2.28 An electron moves in the positive x-direction a dis- 
tance of 2.42 m in 2.91-10°° s, bounces off a moving proton, 
and then moves in the opposite direction a distance of 1.69 m 
in 3.43-10°°s, 

a) What is the average velocity of the electron over the entire 
time interval? 

b) What is the average speed of the electron over the entire 
time interval? 


2.29 The graph describes the position of a particle in one di- 
mension as a function of time. Answer the following questions. 
a) In which time interval x(t) (m) 

does the particle have its A 
maximum speed? What 
is that speed? 

b) What is the average 
velocity in the time 
interval between -5 s 
and +5 s? 


c) What is the average 
speed in the time 
interval between -5 s 
and +5 s? 


Continued— 
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d) What is the ratio of the velocity in the interval between 
2 s and 3 s to that in the interval between 3 s and 4 s? 


e) At what time(s) is the particle’s velocity zero? 


2.30 The position of a particle moving along the x-axis is 
given by x = (11 + 14t - 2.0/°), where t is in seconds and x 
is in meters. What is the average velocity during the time 

interval from f= 1.0 s to t = 4.0 s? 


2.31 The position of a particle moving along the x-axis 
is given by x = 3.0f° - 2.0¢°, where x is in meters and t is 
in seconds. What is the position of the particle when it 

achieves its maximum speed in the positive x-direction? 


2.32 The rate of continental drift is on the order of 

10.0 mm/yr. Approximately how long did it take North 
America and Europe to reach their current separation of 
about 3000 mi? 


2.33 You and a friend are driving to the beach during 
spring break. You travel 16.0 km east and then 80.0 km 
south in a total time of 40.0 minutes. (a) What is the average 
speed of the trip? (b) What is the average velocity? 


2.34 The trajectory of an object is given by the equation 
x(t) = (4.35 m) + (25.9 m/s)t — (11.79 m/s”)t? 


a) For which time t is the displacement x(t) at its maximum? 
b) What is this maximum value? 


Section 2.4 


2.35 A bank robber in a getaway car approaches an inter- 
section at a speed of 45 mph. Just as he passes the intersec- 
tion, he realizes that he needed to turn. So he steps on the 
brakes, comes to a complete stop, and then accelerates driv- 
ing straight backward. He reaches a speed of 22.5 mph 
moving backward. Altogether his deceleration and re- 
acceleration in the opposite direction take 12.4 s. What is 
the average acceleration during this time? 


2.36 A car is traveling west at 22.0 m/s. After 10.0 s, its veloc- 
ity is 17.0 m/s in the same direction. Find the magnitude and 
direction of the car’s average acceleration. 


2.37 Your friend’s car starts from rest and travels 0.500 km 
in 10.0 s. What is the magnitude of the constant acceleration 
required to do this? 


2.38 A fellow student found in the performance data for his 
new car the velocity-versus-time graph shown in the figure. 


v, (m/s) 


j 1 > 
0 2 4 6 8 10 12 14 16 18 20 22 24 26 
t (s) 


a) Find the average acceleration of the car during each of the 
segments I, II, and MI. 

b) What is the total distance traveled by the car from t = 0 s 
tot=24s? 

2.39 The velocity of a particle moving along the x-axis 

is given, for t > 0, by v, = (50.0t - 2.0t°) m/s, where t is in 
seconds. What is the acceleration of the particle when (after 
t = 0) it achieves its maximum displacement in the positive 
x-direction? 


2.40. The 2007 world record for the men’s 100-m dash 
was 9.77 s. The third-place runner crossed the finish line in 
10.07 s. When the winner crossed the finish line, how far 
was the third-place runner behind him? 


a) Compute an answer that assumes that each runner ran at 
his average speed for the entire race. 

b) Compute another answer that uses the result of Example 
2.3, that a world-class sprinter runs at a speed of 12 m/s 
after an initial acceleration phase. If both runners in this 
race reach this speed, how far behind is the third-place 
runner when the winner finishes? 


e2.41 The position of an object as a function of time is given 
as x = At? + Bt? + Ct + D. The constants are A = 2.1 m/s’, 
B = 1.0 m/s’, C = -4.1 m/s, and D = 3 m. 

a) What is the velocity of the object at t = 10.0 s? 

b) At what time(s) is the object at rest? 

c) What is the acceleration of the object at t = 0.50 s? 

d) Plot the acceleration as a function of time for the time 
interval from t = -10.0 s to t = 10.0 s. 


Section 2.5 


ee2.42 An F-14 Tomcat fighter jet is taking off from the 
deck of the USS Nimitz aircraft carrier with the assistance of 
a steam-powered catapult. The jet’s location along the flight 
deck is measured at intervals of 0.20 s. These measurements 
are tabulated as follows: 


t (s) 0.00 | 0.20 | 0.40 |0.60 | 0.80 | 1.00 | 1.20 | 1.40 | 1.60 | 1.80 | 2.00 


x(m) |0.0 |0.70|3.0 |6.6 |11.8 | 18.5 |26.6 | 36.2 | 47.3 | 59.9 | 73.9 


Use difference formulas to calculate the jet’s average ve- 
locity and average acceleration for each time interval. After 
completing this analysis, can you say if the F-14 Tomcat 
accelerated with approximately constant acceleration? 


Section 2.6 


2.43 A particle starts from rest at x = 0 and moves for 20 s 
with an acceleration of +2.0 cm/s’. For the next 40 s, the ac- 
celeration of the particle is -4.0 cm/s’. What is the position 
of the particle at the end of this motion? 


2.44 A car moving in the x-direction has an acceleration a, 
that varies with time as shown in the figure. At the moment 
t= 0s, the car is located at x = 12 m and has a velocity of 6 m/s 
in the positive x-direction. What is the velocity of the car at 
t=5.0s? 
A 
5} 


ay (m/s?) 


0 1 2 3 4 5 ra 
2.45 The velocity as a function of time for a car on an 
amusement park ride is given as v = At’ + Bt with constants 
A = 2.0 m/s*and B = 1.0 m/s”. If the car starts at the origin, 
what is its position at t = 3.0 s? 


2.46 An object starts from rest and has an acceleration given 
by a= BP - 4Ct, where B = 2.0 m/s* and C = -4.0 m/s’. 

a) What is the object’s velocity after 5.0 s? 

b) How far has the object moved after t = 5.0 s? 


2.47 A car is moving along the x-axis and its velocity, v,, 
varies with time as shown in the figure. If x) = 2.0 m at t) = 
2.0 s, what is the position of the car at t = 10.0 s? 


v, (m/s) 


—4 H 


—8 L 


2.48 A car is moving along the x-axis and its velocity, v,, 
varies with time as shown in the figure. What is the dis- 
placement, Ax, of the car from t=4stot=9s? 


v, (m/s) 
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2.49 A motorcycle starts from rest and accelerates as 
shown in the figure. Determine (a) the motorcycle’s speed at 
t= 4.00 s and at t = 14.0 s, and (b) the distance traveled in 
the first 14.0 s. 


t (s) 


a, (m/s?) 


Section 2.7 

2.50 How much time does it take for a car to accelerate from 
a standing start to 22.2 m/s if the acceleration is constant and 
the car covers 243 m during the acceleration? 


2.51 A car slows down from a speed of 31.0 m/s to a speed 
of 12.0 m/s over a distance of 380. m. 

a) How long does this take, assuming constant acceleration? 
b) What is the value of this acceleration? 

2.52 A runner of mass 57.5 kg starts from rest and accel- 
erates with a constant acceleration of 1.25 m/s’ until she 
reaches a velocity of 6.3 m/s. She then continues running 
with this constant velocity. 

a) How far has she run after 59.7 s? 

b) What is the velocity of the runner at this point? 

2.53 A fighter jet lands on the deck of an aircraft carrier. 
It touches down with a speed of 70.4 m/s and comes to a 
complete stop over a distance of 197.4 m. If this process 
happens with constant deceleration, what is the speed of 
the jet 44.2 m before its final stopping location? 

2.54 A bullet is fired through a board 10.0 cm thick, with 
a line of motion perpendicular to the face of the board. 

If the bullet enters with a speed of 400. m/s and emerges 
with a speed of 200. m/s, what is its acceleration as it passes 
through the board? 

2.55 A car starts from rest and accelerates at 10.0 m/s”. 
How far does it travel in 2.00 s? 


2.56 An airplane starts from rest and accelerates at 12.1 m/s”. 
What is its speed at the end of a 500.-m runway? 


2.57 Starting from rest, a boat increases its speed to 

5.00 m/s with constant acceleration. 

a) What is the boat’s average speed? 

b) Ifit takes the boat 4.00 s to reach this speed, how far has 
it traveled? 
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2.58 A ball is tossed vertically upward with an initial speed 
of 26.4 m/s. How long does it take before the ball is back on 
the ground? 


2.59 A stone is thrown upward, from ground level, with an 
initial velocity of 10.0 m/s. 


a) What is the velocity of the stone after 0.50 s? 
b) How high above ground level is the stone after 0.50 s? 


2.60 A stone is thrown downward with an initial velocity of 
10.0 m/s. The acceleration of the stone is constant and has 
the value of the free-fall acceleration, 9.81 m/s”. What is the 
velocity of the stone after 0.500 s? 


2.61 A ball is thrown directly downward, with an initial 
speed of 10.0 m/s, from a height of 50.0 m. After what time 
interval does the ball strike the ground? 


2.62 An object is thrown vertically upward and has a speed 
of 20.0 m/s when it reaches two thirds of its maximum height 
above the launch point. Determine its maximum height. 


2.63 What is the velocity at the midway point of a ball able to 
reach a height y when thrown with an initial velocity v? 


2.64 Runner 1 is standing still on a straight running track. 
Runner 2 passes him, running with a constant speed of 
5.1 m/s. Just as runner 2 passes, runner 1 accelerates with a 
constant acceleration of 0.89 m/s”. How far down the track 
does runner 1 catch up with runner 2? 


2.65 A girl is riding her bicycle. When she gets to a corner, 
she stops to get a drink from her water bottle. At that time, a 
friend passes by her, traveling at a constant speed of 8.0 m/s. 


a) After 20 s, the girl gets back on her bike and travels with 
a constant acceleration of 2.2 m/s”. How long does it take for 
her to catch up with her friend? 

b) Ifthe girl had been on her bike and rolling along at a 
speed of 1.2 m/s when her friend passed, what constant 
acceleration would she need to catch up with her friend in 
the same amount of time? 


2.66 A speeding motorcyclist is traveling at a constant speed 
of 36.0 m/s when he passes a police car parked on the side of 
the road. The radar, positioned in the police car’s rear window, 
measures the speed of the motorcycle. At the instant the mo- 
torcycle passes the police car, the police officer starts to chase 
the motorcyclist with a constant acceleration of 4.0 m/s”. 

a) How long will it take the police officer to catch the 
motorcyclist? 

b) What is the speed of the police car when it catches up to 
the motorcycle? 

c) How far will the police car be from its original position? 
2.67 Two train cars are on a straight, horizontal track. One 
car starts at rest and is put in motion with a constant accelera- 
tion of 2.00 m/s’. This car moves toward a second car that is 
30.0 m away and moving at a constant speed of 4.00 m/s. 

a) Where will the cars collide? 

b) How long will it take for the cars to collide? 


2.68 The planet Mercury has a mass that is 5% of that of 
Earth, and its gravitational acceleration is gmercury = 3.7 m/ S4 


a) How long does it take for a rock that is dropped from a 
height of 1.75 m to hit the ground on Mercury? 

b) How does this time compare to the time it takes the 
same rock to reach the ground on Earth, if dropped from 
the same height? 

c) From what height would you have to drop the rock on 
Earth so that the fall-time on both planets is the same? 


2.69 Bill Jones has a bad night in his bowling league. 
When he gets home, he drops his bowling ball in disgust 
out the window of his apartment, from a height of 63.17 m 
above the ground. John Smith sees the bowling ball pass by 
his window when it is 40.95 m above the ground. How much 
time passes from the time when John Smith sees the bowl- 
ing ball pass his window to when it hits the ground? 


2.70 Picture yourself in the castle of Helm’s Deep from the 
Lord of the Rings. You are on top of the castle wall and are 
dropping rocks on assorted monsters that are 18.35 m below 
you. Just when you release a rock, an archer located exactly 
below you shoots an arrow straight up toward you with an 
initial velocity of 47.4 m/s. The arrow hits the rock in midair. 
How long after you release the rock does this happen? 


e2.71 An object is thrown vertically and has an upward ve- 
locity of 25 m/s when it reaches one fourth of its maximum 
height above its launch point. What is the initial (launch) 
speed of the object? 


2.72 Ina fancy hotel, the back of the elevator is made of 
glass so that you can enjoy a lovely view on your ride. The 
elevator travels at an average speed of 1.75 m/s. A boy on the 
15th floor, 80.0 m above the ground level, drops a rock at the 
same instant the elevator starts its ascent from the 1st to the 
5th floor. Assume the elevator travels at its average speed for 
the entire trip and neglect the dimensions of the elevator. 


a) How long after it was dropped do you see the rock? 
b) How long does it take for the rock to reach ground level? 


ee2.73 You drop a water balloon straight down from your 
dormitory window 80.0 m above your friend’s head. At 2.00 s 
after you drop the balloon, not realizing it has water in it your 
friend fires a dart from a gun, which is at the same height as 
his head, directly upward toward the balloon with an initial 
velocity of 20.0 m/s. 


a) How long after you drop the balloon will the dart burst 
the balloon? 

b) How long after the dart hits the balloon will your friend 
have to move out of the way of the falling water? Assume the 
balloon breaks instantaneously at the touch of the dart. 


Additional Problems 


2.74 A runner of mass 56.1 kg starts from rest and accel- 
erates with a constant acceleration of 1.23 m/s” until she 
reaches a velocity of 5.10 m/s. She then continues running 
at this constant velocity. How long does the runner take to 
travel 173 m? 


2.75 A jet touches down on a runway with a speed of 
142.4 mph. After 12.4 s, the jet comes to a complete stop. 
Assuming constant acceleration of the jet, how far down the 
runway from where it touched down does the jet stand? 


2.76 On the graph of position as a function of time, mark 
the points where the velocity is zero, and the points where 
the acceleration is zero. 


x (m) 


2.77 An object is thrown upward with a speed of 28.0 m/s. 
How long does it take it to reach its maximum height? 
2.78 An object is thrown upward with a speed of 28.0 m/s. 
How high above the projection point is it after 1.00 s? 

2.79 An object is thrown upward with a speed of 28.0 m/s. 
What maximum height above the projection point does it 
reach? 

2.80 The minimum distance necessary for a car to brake 
to a stop from a speed of 100.0 km/h is 40.00 m on a dry 
pavement. What is the minimum distance necessary for 
this car to brake to a stop from a speed of 130.0 km/h on 
dry pavement? 

2.81 A car moving at 60.0 km/h comes to a stop in t = 4.00 s. 
Assume uniform deceleration. 

a) How far does the car travel while stopping? 

b) What is its deceleration? 

2.82 You are driving at 29.1 m/s when the truck ahead of 
you comes to a halt 200.0 m away from your bumper. Your 
brakes are in poor condition and you decelerate at a con- 
stant rate of 2.4 m/s”. 

a) How close do you come to the bumper of the truck? 

b) How long does it take you to come to a stop? 

2.83 A train traveling at 40.0 m/s is headed straight toward 
another train, which is at rest on the same track. The mov- 
ing train decelerates at 6.0 m/s’, and the stationary train is 
100.0 m away. How far from the stationary train will the 
moving train be when it comes to a stop? 

2.84 A car traveling at 25.0 m/s applies the brakes and 
decelerates uniformly at a rate of 1.2 m/s”. 

a) How far does it travel in 3.0 s? 

b) What is its velocity at the end of this time interval? 

c) How long does it take for the car to come to a stop? 

d) What distance does the car travel before coming to a 
stop? 


Problems 69 


2.85 The fastest speed in NASCAR racing history was 
212.809 mph (reached by Bill Elliott in 1987 at Talla- 
dega). If the race car decelerated from that speed at a 
rate of 8.0 m/s’, how far would it travel before coming to 
a stop? 


2.86 You are flying on a commercial airline on your way 
from Houston, Texas, to Oklahoma City, Oklahoma. 
Your pilot announces that the plane is directly over Aus- 
tin, Texas, traveling at a constant speed of 245 mph, and 
will be flying directly over Dallas, Texas, 362 km away. 
How long will it be before you are directly over Dallas, 
Texas? 


2.87 The position of a race car on a straight track is 
given as x = at’ + bf + c, where a = 2.0 m/s°, b = 2.0 m/s’, 
and c = 3.0 m. 


a) What is the car’s position between t = 4.0 s and t = 9.0 s? 
b) What is the average speed between t = 4.0 s and t= 9.0 s? 


2.88 A girl is standing at the edge of a cliff 100. m above 
the ground. She reaches out over the edge of the cliff and 
throws a rock straight upward with a speed 8.00 m/s. 


a) How long does it take the rock to hit the ground? 


b) What is the speed of the rock the instant before it hits 
the ground? 


2.89 A double speed trap is set up on a freeway. One 
police cruiser is hidden behind a billboard, and another 
is some distance away under a bridge. As a sedan passes 
by the first cruiser, its speed is measured to be 105.9 mph. 
Since the driver has a radar detector, he is alerted to 

the fact that his speed has been measured, and he tries 

to slow his car down gradually without stepping on the 
brakes and alerting the police that he knew he was going 
too fast. Just taking the foot off the gas leads to a constant 
deceleration. Exactly 7.05 s later the sedan passes the sec- 
ond police cruiser. Now its speed is measured to be only 
67.1 mph, just below the local freeway speed limit. 

a) What is the value of the deceleration? 

b) How far apart are the two cruisers? 

e2.90 During a test run on an airport runway, a new 
race car reaches a speed of 258.4 mph from a standing 
start. The car accelerates with constant acceleration and 
reaches this speed mark at a distance of 612.5 m from 
where it started. What was its speed after one-fourth, 
one-half, and three-fourths of this distance? 


2.91 The vertical position of a ball suspended by a rub- 
ber band is given by the equation 


y(t) = (3.8 m)sin(0.46 t/s - 0.31) - (0.2 m/s)t + 5.0m 


a) What are the equations for velocity and acceleration 
for this ball? 


b) For what times between 0 and 30 s is the acceleration 
zero? 
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2.92 The position of a particle moving along the x-axis 
varies with time according to the expression x = 4t’, where 
x is in meters and t is in seconds. Evaluate the particle's 
position 

a) att=2.00s. 

b) at 2.00s + At. 

c) Evaluate the limit of Ax/At as At approaches zero, to find 
the velocity at t = 2.00 s. 

e2.93 In 2005, Hurricane Rita hit several states in the south- 
ern United States. In the panic to escape her wrath, thousands 
of people tried to flee Houston, Texas by car. One car full of 
college students traveling to Tyler, Texas, 199 miles north of 
Houston, moved at an average speed of 3.0 m/s for one-fourth 
of the time, then at 4.5 m/s for another one-fourth of the 
time, and at 6.0 m/s for the remainder of the trip. 

a) How long did it take the students to reach their 
destination? 

b) Sketch a graph of position versus time for the trip. 

2.94 A ball is thrown straight upward in the air at a speed 
of 15.0 m/s. Ignore air resistance. 

a) What is the maximum height the ball will reach? 

b) What is the speed of the ball when it reaches 5.00 m? 

c) How long will it take to reach 5.00 m above its initial 
position on the way up? 

d) How long will it take to reach 5.00 m above its initial 
position on its way down? 


2.95 The Bellagio Hotel in Las Vegas, Nevada, is well 
known for its Musical Fountains, which use 192 Hyper- 
Shooters to fire water hundreds of feet into the air to the 
rhythm of music. One of the HyperShooters fires water 
straight upward to a height of 240 ft. 

a) What is the initial speed of the water? 

b) What is the speed of the water when it is at half this 
height on its way down? 

c) How long will it take for the water to fall back to its 
original height from half its maximum height? 


2.96 You are trying to improve your shooting skills by 
shooting at a can on top of a fence post. You miss the can, 
and the bullet, moving at 200. m/s, is embedded 1.5 cm into 
the post when it comes to a stop. If constant acceleration is 
assumed, how long does it take for the bullet to stop? 


e2.97 You drive with a constant speed of 13.5 m/s for 
30.0 s. You then accelerate for 10.0 s to a speed of 22.0 m/s. 
You then slow to a stop in 10.0 s. How far have you traveled? 
2.98 A ball is dropped from the roof of a building. It hits 
the ground and it is caught at its original height 5.0 s later. 
a) What was the speed of the ball just before it hits the 
ground? 

b) How tall was the building? 

c) You are watching from a window 2.5 m above the 
ground. The window opening is 1.2 m from the top to the 
bottom. At what time after the ball was dropped did you 
first see the ball in the window? 
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WHAT WE WILL LEARN 


dimensional motion. 


and the initial position. 


a You will learn to handle motion in two and three = You will learn to describe the velocity vector of a 
dimensions using methods developed for one- projectile at any time during its flight. 


= You will appreciate that the realistic trajectories of 


= You will determine the parabolic path of ideal objects like baseballs are affected by air friction and 
projectile motion. are not exactly parabolic. 

= You will be able to calculate the maximum = You will learn to transform velocity vectors from one 
height and maximum range of an ideal projectile reference frame to another. 


trajectory in terms of the initial velocity vector 


Everyone has seen a bouncing ball, but have you ever looked closely at the path it takes? If 
you could slow the ball down, as in the photo in Figure 3.1, you would see the symmetri- 
cal arch of each bounce, which gets smaller until the ball stops. This path is characteristic 
of a kind of two-dimensional motion known as projectile motion. You can see the same 
parabolic shape in water fountains, fireworks, basketball shots—any kind of isolated motion 
where the force of gravity is relatively constant and the moving object is dense enough that 
air resistance (a force that tends to slow down objects moving though air) can be ignored. 

This chapter extends Chapter 2’s discussion of displacement, velocity, and acceleration 
to two-dimensional motion. The definitions of these vectors in two dimensions are very 
similar to the one-dimensional definitions, but we can apply them to a greater variety of 
real-life situations. Two-dimensional motion is still more restricted than general motion in 
three dimensions, but it applies to a wide range of common and important motions that we 
will consider throughout this course. 


x 


FIGURE 3.2 A right-handed xyz 
Cartesian coordinate system. 


3.1 Three-Dimensional Coordinate Systems 


Having studied motion in one dimension, we next tackle more complicated problems in 
two and three spatial dimensions. To describe this motion, we will work in Cartesian coor- 
dinates. In a three-dimensional Cartesian coordinate system, we choose the x- and y-axes 
to lie in the horizontal plane and the z-axis to point vertically upward (Figure 3.2). The 
three coordinate axes are at 90° (orthogonal) to one another, as required for a Cartesian 
coordinate system. 

The convention that is followed without exception in this book is that the Cartesian 
coordinate system is right-handed. This convention means that you can obtain the relative 
orientation of the three coordinate axes using your right hand. To determine the positive 
directions of the three axes, hold your right hand with the thumb sticking straight up and 
the index finger pointing straight out; they will naturally have a 90° angle relative to each 
other. Then stick out your middle finger so that it is at a right angle with both the index 
finger and the thumb (Figure 3.3). The three axes are assigned to the fingers as shown in 
Figure 3.3a: thumb is x, index finger is y, and middle finger is z. You can rotate your right 


(b) 
FIGURE 3.3 All three possible realizations of a right-handed Cartesian coordinate system. 
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hand in any direction, but the relative orientation of thumb and fingers stays the same. If 
you want, you can exchange the letters on the fingers, as shown in Figure 3.3b and Figure 
3.3c. However, z always has to follow y, which always has to follow x. Figure 3.3 shows all 
possible combinations of the right-handed assignment of the axes to the fingers. You really 
only have to remember one of them, because your hand can always be orientated in three- 
dimensional space in such a way that the axes assignments on your fingers can be brought 
into alignment with the schematic coordinate axes shown in Figure 3.2. 

With this set of Cartesian coordinates, a position vector can be written in component 
form as 


7 =(x,y,z)=xx+ yý + zz. (3.1) 
A velocity vector is 
V = (Ve Vy Vy) =VX +V 9 +v. (3.2) 


For one-dimensional vectors, the time derivative of the position vector defines the 
velocity vector. This is also the case for more than one dimension: 
= d dyana is dx, dy, dz, 
¥=—=—(xx4 + zz)=—x4 | Z (3.3) 
dt dt dt dt ot 
In the last step of this equation, we used the sum and product rules of differentiation, as well 
as the fact that the unit vectors are constant vectors (fixed directions along the coordinate 
axes and constant magnitude of 1). Comparing equations 3.2 and 3.3, we see that 
dx dy dz 
V,=—, We >, V=—. (3.4) 
” dt dt 
The same procedure leads us from the velocity vector to the acceleration vector by taking 
another time derivative: 


. dọ dv. dy, dv., 
a@=—=—x App 22. 


3.5 
dt dt dt” dt 
We can therefore write the Cartesian components of the acceleration vector: 
dv. dv, dv, 
a,=—, a= » a= . 3.6 
dt ” dt ” dt on 


3.2 Velocity and Acceleration in a Plane 


The most striking difference between velocity along a line and velocity in two or more 
dimensions is that the latter can change direction as well as magnitude. Because accelera- 
tion is defined as a change in velocity—any change in velocity—divided by a time interval, 
there can be acceleration even when the magnitude of the velocity does not change. 
Consider, for example, a particle moving in two dimensions (that is, in a plane). At 
time t,, the particle has velocity ¥,, and at a later time t, the particle has velocity v,. The 
change in velocity of the particle is Av =v, - v,. The average acceleration, d,,,, for the time 
interval At = t, - t is given by 
- AV _W-% 
dave =F aan? (3.7) 
Figure 3.4 shows three different cases for the change in velocity of a particle moving in 
two dimensions over a given time interval. Figure 3.4a shows the initial and final velocities 
of the particle having the same direction, but the magnitude of the final velocity is greater 
than the magnitude of the initial velocity. The resulting change in velocity and the average 
acceleration are in the same direction as the velocities. Figure 3.4b again shows the initial 
and final velocities pointing in the same direction, but the magnitude of the final velocity is 
less than the magnitude of the initial velocity. The resulting change in velocity and the aver- 
age acceleration are in the opposite direction from the velocities. Figure 3.4c illustrates the 
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FIGURE 3.4 At time t,, a particle 
has a velocity v. At a later time t,, 
the particle has a velocity vo. 

The average acceleration is given by 
Gaye = AV / At = (Vp -%4) /(t2 - ty). 
(a) A time interval corresponding to 
A > h , with v, and v; in the same 
direction. (b) A time interval cor- 
responding to A <à , with v and 
vı in the same direction. (c) A time 
interval with |vp|=|v4], but with v in 
a different direction from V4. 


Wa 


7, mo A7 7, %, A7 


(tk 


(a) (b) (c) 


= 


case when the initial and final velocities have the same magnitude but the direction of the 
final velocity vector is different from the direction of the initial velocity vector. Even though 
the magnitudes of the initial and final velocity vectors are the same, the change in velocity 
and the average acceleration are not zero and can be in a direction not obviously related to 
the initial or final velocity directions. 

Thus, in two dimensions, an acceleration vector arises if an object’s velocity vector 
changes in magnitude or direction. Any time an object travels along a curved path, in two 
or three dimensions, it must have acceleration. We will examine the components of accel- 
eration in more detail in Chapter 9, when we discuss circular motion. 


3.3 Ideal Projectile Motion 


x 


FIGURE 3.5 Trajectory in three 
dimensions reduced to a trajectory in 
two dimensions. 


FIGURE 3.6 Photograph of a free 
throw with the parabolic trajectory of 
the basketball superimposed. 


In some special cases of three-dimensional motion, the horizontal projection of the trajectory, 
or flight path, is a straight line. This situation occurs whenever the accelerations in the hori- 
zontal xy-plane are zero, so the object has constant velocity components, v, and v, in the hori- 
zontal plane. Such a case is shown in Figure 3.5 for a baseball tossed in the air. In this case, we 
can assign new coordinate axes such that the x-axis points along the horizontal projection of 
the trajectory and the y-axis is the vertical axis. In this special case, the motion in three dimen- 
sions can in effect be described as a motion in two spatial dimensions. A large class of real-life 
problems falls into this category, especially problems that involve ideal projectile motion. 

An ideal projectile is any object that is released with some initial velocity and then 
moves only under the influence of gravitational acceleration, which is assumed to be con- 
stant and in the vertical downward direction. A basketball free throw (Figure 3.6) is a good 
example of ideal projectile motion, as is the flight of a bullet or the trajectory of a car that 
becomes airborne. Ideal projectile motion neglects air resistance and wind speed, spin 
of the projectile, and other effects influencing the flight of real-life projectiles. For realistic 
situations in which a golf ball, tennis ball, or baseball moves in air, the actual trajectory is 
not well described by ideal projectile motion and requires a more sophisticated analysis. We 
will discuss these effects in Section 3.5, but will not go into quantitative detail. 

Lets begin with ideal projectile motion, with no effects due to air resistance or any other 
forces besides gravity. We work with two Cartesian components: x in the horizontal direction 
and y in the vertical (upward) direction. Therefore, the position vector for projectile motion is 


F=(x,y)=xxt yy, (3.8) 


and the velocity vector is 


> a »_|dx dy|_ dx. dy. 
Ponni tnj Z 2B d” (3.9) 


Given our choice of coordinate system, with a vertical y-axis, the acceleration due to 
gravity acts downward, in the negative y-direction; there is no acceleration in the hori- 
zontal direction: 


a=(0,-g)=- gy. (3.10) 
For this special case of a constant acceleration only in the y-direction and with zero accelera- 
tion in the x-direction, we have a free-fall problem in the vertical direction and motion with 


constant velocity in the horizontal direction. The kinematical equations for the x-direction 
are those for an object moving with constant velocity: 


X=XtVyot (3.11) 
0 x0 
Vx =Vy0: (3.12) 


Just as in Chapter 2, we use the notation v, = v,(t = 0) for the initial value of the x-com- 
ponent of the velocity. The kinematical equations for the y-direction are those for free-fall 
motion in one dimension: 


Y=MWtVyot- tet (3.13) 
Y=Yo+Vvyt (3.14) 

Vy =Vy9 — gt (3.15) 

Vy =F (vy + Vy) (3.16) 
Vy =Vy0 -280 - Yo): (3.17) 


For consistency, we write Vyo = v(t =0). With these seven equations for the x- and 
y-components, we can solve any problem involving an ideal projectile. Notice that since 
two-dimensional motion can be split into separate one-dimensional motions, these equa- 
tions are written in component form, without the use of unit vectors. 


EXAMPLE 3.1 | Shoot the Monkey 


Many lecture demonstrations illustrate that motion in the x-direction and motion in the 
y-direction are indeed independent of each other, as assumed in the derivation of the 
equations for projectile motion. One popular demonstration, called “shoot the monkey,’ 
is shown in Figure 3.7. The demonstration is motivated by a story. A monkey has escaped 
from the zoo and has climbed a tree. The zookeeper wants to shoot the monkey with a 
tranquilizer dart in order to recapture it, but she knows that the monkey will let go of the 
branch it is holding onto at the sound of the gun firing. Her challenge is therefore to hit 
the monkey in the air as it is falling. 


FIGURE 3.7 The shoot-the-monkey lecture demonstration. On the right are some of the individual 
frames of the video, with information on their timing in the upper-left corners. On the left, these 
frames have been combined into a single image with a superimposed yellow line indicating the initial 


aim of the projectile launcher. 
Continued— 
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FIGURE 3.8 Initial velocity vector 
Vo and its components, Vyo and vyo. 


PROBLEM 
Where does the zookeeper need to aim to hit the falling monkey? 


SOLUTION 

The zookeeper must aim directly at the monkey, as shown in Figure 3.7, assuming that 
the time for the sound of the gun firing to reach the monkey is negligible and the speed 
of the dart is fast enough to cover the horizontal distance to the tree. As soon as the dart 
leaves the gun, it is in free fall, just like the monkey. Because both the monkey and the 
dart are in free fall, they fall with the same acceleration, independent of the darts motion 
in the x-direction and of the dart’s initial velocity. The dart and the monkey will meet at 
a point directly below the point from which the monkey dropped. 


DISCUSSION 

Any sharpshooter can tell you that, for a fixed target, you need to correct your gun sight 
for the free-fall motion of the projectile on the way to the target. As you can infer from 
Figure 3.7, even a bullet fired from a high-powered rifle will not fly in a straight line but 
will drop under the influence of gravitational acceleration. Only in a situation like the 
shoot-the-monkey demonstration, where the target is in free fall as soon as the projectile 
leaves the muzzle, can one aim directly at the target without making corrections for the 
free-fall motion of the projectile. 


Shape of a Projectile’s Trajectory 


Let’s now examine the trajectory of a projectile in two dimensions. To find y as a function 
of x, we solve the equation x = xo + vot for the time, t = (x - xp)/V,9, and then substitute for 
t in the equation y = yp + Vot -7 gt’: 


y= Yor vot tet = 


2 
x-X x-X 
Y= +V 2-24 | > 


Vx V9 
V oX, x v xX 
y= yp- 2-2 | | 5 l, (3.18) 
Vxo 2Vx9 Vxo 2Vx0 2Vx0 


Thus, the trajectory follows an equation of the general form y = c + bx + ax’, with constants 
a, b, and c. This is the form of an equation for a parabola in the xy-plane. It is customary to 
set the x-component of the initial point of the parabola equal to zero: x, = 0. In this case, the 
equation for the parabola becomes 


yant Zr- r. (3.19) 
Vo 2vžo 
The trajectory of the projectile is completely determined by three input constants. These con- 
stants are the initial height of the release of the projectile, yọ, and the x- and y-components of 
the initial velocity vector, v, and v,9, as shown in Figure 3.8. 
We can also express the initial velocity vector V), in terms of its magnitude, vo, and 
direction, 6). Expressing Vy in this manner involves the transformation 


[9 2 
Vo = {Vico F Vyo (3.20) 


v 
-1 “yo 
b = tan" 2. 


Vx0 
In Chapter 1, we discussed this transformation from Cartesian coordinates to length and 
angle of the vector, as well as the inverse transformation: 
V9 = Vo COS A 


(3.21) 
vyo =v sin p. 


Expressed in terms of the magnitude and direction of the initial velocity vector, the equa- 
tion for the path of the projectile becomes 
— 8 æ 


Y = Yo + (tan @ )x - 
° i 2v cos” Q 


The fountain shown in Figure 3.9 is in the Detroit Metropolitan 
Wayne County (DTW) airport. You can clearly see that the water shot out 
of many pipes traces almost perfect parabolic trajectories. 

Note that because a parabola is symmetric, a projectile takes the same 
amount of time and travels the same distance from its launch point to the 
top of its trajectory as from the top of its trajectory back to launch level. 
Also, the speed of a projectile at a given height on its way up to the top of its 
trajectory is the same as its speed at that same height going back down. 


Time Dependence of the Velocity Vector 


From equation 3.12, we know that the x-component of the velocity is 
constant in time: v, = V,9. This result means that a projectile will cover 
the same horizontal distance in each time interval of the same duration. 
Thus, in a video of projectile motion, such as a basketball player shooting a free throw as 
in Figure 3.6, or the path of the dart in the shoot-the-monkey demonstration in Figure 3.7, 
the horizontal displacement of the projectile from one frame of the video to the next will 
be constant. 

The y-component of the velocity vector changes according to equation 3.15, v, = v, ~ gt; 
that is, the projectile falls with constant acceleration. Typically, projectile motion starts with 
a positive value, v,ọ. The apex (highest point) of the trajectory is reached at the point where 
v, = 0 and the projectile moves only in the horizontal direction. At the apex, the y-component 
of the velocity is zero, and it changes sign from positive to negative. 

We can indicate the instantaneous values of the x- and y-components of the velocity 
vector on a plot of y versus x for the flight path of a projectile (Figure 3.10). The x-components, 
V of the velocity vector are shown by green arrows, and the y-components, v,, by red arrows. 
Note the identical lengths of the green arrows, demonstrating the fact that v, remains con- 
stant. Each blue arrow is the vector sum of the x- and y-velocity components and depicts the 
instantaneous velocity vector along the path. Note that the direction of the velocity vector is 
always tangential to the trajectory. This is because the slope of the velocity vector is 


vy dyldt _ dy 


v dx/dt dx’ 

which is also the local slope of the flight path. At the top of the trajectory, the green and blue 
arrows are identical because the velocity vector has only an x-component—that is, it points 
in the horizontal direction. 

Although the vertical component of the velocity vector is equal to zero at the top of the 
trajectory, the gravitational acceleration has the same constant value as on any other part 
of the trajectory. Beware of the common misconception that the gravitational acceleration 
is equal to zero at the top of the trajectory. The gravitational acceleration has the same con- 
stant value everywhere along the trajectory. 

Finally, let’s explore the functional dependence of the absolute value of the velocity vec- 
tor on time and/or the y-coordinate. We start with the dependence of | on y. We use the 
fact that the absolute value of a vector is given as the square root of the sum of the squares 
of the components. Then we use kinematical equation 3.12 for the x-component and kine- 
matical equation 3.17 for the y-component. We obtain 


=v. HY, = vzo Hvo =2g(y- yo) =4 v3 -287 - Yo). 


Note that the initial launch angle does not appear in this equation. The absolute value of 
the velocity—the speed—depends only on the initial value of the speed and the difference 
between the y-coordinate and the initial launch height. Thus, if we release a projectile from 


(3.23) 
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FIGURE 3.9 A fountain with water following parabolic 
trajectories. 


FIGURE 3.10 Graph of a parabolic 
trajectory with the velocity vector and 
its Cartesian components shown at 
constant time intervals. 


3.1 In-Class Exercise —~—~ 


| At the top of the trajectory of any 
| projectile, which of the following 

| statement(s), if any, is (are) true? 
| 


a) The acceleration is zero. 


b) The x-component of the 
acceleration is zero. 


| c) The y-component of the 
acceleration is zero. 


d) The speed is zero. 


e) The x-component of the velocity 
is zero. 


| f) The y-component of the velocity 
is zero. 
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3.1 Self-Test Opportu nity a certain height above ground and want to know the speed with which it hits the ground, 
it does not matter if the projectile is shot straight up, or horizontally, or straight down. 
Chapter 5 will discuss the concept of kinetic energy, and then the reason for this seemingly 
strange fact will become more apparent. 


What is the dependence of l| on 
the x-coordinate? 


3.4 Maximum Height and Range of a Projectile 


A When launching a projectile, for example, throwing a ball, we are often interested in the 
range (R), or how far the projectile will travel horizontally before returning to its original 
y(x) vertical position, and the maximum height (H) it will reach. These quantities R and H are 
illustrated in Figure 3.11. We find that the maximum height reached by the projectile is 
2 
v 
Yo 7 H=y,+—. (3.24) 
2g 
2 x Well derive this equation below. We'll also derive this equation for the range: 
H 
2 
Vo: 
FIGURE 3.11 The maximum height R= aoe (3.25) 


(red) and range (green) of a projectile. 
where vy is the absolute value of the initial velocity vector and 0, is the launch angle. The 
maximum range, for a given fixed value of vo, is reached when 6, = 45°. 


DERIVATION 3.1 


Let's investigate the maximum height first. To determine its value, we obtain an expres- 
sion for the height, differentiate it, set the result equal to zero, and solve for the maximum 
height. Suppose vo is the initial speed and 6, is the launch angle. We take the derivative of 
the path function y(x), equation 3.22, with respect to x: 


dy _d g 2 £ 
—— =—| y + (tan & )x - x” |= tan @& - x 
dx dx av, cos” b v cos? b 
Now we look for the point xy where the derivative is zero: 
0= tan = 2 £ XH 
vg cos“ b 
22 2 2 
= xy = OOS Sula. sin @ cos =—°-sin 24. 
8g 2g 


In the second line above, we used the trigonometric identities tan 0 = sin 0/cos 0 and 
2sin 0 cos@ = sin26. Now we insert this value for x into equation 3.22 and obtain the 
maximum height, H: 


H = y(xy )= Yo + xy tan =- | 
2v cos“ b 


2 
2 2 
= yo + sin 24, tan -— | sin 28, 
2v5 cos” b | 28 
2 2 
= Yy + vo sin? H - vo sin? % 
2g 
2 
= yY + Yo sin? b. 
2g 
Because V, = vo sinbo, we can also write 
2 
v 
H=y+—, 
2g 


which is equation 3.24. 
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The range, R, of a projectile is defined as the horizontal distance between the launch- 
ing point and the point where the projectile reaches the same height from which it started, 
Y(R) = yo. Inserting x = R into equation 3.22: 


2 
J =y + Rtan@ -—& _R 
2v3 cos” bh 
tan = ; £ ; 
2v cos” b 


2v Ve. 
=> R= sing cosh =~°-sin2%, 
& 


which is equation 3.25. 
Note that the range, R, is twice the value of the x-coordinate, xy, at which the trajec- 
tory reached its maximum height: R = 2xy. 


Finally, we consider how to maximize the range of the projectile. One way to maximize 
the range is to maximize the initial velocity, because the range increases with the absolute 
value of the initial velocity, vj. The question then is, given a specific initial speed, what is 
the dependence of the range on the launch angle 6)? To answer this question, we take the 
derivative of the range (equation 3.25) with respect to the launch angle: 


2 
Vo 
— sin24, 


£ 


2 
=2 %2 cos26). 
& 


dR d 


da de, 


Then we set this derivative equal to zero and find the angle for which the maximum value is 
achieved. The angle between 0° and 90° for which cos 26 = 0 is 45°. So the maximum range 
of an ideal projectile is given by > 
Ro =, (3.26) 
£ 
We could have obtained this result directly from the formula for the range because, accord- 
ing to that formula (equation 3.25), the range is at a maximum when sin 20ọ has its maxi- 
mum value of 1, and it has this maximum when 26) = 90°, or 6) = 45°. 

Most sports involving balls provide numerous examples of projectile motion. We next 
consider a few examples where the effects of air resistance and spin do not dominate the 
motion, and so the findings are reasonably close to what happens in reality. In the next sec- 
tion, we'll look at what effects air resistance and spin can have on a projectile. 


SOLVED PROBLEM 3.1 | Throwing a Baseball 
——————” 

When listening to a radio broadcast of a baseball game, you often hear the phrase “line 

drive” or “frozen rope” for a ball hit really hard and at a low angle with respect to the 

ground. Some announcers even use “frozen rope” to describe a particularly strong throw 

from second or third base to first base. This figure of speech implies movement on a 

straight line—but we know that the ball’s actual trajectory is a parabola. 


PROBLEM 

What is the maximum height that a baseball reaches if it is thrown from second base to 
first base and from third base to first base, released from a height of 6.0 ft, with a speed of 
90 mph, and caught at the same height? 


SOLUTION 


THINK 
The dimensions of a baseball infield are shown in Figure 3.12. (In this problem, we'll need 
to perform lots of unit conversions. Generally, this book uses SI units, but baseball is 


Continued— 


3.2 Self-Test Opportunity 


Another way to arrive at a formula 
for the range uses the fact that it 
takes just as much time for the pro- 
jectile to reach the top of the tra- 
jectory as to come down, because 
of the symmetry of a parabola. We 
can calculate the time to reach the 
top of the trajectory, where vy = 0, 
and then multiply this time by two 
and then by the horizontal velocity 
component to arrive at the range. 
Can you derive the formula for 
calculating the range in this way? 
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full of British units.) The baseball infield is a square with sides 90 ft long. This is the 
distance between second and first base, and we get d,, = 90 ft = 90-0.3048 m = 27.4 m. 
The distance from third to first base is the length of the diagonal of the infield square: 
d3 =d,,V2 =38.8 m. 
A speed of 90 mph (the speed of a good Major League fastball) translates into 
v = 90 mph = 90- 0.4469 m/s = 40.2 m/s. 


As with most trajectory problems, there are many ways to solve this problem. The most 
straightforward way follows from our considerations of range and maximum height. We 
can equate the base-to-base distance with the range of the projectile because the ball is 
released and caught at the same height, yọ = 6 ft = 6-0.3048 m = 1.83 m. 


SKETCH 


FIGURE 3.12 Dimensions of a baseball infield. 


RESEARCH 
In order to obtain the initial launch angle of the ball, we use equation 3.25, setting the 
range equal to the distance between first and second base: 


-1 


dag 
v 


2 
dz = 0 sin 26, > % =5sin 
& 


However, we already have an equation for the maximum height: 


2 2 
Hep sin GON 
2g 
SIMPLIFY 
Substituting our expression for the launch angle into the equation for the maximum 
height results in 
v sjan dg 
v 
H=y + 
2g 
CALCULATE 


We are ready to insert numbers: 


2 
(40.2 m/s) sin? | ‘sin | (27.4 m)(9.81 aa | 
aie ue = 2.40367 m 
=| m 29.81 ms) = i 
ROUND 


The initial precision specified was two significant digits. So we round our final result to 


H =2.4 m. 
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Thus, a 90-mph throw from second to first base is 2.39 m - 1.83 m = 0.56 m—that is, 
almost 2 ft—above a straight line at the middle of its trajectory. This number is even big- 
ger for the throw from third to first base, for which we find an initial angle of 6.8° and a 
maximum height of 3.0 m, or 1.2 m (almost 4 ft) above the straight line connecting the 
points of release and catch. 


DOUBLE-CHECK 

Common sense says that the longer throw from third to first needs to have a greater 
maximum height than the throw from second to first, and our answers agree with that. 
If you watch a baseball game from the stands or on television, these calculated heights 
may seem too large. However, if you watch a game from ground level, you'll see that the 
other infielders really do have to get some height on the ball to make a good throw to 
first base. 


u 


Let’s consider one more example from baseball and calculate the trajectory of a batted 
ball (see Figure 3.13). 


EXAMPLE 3.2 | Batting a Baseball 


During the flight of a batted baseball, in particular, a home run, air resistance has a quite 
noticeable impact. For now though, we want to neglect it. Section 3.5 will discuss the ef- 
fect of air resistance. 


PROBLEM 
If the ball comes off the bat with a launch angle of 35° and an initial speed of 110 mph, FIGURE 3.13 The motion of a batted 
how far will the ball fly? How long will it be in the air? What will its speed be at the top of baseball can be treated as projectile 


a a a 1 


its trajectory? What will its speed be when it lands? motion. 
SOLUTION 
Again, we need to convert to SI units first: v) =110 mph = 49.2 m/s. We first find the range: 
2 2 
Rap EO are oan 
g 9.81 m/s? 


This distance is about 760 feet, which would be a home run in even the biggest ballpark. 
However, this calculation does not take air resistance into account. If we took friction due 
to air resistance into account, the distance would be reduced to approximately 400 feet. 
(See Section 3.5 on realistic projectile motion.) 

In order to find the baseball’s time in the air, we can divide the range by the horizontal 
component of the velocity assuming the ball is hit at about ground level. 


Ro 2315m | 
vy cos® (49.2 m/s) (cos35°) ` 


Now we will calculate the speeds at the top of the trajectory and at landing. At the top of the 
trajectory, the velocity has only a horizontal component, which is vp cos) = 40.3 m/s. When 


the ball lands, we can calculate its speed using equation 3.23: g =v) -2g(y- y). Because 
we assume that the altitude at which it lands is the same as the one from which it was launched, 
we see that the speed is the same at the landing point as at the launching point, 49.2 m/s. 

A real baseball would not quite follow the trajectory calculated here. If instead we 
launched a small steel ball bearing with the same angle and speed, neglecting air resis- 
tance would have led to a very good approximation, and the trajectory parameters just 
found would be verified in such an experiment. The reason we can comfortably neglect 
air resistance for the steel ball bearing is that it has a much higher mass density and 
smaller surface area than a baseball, so drag effects (which depend on cross-sectional 
area) are small compared to gravitational effects. 


74 s. 
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Baseball is not the only sport that provides examples of projectile motion. Let’s con- 
sider an example from football. 


SOLVED PROBLEM 3.2 { Hang Time 


When a football team is forced to punt the ball away to the opponent, it is very important 
to kick the ball as far as possible but also to attain a sufficiently long hang time—that is, 
the ball should remain in the air long enough that the punt-coverage team has time to run 
down field and tackle the receiver right after the catch. 


PROBLEM 
What are the initial angle and speed with which a football has to be punted so that its 
hang time is 4.41 s and it travels a distance of 49.8 m (= 54.5 yd)? 


SOLUTION 


THINK 

A punt is a special case of projectile motion for which the initial and final values of the 
vertical coordinate are both zero. If we know the range of the projectile, we can figure out 
the hang time from the fact that the horizontal component of the velocity vector remains 
at a constant value; thus, the hang time must simply be the range divided by this horizon- 
tal component of the velocity vector. The equations for hang time and range give us two 
equations in the two unknown quantities, v) and 6), that we are looking for. 


SKETCH 
This is one of the few cases in which a sketch does not seem to provide additional 
information. 


RESEARCH 
We have already seen (equation 3.25) that the range of a projectile is given by 


2 
R=" sin26. 


As already mentioned, the hang time can be most easily computed by dividing the range 
by the horizontal component of the velocity: 


R 
t= ; 
Vo COS Ay 


Thus, we have two equations in the two unknowns, v, and 6). (Remember, R and t were 
given in the problem statement.) 


SIMPLIFY 
We solve both equations for vp” and set them equal: 
2 
VY. gR 
R= sin24, >v% = 
0 Oe gin? 6 X gR _ R 
R z E R? J sin 26 É cos? % 


0 
Vo COSA P cos” A 


Now, we can solve for 6p. Using sin 26) = 2 sin 0) cos 0o, we find 


g _ R 
2sin b cos % cos? b 
2 
=> tanh = ge 
2R 
2 
= t 
> Q =tan! a 
2R 


Next, we substitute this expression in either of the two equations we started with. We 
select the equation for hang time and solve it for vo: 


R R 
> 
Vo COS A 


t= 


Vo = . 
t cos bh 


CALCULATE 
All that remains is to insert numbers into the equations we have obtained: 


g, = tan”! | (28L (4-41 s)? 
: 2(49.8 m) 


_ 49.8 m 
(4.41 s)(cos1.08966) 


| = 62.4331° 


= 24.4013 m/s. 


Vo 


ROUND 
The range and hang time were specified to three significant figures, so we state our final 
results to this precision: 


O = 62.4° 
and 
Vp = 24.4 m/s. 


DOUBLE-CHECK 

We know that the maximum range is reached with a launch angle of 45°. The punted ball 
here is launched at an initial angle that is significantly steeper, at 62.4°. Thus, the ball does 
not travel as far as it could go with the value of the initial speed that we computed. Instead, 
it travels higher and thus maximizes the hang time. If you watch good college or pro punters 
practice their skills during football games, you'll see that they try to kick the ball with an 
initial angle larger than 45°, in agreement with what we found in our calculations. 
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3.2 In-Class Exercise —~ 


The same range as in Solved 
Problem 3.2 could be achieved with 
the same initial speed of 24.4 m/s 
but a launch angle different from 
62.4°. What is the value of this 
angle? 

a) 12.4° c) 45.0° 


b) 27.6° d) 55.2° 
—— 


3.3 In-Class Exercise —~\ 


What is the hang time for that 
other launch angle found in In- 
Class Exercise 3.2? 


a) 2.30 s c) 4.415 


b) 3.14 s 


d) 5.14 s 


3.5 Realistic Projectile Motion 


If you are familiar with tennis or golf or baseball, you know that the parabolic model for the 
motion of a projectile is only a fairly crude approximation to the actual trajectory of any real 
ball. However, by ignoring some factors that affect real projectiles, we were able to focus on 
the physical principles that are most important in projectile motion. This is a common tech- 
nique in science: Ignore some factors involved in a real situation in order to work with fewer 
variables and come to an understanding of the basic concept. Then go back and consider how 
the ignored factors affect the model. Let’s briefly consider the most important factors that 
affect real projectile motion: air resistance, spin, and surface properties of the projectile. 

The first modifying effect that we need to take into account is air resistance. Typically, 
we can parameterize air resistance as a velocity-dependent acceleration. The general analysis 
exceeds the scope of this book; however, the resulting trajectories are called ballistic curves. 

Figure 3.14 shows the trajectories of baseballs launched at an initial angle of 35° with 
respect to the horizontal at initial speeds of 90 and 110 mph. Compare the trajectory shown 
for the launch speed of 110 mph with the result we calculated in Example 3.2: The real range 
of this ball is only slightly more than 400 ft, whereas we found 760 ft when we neglected air 
resistance. Obviously, for a long fly ball, neglecting air resistance is not valid. 

Another important effect that the parabolic model neglects is the spin of the projectile 
as it moves through the air. When a quarterback throws a “spiral” in football, for example, 
the spin is important for the stability of the flight motion and prevents the ball from rotating 
end-over-end. In tennis, a ball with topspin drops much faster than a ball without notice- 
able spin, given the same initial values of speed and launch angle. Conversely, a tennis ball 
with underspin, or backspin, “floats” deeper into the court. In golf, backspin is sometimes 
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FIGURE 3.14 Trajectories of baseballs initially launched at an angle of 35° above the horizontal at 
speeds of 90 mph (green) and 110 mph (red). Solid curves neglect air resistance and backspin; dotted 
curves reflect air resistance and backspin. 


desired, because it causes a steeper landing angle and thus helps the ball come to rest closer 
to its landing point than a ball hit without backspin. Depending on the magnitude and 
direction of rotation, sidespin of a golf ball can cause a deviation from a straight-line path 
along the ground (draws and fades for good players or hooks and slices for the rest of us). 

In baseball, sidespin is what enables a pitcher to throw a curveball. By the way, there is 
no such thing as a “rising fastball” in baseball. However, balls thrown with severe backspin 
do not drop as fast as the batter expects and are thus sometimes perceived as rising—an 
optical illusion. In the graph of ballistic baseball trajectories in Figure 3.14, an initial back- 
spin of 2000 rpm was assumed. 

Curving and practically all other effects of spin on the trajectory of a moving ball are a 
result of the air molecules bouncing with higher speeds off the side of the ball (and the bound- 
ary layer of air molecules) that is rotating in the direction of the flight motion (and thus has 
a higher velocity relative to the incoming air molecules) than off the side of the ball rotating 
against the flight direction. We will return to this topic in Chapter 13 on fluid motion. 

The surface properties of projectiles also have significant effects on their trajectories. 
Golf balls have dimples to make them fly farther. Balls that are otherwise identical to typical 
golf balls but have a smooth surface can be driven only about half as far. This surface effect 
is also the reason why sandpaper found in a pitcher’s glove leads to ejection of that player 
from the game, because a baseball that is roughened on parts of its surface moves differently 
from one that is not. 


3.6 Relative Motion 


To study motion, we have allowed ourselves to shift the origin of the coordinate system by 
properly choosing values for x) and yo. In general, x) and yọ are constants that can be chosen 
freely. If this choice is made intelligently, it can help make a problem more manageable. For 
example, when we calculated the path of the projectile, y(x), we set x) = 0 to simplify our 
calculations. The freedom to select values for x) and yy arises from the fact that our ability to 
describe any kind of motion does not depend on the location of the origin of the coordinate 
system. 

So far, we have examined physical situations where we have kept the origin of the coor- 
dinate system at a fixed location during the motion of the object we wanted to consider. 
However, in some physical situations, it is impractical to choose a reference system with a 
fixed origin. Consider, for example, a jet plane landing on an aircraft carrier that is going 
forward at full throttle at the same time. You want to describe the plane’s motion in a coor- 
dinate system fixed to the carrier, even though the carrier is moving. The reason why this is 
important is that the plane needs to come to rest relative to the carrier at some fixed location 
on the deck. The reference frame from which we view motion makes a big difference in how 
we describe the motion, producing an effect known as relative velocity. 

Another example of a situation for which we cannot neglect relative motion is a trans- 
atlantic flight flying from Detroit, Michigan, to Frankfurt, Germany, which takes 8 h and 10 
min. Using the same aircraft and going in the reverse direction, from Frankfurt to Detroit, 
takes 9 h and 10 min, a full hour longer. The primary reason for this difference is that the 
prevailing wind at high altitudes, the jet stream, tends to blow from west to east at speeds 


as high as 67 m/s (150 mph). Even though the airplane’s speed relative to the air around it 
is the same in both directions, that air is moving with its own speed. Thus, the relationship 
of the coordinate system of the air inside the jet stream to the coordinate system in which 
the locations of Detroit and Frankfurt remain fixed is important in understanding the dif- 
ference in flight times. 

For a more easily analyzed example of a moving coordinate system, let’s consider 
motion on a moving walkway, as is typically found in airport terminals. This system is an 
example of one-dimensional relative motion. Suppose that the walkway surface moves with 
a certain velocity, v,,,, relative to the terminal. We use the subscripts w for walkway and t for 
terminal. Then a coordinate system that is fixed to the walkway surface has exactly velocity 
Vw relative to a coordinate system attached to the terminal. The man shown in Figure 3.15 is 
walking with a velocity v,,,, as measured in a coordinate system on the walkway, and he has 
a velocity Vint = Vmw + Vw With respect to the terminal. The two velocities vnw and v,,, add as 
vectors since the corresponding displacements add as vectors. (We will show this explicitly 
when we generalize to three dimensions.) For example, if the walkway moves with vw = 
1.5 m/s and the man moves with v,,,, = 2.0 m/s, then he will progress through the terminal 
with a velocity of vmt = Vmw + Vw = 2-0 m/s + 1.5 m/s = 3.5 m/s. 

One can achieve a state of no motion relative to the terminal by walking in the direc- 
tion opposite of the motion of the walkway with a velocity that is exactly the negative of the 
walkway velocity. Children often try to do this. If a child were to walk with vnw = -1.5 m/s 
on this walkway, her velocity would be zero relative to the terminal. 

It is essential for this discussion of relative motion that the two coordinate systems have 
a velocity relative to each other that is constant in time. In this case, we can show that the 
accelerations measured in both coordinate systems are identical: v,,, = const. => dv/dt =0. 


From Vint = Vmw + Vw» We then obtain: 


Went = A Vonwy + Vt ) = dV nw Woe = dV nw 


dt dt dt dt dt 
> Q = Ay. (3.27) 


Therefore, the accelerations measured in both coordinate systems are indeed the same. This 
type of velocity addition is also known as a Galilean transformation. Before we go on to 
the two- and three-dimensional cases, note that this type of transformation is valid only for 
speeds that are small compared to the speed of light. Once the speed approaches the speed 
of light, we must use a different transformation, which we discuss in detail in Chapter 35 
on the theory of relativity. 

Now let’s generalize this result to more than one spatial dimension. We assume that we 
have two coordinate systems: xp Yp Z aNd Xm Ym Zm: (Here we use the subscripts | for the 
coordinate system that is at rest in the laboratory and m for the one that is moving.) At time 
t = 0, suppose the origins of both coordinate systems are located at the same point, with 
their axes exactly parallel to one another. As indicated in Figure 3.16, the origin of the mov- 
ing XmYmZm Coordinate system moves with a constant translational velocity v, (blue arrow) 
relative to the origin of the laboratory x,y,z, coordinate system. After a time t, the origin of 
the moving x,,V,,Z Coordinate system is thus located at the point 7) = Vnt. 

We can now describe the motion of any object in either coordinate system. If the object is 
located at coordinate 7; in the x,y,z, coordinate system and at coordinate 7, in the X,,VmZ COOr- 
dinate system, then the position vectors are related to each other via simple vector addition: 


i =i, + hea = ha + Taal (3.28) 


A similar relationship holds for the object’s velocities, as measured in the two coordi- 
nate systems. If the object has velocity V, in the x,y,z, coordinate system and velocity V,m in 
the XmVmZm Coordinate system, these two velocities are related via: 


Vol = Vom + Val . (3.29) 
This equation can be obtained by taking the time derivative of equation 3.28, because Vy 
is constant. Note that the two inner subscripts on the right-hand side of this equation 
are the same (and will be in any application of this equation). This makes the equation 
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FIGURE 3.15 Man walking on a 
moving walkway, demonstrating one- 
dimensional relative motion. 


“m 


FIGURE 3.16 Reference frame 
transformation of a velocity vector and a 
position vector at some particular time. 
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understandable on an intuitive level, because it says that the velocity of the object in the lab 
frame (subscript ol) is equal to the sum of the velocity with which the object moves relative 
to the moving frame (subscript om) and the velocity with which the moving frame moves 
relative to the Jab frame (subscript ml). 

Taking another time derivative produces the accelerations. Again, because V,, is constant 
and thus has a derivative equal to zero, we obtain, just as in the one-dimensional case, 


iā. (3.30) 


The magnitude and direction of the acceleration for an object is the same in both coordinate 
systems. 


EXAMPLE 3.3 | Airplane in a Crosswind 


Airplanes move relative to the air that surrounds them. Suppose a pilot points his plane 
in the northeast direction. The airplane moves with a speed of 160. m/s relative to the 
wind, and the wind is blowing at 32.0 m/s in a direction from east to west (measured by 
an instrument at a fixed point on the ground). 


PROBLEM 
What is the velocity vector—speed and direction—of the airplane relative to the ground? 
How far off course does the wind blow this plane in 2.0 h? 


SOLUTION 

Figure 3.17 shows a vector diagram of the velocities. The airplane heads in the 
northeast direction, and the yellow arrow represents its velocity vector relative 
to the wind. The velocity vector of the wind is represented in orange and points 
due west. Graphical vector addition results in the green arrow that represents 
the velocity of the plane relative to the ground. To solve this problem, we apply 
the basic transformation of equation 3.29 embodied in the equation 


Vog = Vow + Vwg . 


Here ¥,,, is the velocity of the plane with respect to the wind and has these 


components: 


Vpw,x = Vpw COSO =160 m/s-cos45° =113 m/s 


FIGURE 3.17 Velocity of an airplane with Vowy = Yow sin@ =160 m/s: sin 45° =113 m/s. 
respect to the wind (yellow), the velocity of the : g 
wind with respect to the ground (orange), and the The velocity of the wind with respect to the ground, Vwg, has these components: 
resultant velocity of the airplane with respect to = 
v. -32 m/s 
the ground (green). weer 
Vagy = 0. 
We next obtain the components of the airplane’s velocity relative to a coordinate system 
fixed to the ground, Yg: 


Voge = Ypw,x T Vwgx =113 m/s - 32 m/s = 81 m/s 


+V, =113 m/s. 


Ypgy =Y pwy 


PBy ~ PWY 
The absolute value of the velocity vector and its direction in the ground-based coordinate 
system are therefore 


= ly 2 = 

Vpg = 4 Ypg x T Vpgy =139 m/s 
v 

0=tan" {a =54.4°. 


Vpg,x 


Now we need to find the course deviation due to the wind. To find this quantity, we 
can multiply the plane’s velocity vectors in each coordinate system by the elapsed time 
of 2 h = 7200 s, then take the vector difference, and finally obtain the magnitude of the 


vector difference. The answer can be obtained more easily if we use equation 3.29 mul- 
tiplied by the elapsed time to reflect that the course deviation, 7, due to the wind is the 
wind velocity, Vwg, times 7200 s: 


Fr|= fwet =32.0 m/s -7200 s = 230.4 km. 


DISCUSSION 

The Earth itself moves a considerable amount in 2 h, as a result of its own rotation and its 
motion around the Sun, and you might think we have to take these motions into account. 
That the Earth moves is true, but is irrelevant for the present example: The airplane, the air, 
and the ground all participate in this rotation and orbital motion, which is superimposed 
on the relative motion of the objects described in the problem. Thus, we simply perform 
our calculations in a coordinate system in which the Farth is at rest and not rotating. 


e 


Another interesting consequence of relative motion can be seen when observing rain 
while in a moving car. You may have wondered why the rain seems to come almost straight 
at you as you are driving. The following example answers this question. 


EXAMPLE 3.4 | Driving through Rain 


Let’s supppose rain is falling straight down on a car, as indicated by the white lines in 
Figure 3.18. A stationary observer outside the car would be able to measure the velocities 
of the rain (blue arrow) and of the moving car (red arrow). 

However, if you are sitting inside the moving car, the outside world of the station- 
ary observer (including the street, as well as the rain) moves with a relative velocity of 
Vv =-¥v.,,- The velocity of this relative motion has to be added to all outside events as ob- 
served from inside the moving car. This motion results in a velocity vector V'ain for the 
rain as observed from inside the moving car (Figure 3.19); mathematically, this vector is 
a sum, Vain = Vrain — Year> Where Vain and ¥.,, are the velocity vectors of the rain and the 
car as observed by the stationary observer. 


FIGURE 3.19 The velocity vector 
Vrain Of rain, as observed from inside 
the moving car. 


FIGURE 3.18 The velocity vectors of a 
moving car and of rain falling straight down 
on the car, as viewed by a stationary observer. 
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= In two or three dimensions, any change in the 
magnitude or direction of an object's velocity 
corresponds to acceleration. 


(3) 


4 
= Projectile motion of an object can be separated into @) 
motion in the x-direction, described by the equations (5) 
(1) x =X +Vyot (6) 
(2) Vx = Vx9 (7) 


and motion in the y-direction, described by 


1 


Y=» +Vyot-Lgt” 


=Vy9 — gt 
my. al 
v E o) 


Vyo -28(y- Yo) 
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= The relationship between the x- and y-coordinates for 

ideal projectile motion can be described by a parabola 

& x2 

2v cos” & 
where yọ is the initial vertical position, v is the initial 
speed of the projectile, and 6, is the initial angle with 
respect to the horizontal at which the projectile is 
launched. 


> 


given by the formula y= yy + (tan & )x - 


= The range R of a projectile is given by 


2 
R=" sin26. 
g 


= The maximum height H reached by an ideal projectile 
2 
v 
is given by H = yọ + D where v, is the vertical 


component of the initial velocity. 


KEY TERMS 


right-handed coordinate system, p. 72 
ideal projectile, p. 74 
ideal projectile motion, p. 74 


NEW SYMBOLS 


trajectory, p. 76 
range, p. 78 
maximum height, p. 78 


= Projectile trajectories are not parabolas when air 
resistance is taken into account. In general, the 
trajectories of realistic projectiles do not reach the 
maximum predicted height, and have a significantly 
shorter range. 


= The velocity ¥,, of an object with respect to a 
stationary laboratory reference frame can be 
calculated using a Galilean transformation of the 
velocity, Vy = V,m + Ymi» Where V,,, is the velocity 
of the object with respect to a moving reference 
frame and Y, is the constant velocity of the moving 
reference frame with respect to the laboratory frame. 


relative velocity, p. 84 
Galilean transformation, p. 85 


Vyp relative velocity of an object with respect to a laboratory frame of reference 


ANSWERS TO SELF-TEST OPPORTUNITIES 


3.1 Use equation 3.23 and t = (x — xo)/Vxo = (x -xo)/ 
(va cos Oy) to find 


| = vr T 2g(x - Xo )(tan A) +g(x = X)M(v cosQ)* 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 

1. In all problems involving moving reference frames, it 
is important to clearly distinguish which object has what 
motion in which frame and relative to what. It is convenient 
to use subscripts consisting of two letters, where the first 
letter stands for a particular object and the second letter 
for the object it is moving relative to. The moving walkway 
situation discussed at the opening of Section 3.6 is a good 
example of this use of subscripts. 


3.2 The time to reach the top is v, = Vig — 8fiop = 0 = trop = 
Vo/¥ = Vo sin O/g. The total flight time is totai = 2top 
because of the symmetry of the parabolic projectile 
trajectory. The range is the product of the total flight time 
and the horizontal velocity component: R = trotaiVx0 = 2topYo 
cos = 2(v sin 6/g) vy cos 6 = vy sin(26)/g. 


2. In all problems concerning ideal projectile motion, 
the motion in the x-direction is independent of that in the 
y-direction. To solve these, you can almost always use the seven 
kinematical equations (3.11 through 3.17), which describe 
motion with constant velocity in the horizontal direction 
and free-fall motion with constant acceleration in the vertical 
direction. In general, you should avoid cookie-cutter-style 
application of formulas, but in exam situations, these seven 
kinematic equations can be your first line of defense. Keep in 
mind, however, that these equations work only in situations in 
which the horizontal acceleration component is zero and the 
vertical acceleration component is constant. 


SOLVED PROBLEM 3.3 | Time of Flight 
——————————————————————— 


You may have participated in Science Olympiad during middle school or high school. 
In one of the events in Science Olympiad, the goal is to hit a horizontal target at a fixed 
distance with a golf ball launched by a trebuchet. Competing teams build their own 
trebuchets. Your team has constructed a trebuchet that is able to launch the golf ball 
with an initial speed of 17.2 m/s, according to extensive tests performed before the 
competition. 


PROBLEM 

If the target is located at the same height as the elevation from which the golf ball is re- 
leased and at a horizontal distance of 22.42 m away, how long will the golf ball be in the 
air before it hits the target? 


SOLUTION 


THINK 
Let's first eliminate what does not work. We cannot simply divide the distance between 
trebuchet and target by the initial speed, because this would imply that the initial velocity 
vector is in the horizontal direction. Since the projectile is in free fall in the vertical direc- 
tion during its flight, it would certainly miss the target. So we have to aim the golf ball with 
an angle larger than zero relative to the horizontal. But at what angle do we need to aim? 
If the golf ball, as stated, is released from the same height as the height of the target, 
then the horizontal distance between the trebuchet and the target is equal to the range. 
Because we also know the initial speed, we can calculate the release angle. Knowing 
the release angle and the initial speed lets us determine the horizontal component of 
the velocity vector. Since this horizontal component does not change in time, the flight 
time is simply given by the range divided by the horizontal component of the velocity. 


SKETCH 
We dont need a sketch at this point because it would simply show a parabola, as for all pro- 
jectile motion. However, we do not know the initial angle yet, so we will need a sketch later. 


RESEARCH 
The range of a projectile is given by equation 3.25: 


2 
-v 


R=— sin 2). 


If we know the value of this range and the initial speed, we can find the angle: 
R 
sin 26 = S, 
Yo 
Once we have the value for the angle, we can use it to calculate the horizontal component 
of the initial velocity: 
Veo = Vy COSA. 


Finally, as noted previously, we obtain the flight time as the ratio of the range and the 
horizontal component of the velocity: 


R 
t=—. 
Vx0 


SIMPLIFY 

If we solve the equation for the angle, sin 20, =Rg/vp, we see that it has two solutions: one for 
an angle of less than 45° and one for an angle of more than 45°. Figure 3.20 plots the func- 
tion sin 20, (in red) for all possible values of the initial angle 0) and shows where that curve 
crosses the plot of gR/vọ (blue horizontal line). We call the two solutions 6, and 0}. 


Continued— 
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0o (degrees) 
FIGURE 3.20 Two solutions for the 


initial angle. 
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S = 


FIGURE 3.21 The red arrow indi- 
cates the velocity of the deer in the 
zookeeper’s reference frame. 


Algebraically, these solutions are given as 


Rg 
ve} 


Substituting this result into the formula for the horizontal component of the velocity 
results in 


i R: R | R 
Veo Vo COSA 1-1) Rg 
Vp cos} 5 sin | —> 
Vo 


CALCULATE 


Inserting numbers, we find: 


_1| (22.42 81 m/s? 
6,5 =+sin ( ms = ©) | _ 94.0128" or 65.9872" 
(17.2 m/s) 
af a eee =1,42699 s 
Vv) cos@, (17.2 m/s)(cos24.0128°) 
22.42 
= z =3.20314 s. 


7 Vp COS 6, 7 (17.2 m/s)(cos65.9872°) 


ROUND 
The range was specified to four significant figures, and the initial speed to three. There- 
fore, we also state our final results to three significant figures: 


t,=1.43s, t,=3.20s. 
Note that both solutions are valid in this case, and the team can select either one. 


DOUBLE-CHECK 

Back to the approach that does not work: simply taking the distance from the trebuchet to 
the target and dividing it by the speed. This incorrect procedure leads to tnin = d/Vp =1.30 s. 
We write tmin to symbolize this value to indicate that it is some lower boundary represent- 
ing the case in which the initial velocity vector points horizontally and in which we neglect 
the free-fall motion of the projectile. Thus, tmin serves as an absolute lower boundary, and 
it is reassuring to note that the shorter time we obtained above is a little larger than this 
lowest possible, but physically unrealistic, value. 


————— 


SOLVED PROBLEM 3.4 | Moving Deer 


The zookeeper who captured the monkey in Example 3.1 now has to capture a deer. We 
found that she needed to aim directly at the monkey for that earlier capture. She decides 
to fire directly at her target again, indicated by the bull’s-eye in Figure 3.21. 


PROBLEM 

Where will the tranquilizer dart hit if the deer is d = 25 m away from the zookeeper and 
running from her right to her left with a speed of v4 = 3.0 m/s? The tranquilizer dart 
leaves her rifle horizontally with a speed of vp = 90. m/s. 


SOLUTION 


THINK 
The deer is moving at the same time as the dart is falling, which introduces two complica- 
tions. It is easiest to think about this problem in the moving reference frame of the deer. 


In that frame, the sideways horizontal component of the dart’s motion has a constant 
velocity of -V¥,. The vertical component of the motion is again a free-fall motion. The 
total displacement of the dart is then the vector sum of the displacements caused by 
both of these motions. 


SKETCH 
We draw the two displacements in the reference frame of the deer (Figure 3.22). The 
blue arrow is the displacement due to the free-fall motion, and the red arrow is the 
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sideways horizontal motion of the dart in the reference frame of the deer. The advan- FIGURE 3 m l Be aeie ea iis: 


tage of drawing the displacements in this moving reference frame is that the bull’s-eye 
is attached to the deer and is moving with it. 


RESEARCH 

First, we need to calculate the time it takes the tranquilizer dart to move 25 m in 
the direct line of sight from the gun to the deer. Because the dart leaves the rifle in 

the horizontal direction, the initial forward horizontal component of the dart’s velocity 
vector is 90 m/s. For projectile motion, the horizontal velocity component is constant. 
Therefore, for the time the dart takes to cross the 25-m distance, we have 


t=—. 
Yo 
During this time, the dart falls under the influence of gravity, and this vertical displace- 


ment is 
1 2: 


Ay =- ser 
Also, during this time, the deer has a sideways horizontal displacement in the reference 
frame of the zookeeper of x = -vat (the deer moves to the left, hence the negative value of 
the horizontal velocity component). Therefore, the displacement of the dart in the refer- 
ence frame of the deer is (see Figure 3.22) 


Ax =vgt. 


SIMPLIFY 
Substituting the expression for the time into the equations for the two displacements 
results in 


Ax =v, Ts “dg 
Vo Yo 
d 
Ay=-1 gf =- LEN 
2v 
CALCULATE 
We are now ready to put in the numbers: 
= 3.0 m/s) (96 m)=0.8333333 m 
(90. m/s) 
2 2 
Ayn a LEE 
2(90. m/s} 
ROUND 
Rounding our results to two significant figures gives: 
Ax =0.83 m 
Ay =-0.38 m. 


The net effect is the vector sum of the sideways horizontal and vertical displacements, as 
indicated by the green diagonal arrow in Figure 3.22: The dart will miss the deer and hit 
the ground behind the deer. 


Continued— 


quilizer dart in the deer’s reference frame. 
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DOUBLE-CHECK 


Where should the zookeeper aim? If she wants to hit the running deer, she has to aim ap- 
proximately 0.38 m above and 0.83 m to the left of her intended target. A dart fired in this 
direction will hit the deer, but not in the center of the bull’s-eye. Why? With this aim, the | 


initial velocity vector does not point in the horizontal direction. This lengthens the flight 


time, as we just saw in Solved Problem 3.3. A longer flight time translates into a larger 
displacement in both x- and y-directions. This correction is small, but calculating it is a | 


bit too involved to show here. 


SSS 


MULTIPLE-CHOICE QUESTIONS 


3.1 An arrow is shot horizontally with a speed of 20 m/s 
from the top of a tower 60 m high. The time to reach the 
ground will be 
a) 8.9s 
b) 7.18 


3.2 A projectile is launched from the top of a building with 
an initial velocity of 30 m/s at an angle of 60° above the 
horizontal. The magnitude of its velocity at t = 5 s after the 
launch is 

a) -23.0 m/s c) 15.0 m/s 
b) 7.3 m/s d) 27.5 m/s 
3.3 A ball is thrown at an angle between 0° and 90° with 
respect to the horizontal. Its velocity and acceleration 
vectors are parallel to each other at 

a) 0° c) 60° e) none of the 

b) 45° d) 90° above 

3.4 An outfielder throws the baseball to first base, located 
80 m away from the fielder, with a velocity of 45 m/s. At 
what launch angle above the horizontal should he throw the 
ball for the first baseman to catch the ball in 2 s at the same 


c) 3.58 
d) 2.6s 


e) 10s 


e) 50.4 m/s 


height? 
a) 50.74° c) 22.7° e) 12.6° 
b) 25.4° d) 18.5° 


3.5 A 50-g ball rolls off a countertop and lands 2 m from 
the base of the counter. A 100-g ball rolls off the same 
counter top with the same speed. It lands from the 
base of the counter. 


c) 2m e) more than 4m 


d) 4m 


a) less than 1 m 
b) lm 
3.6 For a given initial speed of an ideal projectile, there 


is (are) launch angle(s) for which the range of the 
projectile is the same. 


a) only one 

b) two different 

c) more than two but a finite number of 

d) only one if the angle is 45° but otherwise two different 
e) an infinite number of 


3.7 A cruise ship moves southward in still water at a 
speed of 20.0 km/h, while a passenger on the deck of the 


ship walks toward the east at a speed of 5.0 km/h. The 
passenger's velocity with respect to Earth is 

a) 20.6 km/h, at an angle of 14.04° east of south. 

b) 20.6 km/h, at an angle of 14.04° south of east. 

c) 25.0 km/h, south. 

d) 25.0 km/h, east. 

e) 20.6 km/h, south. 

3.8 Two cannonballs are shot from different cannons 
at angles 0), = 20° and 6), = 30°, respectively. Assuming 
ideal projectile motion, the ratio of the launching speeds, 
Vo1/ Voz» for which the two cannonballs achieve the same 
range is 


a) 0.742 m d) 1.093 m 
b) 0.862 m e) 2.222 m 
c) 1.212 m 


3.9 The acceleration due to gravity on the Moon is 

1.62 m/s”, approximately a sixth of the value on Earth. 
For a given initial velocity vg and a given launch angle 6), 
the ratio of the range of an ideal projectile on the Moon 
to the range of the same projectile on Earth, Ryggon/Rearth> 
will be 


a) 6m d) 5m 
b) 3m e) lm 
c) 12m 


3.10 A baseball is launched from the bat at an angle 

0) = 30° with respect to the positive x-axis and with an 
initial speed of 40 m/s, and it is caught at the same height 
from which it was hit. Assuming ideal projectile motion 
(positive y-axis upward), the velocity of the ball when it is 
caught is 

a) (20.00 £ + 34.64 ŷ) m/s. 

b) (-20.00 £ + 34.64 f) m/s. 

c) (34.64 £ - 20.00 f) m/s. 

d) (34.64 £ + 20.00 ŷ) m/s. 


3.11 In ideal projectile motion, the velocity and acceleration 
of the projectile at its maximum height are, respectively, 


a) horizontal, vertical c) zero, zero. 


downward. d) zero, vertical downward. 


b) horizontal, zero. e) zero, horizontal. 


3.12 In ideal projectile motion, when the positive y-axis 

is chosen to be vertically upward, the y-component of the 
acceleration of the object during the ascending part of the 
motion and the y-component of the acceleration during the 
descending part of the motion are, respectively, 


a) positive, negative. c) positive, positive. 


b) negative, positive. d) negative, negative. 


QUESTIONS 


3.14 A ball is thrown from ground at an angle between 0° 
and 90°. Which of the following remain constant: x, y, V Vy 


ay a? 


3.15 A ball is thrown straight up by a passenger in a train 
that is moving with a constant velocity. Where would the 
ball land—back in his hands, in front of him, or behind 
him? Does your answer change if the train is accelerating 
in the forward direction? If yes, how? 


3.16 A rock is thrown at an angle 45° below the horizontal 
from the top of a building. Immediately after release will its 
acceleration be greater than, equal to, or less than the ac- 
celeration due to gravity? 


3.17 Three balls of different masses are thrown horizon- 
tally from the same height with different initial speeds, as 
shown in the figure. Rank in order, from the shortest to the 
longest, the times the balls take to hit the ground. 


1 2 3 


3.18 To attain maximum height for the trajectory of a projec- 
tile, what angle would you choose between 0° and 90°, assum- 
ing that you can launch the projectile with the same initial 
speed independent of the launch angle. Explain your reasoning. 


3.19 An airplane is traveling at a constant horizontal speed 

v, at an altitude h above a lake when a trapdoor at the bottom 
of the airplane opens and a package is released (falls) from the 
plane. The airplane continues horizontally at the same altitude 
and velocity. Neglect air resistance. 


a) What is the distance between the package and the plane 
when the package hits the surface of the lake? 

b) What is the horizontal component of the velocity vector 
of the package when it hits the lake? 


c) What is the speed of the package when it hits the lake? 


3.20 Two cannonballs are shot in sequence from a can- 
non, into the air, with the same muzzle velocity, at the same 
launch angle. Based on their trajectory and range, how can 
you tell which one is made of lead and which one is made of 
wood. If the same cannonballs where launched in vacuum, 
what would the answer be? 
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3.13 In ideal projectile motion, when the positive y-axis 

is chosen to be vertically upward, the y-component of the 
velocity of the object during the ascending part of the motion 
and the y-component of the velocity during the descending 
part of the motion are, respectively, 


a) positive, negative. c) positive, positive. 


b) negative, positive. d) negative, negative. 


3.21 One should never jump off a moving vehicle (train, 
car, bus, etc.). Assuming, however, that one does perform 
such a jump, from a physics standpoint, what would be the 
best direction to jump in order to minimize the impact of 
the landing? Explain. 


3.22 A boat travels at a speed of vgy relative to the water in 
a river of width D. The speed at which the water is flowing 
is Vw. 

a) Prove that the time required to cross the river to a point 
exactly opposite the starting point and then to return is 

T, =2D / 4 vw - vy. 

b) Also prove that the time for the boat to travel a distance 
D downstream and then return is 

T, = 2Dvg / (viw - vw). 

3.23 A rocket-powered hockey puck is moving on a (friction- 
less) horizontal air-hockey table. The x- and y-components of 
its velocity as a function of time are presented in the graphs 
below. Assuming that at t = 0 the puck is at (xo yo) = (1, 2), 
draw a detailed graph of the trajectory y(x). 
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3.24 In a three-dimensional motion, the x-, y-, and z- 
coordinates of the object as a function of time are given by 


2. wb 


a a and 2(t)=-4.90 + 3t. 


Describe the motion and the trajectory of the object in an 
xyz coordinate system. 


3.25 An object moves in the xy-plane. The x- and y-coordi- 
nates of the object as a function of time are given by the follow- 
ing equations: x(t) = 4.9 + 2t +1 and y(t) = 3t + 2. What is the 
velocity vector of the object as a function of time? What is its 
acceleration vector at a time t = 2 s? 


3.26 A particles motion is described by the following two 
parametric equations: 


x(t) =5cos(27t) 
y(t) =5sin(27t) 


where the displacements are in meters and t is the time, in 
seconds. 


a) Draw a graph of the particle’s trajectory (that is, a graph 
of y versus x). 

b) Determine the equations that describe the x- and 
y-components of the velocity, v, and v,, as functions of time. 


c) Draw a graph of the particles speed as a function of time. 


3.27 Ina proof-of-concept experiment for an antiballistic 
missile defense system, a missile is fired from the ground of 
a shooting range toward a stationary target on the ground. 
The system detects the missile by radar, analyzes in real time 
its parabolic motion, and determines that it was fired from 

a distance x) = 5000 m, with an initial speed of 600 m/s at a 
launch angle 0, = 20°. The defense system then calculates the 
required time delay measured from the launch of the missile 
and fires a small rocket situated at yy = 500 m with an initial 
velocity of vj m/s at a launch angle a, = 60° in the yz-plane, 
to intercept the missile. Determine the initial speed v, of the 
intercept rocket and the required time delay. 


3.28 A projectile is launched at an angle of 45° above the 
horizontal. What is the ratio of its horizontal range to its 
maximum height? How does the answer change if the initial 
speed of the projectile is doubled? 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 3.2 


3.33 What is the magnitude of an object's average velocity 
if an object moves from a point with coordinates x = 2.0 m, 
y = -3.0 m to a point with coordinates x = 5.0 m, y = -9.0 m 
in a time interval of 2.4 s? 


3.29 In a projectile motion, the horizontal range and the 
maximum height attained by the projectile are equal. 


a) What is the launch angle? 

b) If everything else stays the same, how should the 
launch angle, 0o, of a projectile be changed for the range of 
the projectile to be halved? 


3.30 An air-hockey puck has a model rocket rigidly 
attached to it. The puck is pushed from one corner along 
the long side of the 2.00-m long air-hockey table, with the 
rocket pointing along the short side of the table, and at the 
same time the rocket is fired. If the rocket thrust imparts 
an acceleration of 2.00 m/s” to the puck, and the table is 
1.00 m wide, with what minimum initial velocity should 
the puck be pushed to make it to the opposite short side of 
the table without bouncing off either long side of the table? 
Draw the trajectory of the puck for three initial veloci- 
ties: V <V miw» V = Vmin» ANd V >Vmin: Neglect friction and air 
resistance. 


min? 


3.31 Ona battlefield, a cannon fires a cannonball up a 
slope, from ground level, with an initial velocity vy at an 
angle 0 above the horizontal. The ground itself makes an 
angle a above the horizontal (œ < 6)). What is the range R 
of the cannonball, measured along the inclined ground? 
Compare your result with the equation for the range on 
horizontal ground (equation 3.25). 


3.32 Two swimmers with a soft spot for physics engage in 
a peculiar race that models a famous optics experiment: 
the Michelson-Morley experiment. The race takes place 

in a river 50.0 m wide that is flowing at a steady rate of 
3.00 m/s. Both swimmers start at the same point on one 
bank and swim at the same speed of 5.00 m/s with respect 
to the stream. One of the swimmers swims directly across 
the river to the closest point on the opposite bank and then 
turns around and swims back to the starting point. The 
other swimmer swims along the river bank, first upstream 
a distance exactly equal to the width of the river and then 
downstream back to the starting point. Who gets back to 
the starting point first? 


3.34 A man in search of his dog drives first 10 mi northeast, 
then 12 mi straight south, and finally 8 mi in a direction 30° 
north of west. What are the magnitude and direction of his 
resultant displacement? 


3.35 During a jaunt on your sailboat, you sail 2.00 km east, 
4.00 km southeast, and an additional distance in an un- 
known direction. Your final position is 6.00 km directly east 
of the starting point. Find the magnitude and direction of 
the third leg of your journey. 


3.36 A truck travels 3.02 km north and then makes a 90° 
left turn and drives another 4.30 km. The whole trip takes 
5.00 min. 


a) With respect to a two-dimensional coordinate system on 
the surface of Earth such that the y-axis points north, what 
is the net displacement vector of the truck for this trip? 

b) What is the magnitude of the average velocity for this 
trip? 

e3.37 A rabbit runs in a garden such that the x- and y- 
components of its displacement as function of times are given 
by x(t) = -0.45¢ - 6.5t + 25 and y(t)= 0.35¢ + 8.3t + 34. (Both 
x and y are in meters and t is in seconds.) 


a) Calculate the rabbit’s position (magnitude and direction) 
att=10s. 


b) Calculate the rabbit's velocity at t = 10 s. 
c) Determine the acceleration vector at t = 10s. 


ee3.38 Some rental cars have a GPS unit installed, which 
allows the rental car company to check where you are at all 
times and thus also know your speed at any time. One of these 
rental cars is driven by an employee in the company’s lot and, 
during the time interval from 0 to 10 s, is found to have a 
position vector as a function of time of 


F(t) =((244 m)-t(12.3 m/s) +#2(2.43 mis’), 
(74.4 m)-+£2(1.80 m/s?) - (0.130 m/s? )) 


a) What is the distance of this car from the origin of the 
coordinate system at t = 5.00 s? 


b) What is the velocity vector as a function of time? 
c) What is the speed at t = 5.00 s? 


Extra credit: Can you produce a plot of the trajectory of the 
car in the xy-plane? 


Section 3.3 


3.39 A skier launches off a ski jump with a horizontal 
velocity of 30.0 m/s (and no vertical velocity component). 
What are the magnitudes of the horizontal and vertical com- 
ponents of her velocity the instant before she lands 2.00 s later? 


3.40 An archer shoots an arrow from a height of 1.14 m 
above ground with an initial velocity of 47.5 m/s and an 
initial angle of 35.2° above the horizontal. At what time after 
the release of the arrow from the bow will the arrow be 
flying exactly horizontally? 


3.41 A football is punted with an initial velocity of 27.5 m/s 
and an initial angle of 56.7°. What is its hang time (the time 
until it hits the ground again)? 


3.42 You serve a tennis ball from a height of 1.8 m above the 
ground. The ball leaves your racket with a speed of 18.0 m/s 
at an angle of 7.00° above the horizontal. The horizontal 
distance from the court’s baseline to the net is 11.83 m, and 
the net is 1.07 m high. Neglect spin imparted on the ball as 
well as air resistance effects. Does the ball clear the net? If 
yes, by how much? If not, by how much did it miss? 
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3.43 Stones are thrown horizontally with the same velocity 
from two buildings. One stone lands twice as far away from 
its building as the other stone. Determine the ratio of the 
heights of the two buildings. 


3.44 You are practicing throwing darts in your dorm. You 
stand 3.0 m from the wall on which the board hangs. The 
dart leaves your hand with a horizontal velocity at a point 
2.0 m above the ground. The dart strikes the board at a point 
1.65 m from the ground. Calculate: 


a) the time of flight of the dart; 
b) the initial speed of the dart; 
c) the velocity of the dart when it hits the board. 


3.45 A football player kicks a ball with a speed of 22.4 m/s 
at an angle of 49° above the horizontal from a distance of 
39 m from the goal line. 


a) By how much does the ball clear or fall short of clearing 
the crossbar of the goalpost if that bar is 3.05 m high? 

b) What is the vertical velocity of the ball at the time it 
reaches the goalpost? 


°3.46 An object fired at an angle of 35.0° above the hori- 
zontal takes 1.50 s to travel the last 15.0 m of its vertical 
distance and the last 10.0 m of its horizontal distance. With 
what velocity was the object launched? 


e3.47 A conveyor belt is used to move sand from one place 
to another in a factory. The conveyor is tilted at an angle of 
14.0° from the horizontal and the sand is moved without 
slipping at the rate of 7.00 m/s. The sand is collected in a big 
drum 3.00 m below the end of the conveyor belt. Determine 
the horizontal distance between the end of the conveyor belt 
and the middle of the collecting drum. 


e3.48 Your friend’s car is parked on a cliff overlooking the 
ocean on an incline that makes an angle of 17.0° below the 
horizontal. The brakes fail, and the car rolls from rest down 
the incline for a distance of 29.0 m to the edge of the cliff, 
which is 55.0 m above the ocean, and, unfortunately, 
continues over the edge and lands in the ocean. 

a) Find the car’s position relative to the base of the cliff 
when the car lands in the ocean. 

b) Find the length of time the car is in the air. 

e3.49 An object is launched at a speed of 20.0 m/s from the 
top of a tall tower. The height y of the object as a function of 
the time t elapsed from launch is y(t) = -4.9 + 19.32t + 60, 
where h is in meters and t is in seconds. Determine: 

a) the height H of the tower; 

b) the launch angle; 

c) the horizontal distance traveled by the object before it hits 
the ground. 

3.50 A projectile is launched at a 60° angle above the 
horizontal on level ground. The change in its veloc- 

ity between launch and just before landing is found to be 

AV = Vanding ~ Yiaunch =~ 207 m/s. What is the initial velocity 
of the projectile? What is its final velocity just before landing? 
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ee3.51 The figure shows the paths of a tennis ball your friend °3.57 A circus juggler performs an act with balls that he 
drops from the window of her apartment and of the rock you tosses with his right hand and catches with his left hand. 
throw from the ground at the same instant. The rock and the Each ball is launched at an angle of 75° and reaches a 
ball collide at x = 50.0 m, y = 10.0 m and t = 3.00 s. If the maximum height of 90 cm above the launching height. If it 
ball was dropped from a height of 54.0 m, determine the takes the juggler 0.2 s to catch a ball with his left hand, pass 
velocity of the rock initially and at the time of its collision it to his right hand and toss it back into the air, what is the 
with the ball. maximum number of balls he can juggle? 

4 ee3.58 In an arcade game, a ball is launched from the corner 


@ of a smooth inclined plane. The inclined plane makes a 
30.0° angle with the horizontal and has a width of w = 50.0 cm. 
The spring-loaded launcher makes an angle of 45.0° with 
the lower edge of the inclined plane. The goal is to get the 
ball into a small hole at the opposite corner of the inclined 
plane. With what initial velocity should you launch the ball 
to achieve this goal? 


-=ð 3.59 A copy-cat daredevil tries to reenact Evel Knievel’s 1974 
ge attempt to jump the Snake River Canyon in a rocket-powered 
AA motorcycle. The canyon is L = 400. m wide, with the opposite 
rims at the same height. The height of the launch ramp at one 
rim of the canyon is h = 8.00 m above the rim, and the angle of 
the end of the ramp is 45.0° with the horizontal. 


>x 


Section 3.4 

3.52 For a science fair competition, a group of high school 
students build a kicker-machine that can launch a golf ball 

from the origin with a velocity of 11.2 m/s and initial angle 
of 31.5° with respect to the horizontal. 

a) Where will the golf ball fall back to the ground? 

b) How high will it be at the highest point of its trajectory? 


c) What is the ball’s velocity vector (in Cartesian 
components) at the highest point of its trajectory? 


a) What is the minimum launch speed required for the 
daredevil to make it across the canyon? Neglect the air 
resistance and wind. 


d) What is the ball’s acceleration vector (in Cartesian 


components) at the highest point of its trajectory? 
b) Famous after his successful first jump, but still 


recovering from the injuries sustained in the crash caused 
by a strong bounce upon landing, the daredevil decides to 
jump again but to add a landing ramp with a slope that will 
match the angle of his velocity at landing. If the height of the 


3.53 If you want to use a catapult to throw rocks and the 
maximum range you need these projectiles to have is 

0.67 km, what initial speed do your projectiles have to have 
as they leave the catapult? 


3.54 What is the maximum height above ground a projectile landing ramp at the opposite rim is 3.00 m, what is the new 
of mass 0.79 kg, launched from ground level, can achieve if you required launch speed, and how far from the launch rim and 
are able to give it an initial speed of 80.3 m/s? at what height should the edge of the landing ramp be? 
e3.55 During one of the games, you were asked to punt for Section 3.5 


your football team. You kicked the ball at an angle of 35.0° 
with a velocity of 25.0 m/s. If your punt goes straight down 
the field, determine the average velocity at which the run- 
ning back of the opposing team standing at 70.0 m from you 
must run to catch the ball at the same height as you released 
it. Assume that the running back starts running as the ball 


3.60 A golf ball is hit with an initial angle of 35.5° with 
respect to the horizontal and an initial velocity of 83.3 mph. 
It lands a distance of 86.8 m away from where it was hit. By 
how much did the effects of wind resistance, spin, and so 
forth reduce the range of the golf ball from the ideal value? 


leaves your foot and that the air resistance is negligible. Section 3.6 

°3.56 By trial and err ora frog learns that it can leap a 3.61 You are walking on a moving walkway in an airport. 
maximum horizontal distance of 1.3 m. If, in the course of The length of the walkway is 59.1 m. If your velocity relative 
an hour, the frog spends 20% of the time resting and 80% to the walkway is 2.35 m/s and the walkway moves with a 
of the time performing identical jumps of that maximum velocity of 1.77 m/s, how long will it take you to reach the 
length, in a straight line, what is the distance traveled by the other end of the walkway? 


frog? 


3.62 The captain of a boat wants to travel directly across a 
river that flows due east with a speed of 1.00 m/s. He starts 
from the south bank of the river and heads toward the north 
bank. The boat has a speed of 6.10 m/s with respect to the 
water. What direction (in degrees) should the captain steer 
the boat? Note that 90° is east, 180° is south, 270° is west, 
and 360° is north. 


3.63 The captain of a boat wants to travel directly across a 
river that flows due east. He starts from the south bank of 
the river and heads toward the north bank. The boat has 

a speed of 5.57 m/s with respect to the water. The captain 
steers the boat in the direction 315°. How fast is the water 
flowing? Note that 90° is east, 180° is south, 270° is west, and 
360° is north. 


3.64 The air speed indicator of a plane that took off from 
Detroit reads 350. km/h and the compass indicates that it is 
heading due east to Boston. A steady wind is blowing due 
north at 40.0 km/h. Calculate the velocity of the plane with 
reference to the ground. If the pilot wishes to fly directly to 
Boston (due east) what must the compass read? 


3.65 You want to cross a straight section of a river that 
has a uniform current of 5.33 m/s and is 127. m wide. Your 
motorboat has an engine that can generate a speed of 

17.5 m/s for your boat. Assume that you reach top speed 
right away (that is, neglect the time it takes to accelerate the 
boat to top speed). 


a) If you want to go directly across the river with a 90° 
angle relative to the riverbank, at what angle relative to the 
riverbank should you point your boat? 

b) How long will it take to cross the river in this way? 

c) In which direction should you aim your boat to achieve 
minimum crossing time? 

d) What is the minimum time to cross the river? 

e) What is the minimum speed of your boat that will still 
enable you to cross the river with a 90° angle relative to the 
riverbank? 


3.66 During a long airport layover, a physicist father and 
his 8-year-old daughter try a game that involves a moving 
walkway. They have measured the walkway to be 42.5 m 
long. The father has a stopwatch and times his daughter. 
First, the daughter walks with a constant speed in the same 
direction as the conveyor. It takes 15.2 s to reach the end 
of the walkway. Then, she turns around and walks with the 
same speed relative to the conveyor as before, just this time 
in the opposite direction. The return leg takes 70.8 s. What 
is the speed of the walkway conveyor relative to the termi- 
nal, and with what speed was the girl walking? 


e3.67 An airplane has an air speed of 126.2 m/s and is 
flying due north, but the wind blows from the northeast to 
the southwest at 55.5 m/s. What is the plane’s actual ground 
speed? 
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Additional Problems 


3.68 A cannon is fired from a hill 116.7 m high at an angle 
of 22.7° with respect to the horizontal. If the muzzle velocity 
is 36.1 m/s, what is the speed of a 4.35-kg cannonball when 
it hits the ground 116.7 m below? 


3.69 A baseball is thrown with a velocity of 31.1 m/s at an 
angle of 0 = 33.4° above horizontal. What is the horizontal 
component of the ball’s velocity at the highest point of the 
ball’s trajectory? 


3.70 A rock is thrown horizontally from the top of a 
building with an initial speed of v = 10.1 m/s. If it lands 
d = 57.1 m from the base of the building, how high is the 
building? 

3.71 A car is moving at a constant 19.3 m/s, and rain is 
falling at 8.9 m/s straight down. What angle 6 (in degrees) 
does the rain make with respect to the horizontal as 
observed by the driver? 


3.72 You passed the salt and pepper shakers to your friend 
at the other end of a table of height 0.85 m by sliding them 
across the table. They both missed your friend and slid off 
the table, with velocities of 5 m/s and 2.5 m/s, respectively. 


a) Compare the times it takes the shakers to hit the floor. 


b) Compare the distance that each shaker travels from the 
edge of the table to the point it hits the floor. 


3.73 A box containing food supplies for a refugee camp was 
dropped from a helicopter flying horizontally at a constant 
elevation of 500. m. If the box hit the ground at a distance of 
150. m horizontally from the point of its release, what was 
the speed of the helicopter? With what speed did the box hit 
the ground? 


3.74 A car drives straight off the edge of a cliff that is 60.0 m 
high. The police at the scene of the accident note that the 
point of impact is 150. m from the base of the cliff. How 
fast was the car traveling when it went over the cliff? 


3.75 At the end of the spring term, a high school physics 
class celebrates by shooting a bundle of exam papers into 
the town landfill with a homemade catapult. They aim for a 
point that is 30.0 m away and at the same height from which 
the catapult releases the bundle. The initial horizontal 
velocity component is 3.90 m/s. What is the initial veloc- 
ity component in the vertical direction? What is the launch 
angle? 

3.76 Salmon often jump upstream through waterfalls to 
reach their breeding grounds. One salmon came across a 
waterfall 1.05 m in height, which she jumped in 2.1 s at 

an angle of 35° to continue upstream. What was the initial 
speed of her jump? 


3.77 A firefighter, 60 m away from a burning building, 
directs a stream of water from a ground-level fire hose at 
an angle of 37° above the horizontal. If the water leaves the 
hose at 40.3 m/s, which floor of the building will the stream 
of water strike? Each floor is 4 m high. 
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3.78 A projectile leaves ground level at an angle of 68° 
above the horizontal. As it reaches its maximum height, H, 
it has traveled a horizontal distance, d, in the same amount 
of time. What is the ratio H/d? 


3.79 The McNamara Delta terminal at the Metro Detroit 
Airport has moving walkways for the convenience of the 
passengers. Robert walks beside one walkway and takes 

30.0 s to cover its length. John simply stands on the walkway 
and covers the same distance in 13.0 s. Kathy walks on the 
walkway with the same speed as Robert’s. How long does 
Kathy take to complete her stroll? 


3.80 Rain is falling vertically at a constant speed of 7.00 m/s. 
At what angle from the vertical do the raindrops appear to 
be falling to the driver of a car traveling on a straight road 
with a speed of 60.0 km/h? 


3.81 To determine the gravitational acceleration at the 
surface of a newly discovered planet, scientists perform a 
projectile motion experiment. They launch a small model 
rocket at an initial speed of 50.0 m/s and an angle of 30.0° 
above the horizontal and measure the (horizontal) range on 
flat ground to be 2165 m. Determine the value of g for the 
planet. 


3.82 A diver jumps from a 40.0 m high cliff into the sea. 
Rocks stick out of the water for a horizontal distance of 7.00 m 
from the foot of the cliff. With what minimum horizontal 
speed must the diver jump off the cliff in order to clear the 
rocks and land safely in the sea? 


3.83 An outfielder throws a baseball with an initial speed 
of 32 m/s at an angle of 23° to the horizontal. The ball leaves 
his hand from a height of 1.83 m. How long is the ball in the 
air before it hits the ground? 


3.84 A rock is tossed off the top of a cliff of height 34.9 m. 
Its initial speed is 29.3 m/s, and the launch angle is 29.9° 
with respect to the horizontal. What is the speed with which 
the rock hits the ground at the bottom of the cliff? 


e3.85 During the 2004 Olympic Games, a shot putter threw 
a shot put with a speed of 13.0 m/s at an angle of 43° above 
the horizontal. She released the shot put from a height of 

2 m above the ground. 


a) How far did the shot put travel in the horizontal 
direction? 
b) How long was it until the shot put hit the ground? 


3.86 A salesman is standing on the Golden Gate Bridge 
in a traffic jam. He is at a height of 71.8 m above the water 
below. He receives a call on his cell phone that makes him 
so mad that he throws his phone horizontally off the bridge 
with a speed of 23.7 m/s. 


a) How far does the cell phone travel horizontally before 
hitting the water? 


b) What is the speed with which the phone hits the water? 


3.87 A security guard is chasing a burglar across a rooftop, 
both running at 4.2 m/s. Before the burglar reaches the edge 
of the roof, he has to decide whether or not to try jumping 
to the roof of the next building, which is 5.5 m away and 

4.0 m lower. If he decides to jump horizontally to get away 
from the guard, can he make it? Explain your answer. 


3.88 A blimp is ascending at the rate of 7.50 m/s at a 
height of 80.0 m above the ground when a package is thrown 
from its cockpit horizontally with a speed of 4.70 m/s. 


a) How long does it take for the package to reach the 
ground? 

b) With what velocity (magnitude and direction) does it hit 
the ground? 


3.89 Wild geese are known for their lack of manners. One 
goose is flying northward at a level altitude of h, = 30.0 m 
above a north-south highway, when it sees a car ahead in 
the distance moving in the southbound lane and decides 
to deliver (drop) an “egg.” The goose is flying at a speed of 
V = 15.0 m/s, and the car is moving at a speed of v, = 
100.0 km/h. 


a) Given the details in the figure, where the separation 
between the goose and the front bumper of the car, d= 
104.1 m, is specified at the instant when the goose takes 
action, will the driver have to wash the windshield after this 
encounter? (The center of the windshield is h, = 1.00 m off 
the ground.) 

b) Ifthe delivery is completed, what is the relative velocity 
of the “egg” with respect to the car at the moment of the 
impact? 


hs 


= 
d 


3.90 You are at the mall on the top step of a down escalator 
when you lean over laterally to see your 1.80 m tall physics 
professor on the bottom step of the adjacent up escalator. 
Unfortunately, the ice cream you hold in your hand falls 

out of its cone as you lean. The two escalators have identical 
angles of 40.0° with the horizontal, a vertical height of 10.0 m, 
and move at the same speed of 0.400 m/s. Will the ice cream 
land on your professor’s head? Explain. If it does land on his 
head, at what time and at what vertical height does that hap- 
pen? What is the relative speed of the ice cream with respect 
to the head at the time of impact? 


3.91 A basketball player practices shooting three-pointers 
from a distance of 7.50 m from the hoop, releasing the ball 
at a height of 2.00 m above ground. A standard basketball 
hoop’s rim top is 3.05 m above the floor. The player shoots 
the ball at an angle of 48° with the horizontal. At what initial 
speed must he shoot to make the basket? 


3.92 Wanting to invite Juliet to his party, Romeo is throwing 
pebbles at her window with a launch angle of 37° from the 
horizontal. He is standing at the edge of the rose garden 

7.0 m below her window and 10.0 m from the base of the 
wall. What is the initial speed of the pebbles? 


3.93 An airplane flies horizontally above the flat surface of 
a desert at an altitude of 5.00 km and a speed of 1000. km/h. 
If the airplane is to drop a care package that is supposed to 
hit a target on the ground, where should the plane be with 
respect to the target when the package is released? If the 
target covers a circular area with a diameter of 50.0 m, what 
is the “window of opportunity” (or margin of error allowed) 
for the release time? 
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3.94 A plane diving with constant speed at an angle of 
49.0° with the vertical, releases a package at an altitude of 
600. m. The package hits the ground 3.50 s after release. 
How far horizontally does the package travel? 


ee3.95 10.0 seconds after being fired, a cannonball strikes a 
point 500. m horizontally from and 100. m vertically above 
the point of launch. 

a) With what initial velocity was the cannonball launched? 
b) What maximum height was attained by the ball? 

c) What is the magnitude and direction of the ball’s velocity 
just before it strikes the given point? 

03.96 Neglect air resistance for the following. A soccer ball 
is kicked from the ground into the air. When the ball is at a 
height of 12.5 m, its velocity is (5.6% + 4.1) m/s. 

a) To what maximum height will the ball rise? 

b) What horizontal distance will be traveled by the ball? 

c) With what velocity (magnitude and direction) will it hit 
the ground? 
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4.1 Types of Forces 101 


WHAT WE WILL LEARN 


= A force is a vector quantity that is a measure of how c) The third law addresses equal (in magnitude) 
an object interacts with other objects. and opposite (in direction) forces that two bodies 
exert on each other. 


= Fundamental forces include gravitational attraction 
and electromagnetic attraction and repulsion. In = The gravitational mass and the inertial mass of an 
daily experience, important forces include tension object are equivalent. 


and normal, friction, and spring forces. dé F. : : 
Pring = Kinetic friction opposes the motion of moving 


= Multiple forces acting on an object sum to a net force. objects; static friction opposes the impending motion 
of objects at rest. 


= Free-body diagrams are valuable aids in working 
problems. = Friction is important to the understanding of real- 
world motion, but its causes and exact mechanisms 


= Newton's three laws of motion govern the motion of . À Kaan 
are still under investigation. 


objects under the influence of forces. 
= Applications of Newton’s laws of motion involve 
multiple objects, multiple forces, and friction; 
applying the laws to analyze a situation is among 
the most important problem-solving techniques in 
physics. 
< < _ sy 


a) The first law deals with objects for which external 
forces are balanced. 

b) The second law describes those cases for which 
external forces are not balanced. 


The launch of a Space Shuttle is an awesome sight. Huge clouds of smoke obscure the shut- 
tle until it rises up high enough to be seen above them, with brilliant exhaust flames exit- 
ing the main engines. The boosters provide a force of 30.16 meganewtons (6.781 million 
pounds), enough to shake the ground for miles around. This tremendous force accelerates 
the shuttle (over 2 million kilograms, or 4.5 million pounds) sufficiently for lift-off. Several 
engine systems are used to accelerate the shuttle further to the final speed needed to achieve 
orbit—approximately 8 km/s. 

The Space Shuttle has been called one of the greatest technological achievements of 
the 20th century, but the basic principles of force, mass, and acceleration that govern its 
operation have been known for over 300 years. First stated by Isaac Newton in 1687, the 
laws of motion apply to all interactions between objects. Just as kinematics describes how 
objects move, Newton's laws of motion are the foundation of dynamics, which describes 
what makes objects move. We will study dynamics for the next several chapters. 

In this chapter, we examine Newton's laws of motion and explore the various kinds of 
forces they describe. The process of identifying the forces that act on an object, determin- 
ing the motion caused by those forces, and interpreting the overall vector result is one of 
the most common and important types of analysis in physics, and we will use it numerous 
times throughout this book. Many of the kinds of forces introduced in this chapter, such 
as contact forces, friction forces, and weight, will play a role in many of the concepts and 
principles discussed later. 


4.1 Types of Forces 


You are probably sitting on a chair as you are reading this page. The chair exerts a force on 
you, which prevents you from falling to the ground. You can feel this force from the chair on 
the underside of your legs and your backside. Conversely, you exert a force on the chair. 

If you pull on a string, you exert a force on the string, and that string, in turn, can exert 
a force on something tied to it’s other end. This force is an example of a contact force, in 
which one object has to be in contact with another to exert a force on it, as is the previous 
example of you sitting on your chair. If you push or pull on an object, you exert a contact 
force on it. Pulling on an object, such as a rope or a string, gives rise to the contact force 
called tension. Pushing on an object causes the contact force called compression. The 
force that acts on you when you sit on a chair is called a normal force, where the word 
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(a) 


FIGURE 4.2 Some common types of 
forces. (a) A grinding wheel works by 
using the force of friction to remove 
the outer surface of an object. (b) 
Springs are often used as shock absorb- 
ers in cars to reduce the force trans- 
mitted to the wheels by the ground. 
(c) Some dams are among the largest 
structures ever built. They are designed 
to resist the force exerted by the water 
they hold back. 


normal means “perpendicular to the surface.” We will examine normal forces in more detail 
a little later in this chapter. 

The friction force is another important contact force that we will study in more detail 
in this chapter. If you push a glass across the surface of a table, it comes to rest rather 
quickly. The force that causes the glass’s motion to stop is the friction force, sometimes also 
simply called friction. Interestingly, the exact nature and microscopic origin of the friction 
force is still under intense investigation, as we'll see. 

A force is needed to compress a spring as well as to extend it. The spring force has the 
special property that it depends linearly on the change in length of the spring. Chapter 5 
will introduce the spring force and describe some of its properties. Chapter 14 will focus on 
oscillations, a special kind of motion resulting from the action of spring forces. 

Contact forces, friction forces, and spring forces are the results of the fundamental 
forces of nature acting between the constituents of objects. The gravitational force, often 
simply called gravity, is one example of a fundamental force. If you hold an object in your 
hand and let go of it, it falls downward. We know what causes this effect: the gravitational 
attraction between the Earth and the object. The gravitational acceleration was introduced 
in Chapter 2, and this chapter describes how it is related to the gravitational force. Gravity 
is also responsible for holding the Moon in orbit around the Earth and the Earth in orbit 
around the Sun. In a famous story (which may even be true!), Isaac Newton was reported 
to have had this insight in the 17th century, after sitting under an apple tree and being hit 
by an apple falling off the tree: The same type of gravitational force acts between celestial 
objects as operates between terrestrial objects. However, keep in mind that the gravitational 
force discussed in this chapter is a limited instance, valid only near the surface of Earth, 
of the more general gravitational force. Near the surface of Earth, a constant gravitational 
force acts on all objects, which is sufficient to solve practically all trajectory problems of the 
kind covered in Chapter 3. The more general form of the gravitational interaction, however, 
is inversely proportional to the square of the distance between the two objects exerting the 
gravitational force on each other. Chapter 12 is devoted to this force. 

Another fundamental force that can act at a distance is the electromagnetic force, which, 
like the gravitational force, is inversely proportional to the square of the distance over which it 
acts. The most apparent manifestation of this force is the attraction or repulsion between two 
magnets, depending on their relative orientation. The entire Earth also acts as a huge magnet, 
which makes compass needles orient themselves toward the North Pole. The electromagnetic 
force was the big physics discovery of the 19th century, and its refinement during the 20th 
century led to many of the high-tech conveniences (basically everything that plugs into an 
electrical outlet or uses batteries) we enjoy today. Chapters 21 through 31 will provide an 
extensive tour of the electromagnetic force and its many manifestations. 

In particular, we will see that all of the contact forces listed above (normal force, ten- 
sion, friction, spring force) are fundamentally consequences of the electromagnetic force. 
Why then study these contact forces in the first place? The answer is that phrasing a problem 
in terms of contact forces gives us great insight and allows us to formulate simple solutions 
to real-world problems whose solutions would otherwise require the use of supercomputers 
if we tried to analyze them in terms of the electromagnetic interactions between atoms. 

The other two fundamental forces—called the strong nuclear force and the weak 
nuclear force—act only on the length scales of atomic nuclei and between elementary par- 
ticles. These forces between elementary particles will be discussed in Chapter 39 on particle 
physics and Chapter 40 on nuclear physics. In general, forces can be defined as the means 
for objects to influence each other (Figure 4.2). 

Most of the forces mentioned here have been known for hundreds of years. However, 
the ways in which scientists and engineers use forces continues to evolve as new materials 
and new designs are created. For example, the idea of a bridge to cross a river or deep ravine 
has been used for thousands of years, starting with simple forms such as a log dropped 
across a stream or a series of ropes strung across a gorge. Over time, engineers developed 
the idea of an arch bridge that can support a heavy roadway and a load of traffic using com- 
pressive forces. Many such bridges were built from stone or steel, materials that can support 
compression well (Figure 4.3a). In the late 19th and 20th centuries, bridges were built with 
the roadway suspended from steel cables supported by tall piers (Figure 4.3b). The cables 
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(a) 


(b) 


(c) 


supported tension, and these bridges could be lighter as well as longer than previous bridge 
designs. In the late 20th century, cable-stayed bridges began to appear, with the roadway 
supported by cables attached directly to the piers (Figure 4.3c). These bridges are not gener- 
ally as long as suspension bridges but are less expensive and time-consuming to build. 


FIGURE 4.3 Different ways to use 
forces. (a) Arch bridges (such as Fran- 
cis Scott Key Bridge in Washington, 
DC) support a road by compressive 
forces, with each end of the arch an- 
chored in place. (b) Suspension bridges 
(such as Mackinac Bridge in Michigan) 
support the roadway by tension forces 
in the cables, which are in turn sup- 
ported by compressive forces in the tall 
piers sunk into the ground below the 
water. (c) Cable-stayed bridges (such 
as Zakim Bridge in Boston) also use 
tension forces in cables to support the 
roadway, but the load is distributed 
over many more cables, which do not 
need to be as strong and difficult to 
build as in suspension bridges. 


4.2 Gravitational Force Vector, Weight, and Mass 


After this general introduction to forces, it is time to get more quantitative. Let’s start with 
an obvious fact: Forces have a direction. For example, if you are holding a laptop computer 
in your hand, you can easily tell that the gravitational force acting on the computer points 
downward. This direction is the direction of the gravitational force vector (Figure 4.4). 
Again, to characterize a quantity as a vector quantity throughout this book, a small right- 
pointing arrow appears above the symbol for the quantity. Thus, the gravitational force 
vector acting on the laptop is denoted by E, in the figure. 

Figure 4.4 also shows a convenient Cartesian coordinate system, which follows the 
convention introduced in Chapter 3 in which up is the positive y-direction (and down the 
negative y-direction). The x- and z-directions then lie in the horizontal plane, as shown. 
As always, we use a right-handed coordinate system. Also, we restrict ourselves to two- 
dimensional coordinate systems with x- and y-axes wherever possible. 

In the coordinate system in Figure 4.4, the force vector of the gravitational force acting 
on the laptop is pointing in the negative y-direction: 


F,=-E,p. (4.1) 
Here we see that the force vector is the product of its magnitude, F, and its direction, —Y. 
The magnitude F, is called the weight of the object. 

Near the surface of the Earth (within a few hundred meters above the ground), the 
magnitude of the gravitational force acting on an object is given by the product of the mass 
of the object, m, and the Earth’s gravitational acceleration, g: 


F =mg. (4.2) 


We have used the magnitude of the Earth’s gravitational acceleration in previous chapters: 
It has the value g = 9.81 m/s”. Note that this constant value is valid only up to a few hundred 
meters above the ground, as we will see in Chapter 12. 

With equation 4.2, we find that the unit of force is the product of the unit of mass (kg) 
and the unit of acceleration (m/s”), which makes the unit of force kg m/ s°. (Perhaps it is worth 


FIGURE 4.4 Force vector of gravity 
acting on a laptop computer, in rela- 
tion to the conventional right-handed 
Cartesian coordinate system. 
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repeating that we represent units with roman letters and physical quantities with italic letters. 
Thus, m is the unit oflength; m stands for the physical quality of mass.) Since dealing with forces 
is so common in physics, the unit of force has received its own name, the newton (N), after Sir 
Isaac Newton, the British physicist who made a key contribution to the analysis of forces. 


1 N=1 kg m/s’. (4.3) 


Weight versus Mass 


Before discussing forces in greater detail, we need to clarify the concept of mass. Under the 
influence of gravity, an object has a weight that is proportional to its mass, which is (intui- 
tively) the amount of matter in the object. This weight is the magnitude of a force that acts 
on an object due to its gravitational interaction with the Earth (or another object). Near the 
surface of Earth, the magnitude of this force is F, = mg, as stated in equation 4.2. The mass 
in this equation is also called the gravitational mass to indicate that it is responsible for the 
gravitational interaction. However, mass has a role in dynamics as well. 

Newton's laws of motion, which will be introduced later in this chapter, deal with iner- 
tial mass. To understand the concept of inertial mass, consider the following examples: It is 
a lot easier to throw a tennis ball than a shot put. It is also easier to pull open a door made of 
lightweight materials like foam-core with wood veneer than one made of a heavy material 
like iron. The more massive objects seem to resist being put into motion more than the less 
massive ones do. This property of an object is referred to as its inertial mass. However, the 
gravitational mass and the inertial mass are identical, so most of the time we refer simply to 
the mass of an object. 

For a laptop computer with mass m = 3.00 kg, for example, the magnitude of the gravi- 
tational force is F, = mg =(3.00 kg)(9.81 m/s’) = 29.4 kg m/s? = 29.4 N. Now we can write 
an equation for the force vector that contains both the magnitude and the direction of the 
gravitational force acting on the laptop computer (see Figure 4.4): 


FE =—mgy. (4.4) 


To summarize, the mass of an object is measured in kilograms and the weight of an object 
is measured in newtons. The mass and the weight of an object are related to each other by 
multiplying the mass (in kilograms) by the gravitational acceleration constant, g = 9.81 m/s’, 
to arrive at the weight (in newtons). For example, if your mass is 70.0 kg, then your weight 
is 687 N. In the United States, the pound (lb) is still a widely used unit. The conversion 
between pounds and kilograms is 1 lb = 0.4536 kg. Thus, your mass of 70.0 kg is 154 lb if 
you express it in British units. In everyday language, you might say that your weight is 154 
pounds, which is not correct. Unfortunately, engineers in the United States also use the 
unit of pound-force (Ib,) as a force unit, which is often shortened to just pound. However, 
1 pound-force is 1 pound times the gravitational acceleration constant, just as 1 newton 
equals 1 kilogram times g. This means that 


1 lb; =(1 1b): g = (0.4536 kg)(9.81 m/s”) = 4.45 N. 


Confusing? Yes! This is one more reason to steer away from using British units. Use kilo- 
grams for mass and newtons for weight, which is a force! 


Orders of Magnitude of Forces 


The concept of a force is a central theme of this book, and we will return to it again and 
again. For this reason, it is instructive to look at the orders of magnitude that different forces 
can have. Figure 4.5 gives an overview of magnitudes of some typical forces with the aid of 
a logarithmic scale, similar to those used in Chapter 1 for length and mass. 

A humans’ body weight is in the range between 100 and 1000 N and is represented by the 
young soccer player in Figure 4.5. The earphone to the player’s left in Figure 4.5 symbolizes the 
force exerted by sound on our eardrums, which can be as large as 10 *N , but is still detectable 
when it is as small as 10™° N. (Chapter 16 will focus on sound.) A single electron is kept in 
orbit around a proton by an electrostatic force of approximately 10° N = 1 nN, which will be 
introduced in Chapter 21 on electrostatics. Forces as small as 10°'* N = 1 fN can be measured in 
the lab; these forces are typical of those needed to stretch the double-helical DNA molecule. 


107} 10719 1075 1 10° 101° 10 10% 1075 
F(N) 
FIGURE 4.5 Typical magnitudes for different forces. 


The Earth’s atmosphere exerts quite a sizeable force on our bodies, on the order of 
10° N, which is approximately 100 times the average body weight. Chapter 13 on solids and 
fluids will expand on this topic and will also show how to calculate the force of water on a 
dam. For example, the Hoover Dam (shown in Figure 4.5) has to withstand a force close to 
10'' N, a huge force, more than 30 times the weight of the Empire State Building. But this 
force pales, of course, in comparison to the gravitational force that the Sun exerts on Earth, 
which is 3- 10°” N. (Chapter 12 on gravity will describe how to calculate this force.) 


Higgs Particle 


As far as our studies are concerned, mass is an intrinsic, given, property of an object. The 
origin of mass is still under intense study in nuclear and particle physics. Different elemen- 
tary particles have been observed to vary widely in mass. For example, some of these par- 
ticles are several thousand times more massive than others. Why? We don’t really know. In 
recent years, particle physicists have theorized that the so-called Higgs particle (named 
after Scottish physicist Peter Higgs, who first proposed it) may be responsible for the cre- 
ation of mass in all other particles, with the mass of a particular type of particle depending 
on how it interacts with the Higgs particle. A search is underway at the largest particle 
accelerators to find the Higgs particle, which is thought to be one of the central missing 
pieces in the standard model of particle physics. However, a complete discussion of the 
origin of mass is beyond the scope of this book. 


4.3 Net Force 
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Because forces are vectors, we must add them as vectors, using the methods developed in 
Chapter 1. We define the net force as the vector sum of all force vectors that act on an object: 


n 
Raz) B=R+E+--+8. (4.5) 


i=l 


Following the rules for the addition of vectors using components, the Cartesian compo- 
nents of the net force are given by 


Bae Ra Fx EB. Fx 
i=1 
n 
Bay) y= By uv Bay (4.6) 


To explore the concept of the net force, let’s return again to the example of the laptop held 
up by a hand. 


Normal Force 


So far we have only looked at the gravitational force acting on the laptop computer. How- 
ever, other forces are also acting on it. What are they? 


106 Chapter 4 Force 


FIGURE 4.6 Force of gravity acting 
downward and normal force acting 
upward exerted by the hand holding the 
laptop computer. 


4.1 Self-Test Opportunity 


Draw the free-body diagrams for 

a golf ball resting on a tee, your 
car parked on the street, and you 
sitting on a chair. 


In Figure 4.6, the force exerted on the laptop computer by the hand is represented by 
the yellow arrow labeled N. (Careful—the magnitude of the normal force is represented by 
the italic letter N, whereas the force unit, the newton, is represented by the roman letter N.) 
Note in the figure that the magnitude of the vector N is exactly equal to that of the vector 
È, and that the two vectors point in opposite directions, or N = -F,. This situation is not 
an accident. We will see shortly that there is no net force on an object at rest. If we calculate 
the net force acting on the laptop computer, we obtain 

n 
Ra=) F=F+Ñ=-}=0. 


i=1 


In general, we can characterize the normal force, N, as a contact force that acts at the 
surface between two objects. The normal force is always directed perpendicular to the plane 
of the contact surface. (Hence the name—normal means “perpendicular”) The normal force 
is just large enough to prevent objects from penetrating through each other and is not nec- 
essarily equal to the force of gravity in all situations. 

For the hand holding the laptop computer, the contact surface between the hand and 
the computer is the bottom surface of the computer, which is aligned with the horizontal 
plane. By definition, the normal force has to point perpendicular to this plane, or vertically 
upward in this case. 

Free-body diagrams greatly ease the task of determining net forces on objects. 


Free-Body Diagrams 


We have represented the entire effect that the hand has in holding up the laptop computer 
by the force vector N. We do not need to consider the influence of the arm, the person 
to whom the arm belongs, or the entire rest of the world when we want to consider the 
forces acting on the laptop computer. We can just eliminate them from our consideration, 
as illustrated in Figure 4.7a, where everything but the laptop computer and the two force 
vectors has been removed. For that matter, a realistic representation of the laptop computer 
is not necessary either; it can be shown as a dot, as in Figure 4.7b. This type of drawing of 
an object, in which all connections to the rest of the world are ignored and only the force 
vectors that act on it are drawn, is called a free-body diagram. 


ZI 


(a) (b) 


FIGURE 4.7 (a) Forces acting on a real object, a laptop computer; (b) abstraction of the object as a 
free body being acted on by two forces. 


4.4 Newton's Laws 


So far this chapter has introduced several types of forces without really explaining how they 
work and how we can deal with them. The key to working with forces involves understand- 
ing Newton's laws. We discuss these laws in this section and then present several examples 
showing how they apply to practical situations. 

Sir Isaac Newton (1642-1727) was perhaps the most influential scientist who ever lived. 
He is generally credited with being the founder of modern mechanics, as well as calculus 
(along with the German mathematician Gottfried Leibniz). The first few chapters of this 
book are basically about Newtonian mechanics. Although he formulated his three famous 
laws in the 17th century, these laws are still the foundation of our understanding of forces. 
To begin this discussion, we simply list Newton's three laws, published in 1687. 


Newton’s First Law: 


If the net force on an object is equal to zero, the object will remain at rest if it was 
at rest. If it was moving, it will remain in motion in a straight line with the same 
constant velocity. 


Newton’s Second Law: 


If a net external force, Fet» acts on an object with mass m, the force will cause an 


acceleration, a, in the same direction as the force: 


F a= ma. 
Newton’s Third Law: 


The forces that two interacting objects exert on each other are always exactly equal in 
magnitude and opposite in direction: 


R= -B 


Newton's First Law 


The earlier discussion of net force mentioned that zero net external force is the necessary 
condition for an object to be at rest. We can use this condition to find the magnitude and 
direction of any unknown forces in a problem. That is, if we know that an object is at rest 
and we know its weight force, then we can use the condition F,«=0 to solve for other forces 
acting on the object. This kind of analysis led to the magnitude and direction of the force Ñ 
in the example of the laptop computer being held at rest. 

We can use this way of thinking as a general principle: If object 1 rests on object 2, then 
the normal force Ñ equal to the object’s weight keeps object 1 at rest, and therefore the net 
force on object 1 is zero. If N were larger than the objects weight, object 1 would lift-off into 
the air. If N were smaller than the object’s weight, object 1 would sink into object 2. 

Newton's First Law says there are two possible states for an object with no net force 
on it: An object at rest is said to be in static equilibrium. An object moving with constant 
velocity is said to be in dynamic equilibrium. 

Before we move on, it is important to state that the equation F,,=0 as a condition 
for static equilibrium really represents one equation for each dimension of the coordinate 
space that we are considering. Thus, in three-dimensional space, we have three independent 
equilibrium conditions: 


Ba) Hy hy +B, +:+F .=0 


Frey =$ Ey =y T By Eydis a Ry =0 
n 

Fz DD? =F, +E: oa ne =0. 
i=1 


However, Newton's First Law also addresses the case when an object is already in motion 
with respect to some particular reference frame. For this case, the law specifies that the accel- 
eration is zero, provided the net external force is zero. Newton's abstraction claims something 
that seemed at the time in conflict with everyday experience. Today, however, we have the ben- 
efit of having seen television pictures of objects floating in a spaceship, moving with unchanged 
velocities until an astronaut pushes them and thus exerts a force on them. This visual experi- 
ence is in complete accord with what Newton's First Law claims, but in Newton's time this 
experience was not the norm. 

Consider a car that is out of gas and needs to be pushed to the nearest gas station on a 
horizontal street. As long as you push the car, you can make it move. However, as soon as 
you stop pushing, the car slows down and comes to a stop. It seems that as long as you push 
the car, it moves at constant velocity, but as soon as you stop exerting a force on it, it stops 
moving. This idea that a constant force is required to move something with a constant speed 
was the Aristotelian view, which originated from the ancient Greek philosopher Aristotle 


4.4 Newton's Laws 
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(384-322 BC) and his students. Galileo (1564-1642) proposed a law of inertia and theo- 
rized that moving objects slowed down because of friction. Newton's First Law builds on 
this law of inertia. 

What about the car that slows down once you stop pushing? This situation is not a case 
of zero net force. Instead, a force is acting on the car to slow it down—the force of friction. 
Because the friction force acts as a nonzero net force, the example of the car slowing down 
turns out to be an example not of Newton's First Law, but of Newton’s Second Law. We will 
work more with friction later in this chapter. 

Newton's First Law is sometimes also called the law of inertia. Inertial mass was defined 
earlier (Section 4.2), and the definition implied that inertia is an object's resistance to a 
change in its motion. This is exactly what Newton’s First Law says: To change an object’s 
motion, you need to apply an external net force—the motion won't change by itself, neither 
in magnitude nor in direction. 


Newton’s Second Law 


The second law relates the concept of acceleration, for which we use the symbol 4, to the force. 
We have already considered acceleration as the time derivative of the velocity and the second 
time derivative of the position. Newton's Second Law tells us what causes acceleration. 


Newton’s Second Law: 


If a net external force, Fe acts on an object with mass m, the force will cause an 


acceleration, da, in the same direction as the force: 


Éa =mia. (4.7) 


This formula, F = ma, is arguably the second most famous equation in all of physics. (We 
will encounter the most famous, E =mc’, later in the book.) Equation 4.7 tells us that the 
magnitude of the acceleration of an object is proportional to the magnitude of the net exter- 
nal force acting on it. It also tells us that for a given external force, the magnitude of the 
acceleration is inversely proportional to the mass of the object. All things being equal, more 
massive objects are harder to accelerate than less massive ones. 

However, equation 4.7 tells us even more, because it is a vector equation. It says that the 
acceleration vector experienced by the object with mass m is in the same direction as the 
net external force vector that is acting on the object to cause this acceleration. Because it is a 
vector equation, we can immediately write the equations for the three spatial components: 


F ma,,, E a =ma,, F 


net,x = X net,y y net,z =ma, 


bys 
This result means that F = ma holds independently for each Cartesian component of the 
force and acceleration vectors. 


Newton’s Third Law 


If you have ever ridden a skateboard, you must have made the following observation: If you 
are standing at rest on the skateboard, and you step off over the front or back, the skate- 
board shoots off into the opposite direction. In the process of stepping off, the skateboard 
exerts a force on your foot, and your foot exerts a force onto the skateboard. This experience 
seems to suggest that these forces point in opposite directions, and it provides one example 
of a general truth, quantified in Newton’s Third Law. 


Newton’s Third Law: 


The forces that two interacting objects exert on each other are always exactly equal in 
magnitude and opposite in direction: 


fg = Ba j (4.8) 


Note that these two forces do not act on the same body but are the forces with which two 
bodies act on each other. 

Newton’s Third Law seems to present a paradox. For example, if a horse pulls forward 
on a wagon with the same force with which the wagon pulls backward on the horse, then 


how do horse and wagon move anywhere? The answer is that these forces act on different 
objects in the system. The wagon experiences the pull from the horse and moves forward. 
The horse feels the pull from the wagon and pushes hard enough against the ground to 
overcome this force and move forward. A free-body diagram of an object can show only 
half of such an action-reaction pair of forces. 

Newton's Third Law is a consequence of the requirement that internal forces—that 
is, forces that act between different components of the same system—must add to zero; 
otherwise, their sum would contribute to a net external force and cause an acceleration, 
according to Newton's Second Law. No object or group of objects can accelerate themselves 
without interacting with external objects. The story of Baron Miinchhausen, who claimed 
to have pulled himself out of a swamp by simply pulling very hard on his own hair, is 
unmasked by Newton's Third Law as complete fiction. 

We'll consider some examples of the use of Newton’s laws to solve problems, but we'll 
discuss how ropes and pulleys convey forces. Many problems involving Newton's laws 
involve forces on a rope (or a string), often one wrapped around a pulley. 
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4.5 Ropes and Pulleys 


Problems that involve ropes and pulleys are very common. In this chapter, we consider only 
massless (idealized) ropes and pulleys. Whenever a rope is involved, the direction of the force 
due to the pull on the rope acts exactly in the direction along the rope. The force with which 
we pull on the massless rope is transmitted through the entire rope unchanged. The magni- 
tude of this force is referred to as the tension in the rope. Every rope can withstand only a 
certain maximum force, but for now we will assume that all applied forces are below this limit. 
Ropes cannot support a compression force. 

If a rope is guided over a pulley, the direction of the force is changed, but the mag- 
nitude of the force is still the same everywhere inside the rope. In Figure 4.8, the right 
end of the green rope was tied down and someone pulled on the other end with a certain 
force, 11.5 N, as indicated by the inserted force measurement devices. As you can clearly 
see, the magnitude of the force on both sides of the pulley is the same. (The weight of the 
force measurement devices is a small real-world complication, but enough pulling force was 
used that it is reasonably safe to neglect this effect.) 


EXAMPLE 4.1 | Modified Tug-of-War 


In a tug-of-war competition, two teams try to pull each other across a 
line. If neither team is moving, then the two teams exert equal and oppo- 
site forces on a rope. This is an immediate consequence of Newton's Third 
Law. That is, if the team shown in Figure 4.9 pulls on the rope with a force 
of magnitude F, the other team necessarily has to pull on the rope with a 
force of the same magnitude but in the opposite direction. 


PROBLEM 

Now let’s consider the situation where three ropes are tied together at one 
point, with a team pulling on each rope. Suppose team 1 is pulling due 
west with a force of 2750 N, and team 2 is pulling due north with a force of 
3630 N. Cana third team pull in such a way that the three-team tug-of-war 
ends at a standstill, that is, no team is able to move the rope? If yes, what is 
the magnitude and direction of the force needed to accomplish this? 


SOLUTION 

The answer to the first question is yes, no matter with what force and in what direction 
teams 1 and 2 pull. This is the case because the two forces will always add up to a combined 
force, and all that team 3 has to do is pull with a force equal to and opposite in direction to 


Continued— 


FIGURE 4.8 A rope passing over a 
pulley with force measurement devices 
attached, showing that the magnitude of 
the force is constant throughout the rope. 


FIGURE 4.9 Men compete in Tug O’War contest at Brae- 
mar Games Highland Gathering, Scotland, UK. 
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West 


South 


FIGURE 4.10 Addition of force vec- 
tors in the three-team tug-of-war. 


that combined force. Then all three forces will add up to zero, and by Newtons First Law, 
the system has achieved static equilibrium. Nothing will accelerate, so if the ropes start at 
rest, nothing will move. 

Figure 4.10 represents this physical situation. The vector addition of forces exerted 
by teams 1 and 2 is particularly simple, because the two forces are perpendicular to each 
other. We choose a conventional coordinate system with its origin at the point where all 
the ropes meet, and we designate north to be in the positive y-direction and west to be 
in the negative x-direction. Thus, the force vector for team 1, F, points in the negative 
x-direction and the force vector for team 2, F, points in the positive y-direction. We can 
then write the two force vectors and their sum as follows: 


Ā =-(2750 N)å 
E, = (3630 N)ŷ 
E + È =-(2750 N)& + (3630 N)ĵ. 
The addition was made easier by the fact that the two forces pointed along the chosen 
coordinate axes. However, more general cases of two forces would still be added in terms 
of their components. Because the sum of all three forces has to be zero for a standstill, we 
obtain the force that the third team has to exert: 
0=Ę§ +È +5 
eF =-(Ā +5) 
=(2750 N)% - (3630 N)ĵ. 


This force vector is also shown in Figure 4.10. Having the Cartesian components of the force 
vector we were looking for, we can get the magnitude and direction by using trigonometry: 


B =E, +B, =4(2750 N} + (-3630 N} = 4554 N 


By | oe | -3630 N 


0, = tan” 
2750 N 


| =-52,9°. 
34x 


These results complete our answer. 


Because this type of problem occurs frequently, lets work through another example. 


EXAMPLE 4.2 [Still Rings 


A gymnast of mass 55 kg hangs vertically from a pair of parallel rings (Figure 4.11a). 


PROBLEM 1 
If the ropes supporting the rings are vertical and attached to the ceiling directly above, 
what is the tension in each rope? 


(a) (b) (Q) 


FIGURE 4.11 (a) Still rings in men’s gymnastics. (b) Free-body diagram for problem 1. (c) Free- 
body diagram for problem 2. 


4.5 Ropes and Pulleys 


SOLUTION 1 
In this example, we define the x-direction to be horizontal and the y-direction to be ver- 
tical. The free-body diagram is shown Figure 4.11b. For now, there are no forces in the 


x-direction. In the y-direction, we have ee =T, +T, -mg =0. Because both ropes 
support the gymnast equally, the tension has to be the same in both ropes, T, = T, =T, 
and we get 

T+T—mg=0 

=T =1mg =4(55 kg)-(9.81 m/s”) = 270 N. 


PROBLEM 2 
If the ropes are attached so that they make an angle 6 = 45° with the ceiling (Figure 4.11c), 
what is the tension in each rope? 


SOLUTION 2 

In this part, forces do occur in both x- and y-directions. We will work in terms of a gen- 
eral angle and then plug in the specific angle, 0 = 45°, at the end. 

In the x-direction, we have for our equilibrium condition: 


SB: =T, cos0-T, cos =0. 


In the y-direction, our equilibrium condition is 


XO E; =T sin0+T, sin 9 - mg =0. 


From the equation for the x-direction, we again get T) = T, = T, and from the equation 
for the y-direction, we then obtain: 

2T sind—mg =0>T=—*_. 
2sin0 


Putting in the numbers, we obtain the tension in each rope: 


_ (55 kg)(9.81 m/s”) 
2sin 45° 


L =382 N. 


PROBLEM 3 
How does the tension in the ropes change as the angle 0 between the ceiling and the ropes 
becomes smaller and smaller? 


SOLUTION 3 

As the angle 0 between the ceiling and the ropes becomes smaller, the tension in the ropes, 
T = mg/2sin6, gets larger. As 0 approaches zero, the tension becomes infinitely large. In reality, 
of course, the gymnast has only finite strength and cannot hold his position for small angles. 


4.1 In-Class Exercise 


Choose the set of three coplanar vectors that sum to a net force of zero: A + B + A =0. 


(a) (b) (c) (d) (e) (£) 
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pulleys. 


* ios 


FIGURE 4.13 Free-body diagrams 
for the two pulleys and the mass to be 
lifted. 


J 


w 


FIGURE 4.14 Pulley with three loops. 


Force Multiplier 


Ropes and pulleys can be combined to lift objects that are too heavy to lift otherwise. In 
order to see how this can be done, consider Figure 4.12. The system shown consists of rope 
1, which is tied to the ceiling (upper right) and then guided over pulleys B and A. Pulley A 
is also tied to the ceiling with rope 2. Pulley B is free to move vertically and is attached to 
rope 3. The object of mass m, which we want to lift, is hanging from the other end of rope 
3. We assume that the two pulleys have negligible mass and that rope 1 can glide across the 
pulleys without friction. 

What force do we need to apply to the free end of rope 1 to keep the system in static 
equilibrium? We will call the tension force in rope 1, T,, that in rope 2, T,, and that in rope 
3, T, . Again, the key idea is that the magnitude of this tension force is the same everywhere 
in a given rope. 

Figure 4.13 again shows the system in Figure 4.12, but with dashed lines and shaded 
areas, indicating the free-body diagrams of the two pulleys and the object of mass m. We 
start with the mass m. For the condition of zero net force to be fulfilled, we need 


+Ë =0 
or 
R =mg =T;. 


From the free-body diagram of pulley B, we see that the tension force applied from rope 1 acts 
on both sides of pulley B. This tension has to balance the tension from rope 3, giving us 


27, =}. 


Combining the last two equations, we see that 


This result means that the force we need to apply to suspend the object of mass m in this 
way is only half as large as the force we would have to use to simply hold it up with a rope, 
without pulleys. This change in force is why a pulley is called a force multiplier. 

Even greater force multiplication is achieved if rope 1 passes a total of n times over the 
same two pulleys. In this case, the force needed to suspend the object of mass m is 


1 
T =—mg. (4.9) 
2n 
Figure 4.14 shows the situation for the lower pulley in Figure 4.13 with n = 3. This arrange- 
ment results in 27 = 6 force arrows of magnitude T pointing up, able to balance a downward 
force of magnitude 6T, as expressed by equation 4.9. 


4.2 In-Class Exercise 


Using a pulley pair with two loops, we can lift a weight of 440 N. If we add two loops to the pul- 
ley, with the same force, we can lift 


a) half the weight. d) four times the weight. 
b) twice the weight. e) the same weight. 
c) one-fourth the weight. 


4.6 Applying Newton's Laws 


Now let’s look at how Newton's laws allow us to solve various kinds of problems involving force, 
mass, and acceleration. We will make frequent use of free-body diagrams and will assume mass- 
less ropes and pulleys. We will also neglect friction for now but will consider it in Section 4.7. 


EXAMPLE 4.3 | Two Books on a Table 


We have considered the simple situation of one object (the laptop computer) supported 
from below and held at rest. Now let’s look at two objects at rest: two books on a table 
(Figure 4.15a). 


PROBLEM 
What is the magnitude of the force that the table exerts on the lower book? 


SOLUTION 
We start with a free-body diagram of the book on top, book 1 (Figure 4.15b). This situation 
is the same as that of the laptop computer held steady by the hand. The gravitational force 
due to the Earth's attraction that acts on the upper book is indicated by F,. It has the magni- 
tude mg, where m; is the mass of the upper book, and points straight down. The magnitude 
of the normal force, N,, that the lower book exerts on the upper book from below is then 
N, =F, = mg from the condition of zero net force on the upper book (Newton's First Law). 
The force N, points straight up, as shown in the free-body diagram, N, =- F. 

Newton's Third Law now allows us to calculate the force that the upper book exerts 
on the lower book. This force is equal in magnitude and opposite in direction to the force 
that the lower book exerts on the upper one: 


B_o=-N,=-CA)=4. 


This relationship says that the force that the upper book exerts on the lower one is exactly 
equal to the gravitational force acting on the upper book—that is, its weight. You may 
find this result trivial at this point, but the application of this general principle allows us 
to analyze and do calculations for complicated situations. 

Now consider the free-body diagram of the lower book, book 2 (Figure 4.15c). This 
free-body diagram allows us to calculate the normal force that the table exerts on the 
lower book. We sum up all the forces acting on this book: 


+N, +6 =0=>N, =-(f_.+8)=-(R +5), 


where N, is the normal force exerted by the table on the lower book, F _, is the force ex- 
erted by the upper book on the lower book, and F, is the gravitational force on the lower 
book. In the last step, we used the result we obtained from the free-body diagram of book 
1. This result means that the force that the table exerts on the lower book is exactly equal 
in magnitude and opposite in direction to the sum of the weights of the two books. 


The use of Newton’s Second Law enables us to perform a wide range of calculations 
involving motion and acceleration. The following problem is a classic example: Consider 
an object of mass m located on a plane that is inclined by an angle 6 relative to the hori- 
zontal. Assume that there is no frictional force between the plane and the object. What 
can Newton's Second Law tell us about this situation? 


SOLVED PROBLEM 4.1 ( Snowboarding 
p 


PROBLEM 

A snowboarder (mass 72.9 kg, height 1.79 m) glides down a slope with an angle of 22° with 
respect to the horizontal (Figure 4.16a). If we can neglect friction, what is his acceleration? 
SOLUTION 


THINK 
The motion is restricted to moving along the plane because the snowboarder cannot sink 
into the snow, and he cannot lift off from the plane. (At least not without jumping!) It is 
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(c) 


FIGURE 4.15 (a) Two books on top of 
a table. (b) Free-body diagram for book 
1. (c) Free-body diagram for book 2. 
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(a) 


(d) 


FIGURE 4.16 (a) Snowboarding as an 
example of motion on an inclined plane. (b) 
Free-body diagram of the snowboarder on the 
inclined plane. (c) Free-body diagram of the 
snowboarder, with a coordinate system added. 
(d) Similar triangles in the inclined-plane 
problem. 


always advisable to start with a free-body diagram. Figure 4.16b shows the force 
vectors for gravity, È, and the normal force, Ñ. Note that the normal force vec- 
tor is directed perpendicular to the contact surface, as required by the definition 
of the normal force. Also observe that the normal force and the force of gravity 
do not point in exactly opposite directions and thus do not cancel each other out 
completely. 


SKETCH 

Now we pick a convenient coordinate system. As shown in Figure 4.16c, we choose 
a coordinate system with the x-axis along the direction of the inclined plane. This 
choice ensures that the acceleration is only in the x-direction. Another advantage 
of this choice of coordinate system is that the normal force is pointing exactly in 
the y-direction. The price we pay for this convenience is that the gravitational 
force vector does not point along one of the major axes in our coordinate system 
but has an x- and a y-component. The red arrows in the figure indicate the two 
components of the gravitational force vector. Note that the angle of inclination of 
the plane, 0, also appears in the rectangle constructed from the two components 
of the gravity force vector, which is the diagonal of that rectangle. You can see this 
relationship by considering the similar triangles with sides abc and ABC in Figure 
4.16d. Because a is perpendicular to C and c is perpendicular to A, it follows that 
the angle between a and c is the same as the angle between A and C. 


RESEARCH 
The x- and y-components of the gravitational force vector are found from 
trigonometry: 


Fx =F, sin = mg sind 


F, y =- E, cos 0 = - mg cos6. 
SIMPLIFY 
Now we do the math in a straightforward way, separating calculations by compo- 
nents. 

First, there is no motion in the y-direction, which means that, according to New- 
ton’s First Law, all the external force components in the y-direction have to add up 
to zero: 


EytN=0=> 
-mgcos0+ N=0=> 
N=mgcos6. 


Our analysis of the motion in the y-direction has given us the magnitude of the 
normal force, which balances the component of the weight of the snowboarder 
perpendicular to the slope. This is a very typical result. The normal force almost 
always balances the net force perpendicular to the contact surface that is contrib- 
uted by all other forces. Thus, objects do not sink into or lift off from surfaces. 

The information we are interested in comes from looking at the x-direction. In 
this direction, there is only one force component, the x-component of the gravita- 
tional force. Therefore, according to Newtons Second Law, we obtain 


Fx =mg sind =ma, = 


a, = g sind. 


Thus, we now have the acceleration vector in the specified coordinate system: 


a@=(gsind)&. 


Note that the mass, m, dropped out of our answer. The acceleration does not depend on 
the mass of the snowboarder; it depends only on the angle of inclination of the plane. 
Thus, the mass of the snowboarder given in the problem statement turns out to be just as 
irrelevant as his height. 


CALCULATE 
Putting in the given value for the angle leads to 


a, = (9.81 m/s” )(sin 22°) = 3.67489 m/s’. 


ROUND 
Because the angle of the slope was given to only two-digit accuracy, it makes no sense to 
give our result to a greater precision. The final answer is 


a, =3.7 m/s’, 


DOUBLE-CHECK 

The units of our answer, m/s’, are those of acceleration. The number we obtained is posi- 
tive, which means a positive acceleration down the slope in the coordinate system we 
have chosen. Also the number is less than 9.81, which is comforting. It means that our 
calculated acceleration is less than that for free fall. As a final step, let’s check for con- 
sistency of our answer, ay = g sin 0, in limiting cases. In the case where 0 — 0°, the sine 
also converges to zero, and the acceleration vanishes. This result is consistent because we 
expect no acceleration of the snowboarder if he rests on a horizontal surface. As 0 — 90°, 
the sine approaches 1, and the acceleration is the acceleration due to gravity, as we expect 
as well. In this limiting case, the snowboarder would be in free fall. 


y 


Inclined-plane problems, like the one we have just solved, are very common and pro- 
vide practice with concepts of component decomposition of forces. Another common type 
of problem involves redirection of forces via pulleys and ropes. The next example shows 
how to proceed in a simple case. 


EXAMPLE 4.4 “Two Blocks Connected by a Rope 


In this classic problem, a hanging mass generates an acceleration for a second mass on a 
horizontal surface (Figure 4.17a). One block, of mass m}, lies on a horizontal frictionless sur- 
face and is connected via a massless rope (for simplicity, oriented in the horizontal direction) 
running over a massless pulley to another block, with mass m, hanging from the rope. 


PROBLEM 
What is the acceleration of block m,, and what is the acceleration of block m,? 


SOLUTION 
Again we start with a free-body diagram for each object. For block m,, the free-body dia- 
gram is shown in Figure 4.17b. The gravitational force vector points straight down 
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(a) (b) (c) 
FIGURE 4.17 (a) Block hanging vertically from a rope that runs over a pulley and is connected to 
a second block on a horizontal frictionless surface. (b) Free-body diagram for block m,. (c) Free-body 
diagram for block mp. 


Continued— 


4.6 Applying Newton’s Laws 
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and has magnitude F, = m,g. The force due to the rope, T, acts along the rope and thus is 
in the horizontal direction, which we have chosen as the x-direction. The normal force, 
N,, acting on m, acts perpendicular to the contact surface. Because the surface is hori- 
zontal, Ñ, acts in the vertical direction. From the requirement of zero net force in the 
y-direction, we get N, = F, = mg for the magnitude of the normal force. The magnitude 
of the tension force in the rope, T, remains to be determined. For the component of ac- 
celeration in the x-direction, Newton's Second Law gives us 


ma=T. 


Now we turn to the free-body diagram for mass m, (Figure 4.17c). The force due to the 
rope, T, that acts on m, also acts on m, but the redirection due to the pulley causes the 
force to act in a different direction. However, we are interested in the magnitude of the 
tension, T, and this value is the same for both masses. 

For the y-component of the net force acting on m,, Newton's Second Law gives us 


T-E =T-m,g=-m,a. 


The magnitude of the acceleration a for m, that appears in this equation is the same as a 
in the equation of motion for m,, because the two masses are tied to each other by a rope 
and experience the same magnitude of acceleration. This is a key insight: If two objects 
are tied to each other in this way, they must experience the same magnitude of accelera- 
tion, provided the rope is kept under tension. The negative sign on the right side of this 
equation indicates that m, accelerates in the negative y-direction. 

We can now combine the two equations for the two masses to eliminate the magni- 
tude of the string force, T, and obtain the common acceleration of the two masses: 


ma=T=m,g-m,a> 


my 
a= g|————_]. 
m +m, 
This result makes sense: In the limit where m; is very large compared to m), there will be 
almost no acceleration, whereas if m, is very small compared to m,, then m, will acceler- 
ate with almost the acceleration due to gravity, as if m, were not there. 


Finally, we can calculate the magnitude of the tension by reinserting our result for the 
acceleration into one of the two equations we obtained using Newton's Second Law: 


a T=ma=g 2| 
m +m, 


i } 
a 

i B = NO ENE EEE a l 

In Example 4.4, it is clear in which direction the acceleration will occur. In more compli- 

(b) cated cases, the direction in which objects begin to accelerate may not be clear at the beginning. 

You just have to define a direction as positive and use this assumption consistently through- 

‘ii out your calculations. If the acceleration value you obtain in the end turns out to be negative, 

this result means that the objects accelerate in the direction opposite to the one you initially 

y | t assumed. The calculated value will remain correct. Example 4.5 illustrates such a situation. 

a 


on 


(c) 
FIGURE 4.18 (a) Atwood machine 


with the direction of positive accel- 


EXAMPLE 4.5 | Atwood Machine 


The Atwood machine consists of two hanging weights (with masses m, and m,) connected 
sraton desumed to be ac indicated, via a rope running over a pulley. For now, we consider a friction-free case, where the pulley 
(b) Free-body diagram for the weight on does not move, and the rope glides over it. (In Chapter 10 on rotation, we will return to this 
the right side of the Atwood machine. problem and solve it with friction present, which causes the pulley to rotate.) We also assume 
(c) Free-body diagram for the weight on that m, > m. In this case, the acceleration is as shown in Figure 4.1 8a. (The formula derived 
the left side of the Atwood machine. in the following is correct for any case. If m, < m,, then the value of the acceleration, a, 


will have a negative sign, which will mean that the acceleration direction is opposite to 
what we assumed in working the problem.) 

We start with free-body diagrams for m, and m,, as shown in Figure 4.18b and Fig- 
ure 4.18c. For both free-body diagrams, we elect to point the positive y-axis upward, and 
both diagrams show our choice for the direction of the acceleration. The rope exerts a 
tension T, of magnitude still to be determined, upward on both m, and m,. With our 
choices of the coordinate system and the direction of the acceleration, the downward ac- 
celeration of m, is acceleration in a negative direction. This leads to an equation that can 
be solved for T: 


T-mg=-ma > T =m,g-ma=m,(g-a). 


From the free-body diagram for m, and the assumption that the upward acceleration of 
m, corresponds to acceleration in a positive direction, we get 


T-mg=m,a> T=m,g +m,a=m,(g +a). 
Equating the two expressions for T, we obtain 
m,(g-a)=m,(g+a), 
which leads to an expression for the acceleration: 
(m -m)g =(m,-+ mja => 
a -|27 -m | 

m +m, 
From this equation, you can see that the magnitude of the acceleration, a, is always small- 
er than g in this situation. If the masses are equal, we obtain the expected result of no 


acceleration. By selecting the proper combination of masses, we can generate any value of 
the acceleration between zero and g that we desire. 


EXAMPLE 4.6 Collision of Two Vehicles 


Suppose that an SUV with mass m = 3260 kg has a head-on collision with a subcompact 
car of mass m = 1194 kg and exerts a force of magnitude 2.9- 10° N on the subcompact. 


PROBLEM 
What is the magnitude of the force that the subcompact exerts on the SUV in the collision? 


SOLUTION 

As paradoxical as it may seem at first, the little subcompact exerts just as much force on 
the SUV as the SUV exerts on it. This equality is a straightforward consequence of New- 
ton’s Third Law, equation 4.8. So, the answer is 2.9-10° N. 


DISCUSSION 

The answer may be straightforward, but it is by no means intuitive. The subcompact 
will usually sustain much more damage in such a collision, and its passengers will have 
a much bigger chance of getting hurt. However, this difference is due to Newton's Sec- 
ond Law, which says that the same force applied to a less massive object yields a higher 
acceleration than when it is applied to a more massive one. Even in a head-on colli- 
sion between a mosquito and a car on the freeway, the forces exerted on each body are 
equal; the difference in damage to the car (none) and to the mosquito (obliteration) is 
due to their different resulting accelerations. We will revisit this idea in Chapter 7 on 
momentum and collisions. 


4.6 Applying Newton’s Laws 


4.2 Self-Test Opportunity 


For the Atwood machine, can you 
write a formula for the magnitude 
of the tension in the rope? 


4.3 In-Class Exercise 


If you double both masses in an 
Atwood machine, the resulting 
acceleration will be 


a) twice as large. 

b) half as large. 

c) the same. 

d) one-quarter as large. 


e) four times as large. 


4.4 In-Class Exercise 


For the collision in Example 4.6, 
if we call the absolute value of 
the acceleration experienced 

by the SUV asuy and that of the 
subcompact car a.a we find that 
approximately 


118 Chapter 4 Force 


4.7 Friction Force 


So far, we have neglected the force of friction and considered only frictionless approxima- 
tions. However, in general, we have to include friction in most of our calculations when we 
want to describe physically realistic situations. 

We could conduct a series of very simple experiments to learn about the basic charac- 
teristics of friction. Here are the findings we would obtain: 


= If an object is at rest, it takes an external force with a certain threshold magnitude 
and acting parallel to the contact surface between the object and the surface to 
overcome the friction force and make the object move. 


= ‘The friction force that has to be overcome to make an object at rest move is larger 
than the friction force that has to be overcome to keep the object moving at a 
constant velocity. 


= The magnitude of the friction force acting on a moving object is proportional to the 
magnitude of the normal force. 


= ‘The friction force is independent of the size of the contact area between object and 
surface. 


= ‘The friction force depends on the roughness of the surfaces; that is, a smoother 
interface generally provides less friction force than a rougher one. 


= ‘The friction force is independent of the velocity of the object. 


These statements about friction are not principles in the same way as Newton's laws. Instead, 
they are general observations based on experiments. For example, you might think that the 
contact of two extremely smooth surfaces would yield very low friction. However, in some 
cases, extremely smooth surfaces actually fuse together as a cold weld. Investigations into 
the nature and causes of friction continue, as we discuss later in this section. 

From these findings, it is clear that we need to distinguish between the case where 
an object is at rest relative to its supporting surface (static friction) and the case where an 
object is moving across the surface (kinetic friction). The case in which an object is moving 
across a surface is easier to treat, and so we consider kinetic friction first. 


Kinetic Friction 


The above general observations can be summarized in the following approximate formula 
for the magnitude of the kinetic friction force, fy: 


Fic = PAN. (4.10) 


Here N is the magnitude of the normal force and x, is the coefficient of kinetic friction. 
This coefficient is always equal to or greater than zero. (The case where u, = 0 corresponds 
to a frictionless approximation. In practice, however, it can never be reached perfectly.) 
In almost all cases, u, is also less than 1. (Some special tire surfaces used for car racing, 
though, have a coefficient of friction with the road that can significantly exceed 1.) Some 
representative coefficients of kinetic friction are shown in Table 4.1. 

The direction of the kinetic friction force is always opposite to the direction of motion of 
the object relative to the surface it moves on. 

If you push an object with an external force parallel to the contact surface, and the force 
has a magnitude exactly equal to that of the force of kinetic friction on the object, then the 
total net external force is zero, because the external force and the friction force cancel each 
other. In that case, according to Newton's First Law, the object will continue to slide across 
the surface with constant velocity. 


Static Friction 


If an object is at rest, it takes a certain threshold amount of external force to set it in motion. 
For example, if you push lightly against a refrigerator, it will not move. As you push harder 
and harder, you reach a point where the refrigerator finally slides across the kitchen floor. 


LE) AS) Typical Coefficients of Both Static and Kinetic Friction Between 
Material 1 and Material 2* 


Material 1 Material 2 [th Uk 
rubber dry concrete 1 0.8 
rubber wet concrete 0.7 0.5 
steel steel 0.7 0.6 
wood wood 0.5 0.3 
waxed ski snow 0.1 0.05 
steel oiled steel 0.12 0.07 
Teflon steel 0.04 0.04 
curling stone ice 0.017 


*Note that these values are approximate and depend strongly on the condition of surface that exists between the two materials. 


For any external force acting on an object that remains at rest, the friction force is 
exactly equal in magnitude and opposite in direction to the component of that external 
force that acts along the contact surface between the object and its supporting surface. 
However, the magnitude of the static friction force has a maximum value: f; < fo max. This 
maximum magnitude of the static friction force is proportional to the normal force, but 
with a different proportionality constant than the coefficient of kinetic friction: fy max = MUN. 
We can write for the magnitude of the force of static friction 


fo SBN = foma (4.11) 


where u, is called the coefficient of static friction. Some typical coefficients of static 
friction are shown in Table 4.1. In general, for any object on any supporting surface, the 
maximum static friction force is greater than the force of kinetic friction. You may have 
experienced this when trying to slide a heavy object across a surface: As soon as the object 
starts moving, a lot less force is required to keep the object in constant sliding motion. We 
can write this finding as a mathematical inequality between the two coefficients: 


Hs > Be: (4.12) 


Figure 4.19 presents a graph showing how the friction force depends on an 
external force, Fexp applied to an object. If the object is initially at rest, a small exter- 
nal force results in a small force of friction, rising linearly with the external force 
until it reaches a value of uN. Then it drops rather quickly to a value of uN, when 
the object is set in motion. At this point, the external force has a value of F.,, = UN, 
resulting in a sudden acceleration of the object. This dependence of the friction force 
on the external force is shown in Figure 4.19 as a red line. 

On the other hand, if we start with a large external force and the object is already mN 
in motion, then we can reduce the external force below a value of uN, but still above 
HN, and the object will keep moving and accelerating. Thus, the friction coefficient 
retains a value of u, until the external force is reduced to a value of uN. At this point 
(and only at this point!), the object will move with a constant velocity, because the 
external force and the friction force are equal in magnitude. If we reduce the external 0 
force further, the object decelerates (horizontal segment of the blue line left of the red 
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diagonal in Figure 4.19), because the kinetic friction force is bigger than the external FIGURE 4.19 Magnitudes of the forces of 


force. Eventually, the object comes to rest due to the kinetic friction, and the external 
force is not sufficient to move it anymore. Then static friction takes over, and the fric- 
tion force is reduced proportionally to the external force until both reach zero. The 
blue line in Figure 4.19 illustrates this dependence of the friction force on the exter- 
nal force. Where the blue line and the red line overlap, this is indicated by alternating 
blue and red squares. The most interesting part about Figure 4.19 is that the blue and 
red lines do not coincide between u,N and uN. 


friction as a function of the magnitude of an 
external force. 
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Let’s return to the attempt to move a refrigerator across the kitchen floor. Initially, the 
refrigerator sits on the floor, and the static friction force resists your effort to move it. Once 
you push hard enough, the refrigerator jars into motion. In this process, the friction force 
follows the red path in Figure 4.19. Once the refrigerator moves, you can push less hard and 
still keep it moving. If you push with less force so that it moves with constant velocity, the 
external force you apply follows the blue path n Figure 4.19 until it is reduced to Foyt = WN. 
Then the friction force and the force you apply to the fridge add up to zero, and there is no 
net force acting on the refrigerator, allowing it to move with constant velocity. 


EXAMPLE 4.7 | ‘Realistic Snowboarding 


Let’s reconsider the snowboarding situation from Solved Problem 4.1, but now include 
friction. A snowboarder moves down a slope for which 0 = 22°. Suppose the coefficient 
of kinetic friction between his board and the snow is 0.21, and his velocity, which is along 
the direction of the slope, is measured as 8.3 m/s at a given instant. 


PROBLEM 1 
Assuming a constant slope, what will be the speed of the snowboarder along the direction 
of the slope, 100 m farther down the slope? 


SOLUTION 1 

Figure 4.20 shows a free-body diagram for this problem. The gravitational force 
points downward and has magnitude mg, where m is the mass of the snow- 
boarder and his equipment. We choose convenient x- and y-axes parallel and 
perpendicular to the slope, respectively, as indicated in Figure 4.20. The angle 
0 that the slope makes with the horizontal (22° in this case) also appears in the 
decomposition of the components of the gravitational force parallel and per- 
pendicular to the slope. (This analysis is a general feature of any inclined-plane 
problem.) The force component along the plane is then mg sin 6, as shown in 


FIGURE 4.20 Free-body diagram of a snow- Figure 4.20. The normal force is given by N = mg cos 8, and the force of kinetic 


boarder, including the friction force. 


friction is f, = -umg cos 0, with the minus sign indicating that the force is act- 
ing in the negative x-direction, in our chosen coordinate system. 
We thus get for the total force component in the x-direction: 
mg sin 0 - mng cos 6 = ma, > 
a, = g(sin 0- py, cos 6). 
Here we have used Newton's Second Law, F, = ma, in the first line. The mass of the snow- 


boarder drops out, and the acceleration, a,, along the slope is a constant. Inserting the 
numbers given in the problem statement, we obtain 


a=a, =(9.81 m/s” )(sin 22° - 0.21cos 22°) = 1.76 m/s’. 


Thus, we see that this situation is a problem of motion in a straight line in one direction 
with constant acceleration. We can apply the relationship between the squares of the ini- 
tial and final velocities and the acceleration that we have derived for one-dimensional 
motion with constant acceleration: 


v? =v +2a(x - x). 


With v = 8.3 m/s and x - x) = 100 m, we calculate the final speed: 


v=4 v +2a(x- xo) 


=4/(8.3 m/s? + 2- (1.76 m/s”)(100 m) 
=20.5 m/s. 


PROBLEM 2 
How long does it take the snowboarder to reach this speed? 


SOLUTION 2 
Since we now know the acceleration and the final speed and were given the initial speed, 
we use 

v-v _ (20.5-8.3) m/s _ 


6.95 s. 
a 1.76 m/s? 


v=} +at=>t= 


PROBLEM 3 
Given the same coefficient of friction, what would the angle of the slope have to be for the 
snowboarder to glide with constant velocity? 


SOLUTION 3 

Motion with constant velocity implies zero acceleration. We have already derived an 
equation for the acceleration as a function of the slope angle. We set this expression equal 
to zero and solve the resulting equation for the angle 0: 


a, = g(sin 0 - uy cos@) =0 
=> sin = u cosé 
=> tanl = uk 


> 0= tan” py, 


Because jy, = 0.21 was given, the angle is 0 = tan™ 0.21 = 12°. With a steeper slope, the 
snowboarder will accelerate, and with a shallower slope, the snowboarder will slow down 
until he comes to a stop. 


Air Resistance 


So far we have ignored the friction due to moving through the air. Unlike the force of 
kinetic friction that you encounter when dragging or pushing one object across the surface 
of another, air resistance increases as speed increases. Thus, we need to express the friction 
force as a function of the velocity of the object relative to the medium it moves through. The 
direction of the force of air resistance is opposite to the direction of the velocity vector. 

In general, the magnitude of the friction force due to air resistance, or drag force, can 
be expressed as Fit = Ko + Kv + Kav? +..., with the constants Ky, K,, K»... to be deter- 
mined experimentally. For the drag force on macroscopic objects moving at relatively high 
speeds, we can neglect the linear term in the velocity. The magnitude of the drag force is 
then approximately 


Farag = Kv’. (4.13) 


This equation means that the force due to air resistance is proportional to the square of 
the speed. 

When an object falls through air, the force from air resistance increases as the object 
accelerates until it reaches a so-called terminal speed. At this point, the upward force of 
air resistance and the downward force due to gravity equal each other. Thus, the net force 
is zero, and there is no more acceleration. Because there is no more acceleration, the falling 
object has constant terminal speed: 


R = Firag > Mg = Kv’. 


Solving this for the terminal speed, we obtain 


= |8 
v- js. (4.14) 


Note that the terminal speed depends on the mass of the object, whereas when we neglected 
air resistance, the mass of the object did not affect the object’s motion. In the absence of air 
resistance, all objects fall at the same rate, but the presence of air resistance explains why 
heavy objects fall faster than light ones that have the same (drag) constant K. 
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4.5 In-Class Exercise 


An unused coffee filter reaches its 
terminal speed very quickly if you 
let it fall. Suppose you release a 
single coffee filter from a height of 
1 m. From what height do you have 
to release a stack of two coffee 
filters at the same instant so that 
they will hit the ground at the same 
time as the single coffee filter? (You 
can safely neglect the time needed 
to reach terminal speed.) 


a) 0.5m 
b) 0.7 m 
c)1m 


d) 1.4m 


e) 2m 


(b) 


FIGURE 4.21 (a) Skydiver in the 
high-resistance position. (b) Skydiver 
in low-resistance position. 


To compute the terminal speed for a falling object, we need to know the value of 
the constant K. This constant depends on many variables, including the size of the cross- 
sectional area, A, exposed to the air stream. In general terms, the bigger the area, the bigger 
is the constant K. K also depends linearly on the air density, p. All other dependences on the 
shape of the object, on its inclination relative to the direction of motion, on air viscosity, and 
compressibility are usually collected in a drag coefficient, cą: 

K=1e,Ap. (4.15) 
Equation 4.15 has the factor + to simplify calculations involving the energy of objects 
undergoing free fall with air resistance. We will return to this subject when we discuss 
kinetic energy in Chapter 5. 

Creating a low drag coefficient is an important consideration in automotive design, 
because it has a strong influence on the maximum speed of a car and its fuel consumption. 
Numerical computations are useful, but the drag coefficient is usually optimized experi- 
mentally by putting car prototypes into wind tunnels and testing the air resistance at dif- 
ferent speeds. The same wind tunnel tests are also used to optimize the performance of 
equipment and athletes in events such as downhill ski racing and bicycle racing. 

For motion in very viscous media or at low velocities, the linear velocity term of the 
friction force cannot be neglected. In this case, the friction force can be approximated by 
the form F;,,;., = K,v. This form applies to most biological processes, including large biomol- 
ecules or even microorganisms such as bacteria moving through liquids. This approxima- 
tion of the friction force is also useful when analyzing the sinking of an object in a fluid, for 
example, a small stone or fossil shell in water. 


EXAMPLE 4.8 [Sky Diving 


An 80-kg skydiver falls through air with a density of 1.15 kg/m*. Assume that his drag 
coefficient is cy = 0.57. When he falls in the spread-eagle position, as shown in Figure 
4.21a, his body presents an area A, = 0.94 m? to the wind, whereas when he dives head 
first, with arms close to the body and legs together, as shown in Figure 4.21b, his area is 
reduced to A, = 0.21 m’. 


PROBLEM 
What are the terminal speeds in both cases? 


SOLUTION 
We use equation 4.14 for the terminal speed and equation 4.15 for the air resistance con- 
stant, rearrange the formulas, and insert the given numbers: 


y= jmg _ |_mg 
K zca Ap 


(80 kg)(9.81 m/s”) 
10.57(0.94 m*)(1.15 kg/m°) 


=50.5 m/s 


(80 kg)(9.81 m/s”) 


i 3 a 107 m/s. 
5 0.57(0.21 m“ )(1.15 kg/m”) 


V2 = 


These results show that, by diving head first, the skydiver can reach higher velocities dur- 
ing free fall than when he uses the spread-eagle position. Therefore, it is possible to catch 
up to a person who has fallen out of an airplane, assuming that the person is not diving 
head first, too. However, in general, this technique cannot be used to save such a person 
because it would be nearly impossible to hold onto him or her during the sudden decel- 
eration shock caused by the rescuer’s parachute opening. 
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Tribology 


What causes friction? The answer to this question is not at all easy or obvious. When surfaces 
rub against each other, different atoms (more on atoms in Chapter 13) from the two surfaces 
make contact with each other in different ways. Atoms get dislocated in the process of drag- 
ging surfaces across each other. Electrostatic interaction (more on this in Chapter 21) between 
the atoms on the surfaces causes additional static friction. A true microscopic understanding 
of friction is beyond the scope of this book and is currently the focus of great research activity. 

The science of friction has a name: tribology. The laws of friction we have discussed were 
already known 300 years ago. Their discovery is generally credited to Guillaume Amontons 
and Charles Augustin de Coulomb, but even Leonardo da Vinci may have known them. Yet 
amazing things are still being discovered about friction, lubrication, and wear. 

Perhaps the most interesting advance in tribology that occurred in the last two 
decades was the development of atomic and friction force microscopes. The basic prin- 
ciple that these microscopes employ is the dragging of a very sharp tip across a sur- 
face with analysis by cutting-edge computer and sensor technology. Such friction force 
microscopes can measure friction forces as small as 10 pN = 10°"! N. Shown in Figure 
4.22 is a cut-away schematic drawing of one of these instruments, constructed by physi- 
cists at the University of Leiden, Netherlands. State-of-the-art microscopic simulations 
of friction are still not able to completely explain it, and so this research area is of great 
interest in the field of nanotechnology. 

Friction is responsible for the breaking off of small particles from surfaces that rub FIGURE 4.22 cut-away drawing of a 

against each other, causing wear. This phenomenon is of particular importance in high- nicros cope used to study friction forces by 
performance car engines, which require specially formulated lubricants. Understanding the dragging a probe in the form of sharp point 
influence of small surface impurities on the friction force is of great interest in this context. across the surface to be studied. 
Research into lubricants continues to try to find ways to reduce the coefficient of kinetic 
friction, Wẹ to a value as close to zero as possible. For example, modern lubricants include 
buckyballs—molecules consisting of 60 carbon atoms arranged in the shape of a soccer ball, 
which were discovered in 1985. These molecules act like microscopic ball bearings. 

Solving problems involving friction is also important to car racing. In the Formula 1 
circuit, using the right tires that provide optimally high friction is essential for winning 
races. While friction coefficients are normally in the range between 0 and 1, it is not unusual 
for top fuel race cars to have tires that have friction coefficients with the track surface of 3 
or even larger. 


4.8 Applications of the Friction Force 


With Newton's three laws, we can solve a huge class of problems. Knowing about static and 
kinetic friction allows us to approximate real-world situations and come to meaningful 
conclusions. Because it is helpful to see various applications of Newton’s laws, we will solve 
several practice problems. These examples are designed to demonstrate a range of tech- 
niques that are useful in the solution of many kinds of problems. 


Sample stage 


& 


_EXAMPLE 4.9 [Two Blocks Connected by a Rope—with Friction 


We solved this problem in Example 4.4, with the assumptions that m, slides without fric- 
tion across the horizontal support surface and that the rope slides without friction across 
the pulley. Now we will allow for friction between m; and the surface it slides across. For 
now, we will still assume that the rope slides without friction across the pulley. (Chapter 
10 will present techniques that let us deal with the pulley being set into rotational motion 
by the rope moving across it.) 


PROBLEM 1 

Let the coefficient of static friction between block 1 (mass m, = 2.3 kg) and its support sur- 
face have a value of 0.73 and the coefficient of kinetic friction have a value of 0.60. (Refer 
back to Figure 4.17.) If block 2 has mass m, = 1.9 kg, will block 1 accelerate from rest? 


Continued— 
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Fi 
FIGURE 4.23 Free-body diagram for 
m, including the force of friction. 


SOLUTION 1 
All the force considerations from Example 4.4 remain the same, except that the free-body 
diagram for block m, (Figure 4.23) now has a force arrow corresponding to the friction force, 
f. Keep in mind that in order to draw the direction of the friction force, you need to know in 
which direction movement would occur in the absence of friction. Because we have already 
solved the frictionless case, we know that m, would move to the right. Because the friction 
force is directed opposite to the movement, the friction vector thus points to the left. 

The equation we derived in Example 4.4 by applying Newton’s Second Law to m, 
changes from m,a = T to 

ma=T - f. 


Combining this with the equation we obtained in Example 4.4 via application of Newton's 
Second Law to m, T - mg = -m a, and again eliminating T gives us 


ma+ f =T =m,g-m,a> 


te mg ~ f 
m +m, 


So far, we have avoided specifying any further details about the friction force. We now do 
so by first calculating the maximum magnitude of the static friction force, f max = UN}. 
For the magnitude of the normal force, we already found N, = mg, giving us the formula 
for the maximum static friction force: 


Ímar = MsN, = umg = (0.73)(2.3 kg)(9.81 m/s”) =16.5 N. 


We need to compare this value to that of mg in the numerator of our equation for the ac- 
celeration, a = (m, g - f)/(m, + my). If f, max 2 Mg, then the static friction force will assume 
a value exactly equal to m,g, causing the acceleration to be zero. In other words, there will 
be no motion, because the pull due to block m, hanging from the rope is not sufficient to 
overcome the force of static friction between block m, and its supporting surface. If f max 
< mg, then there will be positive acceleration, and the two blocks will start moving. In the 
present case, because m,g = (1.9 kg)(9.81 m/ s?) = 18.6 N, the blocks will start moving. 


PROBLEM 2 
What is the value of the acceleration? 


SOLUTION 2 

As soon as the static friction force is overcome, kinetic friction takes over. We can then 
use our equation for the acceleration, a = (m, g - f)/(m, + mg), substitute f= N, = mg, 
and obtain 


pe a Marg _ [ma — mary 
m +m, m +m, 


Inserting the numbers, we find 


(1.9 kg)- 0.6- (2.3 kg) 
(2.3 kg)+ (1.9 kg) 


a=(9.81 m/s?) =1.21 m/s’. 


EXAMPLE 4.10 | Pulling a Sled 


Suppose you are pulling a sled across a level snow-covered surface by exerting constant 
force on a rope, at an angle 0 relative to the ground. 


PROBLEM 1 

If the sled, including its load, has a mass of 15.3 kg, the coefficients of friction between the 
sled and the snow are u, = 0.076 and uy = 0.070, and you pull with a force of 25.3 N on the 
rope at an angle of 24.5° relative to the horizontal ground, what is the sled’s acceleration? 


4.8 Applications of the Friction Force 


SOLUTION 1 

Figure 4.24 shows the free-body diagram for the sled, with all the forces acting 
on it. The directions of the force vectors are correct, but the magnitudes are not 
necessarily drawn to scale. The acceleration of the sled will, if it occurs at all, be 
directed along the horizontal, in the x-direction. In terms of components, New- 
ton’s Second Law gives: 


x-component: ma=T cos0- f 


and 
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FIGURE 4.24 Free-body diagram of the sled 


y-component: 0O=Tsind-mg+N. and its load. 


For the friction force, we will use the form f= uN for now, without specifying whether it 
is kinetic or static friction, but in the end we will have to return to this point. The normal 
force can be calculated from the above equation for the y-component and then substi- 
tuted into the equation for the x-component: 


N=mg-T sind 
ma=T cos6— u(mg -T sin 6) => 


a= er ae psin 6) - pug. 

m 
We see that the normal force is less than the weight of the sled, because the force pulling 
on the rope has an upward y-component. The vertical component of the force pulling on 
the rope also contributes to the acceleration of the sled since it affects the normal force 
and hence the horizontal frictional force. 

When putting in the numbers, we first use the value of the coefficient of static friction 
to see if enough force is applied by pulling on the rope to generate a positive acceleration. 
If the resulting value for a turns out to be negative, this means that there is not enough pulling 
force to overcome the static friction force. With the given value of u, (0.076), we obtain 


g- 2o3N 
15.3 kg 


(cos 24.5° + 0.076 sin 24.5°) - 0.076(9.81 m/s”) =0.81 m/s”. 


Because this calculation results in a positive value for a', we know that the force is strong 
enough to overcome the friction force. We now use the given value for coefficient of ki- 
netic friction to calculate the actual acceleration of the sled: 
25.3 N 
a= 
15.3 kg 


(cos24.5° + 0.070 sin 24.5°) — 0.070(9.81 m/s”) =0.87 m/s”. 


PROBLEM 2 

What angle of the rope with the horizontal will produce the maximum acceleration of the 
sled for the given value of the magnitude of the pulling force, T? What is that maximum 
value of a? 


SOLUTION 2 
In calculus, to find the extremum of a function, we have to take the first derivative and 
find the value of the independent variable for which that derivative is zero: 


d d (Zos + usin) - ug 7 E 
m m 


Ge 
dð do 


Searching for the root of this equation results in 


da T 
— = —(-sin Onax + HCOS Omax) =0 
76 = H ) 


0 = brax 
=> sin Onax = H COS Onax => 
Onax = tan”! u. 


Continued— 
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Inserting the given value for the coefficient of kinetic friction, 0.070, into this equation 
results in Omax = 4.0°. This means that the rope should be oriented almost horizontally. 
The resulting value of the acceleration can be obtained by inserting the numbers into the 
equation for a we used in Solution 1: 


apax = 4(Omax ) = 0.97 m/s”. 


Note: A zero first derivative is only a necessary condition for a maximum, not a sufficient 
one. You can convince yourself that we have indeed found the maximum by first realizing 
that we obtained only one root of the first derivative, meaning that the function a(@) has 
only one extremum. Also, because the value of the acceleration we calculated at this point 
is bigger than the value we previously obtained for 24.5°, we are assured that our single 
extremum is indeed a maximum. Alternatively, we could have taken the second deriva- 
tive and found that it is negative at the point 6,,,, = 4.0°; then, we could have compared 
the value of the acceleration obtained at that point with those at 6 = 0° and 6 = 90°. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= The net force on an object is the vector sum of the 


n 
forces acting on the object: Fe = wen 
i=l 


= Mass is an intrinsic quality of an object that quantifies 


Newton's Third Law. The forces that two interacting 
objects exert on each other are always exactly 

equal in magnitude and opposite in direction: 

Rn = Bn 


both the object's ability to resist acceleration and the = Two types of friction occur: static and kinetic 


gravitational force on the object. 


= A free-body diagram is an abstraction showing all 
forces acting on an isolated object. 


= Newton’s three laws are as follows: 


Newton's First Law. In the absence of a net force 
on an object, the object will remain at rest, if it was 
at rest. If it was moving, it will remain in motion 
in a straight line with the same velocity. 


friction. Both types of friction are proportional to the 
normal force, N. 


Static friction describes the force of friction between 
an object at rest on a surface in terms of the coef- 
ficient of static friction, u, The static friction force, 
fp opposes a force trying to move an object and has 
a maximum value, f, maxw such that f, < UN =f max: 


Kinetic friction describes the force of friction 
between a moving object and a surface in terms 


Newton's Second Law. If a net external force, Fet of the coefficient of kinetic friction, wy. Kinetic 


acts on an object with mass m, the force will cause 


friction is given by f, = mN. 


an acceleration, d, in the same direction as the 


force: Fe =m. 
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NEW SYMBOLS AND EQUATIONS 


F, =-mgy, gravitational force vector 


Ée D: =F+ B+--+E, net force 


N, normal force 


F.=0, Newton's First Law, condition for static 
equilibrium 


F «a =ma, Newtons Second Law 


F_,, =-B,.,, Newton's Third Law 
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T, string tension 
fi force of kinetic friction 
H coefficient of kinetic friction 
fo force of static friction 
Hy coefficient of static friction 
Farag force due to air resistance, or drag force 


Ca drag coefficient 


ANSWERS TO SELF-TEST OPPORTUNITIES 


4.1 


MoeolfballS MNear& MyouS 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines: Newton’s Laws 

Analyzing a situation in terms of forces and motion is a vi- 
tal skill in physics. One of the most important techniques 
is the proper application of Newton's laws. The following 
guidelines can help you solve mechanics problems in terms 
of Newton's three laws. These are part of the seven-step strat- 
egy for solving all types of physics problems and are most 
relevant to the Sketch, Think, and Research steps. 


1. An overall sketch can help you visualize the situation and 
identify the concepts involved, but you also need a separate 
free-body diagram for each object to identify which forces 
act on that particular object and no others. Drawing correct 
free-body diagrams is the key to solving all problems in me- 
chanics, whether they involve static (nonmoving) situations 
or kinetic (moving) ones. Remember that the ma from 
Newton's Second Law should not be included as a force in 
any free-body diagram. 


2. Choosing the coordinate system is important—often the 
choice of coordinate system makes the difference between very 
simple equations and very difficult ones. Placing an axis along 
the same direction as an object’s acceleration, if there is any, is 
often very helpful. In a statics problem, orienting an axis along a 
surface, whether horizontal or inclined, is often useful. Choos- 
ing the most advantageous coordinate system is an acquired 
skill gained through experience as you work many problems. 


4.2 Using T = m,(g + a) and inserting the value for the 


mm) vei 


acceleration, a= g 
m +m), 


T=m(g+a)=m|g +g -mg a 5 
m +m mtm mtm 
-2g 
m +m 


3. Once you have chosen your coordinate directions, deter- 
mine whether the situation involves acceleration in either 
direction. If no acceleration occurs in the y-direction, for ex- 
ample, then Newton's First Law applies in that direction, and 
the sum of forces (the net force) equals zero. If acceleration 
does occur in a given direction, for example, the x-direction, 
then Newtons Second Law applies in that direction, and the 
net force equals the objects mass times its acceleration. 


4. When you decompose a force vector into components 
along the coordinate directions, be careful about which di- 
rection involves the sine of a given angle and which direction 
involves the cosine. Do not generalize from past problems 
and think that all components in the x-direction involve 
the cosine; you will find problems where the x-component in- 
volves the sine. Rely instead on clear definitions of angles and 
coordinate directions and the geometry of the given situation. 
Often the same angle appears at different points and between 
different lines in a problem. This usually results in similar tri- 
angles, often involving right angles. If you create a sketch of a 
problem with a general angle 0, try to use an angle that is not 
close to 45°, because it is hard to distinguish between such an 
angle and its complement in your sketch. 


5. Always check your final answer. Do the units make sense? 
Are the magnitudes reasonable? If you change a variable to 
approach some limiting value, does your answer make a valid 
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prediction about what happens? Sometimes you can estimate 
the answer to a problem by using order-of-magnitude approx- 
imations, as discussed in Chapter 1; such an estimate can of- 
ten reveal whether you made an arithmetical mistake or wrote 
down an incorrect formula. 


SOLVED PROBLEM 4.2 | Wedge 


6. The friction force always opposes the direction of motion 
and acts parallel to the contact surface; the static friction force 
opposes the direction in which the object would move, if the 
friction force were not present. Note that the kinetic friction 
force is equal to the product of the coefficient of friction and 
the normal force, whereas the static friction force is less than or 
equal to that product. 


A wedge of mass m = 37.7 kg is held in place on a fixed plane that is inclined by an angle 
0 = 20.5° with respect to the horizontal. A force F = 309.3 N in the horizontal direction 
pushes on the wedge, as shown in Figure 4.25a. The coefficient of kinetic friction between 
the wedge and the plane is u, = 0.171. Assume that the coefficient of static friction is low 
enough that the net force will move the wedge. 


y y 


TH 


fk 


mg 


(a) 


FIGURE 4.25 (a) A wedge-shaped block being pushed on an inclined plane. (b) Free-body diagram of the wedge, including the external force, the 
force of gravity, and the normal force. (c) Free-body diagram including the external force, the force of gravity, the normal force, and the friction force. 


(b) (c) 


PROBLEM 
What is the acceleration of the wedge along the plane when it is released and free to move? 


SOLUTION 


THINK 

We want to know the acceleration a of the wedge of mass m along the plane, which re- 
quires us to determine the component of the net force that acts on the wedge parallel to 
the surface of the inclined plane. Also, we need to find the component of the net force 
that acts on the wedge perpendicular to the plane, to allow us to determine the force of 
kinetic friction. 

The forces acting on the wedge are gravity, the normal force, the force of kinetic fric- 
tion fi and the external force F. The coefficient of kinetic friction, Ww is given, so we can 
calculate the friction force once we determine the normal force. Before we can continue 
with our analysis of the forces, we must determine in which direction the wedge will 
move after it is released as a result of force F. Once we know in which direction the wedge 
will go, we can determine the direction of the friction force and complete our analysis. 

To determine the net force before the wedge begins to move, we need a free-body 
diagram with just the forces F, N, and mg. Once we determine the direction of motion, 
we can determine the direction of the friction force, using a second free-body diagram 
with the friction force added. 


SKETCH 
A free-body diagram showing the forces acting on the wedge before it is released is present- 
ed in Figure 4.25b. We have defined a coordinate system in which the x-axis is parallel to 


the surface of the inclined plane, with the positive x-direction pointing down the plane. 
The sum of the forces in the x-direction is 


mg sinb - Fcos@=ma. 
We need to determine if the mass will move to the right (positive x-direction, or down the 
plane) or to the left (negative x-direction, or up the plane). We can see from the equation 


that the quantity mg sin 0 - F cos 6 will determine the direction of the motion. With the 
given numerical values, we have 


mg sinb - Fcos@= (37.7 kg)(9.81 m/s?) sin 20.5°) = (309.3 N)(cos 20.5°) 
=-160.193N 


Thus, the mass will move up the plane (to the left, or in the negative x-direction). Now we 
can redraw the free-body diagram as shown in Figure 4.25c by inserting the arrow for the 
force of kinetic friction, f,, pointing down the plane (in the positive x-direction), because 
the friction force always opposes the direction of motion. 


RESEARCH 
Now we can write the components of the forces in the x- and y-directions based on the 
final free-body diagram. For the x-direction, we have 


mg sin@ - Fcos6+ fg =ma. (i) 
For the y-direction we have 
N -mg cos- Fsin@=0. 


From this equation, we can get the normal force N that we need to calculate the fric- 
tion force: 
The = UN = My (mg cos6+ F sin 0). (ii) 


SIMPLIFY 
Having related all the known and unknown quantities to each other, we can get an ex- 
pression for the acceleration of the mass using equations i and ii: 


mg sin - F cos + ug (mgcos0+ Fsin@) =ma. 
We can rearrange this expression: 


mg sin - Fcos@+ umg cos 0 + uF sin 0 = ma 


(mg+ HF)sin0+(mmg-F)cos0=ma, 


and then solve for the acceleration: 


(mg + uF )sin0+ (mmg - F)cos0 
a= . (iii) 
m 

CALCULATE 
Now we put in the numbers and get a numerical result. The first term in the numerator 
of equation iii is 


((37.7 kg)(9.81 m/s? )+ (0.171)(309.3 N)}(sin20.5°) =148.042N. 


Note that we have not rounded this result yet. The second term in the numerator of equa- 
tion iii is 
(o. 171)(37.7 kg)(9.81 m/s?) - (309.3 N))(cos 20.5°)=- 230.476 N. 


Again we have not yet rounded the result. Now we calculate the acceleration using equa- 
tion iii: 
(148.042 N)+(-230.476 N) 


a= =- 2.1866 m/s”. 
37.7 kg 


Continued— 
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y 


FIGURE 4.26 (a) Two stacked blocks 
being pulled to the right. (b) Free-body 
diagram for the two blocks moving 
together. (c) Free-body diagram for the 
upper block. 


ROUND | 
Because all of the numerical values were initially given with three significant figures, we 
report our final result as 

a=-2.19 m/s’. 


DOUBLE-CHECK 

Looking at our answer, we see that the acceleration is negative, which means it is in the 
negative x-direction. We had determined that the mass would move to the left (up the 
plane, or in the negative x-direction), which agrees with the sign of the acceleration in 
our final result. The magnitude of the acceleration is a fraction of the acceleration of grav- 
ity (9.81 m/s’), which makes physical sense. 


———— 


SOLVED PROBLEM 4.3 (Two Blocks 
ee 


Two rectangular blocks are stacked on a table as shown in Figure 4.26a. The upper block 
has a mass of 3.40 kg, and the lower block has a mass of 38.6 kg. The coefficient of kinetic 
friction between the lower block and the table is 0.260. The coefficient of static friction 
between the blocks is 0.551. A string is attached to the lower block, and an external force 
F is applied horizontally, pulling on the string as shown. 


PROBLEM 
What is the maximum force that can be applied to the string without having the upper 
block slide off? 


SOLUTION 


THINK 

To begin this problem, we note that as long as the force of static friction between the two 
blocks is not overcome, the two blocks will travel together. Thus, if we pull gently on the 
lower block, the upper block will stay in place on top of it, and the two blocks will slide as 
one. However, if we pull hard on the lower block, the force of static friction between the 
blocks will not be sufficient to keep the upper block in place and it will begin to slide off the 
lower block. 

The forces acting in this problem are the external force F pulling on the string, the 
force of kinetic friction f,, between the lower block and the surface on which the blocks 
are sliding, the weight mg of the lower block, the weight mg of the upper block, and the 
force of static friction f, between the blocks and the normal forces. 


SKETCH 

We start with a free-body diagram of the two blocks moving together (Figure 4.26b), 
because we will treat the two blocks as one system for the first part of this analysis. We 
define the x-direction to be parallel to the surface on which the blocks are sliding and 
parallel to the external force pulling on the string, with the positive direction to the right, 
in the direction of the external force. The sum of the forces in the x-direction is 


F- fe =(m +m, Ja. (i) 
The sum of the forces in the y-direction is 
N-(mg+mg)=0. Gi) 


Equations i and ii describe the motion of the two blocks together. 
Now we need a second free-body diagram to describe the forces acting on the upper 
block. The forces in the free-body diagram for the upper block (Figure 4.26c) are the normal 


force N, exerted by the lower block, the weight m, g, and the force of static friction f,. The 
sum of the forces in the x-direction is 

f =a. (iii) 
The sum of the forces in the y-direction is 


N, -m,g =0. (iv) 


RESEARCH 
The maximum value of the force of static friction between the upper and lower blocks is 
given by 

Í = UNa = M; (mg). 
where we have used equations iii and iv. Thus, the maximum acceleration that the upper 
block can have without sliding is 


S sm 
hpp E = HE i y ) 
my m 


This maximum acceleration for the upper block is also the maximum acceleration for 
both blocks together. From equation ii, we get the normal force between the lower block 
and the sliding surface: 

N=mg+myg. (vi) 


The force of kinetic friction between the lower block and the sliding surface is then 
fi = m (mg +g). (vii) 
SIMPLIFY 
We can now relate the maximum acceleration to the maximum force, F,,,,, that can be 
exerted without the upper block sliding off, using equations v-vii: 
Evax ~ Bi (mg +mg) =(m +m) peg. 
We solve this for the maximum force to obtain 


Fnax = (mg mg) (m, my) Msg = g(m +m) ( Hy + Ms 


CALCULATE 


Putting in the given numerical values, we get 


Fax =(9.81 m/s? )(38.6 kg +3.40 kg)(0.260 + 0.551) = 334.148 N. 


ROUND 


All of the numerical values were given to three significant figures, so we report our answer as 


E ax =334 N. 


DOUBLE-CHECK 

The answer is a positive value, implying a force to the right, which agrees with the free- 
body diagram in Figure 4.26b. 

The maximum acceleration is 


amax = Hg =(0.551)(9.81 m/s”) =5.41 m/s’, 


which is a fraction of the acceleration due to gravity, which seems reasonable. If there 
were no friction between the lower block and the surface on which it slides, the force 
required to accelerate both blocks would be 


F =(m, +m, ) dmax =(38.6 kg +3.40 kg)(5.41 m/s” )= 227 N. 


Thus, our answer of 334 N for the maximum force seems reasonable because it is higher 
than the force calculated when there is no friction. 
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MULTIPLE-CHOICE QUESTIONS 


4.1 A car of mass M travels in a straight line at constant 
speed along a level road with a coefficient of friction 
between the tires and the road of u and a drag force of D. 
The magnitude of the net force on the car is 


a) uMg. c) \(uMg) +0. 
b) uMg + D. d) zero. 


4.2 A person stands on the surface of the Earth. The mass of 
the person is m and the mass of the Earth is M. The person 
jumps upward, reaching a maximum height h above the Earth. 
When the person is at this height h, the magnitude of the force 
exerted on the Earth by the person is 


a) mg. c) M’g/m. e) zero. 


b) Mg. d) m’g/M. 


4.3 Leonardo da Vinci discovered that the magnitude of the 
friction force is usually simply proportional to the magnitude 
of the normal force; that is, the friction force does not depend 
on the width or length of the contact area. Thus, the main 
reason to use wide tires on a race car is that they 

a) look cool. 

b) have more apparent contact area. 

c) cost more. 

d) can be made of softer materials. 

4.4 The Tornado is a carnival ride that consists of a 

vertical cylinder that rotates rapidly about its vertical axis. 
As the Tornado rotates, the riders are pressed against the 
inside wall of the cylinder by the rotation, and the floor 

of the cylinder drops away. The force that points upward, 


preventing the riders from falling downward, is 
a) friction force. c) gravity. 


b) anormal force. d) a tension force. 


4.5 When a bus makes a sudden stop, passengers tend to 
jerk forward. Which of Newton’s laws can explain this? 

a) Newton’s First Law 

b) Newton’s Second Law 

c) Newton's Third Law 

d) It cannot be explained by Newton's laws. 

4.6 Only two forces, F and F,, are acting on a block. Which 


of the following can be the magnitude of the net force, F, 
acting on the block (indicate all possibilities)? 


a) F>F,+F, c) F<F, +F, 
b) F=F +F, d) none of the above 
QUESTIONS 


4.13 You are at the shoe store to buy a pair of basketball 
shoes that have the greatest traction on a specific type of 
hardwood. To determine the coefficient of static friction, 


4.7 Which of the following observations about the friction 
force is (are) incorrect? 


a) The magnitude of the kinetic friction force is always 
proportional to the normal force. 

b) The magnitude of the static friction force is always 
proportional to the normal force. 

c) The magnitude of the static friction force is always 
proportional to the external applied force. 

d) The direction of the kinetic friction force is always 
opposite the direction of the relative motion of the object 
with respect to the surface the object moves on. 

e) The direction of the static friction force is always 
opposite that of the impending motion of the object relative 
to the surface it rests on. 

f) All of the above are correct. 

4.8 A horizontal force equal to the object’s weight is applied 
to an object resting on a table. What is the acceleration of 
the moving object when the coefficient of kinetic friction 
between the object and floor is 1 (assuming the object is 
moving in the direction of the applied force). 

a) zero 
b) 1 m/s? 


4.9 Two blocks of equal mass are connected by a massless 
horizontal rope and resting on a frictionless table. When one 
of the blocks is pulled away by a horizontal external force F, 
what is the ratio of the net forces acting on the blocks? 

a) 1:1 c) 1:2 

b) 1:1.41 


c) Not enough information is 
given to find the acceleration. 


d) none ofthe above 

4.10 Ifa cart sits motionless on level ground, there are no 
forces acting on the cart. 

b) false 
4.11 An object whose mass is 0.092 kg is initially at rest and 
then attains a speed of 75.0 m/s in 0.028 s. What average net 
force acted on the object during this time interval? 

a) 1.2-10°N c) 2.8-10°N 

b) 2.5-10°N d) 4.9-10°N 


a) true c) maybe 


4.12 You push a large crate across the floor at constant 
speed, exerting a horizontal force F on the crate. There is 
friction between the floor and the crate. The force of friction 
has a magnitude that is 


d) less than F. 


b) F. e) impossible to quantify without 
further information. 


a) zero. 


c) greater than F. 


w, you place each shoe on a plank of the wood and tilt the 
plank to an angle 0, at which the shoe just starts to slide. 
Obtain an expression for y as a function of 0. 


4.14 A heavy wooden ball is hanging from the ceiling by a 
piece of string that is attached from the ceiling to the top of 
the ball. A similar piece of string is attached to the bottom of 
the ball. If the loose end of the lower string is pulled down 
sharply, which is the string that is most likely to break? 


4.15 A car pulls a trailer down the highway. Let F, be the 
magnitude of the force on the trailer due to the car, and let F, 
be the magnitude of the force on car due to the trailer. If the 
car and trailer are moving at a constant velocity across level 
ground, then F, = F.. If the car and trailer are accelerating up 
a hill, what is the relationship between the two forces? 


4.16 A car accelerates down a level highway. What is the 
force in the direction of motion that accelerates the car? 


4.17 If the forces that two interacting objects exert on each 
other are always exactly equal in magnitude and opposite in 
direction, how is it possible for an object to accelerate? 


4.18 True or false: A physics book on a table will not move 
at all if and only if the net force is zero. 


4.19 A mass slides on a ramp that is at an angle of 0 above 
the horizontal. The coefficient of friction between the mass 
and the ramp is p. 


a) Find an expression for the magnitude and direction of 
the acceleration of the mass as it slides up the ramp. 

b) Repeat part (a) to find an expression for the magnitude 
and direction of the acceleration of the mass as it slides 
down the ramp. 


PROBLEMS 


| A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 4.2 


4.23 The gravitational acceleration on the Moon is a sixth 
of that on Earth. The weight of an apple is 1.00 N on Earth. 


a) What is the weight of the apple on the Moon? 
b) What is the mass of the apple? 


Section 4.4 

4.24 A 423.5-N force accelerates a go-cart and its driver 
from 10.4 m/s to 17.9 m/s in 5.00 s. What is the mass of the 
go-cart plus driver? 


4.25 You have just joined an exclusive health club, located 
on the top floor of a skyscraper. You reach the facility by 
using an express elevator. The elevator has a precision scale 
installed so that members can weigh themselves before and 
after their workouts. A member steps into the elevator and 
gets on the scale before the elevator doors close. The scale 
shows a weight of 183.7 lb. Then the elevator accelerates 
upward with an acceleration of 2.43 m/s”, while the member 
is still standing on the scale. What is the weight shown by 
the scale’s display while the elevator is accelerating? 
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4.20 A shipping crate that weighs 340 N is initially sta- 
tionary on a loading dock. A forklift arrives and lifts the 
crate with an upward force of 500 N, accelerating the crate 
upward. What is the magnitude of the force due to gravity 
acting on the shipping crate while it is accelerating upward? 


4.21 A block is sliding on a (near) frictionless slope with 
an incline of 30.0°. Which force is greater in magnitude, 
the net force acting on the block or the normal force acting 
on the block? 


4.22 A tow truck of mass M is using a cable to pull a ship- 
ping container of mass m across a horizontal surface as 
shown in the figure. The cable is attached to the container 

at the front bottom corner and makes an angle 0 with the 
vertical as shown. The coefficient of kinetic friction between 
the surface and the crate is u. 


a) Draw a free-body diagram for the container. 

b) Assuming that the truck pulls the container at a constant 
speed, write an equation for the magnitude T of the string 
tension in the cable. 


4.26 An elevator cabin has a mass of 358.1 kg, and the com- 
bined mass of the people inside the cabin is 169.2 kg. The 
cabin is pulled upward by a cable, with a constant accelera- 
tion of 4.11 m/s”. What is the tension in the cable? 


4.27 An elevator cabin has a mass of 363.7 kg, and the com- 
bined mass of the people inside the cabin is 177 kg. The cabin 
is pulled upward by a cable, in which there is a tension force 
of 7638 N. What is the acceleration of the elevator? 

4.28 Two blocks are in contact on a frictionless, horizon- 
tal tabletop. An external force, F, is applied to block 1, and 
the two blocks are moving with a constant acceleration of 
2.45 m/s’. 

a) What is the magnitude, F, of the applied force? 

b) What is the contact force between the blocks? 


c) What is the net force acting on block 1? Use 
M, = 3.20 kg and M, = 5.70 kg. 
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°4.29 The density (mass per unit volume) of ice is 917 kg/m’, 
and the density of seawater is 1024 kg/m’. Only 10.4% 

of the volume of an iceberg is above the water's surface. 

If the volume of a particular iceberg that is above water is 
4205.3 m?, what is the magnitude of the force that the sea- 
water exerts on this iceberg? 


4,30 Ina physics laboratory class, three massless ropes are 
tied together at a point. A pulling force is applied along each 
rope: F; = 150. N at 60.0°, F, = 200. N at 100.°, F; = 100. N at 
190.°. What is the magnitude of a fourth force and the angle 
at which it acts to keep the point at the center of the system 
stationary? (All angles are measured from the positive x-axis.) 


Section 4.5 


4.31 Four weights, of masses m; = 6.50 kg, Qn 
m, = 3.80 kg, m, = 10.70 kg, and m, = ie 
4.20 kg, are hanging from the ceiling as Om, 


shown in the figure. They are connected 
with ropes. What is the tension in the rope 
connecting masses m, and m,? 


Q- 
4.32 A hanging mass, M, = 0.50 kg, is 
attached by a light string that runs over a Ou 
frictionless pulley to a mass M, = 1.50 kg 
that is initially at rest on a frictionless table. Find the magni- 
tude of the acceleration, a, of M,. 


+4.33 A hanging mass, M; = 0.50 kg, is attached by a light 
string that runs over a frictionless pulley to the front of a 
mass M, = 1.50 kg that is initially at rest on a frictionless 
table. A third mass M; = 2.50 kg, which is also initially at 
rest on a frictionless table, is attached to the back of M, by a 
light string. 


a) Find the magnitude of the acceleration, a, of mass M3. 
b) Find the tension in the string between masses M, and M}. 


4.34 A hanging mass, M, = 0.400 kg, is attached by a 
light string that runs over a frictionless pulley to a mass 
M, = 1.20 kg that is initially at rest on a frictionless ramp. 
The ramp is at an angle of 0 = 30.0° above the horizontal, and 
the pulley is at the top of the ramp. Find the magnitude and 
direction of the acceleration, a,, of M,. 


4.35 A force table is a circular table with a small ring that 
is to be balanced in the center of the table. The ring is at- 
tached to three hanging masses by strings of negligible mass 
that pass over frictionless pulleys mounted on the edge of 
the table. The magnitude and direction of each of the three 
horizontal forces acting on the ring can be adjusted by 
changing the amount of each hanging mass and the posi- 
tion of each pulley, respectively. Given a mass m, = 0.040 kg 
pulling in the positive x-direction, and a mass m, = 0.030 kg 
pulling in the positive y-direction, find the mass (m,) and 
the angle (0, counterclockwise from the positive x-axis) that 
will balance the ring in the center of the table. 


+4.36 A monkey is sitting on a wood plate attached to 
a rope whose other end is passed over a tree branch, as 
shown in the figure. The monkey holds the rope and tries 


to pull it down. The combined mass 
of the monkey and the wood plate 
is 100. kg. 


a) What is the minimum force the 
monkey has to apply to lift-off the 
ground? 

b) What applied force is needed to 
move the monkey with an upward 
acceleration of 2.45 m/s”? 

c) Explain how the answers would 
change if a second monkey on the 
ground pulled on the rope instead. 


Section 4.6 


4.37 A bosun’s chair is a device used by a boatswain to lift 
himself to the top of the mainsail of a ship. A simplified de- 
vice consists of a chair, a rope of negligible mass, and a fric- 
tionless pulley attached to the top of the mainsail. The rope 
goes over the pulley, with one end attached to the chair, and 
the boatswain pulls on the other end, lifting himself upward. 
The chair and boatswain have a total mass M = 90.0 kg. 


a) If the boatswain is pulling himself up at a constant speed, 
with what magnitude of force must he pull on the rope? 

b) If instead, the boatswain moves in a jerky fashion, 
accelerating upward with a maximum acceleration of 
magnitude a = 2.0 m/s’, with what maximum magnitude of 
force must he pull on the rope? 

4.38. A granite block of mass 3311 kg 

is suspended from a pulley system as 
shown in the figure. The rope is wound 

around the pulleys 6 times. What is $ 

the force with which you would have KN 

to pull on the rope to hold the granite N 
block in equilibrium? X 
4.39 Arriving on a newly discovered ? 
to calculate the gravitational accelera- âa 

tion for the planet: He placed masses of 

100.0 g and 200.0 g on an Atwood device made of massless 
string and a frictionless pulley and measured that it took 
1.52 s for each mass to travel 1.00 m from rest. 


planet, the captain of a spaceship 
performed the following experiment 


a) What is the gravitational acceleration for the planet? 

b) What is the tension in the string? 

+4.40 A store sign of mass 4.25 kg is hung by two wires 
that each make an angle of 
0 = 42.4° with the ceiling. 


What is the tension in each a sa 
wire? 


°4.41 A crate of oranges slides down an inclined plane 
without friction. If it is released from rest and reaches a 
speed of 5.832 m/s after sliding a distance of 2.29 m, what 
is the angle of inclination of the plane with respect to the 
horizontal? 


4.42 A load of bricks of mass M = 200.0 kg is attached to 

a crane by a cable of negligible mass and length L = 3.00 m. 
Initially, when the cable hangs vertically downward, the bricks 
are a horizontal distance D = 1.50 m from the wall where the 
bricks are to be placed. What is the magnitude of the horizon- 
tal force that must be applied to the load of bricks (without 
moving the crane) so that the bricks will rest directly above 
the wall? 


4.43 A large ice block of mass M = 80.0 kg is held station- 
ary on a frictionless ramp. The ramp is at an angle of 0 = 
36.9° above the horizontal. 


a) Ifthe ice block is held in place by a tangential force along 
the surface of the ramp (at angle 0 above the horizontal), 
find the magnitude of this force. 

b) If, instead, the ice block is held in place by a horizontal 
force, directed horizontally toward the center of the ice 
block, find the magnitude of this force. 


04.44 A mass m, = 20.0 kg on a frictionless ramp is at- 
tached to a light string. The string passes over a friction- 
less pulley and is attached to a hanging mass m). 

The ramp is at an angle of 0 = 30.0° above 
the horizontal. m, moves up the ramp 
uniformly (at constant speed). 
Find the value of m. 


04.45 A piñata of mass M = 8.0 kg is 
attached to a rope of negligible mass 
that is strung between the tops of two 
vertical poles. The horizontal distance 
between the poles is D = 2.0 m, and 
the top of the right pole is a vertical 
distance h = 0.50 m higher than the 
top of the left pole. The piñata is attached to the rope at a 
horizontal position halfway between the two poles and at 
a vertical distance s = 1.0 m below the top of the left pole. 
Find the tension in each part of the rope due to the weight 
of the piñata. 


004.46 A piñata of mass M = 12 kg hangs on a rope of neg- 
ligible mass that is strung between the tops of two vertical 
poles. The horizontal distance between the poles is D = 2.0 m, 
the top of the right pole is a vertical distance h = 0.50 m 
higher than the top of the left pole, and the total length of 
the rope between the poles is L = 3.0 m. The piñata is at- 
tached to a ring, with the rope passing through the center 
of the ring. The ring is frictionless, so that it can slide freely 
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along the rope until the piñata comes to a point of static 
equilibrium. 

a) Determine the distance from the top of the left (lower) 
pole to the ring when the pifiata is in static equilibrium. 

b) What is the tension in the rope when the piñata is at this 
point of static equilibrium? 


ee4.47 Three objects with masses 
m, = 36.5 kg, m, 19.2 kg, and 

m, = 12.5 kg are hanging from 
ropes that run over pulleys. What is 
the acceleration of m,? 


°°4.48 A rectangular block of width 
w = 116.5 cm, depth d = 164.8 cm, 
and height h = 105.1 cm is cut di- 
agonally from one upper corner to 
the opposing lower corners so that 
a triangular surface is generated, as m, 

shown in the figure. A paperweight 

of mass m = 16.93 kg is sliding down the incline without 
friction. What is the magnitude of the acceleration that the 
paperweight experiences? 


°e4.49 A large cubical block of ice of mass M = 64 kg and 
sides of length L = 0.40 m is held stationary on a frictionless 
ramp. The ramp is at an angle of 0 = 26° above the horizon- 
tal. The ice cube is held in place by a rope of negligible mass 
and length / = 1.6 m. The rope is attached to the surface of 
the ramp and to the upper edge of the ice cube, a distance L 
above the surface of the ramp. Find the tension in the rope. 


04.50 A bowling ball of mass M, = 6.0 kg is initially at 
rest on the sloped side of a wedge of mass M, = 9.0 kg that 
is on a frictionless horizontal floor. The side of the wedge 
is sloped at an angle of 0 = 36.9° above the horizontal. 


a) With what magnitude of horizontal force should the 
wedge be pushed to keep the bowling ball at a constant 
height on the slope? 

b) What is the magnitude of the acceleration of the wedge, 
if no external force is applied? 


Section 4.7 


4.51 A skydiver of mass 82.3 kg (including outfit and 
equipment) floats downward suspended from her parachute, 
having reached terminal speed. The drag coefficient is 0.533, 
and the area of her parachute is 20.11 m”. The density of air 
is 1.14 kg/m’. What is the air’s drag force on her? 
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4.52 The elapsed time for a top fuel dragster to start from 
rest and travel in a straight line a distance of + mile (402 m) is 
4.41 s. Find the minimum coefficient of friction between the 
tires and the track needed to achieve this result. (Note that the 
minimum coefficient of friction is found from the simplify- 
ing assumption that the dragster accelerates with constant 
acceleration.) 


4.53 An engine block of mass M is on the flatbed of a 
pickup truck that is traveling in a straight line down a level 
road with an initial speed of 30.0 m/s. The coefficient of 
static friction between the block and the bed is u, = 0.540. 
Find the minimum distance in which the truck can come to 
a stop without the engine block sliding toward the cab. 


+4.54 A box of books is initially at rest a distance D = 0.540 m 
from the end of a wooden board. The coefficient of 

static friction between the box and the board is u, = 0.320, 

and the coefficient of kinetic friction is jy, = 0.250. The angle 
of the board is increased slowly, until the box just begins to 
slide; then the board is held at this angle. Find the speed of 
the box as it reaches the end of the board. 


°4.55 A block of mass M, = 0.640 kg is initially at rest on a 
cart of mass M, = 0.320 kg with the cart initially at rest on 

a level air track. The coefficient of static friction between 
the block and the cart is u, = 0.620, but there is essentially 
no friction between the air track and the cart. The cart is 
accelerated by a force of magnitude F parallel to the air 
track. Find the maximum value of F that allows the block to 
accelerate with the cart, without sliding on top of the cart. 


Section 4.8 


4.56 Coffee filters behave like small parachutes, with a drag 
force that is proportional to the velocity squared, Farag = Rv’. 
A single coffee filter, when dropped from a height of 2.0 m, 
reaches the ground in a time of 3.0 s. When a second coffee 
filter is nestled within the first, the drag force remains the 
same, but the weight is doubled. Find the time for the com- 
bined filters to reach the ground. (Neglect the brief period 
when the filters are accelerating up to their terminal speed.) 


4.57 Your refrigerator has a mass of 112.2 kg, including the 
food in it. It is standing in the middle of your kitchen, and 
you need to move it. The coefficients of static and kinetic 
friction between the fridge and the tile floor are 0.460 and 
0.370, respectively. What is the magnitude of the force of 
friction acting on the fridge, if you push against it horizon- 
tally with a force of each magnitude? 


a) 300N b) 500N c) 700N 


+4.58 On the bunny hill at a ski resort, a towrope pulls the 
skiers up the hill with constant speed of 1.74 m/s. The slope 
of the hill is 12.4° with respect to the horizontal. A child is 
being pulled up the hill. The coefficients of static and kinetic 
friction between the child’s skis and the snow are 0.152 and 
0.104, respectively, and the child’s mass is 62.4 kg, including 
the clothing and equipment. What is the force with which 
the towrope has to pull on the child? 


4.59 A skier starts with a speed of 2.0 m/s and skis straight 
down a slope with an angle of 15.0° relative to the horizon- 
tal. The coefficient of kinetic friction between her skis and 
the snow is 0.100. What is her speed after 10.0 s? 


¢e4.60 A block of mass m, = 21.9 kg is at rest on a plane 
inclined at 6 = 30.0° above the horizontal. The block is 
connected via a rope and massless pulley system to another 
block of mass m, = 25.1 kg, as shown in the figure. The 
coefficients of static and kinetic friction between block 1 
and the inclined plane are u, = 0.109 and px, = 0.086, 
respectively. If the blocks are released from 
rest, what is the displacement of block 2 

in the vertical direction after 1.51 s? 
Use positive numbers for the 
upward direction and 
negative numbers for 
the downward 
direction. 


Me 
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°°4.61 A wedge of mass m = 36.1 kg is located on a plane 
that is inclined by an angle 0 = 21.3° with respect to the 
horizontal. A force F = 302.3 N in the horizontal direction 
pushes on the wedge, as shown in the figure. The coefficient 
of kinetic friction between the wedge and the plane is 0.159. 
What is the acceleration of the wedge along the plane? 


gzl! 


ee4,.62 A chair of mass M rests on a level floor, with a coef- 
ficient of static friction u, = 0.560 between the chair and the 
floor. A person wishes to push the chair across the floor. He 
pushes on the chair with a force F at an angle 0 below the 
horizontal. What is the maximum value of 6 for which the 
chair will not start to move across the floor? 


ee4.63 As shown in the figure, blocks of masses m, = 250.0 g 
and m, = 500.0 g are attached by a massless string over a 
frictionless and massless pulley. The coefficients of static and 
kinetic friction between the block and inclined plane are 
0.250 and 0.123, respectively. The angle of the incline is 

0 = 30.0°, and the blocks are at rest initially. 


a) In which direction do the blocks move? 
b) What is the acceleration of the blocks? 


004.64 A block of mass M = 500.0 g sits on a horizontal 
tabletop. The coefficients of static and kinetic friction are 
0.53 and 0.41, respectively, at the contact surface between 
table and block. The block is pushed on with a 10.0 N exter- 
nal force at an angle 0 with the horizontal. 

a) What angle will lead to the maximum acceleration of the 
block for a given pushing force? 


b) What is the maximum acceleration? 


Additional Problems 

4.65 A car without ABS (antilock brake system) was moving 
at 15.0 m/s when the driver hit the brake to make a sudden 
stop. The coefficients of static and kinetic friction between the 
tires and the road are 0.550 and 0.430, respectively. 

a) What was the acceleration of the car during the interval 
between braking and stopping? 


b) How far did the car travel before it stopped? 


4.66 A 2.00-kg block (M,) and a 6.00-kg block (M,) are con- 
nected by a massless string. Applied forces, F, = 10.0 N 
and F, = 5.00 N, act on the blocks, as shown in the figure. 


a) What is the acceleration of the blocks? 
b) What is the tension in the string? 


c) What is the net force acting on M,? (Neglect friction 
between the blocks and the table.) 


F, Fy 
=> M, men Mı 


4.67 An elevator contains two masses: M, = 2.0 kg is at- 
tached by a string (string 1) to the ceiling of the elevator, 
and M, = 4.0 kg is attached by a similar string (string 2) to 
the bottom of mass 1. 


a) Find the tension in string 1(T,) if the elevator is moving 
upward at a constant velocity of v = 3.0 m/s. 

b) Find T; ifthe elevator is accelerating upward with an 
acceleration of a = 3.0 m/s’. 


4.68 What coefficient of friction is required to stop a hockey 
puck sliding at 12.5 m/s initially over a distance of 60.5 m? 


4.69 A spring of negligible mass is attached to the ceiling of 
an elevator. When the elevator is stopped at the first floor, a 
mass M is attached to the spring, stretching the spring a dis- 
tance D until the mass is in equilibrium. As the elevator starts 
upward toward the second floor, the spring stretches an addi- 
tional distance D/4. What is the magnitude of the acceleration 
of the elevator? Assume the force provided by the spring is 
linearly proportional to the distance stretched by the spring. 
4.70 A crane of mass M = 1.00-10* kg lifts a wrecking ball 
of mass m = 1200. kg directly upward. 

a) Find the magnitude of the normal force exerted on the 
crane by the ground while the wrecking ball is moving 
upward at a constant speed of v = 1.00 m/s. 

b) Find the magnitude of the normal force if the wrecking 
ball’s upward motion slows at a constant rate from its initial 
speed v = 1.00 m/s to a stop over a distance D = 0.250 m. 
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4.71 A block of mass 20.0 kg supported by a vertical mass- 
less cable is initially at rest. The block is then pulled upward 
with a constant acceleration of 2.32 m/s”. 


a) What is the tension in the cable? 
b) What is the net force acting on the mass? 
c) What is the speed of the block after it has traveled 2.00 m? 


4.72 Three identical blocks, A, B, and C, are on a horizon- 

tal frictionless table. The blocks are connected by strings of 
negligible mass, with block B between the other two blocks. If 
block C is pulled horizontally by a force of magnitude F = 12 
N, find the tension in the string between blocks B and C. 


°4.73 A block of mass m, = 3.00 kg and a block of mass 
m, = 4.00 kg are suspended by a massless string over a friction- 
less pulley with negligible mass, as in an Atwood machine. The 
blocks are held motionless and then released. What is the 
acceleration of the two blocks? 


+4.74 Two blocks of masses m, and m, are suspended by 
a massless string over a frictionless pulley with negligible 
mass, as in an Atwood machine. The blocks are held mo- 
tionless and then released. If m, = 3.50 kg, what value does 
m, have to have in order for the system to experience an 
acceleration a = 0.400 g? (Hint: There are two solutions to 
this problem.) 


4.75 A tractor pulls a sled of mass M = 1000. kg across 
level ground. The coefficient of kinetic friction between the 
sled and the ground is uy = 0.600. The tractor pulls the sled 
by a rope that connects to the sled at an angle of @ = 30.0° 
above the horizontal. What magnitude of tension in the 
rope is necessary to move the sled horizontally with an ac- 
celeration a = 2.00 m/s”? 


°4.76 A 2.00-kg block is on a plane inclined at 20.0° with 
respect to the horizontal. The coefficient of static friction 
between the block and the plane is 0.60. 


a) How many forces are acting on the block? 
b) What is the normal force? 
c) Is this block moving? Explain. 


°4.77 A block of mass 5.00 kg is sliding at a constant veloc- 
ity down an inclined plane that makes an angle of 37° with 
respect to the horizontal. 


a) What is the friction force? 
b) What is the coefficient of kinetic friction? 


4.78 A skydiver of mass 83.7 kg (including outfit and 
equipment) falls in the spread-eagle position, having 
reached terminal speed. Her drag coefficient is 0.587, and 
her surface area that is exposed to the air stream is 1.035 m,. 
How long does it take her to fall a vertical distance of 296.7 m? 
(The density of air is 1.14 kg/m’.) 


°4.79 A 0.50-kg physics textbook is hanging from two 
massless wires of equal length attached to a ceiling. The ten- 
sion on each wire is measured as 15.4 N. What is the angle 
of the wires with the horizontal? 
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4.80 In the figure, an 


2 | 
external force F is holding a >’ 
bob of mass 500 g in a stationary '!9 \ 
position. The angle that the mass- % 
less rope makes with the vertical is \ 
8 = 30.0". % 


a) What is the magnitude, F, of the force 
needed to maintain equilibrium? 


b) What is the tension in the rope? 


+4.81 In a physics class, a 2.70-g ping-pong ball was sus- 
pended from a massless string. The string makes an angle of 
0 = 15.0° with the vertical when air is blown horizontally at 
the ball at a speed of 20.5 m/s. Assume that the friction force 
is proportional to the squared speed of the air stream. 


a) What is the proportionality constant in this experiment? 
b) What is the tension in the string? 


4.82 A nanowire is a (nearly) one-dimensional structure with a 
diameter on the order of a few nanometers. Suppose a 100.0-nm- 
long nanowire made of pure silicon (density of Si = 2.33 g/cms) 
has a diameter of 5.0 nm. This nanowire is attached at the top 
and hanging down vertically due to the force of gravity. 


a) What is the tension at the top? 
b) What is the tension in the middle? 


(Hint: Treat the nanowire as a cylinder of diameter 5.0 nm 
and length 100.0 nm, made of silicon.) 


e4.83 Two blocks are stacked on a frictionless table, and a 
horizontal force F is applied to the top block (block 1). Their 
masses are m; = 2.50 kg and m, = 3.75 kg. The coefficients of 
static and kinetic friction between the blocks are 0.456 and 
0.380, respectively. 


a) What is the maximum applied force F for which m, will 
not slide off m,? 

b) What are the accelerations of m, and m, when F = 24.5 N 
is applied to m,? 

+4.84 Two blocks (m; = 1.23 kg and m, = 2.46 kg) are glued 
together and are moving downward on an inclined plane 
having an angle of 40.0° with respect to the horizontal. Both 
blocks are lying flat on the surface of the inclined plane. The 
coefficients of kinetic friction are 0.23 for m, and 0.35 for m}. 
What is the acceleration of the blocks? 


+4.85 A marble block of mass m, = 567.1 kg and a granite 
block of mass m, = 266.4 kg are connected to each other by 
a rope that runs over a pulley, as shown in the figure. Both 
blocks are located on inclined planes, with angles a = 39.3° 
and B = 53.2°. Both blocks move without friction, and the 
rope glides over the pulley without friction. What is the 
acceleration of the 
marble block? Note _ 
that the positive 
x-directionis g "%2 
indicated in ~ 


the figure. £ B 


ee4.86 A marble block of mass m, = 559.1 kg and a granite 
block of mass m, = 128.4 kg are connected to each other by 
a rope that runs over a pulley as shown in the figure. Both 
blocks are located on inclined planes with angles a = 38.3° 
and £ = 57.2°. The rope glides over the pulley without fric- 
tion, but the coefficient of friction between block 1 and the 
inclined plane is u = 0.13, and that between block 2 and the 
inclined plane is u, = 0.31. (For simplicity, assume that the 
coefficients of static and kinetic friction are the same in each 
case.) What is the acceleration of the marble block? Note 
that the positive x-direction is indicated in the figure. 

ee4.87 As shown in the figure, two masses, m, = 3.50 kg 
and m, = 5.00 kg, are on a frictionless tabletop and mass 

m; = 7.60 kg is hanging from m,. The coefficients of static 
and kinetic friction between m, and m, are 0.60 and 0.50, 
respectively. 

a) What are the accelerations of m, and m,? 

b) What is the tension in the string between m and m;? 


ee4.88 A block of mass m, = 2.30 kg is placed in front of 

a block of mass m, = 5.20 kg, as shown in the figure. The 
coefficient of static friction between m, and m, is 0.65, and 
there is negligible friction between the larger block and the 
tabletop. 

a) What forces are acting on m,? 

b) What is the minimum external force F that can be 
applied to m, so that m, does not fall? 

c) What is the contact force between m, and m,? 

d) What is the net force acting on m, when the force found 
in part (b) is applied? 


4.89 A suitcase of weight Mg = 450. N is being pulled by a 
small strap across a level floor. The coefficient of kinetic fric- 
tion between the suitcase and the floor is uy = 0.640. 

a) Find the optimal angle of the strap above the 
horizontal. (The optimal angle minimizes the force 
necessary to pull the suitcase at constant speed.) 

b) Find the minimum tension in the strap needed to pull 
the suitcase at constant speed. 

ee4,90 As shown in the figure, a block of mass M, = 0.450 kg 
is initially at rest on a slab of mass M, = 0.820 kg, and the 


slab is initially at rest on a level table. A string of negligible 
mass is connected to the slab, runs over a frictionless pulley 
on the edge of the table, and is attached to a hanging mass 
M3. The block rests on the slab but is not tied to the string, 
so friction provides the only horizontal force on the block. 
The slab has a coefficient of kinetic friction uy = 0.340 and 
a coefficient of static friction u, = 0.560 with both the table 
and the block. When released, M, pulls on the string and 
accelerates the slab, which accelerates the block. Find the 
maximum mass of M, that allows the block to accelerate 
with the slab, without sliding on top of the slab. 
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ee4.91 As shown in the figure, a block of mass M, = 0.250 
kg is initially at rest on a slab of mass M, = 0.420 kg, and the 
slab is initially at rest on a level table. A string of negligible 
mass is connected to the slab, runs over a frictionless pulley 
on the edge of the table, and is attached to a hanging mass 
M; = 1.80 kg. The block rests on the slab but is not tied to 
the string, so friction provides the only horizontal force on 
the block. The slab has a coefficient of kinetic friction py, = 
0.340 with both the table and the block. When released, M, 
pulls on the string, which accelerates the slab so quickly that 
the block starts to slide on the slab. Before the block slides 
off the top of the slab: 


a) Find the magnitude of the acceleration of the block. 
b) Find the magnitude of the acceleration of the slab. 


Kinetic Energy, 
Work, and Power 


WHAT WE WILL LEARN 141 
5.1 Energy in Our Daily Lives 141 
5.2 Kinetic Energy 143 

Example 5.1 Falling Vase 144 
5.3 Work 145 


5.4 Work Done by a Constant Force 145 
Mathematical Insert: Scalar 


Product of Vectors 146 
Example 5.2 Angle Between 
Two Position Vectors 147 
One-Dimensional Case 149 
Work-Kinetic Energy Theorem 149 
Work Done by the Gravitational 
Force 149 
Work Done in Lifting and Lowering 
an Object 150 
Example 5.3 Weightlifting 150 
Lifting with Pulleys 151 
5.5 Work Done by a Variable Force 152 
5.6 Spring Force 153 
Example 5.4 Spring Constant 154 


Work Done by the Spring Force 155 
Solved Problem 5.1 Compressing 


a Spring 155 
5.7 Power 157 
Power for a Constant Force 158 


Example 5.5 Accelerating a Car 158 
WHAT WE HAVE LEARNED/ 


EXAM STUDY GUIDE 159 

Problem-Solving Practice 161 

Solved Problem 5.2 Lifting Bricks 161 

Solved Problem 5.3 Shot Put 162 

Multiple-Choice Questions 164 

Questions 165 
Problems 165 A composite image of NASA satellite photographs taken at night. 


Photos were taken from November, 1994 through March, 1995. 


140 
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Kinetic energy is the energy associated with the 


from an object due to the action of an external force. 
Positive work transfers energy to the object, and 
negative work transfers energy from the object. 


= Work is the scalar product of the force vector and the 
displacement vector. 


The change in kinetic energy due to applied forces is 
motion of an object. equal to the work done by the forces. 


= Work is energy transferred to an object or transferred = Power is the rate at which work is done. 


= The power provided by a constant force acting on an 
object is the scalar product of the velocity vector of 
that object and the force vector. 


Figure 5.1 is a composite image of satellite photographs taken at night, showing which parts 
of the world use the most energy for nighttime illumination. Not surprisingly, the United 
States, Western Europe, and Japan stand out. The amount of light emitted by a region dur- 
ing the night is a good measure of the amount of energy that region consumes. 

In physics, energy has a fundamental significance: Practically no physical activity takes 
place without the expenditure or transformation of energy. Calculations involving the 
energy of a system are of primary importance in all of science and engineering. As we'll see 
in this chapter, problem-solving methods involving energy provide an alternative to work- 
ing with Newton's laws and are often simpler and easier to use. 

This chapter presents the concepts of kinetic energy, work, and power and introduces 
some techniques that use these ideas, such as the work-kinetic energy theorem, to solve 
several types of problems. Chapter 6 will introduce additional types of energy and expand 
the work-kinetic energy theorem to cover these; it will also discuss one of the great ideas in 
physics and, indeed, in all of science: the law of conservation of energy. 


5.1 Energy in Our Daily Lives 


No physical quantity has a greater importance in our daily lives than energy. Energy 
consumption, energy efficiency, and energy “production” are all of the utmost economic 
importance and the focus of heated discussions about national policies and international 
agreements. (The word production is in quotes because energy is not produced but rather 
is converted from a less usable form to a more usable form.) Energy also has an important 
role in each individual's daily routine: energy intake through food calories and energy con- 
sumption through cellular processes, activities, work, and exercise. Weight loss or weight 
gain is ultimately due to an imbalance between energy intake and use. 

Energy has many forms and requires several different approaches to cover completely. 
Thus, energy is a recurring theme throughout this book. We start in this chapter and the 
next by investigating forms of mechanical energy: kinetic energy and potential energy. 
Thermal energy, another form of energy, is one of the central pillars of thermodynam- 
ics. Chemical energy is stored in chemical compounds, and chemical reactions can either 
consume energy from the environment (endothermic reactions) or yield usable energy to 
the surroundings (exothermic reactions). Our petroleum economy makes use of chemical 
energy and its conversion to mechanical energy and heat, which is another form of energy 
(or energy transfer). 

In Chapter 31, we will see that electromagnetic radiation contains energy. This energy 
is the basis for one renewable form of energy—solar energy. Almost all other renewable 
energy sources on Earth can be traced back to solar energy. Solar energy is responsible for 
the wind that drives large wind turbines (Figure 5.2). The Sun’s radiation is also responsible 
for evaporating water from the Earth’s surface and moving it into the clouds, from which 
it falls down as rain and eventually joins rivers that can be dammed (Figure 5.3) to extract 
energy. Biomass, another form of renewable energy, depends on the ability of plants and 
animals to store solar energy during their metabolic and growth processes. 


FIGURE 5.2 Wind farms harvest 
renewable energy. 
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(b) 


FIGURE 5.4 (a) Solar farm with an 
adjustable array of mirrors; (b) solar 
panel. 


(b) 


FIGURE 5.3 Dams provide renewable electrical energy. (a) The Grand Coulee Dam on the Columbia 
River in Washington. (b) The Itaipú Dam on the Parana River in Brazil and Paraguay. 


In fact, the energy radiated onto the surface of Earth by the Sun exceeds the energy 
needs of the entire human population by a factor of more than 10,000. It is possible to 
convert solar energy directly into electrical energy by using photovoltaic cells (Figure 5.4b). 
Current research efforts to increase the efficiency and reliability of these photocells while 
reducing their cost are intense. Versions of solar cells are already being used for some prac- 
tical purposes, for example, in patio and garden lights. Experimental solar farms like the 
one in Figure 5.4a are in operation as well. The chapter on quantum physics (Chapter 36) 
will discuss in detail how photocells work. Problems with using solar energy are that it is 
not available at night, has seasonal variations, and is strongly reduced in cloudy conditions 
or bad weather. Depending on the installation and conversion methods used, present solar 
devices convert only 10-15% of solar energy into electrical energy; increasing this fraction 
is a key goal of present research activity. Materials with 30% or higher yield of electrical 
energy from solar energy have been developed in the laboratory but are still not deployed 
on an industrial scale. Biomass, in comparison, has much lower efficiencies of solar energy 
capture, on the order of 1% or less. 

In Chapter 35 on relativity, we will see that energy and mass are not totally separate 
concepts but are related to each other via Einsteins famous formula E = mc’. When we 
study nuclear physics (Chapter 40), we will find that splitting massive atomic nuclei (such 
as uranium or plutonium) liberates energy. Conventional nuclear power plants are based on 
this physical principle, called nuclear fission. We can also obtain useful energy by merging 
atomic nuclei with very small masses (hydrogen, for example) into more massive nuclei, 
a process called nuclear fusion. The Sun and most other stars in the universe use nuclear 
fusion to generate energy. 

The energy from nuclear fusion is thought by many to be the most likely means of satis- 
fying the long-term energy needs of modern industrialized society. Perhaps the most likely 
approach to achieving progress toward controlled fusion reactions is the proposed interna- 
tional nuclear fusion reactor facility ITER (“the way” in Latin), which will be constructed 
in France. But there are other promising approaches to solving the problem of how to use 
nuclear fusion, for example, the National Ignition Facility (NIF), opened in May 2009 at 
Lawrence Livermore National Laboratory in California. We will discuss these technologies 
in greater detail in Chapter 40. 

Related to energy are work and power. We all use these words informally, but this chapter 
will explain how these quantities relate to energy in precise physical and mathematical terms. 

You can see that energy occupies an essential place in our lives. One of the goals of this 
book is to give you a solid grounding in the fundamentals of energy science. Then you will 
be able to participate in some of the most important policy discussions of our time in an 
informed manner. 

A final question remains: What is energy? In many textbooks, energy is defined as the 
ability to do work. However, this definition only shifts the mystery without giving a deeper 
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explanation. And the truth is that there is no deeper explanation. In his famous Feynman 
Lectures on Physics, the Nobel laureate and physics folk hero Richard Feynman wrote 
in 1963: “It is important to realize that in physics today, we have no knowledge of what 
energy is. We do not have a picture that energy comes in little blobs of a definite amount. 
It is not that way. However, there are formulas for calculating some numerical quantity, 
and when we add it all together it gives ‘28’—always the same number. It is an abstract 
thing in that it does not tell us the mechanism or the reasons for the various formulas.” 
More than four decades later, this has not changed. The concept of energy and, in particu- 
lar, the law of energy conservation (see Chapter 6), are extremely useful tools for figuring 
out the behavior of systems. But no one has yet given an explanation as to the true nature 
of energy. 


5.2 Kinetic Energy 


The first kind of energy we'll consider is the energy associated with the motion of a mov- 
ing object: kinetic energy. Kinetic energy is defined as one-half the product of a moving 
object’s mass and the square of its speed: 


K=1my’. (5.1) 


Note that, by definition, kinetic energy is always positive or equal to zero, and it is only zero 
for an object at rest. Also note that kinetic energy, like all forms of energy, is a scalar, not 
a vector quantity. Because it is the product of mass (kg) and speed squared (m/s-m/s), the 
units of kinetic energy are kg m?/s?. Because energy is such an important quantity, it has 
its own SI unit, the joule (J). The SI force unit, the newton, is 1 N = 1 kg m’/s’, and we can 
make a useful conversion: 


Energy unit: 1J=1Nm=1 kg m?’/ s. (5.2) 


Let’s look at a few sample energy values to get a feeling for the size of the joule. A car of 
mass 1310 kg being driven at the speed limit of 55 mph (24.6 m/s) has a kinetic energy of 


2 2 5 

Kear = zm = 3 (1310 kg)(24.6 m/s)” = 4.0-10° J. 

The mass of the Earth is 6.0- 10°% kg, and it orbits the Sun with a speed of 3.0-10* m/s. 
The kinetic energy associated with this motion is 2.7-10° J. A person of mass 64.8 kg 
jogging at 3.50 m/s has a kinetic energy of 400 J, and a baseball (mass of “5 ounces 
avoirdupois” = 0.142 kg) thrown at 80 mph (35.8 m/s) has a kinetic energy of 91 J. On 
the atomic scale, the average kinetic energy of an air molecule is 6.1 -10° J, as we will 
see in Chapter 19. The typical magnitudes of kinetic energies of some moving objects 
are presented in Figure 5.5. You can see from these examples that the range of energies 
involved in physical processes is very large. 


10> 10°79 q0 19710 1077 1 10° 10!° 10!5 107° 1075 10°° 10°5 104° 104° 
J 


FIGURE 5.5 Range of kinetic energies displayed on a logarithmic scale. The kinetic energies (left to right) of an air molecule, a red blood cell trav- 
eling through the aorta, a mosquito in flight, a thrown baseball, a moving car, and the Earth orbiting the Sun are compared with the energy released 
from a 15-Mt nuclear explosion and that of a supernova, which emits particles with a total kinetic energy of approximately 10*° J. 
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a 


(b) 


FIGURE 5.6 (a) A vase is released 
from rest at a height of yo. (b) The vase 


falls to the floor, which has a height of y. 


Some other frequently used energy units are the electron-volt (eV), the food calorie 
(Cal), and the mega-ton of TNT (Mt): 


leV=1.602-10 °J 
1 Cal = 4186 J 
1 Mt =4.18-10" J. 


On the atomic scale, 1 electron-volt (eV) is the kinetic energy that an electron gains when 
accelerated by an electric potential of 1 volt. The energy content of the food we eat is usually 
(and mistakenly) given in terms of calories but should be given in food calories. As we'll 
see when we study thermodynamics, 1 food calorie is equal to 1 kilocalorie. On a larger 
scale, 1 Mt is the energy released by exploding 1 million metric tons of the explosive TNT, 
an energy release achieved only by nuclear weapons or by catastrophic natural events such 
as the impact of a large asteroid. For comparison, in 2007, the annual energy consumption 
by all humans on Earth reached 5-10” J. (All of these concepts will be discussed further in 
subsequent chapters.) 

For motion in more than one dimension, we can write the total kinetic energy as the 
sum of the kinetic energies associated with the components of velocity in each spatial 
direction. To show this, we start with the definition of kinetic energy (equation 5.1) and 
then use v’ =v} + v +v: 


2—1 2 2 2\_ 4 2 1 2 1 2 
mv =1m(vi+¥,+¥2) FMV; + mv, +> mv,. (5.3) 


(Note: Kinetic energy is a scalar, so these components are not added like vectors but sim- 
ply by taking their algebraic sum.) Thus, we can think of kinetic energy as the sum of the 
kinetic energies associated with the motion in the x-direction, y-direction, and z-direction. 
This concept is particularly useful for ideal projectile problems, where the motion consists 
of free fall in the vertical direction (y-direction) and motion with constant velocity in the 
horizontal direction (x-direction). 


EXAMPLE 5.1 | Falling Vase 


PROBLEM 

A crystal vase (mass = 2.40 kg) is dropped from a height of 1.30 m and falls to the floor, as 
shown in Figure 5.6. What is its kinetic energy just before impact? (Neglect air resistance 
for now.) 


SOLUTION 
Once we know the velocity of the vase just before impact, we can put it into the 
equation defining kinetic energy. To obtain this velocity, we recall the kinematics 
of free-falling objects. In this case, it is most straightforward to use the relationship 
between the initial and final velocities and heights that we derived in Chapter 2 for 
free-fall motion: 

Vy =V; ~28(¥— Yo): 
(Remember that the y-axis must be pointing up to use this equation.) Because the vase 
is released from rest, the initial velocity components are V,9 = Vj = 0. Because there is no 
acceleration in the x-direction, the x-component of velocity remains zero during the fall 
of the vase: v, = 0. Therefore, we have 


an aa ee 2_,2 
v =v; +v, HUT, HV, 


We then obtain 
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We use this result in equation 5.1: 


K=1mv=1m(2¢(% - y))=mg (yo =y). 


Inserting the numbers given in the problem gives us the answer: 


K =(2.40 kg)(9.81 m/*)(1.30 m)=30.6 J. 


In Example 5.1, the vase started out with zero kinetic energy, just before it was released. After 
falling a distance of 1.30 m, it had acquired a kinetic energy of 30.6 J. The greater the height from 
which the vase is released, the greater the speed the vase will attain (ignoring air resistance), and 
therefore the greater its kinetic energy becomes. In fact, as we found in Example 5.1, the kinetic 
energy of the vase depends linearly on the height from which it falls: K = mg(yọ - y). 

The gravitational force, È, =-mgĵ, accelerates the vase and therefore gives it its kinetic 
energy. We can see from the equation above that the kinetic energy also depends linearly on 
the magnitude of the gravitational force. Doubling the mass of the vase would double the 
gravitational force acting on it and thus double its kinetic energy. 

Because the speed of an object can be increased or decreased by accelerating or decel- 
erating it, respectively, its kinetic energy also changes in this process. For the vase, we have 
just seen that the force of gravity is responsible for this change. We account for a change in 
the kinetic energy of an object caused by a force with the concept of work, W. 


Definition 

Work is the energy transferred to or from an object due to the action of a force. Positive 
work is a transfer of energy to the object, and negative work is a transfer of energy from 
the object. 


The vase gained kinetic energy from positive work done by the gravitational force and 
so W, = mg (yo - Y). 

Note that this definition is not restricted to kinetic energy. The relationship between 
work and energy described in this definition holds in general for different forms of energy 
besides kinetic energy. This definition of work is not exactly the same as the meaning 
attached to the word work in everyday language. The work being considered in this chapter 
is mechanical work in connection with energy transfer. However, the work, physical as well 
as mental, that we commonly speak of does not necessarily involve the transfer of energy. 


5.4 Work Done by a Constant Force 


Suppose we let the vase of Example 5.1 slide, from rest, along an inclined plane 
that has an angle 0 with respect to the horizontal (Figure 5.7). For now, we neglect 
the friction force, but we will come back to it later. As we showed in Chapter 4, 
in the absence of friction, the acceleration along the plane is given by a = g sin 0 
=g cosa. (Here the angle a = 90° - 6 is the angle between the gravitational force 
vector and the displacement vector; see Figure 5.7.) 

We can determine the kinetic energy the vase has in this situation as a func- 


tion of the displacement, Ar. Most conveniently, we can perform this calculation a À 
by using the relationship between the squares of initial and final velocities, the dis- FIGURE 5.7 Vase sliding without friction on an 
placement, and the acceleration, which we obtained for one-dimensional motion inclined plane. 

in Chapter 2: 


v =v +2aAr. 
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5.1 Self-Test Opportunity 


Draw the free-body diagram for 
the vase that is sliding down the 
inclined plane. 


tS 


~ 


rm E 


(b) 


FIGURE 5.8 (a) F is parallel to F 
and W = Fl. (b) The angle between F 
and F is æ and W =|F||F|cos a. (c) F is 
perpendicular to r and W = 0. 


FIGURE 5.9 Two vectors A and B 


and the angle œ between them. 


We set vy = 0 because we are again assuming that the vase is released from rest, that is, with 
zero kinetic energy. Then we use the expression for the acceleration, a = g cos a, that we just 
obtained. Now we have 


v =2gcosaAr=> K= im? =mgArcosa. 


The kinetic energy transferred to the vase was the result of positive work done by the gravi- 
tational force and so 
AK =mgArcosa= Wz. (5.4) 


Let’s look at two limiting cases of equation 5.4: 


= For a = 0, both the gravitational force and the displacement are in the negative 
y-direction. Thus, these vectors are parallel, and we have the result we already 
derived for the case of the vase falling under the influence of gravity, W, = mgAr. 


= For a = 90°, the gravitational force is still in the negative y-direction, but the vase 
cannot move in the negative y-direction because it is sitting on the horizontal surface 
of the plane. Hence, there is no change in the kinetic energy of the vase, and there is 
no work done by the gravitational force on the vase; that is, W, = 0. The work done 
on the vase by the gravitational force is also zero, if the vase moves at a constant 
speed along the surface of the plane. 


Because mg = |È] andAr = |AF , wecan write the work done on the vase as W = |F||AF|cos a. 
From the two limiting cases we have just discussed, we gain confidence that we can use the 
equation we have just derived for motion on an inclined plane as the definition of the work 
done by a constant force: 


W= |F | |ar| cosa, where a is the angle between F and AF. 


This equation for the work done by a constant force acting over some spatial displacement 
holds for all constant force vectors, arbitrary displacement vectors, and angles between the 
two. Figure 5.8 shows three cases for the work done by a force F acting over a displacement 
r. In Figure 5.8a, the maximum work is done because a = 0 and F and ř are in the same 
direction. In Figure 5.8b, F is at an arbitrary angle a with respect to 7. In Figure 5.8c, no 
work is done because F is perpendicular to 7. 


| Mathematical Insert: Scalar Product of Vectors 


In Section 1.6, we saw how to multiply a vector with a scalar. Now we will define one way 
of multiplying a vector with a vector and obtain the scalar product. The scalar product of 
two vectors A and B is defined as 


AeB=|A| |B|cosa, (5.5) 


where a is the angle between the vectors A and B, as shown in Figure 5.9. Note the use of 
the larger dot (e) as the multiplication sign for the scalar product between vectors, in con- 
trast to the smaller dot (-) that is used for the multiplication of scalars. Because of the dot, 
the scalar product is often referred to as the dot product. 

If two vectors form a 90° angle, then the scalar product has the value zero. In this case, 
the two vectors are orthogonal to each other. The scalar product of a pair of orthogonal 
vectors is zero. 

If A and B are given in Cartesian coordinates as A= (A, Ay, Az) and B= (Bo B,, Bz), 
then their scalar product can be shown to be equal to: 


AeB=(A,, A,, A,)0(B,, By, B,)= A,B, + A,B, + A,B. (5.6) 
From equation 5.6, we can see that the scalar product has the commutative property: 
AeB=BeA. (5.7) 


This result is not surprising, since the commutative property also holds for the multiplica- 
tion of two scalars. 


For the scalar product of any vector with itself, we have, in component notation, 
AeA=A2 + AL +A. Then, from equation 5.5, we find AeA= |A] [Alcosa= |A] |A|= |a 
(because the angle between the vector A and itself is zero, and the cosine of that angle has 
the value 1). Combining these two equations, we obtain the expression for the length of a 
vector that was introduced in Chapter 1: 


[Al =J ++. (5.8) 


We can also use the definition of the scalar product to compute the angle between two 
arbitrary vectors in three-dimensional space: 


ieB eB) 
gig 


(5.9) 


AeB=|A| |Blcos a cosa e æ=cos 
jäl |B 


For the scalar product, the same distributive property that is valid for the conventional 
multiplication of numbers holds: 
A-(B+C)=AeB+ AC. (5.10) 


The following example puts the scalar product to use. 


EXAMPLE 5.2 | Angle Between Two Position Vectors 


PROBLEM 
What is the angle œ between the two position vectors shown in Figure 5.10, 
A=(4.00,2.00,5.00) cm and B=(4.50, 4.00, 3.00) cm? 


SOLUTION 
To solve this problem, we have to put the numbers for the components of each of the two 
vectors into equation 5.8 and equation 5.6 then use equation 5.9: 


Jal = 4.00? + 2.00? +5.00? cm=6.71 cm 


|B| = 4.50? +4.00 +3.00? cm=6.73 cm 
Āe B= A,B, + A,B, + A,B, = (4.00-4.50 + 2.00: 4.00 +5.00 3.00) cm? = 41.0 cm? 


-1 
=> Q = COS 


6.71 cm -6.73 cm 


41.0 cm? 
oomi -ar 


Scalar Product for Unit Vectors 


Section 1.6 introduced unit vectors in the three-dimensional Cartesian coordinate system: 
£ = (1,0,0), ŷ = (0,1,0), and Z = (0,0,1). With our definition (5.6) of the scalar product, 
we find 

XK =Pep=ZeZ=1 (5.11) 
and 

Ke =.= e2 =0 
ne (5.12) 

YoX = ZeX =Z. =Q. 

Now we see why the unit vectors are called that: Their scalar products with themselves 
have the value 1. Thus, the unit vectors have length 1, or unit length, according to equation 
5.8. In addition, any pair of different unit vectors has a scalar product that is zero, meaning 
that these vectors are orthogonal to each other. Equations 5.11 and 5.12 thus state that the 
unit vectors £, 7, and Z form an orthonormal set of vectors, which makes them extremely 
useful for the description of physical systems. 
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FIGURE 5.10 Calculating the angle 


between two position vectors. 


5.2 Self-Test Opportunity 


Show that equations 5.11 and 5.12 
are correct by using equation 5.6 
and the definitions of the unit 
vectors. 
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FIGURE 5.11 Geometrical interpre- 
tation of the scalar product as an area. 
(a) The projection of A onto B. (b) The 
projection of B onto A. 


5.1 In-Class Exercise —— 


Consider an object undergoing a 
displacement AF and experiencing 
a force F. In which of the three 
cases shown below is the work done 
by the force on the object zero? 


(b) 


Ti 


(c) 


(a) (b) 


Geometrical Interpretation of the Scalar Product 

In the definition of the scalar product Ae B= Jal |B|cosa (equation 5.5), we can interpret 
|ä|cosa as the projection of the vector A onto the vector B (Figure 5.11a). In this drawing, 
the line |A|cosa is rotated by 90° to show the geometrical interpretation of the scalar prod- 
uct as the area of a rectangle with sides |Alcosa and |B|. In the same way, we can interpret 
|B| cosa asthe projection of the vector B onto the vector A and constructa rectangle with side 
lengths |B|cos a and [A| (Figure 5.11b). The areas of the two yellow rectangles in Figure 5.11 


are identical and are equal to the scalar product of the two vectors A and B. 
Finally, if we substitute from equation 5.9 for the cosine of the angle between the two 
vectors, the projection [Alcosa of the vector A onto the vector B can be written as 


AeB iel 
Al [a] |B 


> 


ileal 


and the projection |Blcose of the vector B onto the vector A can be expressed as 


= A 
|Blcos a=——. 
|| | 
Using a scalar product, we can write the work done by a constant force as 


W =FedA;7. (5.13) 


This equation is the main result of this section. It says that the work done by a constant 
force F in displacing an object by AF is the scalar product of the two vectors. In particu- 
lar, if the displacement is perpendicular to the force, the scalar product is zero, and no 
work is done. 

Note that we can use any force vector and any displacement vector in equation 5.13. If 
there is more than one force acting on an object, the equation holds for any of the individual 
forces, and it holds for the net force. The mathematical reason for this generalization lies in 
the distributive property of the scalar product, equation 5.10. To verify this statement, we 
can look at a constant net force that is the sum of individual constant forces, Fet =) R. 


ne 1 
According to equation 5.13, the work done by this net force is i 


>: ar? ar? 


i i 


Waet = het 9AF = 


ni 


In other words, the net work done by the net force is equal to the sum of the work done 
by the individual forces. We have demonstrated this additive property of work only for 
constant forces, but it is also valid for variable forces (or, strictly speaking only for conserva- 
tive forces, which we'll encounter in Chapter 6). But to repeat the main point: Equation 5.13 
is valid for each individual force as well as the net force. We will typically consider the 
net force when calculating the work done on an object, but we will omit the index “net” 
to simplify the notation. 
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One-Dimensional Case 

In all cases of motion in one dimension, the work done to produce the motion is given by 
W=FeA7 

=F- 


AF | = F.Ax (5.14) 
=F, (x -— Xp). 


The force F and displacement AF can point in the same direction, a = 0 > cosa = 1, 
resulting in positive work, or they can point in opposite directions, a = 180° > cosa = -1, 
resulting in negative work. 


Work-Kinetic Energy Theorem 


The relationship between kinetic energy of an object and the work done by the forces acting 
on it, called the work-kinetic energy theorem, is expressed formally as 


AK=K-K,=W. (5.15) 


Here, K is the kinetic energy that an object has after work W has been done on it and Ky 
is the kinetic energy before the work is done. The definitions of W and K are such that 
equation 5.15 is equivalent to Newton’s Second Law. To see this equivalence, consider a 
constant force acting in one dimension on an object of mass m. Newton's Second Law is 
then F, = ma,, and the (also constant!) acceleration, a,, ot the object is related to the differ- 
ence in the squares of its initial and final velocities via v% - vo =2a, (x - xo), which is one of : 
the five kinematical equations we derived in Chapter 2. Multiplication of both sides of this 5.3 Self-Test Opportunity 
equation by +m yields Show the equivalence between 
Newton’s Second Law and the work- 
kinetic energy theorem for the case 
of a constant force acting in three- 
dimensional space. 


my, -tmv o = ma, (x -x)= F,Ax=W. (5.16) 


Thus, we see that, for this one-dimensional case, the work-kinetic energy theorem is equiv- 
alent to Newton's Second Law. 

Because of the equivalence we have just established, if more than one force is acting on 
an object, we can use the net force to calculate the work done. Alternatively, and more com- 
monly in energy problems, if more than one force is acting on an object, we can calculate 
the work done by each force, and then W in equation 5.15 represents their sum. 

The work-kinetic energy theorem specifies that the change in kinetic energy of an 
object is equal to the work done on the object by the forces acting on it. We can rewrite 
equation 5.15 to solve for K or Ky: 


K=K,+W 
or 
K)=K-W. 


By definition, the kinetic energy cannot be less than zero; so, if an object has Ky = 0, the 
work-kinetic energy theorem implies that K = Ky +W = W2 0. 

While we have only verified the work-kinetic energy theorem for a constant force, it 
is also valid for variable forces, as we will see below. Is it valid for all kinds of forces? The 
short answer is no! Friction forces are one kind of force that violate the work—kinetic energy 
theorem. We will discuss this point further in Chapter 6. 


Work Done by the Gravitational Force 


With the work-kinetic energy theorem at our disposal, we can now take another look at the 
problem of an object falling under the influence of the gravitational force, as in Example 5.1. 
On the way down, the work done by the gravitational force on the object is 


W, =+mgh, (5.17) 


where h= | Y-Y | = [A >0. The displacement AF and the force of gravity FE, point in the same 
direction, resulting in a positive scalar product and therefore positive work. This situation is 
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(a) (b) 
FIGURE 5.12 Work done by the 
gravitational force. (a) The object 
during free fall. (b) Tossing an object 
upward. 


illustrated in Figure 5.12a. Since the work is positive, the gravitational force increases the 
kinetic energy of the object. 

We can reverse this situation and toss the object vertically upward, making it a pro- 
jectile and giving it an initial kinetic energy. This kinetic energy will decrease until the 
projectile reaches the top of its trajectory. During this time, the displacement vector A7 
points up, in the opposite direction to the force of gravity (Figure 5.12b). Thus, the work 
done by the gravitational force during the object’s upward motion is 


W, =- mgh. (5.18) 


Therefore, the work done by the gravitational force reduces the kinetic energy of the object 
during its upward motion. This conclusion is consistent with the general formula for work 
done by a constant force, W = Fe AF, because the displacement (pointing upward) of the 
object and the gravitational force (pointing downward) are in opposite directions. 


Work Done in Lifting and Lowering an Object 

Now let’s consider the situation in which a vertical external force is applied to an object—for 
example, by attaching the object to a rope and lifting it up or lowering it down. The work- 
kinetic energy theorem now has to include the work done by the gravitational force, W,, 
and the work done by the external force, Wy: 


K- Ko = W; + W . 
For the case where the object is at rest both initially, Ky = 0, and finally, K = 0, we have 


We =-W,. 


The work done by force in lifting or lowering the object is then 


We =- W, =mgh (for lifting) or W =- W, =-mgh (for lowering). (5.19) 


EXAMPLE 5.3 | Weightlifting 


In the sport of weightlifting, the task is to pick up a very large mass, lift it over your head, 
and hold it there at rest for a moment. This action is an example of doing work by lifting 
and lowering a mass. 


PROBLEM 1 

The German lifter Ronny Weller won the silver medal at the Olympic Games in Sydney, 
Australia, in 2000. He lifted 257.5 kg in the “jerk” competition. Assuming he lifted the 
mass to a height of 1.83 m and held it there, what was the work he did in this process? 


SOLUTION 1 
This problem is an application of equation 5.19 for the work done against the gravita- 
tional force. The work Weller did was 


W =mgh =(257.5 kg)(9.81 m/s” )(1.83 m) = 4.62 KJ. 


PROBLEM 2 

Once Weller had successfully completed the lift and was holding the mass with out- 
stretched arms above his head, what was the work done by him in lowering the weight 
slowly (with negligible kinetic energy) back down to the ground? 


SOLUTION 2 
This calculation is the same as that in Solution 1 except the sign of the displacement 
changes. Thus, the answer is that -4.62 kJ of work is done in bringing the weight back 
down—exactly the opposite of what we obtained for Problem 1! 

Now is a good time to remember that we are dealing with strictly mechanical work. 
Every lifter knows that you can feel the muscles “burn” just as much when holding the 


mass overhead or lowering the mass (in a controlled way) as when lifting it. (In Olympic 
competitions, by the way, the weightlifters just drop the mass after the successful lift.) 
However, this physiological effect is not mechanical work, which is what we are presently 
interested in. Instead it is the conversion of chemical energy, stored in different molecules 
such as sugars, into the energy needed to contract the muscles. 

You may think that Olympic weightlifting is not the best example to consider because 
the force used to lift the mass is not constant. This is true, but as we discussed previously, 
the work-kinetic energy theorem applies to nonconstant forces. Additionally, even when 
a crane lifts a mass very slowly and with constant speed, the lifting force is still not exactly 
constant, because a slight initial acceleration is needed to get the mass from zero speed to 
a finite value and a deceleration occurs at the end of the lifting process. 


` 


Lifting with Pulleys 

When we studied pulleys and ropes in Chapter 4, we learned that pulleys act as force multi- 
pliers. For example, with the setup shown in Figure 5.13, the force needed to lift a pallet of 
bricks of mass m by pulling on the rope is only half the gravitational force, T = 4 mg. How 
does the work done in pulling up the pallet of bricks with ropes and pulleys compare to the 
work of lifting it without such mechanical aids? 

Figure 5.13 shows the initial and final positions of the pallet of bricks and the ropes 
and pulleys used to lift it. Lifting it without mechanical aids would require the force T, 
as indicated, whose magnitude is given by T, = mg. The work done by force T, in this case is 
W, =T, e= Tyr. = mgr». Pulling on the rope with force T, of magnitude T, = +T, = +mg 
accomplishes the same thing. However, now the displacement is twice as long, r; = 275, as 
you can see by examining Figure 5.13. Thus, the work done in this case is W, = T, eï = 
(5T,)(212)= mgr, = W2. 

The same amount of work is done in both cases. It is necessary to compensate for the 
reduced force by pulling the rope through a longer distance. This result is general for the use 
of pulleys or lever arms or any other mechanical force multiplier: The total work done is the 
same as it would be if the mechanical aid were not used. Any reduction in the force is always 
going to be compensated for by a proportional lengthening of the displacement. 


(a) (b) 


FIGURE 5.13 Forces and displacements for the process of lifting a pallet of bricks at a work site with 
the aid of a rope-and-pulley mechanism. (a) Pallet in the initial position. (b) Pallet in the final position. 
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5.5 Work Done by a Variable Force 


Bs 
| F(x) 


Suppose the force acting on an object is not constant. What is the work done by such a force? In 
a case of motion in one dimension with a variable x-component of force, F,,(x), the work is 


w= f AnA (5.20) 


0 


(The integrand has x' as a dummy variable to distinguish it from the integral limits.) Equa- 
tion 5.20 shows that the work W is the area under the curve of F,(x) (see Figure 5.14 in the 
following derivation). 


DERIVATION 5.1 


If you have already taken integral calculus, you can skip this section. If equation 5.20 
is your first exposure to integrals, the following derivation is a useful introduction. 
We'll derive the one-dimensional case and use our result for the constant force as a 
starting point. 

In the case of a constant force, we can think of the work as the area under the 
horizontal line that plots the value of the constant force in the interval between xo 
and x. For a variable force, the work is the area under the curve F,(x), but that area 
is no longer a simple rectangle. In the case of a variable force, we need to divide the 
interval from x) to x into many small equal intervals. Then we approximate the area 
under the curve F,(x) by a series of rectangles and add their areas to approximate 
the work. As you can see from Figure 5.14a, the area of the rectangle between x; and 
Xj, is given by F,.(x,)- (x4; - xi) = Fy (x;)- Ax. We obtain an approximation for the 
work by summing over all rectangles: 


we > W, =S E(x) Ax. 


(b) 


N F(x) 


Now we space the points x; closer and closer by using more and more of them. 
This method makes Ax smaller and causes the total area of the series of rectangles 
to be a better approximation of the area under the curve F,(x) as in Figure 5.14b. In 
the limit as Ax — 0, the sum approaches the exact expression for the work: 


= li F.(x;)- Ax]. 
w- in DR 


This limit of the sum of the areas is exactly how the integral is defined: 


Xo x 
(c) 
FIGURE 5.14 (a) A series of rectangles 
approximates the area under the curve 
obtained by plotting the force as a function 
of the displacement; (b) a better approxima- 


tion using rectangles of smaller width; (c) the 


exact area under the curve. 


we f Roa. 


0 


We have derived this result for the case of one-dimensional motion. The deriva- 
tion of the three-dimensional case proceeds along similar lines but is more involved 
in terms of algebra. 


As promised earlier, we can verify that the work-kinetic energy theorem (equation 5.15) 
is valid when the force is variable. We show this result for one-dimensional motion for 
simplicity, but the work-kinetic energy theorem also holds for variable forces and displace- 
ments in more than one dimension. We assume a variable force in the x-direction, F, (x), as 
in equation 5.20, which we can express as 


E.(x)=ma, 


using Newton's Second Law. We use the chain rule of calculus to obtain 
nav dv dx 
dt dx dt 
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We can then use equation 5.20 and integrate over the displacement to get the work done: 


W= | B(x’)de'= f mads'= ne ae 
dx' dt 
Xo Xo Xo 


We now change the variable of integration from displacement (x) to velocity (v): 


w= fm? ad dx'= | mv'dv'=m f v'av', 
dt dx' 
Xo Vo Vo 


where v' is a dummy variable of integration. We carry out the integration and obtain the 


promised result: 


y? 
2 


v L 
1 1 
W=m | v'dv'=m = Sv’ -5m = K - Ky = AK. 
Vo ve 


0 


5.2 In-Class Exercise — 


An x-component of a force has the 
dependence F,(x) = -c- x’ on the 
displacement, x, where the constant 
c = 19.1 N/m’. How much work does 
it take to change the displacement 
from 0.810 m to 1.39 m? 


a) 12.3 J d) -3.76 J 

b) 0.452 J e) 0.00 J 

c) -15.8 J 
W 


5.6 Spring Force 


Let’s examine the force that is needed to stretch or compress a spring. We 
start with a spring that is neither stretched nor compressed from its nor- 
mal length and take the end of the spring in this condition to be located 
at the equilibrium position, x), as shown in Figure 5.15a. If we pull the 
end of this spring a bit toward the right using an external force, Fpp the 
spring gets longer. In the stretching process, the spring generates a force 
directed to the left, that is, pointing toward the equilibrium position, and 
increasing in magnitude with increasing length of the spring. This force is 
conventionally called the spring force, F.. 

Pulling with an external force of a given magnitude stretches the 
spring to a certain displacement from equilibrium, at which point the 
spring force is equal in magnitude to the external force (Figure 5.15b). 
Doubling this external force doubles the displacement from equilibrium 
(Figure 5.15c). Conversely, pushing with an external force toward the left 
compresses the spring from its equilibrium length, and the resulting spring 
force points to the right, again toward the equilibrium position (Figure 
5.15d). Doubling the amount of compression (Figure 5.15e) also doubles 
the spring force, just as with stretching. 

We can summarize these observations by noting that the magnitude 
of the spring force is proportional to the magnitude of the displacement 
of the end of the spring from its equilibrium position, and that the spring 
force always points toward the equilibrium position and thus is in the 
direction opposite to the displacement vector: 


È =-K(X-%). 
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FIGURE 5.15 Spring force. The spring is in its equi- 
librium position in (a), is stretched in (b) and (c), and is 
compressed in (d) and (e). In each nonequilibrium case, 
the external force acting on the end of the spring is shown 
as a red arrow, and the spring force as a blue arrow. 


(5.21) 


As usual, this vector equation can be written in terms of components; in particular, for the 


x-component, we can write 
R=- k(x = Xo ). 


(5.22) 


The constant k is by definition always positive. The negative sign in front of k indicates that the 
spring force is always directed opposite to the direction of the displacement from the equilib- 
rium position. We can choose the equilibrium position to be xy = 0, allowing us to write 


ER =-kx. (5.23) 
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This simple force law is called Hooke’s Law, after the British physicist Robert Hooke 
(1635-1703), a contemporary of Newton and the Curator of Experiments for the Royal Soci- 
ety. Note that for a displacement x > 0, the spring force points in the negative direction, and F, 
< 0. The converse is also true; if x < 0, then F, > 0. Thus, in all cases, the spring force points 
toward the equilibrium position, x = 0. At exactly the equilibrium position, the spring force 
is zero, F, (x = 0) = 0. As a reminder from Chapter 4, zero force is one of the defining condi- 
tions for equilibrium. The proportionality constant, k, that appears in Hooke’s Law is called the 
spring constant and has units of N/m = kg/s’. The spring force is an important example of a 
restoring force: It always acts to restore the end of the spring to its equilibrium position. 

Linear restoring forces that follow Hooke'’s Law can be found in many systems in nature. 
Examples are the forces on an atom that has moved slightly out of equilibrium in a crystal 
lattice, the forces due to shape deformations in atomic nuclei, and any other force that leads 
to oscillations in a physical system (discussed in further detail in Chapters 14 through 16). 
In Chapter 6, we will see that we can usually approximate the force in many physical situa- 
tions by a force that follows Hooke’s Law. 

Of course, Hooke’s Law is not valid for all spring displacements. Everyone who has 
played with a spring knows that if it is stretched too much, it will deform and then not 
return to its equilibrium length when released. If stretched even further, it will eventu- 
ally break into two parts. Every spring has an elastic limit—a maximum deformation— 
below which Hooke's Law is still valid; however, where exactly this limit lies depends on the 
material characteristics of the particular spring. For our considerations in this chapter, we 
assume that springs are always inside the elastic limit. 


EXAMPLE 5.4 | Spring Constant 


PROBLEM 1 

A spring has a length of 15.4 cm and is hanging vertically from a sup- 
port point above it (Figure 5.16a). A weight with a mass of 0.200 kg 
is attached to the spring, causing it to extend to a length of 28.6 cm 
(Figure 5.16b). What is the value of the spring constant? 


SOLUTION 1 

We place the origin of our coordinate system at the top of the spring, 
with the positive direction upward, as is customary. Then, x) = -15.4 
cm and x = -28.6 cm. According to Hooke’s Law, the spring force is 


E =-k(x- x). 


Also, we know the force exerted on the spring was provided by the 
weight of the 0.200-kg mass: F = -mg = -(0.200 kg)(9.81 m/s’) = 
-1.962 N. Again, the negative sign indicates the direction. Now we 
can solve the force equation for the spring constant: 

-1.962 N 


k=-—$— =- =14.9 N/m. 
xX- Xp (-0.286 m) - (-0.154 m) 


Note that we would have obtained exactly the same result if we had 
put the origin of the coordinate system at another point or if we had 
elected to designate the downward direction as positive. 


PROBLEM 2 
How much force is needed to hold the weight at a position 4.6 cm 
above -28.6 cm (Figure 5.16c)? 


(c) 

FIGURE 5.16 Mass on a spring. (a) The spring without SOLUTION 2 

any mass attached. (b) The spring with the mass hanging At first sight, this problem might appear to require a complicated cal- 
freely. (c) The mass pushed upward by an external force. culation. However, remember that the mass has stretched the spring 
to a new equilibrium position. To move the mass from that position 


takes an external force. If the external force moves the mass up 4.6 cm, then it has to be 
exactly equal in magnitude and opposite in direction to the spring force resulting from a 
displacement of 4.6 cm. Thus, all we have to do to find the external force is to use Hooke’s 
Law for the spring force (choosing new equilibrium position to be at x, = 0): 


Ey +E =0> Ey =- E =kx = (0.046 m)(14.9 N/m) = 0.68 N. 


At this point, it is worthwhile to generalize the observations made in Example 5.4: 
Adding a constant force—for example, by suspending a mass from the spring—only shifts 
the equilibrium position. (This generalization is true for all forces that depend linearly on 
displacement.) Moving the mass, up or down, away from the new equilibrium position then 
results in a force that is linearly proportional to the displacement from the new equilibrium 
position. Adding another mass will only cause an additional shift to a new equilibrium posi- 
tion. Of course, adding more mass cannot be continued without limit. At some point, the 
addition of more and more mass will overstretch the spring. Then the spring will not return 
to its original length once the mass is removed, and Hooke’s Law is no longer valid. 


Work Done by the Spring Force 


The displacement of a spring is a case of motion in one spatial dimension. Thus, we can 
apply the one-dimensional integral of equation 5.20 to find the work done by the spring 
force in moving from x, to x. The result is 


W, =f Rede f cheyae'=-1 f vee. 


Xo Xo Xo 


The work done by the spring force is then 


W,=-k | x'dx'=—Lhe? + tk. (5.24) 


If we set x) = 0 and start at the equilibrium position, as we did in arriving at Hookes Law (equa- 
tion 5.23), the second term on the right side in equation 5.24 becomes zero and we obtain 


W. =- Lks, (5.25) 


Note that because the spring constant is always positive, the work done by the spring force 
is always negative for displacements from equilibrium. Equation 5.24 shows that the work 
done by the spring force is positive if the starting spring displacement is farther from equi- 
librium than the ending displacement. External work of magnitude + kx? will stretch or 
compress it out of its equilibrium position. 


SOLVED PROBLEM 5.1 { Compressing a Spring 


A massless spring located on a smooth horizontal surface is ® 
compressed by a force of 63.5 N, which results in a displacement 
of 4.35 cm from the initial equilibrium position. As shown in 
Figure 5.17, a steel ball of mass 0.075 kg is then placed in front 
of the spring and the spring is released. (b) 


PROBLEM 

What is the speed of the steel ball when it is shot off by the spring, 
that is, right after it loses contact with the spring? (Assume there 
is no friction between the surface and the steel ball; the steel ball 
will then simply slide across the surface and will not roll.) 


Continued— 


VV 


FIGURE 5.17 (a) Spring in its equilibrium position; (b) compressing 
the spring; (c) relaxing the compression and accelerating the steel ball. 
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5.4 Self-Test Opportunity 


A block is hanging vertically 
from a spring at the equilibrium 
displacement. The block is then 
pulled down a bit and released 
from rest. Draw the free-body 
diagram for the block in each of 
the following cases: 


a) The block is at the equilibrium 
displacement. 


b) The block is at its highest 
vertical point. 


c) The block is at its lowest 
vertical point. 


v,=0 
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FIGURE 5.18 Free-body diagram of 
the steel ball before the external force 
is removed. 


SOLUTION 
THINK 


If we compress a spring with an external force, we do work against the spring force. Re- 
leasing the spring by withdrawing the external force enables the spring to do work on the 
steel ball, which acquires kinetic energy in this process. Calculating the initial work done 
against the spring force enables us to figure out the kinetic energy that the steel ball will 
have and thus will lead us to the speed of the ball. 


SKETCH 
We draw a free-body diagram at the instant before the external force is removed (see 
Figure 5.18). At this instant, the steel ball is at rest in equilibrium, because the external 
force and the spring force exactly balance each other. Note that the diagram also includes 
the support surface and shows two more forces acting on the ball: the force of gravity, Ē, ; 
and the normal force from the support surface, N. These two forces cancel each other out 
and thus do not enter into our calculations, but it is worthwhile to note the complete set 
of forces that act on the ball. 

We set the x-coordinate of the ball at its left edge, which is where the ball touches the 
spring. This is the physically relevant location, because it measures the elongation of the 
spring from its equilibrium position. 


RESEARCH 

The motion of the steel ball starts once the external force is removed. Without the blue 
arrow in Figure 5.18, the spring force is the only unbalanced force in the situation, and 
it accelerates the ball. (This acceleration is not constant over time as is the case for free- 
fall motion, for example, but rather changes in time.) However, the beauty of applying 
energy considerations is that we do not need to know the acceleration to calculate the 
final speed. 

As usual, we are free to choose the origin of the coordinate system, and we put it at x, 
the equilibrium position of the spring. This implies that we set x) = 0. The relation between 
the x-component of the spring force at the moment of release and the initial compression of 
the spring x, is 


Because F, (x,) = -—F..» we find 


ex? 


kx, =F. 


ç ext’ 


The magnitude of this external force, as well as the value of the displacement, were given, 
and so we can calculate the value of the spring constant from this equation. Note that 
with our choice of the coordinate system, F.,, < 0, because its vector arrow points in the 
negative x-direction. In addition, x. < 0, because the displacement from equilibrium is in 
the negative direction. 

We can now calculate the work W needed to compress this spring. Since the force that 
the ball exerts on the spring is always equal and opposite to the force that the spring exerts 
on the ball, the definition of work allows us to set 


W =-W, =1kx2. 


According to the work-kinetic energy theorem, this work is related to the change in the 
kinetic energy of the steel ball via 


K=K)+W=0+W=1kx. 
Finally, the ball’s kinetic energy is, by definition, 
K= tmv, 


which allows us to determine the ball’s speed. 
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SIMPLIFY 
We solve the equation for the kinetic energy for the speed, v,, and then use the K = 4kx2 


to obtain 
pa PK a pRO _ fled. [Rare 
i m m m m ` 


(In the third step, we canceled out the factors 2 and +, and in the fourth step, we used kx, 
= Fev) 
CALCULATE 


Now we are ready to insert the numbers: x, = -0.0435 m, m = 0.075 kg, and 
Fax = -63.5 N. Our result is 


(-63.5 N)(-0.0435 m) 
v, =, |h =6.06877 m/s. 
0.075 kg 


Note that we choose the positive root for the x-component of the ball’s velocity. By ex- 
amining Figure 5.17, you can see that this is the appropriate choice, because the ball will 
move in the positive x-direction after the spring is released. 


ROUND 
Rounding to the two-digit accuracy to which the mass was specified, we state our result as 


v, = 6.1 m/s. r 
x 5.3 In-Class Exercise —y 
How much work would it take to 
DOUBLE-CHECK compress the spring of Solved Prob- 
We are limited in the checking we can perform to verify that our answer makes sense lem 5.1 from 4.35 cm to 8.15 cm? 


until we study motion under the influence of the spring force in more detail in Chapter 


Np ; ‘ ; ¢ 4.85 J d) -1.38 J 
14. However, our answer passes the minimum requirements in that it has the proper units a) ) 
and the order of magnitude seems in line with typical velocities for balls propelled from b) 1.38 J e) 3.47 J 
spring-loaded toy guns. c) -3.47 J 
X J 


We can now readily calculate the amount of work required to accelerate a 1550-kg (3410-1b) 
car from a standing start to a speed of 26.8 m/s (60.0 mph). The work done is simply the 
difference between the final and initial kinetic energies. The initial kinetic energy is zero, 
and the final kinetic energy is 


adl 2_1 2 
K=5mv = 5 (1550 kg)(26.8 m/s)” =557 kJ, 


which is also the amount of work required. However, the work requirement is not that 
interesting to most of us—wed be more interested in how quickly the car is able to reach 60 
mph. That is, wed like to know the rate at which the car can do this work. 

Power is the rate at which work is done. Mathematically, this means that the power, P, 
is the time derivative of the work, W: 


pee (5.26) 
dt 
It is also useful to define the average power, P as 
Pa (5.27) 


ie 
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5.4 In-Class Exercise 


Is each of the following statements 
true or false? 


a) Work cannot be done in the 
absence of motion. 


b) More power is required to lift 
a box slowly than to lift a box 
quickly. 


c) A force is required to do work. 


The SI unit of power is the watt (W). [Beware of confusing the symbol for work, W (itali- 
cized), and the abbreviation for the unit of power, W (nonitalicized).] 
1W=1J/s=1kgm7/s’. (5.28) 
Conversely, one joule is also one watt times one second. This relationship is reflected in a 
very common unit of energy (not power!), the kilowatt-hour (kWh): 
1 kWh = (1000 W)(3600 s) = 3.6-10° J = 3.6 MJ. 


The unit kWh appears on utility bills and quantifies the amount of electrical energy that 
has been consumed. Kilowatt-hours can be used to measure any kind of energy. Thus, the 
kinetic energy of the 1550-kg car moving with a speed of 26.8 m/s, which we calculated as 
557 kJ, can be expressed with equal validity as 


(557,000 J)(1 kWh/3.6-10° J) =0.155 kWh. 


The two most common non-SI power units are the horsepower (hp) and the foot-pound per 
second (ft Ib/s): 1 hp = 550 ft lb/s = 746 W. 


Power for a Constant Force 
For a constant force, we found that the work is given by W= Fe Af and the differential 
work as dW = Fed. In this case, the time derivative is 
p= dw | Fedr 
dt dt 


where æ is the angle between the force vector and the velocity vector. Therefore, for a con- 
stant force, the power is the scalar product of the force vector and the velocity vector. 


=Fev=Fvcosa, (5.29) 


EXAMPLE 5.5 | Accelerating a Car 


PROBLEM 

Returning to the example of an accelerating car, let’s assume that the car, of mass 1550 kg, 
can reach a speed of 60 mph (26.8 m/s) in 7.1 s. What is the average power needed to ac- 
complish this? 


SOLUTION 
We already found that the car’s kinetic energy at 60 mph is 


K =4mr* = 4(1550 kg)(26.8 m/s} = 557 KJ. 


The work to get the car to the speed of 60 mph is then 
W =AK =K - K =557 kJ. 


The average power needed to get to 60 mph in 7.1 s is therefore 


5 
pW 55710] 


=78.4 KW =105 hp. 
At 7.18 


If you own a car with a mass of at least 1550 kg that has an engine with 105 hp, you know 
that it cannot possibly reach 60 mph in 7.1 s. An engine with at least 180 hp is needed to accel- 
erate a car of mass 1550 kg (including the driver, of course) to 60 mph in that time interval. 

Our calculation in Example 5.5 is not quite correct for several reasons. First, not all of the 
power output of the engine is available to do useful work such as accelerating the car. Second, 
friction and air resistance forces act on a moving car, but were ignored in Example 5.5. 
Chapter 6 will address work and energy in the presence of friction forces (rolling friction 
and air resistance in this case). Finally, a car’s rated horsepower is a peak specification, truly 


only at the most beneficial rpm-domain of the engine. As you 
accelerate the car from rest, this peak output of the engine is 
not maintainable as you shift through the gears. 

The average mass, power, and fuel efficiency (for city driv- 
ing) of mid-sized cars sold in the United States from 1975 to 
2007 are shown in Figure 5.19. The mass of a car is important 
in city driving because of the many instances of acceleration 
in stop-and-go conditions. We can combine the work-kinetic 
energy theorem (equation 5.15) and the definition of average 
power (equation 5.27) to get 

lm? 2 
poe E a (5.30) 

At At At 2At 
You can see that the average power required to accelerate a car 
from rest to a speed v in a given time interval, At, is propor- 
tional to the mass of the car. The energy consumed by the car 
is equal to the average power times the time interval. Thus, the 
larger the mass of a car, the more energy is required to acceler- 

ate it in a given amount of time. 

Following the 1973 oil embargo, the average mass of mid- 
sized cars decreased from 2100 kg to 1500 kg between 1975 and 
1982. During that same period, the average power decreased 
from 160 hp to 110 hp, and the fuel efficiency increased from 
10 to 18 mpg. From 1982 to 2007, however, the average mass 
and fuel efficiency of mid-sized cars stayed roughly constant, 
while the power increased steadily. Apparently, buyers of mid- 
sized cars in the United States have valued increased power 
over increased efficiency. 
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FIGURE 5.19 The mass, power, and fuel efficiency of mid-sized cars 


sold in the United States from 1975 to 2007. The fuel efficiency is that 
for typical city driving. 


i 
1984 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= Kinetic energy is the energy associated with the motion 
ofan object, K = +m. 


= The SI unit of work and energy is the joule: 1 J =1 kg m’/s*. 


= Work is the energy transferred to an object or 
transferred from an object due to the action of a force. 
Positive work is a transfer of energy to the object, and 
negative work is a transfer of energy from the object. 


= Work done by a constant force is W = |Ë | |A7|cos Qa, 
where a is the angle between F and Ar. 


= Work done by a variable force in one dimension is 
x 


W= f Eld. 

= Work done by the gravitational force in the process of 
lifting an object is W, = -mgh < 0, where h = ly- 
the work done by the gravitational force in lowering an 
object is W, = +mgh > 0. 


= The spring force is given by Hookes Law: F, = -kx. 
= Work done by the spring force is 
W=-k f x'dx'=—Lhe? + Lag. 


= The work-kinetic energy theorem is AK = K - Ky = W. 


= Power, P, is the time derivative of the P= a“ 
a aay 
= The average power, P, is P= = 


= ‘The SI unit of power is the watt (W): 1 W = 1 J/s. 


= Power for a constant force is 

_dW__Fedr 
dt dt 

between the force vector and the velocity vector. 


P = Fe¥ = Fv cosa, where a is the angle 
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KEY TERMS 

kinetic energy, p. 143 work-kinetic energy spring constant, p. 154 kilowatt-hour, p. 158 
joule, p. 143 theorem, p. 149 restoring force, p. 154 

work, p. 145 spring force, p. 153 power, p. 157 

scalar product, p. 146 Hooke’s Law, p. 154 watt, p. 158 


NEW SYMBOLS AND EQUATIONS 


K= tm, kinetic energy F, = -kx, Hooke’s Law 
= = 1 2 . 
W = Fe Ar, work done by a constant force W, = —7kx’, work done by a spring 
| dw 
W= f F,(x')dx', work done by a variable force P= ge POWE 


Xo 


AK = W, work-kinetic energy theorem 


ANSWERS TO SELF-TEST OPPORTUNITIES 


5.1 y y for each component 
2.2 
Vx = Vg = 2a,(x = Xo) 


v - Yoo = 2a,(y -= Yo) 


N N 2 2 
Vz - Vz = 2a,(Z - Zo) 
* $ 
P j multiply by 4m 
x mg cos x j 2 
Jo tmv- 4mv = ma,(x - xo) 
t 
~ 2 2 
mE mg sin 0 ng mv; 7 TMo = ma,(y - Yo) 


1 2 1 2 
SMV, - FMV = ma{Z - Zo) 


5.2 Equation 5.11 


$k =(1,0,0)¢(1,0,0) =1-1+0-0+0-0=1 add the three equations 
j+9-=(0,1,0)+(0,1,0)=0-0+1-1+0-0=1 im(v +v +¥2)—tm( 25 + v0 +020) = 
Zz =(0,0,1)*(0,0,1)=0-0+0-0+1-1=1 ma, (x —X9)+may(y - yo) + ma, (z - Zp) 
Equation 5.12 ee r 
ale =i 
2. ĵ =(1,0,0)-(0,1,0)=1-0+0-1+0-0=0 K=im(v} +v +¥2) iad 
XZ =(1,0,0)9(0,0,1) =1-0+0-0+0-1=0 Ky=Lm| v2o +v +v% |= Lm 
yezZ =(0,1,0)(0,0,1) =0-0+1-04+0-1=0 as x ‘ X 
J»ê =(0,1,0)-(0,0,1)=0:0+ AF =(x-xq)&+(y- yo) f+ (Z-Z9)2 
ĝe =(0,1,0)-(1,0,0) =0-14+1-0+0-0=0 F=ma,i+ma,j+ma,é 
Ze& =(0,0,1)°(1,0,0) =0-1+0-0+1-0=0 K-K)=AK=FeAr=W 
2¢9 =(0,0,1)(0,1,0)=0-0+0-1+1-0=0 5.4 
z F 
5.3 F=ma can be re-written as -z-i i 
F, = ma, F 
F, = ma, 
F, = ma, 


mg mg mg 


PROBLEM-SOLVING PRACTICE 


| Problem-Solving Guidelines: Kinetic Energy, Work, 
and Power 

1. In all problems involving energy, the first step is to clearly 
identify the system and the changes in its conditions. If an 
object undergoes a displacement, check that the displacement 
is always measured from the same point on the object, such as 
the front edge or the center of the object. If the speed of the 
object changes, identify the initial and final speeds at specific 
points. A diagram is often helpful to show the position and 
the speed of the object at two different times of interest. 


2. Be careful to identify the force that is doing work. Also 
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3. You can calculate the sum of the work done by individual 
forces acting on an object or the work done by the net force 
acting on an object; the result should be the same. (You can 
use this as a way to check your calculations.) 

4, Remember that the direction of the restoring force exerted 
by a spring is always opposite the direction of the displacement 
of the spring from its equilibrium point. 

5. The formula for power, P = F e y, is very useful, but applies 
only for a constant force. When using the more general 
definition of power, be sure to distinguish between the average 


_ W 
power, P=—., and the instantaneous value of the power, 


note whether forces doing work are constant forces or variable 
forces, because they need to be treated differently. p= dw 
dt ` 


SOLVED PROBLEM 5.2 ( Lifting Bricks 
E a 


PROBLEM 

A load of bricks at a construction site has a mass of 85.0 kg. A crane raises this load from 
the ground to a height of 50.0 m in 60.0 s at a low constant speed. What is the average 
power of the crane? 


SOLUTION 


THINK 

Raising the bricks at a low constant speed means that the kinetic energy is negligible, so 
the work in this situation is done against gravity only. There is no acceleration, and fric- 
tion is negligible. The average power then is just the work done against gravity divided by 
the time it takes to raise the load of bricks to the stated height. 


SKETCH 
A free-body diagram of the load of bricks is shown in Figure 5.20. Here we have defined 
a coordinate system in which the y-axis is vertical and positive is upward. The tension, T, 


exerted by the cable of the crane is a force in the upward direction, and the weight, mg, A 
of the load of bricks is a force downward. Because the load is moving at a constant speed, r 
the sum of the tension and the weight is zero. The load is moved vertically a distance h, 

as shown in Figure 5.21. 7 
RESEARCH 

The work, W, done by the crane is given by mg 


W =mgh. 


5 : : ; , ; f FIGURE 5.20 Free-body diagram 
The average power, P , required to lift the load in the given time At is of the load of bricks of iass mi beinû 


P- W lifted by a crane. 
At r 
SIMPLIFY M 
Combining the above two equations gives REM 
panen 
At 


CALCULATE 


Now we put in the numbers and get 


~—\—_ >> m 


FIGURE 5.21 The mass m is lifted a 
distance h. 


_ (85.0 kg)(9.81 m/s? )(50.0 m) 
P= = 694.875 W. 
60.0 s Continued— 
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ROUND 
We report our final result as 
P=695 W 


because all the numerical values were initially given with three significant figures. 


DOUBLE-CHECK 
To double-check our result for the required average power, we convert the average power 


in watts to horsepower: 
P 1 hp 


746 W 


P=(695 w) =0.932 hp. 

Thus, a 1-hp motor is sufficient to lift the 85.0-kg load 50 m in 60 s, which seems not 
completely unreasonable, although surprisingly small. Because motors are not 100% ef- 
ficient, in reality, the crane would have to have a motor with a somewhat higher power 
rating to lift the load. 


I) 


SOLVED PROBLEM 5.3 | Shot Put 
PROBLEM 

Shot put competitions use metal balls with a mass of 16 lb (= 7.26 kg). A competitor 
throws the shot at an angle of 43.3° and releases it from a height of 1.82 m above where it 
lands, and it lands a horizontal distance of 17.7 m from the point of release. What is the 
kinetic energy of the shot as it leaves the thrower’s hand? 


SOLUTION 


THINK 

We are given the horizontal distance, x, = 17.7 m, the height of release, yọ = 1.82 m, and 
the angle of the initial velocity, 6) = 43.3°, but not the initial speed, vọ. If we can figure out 
the initial speed from the given data, then calculating the initial kinetic energy will be 
straightforward because we also know the mass of the shot: m = 7.26 kg. 

Because the shot is very heavy, air resistance can be safely ignored. This situation is an 
excellent realization of ideal projectile motion. After the shot leaves the thrower’s hand, 
the only force on the shot is the force of gravity, and the shot will follow a parabolic trajec- 
tory until it lands on the ground. Thus, we'll solve this problem by application of the rules 
about ideal projectile motion. 


SKETCH 
The trajectory of the shot is shown in Figure 5.22. 


RESEARCH 
The initial kinetic energy K of the shot of mass m is given by 


>x 


Ho 


K= Lmg. 

FIGURE 5.22 Parabolic trajectory of 

a thrown shot. Now we need to decide how to obtain vo. We are given the distance, x,, to where the shot hits 
the ground, but this is not equal to the range, R (for which we obtained a formula in Chapter 
3), because the range formula assumes that the heights of the start and end of the trajectory 
are equal. Here the initial height of the shot is yọ, and the final height is zero. Therefore, we 


have to use the full expression for the trajectory of an ideal projectile from Chapter 3: 
2 

x 

Y = Yo +x tan h s i 

2v cos“ b 


This equation describes the y-component of the trajectory as a function of the x- 
component. 


In this problem, we know that y(x = x,) = 0, that is, that the shot touches the ground 
at x = x,. Substituting for x when y = 0 in the equation for the trajectory results in 


£ 


0= yy +X, tanh- x; 2. 
2v3 cos” b 


SIMPLIFY 
We solve this equation for v: 
2 
Yo +x, tan & = = a 
2v3 cos“ b 
2 
2v cos? b = — “%8 _ 
Yo +x, tan Q 
a 8 | 
2cos? (yy +x, tan) 


Now, substituting for vj in the expression for the initial kinetic energy gives us 


2 
MX, g 


K=1my = > : 
4cos” 6 (yo +, tan & ) 


CALCULATE 


Putting in the given numerical values, we get 


(7.26 kg)(17.7m) (9.81 m/s?) 


= 569.295 J. 
4(cos?43.3°)|1.82 m +(17.7m)(tan43.3°)| Da 


ROUND 
All of the numerical values given for this problem had three significant figures, so we 
report our answer as 

K =569 J. 


DOUBLE-CHECK 
Since we have an expression for the initial speed, vj =x? g / (2cos? (yy +x, tan@)), we 
can find the horizontal and vertical components of the initial velocity vector: 


Vy 


V yo = Vo sin & =8.59 m/s. 


o =V% cosy =9.11 m/s 


As we discussed in Section 5.2, we can split up the total kinetic energy in ideal projec- 
tile motion into contributions from the motion in horizontal and vertical directions (see 
equation 5.3). The kinetic energy due to the motion in the x-direction remains constant. 
The kinetic energy due to the motion in the y-direction is initially 


4. mvyo sin’ = 268 J. 


At the top of the shot’s trajectory, the vertical velocity component is zero, as in all projec- 
tile motion. This also means that the kinetic energy associated with the vertical motion 
is zero at this point. All 268 J of the initial kinetic energy due to the y-component of the 
motion has been used up to do work against the force of gravity (see Section 5.3). This 
work is (refer to equation 5.18) -268 J = -mgh, where h = Ymax — Yo is the maximum height 
of the trajectory. We thus find the value of h: 


_ 268 J _ 268 J 
mg (726 kg)(9.81 m/s?) 


h =3.76 m. 


Continued— 
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Let’s use known concepts of projectile motion to find the maximum height for the initial 
velocity we have determined. In Section 3.4, the maximum height H of an object in pro- 
jectile motion was shown to be 


Putting in the numbers gives Veo / 2g =3.76 m. This value is the same as that obtained by 
applying energy considerations. 


2 
v 

H=y +2. 
2g 


II 


MULTIPLE-CHOICE QUESTIONS 


| 5.1 Which of the following is a correct unit of energy? 
a) kg m/s” c) kg m/s e) kg’ m7/s* 
b) kg m’/s d) kg? m/s” 


5.2 An 800-N box is pushed up an inclined plane that is 

4.0 m long. It requires 3200 J of work to get the box to the 
top of the plane, which is 2.0 m above the base. What is the 
magnitude of the average friction force on the box? (Assume 
the box starts at rest and ends at rest.) 

a) ON c) greater than 400 N 


b) not zero but d) 400 N 
less than 400N e) 800 N 


5.3 An engine pumps water continuously through a hose. 
If the speed with which the water passes through the hose 
nozzle is v and if k is the mass per unit length of the water 
jet as it leaves the nozzle, what is the kinetic energy being 
imparted to the water? 

a) tkv’ c) +kv 
b) tkv? d) +v°/k 


e) +v°/k 


5.4 A 1500-kg car accelerates from 0 to 25 m/s in 7.0 s. 
What is the average power delivered by the engine 
(1 hp =746 W)? 


a) 60 hp c) 80 hp e) 180 hp 
b) 70 hp d) 90 hp 

5.5 Which of the following is a correct unit of power? 
a) kg m/s” c) J e) W 

b) N d) m/s? 


5.6 How much work is done when a 75-kg person climbs a 
flight of stairs 10 m high at constant speed? 


a) 7.35-10°J c) 75J e) 7350J 
b) 750J d) 7500 J 


5.7 How much work do movers do (horizontally) in 
pushing a 150-kg crate 12.3 m across a floor at constant 
speed if the coefficient of friction is 0.70? 


a) 1300J c) 1.3-10*J 
b) 1845J d) 1.8-10fJ 


5.8 Eight books, each 4.6 cm thick and of mass 1.8 kg, lie 
on a flat table. How much work is required to stack them on 
top of one another? 

a) 141J c) 230J e) 14J 

b) 23J d) 0.81J 


5.9 A particle moves parallel to the x-axis. The net force 

on the particle increases with x according to the formula F, 
= (120 N/m)x, where the force is in newtons when x is in 
meters. How much work does this force do on the particle as 
it moves from x = 0 to x = 0.50 m? 


a) 7.5J c) 30J 
b) 15J d) 60J 


5.10 A skydiver is subject to two forces: gravity and air 
resistance. Falling vertically, she reaches a constant terminal 
speed at some time after jumping from a plane. Since she is 
moving at a constant velocity from that time until her chute 
opens, we conclude from the work-kinetic energy theorem 
that, over that time interval, 


e) 130J 


e) 120J 


a) the work done by gravity is zero. 
b) the work done by air resistance is zero. 


c) the work done by gravity equals the negative of the work 
done by air resistance. 


d) the work done by gravity equals the work done by air 
resistance. 


e) her kinetic energy increases. 


QUESTIONS 


5.11 Ifthe net work done on a particle is zero, what can be 
said about the particle’s speed? 


5.12. Paul and Kathleen start from rest at the same time at 
height h at the top of two differently configured water slides. 


, Paul 
LJ 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One e and two ee 
indicate increasing level of problem difficulty. 


Section 5.2 

5.15 The damage done by a projectile on impact is correlated 
with its kinetic energy. Calculate and compare the kinetic 
energies of these three projectiles: 


a) a 10.0 kg stone at 30.0 m/s 
b) a 100.0 g baseball at 60.0 m/s 
c) a 20.0 g bullet at 300. m/s 


5.16 A limo is moving at a speed of 100. km/h. If the mass of the 
limo, including passengers, is 1900. kg, what is its kinetic energy? 


5.17 Two railroad cars, each of mass 7000. kg and traveling 
at 90.0 km/h, collide head on and come to rest. How much 
mechanical energy is lost in this collision? 


5.18 Think about the answers to these questions next time 
you are driving a car: 


a) What is the kinetic energy of a 1500.-kg car moving at 
15.0 m/s? 

b) Ifthe car changed its speed to 30.0 m/s, how would the 
value of its kinetic energy change? 


5.19 A 200.-kg moving tiger has a kinetic energy of 14,400 J. 
What is the speed of the tiger? 


°5.20 Two cars are moving. The first car has twice the mass of 
the second car but only half as much kinetic energy. When both 
cars increase their speed by 5.0 m/s, they then have the same 
kinetic energy. Calculate the original speeds of the two cars. 


5.21 What is the kinetic energy of an ideal projectile of mass 
20.1 kg at the apex (highest point) of its trajectory, if it was 
launched with an initial speed of 27.3 m/s and at an initial 
angle of 46.9° with respect to the horizontal? 


Problems 165 


The slides are nearly frictionless. a) Which slider arrives first 
at the bottom? b) Which slider is traveling faster at the bot- 
tom? What physical principle did you use to answer this? 


5.13 Does the Earth do any work on the Moon as the Moon 
moves in its orbit? 


5.14 A car, of mass m, traveling at a speed v; can brake to a 
stop within a distance d. If the car speeds up by a factor of 
2, V7 = 2v,, by what factor is its stopping distance increased, 
assuming that the braking force F is approximately indepen- 
dent of the car’s speed? 


Section 5.4 


5.22 A force of 5.00 N acts through a distance of 12.0 m in 
the direction of the force. Find the work done. 


5.23 Two baseballs are thrown off the top of a building that 
is 7.25 m high. Both are thrown with initial speed of 63.5 
mph. Ball 1 is thrown horizontally, and ball 2 is thrown 
straight down. What is the difference in the speeds of the two 
balls when they touch the ground? (Neglect air resistance.) 


5.24 A 95-kg refrigerator rests on the floor. How much work 
is required to move it at constant speed for 4.0 m along the 
floor against a friction force of 180 N? 


5.25 A hammerhead of mass m = 2.00 kg is allowed to fall 
onto a nail from a height h = 0.400 m. Calculate the maxi- 
mum amount of work it could do on the nail. 


5.26 You push your couch a distance of 4.00 m across the 
living room floor with a horizontal force of 200.0 N. The 
force of friction is 150.0 N. What is the work done by you, by 
the friction force, by gravity, and by the net force? 


¢5.27 Supppose you pull a sled with a rope that makes an angle 
of 30.0° to the horizontal. How much work do you do if you 
pull with 25.0 N of force and the sled moves 25.0 m? 


5.28 A father pulls his son, whose mass is 25.0 kg and who 
is sitting on a swing with ropes of length 3.00 m, backward 
until the ropes make an angle of 33.6° with respect to the 
vertical. He then releases his son from rest. What is the speed 
of the son at the bottom of the swinging motion? 


°5.29 A constant force, F =(4.79, -3.79, 2.09) N, acts on an 
object of mass 18.0 kg, causing a displacement of that object 
by 7 = (4.25, 3.69, -2.45) m. What is the total work done by 
this force? 


+5.30 A mother pulls her daughter, whose mass is 20.0 kg and 
who is sitting on a swing with ropes of length 3.50 m, backward 
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until the ropes make an angle of 35.0° with respect to the 
vertical. She then releases her daughter from rest. What is the 
speed of the daughter when the ropes make an angle of 15.0° 
with respect to the vertical? 


e5.31 A ski jumper glides down a 30.0° slope for 80.0 ft 
before taking off from a negligibly short horizontal ramp. If 
the jumper’s takeoff speed is 45.0 ft/s, what is the coefficient of 
kinetic friction between skis and slope? Would the value of the 
coefficient of friction be different if expressed in SI units? If 
yes, by how much would it differ? 


5.32 At sea level, a nitrogen molecule in the air has an aver- 
age kinetic energy of 6.2- 10" J. Its mass is 4.7 - 10°% kg. If 
the molecule could shoot straight up without colliding with 
other molecules, how high would it rise? What percentage of 
the Earth's radius is this height? What is the molecule’s initial 
speed? (Assume that you can use g = 9.81 m/s’; although we'll 
see in Chapter 12 that this assumption may not be justified for 
this situation.) 


ee5.33 A bullet moving at a speed of 153 m/s passes 
through a plank of wood. After passing through the plank, 
its speed is 130 m/s. Another bullet, of the same mass and 
size but moving at 92 m/s, passes through an identical 
plank. What will this second bullet’s speed be after passing 
through the plank? Assume that the resistance offered by the 
plank is independent of the speed of the bullet. 


Section 5.5 

5.34 A particle of mass m is subjected to a force acting in 
the x-direction. F, = (3.0 + 0.50x) N. Find the work done by 
the force as the particle moves from x = 0 to x = 4.0 m. 


°5.35 A force has the dependence F,(x) = -kx* on the displace- 
ment x, where the constant k = 20.3 N/m*. How much work 
does it take to change the displacement from 0.73 m to 1.35 m? 


+5.36 A body of mass m moves along a trajectory r(t) in 
three-dimensional space with constant kinetic energy. What 
geometric relationship has to exist between the body’s veloc- 
ity vector, v(t), and its acceleration vector, a(t), in order to 
accomplish this? 


5.37 A force given by F(x) = 5x°£(in N/m?) acts on a 1.00-kg 
mass moving on a frictionless surface. The mass moves from 
x = 2.00 m to x = 6.00 m. 

a) How much work is done by the force? 


b) Ifthe mass has a speed of 2.00 m/s at x = 2.00 m, what is 
its speed at x = 6.00 m? 


Section 5.6 


5.38 An ideal spring has the spring constant k = 440 N/m. 
Calculate the distance this spring must be stretched from 
its equilibrium position for 25 J of work to be done. 


5.39 A spring is stretched 5.00 cm from its equilibrium 
position. If this stretching requires 30.0 J of work, what is 
the spring constant? 


5.40 A spring with spring constant k is initially com- 
pressed a distance x, from its equilibrium length. After 


returning to its equilibrium position, the spring is then 
stretched a distance x, from that position. What is the ra- 
tio of the work that needs to be done on the spring in the 
stretching to the work done in the compressing? 


5.41 A spring with a spring constant of 238.5 N/m is 
compressed by 0.231 m. Then a steel ball bearing of mass 
0.0413 kg is put against the end of the spring, and the spring 
is released. What is the speed of the ball bearing right after it 
loses contact with the spring? (The ball bearing will come off 
the spring exactly as the spring returns to its equilibrium po- 
sition. Assume that the mass of the spring can be neglected.) 


Section 5.7 


5.42 A horse draws a sled horizontally across a snow- 
covered field. The coefficient of friction between the sled 
and the snow is 0.195, and the mass of the sled, includ- 
ing the load, is 202.3 kg. If the horse moves the sled at a 
constant speed of 1.785 m/s, what is the power needed to 
accomplish this? 


5.43 A horse draws a sled horizontally on snow at constant 
speed. The horse can produce a power of 1.060 hp. The coef- 
ficient of friction between the sled and the snow is 0.115, and 
the mass of the sled, including the load, is 204.7 kg. What is 
the speed with which the sled moves across the snow? 


5.44 While a boat is being towed at a speed of 12 m/s, the 
tension in the towline is 6.0 kN. What is the power supplied 
to the boat through the towline? 


5.45 A car of mass 1214.5 kg is moving at a speed of 62.5 mph 
when it misses a curve in the road and hits a bridge piling. If 
the car comes to rest in 0.236 s, how much average power (in 
watts) is expended in this interval? 


5.46 An engine expends 40.0 hp in moving a car along a level 
track at a speed of 15.0 m/s. How large is the total force acting 
on the car in the opposite direction of the motion of the car? 


+5.47 A bicyclist coasts down a 7.0° slope at a steady speed 
of 5.0 m/s. Assuming a total mass of 75 kg (bicycle plus 
rider), what must the cyclist’s power output be to pedal up 
the same slope at the same speed? 


5.48 A car of mass 942.4 kg accelerates from rest with a 
constant power output of 140.5 hp. Neglecting air resistance, 
what is the speed of the car after 4.55 s? 


e5.49 A small blimp is used for advertising purposes at a foot- 
ball game. It has a mass of 93.5 kg and is attached by a towrope 
to a truck on the ground. The towrope makes an angle of 

53.3° downward from the horizontal, and the blimp hovers 

at a constant height of 19.5 m above the ground. The truck 
moves on a straight line for 840.5 m on the level surface of 
the stadium parking lot at a constant velocity of 8.90 m/s. If 
the drag coefficient (K in F = Ky’) is 0.500 kg/m, how much 
work is done by the truck in pulling the blimp (assuming 
there is no wind)? 


ee5.50 A car of mass m accelerates from rest along a level 
straight track, not at constant acceleration but with constant 
engine power, P. Assume that air resistance is negligible. 


a) Find the car’s velocity as a function of time. 

b) A second car starts from rest alongside the first car 
on the same track, but maintains a constant acceleration. 
Which car takes the initial lead? Does the other car 
overtake it? If yes, write a formula for the distance from 
the starting point at which this happens. 


c) You are in a drag race, on a straight level track, with an 
opponent whose car maintains a constant acceleration of 
12.0 m/s”. Both cars have identical masses of 1000. kg. The 
cars start together from rest. Air resistance is assumed to 
be negligible. Calculate the minimum power your engine 
needs for you to win the race, assuming the power output is 
constant and the distance to the finish line is 0.250 mi. 


Additional Problems 


5.51 At the 2004 Olympics Games in Athens, Greece, the 
Iranian athlete Hossein Reza Zadeh won the super-heavy- 
weight class gold medal in weightlifting. He lifted 472.5 kg 


(1041 Ib) combined in his two best lifts in the competition. 


Assuming that he lifted the weights a height of 196.7 cm, 
what work did he do? 


5.52 How much work is done against gravity in lifting a 
6.00-kg weight through a distance of 20.0 cm? 


5.53 A certain tractor is capable of pulling with a steady 
force of 14 kN while moving at a speed of 3.0 m/s. How 
much power in kilowatts and in horsepower is the tractor 
delivering under these conditions? 


5.54 A shot-putter accelerates a 7.3-kg shot from rest to 
14 m/s. If this motion takes 2.0 s, what average power was 
supplied? 

5.55 An advertisement claims that a certain 1200-kg 
car can accelerate from rest to a speed of 25 m/s in 8.0 s. 


What average power must the motor supply in order to 
cause this acceleration? Ignore losses due to friction. 


5.56 A car of mass m = 1250 kg is traveling at a speed of 
vo = 105 km/h (29.2 m/s). Calculate the work that must be 
done by the brakes to completely stop the car. 


5.57 An arrow of mass m = 88 g (0.088 kg) is fired from 
a bow. The bowstring exerts an average force of 

F= 110 N on the arrow over a distance d = 78 cm (0.78 m). 
Calculate the speed of the arrow as it leaves the bow. 

5.58 The mass of a physics textbook is 3.4 kg. You pick the 
book up off a table and lift it 0.47 m at a constant speed of 
0.27 m/s. 

a) What is the work done by gravity on the book? 

b) What is the power you supplied to accomplish this task? 
5.59 A sled, with mass m, is given a shove up a frictionless 
incline, which makes a 28° angle with the horizontal. Even- 
tually, the sled comes to a stop at a height of 1.35 m above 
where it started. Calculate its initial speed. 

5.60 A man throws a rock of mass m = 0.325 kg straight 
up into the air. In this process, his arm does a total amount 
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of work W,,., = 115 J on the rock. Calculate the maximum 
distance, h, above the man’s throwing hand that the rock will 
travel. Neglect air resistance. 


5.61 A car does the work Woa = 7.0-10*J in traveling a 
distance x = 2.8 km at constant speed. Calculate the average 
force F (from all sources) acting on the car in this process. 


e5.62 A softball, of mass m = 0.250 kg, is pitched at a speed 
Vo = 26.4 m/s. Due to air resistance, by the time it reaches 
home plate it has slowed by 10.0%. The distance between 
the plate and the pitcher is d = 15.0 m. Calculate the average 
force of air resistance, Fip that is exerted on the ball during 
its movement from the pitcher to the plate. 


°5.63 A flatbed truck is loaded with a stack of sacks of ce- 
ment whose combined mass is 1143.5 kg. The coefficient of 
static friction between the bed of the truck and the bottom 
sack in the stack is 0.372, and the sacks are not tied down 
but held in place by the force of friction between the bed and 
the bottom sack. The truck accelerates uniformly from rest 
to 56.6 mph in 22.9 s. The stack of sacks is 1 m from the end 
of the truck bed. Does the stack slide on the truck bed? The 
coefficient of kinetic friction between the bottom sack and the 
truck bed is 0.257. What is the work done on the stack by the 
force of friction between the stack and the bed of the truck? 


5.64 A driver notices that her 1000.-kg car slows from vo = 
90.0 km/h (25.0 m/s) to v = 70.0 km/h (19.4 m/s) in t= 6.00 s 
moving on level ground in neutral gear. Calculate the power 
needed to keep the car moving at a constant speed, Vave = 
80.0 km/h (22.2 m/s). 


°5.65 The 125-kg cart in the figure starts from rest and rolls 
with negligible friction. It is pulled by three ropes as shown. It 
moves 100. m horizontally. Find the final velocity of the cart. 


Ta £0. 


30.0° *40.0° __ 300. N 


F, = 300. Nat 0° 
F, = 300. N at 40.0° 
F; = 200. Nat 150.° 


5.66 Calculate the power required to propel a 1000.0-kg 
car at 25.0 m/s up a straight slope inclined 5.0° above the 
horizontal. Neglect friction and air resistance. 


°5.67 A grandfather pulls his granddaughter, whose mass 
is 21.0 kg and who is sitting on a swing with ropes of length 
2.50 m, backward and releases her from rest. The speed of 
the granddaughter at the bottom of the swinging motion is 
3.00 m/s. What is the angle (in degrees, measured relative to 
the vertical) from which she is released? 


¢5.68 A 65-kg hiker climbs to the second base camp on 
Nanga Parbat in Pakistan, at an altitude of 3900 m, starting 
from the first base camp at 2200 m. The climb is made in 
5.0 h. Calculate (a) the work done against gravity, (b) the 
average power output, and (c) the rate of energy input 
required, assuming the energy conversion efficiency of the 
human body is 15%. 
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6.1 Potential Energy 169 


WHAT WE WILL LEARN 


= Potential energy, U, is the energy stored in the = The total mechanical energy is conserved (it 
configuration of a system of objects that exert forces remains constant over time) for any mechanical 
on one another. process within an isolated system that involves only 


: : conservative forces. 
= When a conservative force does work on an object 


that travels on a path and returns to where it started = Inan isolated system, the total energy—that is, the 
(a closed path), the total work is zero. A force sum of all forms of energy, mechanical or other—is 
that does not fulfill this requirement is called a always conserved. This holds with both conservative 
nonconservative force. and nonconservative forces. 

= A potential energy can be associated with any = Small perturbations about a stable equilibrium point 
conservative force. The change in potential energy result in small oscillations around the equilibrium 
due to some spatial rearrangement of a system point; for an unstable equilibrium point, small 
is equal to the negative of the work done by the perturbations result in an accelerated movement 
conservative force during this spatial rearrangement. away from the equilibrium point. 

= The mechanical energy, E, is the sum of kinetic 
energy and potential energy. 


Niagara Falls is one of the most spectacular sights in the world, with about 5500 cubic 
meters of water dropping 49 m (160 ft) every second! Horseshoe Falls on the Canadian 
border, shown in Figure 6.1, has a length of 790 m (2592 ft); American Falls on the United 
States side extends another 305 m (1001 ft) long. Together, they are one of the great tourist 
attractions of North America. However, Niagara Falls is more than a scenic wonder. It is 
also one of the largest sources of electric power in the world, producing over 2500 mega- 
watts (see Solved Problem 6.6). Humans have used the energy of falling water since ancient 
times, using it to turn large paddlewheels for mills and factories. Today, the conversion 
of energy in falling water to electrical energy by hydroelectric dams is a major source of 
energy throughout the world. 

As we saw in Chapter 5, energy is a fundamental concept in physics that governs many 
of the interactions involving forces and motions of objects. In this chapter, we continue our 
study of energy, introducing several new forms of energy and new laws that govern its use. 
We will return to the laws of energy in the chapters on thermodynamics, building on much 
of the material presented here. First, though, we will continue our study of mechanics, rely- 
ing heavily on the ideas discussed here. 


6.1 Potential Energy 


Chapter 5 examined in detail the relationship between kinetic energy and work, and one of 
the main points was that work and kinetic energy can be converted into one another. Now, 
this section introduces another kind of energy called potential energy. 

Potential energy, U, is the energy stored in the configuration of a system of objects 
that exert forces on one another. For example, we have seen that work is done by an external 
force in lifting a load against the force of gravity, and this work is given by W = mgh, where 
m is the mass of the load and h = y — yy is the height to which the load is lifted above its 
initial position. (In this chapter, we will assume the y-axis points upward unless specified 
differently.) This lifting can be accomplished without changing the kinetic energy, as in the 
case of a weightlifter who lifts a mass above his head and holds it there. There is energy 
stored in holding the mass above the head. If the weightlifter lets go of the mass this energy 
can be converted back into kinetic energy as the mass accelerates and falls to the ground. 
We can express the gravitational potential energy as 


U, =mgy. (6.1) 
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The change in the gravitational potential energy of the mass is then 
AU, =U,(y)-U, (9) =mgy - Yo) =mgh. (6.2) 


(Equation 6.1 is valid only near the surface of the Earth, where F, = mg, and in the limit that 
Earth is infinitely massive relative to the object. We will encounter a more general expres- 
sion for U, in Chapter 12.) In Chapter 5, we also calculated the work done by the gravita- 
tional force on an object that is lifted through a height h to be W, = -mgh. From this, we see 
that the work done by the gravitational force and the gravitational potential energy for an 
object lifted from rest to a height h are related by 


AU, =-W,. (6.3) 


Let’s consider the gravitational potential energy in a specific situation: A weightlifter 
who lifts a barbell with mass m. The weightlifter starts with the barbell on the floor, as 
shown in Figure 6.2a. At y = 0, the gravitational potential energy can be defined to be U, = 0. 
The weightlifter then picks up the barbell, lifts it to a height of y = h/2, and holds it there, as 
shown in Figure 6.2b. The gravitational potential energy is now U, = mgh/2, and the work 
done by gravity on the barbell is W, = —mgh/2. The weightlifter next lifts the barbell over his 
head to a height of y = h, as shown in Figure 6.2c. The gravitational potential energy is now 
U, = mgh, and the work done by gravity during this part of the lift is W, = -mgh/2. Having 
completed the lift, the weightlifter lets go of the barbell, and it falls to the floor, as illustrated 
in Figure 6.2d. The gravitational potential energy of the barbell on the floor is again U, = 0, 
and the work done by gravity during the fall is W, = mgh. 

Equation 6.3 is true even for complicated paths involving horizontal as well as vertical 
motion of the object, because the gravitational force does no work during horizontal seg- 
ments of the motion. In horizontal motion, the displacement is perpendicular to the force 
of gravity (which always points vertically down), and thus the scalar product between the 
force and displacement vectors is zero; hence, no work is done. 

Lifting any mass to a higher elevation involves doing work against the force of gravity 
and generates an increase in gravitational potential energy of the mass. This energy can be 
stored for later use. This principle is employed, for example, at many hydroelectric dams. 
The excess electricity generated by the turbines is used to pump water to a reservoir at a 
higher elevation. There it constitutes a reserve that can be tapped in times of high energy 
demand and/or low water supply. Stated in general terms, if AU, is positive, there exists 
the potential (hence the name potential energy) to allow AU, to be negative in the future, 
thereby extracting positive work, since W, = -AU,. 


U= ae 
x We T 
h h 
U, = Tig = j 
W, = -mgt mg 
g £7 h 
fz 2 
} | 
? | h U,=0 
= m. 
U, =0 h § W= mgh 
F 2 F 
l | | 
mg ic 
(a) (b) (c) (d) 


FIGURE 6.2 Lifting a barbell and potential energy (the diagram shows the barbell in side view and 
omits the weightifter). The weight of barbell is mg, and the normal force exerted by the floor or the 
weightlifter to hold the weight up is F. (a) The barbell is initially on the floor. (b) The weightlifter lifts the 
barbell of mass m to a height of h/2 and holds it there. (c) The weightlifter lifts the barbell an additional 
distance h/2, to a height of h, and holds it there. (d) The weightlifter lets the barbell drop to the floor. 
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6.2 Conservative and Nonconservative Forces 


Before we can calculate the potential energy from a given force, we have to ask: Can all 
kinds of forces be used to store potential energy for later retrieval? If not, what kinds of 
forces can we use? To answer this question, we need to consider what happens to the work 
done by a force when the direction of the path taken by an object is reversed. In the case 
of the gravitational force, we have already seen what happens. As shown in Figure 6.3, the 
work done by F, when an object of mass m is lifted from elevation y, to yz has the same 
magnitude, but the opposite sign, to the work done by F, when lowering the same object 
from elevation yz to y4. This means that the total work done by F, in lifting the object from 
some elevation to a different one and then returning it to the same elevation is zero. This 
fact is the basis for the definition of a conservative force (refer to Figure 6.4a). 


Definition 
A conservative force is any force for which the work done over any closed path is zero. 
A force that does not fulfill this requirement is called a nonconservative force. 


For conservative forces, we can immediately state two consequences of this definition: 


1. If we know the work, W,_,,, done by a conservative force on an object as the 
object moves along a path from point A to point B, then we also know the work, 
Wz a that the same force does on the object as it moves along the path in the 
reverse direction, from point B to point A (see Figure 6.4b): 


Wp_.4 =- W4 pg (for conservative forces). (6.4) 


The proof of this statement is obtained from the condition of zero work over a 
closed loop. Because the path from A to B to A forms a closed loop, the sum of the 
work contributions from the loop has to equal zero. In other words, 


Wa—s + Wea =0, 


from which equation 6.4 follows immediately. 


2. If we know the work, W4_.z pan » done by a conservative force on an object moving 
along path 1 from point A to point B, then we also know the work, W4 —,g,path » 
done by the same force on the object when it uses any other path 2 to go from 
point A to point B (see Figure 6.4c). The work is the same; the work done by a 
conservative force is independent of the path taken by the object: 


WB ipath 27 WA—B,path 1 (6.5) 


(for arbitrary paths 1 and 2, for conservative forces). 


This statement is also easy to prove from the definition of a conservative force 

as a force for which the work done over any closed path is zero. The path from 

point A to point B on path 1 and then back from B to A on path 2 is a closed loop; 
therefore, W4— B path 2 + Wg—A,path 1 = 0. Now we use equation 6.4 the path direction, 
We_.Apath 1 = ~ WA —B,path 1: Combining these two results gives us W4_.p path 2 ~ 
Wa,_.n,path 1 = 0, from which equation 6.5 follows. 


One physical application of the mathematical results just given involves riding a bicycle 
from one point, such as your home, to another point, such as the swimming pool. Assuming 
that your home is located at the foot ofa hill and the pool at the top, we can use the Figure 6.4c 
to illustrate this example, with point A representing your home and point B the pool. What 
the above statements regarding conservative forces mean is that you do the same amount of 
work riding your bike from home to the pool, independent of the route you select. You can 
take a shorter and steeper route or a flatter and longer route; you can even take a route that 
goes up and down between points A and B. The total work will be the same. As with almost 
all real-world examples, however, there are some complications here: It matters whether 


B= 


Ay, = yp— Ya 


FIGURE 6.3 Gravitational force 
vectors and displacement for lifting and 


lowering a box. 
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(a) (b) (c) 
FIGURE 6.4 Various paths for the potential energy related to a conservative force as a function of 
positions x and y, with U proportional to y. The two-dimensional plots are projections of the three- 
dimensional plots onto the xy-plane. (a) Closed loop. (b) A path from point A to point B. (c) Two 
different paths between points A and B. 


you use the handbrakes; there is air resistance and tire friction to consider; and your body 
also performs other metabolic functions during the ride, in addition to moving your mass 
and that of the bicycle from point A to B. But, this example can help you develop a mental 
picture of the concepts of path-independence of work and conservative forces. 

The gravitational force, as we have seen, is an example of a conservative force. Another 
example of a conservative force is the spring force. Not all forces are conservative, however. 
Which forces are nonconservative? 


Friction Forces 


Let’s consider what happens in sliding a box across a horizontal surface, from point 
A to point B and then back to point A, if the coefficient of kinetic friction between 


the box and the surface is uy (Figure 6.5). As we have learned, the friction force is 
given by f= uN = umg and always points in the direction opposite to that of the 
motion. Let’s use results from Chapter 5 to find the work done by this friction force. 
Since the friction force is constant, the amount of work it does is found by simply 
taking the scalar product between the friction force and displacement vectors. 


FIGURE 6.5 Friction force vector and displace- For the motion from A to B, we use the general scalar product formula for 
ment vector for the process of sliding a box back work done by a constant force: 


and forth across a surface with friction. 


Wr = feAjj =- f (xp -X4)=— bmg (xg -x4 ). 


We have assumed that the positive x-axis is pointing to the right, as is conventional, so the fric- 
tion force points in the negative x-direction. For the motion from B back to A, then, the friction 
force points in the positive x-direction. Therefore, the work done for this part of the path is 


Wiz = feAr=f-(x, ~ Xp) = MyMg -(X4 - Xp). 


This result leads us to conclude that the total work done by the friction force while the box 
slides across the surface on the closed path from point A to point B and back to point A is 
not zero, but instead 


We = Wey + Wea =- 2 mg( xg - x4) <0. (6.6) 


There appears to be a contradiction between this result and the work-kinetic energy 
theorem. The box starts with zero kinetic energy and at a certain position, and it ends up with 
zero kinetic energy and at the same position. According to the work—kinetic energy theorem, 
the total work done should be zero. This leads us to conclude that the friction force does not 
do work in the way that a conservative force does. Instead, the friction force converts kinetic 
and/or potential energy into internal excitation energy of the two objects that exert friction 
on each other (the box and the support surface, in this case). This internal excitation energy 


can take the form of vibrations or thermal energy or even chemical or electrical energy. The 
main point is that the conversion of kinetic and/or potential energy to internal excitation 
energy is not reversible; that is, the internal excitation energy cannot be fully converted 
back into kinetic and/or potential energy. 

Thus, we see that the friction force is an example of a nonconservative force. Because the 
friction force always acts in a direction opposite to the displacement, the dissipation of energy 
due to the friction force is always negative, whether or not the path is closed. Work done by a 
conservative force, W, can be positive or negative, but the dissipation from the friction force, 
Wọ is always negative, withdrawing kinetic and/or potential energy and converting it into 
internal excitation energy. Using the symbol W; for this dissipated energy is a reminder that 
we use the same procedures to calculate it as to calculate work for conservative forces. 

The decisive fact is that the friction force switches direction as a function of the direc- 
tion of motion and causes dissipation. The friction force vector is always antiparallel to the 
velocity vector; any force with this property cannot be conservative. Dissipation converts 
kinetic energy into internal energy of the object, which is another important characteristic 
of a nonconservative force. In Section 6.7, we will examine this point in more detail. 

Another example of a nonconservative force is the force of air resistance. It is also velocity 
dependent and always points in the direction opposite to the velocity vector, just like the force 
of kinetic friction. Yet another example of a nonconservative force is the damping force (dis- 
cussed in Chapter 14). It, too, is velocity dependent and opposite in direction to the velocity. 
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6.1 In-Class Exercise —- 


| 


A person pushes a box with mass 
10.0 kg a distance of 5.00 m across 
a floor. The coefficient of kinetic 
friction between the box and the 
floor is 0.250. The person then 
picks up the box, raising it to a 
height of 1.00 m, carries the box 
back to the starting point, and 
puts it back down on the floor. How 
much work has the person done on 
the box? 


a) OJ d) 123 J 
b) 12.5 J e) 25.0 J 
c) 98.1 J f) 2469 
\ J 


6.3 Work and Potential Energy 


In considering the work done by the gravitational force and its relationship to gravitational 
potential energy in Section 6.1, we found that the change in potential energy is equal to the 
negative of the work done by the force, AU, = -W,. This relationship is true for all conserva- 
tive forces. In fact, we can use it to define the concept of potential energy. 

For any conservative force, the change in potential energy due to some spatial rear- 
rangement of a system is equal to the negative of the work done by the conservative force 
during this spatial rearrangement: 


AU =-W. (6.7) 


We have already seen that work is given by 
W= Í F, (x')dx'. (6.8) 


Combining equations 6.7 and 6.8 gives us the relationship between the conservative force 
and the potential energy: 


AU =U(x)-U(a)=- | E (x')ax' (6.9) 


We could use equation 6.9 to calculate the potential energy change due to the action of any 
given conservative force. Why should we bother with the concept of potential energy when we 
can deal directly with the conservative force itself? The answer is that the change in potential 
energy depends only on the beginning and final states of the system and is independent of the 
path taken to get to the final state. Often, we have a simple expression for the potential energy 
(and thus its change) prior to working a problem! In contrast, evaluating the integral on the 
right-hand side of equation 6.9 could be quite complicated. And, in fact, the computational 
savings is not the only rationale, as the use of energy considerations is based on an underlying 
physical law (the law of energy conservation, to be introduced in Section 6.4). 

In Chapter 5, we evaluated this integral for the force of gravity and for the spring force. 
The result for the gravitational force is 


y y 
AUg=Ug(9)-Ugls0)=— f Cmg)dy'=mg f dy'=mgy -mgn (6.10) 


Yo Yo 
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This is in accord with the result we found in Section 6.1. Consequently, the gravitational 
potential energy is 


U,(y)=mgy + constant. (6.11) 


Note that we are able to determine the potential energy at coordinate y only to within 
an additive constant. The only physically observable quantity, the work done, is related 
to the difference in the potential energy. If we add an arbitrary constant to the value 
of the potential energy everywhere, the difference in the potential energies remains 
unchanged. 

In the same way, we find for the spring force that 


AU, =U,(x)-U, (xo) 


x 


=- f Rd 


Xo 
me 


ae f EmA 


Xo 
=k f x'a 


AU, =Łkx? -L kx. (6.12) 


Thus, the potential energy associated with elongating a spring from its equilibrium posi- 
tion, at x = 0, is 
U (x)= Lk? + constant. (6.13) 


Again, the potential energy is determined only to within an additive constant. However, 
keep in mind that physical situations will often force a choice of this additive constant. 


6.4 Potential Energy and Force 


How can we find the conservative force when we have information on the corresponding 
potential energy? In calculus, taking the derivative is the inverse operation of integrating, 
and integration is used in equation 6.9 for the change in potential energy. Therefore, we take 
the derivative of that expression to obtain the force from the potential energy: 
pec. (6.14) 
dx 

Equation 6.14 is an expression for the force from the potential energy for the case of motion 
in one dimension. As you can see from this expression, any constant that you add to the 
potential energy will not have any influence on the result you obtain for the force, because 
taking the derivative of a constant term results in zero. This is further evidence that the 
potential energy can be determined only within an additive constant. 

We will not consider motion is three-dimensional situations until later in this book. 
However, for completeness, we can state the expression for the force from the potential 
energy for the case of three-dimensional motion: 


F(#)= (6.15) 


E DUC) . | dU(r) ji DUC), l 
ox oy oz 
Here, the force components are given as partial derivatives with respect to the correspond- 


ing coordinates. If you major in engineering or science, you will encounter partial deriva- 
tives in many situations. 


6.2 In-Class Exercise 


The potential energy, U(x), is shown as a function of position, x, in the figure. In which region is 
the magnitude of the force the highest? 


U(x) 
(b) 
(d) 


(a) 


> xX 


Lennard-Jones Potential 

Empirically, the potential energy associated with the interaction of two atoms in a molecule 
as a function of the separation of the atoms has a form that is called a Lennard-Jones poten- 
tial. This potential energy as a function of the separation, x, is given by 


12 6 
U(x) =4U, B ea (6.16) 


Here U, is a constant energy and x, is a constant length. The Lennard-Jones potential is one 


of the most important concepts in atomic physics and is used for most numerical simula- 
tions of molecular systems. 


EXAMPLE 6.1 / Molecular Force 


PROBLEM 
What is the force resulting from the Lennard-Jones potential? 
SOLUTION 
We simply take the negative of the derivative of the potential energy with respect to x: 
R(x)=- Z 
dx 
12 6 
dx x x 
yp d|l 6 
=- 4U Xo en 2 +4U px = 
= 48U x, = -24Ux — 
13 7 
_ 24U, 9X0} _| Xo 
Xo x aa 
PROBLEM 


At what value of x does the Lennard-Jones potential have its minimum? 


SOLUTION 
Since we just found that the force is the derivative of the potential energy function, all we 
have to do is find the point(s) where F(x) = 0. This leads to 


24; i í 
r E — À 0 | Xo | J Xo | =0. 


= 0 


Continued— 


6.4 Potential Energy and Force 


175 


176 Chapter 6 Potential Energy and Energy Conservation 


This condition can be fulfilled only if the expression in the larger parentheses is zero; thus 


13 7 
Xmin Xmin 


Multiplying both sides by x'*xy ’ then yields 


or 


6 6 
2X9 = Xmi 


Xmin = 2° Xp =1.1225x9. 


Mathematically, it is not enough to show that the derivative is zero to establish that the 
potential indeed has a minimum at this coordinate. We should also make sure that the 
second derivative is positive. You can do this as an exercise. 


A 

2} 

= If 
5 

= 0 
& 

as 

—2b 

A 
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F(x) (10°? N] 
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FIGURE 6.6 (a) Dependence of the poten- 
tial energy on the x-coordinate of the potential 
energy function in equation 6.16. (b) Depen- 
dence of the force on the x-coordinate of the 
potential energy function in equation 6.16. 


Figure 6.6a, shows the shape of the Lennard-Jones potential, plotted from equa- 
tion 6.16, with x) = 0.34 nm and U, =1.70- 10 J, for the interaction of two argon 
atoms as a function of the separation of the centers of the two atoms. Figure 6.6b 
plots the corresponding molecular force, using the expression we found in Example 
6.1. The vertical gray dashed line marks the coordinate where the potential has a 
minimum and where consequently the force is zero. Also note that close to the mini- 
mum point of the potential (within +0.1 nm), the force can be closely approximated 
by a linear function, F, (x) ~ -k(x - Xmin). This means that close to the minimum, the 
molecular force due to the Lennard-Jones potential behaves like a spring force. 

Chapter 5 mentioned that forces similar to the spring force appear in many phys- 
ical systems, and the connection between potential energy and force just described 
tells us why. Look, for example, at the skateboarder in the half-pipe in Figure 6.7. 
The curved surface of the half-pipe approximates the shape of the Lennard-Jones 
potential close to the minimum. If the skateboarder is at x = x,,;,, he can remain there 
at rest. If he is to the left of the minimum, where x < x,,;,, then the half-pipe exerts a 
force on him, which points to the right, F, > 0; the further to the left he moves, the 
bigger the force becomes. On the right side of the half-pipe, for x > xin, the force 
points to the left, that is, F, < 0. Again, these observations can be summarized with a 
force expression that approximately follows Hooke’s Law: F(x) = -k(x - Xin): 

In addition, we can reach this same conclusion mathematically, by writing a Tay- 
lor expansion for F,(x) around Xmin: 
dF 


x 


E,(x) = E, % min ) + a 


(X- Xin + aaa 


=Xmin 


NSH 


min Xmin 


FIGURE 6.7 Skateboarder in a half-pipe. 
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Since we are expanding around the potential energy minimum and since we have just 
shown that the force is zero there, we have F, (Xmin) = 0. If there is a potential minimum at 
xX = Xmiw then the second derivative of the potential must be positive. Since, according to 
equation 6.14, the force is F,(x) = -dU(x)/dx, this means that the derivative of the force is 
dF,(x)/dx = -d’U(x)/dx’. At the minimum of the potential, we thus have (dF,/dx),_ sii 
Expressing the value of the first derivative of the force at coordinate x,,,,, as some constant, 


6.1 Self-Test Opportunity 


(dF,/dx),.-.,,= —k (with k > 0 ), we find F, (x) = -k(x - Xmin)» if we are sufficiently close to Some forces in nature depend on 
Xmin that we can neglect terms proportional to (x - x,,;,)” and higher powers. the inverse of the distance be- 
These physical and mathematical arguments establish why it is important to study tween objects squared. How does 


the potential energy associated 
with such a force depend on the 
distance between the objects? 


Hooke’s Law and the resulting equations of motion in detail. In this chapter, we study the 
work done by the spring force. In Chapter 14 on oscillations, we will analyze the motion of 
an object under the influence of the spring force. 


6.5 Conservation of Mechanical Energy 


We have defined potential energy in reference to a system of objects. We will examine dif- 
ferent kinds of general systems in later chapters, but here we focus on one particular kind 
of system: an isolated system, which by definition is a system of objects that exert forces on 
one another but for which no force external to the system causes energy changes within the 
system. This means that no energy is transferred into or out of the system. This very common 
situation is highly important in science and engineering and has been extensively studied. 
One of the fundamental concepts of physics involves energy within an isolated system. 

To investigate this concept, we begin with a definition of mechanical energy, E, as the 
sum of kinetic energy and potential energy: 


E=K-+U. (6.17) 


(Later, when we move beyond mechanics, we will add other kinds of energy to this sum and 
call it the total energy.) 

For any mechanical process that occurs inside an isolated system and involves only 
conservative forces, the total mechanical energy is conserved. This means that the total 
mechanical energy remains constant in time: 


AE=AK+AU=0. (6.18) 
An alternative way of writing this result (which we'll derive below) is 
K+U=K,+Up, (6.19) 


where Kọ and U, are the initial kinetic energy and potential energy, respectively. This rela- 
tionship, which is called the law of conservation of mechanical energy, does not imply 
that the kinetic energy of the system cannot change, or that the potential energy alone 
remains constant. Rather it states that their changes are exactly compensating and thus 
offset each other. It is worth repeating that conservation of mechanical energy is valid only 
for conservative forces and for an isolated system, for which the influence of external forces 
can be neglected. 


DERIVATION 6.1 


As we have already seen in equation 6.7, if a conservative force does work, then the work 
causes a change in potential energy: 

AU=-W. 
(If the force under consideration is not conservative, this relationship does not hold in 
general, and conservation of mechanical energy is not valid.) 


In Chapter 5, we learned that the relationship between the change in kinetic energy 
and the work done by a force is (equation 5.15): 


AK =W. Continued— 
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Combining these two results, we obtain 
AU =- AK > AU +AK =0. 
Using AU = U - U, and AK = K - Kg, we find 
0=AU+AK=U-U,+K-K,=U+K-(U,+K,)=> 
U+K=U, +K. 


Note that Derivation 6.1 did not make any reference to the particular path along which 
the force did the work that caused the rearrangement. In fact, you do not need to know any 
detail about the work or the force, other than that the force is conservative. Nor do you need 
to know how many conservative forces are acting. If more than one conservative force is 
present, you interpret AU as the sum ofall the potential energy changes and W as the total 
work done by all of the conservative forces, and the derivation is still valid. 

The law of energy conservation enables us to easily solve a huge number of problems 
that involve only conservative forces, problems that would have been very hard to solve 
without this law. Later in this chapter, the more general work-energy theorem for mechan- 
ics, which includes nonconservative forces, will be presented. This law will enable us to 
solve an even wider range of problems, including those involving friction. 

Equation 6.19 introduces our first conservation law, the law of conservation of mechan- 
ical energy. Chapters 18 and 20 will extend this law to include thermal energy (heat) as well. 
Chapter 7 will present a conservation law for linear momentum. When we discuss rotation 
in Chapter 10, we will encounter a conservation law for angular momentum. In studying 
electricity and magnetism, we will find a conservation law for net charge (Chapter 21), 
and in looking at elementary particle physics (Chapter 39), we will find conservation laws 
for several other quantities. This list is intended to give you a flavor of a central theme of 
physics—the discovery of conservation laws and their use in determining the dynamics of 
various systems. 

Before we solve a sample problem, one more remark on the concept of an isolated sys- 
tem is in order. In situations that involve the motion of objects under the influence of the 
Earth's gravitational force, the isolated system to which we apply the law of conservation of 
energy actually consists of the moving object plus the entire Earth. However, in using the 
approximation that the gravitational force is a constant, we assume that the Earth is infi- 
nitely massive (and that the moving object is close to the surface of Earth). Therefore, no 
change in the kinetic energy of the Earth can result from the rearrangement of the system. 
Thus, we calculate all changes in kinetic energy and potential energy only for the “junior 
partner’—the object moving under the influence of the gravitational force. This force is 
conservative and internal to the system consisting of Earth plus moving object, so all the 
conditions for the utilization of the law of energy conservation are fulfilled. 

Specific examples of situations that involve objects moving under the influence of 
the gravitational force are projectile motion and pendulum motion occurring near the 
Earth’s surface. 


SOLVED PROBLEM 6.1 [ The Catapult Defense 
————————P LALLA AAA AT 
Your task is to defend Neuschwanstein Castle from attackers (Figure 6.8). You have a 
catapult with which you can lob a rock with a launch speed of 14.2 m/s from the court- 
yard over the castle walls onto the attackers’ camp in front of the castle at an elevation 
7.20 m below that of the courtyard. 


FIGURE 6.8 Illustration for a pos- 
sible projectile path (red parabola) 
from the courtyard to the camp below 
and in front of the castle gate. The blue 
line indicates the horizontal. air resistance.) 


PROBLEM 
What is the speed with which a rock will hit the ground at the attackers’ camp? (Neglect 


SOLUTION 


THINK 

We can solve this problem by applying the conservation of mechanical energy. Once 
the catapult launches a rock, only the conservative force of gravity is acting on the 
rock. Thus, the total mechanical energy is conserved, which means the sum of the 
kinetic and potential energies of the rock always equals the total mechanical energy. 


SKETCH 

The trajectory of the rock is shown in Figure 6.9, where the initial speed of the rock is 
Vo, the initial kinetic energy Ko, the initial potential energy Up, and the initial height 
Yo- The final speed is vy, the final kinetic energy K, the final potential energy U, and the 
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>x 


vo Ko Uo Yo 
7.20 m 


l 


v, K, U,y 


final height y. 
RESEARCH 


We can use conservation of mechanical energy to write 


E=K+U=K, +U, 


FIGURE 6.9 Trajectory of the rock launched 
by the catapult. 


where E is the total mechanical energy. The kinetic energy of the projectile can be 
expressed as 


where m is the mass of the projectile and v is its speed when it hits the ground. The po- 
tential energy of the projectile can be expressed as 


U =mgy, 
where y is the vertical component of the position vector of the projectile when it hits the 
ground. 
SIMPLIFY 


We substitute for K and U in E = K + U to get 
2 2 
E= mv’ + mgy = mvy + megyo. 
The mass of the rock, m, cancels out, and we are left with 


2 
1y? + gy=1v +g. 


v= v +2¢(y- y). 


We solve this for the speed: 
(6.20) 


CALCULATE 
According to the problem statement, yp - y = 7.20 m and v) = 14.2 m/s. Thus, for the final 
speed, we find 


v= Ja42 m/s)? + 2(9.81 m/s? )(7.20 m) =18.51766724 m/s. 


ROUND 


The relative height was given to three significant figures, so we report our final answer as 


v=18.5 m/s. 


DOUBLE-CHECK 
Our answer for the speed of the rock when it hits the ground in front of the castle is 
18.5 m/s, compared with the initial launch speed of 14.2 m/s, which seems reasonable. 
This speed has to be bigger due to the gain from the difference in gravitational potential 
energy, and it is comforting that our answer passes this simple test. 
Because we were only interested in the speed at impact, we did not even need to know 
the initial launch angle 0, to solve the problem. All launch angles will give the same result 
Continued— 
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6.2 Self-Test Opportunity 


In Solved Problem 6.1, we neglect- 
ed air resistance. Discuss qualita- 
tively how our final answer would 
have changed if we had included 
the effects of air resistance. 


(for a given launch speed), which is a somewhat surprising finding. (Of course, if you 
were in this situation, you would obviously want to aim high enough to clear the castle 
wall and accurately enough to strike the attackers’ camp.) 

We can also solve this problem using the concepts of projectile motion, which is useful 
to double-check our answer and to show the power of applying the concept of energy con- 
servation. We start by writing the components of the initial velocity vector Vo: 

Veo = Vo COSA 
and 
Vyo = Yo Sin bh. 


The final x-component of the velocity, v,, is equal to the initial x-component of the 
initial velocity v o 


Vy =Vx9 = Vg COSA. 


The final component of the velocity in the y-direction can be obtained from a result of the 
analysis of projectile motion in Chapter 3: 


v =v; -28(7- o): 
Therefore, the final speed of the rock as it hits the ground is 
v=, Iv + v 
2 
= lv cost ) +o -2g(y- yo) 


= [vå cos? % + v sin? 6 -2g(y- y). 


Remembering that sin’6 + cos’@ = 1, we can further simplify and get: 


v= flos b + sin? @)-2g(y- yo) -fè -2g(y- ya) =h +2g(y -y). 


This is the same as equation 6.20, which we obtained using energy conservation. Even 
though the final result is the same, the solution process based on energy conservation was 
by far easier than that based on kinematics. 


————— 


As you can see from Solved Problem 6.1, applying the conservation of mechanical 
energy provides us with a powerful technique for solving problems that seem rather com- 
plicated at first sight. 

In general, we can determine final speed as a function of the elevation in situations where 
the gravitational force is at work. For instance, consider the image sequence in Figure 6.10. 
Two balls are released at the same time from the same height at the top of two ramps with 
different shapes. At the bottom end of the ramps, both balls reach the same lower elevation. 
Therefore, in both cases, the height difference between the initial and final points is the same. 
Both balls also experience normal forces in addition to the gravitational force; however, the 
normal forces do no work because they are perpendicular to the contact surface, by definition, 
and the motion is parallel to the surface. Thus, the scalar product of the normal force and 
displacement vectors is zero. (There is a small friction force, but it is negligible in this case.) 


FIGURE 6.10 Race of two balls down different inclines of the same height. 
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Energy conservation considerations (see equation 6.20 in Solved Problem 6.1) tell us that the 
speed of both balls at the bottom end of the ramps has to be the same: 


v=/2g(y-y)- 


This equation is a special case of equation 6.20 with vọ = 0. Note that, depending on the 6.3 Self-Test Opportunity 
curve of the bottom ramp, this result could be rather difficult to obtain using Newton's 
Second Law. However, even though the velocities at the top and the bottom of the ramps 
are the same for both balls, you cannot conclude from this result that both balls arrive at the 
bottom at the same time. The image sequence clearly shows that this is not the case. 


6.6 Work and Energy for the Spring Force 


In Section 6.3, we found that the potential energy stored in a spring is: U, = +kx’, where 
k is the spring constant and x is the displacement from the equilibrium position. Here we 
choose the additive constant to be zero, corresponding to having U, = 0/x at k = 0. Using 
the principle of energy conservation, we can find the velocity v as a function of the position. 
First, we can write, in general, for the total mechanical energy: 


Why does the lighter-colored ball 
arrive at the bottom in Figure 6.10 
before the other ball? 


E=K+U, =m’ +1k’. (6.21) 


Once we know the total mechanical energy, we can solve this equation for the velocity. 
What is the total mechanical energy? The point of maximum elongation of a spring from 
the equilibrium position is called the amplitude, A. When the displacement reaches the 
amplitude, the velocity is briefly zero. At this point, the total mechanical energy of an object 
oscillating on a spring is 

E=1kA’. 


However, conservation of mechanical energy means that this is the value of the energy for any 
point in the spring’s oscillation. Inserting the above expression for E into equation 6.21 yields 


Lp Ae E G 
3kA =ymv + kx". (6.22) 


From equation 6.22, we can get an expression for the speed as a function of the position: 


v=, (A Les. (6.23) 
m 


Note that we did not rely on kinematics to get this result, as that approach is rather 
challenging—another piece of evidence that using principles of conservation (in this case, 
conservation of mechanical energy) can yield powerful results. We will return to the equa- 
tion of motion for a mass on a spring in Chapter 14. 


SOLVED PROBLEM 6.2 | Human Cannonball 


Ina favorite circus act, called the “human cannonball; a person is shot from a long barrel, usu- 
ally with a lot of smoke and a loud bang added for theatrical effect. Before the Italian Zacchini 
brothers invented the compressed air cannon for shooting human cannonballs in the 1920s, 
the Englishman George Farini used a spring-loaded cannon for this purpose in the 1870s. 
Suppose someone wants to recreate Farini’s spring-loaded human cannonball act 
with a spring inside a barrel. Assume the barrel is 4.00 m long, with a spring that extends 
the entire length of the barrel. Further, the barrel is upright, so it points vertically toward 
the ceiling of the circus tent. The human cannonball is lowered into the barrel and com- 
presses the spring to some degree. An external force is added to compress the spring even 
further, to a length of only 0.70 m. At a height of 7.50 m above the top of the barrel is a 
spot on the tent that the human cannonball, of height 1.75 m and mass 68.4 kg, is sup- 
posed to touch at the top of his trajectory. Removing the external force releases the spring 


and fires the human cannonball vertically upward. 
Continued— 
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PROBLEM 1 
What is the value of the spring constant needed to accomplish this stunt? 


SOLUTION 1 


THINK 

Let’s apply energy conservation considerations to solve this problem. Potential energy is 
stored in the spring initially and then converted to gravitational potential energy at the 
top of the human cannonball’s flight. As a reference point for our calculations, we select 
the top of the barrel and place the origin of our coordinate system there. To accomplish 
the stunt, enough energy has to be provided, through compressing the spring, that the 
top of the head of the human cannonball is elevated to a height of 7.50 m above the zero 
point we have chosen. Since the person has a height of 1.75 m, his feet need to be elevated 
by only h = 7.50 m-1.75 m = 5.75 m. We can specify all position values for the human 
cannonball on the y-coordinate as the position of the bottom of his feet. 


SKETCH 

To clarify this problem, let's apply energy conservation at different instants of time. Figure 
6.11a shows the initial equilibrium position of the spring. In Figure 6.11b, the external force 
F and the weight of the human cannonball compress the spring by 3.30 m to a length of 
0.70 m. When the spring is released, the cannonball accelerates and has a velocity Y, as he 
passes the spring’s equilibrium position (see Figure 6.11c). From this position, he has to 
rise 5.75 m and arrive at the spot (Figure 6.11e) with zero velocity. 


RESEARCH 

We are free to choose the zero point for the gravitational potential energy arbitrarily. We 
elect to set the gravitational potential to zero at the equilibrium position of the spring 
without a load, as shown in Figure 6.1 1a. 

At the instant depicted in Figure 6.11b, the human cannonball has zero kinetic energy 
and potential energies from the spring force and gravity. Therefore, the total energy at this 
instant is 

E=1ky, + Mg». 


At the instant shown in Figure 6.11c, the human cannonball has only kinetic energy and 
zero potential energy: 


y(m) (a) (b) (c) (d) 


o at E | l 
t 


EEEE 


F 
FIGURE 6.11 The human cannonball stunt at five different instants of time. 


=: 


6.6 Work and Energy for the Spring Force 183 


Right after this instant, the human cannonball leaves the spring, flies through the air as 
shown in Figure 6.11d, and finally reaches the top (Figure 6.11e). At the top, he has only 
gravitational potential energy and no kinetic energy (because the spring is designed to 
allow him to reach the top with no residual speed): 


E=mgy.. 
SIMPLIFY 


Energy conservation requires that the total energy remain the same. Setting the first and 
third expressions written above for E equal, we obtain 
FKY + mgyy =mgye- 
We can rearrange this equation to obtain the spring constant: 
Ye e 
Yb 


k=2mg—— 


CALCULATE 
According to the given information and the origin of the coordinate system we selected, 
Y, = -3.30 m and y, = 5.75 m. Thus, we find for the spring constant needed: 


5.75 m - (-3.30 m) 


k=2(68.4 kg)(9.81 m/s”) = =1115.26 N/m. 


(3.30 m} 


| ROUND 
| All of the numerical values used in the calculation have three significant figures, so our 
final answer is 


k=1.12-10° N/m. 


| DOUBLE-CHECK 
| When the spring is compressed initially, the potential energy stored in it is 


=! ky? = (1.12 10° N/m)(3.30 m} =6.07 Kl. 
The gravitational potential energy gained by the human cannonball is 
U=mgAy= (68.4 kg)(981 m/s?) (9.05 m) = 6.07 kJ, 


which is the same as the energy stored in the spring initially. Our calculated value for the 
spring constant makes sense. 

Note that the mass of the human cannonball enters into the equation for the spring 
constant. We can turn this around and state that the same cannon with the same spring 
will shoot people of different masses to different heights. 


PROBLEM 2 
What is the speed that the human cannonball reaches as he passes the equilibrium posi- 
tion of the spring? 


| SOLUTION 2 
We have already determined that our choice of origin implies that at this instant the hu- 
man cannonball has only kinetic energy. Setting this kinetic energy equal to the potential 
energy reached at the top, we find 


Lime = 
ie = MEV. => 
= ogy, =42(9.81 m/s?)(5.75 m) =10.6 m/s. 
| This speed corresponds to 23.7 mph. 


Y 


B: 3 In-Class Exercise -< 


| What is the maximum accelera- 


tion that the human cannonball of 
Solved Problem 6.2 experiences? 


a) 1.00g d) 4.48g 
b) 2.14g e) 7.30g 


c) 3.25g 


p 4 In-Class Exercise 


| A ball of mass m is thrown verti- 


cally into the air with an initial 
speed v. Which of the following 


| equations correctly describes the 
| maximum height, h, of the ball? 


a) h= |- it 
2g g 
2 
b) h= e) h=— 
iy? g 
gia 
g 


6.4 Self-Test Opportunity 


Graph the potential and kinetic 
energies of the human cannonball 
of Solved Problem 6.2 as a function 
of the y-coordinate. For what value 
of the displacement is the speed of 
the human cannonball at a maxi- 
mum? (Hint: This occurs not exactly 
at y = 0 but at a value of y < 0.) 
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EXAMPLE 6.2 | Bungee Jumper 


A bungee jumper locates a suitable bridge that is 75.0 m above the river below, 
as shown in Figure 6.12. The jumper has a mass of m = 80.0 kg and a height of 
Liumper = 1-85 m. We can think of a bungee cord as a spring. The spring constant 
of the bungee cord is k = 50.0 N/m. Assume that the mass of the bungee cord 
is negligible compared with the jumper’s mass. 


PROBLEM 
The jumper wants to know the maximum length of bungee cord he can 
safely use for this jump. 


SOLUTION 

We are looking for the unstretched length of the bungee cord, Lo, as the jumper 
would measure it standing on the bridge. The distance from the bridge to the 
water is L nax = 75.0 m. Energy conservation tells us that the gravitational po- 
tential energy that the jumper has, as he dives off the bridge, will be convert- 


FIGURE 6.12 A bungee jumper needs to calculate ed to potential energy stored in the bungee cord. The jumper’s gravitational 


how long a bungee cord he can safely use. 


6.5 In-Class Exercise 


At the moment of maximum 
stretching of the bungee cord in 
Example 6.2, what is the net accel- 
eration that the jumper experiences 
(in terms of g = 9.81 m/s’)? 


a) 0g 

b) 1.0g, directed downward 
c) 1.0g, directed upward 
d) 2.1g, directed downward 


e) 2.1g, directed upward 


6.5 Self-Test Opportunity 


Can you derive an expression for 

the acceleration that the bungee 
jumper experiences at the maximum 
stretching of the bungee cord? How 
does this acceleration depend on the 
spring constant of the bungee cord? 


potential energy on the bridge is 
Ug =mgy = M8Lmax? 
assuming that gravitational potential energy is zero at the level of the water. Before he starts his 
jump, he has zero kinetic energy, and so his total energy when he is on top of the bridge is 
Ep = MZLmax i 
At the bottom of the jump, where the jumper’s head just touches the water, the potential 
energy stored in the bungee cord is 
j 2 
U; = shy = £K(Linax 7 Ljumper - Lo) > 


where Lmax ~ Ljumper ~ Lo is the length the bungee cord stretches beyond its unstretched 
length. (Here we have to subtract the jumper’s height from the height of the bridge to 
obtain the maximum length, Lmax ~ Ljumper to which the bungee cord is allowed to stretch, 
assuming that it is tied around his ankles.) Since the bungee jumper is momentarily at 
rest at this lowest point of his jump, the kinetic energy is zero at that point, and the total 
energy is then 


2 
bottom = £K(Linax z Ljumper D Lo) . 


From the conservation of mechanical energy, we know that E,,,, = Ejottom» and so we find 


top 
2 
mgLnax = £K(Linax T Ljumper E Lo) ‘ 


Solving for the required unstretched length of bungee cord gives us 


[2m L, 
Lo = Lmax - Ljumper = m, 


Putting in the given numbers, we get 


i .81 m/s” )(75.0 m 
Ly =(75.0 m)- (1.85 m)- | La lai G = =24.6 m. 


For safety, the jumper would be wise to use a bungee cord shorter than this and to test it 
with a dummy mass similar to his. 


6.6 Work and Energy for the Spring Force 


Potential Energy of an Object Hanging from a Spring 


We saw in Solved Problem 6.2 that the initial potential energy of the human cannonball 
has contributions from the spring force and the gravitational force. In Example 5.4, we 
established that hanging an object of mass m from a spring with spring constant k shifts the 
equilibrium position of the spring from zero to yp given by the equilibrium condition, 

kyy =m => Yo = i (6.24) 
Figure 6.13 shows the forces that act on an object suspended from a spring when it is in dif- 
ferent positions. This figure shows two different choices for the origin of the vertical coordi- 
nate axis: In Figure 6.13a, the vertical coordinate is called y and has zero at the equilibrium 
position of the end of the spring without the mass hanging from it; in Figure 6.13b the new 
equilibrium point, yp, with the object suspended from the spring, is calculated according to 
equation 6.24. This new equilibrium point is the origin of the axis and the vertical coordinate 
is called s. The end of the spring is located at s = 0. The system is in equilibrium because the 
force exerted by the spring on the object balances the gravitational force acting on the object: 


E (Yo ) + E, =0. 
In Figure 6.13c, the object has been displaced downward away from the new equilibrium 


position, so y = y, and s = s,. Now there is a net upward force tending to restore the object 
to the new equilibrium position: 


Fre (5) =E). 


If instead, the object is displaced upward, above the new equilibrium position, as shown 
in Figure 6.13d, there is a net downward force that tends to restore the object to the new 
equilibrium position: 


Ral) =E +E. 


We can calculate the potential energy of the object and the spring for these two choices 
of the coordinate system and show that they differ by only a constant. We start by defining the 


Ea ve i 


OF 
S 
A 
F02) 

yr , +} Sy 

Fy) Fnet(S )| 
Yor =: 0 
yb EN Fret(s1) a 4s) 

E F, 


(a) (b) (c) (d) 


FIGURE 6.13 (a) A spring is hanging vertically with its end in the equilibrium position at y = 0. 
(b) An object of mass m is hanging at rest from the same spring, with the end of the spring now at y = yo 
or s = 0. (c) The end of the spring with the object attached is at y = y; or s = s4. (d) The end of the 
spring with the object attached is at y = y, or s = 5). 
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potential energy of the object connected to the spring, taking y as the variable and assuming 
that the potential energy is zero at y = 0: 


U(y)=tky’ +mgy. 
Using the relation y = s - yp, we can express this potential energy in terms of the variable s: 
U(s)=zk(s— yo) +mg(s— yo). 
Rearranging gives us 
U(s)= 3ks? - ksyo + kyo + mgs - mgyo- 
Substituting kyo = mg, from equation 6.24, into this equation, we get 
U(s)=ks” —(mg)s + + (mg) yo + mgs —mgyo. 
Thus, we find that the potential energy in terms of s is 


U(s)=+ks? -4mgyp. (6.25) 


U(y) 


Bi ae) 
a ter Figure 6.14 shows the potential energy functions for these two coordinate axes. The 


blue curve in Figure 6.14 shows the potential energy as a function of the vertical coor- 
dinate y, with the choice of zero potential energy at y = 0 corresponding to the spring 
hanging vertically without the object connected to it. The new equilibrium position, yo, 
is determined by the displacement that occurs when an object of mass m is attached to 
the spring, as calculated using equation 6.24. The red curve in Figure 6.14 represents the 
potential energy as a function of the vertical coordinate s, with the equilibrium position 
chosen to be s = 0. The potential energy curves U(y) and U(s) are both parabolas, which 


FIGURE 6.14 Potential energy func- are offset from each other by a simple constant. 
tions for the two vertical coordinate axes Thus, we can express the potential energy of an object of mass m hanging from a 
used in Figure 6.13. vertical spring in terms of the displacement s about an equilibrium point as 


U(s)= 1 ks? +C, 


where C is a constant. For many problems, we can choose zero as the value of this constant, 
allowing us to write 


U(s)=+ks’. 


This result allows us to use the same spring force potential for different masses attached to 
the end of a spring by simply shifting the origin to the new equilibrium position. (Of course, 
this only works if we do not attach too much mass to the end of the spring and overstretch 
it beyond its elastic limit.) 

Finally, with the introduction of the potential energy we can extend and augment the 
work-kinetic energy theorem of Chapter 5. By including the potential energy as well, we 
find the work-energy theorem 


W =AE=AK+AU (6.26) 


where W is the work done by an external force, AK is the change of kinetic energy, and AU 
is the change in potential energy. This relationship means that external work done to a sys- 
tem can change the total energy of the system. 


6.7 Nonconservative Forces and the Work-Energy Theorem 


Is energy conservation violated in the presence of nonconservative forces? The word non- 
conservative seems to imply that it is violated, and, indeed, the total mechanical energy is not 
conserved. Where, then, does the energy go? Section 6.2 showed that the friction force does 
not do work but instead dissipates mechanical energy into internal excitation energy, which 
can be vibration energy, deformation energy, chemical energy, or electrical energy, depend- 
ing on the material of which the object is made and on the particular form of the friction 


6.7 Nonconservative Forces and the Work-Energy Theorem 


force. In Section 6.2, Wẹ is defined to be the total energy dissipated by nonconservative 
forces into internal energy and then into other energy forms besides mechanical energy. If 
we add this type of energy to the total mechanical energy, we obtain the total energy: 


Evotal = E mechanical ar Eother =K+U+ Eother À. (6.27) 


Here E tner stands for all other forms of energy that are not kinetic or potential energies. 
The change in the other energy forms is exactly the negative of the energy dissipated by the 
friction force in going from the initial to the final state of the system: 


AE other = We ‘ 


The total energy is conserved—that is, stays constant in time—even for nonconservative 
forces. This is the most important point in this chapter: 


The total energy—the sum of all forms of energy, mechanical or other—is always 
conserved in an isolated system. 


We can also write this law of energy conservation in the form that states that the change in 
the total energy of an isolated system is zero: 


AE tal =0. (6.28) 


Since we do not yet know what exactly this internal energy is and how to calculate it, it 
may seem that we cannot use energy considerations when at least one of the forces acting 
is nonconservative. However, this is not the case. For the case in which only conservative 
forces are acting, we found that (see equation 6.18) the total mechanical energy is con- 
served, or AE = AK + AU = 0, where E refers to the total mechanical energy. In the presence 
of nonconservative forces, combining equations 6.28 and 6.26 gives 


W,=AK+ AU. (6.29) 


This relationship is a generalization of the work-energy theorem. In the absence of non- 
conservative forces, Wç = 0, and equation 6.29 reduces to the law of the conservation of 
mechanical energy, equation 6.19. When applying either of these two equations, you must 
select two times—a beginning and an end. Usually this choice is obvious, but sometimes 
care must be taken, as demonstrated in the following solved problem. 


SOLVED PROBLEM 6.3 | Block Pushed Off a Table 
f 

Consider a block on a table. This block is pushed by a spring attached to the wall, slides 

across the table, and then falls to the ground. The block has a mass m =1.35 kg. The spring 

constant is k = 560 N/m, and the spring has been compressed by 0.11 m. The block slides 

a distance d = 0.65 m across the table of height h = 0.75 m. The coefficient of kinetic fric- 

tion between the block and the table is w, = 0.16. 


PROBLEM 
What speed will the block have when it lands on the floor? 


SOLUTION 


THINK 

At first sight, this problem does not seem to be one to which we can apply mechanical 
energy conservation, because the nonconservative force of friction is in play. However, 
we can utilize the work-energy theorem, equation 6.29. To be certain that the block actu- 
ally leaves the table, though, we first calculate the total energy imparted to the block by 
the spring and make sure that the potential energy stored in the compressed spring is 
sufficient to overcome the friction force. 


SKETCH 
Figure 6.15a shows the block of mass m pushed by the spring. The mass slides on the table 


a distance d and then falls to the floor, which is a distance h below the table. 
Continued— 
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Falling 


|r 


(a) (b) (Q) 


FIGURE 6.15 (a) Block of mass m is pushed off a table by a spring. (b) A coordinate system is 
superimposed on the block and table. (c) Free-body diagrams of the block while moving on the table 
and falling. 


We choose the origin of our coordinate system such that the block starts at x = y = 0, with 
the x-axis running along the bottom surface of the block and the y-axis running through its 
center (Figure 6.15b). The origin of the coordinate system can be placed at any point, but it 
is important to fix an origin, because all potential energies have to be expressed relative to 
some reference point. 


RESEARCH 

Step 1: Let’s analyze the problem situation without the friction force. In this case, the 
block initially has potential energy from the spring and no kinetic energy, since it is at 
rest. When the block hits the floor, it has kinetic energy and negative gravitational poten- 
tial energy. Conservation of mechanical energy results in 


Ky+U=K+U> 
0++kxo =m’ - mgh. © 
Usually, we would solve this equation for the speed and put in the numbers later. However, 
because we will need them again, let’s evaluate the two expressions for potential energy: 
+kx¢ =0.5(560 N/m)(0.11 m} =3.39 J 
mgh = (1.35 kg)(9.81 m/s” )(0.75 m) = 9.93 J. 


Now, solving equation i for the speed results in 


2 2 | = 2 J = 
v=] Pa 5 kxo +mgh) = p J+9.93 J) = 4.44 m/s. 


Step 2: Now we include friction. Our considerations remain almost unchanged, except 
that we have to include the energy dissipated by the nonconservative force of friction. We 
find the force of friction using the upper free-body diagram in Figure 6.15c. We can see 
that the normal force is equal to the weight of the block and write 


N =mg. 
The friction force is given by 
Fk = UN = umg. 
We can then write the energy dissipated by the friction force as 
W =- pymgd. 
In applying the generalization of the work-energy theorem, we choose the initial time 
to be when the block is about to start moving (see Figure 6.15a) and the final time to be 


when the block reaches the edge of the table and is about to start the free-fall portion of 
its path. Let K,,, be the kinetic energy at the final time, chosen to make sure that the block 
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makes it to the end of the table. Using equation 6.29 and the value we calculated above for 
the block’s initial potential energy, we find: 


W; = AK + AU = Kop - +kx9 =- eyed 
Kiop z Lkxo = umgd 
=3.39 J - (0.16)(1.35 kg)(9.81 m/s*)(0.65 m) 
=3.39 J -1.38 J = 2.01 J. 
Because the kinetic energy Kop > 0, the block can overcome friction and slide off the 
table. Now we can calculate the block’s speed when it hits the floor. 


SIMPLIFY 
For this part of the problem, we choose the initial time to be when the block is at the 
table’s edge to exploit the calculations we have already done. The final time is when the 
block hits the floor. (If we chose the beginning to be as shown in Figure 6.15a, our result 
would be the same.) 

W; =AK+AU =0 


im? -Kiop +0- mgh =0, 
2 
v=, !—(Kiop +mgh). 
\m 
CALCULATE 


Putting in the numerical values gives us 


v= |——(2.01J+9.93 J) = 4.20581608 m/s. 
1.35 kg 


ROUND 


All of the numerical values were given to three significant figures, so we have 
v=4.21 m/s. 
DOUBLE-CHECK 


As you can see, the main contribution to the speed of the block at impact originates from 
the free-fall portion ofits path. Why did we go through the intermediate step of figuring out 


the value of Kop instead of simply using the formula, v = y 2( : kx — m,mgd + mgh)/m, 


that we got from a generalization of the work-energy theorem? We needed to calculate 
Kiop first to ensure that it is positive, meaning that the energy imparted to the block by 
the spring is sufficient to exceed the work to be done against the friction force. If K,,, had 
turned out to be negative, the block would have stopped on the table. For example, if we 
had attempted to solve the problem described in Solved Problem 6.3 with a coefficient 
of kinetic friction between the block and the table of jx, = 0.50 instead of ux = 0.16, we 


would have found that 
Kiop =3.39J -4.30J=-091J, 


which is impossible. 


hI 


As Solved Problem 6.3 shows, energy considerations are still a powerful tool for per- 
forming otherwise very difficult calculations, even in the presence of nonconservative 
forces. However, the principle of conservation of mechanical energy cannot be applied quite 
as straightforwardly when nonconservative forces are present, and you have to account for 
the energy dissipated by these forces. 


6.6 In-Class Exercise 


A curling stone of mass 19.96 kg 

is given an initial velocity on the 
ice of 2.46 m/s. The coefficient of 
kinetic friction between the stone 
and the ice is 0.0109. How far does 
the stone slide before it stops? 


a) 18.7 m d) 39.2 m 
b) 28.3 m e) 44.5 m 
c) 34.1 m 
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6.8 Potential Energy and Stability 


Energy 


Position 


FIGURE 6.16 Total, potential, and kinetic energy for a roller coaster. 


U(x) 


> xX 


F(x) 


(b) 
FIGURE 6.17 (a) Potential energy 
as a function of position; (b) the force 
corresponding to this potential energy 
function, as a function of position. 


Let’s return to the relationship between force and potential energy. Perhaps it may help you 
gain physical insight into this relationship if you visualize the potential energy curve as the 
track of a roller coaster. This analogy is not a perfect one, because a roller coaster moves in 
a two-dimensional plane or even in three-dimensional space, not in one dimension, and 
there is some small amount of friction between the cars and the track. Still, it is a good 
approximation to assume that there is conservation of mechanical energy. The motion of 
the roller coaster car can then be described by a potential energy function. 

Shown in Figure 6.16 are plots of the potential energy 
(yellow line following the outline of the track), the total 
energy (horizontal orange line), and the kinetic energy 
(difference between these two, the red line) as a function 
of position for a segment of a roller coaster ride. You can 
see that the kinetic energy has a minimum at the highest 
point of the track, where the speed of the cars is smallest, 
and the speed increases as the cars roll down the incline. 
All of these effects are a consequence of the conservation 
of total mechanical energy. 

Figure 6.17 shows graphs ofa potential energy function 
(part a) and the corresponding force (part b). Because the 
potential energy can be determined only within an additive 
constant, the zero value of the potential energy in Figure 
6.17a is set at the lowest value. However, for all physical 
considerations, this is irrelevant. On the other hand, the 
zero value for the force cannot be chosen arbitrarily. 


Equilibrium Points 

Three special points on the x-coordinate axis of Figure 6.17b are marked by vertical gray lines. 
These points indicate where the force has a value of zero. Because the force is the derivative 
of the potential energy with respect to the x-coordinate, the potential energy has an extre- 
mum—a maximum or minimum value—at such points. You can clearly see that the poten- 
tial energies at x, and x, represent minima, and the potential energy at x, is a maximum. 
At all three points, an object would experience no acceleration, because it is located at an 
extremum where the force is zero. Because there is no force, Newton's Second Law tells us 
that there is no acceleration. Thus, these points are equilibrium points. 

The equilibrium points in Figure 6.17 represent two different kinds. Points x, and x, 
represent stable equilibrium points, and x, is an unstable equilibrium point. What dis- 
tinguishes stable and unstable equilibrium points is the response to perturbations (small 
changes in position around the equilibrium position). 


Definition 

At stable equilibrium points, small perturbations result in small oscillations around 
the equilibrium point. At unstable equilibrium points, small perturbations result in 
an accelerating movement away from the equilibrium point. 


The roller coaster analogy may be helpful here: If you are sitting in a roller coaster car at 
point x, or x, and someone gives the car a push, it will just rock back and forth on the track, 
because you are sitting at a local point of lowest energy. However, if the car gets the same 
small push while sitting at x,, then it will result in the car rolling down the slope. 

What makes an equilibrium point stable or unstable from a mathematical standpoint is 
the value of the second derivative of the potential energy function, or the curvature. Nega- 
tive curvature means a local maximum of the potential energy function, and therefore an 
unstable equilibrium point; a positive curvature indicates a stable equilibrium point. Of 


course, there is also the situation between a stable and unstable equilibrium, between a pos- 
itive and negative curvature. This is a point of metastable equilibrium, with zero local cur- 
vature, that is, a value of zero for the second derivative of the potential energy function. 


Turning Points 


Figure 6.18a shows the same potential energy function as Figure 6.17, but with the addition 
of horizontal lines for four different values of the total mechanical energy (E; through E,). 
For each value of this total energy and for each point on the potential energy curve, we can 
calculate the value of the kinetic energy by simple subtraction. Let’s first consider the largest 
value of the total mechanical energy shown in the figure, E, (blue horizontal line): 


K,(x)=E, -U(x). (6.30) 


The kinetic energy, K,(x), is shown in Figure 6.18b by the blue curve, which is clearly an 
upside-down version of the potential energy curve in Figure 6.18a. However, its absolute 
height is not arbitrary but results from equation 6.30. As previously mentioned, we can 
always add an arbitrary additive constant to the potential energy, but then we are forced to 
add the same additive constant to the total mechanical energy, so that their difference, the 
kinetic energy, remains unchanged. 

For the other values of the total mechanical energy in Figure 6.18, an additional com- 
plication arises: the condition that the kinetic energy has to be larger than or equal to zero. 
This condition means that the kinetic energy is not defined in a region where E; - U(x) is 
negative. For the total mechanical energy of E,, the kinetic energy is greater than zero only 
for x 2 a, as indicated in Figure 6.18b by the green curve. Thus, an object moving with total 
energy E, from right to left in Figure 6.18 will reach the point x = a and have zero veloc- 
ity there. Referring to Figure 6.17, you see that the force at that point is positive, pushing 
the object to the right, that is, making it turn around. This is why such a point is called a 
turning point. Moving to the right, this object will pick up kinetic energy and follow the 
same kinetic energy curve from left to right, making its path reversible. This behavior is a 
consequence of the conservation of total mechanical energy. 


Definition 
Turning points are points where the kinetic energy is zero and where a net force moves 
the object away from the point. 


An object with total energy equal to E, in Figure 6.18 has two turning points in its 
path: x = e and x = f. The object can move only between these two points. It is trapped in 
this interval and cannot escape. Perhaps the roller coaster analogy is again helpful: A car 
released from point x = e will move through the dip in the potential energy curve to the 
right until it reaches the point x = f; where it will reverse direction and move back to x = e, 
never having enough total mechanical energy to escape the dip. The region in which the 
object is trapped is often referred to as a potential well. 

Perhaps the most interesting situation is that for which the total energy is E. If an 
object moves in from the right in Figure 6.18 with energy E;, it will be reflected at the 
turning point where x = d, in complete analogy to the situation at x = a for the object with 
energy E,. However, there is another allowed part of the path farther to the left, in the inter- 
val b <x < c. If the object starts out in this interval, it remains trapped in a dip, just like the 
object with energy E,. Between the allowed intervals b < x < c and x 2 d is a forbidden region 
that an object with total mechanical energy E, cannot cross. 


Preview: Atomic Physics 


In studying atomic physics, we will again encounter potential energy curves. Particles with 
energies such as E, in Figure 6.18, which are trapped between two turning points, are said 
to be in bound states. One of the most interesting phenomena in atomic and nuclear phys- 
ics, however, occurs in situations like the one shown in Figure 6.18 for a total mechanical 
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6.7 In-Class Exercise 


Which of the four drawings repre- 
sents a stable equilibrium point for 
the ball on its supporting surface? 


(a) 


(d) 


U(x) 


(a) 


| 
(b) 
FIGURE 6.18 (a) The same po- 


tential energy function as in Figure 
6.17. Shown are lines representing four 
different values of the total energy, 

E, through E,. (b) The corresponding 
kinetic energy functions for these four 
total energies and the potential energy 
function in the upper part. The gray 
vertical lines mark the turning points. 
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energy of E;. From our considerations of classical mechanics in this chapter, we expect 
that an object sitting in a bound state between b < x < c cannot escape. However, in atomic 
and nuclear physics applications, a particle in such a bound state has a small probability 
of escaping out of this potential well and through the classically forbidden region into the 
region x 2 d. This process is called tunneling. Depending on the height and width of the 
barrier, the tunneling probability can be quite large, leading to a fast escape, or quite small, 
leading to a very slow escape. For example, the isotope **°U of the element uranium, used 
in nuclear fission power plants and naturally occurring on Earth, has a half-life of over 700 
million years, which is the average time that elapses until an alpha particle (a tightly bound 
cluster of two neutrons and two protons in the nucleus) tunnels through its potential bar- 
rier, causing the uranium nucleus to decay. In contrast, the isotope 38U) has a half-life of 
4500 million years. Thus, much of the original *°U present on Earth has decayed away. The 
fact that **°U comprises only 0.7% of all naturally occurring uranium means that the first 
sign that a nation is attempting to use nuclear power, for any purpose, is the acquisition of 
equipment that can separate *°U from the much more abundant (99.3%) SU, which is not 
suitable for nuclear fission power production. 

The previous paragraph is included to whet your appetite for things to come. In order 
to understand the processes of atomic and nuclear physics, you'll need to be familiar with 
quite a few more concepts. However, the basic considerations of energy introduced here 


will remain virtually unchanged. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= Potential energy, U, is the energy stored in the 
configuration of a system of objects that exert forces 
on one another. 


m Gravitational potential energy is defined as U, = mgy. 


= The potential energy associated with elongating a spring 
from its equilibrium position at x = 0 is U, (x)= +kx’. 


= A conservative force is a force for which the work done 
over any closed path is zero. A force that does not fulfill 
this requirement is called a nonconservative force. 


= For any conservative force, the change in potential 
energy due to some spatial rearrangement of a system 
is equal to the negative of the work done by the 
conservative force during this spatial rearrangement. 


= The relationship between a potential energy and the 
corresponding conservative force is 


AU =U(x)-U(a)=- |E (x')ax' 


= In one-dimensional situations, the force component 
can be obtained from the potential energy using 


__ dU(x) 
E(x)= dx ` 
KEY TERMS 


potential energy, p. 169 
conservative force, p. 171 
nonconservative force, p. 171 
isolated system, p. 177 


mechanical energy, p. 177 


energy, p. 177 
amplitude, p. 181 


conservation of mechanical 


The mechanical energy, E, is the sum of kinetic energy 
and potential energy: E = K +U. 


The total mechanical energy is conserved for any 
mechanical process inside an isolated system that 
involves only conservative forces: AE = AK + AU =0. 
An alternative way of expressing this conservation of 
mechanical energy is K + U = Ky + Up. 


The total energy—the sum of all forms of energy, 
mechanical or other—is always conserved in an 
isolated system. This holds for conservative as well as 
nonconservative forces: Eosta = Emechanical + Eother = K + 
U + Eother = Constant. 


Energy problems involving nonconservative forces can be 
solved using the work-energy theorem: W;= AK + AU. 


At stable equilibrium points, small perturbations result in 
small oscillations around the equilibrium point; at unstable 
equilibrium points, small perturbations result in an 
accelerating movement away from the equilibrium point. 


Turning points are points where the kinetic energy is 
zero and where a net force moves the object away from 
the point. 


work-energy theorem, p. 186 
total energy, p. 187 
stable equilibrium points, 

p. 190 


unstable equilibrium 
points, p. 190 
turning points, p. 191 


NEW SYMBOLS AND EQUATIONS 


U, potential energy 
W, energy dissipated by a friction force 
U, = mgy, gravitational potential energy 


U(x) = +kx’, potential energy of a spring 
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K + U = Ko + Uj, conservation of mechanical energy 
A, amplitude 
W,= AK + AU, work-energy theorem 


ANSWERS TO SELF-TEST OPPORTUNITIES 


6.1 The potential energy is proportional to the inverse 
of the distance between the two objects. Examples of 
these forces are the force of gravity (see Chapter 12) and 
the electrostatic force (see Chapter 21). 


6.2 To handle this problem with added air resistance, we 
would have introduced the work done by air resistance, 
which can be treated as a friction force. We would have 
modified our statement of energy conservation to reflect 
the fact that work, Ws is done by the friction force 


W, +K+U=K, +U. 


The solution would have be done numerically because 
the work done by friction in this case would depend on 
the distance that the rock actually travels through the air. 


6.3 The lighter-colored ball descends to a lower eleva- 
tion earlier in its motion and thus converts more of 

its potential energy to kinetic energy early on. Greater 
kinetic energy means higher speed. Thus, the lighter- 
colored ball reaches higher speeds earlier and is able to 
move to the bottom of the track faster, even though its 
path length is greater. 


PROBLEM-SOLVING PRACTICE 


| Problem-Solving Guidelines: Conservation of Energy 
1. Many of the problem-solving guidelines given in Chapter 
5 apply to problems involving conservation of energy as well. 
It is important to identify the system and determine the state 
of the objects in it at different key times, such as the beginning 
andend ofeach kind of motion. You should also identify which 
forces in the situation are conservative or nonconservative, 
because they affect the system in different ways. 


2. Try to keep track of each kind of energy throughout the 
problem situation. When does the object have kinetic energy? 


SOLVED PROBLEM 6.4 (Trapeze Artist 
pr 


PROBLEM 


6.4 The speed is at a maximum where the kinetic energy is at 
a maximum: 


K(y)=U(-3.3 m)-U(y) =(3856 J)- (671 J/m)y - (557.5 J/m?)y* 


<K(y)=-(671 J/m)-(1115 Jim’) y =0> y=-0.602 m 
y 


v(-0.602 m)=/2K(—0.602 m)/m =10.89 m/s. 
A 


4000 Note that the value 
sh at which the speed 
is maximum is the 
0) 2000 equilibrium position 
1000 of the spring once it is 
0 loaded with the human 
cannonball. 


ym) 
6.5 The net force at the maximum stretching is F = k(L max - 
Lyumper ~ Lo) — mg. Therefore, the acceleration at this point is 
a = K(Lynax ~ Ljumper ~ Lo)/m - g. Inserting the expression we 
found for Ly gives 


oe [2gbmaxk T 
m 


The maximum acceleration increases with the square root of the 
spring constant. If one wants to jump from a great height, Lmaw a 
very soft bungee cord is needed. 


Does gravitational potential energy increase or decrease? 
Where is the equilibrium point for a spring? 

3. Remember that you can choose where potential energy 
is zero, so try to determine what choice will simplify the 
calculations. 


4. A sketch is almost always helpful, and often a free-body 
diagram is useful as well. In some cases, drawing graphs of 
potential energy, kinetic energy, and total mechanical energy 
is a good idea. 


A circus trapeze artist starts her motion with the trapeze at rest at an angle of 45.0° rela- 
tive to the vertical. The trapeze ropes have a length of 5.00 m. What is her speed at the 


lowest point in her trajectory? 


Continued— 
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£cos 0 


£(1—cos 0) 


FIGURE 6.19 Geometry of a trapeze 


artist's swing or trajectory. 


SOLUTION 


THINK 

Initially, the trapeze artist has only gravitational potential energy. We can choose a coor- 
dinate system such that y = 0 is at her trajectory’s lowest point, so the potential energy is 
zero at that lowest point. When the trapeze artist is at the lowest point, her kinetic energy 
will be a maximum. We can then equate the initial gravitational potential energy to the 
final kinetic energy of the trapeze artist. 


SKETCH 

We represent the trapeze artist in Figure 6.19 as an object of mass m suspended by a rope 
of length £. We indicate the position of the trapeze artist at a given value of the angle 6 by 
the blue circle. The lowest point of the trajectory is reached at 0 = 0, and we indicate this 
in Figure 6.19 by a gray circle. 

The figure shows that the trapeze artist is at a distance / (the length of the rope) below 
the ceiling at the lowest point and at a distance £ cos@ below the ceiling for all other values 
of 0. This means that she is at a height h = £ - £ cos@ = ¢(1 - cos 0) above the lowest point 
in the trajectory when the trapeze forms an angle 0 with the vertical. 


RESEARCH 

The trapeze is pulled back to an initial angle 0, relative to the vertical and thus at a height 
h = €(1 - cos@,) above the lowest point in the trajectory, according to our analysis of Fig- 
ure 6.19. The potential energy at this maximum deflection, 6, is therefore 


E=K+U=0+4+U =mg@(1-cos6). 


This is also the value for the total mechanical energy, because the trapeze artist has zero 
kinetic energy at the point of maximum deflection. For any other deflection, the energy 
is the sum of kinetic and potential energies: 


E=mgl(1-cos0)+ im’. 


SIMPLIFY 
Solving this equation for the speed, we obtain 


mgl(1—cos@%)=mgl(1-cos@)+ 1m? => 


mgl(cos@— cos @ )= 1m? = 


|»|= {2g ¢(cos6 —cos@). 


Here, we are interested in the speed for ZO =0)|, which is 


(0 =0)|= \/2g¢(cos0-cos6) = J2g6(1-cos6y). 


CALCULATE 


The initial condition is 6) = 45°. Inserting the numbers, we find 


[»(0")|= 4209.81 m/s?)(5.00 m)(1 - cos45°) =5.360300809 m/s. 


ROUND 
All of the numerical values were specified to three significant figures, so we report our 
answer as 


[v(0”) =5.36 m/s. 


DOUBLE-CHECK 
First, the obvious check of units: m/s is the SI unit for velocity and speed. The speed of 
the trapeze artist at the lowest point is 5.36 m/s (12 mph), which seems in line with what 
we see in the circus. 

We can perform another check on the formula ZG =0)| =,/2g0(1-cos@) by con- 
sidering the limiting cases for the initial angle 0, to see if they yield reasonable results. 
In this case the limiting values for 6) are 90°, where the trapeze starts out horizontal, and 
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0°, where it starts out vertical. If we use 0) = 0, the trapeze is just hanging at rest, and we 
expect zero speed, an expectation borne out by our formula. On the other hand, if we use 
Oo = 90°, or cos 8) = cos 90° = 0, we obtain the limiting result [dge , which is the same 
result as a free fall from the ceiling to the bottom of the trapeze swing. Again, this limit is 
as expected, which gives us additional confidence in our solution. 


SOLVED PROBLEM 6.5 ‘Sledding on Mickey Mouse Hill 


PROBLEM 

A boy onasled starts from rest and slides down snow-covered Mickey Mouse Hill, as shown 
in Figure 6.20. Together the boy and sled have a mass of 23.0 kg. Mickey Mouse Hill makes 
an angle 0 = 35.0° with the horizontal. The surface of the hill is 25.0 m long. When the 
boy and the sled reach the bottom of the hill, they continue sliding on a horizontal snow- 
covered field. The coefficient of kinetic friction between the sled and the snow is 0.100. How 
far do the boy and sled move on the horizontal field before stopping? 


SOLUTION 


THINK FIGURE 6.20 A boy sleds down 
The boy and sled start with zero kinetic energy and finish with zero kinetic energy and Mickey Mouse Hill. 


have gravitational potential energy at the top of Mickey Mouse Hill. As boy and sled go 
down the hill, they gain kinetic energy. At the bottom of the hill, their potential energy 
is zero, and they have kinetic energy. However, the boy and sled are continuously losing 
energy to friction. Thus, the change in potential energy will equal the energy lost to fric- 
tion. We must take into account the fact that the friction force will be different when the 
sled is on Mickey Mouse Hill than when it is on the flat field. 


SKETCH 
A sketch of the boy sledding on Mickey Mouse Hill is shown in Figure 6.21. 


(a) 


FIGURE 6.21 (a) Sketch of the sled on Mickey Mouse Hill and on the flat field showing the angle of incline and distances. (b) Free-body 
diagram for the sled on Mickey Mouse Hill. (c) Free-body diagram for the sled on the flat field. 


RESEARCH 

The boy and sled start with zero kinetic energy and finish with zero kinetic energy. We 
call the length of Mickey Mouse Hill d,, and the distance that the boy and sled travel on 
the flat field d, as shown in Figure 6.21a. Assuming that the gravitational potential energy 
of the boy and sled is zero at the bottom of the hill, the change in the gravitational poten- 
tial energy from the top of Mickey Mouse Hill to the flat field is 


AU =mgh, 
where m is the mass of the boy and sled together and 
h=d, sino. 
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The force of friction is different on the slope and on the flat field because the normal force 
is different. From Figure 6.21b, the force of friction on Mickey Mouse Hill is 


Fa = Ma Ny = bmg cos. 
From Figure 6.21c, the force of friction on the flat field is 
Fico = Ma No = bang. 


The energy dissipated by friction, Wẹ is equal to the energy dissipated by friction while slid- 
ing on Mickey Mouse Hill, W}, plus the energy dissipated while sliding on the flat field, W3: 


W: =W +W. 
The energy dissipated by friction on Mickey Mouse Hill is 
W = fad 
and the energy dissipated by friction on the flat field is 
W = fio. 


SIMPLIFY 
According to the preceding three equations, the total energy dissipated by friction is given by 


We = fiad + f2. 
Substituting the two expressions for the friction forces into this equation gives us 
W; =( mmg cos ojd, +(pmg)dp. 


The change in potential energy is obtained by combining the equation AU = mgh with the 
expression obtained for the height, h = d; sin 0: 


AU =mgd, sin 6. 


Since the sled is at rest at the top of the hill and at the end of the ride as well, we have AK = 0, 
and so according to equation 6.29, in this case, AU = W;. Now we can equate the change 
in potential energy with the energy dissipated by friction: 


mgd sin = ( bmg cos ojd, + (mmg) d. 


Canceling out mg on both sides and solving for the distance the boy and sled travel on 
the flat field, we get 
d, (sino — Hy COS o) 
d; = 


Hk 
CALCULATE 


Putting in the given numerical values, we get 
F (25.0 m)(sin35.0°— 0.100- cos35.0°) 
2 0.100 


=122.9153 m. 


ROUND 
All of the numerical values were specified to three significant figures, so we report our 
answer as 

d, =123. m. 


DOUBLE-CHECK 
The distance that the sled moves on the flat field is a little longer than a football field, 
which certainly seems possible after coming off a steep hill of length 25 m. 

We can double-check our answer by assuming that the friction force between the sled 
and the snow is the same on Mickey Mouse Hill as it is on the flat field, 


fe = Pang. 


The change in potential energy would then equal the approximate energy dissipated by 
friction for the entire distance the sled moves: 


med, sin @ = mmg(d +d). 


The approximate distance traveled on the flat field would then be 


118. m 


_ d,(sind—p,,) _ (25.0 m)(sin35.0°-0.100) _ 
h ux 0.100 


This result is close to but less than our answer of 123 m, which we expect because the fric- 
tion force on the flat field is higher than the friction force on Mickey Mouse Hill. Thus, 
our answer seems reasonable. 


The concepts of power introduced in Chapter 5 can be combined with the conservation 
of mechanical energy to obtain some interesting insight into electrical power generation 
from the conversion of gravitational potential energy. 


SOLVED PROBLEM 6.6 | Power Produced by Niagara Falls 


PROBLEM 

Niagara Falls pours an average of 5520 m’ of water over a drop of 49.0 m every second. If 
all the potential energy of that water could be converted to electrical energy, how much 
electrical power could Niagara Falls generate? 


SOLUTION 


THINK 

The mass of one cubic meter of water is 1000 kg. The work done by the falling water is 
equal to the change in its gravitational potential energy. The average power is the work 
per unit time. 


SKETCH 
A sketch of a vertical coordinate axis is superimposed on a photo of Niagara Falls in 
Figure 6.22. 


RESEARCH 
The average power is given by the work per unit time: 


The work that is done by the water going over Niagara Falls is equal to the change in 
gravitational potential energy, 


AU=W. 


The change in gravitational potential energy of a given mass m of water falling a distance 
his given by 


AU =mgh. 


SIMPLIFY 
We can combine the preceding three equations to obtain 


pa meh [yp 
t t t 
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FIGURE 6.22 Niagara Falls, showing 
an elevation of h for the drop of the 
water going over the falls. 
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CALCULATE 
We first calculate the mass of water moving over the falls per unit time from the given 
volume of water per unit time, using the density of water: 


3 
m h m [e kg 
t S m? 


=5,52-10° kg/s. 


The average power is then 


P= (5.52 -10° kg/s)(9.81 m/s?) (49.0 m) = 2653.4088 MW. 


ROUND 
We round to three significant figures: 


P =2.65 GW. 


DOUBLE-CHECK 

Our result is comparable to the output of large electrical power plants, on the order 
of 1000 MW (1GW). The combined power generation capability of all of the hydro- 
electric power stations at Niagara Falls has a peak of 4.4 GW during the high water 
season in the spring, which is close to our answer. However, you may ask how the wa- 
ter produces power by simply falling over Niagara Falls. The answer is that it doesn't. 
Instead, a large fraction of the water of the Niagara River is diverted upstream from 
the falls and sent through tunnels, where it drives power generators. The water that 
makes it across the falls during the daytime and in the summer tourist season is only 
about 50% of the flow of the Niagara River. This flow is reduced even further, down 
to 10%, and more water is diverted for power generation during the nighttime and 


in the winter. 


} 


a 


MULTIPLE-CHOICE QUESTIONS 


| 6.1 A block of mass 5.0 kg slides without friction at a speed 
of 8.0 m/s on a horizontal table surface until it strikes and 
sticks to a mass of 4.0 kg attached to a horizontal spring 
(with spring constant of k = 2000.0 N/m), which in turn is 
attached to a wall. How far is the spring compressed before 
the masses come to rest? 


a) 0.40 m c) 0.30m e) 0.67 m 
b) 0.54m d) 0.020 m 


6.2 A pendulum swings in a vertical plane. At the bottom 
of the swing, the kinetic energy is 8 J and the gravitational 
potential energy is 4 J. At the highest position of its swing, 
the kinetic and gravitational potential energies are 

a) kinetic energy = 0 J and gravitational potential 
energy = 4J. 

b) kinetic energy = 12 J and gravitational potential 
energy = 0J. 

c) kinetic energy = 0 J and gravitational potential 
energy = 12 J. 

d) kinetic energy = 4 J and gravitational potential 
energy = 8 J. 

e) kinetic energy = 8 J and gravitational potential 
energy = 4 J. 


6.3 A ball of mass 0.5 kg is 
released from rest at point A, 
which is 5 m above the bottom 
of a tank of oil, as shown in 
the figure. At B, which is 2 m 
above the bottom of the tank, 
the ball has a speed of 6 m/s. 
The work done on the ball by 
the force of fluid friction is 


a) +15 J. c) -15J. e) -5.7 J. 
b) +9). d) -9 J. 


6.4 A child throws three identical marbles from the same 
height above the ground so that they land on the flat roof of 
a building. The marbles are launched with the same initial 
speed. The first marble, marble A, is thrown at an angle of 
75° above horizontal, while marbles B and C are thrown 
with launch angles of 60° and 45°, respectively. Neglecting 
air resistance, rank the marbles according to the speeds with 
which they hit the roof. 


a) A<B<C d) Bhas the highest speed; A 
b)C<B<A and C have the same speed. 

c) A and C have the same e) A, B, and C all hit the roof 
speed; B has a lower speed. with the same speed. 


6.5 Which of the following is not a valid potential energy 
function for the spring force F = -kx? 
a) (4)kx’ c) ke?’ -10J 

b) (4)kx*+10J d) -k 

6.6 You use your hand to stretch a spring to a displacement 

x from its equilibrium position and then slowly bring it back 
to that position. Which is true? 


e) None ofthe 
above is valid. 


a) The springs AU is positive. 

b) The spring’s AU is negative. 

c) The hand’s AU is positive. 

d) The hand’s AU is negative. 

e) None of the above statements is true. 


QUESTIONS 


6.10 Can the kinetic energy of an object be negative? Can 
the potential energy of an object be negative? 


6.11 a) If you jump off a table onto the floor, is your me- 
chanical energy conserved? If not, where does it go? b) A car 
moving down the road smashes into a tree. Is the mechani- 
cal energy of the car conserved? If not, where does it go? 


6.12 How much work do you do when you hold a bag of 
groceries while standing still? How much work do you do 
when carrying the same bag a distance d across the parking 
lot of the grocery store? 


6.13 An arrow is placed on a bow, the bowstring is pulled 
back, and the arrow is shot straight up into the air; the 
arrow then comes back down and sticks into the ground. 
Describe all of the changes in work and energy that occur. 


6.14 Two identical billiard balls start at the same height and 
the same time and roll along different tracks, as shown in 
the figure. 

a) Which ball has the highest speed at the end? 

b) Which one will get to the end first? 


A 


End 


6.15 A girl of mass 49.0 kg is on a swing, which has a mass 
of 1.0 kg. Suppose you pull her back until her center of 
mass is 2.0 m above the ground. Then you let her go, and 
she swings out and returns to the same point. Are all forces 
acting on the girl and swing conservative? 
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6.7 In question 6, what is the work done by the hand? 


a) -(4)kx? d) zero 

b) +(2)ke? e) none of 
c) (4)mv’, where v is the speed the above 
of the hand 


6.8 Which of the following is not a unit of energy? 
c) kilowatt-hour e) all of the 
d) kg m/ s? above 


a) newton-meter 
b) joule 


6.9 A spring has a spring constant of 80 N/m. How much 
potential energy does it store when stretched by 1.0 cm? 


a) 4.0-10°J c) 80J e) 0.8J 
b) 0.40 J d) 800J 


6.16 Can a potential energy function be defined for the 
force of friction? 


6.17 Can the potential energy of a spring be negative? 


6.18 One end of a rubber band is tied down and you pull 
on the other end to trace a complicated closed trajectory. 
If you were to measure the elastic force F at every point 
and took its scalar product with the local displacements, 
FA, and then summed all of these, what would you get? 


6.19 Can a unique potential energy function be identified 
with a particular conservative force? 


6.20 In skydiving, the vertical velocity component of the 
skydiver is typically zero at the moment he or she leaves 
the plane; the vertical component of the velocity then 
increases until the skydiver reaches terminal speed (see 
Chapter 4). Let’s make a simplified model of this motion. 
We assume that the horizontal velocity component is zero. 
The vertical velocity component increases linearly, with 
acceleration a, = -g, until the skydiver reaches terminal 
velocity, after which it stays constant. Thus, our simplified 
model assumes free fall without air resistance followed 

by falling at constant speed. Sketch the kinetic energy, 
potential energy, and total energy as a function of time for 
this model. 


6.21 A projectile of mass m is launched from the ground at 
t = 0 with a speed vy and at an angle 6) above the horizontal. 
Assuming that air resistance is negligible, write the kinetic, 
potential, and total energies of the projectile as explicit func- 
tions of time. 


6.22 The energy height, H, of an aircraft of mass m at 
altitude h and with speed v is defined as its total energy 
(with the zero of the potential energy taken at ground level) 
divided by its weight. Thus, the energy height is a quantity 
with units of length. 


a) Derive an expression for the energy height, H, in terms 
of the quantities m, h, and v. 
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b) A Boeing 747 jet with mass 3.5- 10° kg is cruising in level 
flight at 250.0 m/s at an altitude of 10.0 km. Calculate the 
value of its energy height. 


Note: The energy height is the maximum altitude an air- 
craft can reach by “zooming” (pulling into a vertical climb 
without changing the engine thrust). This maneuver is not 
recommended for a 747, however. 


6.23 A body of mass m moves in one dimension under the 
influence of a force, F(x), which depends only on the body’s 
position. 


a) Prove that Newtons Second Law and the law of 
conservation of energy for this body are exactly equivalent. 
b) Explain, then, why the law of conservation of energy 

is considered to be of greater significance than Newton's 
Second Law. 

6.24 The molecular bonding in a diatomic molecule such as 
the nitrogen (N,) molecule can be modeled by the Lennard- 
Jones potential, which has the form 


U(x) =4U, k 
x 


where x is the separation distance between the two nuclei 
and xo and U) are constants. Determine, in terms of these 
constants, the following: 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 6.1 


6.27 What is the gravitational potential energy of a 2.0-kg 
book 1.5 m above the floor? 


6.28 a) If the gravitational potential energy of a 40.0-kg 
rock is 500. J relative to a value of zero on the ground, how 
high is the rock above the ground? 


b) Ifthe rock were lifted to twice its original height, how 
would the value of its gravitational potential energy change? 


6.29 A rock of mass 0.773 kg is hanging from a string of 
length 2.45 m on the Moon, where the gravitational ac- 
celeration is a sixth of that on Earth. What is the change in 
gravitational potential energy of this rock when it is moved 
so that the angle of the string changes from 3.31° to 14.01°? 
(Both angles are measured relative to the vertical.) 


6.30 A 20.0-kg child is on a swing attached to ropes that are 
L = 1.50 m long. Take the zero of the gravitational potential 
energy to be at the position of the child when the ropes are 
horizontal. 


a) Determine the child's gravitational potential energy when 
the child is at the lowest point of the circular trajectory. 


b) Determine the child’s gravitational potential energy 
when the ropes make an angle of 45.0° relative to the vertical. 


a) the corresponding force function; 

b) the equilibrium separation xo, which is the value of x for 
which the two atoms experience zero force from each other; and 
c) the nature of the interaction (repulsive or attractive) for 
separations larger and smaller than xp. 


6.25 A particle of mass m moving in the xy-plane is con- 
fined by a two-dimensional potential function, 

U(x, y) = +k? + y’). 

a) Derive an expression for the net force, F = F.x + F, 9. 

b) Find the equilibrium point on the xy-plane. 

c) Describe qualitatively the effect of net force. 

d) What is the magnitude of the net force on the particle at the 
coordinate (3.00,4.00) in cm if k = 10.0 N/cm? 

e) What are the turning points if the particle has 10.0 J of 
total mechanical energy? 


6.26 For a rock dropped from rest from a height h, to 
calculate the speed just before it hits the ground, we use the 
conservation of mechanical energy and write mgh = mv’. 
The mass cancels out, and we solve for v. A very common error 
made by some beginning physics students is to assume, based 
on the appearance of this equation, that they should set the 
kinetic energy equal to the potential energy at the same point 
in space. For example, to calculate the speed v, of the rock at 
some height y, < h, they often write mgy, = +mv; and solve for 
v,. Explain why this approach is wrong. 


c) Based on these results, which position has the higher 
potential energy? 


Section 6.3 


6.31 A 1.50-10°-kg car travels 2.50 km up an incline at con- 
stant velocity. The incline has an angle of 3.00° with respect 
to the horizontal. What is the change in the car’s potential 
energy? What is the net work done on the car? 


6.32 A constant force of 40.0 N is needed to keep a car 
traveling at constant speed as it moves 5.0 km along a 
road. How much work is done? Is the work done on or by 
the car? 

6.33 A piñata of mass 3.27 kg is attached to a string tied to a 
hook in the ceiling. The length of the string is 0.81 m, and the 
piñata is released from rest from an initial position in which 
the string makes an angle of 56.5° with the vertical. What is 
the work done by gravity by the time the string is in a vertical 
position for the first time? 


Section 6.4 

°6.34 A particle is moving along the x-axis subject to the 
potential energy function U(x) = 1/x+x° +x- 1. 

a) Express the force felt by the particle as a function of x. 

b) Plot this force and the potential energy function. 


c) Determine the net force on the particle at the coordinate 
x = 2.00 m. 


6.35 Calculate the force F(y) associated with each of the fol- 
lowing potential energies: 


a) U=ay -by b) U=Upsin (cy) 
°6.36 The potential energy of a certain particle is given by 
U = 10x’ + 352°. Find the force vector exerted on the particle. 


Section 6.5 


6.37 A ball is thrown up in the air, reaching a height of 5.00 m. 
Using energy conservation considerations, determine its initial 
speed. 


6.38 A cannonball of mass 5.99 kg is shot from a cannon at 
an angle of 50.21° relative to the horizontal and with an initial 
speed of 52.61 m/s. As the cannonball reaches the highest 
point of its trajectory, what is the gain in its potential energy 
relative to the point from which it was shot? 


6.39 A basketball of mass 0.624 kg is shot from a vertical 
height of 1.2 m and at a speed of 20.0 m/s. After reaching its 
maximum height, the ball moves into the hoop on its down- 
ward path, at 3.05 m above the ground. Using the principle of 
energy conservation, determine how fast the ball is moving 
just before it enters the hoop. 


°6.40 A classmate throws a 1.0-kg book from a height of 1.0 m 
above the ground straight up into the air. The book reaches a 
maximum height of 3.0 m above the ground and begins to fall 
back. Assume that 1.0 m above the ground is the reference level 
for zero gravitational potential energy. Determine 


a) the gravitational potential energy of the book when it hits 
the ground. 


b) the velocity of the book just before hitting the ground. 


+6.41 Suppose you throw a 0.052-kg ball with a speed of 
10.0 m/s and at an angle of 30.0° above the horizontal from a 
building 12.0 m high. 


a) What will be its kinetic energy when it hits the ground? 
b) What will be its speed when it hits the ground? 


°6.42 A uniform chain of total mass m is laid out straight on 
a frictionless table and held stationary so that one-third of its 
length, L = 1.00 m, is hanging vertically over the edge of the 
table. The chain is then released. Determine the speed of the 
chain at the instant when only one-third of its length remains 
on the table. 


°6.43 a) If you are at the top of a toboggan run that is 40.0 m 
high, how fast will you be going at the bottom, provided you 
can ignore friction between the sled and the track? 

b) Does the steepness of the run affect how fast you will be 
going at the bottom? 


c) If you do not ignore the small friction force, does the 
steepness of the track affect the value of the speed at the bottom? 


Section 6.6 

6.44 A block of mass 0.773 kg on a spring with spring con- 
stant 239.5 N/m oscillates vertically with amplitude 0.551 m. 
What is the speed of this block at a distance of 0.331 m from 
the equilibrium position? 


Problems 201 


6.45 A spring with k = 10.0 N/cm is initially stretched 
1.00 cm from its equilibrium length. 


a) How much more energy is needed to further stretch the 
spring to 5.00 cm beyond its equilibrium length? 

b) From this new position, how much energy is needed to 
compress the spring to 5.00 cm shorter than its equilibrium 
position? 

°6.46 A 5.00-kg ball of clay is thrown downward from a height 
of 3.00 m with a speed of 5.00 m/s onto a spring with k = 
1600. N/m. The clay compresses the spring a certain maximum 
amount before momentarily stopping. 


a) Find the maximum compression of the spring. 


b) Find the total work done on the clay during the spring’s 
compression. 


°6.47 A horizontal slingshot consists of two light, identical 
springs (with spring constants of 30.0 N/m) and a light cup 
that holds a 1.00-kg stone. Each spring has an equilibrium 
length of 50.0 cm. When the springs are in equilibrium, they 
line up vertically. Suppose that 


Ww A the cup containing the mass is 

KY pulled to x = 70.0 cm to the left 

ws 05m of the vertical and then released. 
u i ___ġ4_ Determine 
F x=0.7m! A ; f 
t ! a) the system's total mechanical 
“py A ! 0.5 m energy. 
“Ys 
Wy} | b) the speed of the stone at 
x=0. 


6.48 Suppose the stone in Problem 6.47 is instead launched 
vertically and the mass is a lot smaller (m = 0.100 kg). Take 
the zero of the gravitational potential energy to be at the 
equilibrium point. 

a) Determine the total mechanical energy of the system. 

b) How fast is the stone moving as it passes the equilibrium 
point? 


Section 6.7 


6.49 A 80.0-kg fireman slides down a 3.00-m pole by ap- 
plying a frictional force of 400. N against the pole with his 
hands. If he slides from rest, how fast is he moving once he 
reaches the ground? 


6.50 A large air-filled 0.100-kg plastic ball is thrown up into 
the air with an initial speed of 10.0 m/s. At a height of 3.00 m, 
the ball’s speed is 3.00 m/s. What fraction of its original en- 
ergy has been lost to air friction? 


6.51 How much mechanical energy is lost to friction if a 
55.0-kg skier slides down a ski slope at constant speed of 
14.4 m/s? The slope is 123.5 m long and makes an angle of 
14.7° with respect to the horizontal. 


+6.52 A truck of mass 10,212 kg moving at a speed of 61.2 mph 
has lost its brakes. Fortunately, the driver finds a 
runaway lane, a gravel-covered incline that 

uses friction to stop a truck in such 
a situation; see the figure. 
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In this case, the incline makes an angle of 0 = 40.15° with the 
horizontal, and the gravel has a coefficient of friction of 0.634 
with the tires of the truck. How far along the incline (Ax) does 
the truck travel before it stops? 


°6.53 A snowboarder of mass 70.1 kg (including gear and 
clothing), starting with a speed of 5.1 m/s, slides down a 
slope at an angle 0 = 37.1° with the horizontal. The coefficient 
of kinetic friction is 0.116. What is the net work done on the 
snowboarder in the first 5.72 s of descent? 


°6.54 The greenskeepers of golf courses use a stimpmeter 
to determine how “fast” their greens are. A stimpmeter 

is a straight aluminum bar with a V-shaped groove on which 
a golf ball can roll. It is designed to release the golf ball once 
the angle of the bar with the ground reaches a value of 

0 = 20.0°. The golf ball (mass = 1.62 oz = 0.0459 kg) 

rolls 30.0 in down the bar and then continues to roll 

along the green for several feet. This distance is called the 
“reading.” The test is done on a level part of the green, and 
stimpmeter readings between 7 and 12 ft are considered 
acceptable. For a stimpmeter reading of 11.1 ft, what is the 
coefficient of friction between the ball and the green? (The 
ball is rolling and not sliding, as we usually assume when 
considering friction, but this does not change the result in 
this case.) 


°6.55 A 1.00-kg block is pushed up and down a rough 
plank of length L = 2.00 m, inclined at 30.0° above the 
horizontal. From the bottom, it is pushed a distance L/2 up 
the plank, then pushed back down a distance L/4, and finally 
pushed back up the plank until it reaches the top end. If the 
coefficient of kinetic friction between the block and plank is 
0.300, determine the work done by the block against friction. 


¢e6.56 A 1.00-kg block initially at rest at the top of a 4.00-m 
incline with a slope of 45.0° begins to slide down the incline. 
The upper half of the incline is frictionless, while the lower 

half is rough, with a coefficient of kinetic friction uy = 0.300. 


a) How fast is the block moving midway along the incline, 
before entering the rough section? 

b) How fast is the block moving at the bottom of the 
incline? 

¢e6.57 A spring with a spring constant of 500. N/m is used 
to propel a 0.500-kg mass up an inclined plane. The spring 
is compressed 30.0 cm from its equilibrium position and 
launches the mass from rest across a horizontal surface 
and onto the plane. The plane has a length of 4.00 m and is 
inclined at 30.0°. Both the plane and the horizontal surface 
have a coefficient of kinetic friction with the mass of 0.350. 
When the spring is compressed, the mass is 1.50 m from the 
bottom of the plane. 


a) What is the speed of the mass as it reaches the bottom of 
the plane? 


b) What is the speed of the mass as it reaches the top of the 
plane? 

c) What is the total work done by friction from the 
beginning to the end of the mass’s motion? 


k = 500. N/m 
x = 30.0 cm 
u, = 0.350 00 


1:50 E 


ee6.58 The sled shown in the figure leaves the starting point 
with a velocity of 20.0 m/s. Use the work-energy theorem to 
calculate the sled’s speed at the end of the track or the maxi- 
mum height it reaches if it stops before reaching the end. 


N m = 20.0 kg 
AU u= 0.250 
Yo = 20.0 m/s 200. J lost to 
friction on circle 


30.0 m 


Section 6.8 


°6.59 On the segment of 
roller coaster track shown 
in the figure, a cart of 
mass 237.5 kg starts at 

x = 0 with a speed of 

16.5 m/s. Assuming that 
dissipation of energy 

due to friction is small x(m) 
enough to be ignored, 

where is the turning point of 

this trajectory? 


°6.60 A 70.0-kg skier moving horizontally at 4.50 m/s 
encounters a 20.0° incline. 


y(m) 


i i | i i Ly 
0 5 10 15 20 25 30 35 40 


a) How far up the incline will the skier move before she 
momentarily stops, ignoring friction? 

b) How far up the incline will the skier move if the 
coefficient of kinetic friction between the skies and snow 
is 0.100? 

°6.61 A 0.200-kg particle is moving along the x-axis, subject 
to the potential energy function shown in the figure, where 
U, = 50.0 J, Uz = 0 J, Uc = 25.0 J, Up = 10.0 J, and U; = 60.0 J 
along the path. If the particle was initially at x = 4.00 m and 
had a total mechanical energy of 40.0 J, determine: 


a) the particle’s speed at x = 3.00 m; 


b) the particle’s speed at x = 4.50 m, and 


c) the particle’s turning points. 
U(x) 


Additional Problems 


6.62 A ball of mass 1.84 kg is dropped from a height y, = 

1.49 m and then bounces back up to a height of y, = 0.87 m. 
How much mechanical energy is lost in the bounce? The effect 
of air resistance has been experimentally found to be negli- 
gible in this case, and you can ignore it. 


6.63 A car of mass 987 kg is traveling on a horizontal seg- 
ment of a freeway with a speed of 64.5 mph. Suddenly, the 
driver has to hit the brakes hard to try to avoid an accident 
up ahead. The car does not have an ABS (antilock braking 
system), and the wheels lock, causing the car to slide some 
distance before it is brought to a stop by the friction force 
between the car's tires and the road surface. The coefficient of 
kinetic friction is 0.301. How much mechanical energy is lost 
to heat in this process? 


6.64 Two masses are con- 
nected by a light string that ©) 
goes over a light, frictionless i 
pulley, as shown in the figure. 
The 10.0-kg mass is released and 
falls through a vertical distance m; = 10.0 kg 
of 1.00 m before hitting the 


ground. Use conservation of 
mechanical energy to determine: 


a) how fast the 5.00-kg mass is 
moving just before the 10.0-kg mass hits the ground; and 


m, = 5.0 kg 


b) the maximum height attained by the 5.00-kg mass. 


6.65 In 1896 in Waco, Texas, William George Crush, owner 
of the K-T (or “Katy”) Railroad, parked two locomotives 

at opposite ends of a 6.4-km-long track, fired them up, tied 
their throttles open, and then allowed them to crash head-on 
at full speed in front of 30,000 spectators. Hundreds of people 
were hurt by flying debris; several were killed. Assuming that 
each locomotive weighed 1.2-10° N and its acceleration along 
the track was a constant 0.26 m/s”, what was the total kinetic 
energy of the two locomotives just before the collision? 


6.66 A baseball pitcher can throw a 5.00-oz baseball with a 
speed measured by a radar gun to be 90.0 mph. Assuming 
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that the force exerted by the pitcher on the ball acts over a 
distance of two arm lengths, each 28.0 in, what is the average 
force exerted by the pitcher on the ball? 


6.67 A 1.50-kg soccer ball has a speed of 20.0 m/s when it is 
15.0 m above the ground. What is the total energy of the ball? 


6.68 If it takes an average force of 5.5 N to push a 4.5-g dart 
6.0 cm into a dart gun, assuming the barrel is frictionless, 
how fast will the dart exit the gun? 


6.69 A high jumper approaches the bar at 9.0 m/s. What is 
the highest altitude the jumper can reach, if he does not use 
any additional push off the ground and is moving at 7.0 m/s 
as he goes over the bar? 


6.70 A roller coaster is moving at 2.00 m/s at the top of the 
first hill (h = 40.0 m). Ignoring friction and air resistance, 
how fast will the roller coaster be moving at the top of a 
subsequent hill, which is 15.0 m high? 


6.71 You are on a swing with a chain 4.0 m long. If your 
maximum displacement from the vertical is 35°, how fast 
will you be moving at the bottom of the arc? 


6.72 A truck is descending a winding mountain road. When 
the truck is 680 m above sea level and traveling at 15 m/s, 

its brakes fail. What is the maximum possible speed of the 
truck at the foot of the mountain, 550 m above sea level? 


6.73 Tarzan swings on a taut vine from his tree house to a 
limb on a neighboring tree, which is located a horizontal 
distance of 10.0 m from and 4.00 m below his starting point. 
Amazingly the vine neither stretches nor breaks; Tarzan’s 
trajectory is thus a portion of a circle. If Tarzan starts with 
zero speed, what is his speed when he reaches the limb? 


6.74 The graph shows the component (F cos 0) of the net 
force that acts on a 2.0-kg block as it moves along a flat 
horizontal surface. Find 


a) the net work done on the block. 
b) the final speed of the block if it starts from rest at s = 0. 
A 


3.04- 


2.0 


m 
=) 


F cos 6 (N) 


2 
o 


>s(m) 


l 
= 
© 


-2.0 


•6.75_ A 3.00-kg model rocket is launched vertically upward 
with sufficient initial speed to reach a height of 1.00 - 10° m, 
even though air resistance (a nonconservative force) per- 
forms -8.00 - 10? J of work on the rocket. How high would 
the rocket have gone, if there were no air resistance? 


+6.76 A 0.500-kg mass is attached to a horizontal spring 
with k = 100. N/m. The mass slides across a frictionless sur- 
face. The spring is stretched 25.0 cm from equilibrium, and 


then the mass is released from rest. re ae 
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a) Find the mechanical energy of the system. 
b) Find the speed of the mass when it has moved 5.00 cm. 
c) Find the maximum speed of the mass. 


°6.77 You have decided to move a refrigerator (mass = 81.3 kg, 
including all the contents) to the other side of the room. You 
slide it across the floor on a straight path of length 6.35 m, 
and the coefficient of kinetic friction between floor and fridge 
is 0.437. Happy about your accomplishment, you leave the 
apartment. Your roommate comes home, wonders why the 
fridge is on the other side of the room, picks it up (you have a 
strong roommate!), carries it back to where it was originally, 
and puts it down. How much net mechanical work have the 
two of you done together? 


°6.78 A 1.00-kg block compresses a spring for which k = 
100. N/m by 20.0 cm and is then released to move across a 
horizontal, frictionless table, where it hits and compresses 
another spring, for which k = 50.0 N/m. Determine 

a) the total mechanical energy of the system, 

b) the speed of the mass while moving freely between 
springs, and 

c) the maximum compression of the second spring. 


°6.79 A 1.00-kg block is resting against a light, compressed 
spring at the bottom of a rough plane inclined at an angle of 
30.0°; the coefficient of kinetic friction between block and 
plane is u= 0.100. Suppose the spring is compressed 10.0 cm 
from its equilibrium length. The spring is then released, and 
the block separates from the spring and slides up the incline 
a distance of only 2.00 cm beyond the spring’s normal 
length before it stops. Determine 

a) the change in total mechanical energy of the system and 
b) the spring constant k. 

6.80 A 0.100-kg ball is dropped from a height of 1.00 m and 
lands on a light (approximately massless) cup mounted on top 
of a light, vertical spring initially at its equilibrium position. 
The maximum compression of the spring is to be 10.0 cm. 

a) What is the required spring constant of the spring? 

b) Suppose you ignore the change in the gravitational 
energy of the ball during the 10-cm compression. What 

is the percentage difference between the calculated spring 
constant for this case and the answer obtained in part (a)? 


°6.81 A mass of 1.00 kg attached to a spring with a spring 
constant of 100. N/m oscillates horizontally on a smooth 
frictionless table with an amplitude of 0.500 m. When the 
mass is 0.250 m away from equilibrium, determine: 

a) its total mechanical energy; 

b) the system's potential energy and the mass's kinetic energy; 
c) the mass’ kinetic energy when it is at the equilibrium point. 
d) Suppose there was friction between the mass and the table 
so that the amplitude was cut in half after some time. By what 
factor has the mass’s maximum kinetic energy changed? 


e) By what factor has the maximum potential energy changed? 


6.82 Bolo, the human cannonball, is ejected from a 3.50 m 
long barrel. If Bolo (m = 80.0 kg) has a speed of 12.0 m/s at 


the top of his trajectory, 15.0 m above the ground, what was 
the average force exerted on him while in the barrel? 


°6.83 A 1.00-kg mass is suspended vertically from a spring 
with k = 100. N/m and oscillates with an amplitude of 0.200 m. 
At the top of its oscillation, the mass is hit in such a way that 
it instantaneously moves down with a speed of 1.00 m/s. 
Determine 


a) its total mechanical energy, 

b) how fast it is moving as it crosses the equilibrium point, 
and 

c) its new amplitude. 


6.84 A runner reaches the top of a hill with a speed of 6.50 m/s. 
He descends 50.0 m and then ascends 28.0 m to the top of the 
next hill. His speed is now 4.50 m/s. The runner has a mass of 
83.0 kg. The total distance that the runner covers is 400. m, 
and there is a constant resistance to motion of 9.00 N. Use 
energy considerations to find the work done by the runner 
over the total distance. 


°6.85 A package is dropped on a horizontal conveyor belt. 
The mass of the package is m, the speed of the conveyor belt 
is v, and the coefficient of kinetic friction between the pack- 
age and the belt is uy. 


a) How long does it take for the package to stop sliding on 
the belt? 

b) What is the package's displacement during this time? 

c) What is the energy dissipated by friction? 

d) What is the total work supplied by the system? 


°6.86 A father exerts a 2.40- 10° N force to pull a sled with his 
daughter on it (combined mass of 85.0 kg) across a horizontal 
surface. The rope with which he pulls the sled makes an angle 
of 20.0° with the horizontal. The coefficient of kinetic friction 
is 0.200, and the sled moves a distance of 8.00 m. Find 


a) the work done by the father, 
b) the work done by the friction force, and 
c) the total work done by all the forces. 


°6.87 A variable force acting ona 0.100-kg y 

particle moving in the xy-plane is given 

by F(x, y) = (x£ +y f)N,wherexand p s 

y are in meters. Suppose that due to this 

force, the particle moves from the origin, 

O, to point S, with coordinates (10.0 m, 

10.0 m). The coordinates of points P and o Q 

Q are (0 m,10.0 m) and (10.0 m,0 m), 

respectively. Determine the work performed by the force as 
the particle moves along each of the following paths: 


a) OPS c) OS e) OQSPO 

b) OQS d) OPSQO 

+6.88 In problem 6.87, suppose there was friction between 
the 0.100-kg particle and the xy-plane, with ju, = 0.100. 
Determine the net work done by all forces on this particle 
when it takes each of the following paths: 


a) OPS c) OS 
b) OQS d) OPSQO 


e) OQSPO 
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Chapter 7 Momentum and Collisions 


WHAT WE WILL LEARN 
” 


The momentum of an object is the product of its 
velocity and mass. Momentum is a vector quantity 
and points in the same direction as the velocity 
vector. 


Newton's Second Law can be phrased more 
generally as follows: The net force on an 
object equals the time derivative of the object's 
momentum. 


A change of momentum, called impulse, is the 
time integral of the net force that causes the 
momentum change. 


In all collisions, the momentum is conserved. 


Besides conservation of momentum, elastic 
collisions also have the property that the total 
kinetic energy is conserved. 


In totally inelastic collisions, the maximum amount 
of kinetic energy is removed, and the colliding 
objects stick to each other. Total kinetic energy is 
not conserved, but momentum is. 


Collisions that are neither elastic nor totally 
inelastic are partially inelastic, and the change in 
kinetic energy is proportional to the square of the 
coefficient of restitution. 


The physics of collisions has a direct connection to 


the research frontier of chaos science. 


Supertankers for transporting oil around the world are the largest ships ever built (Figure 7.1). 
They can have a mass (including cargo) of up to 650,000 tons and carry over 2 million 
barrels (84 million gallons = 318 million liters) of oil. However, their large size creates 
practical problems. Supertankers are too big to enter most shipping ports and have to stop 
at offshore platforms to offload their oil. In addition, piloting a ship of this size is extremely 
difficult. For example, when the captain gives the order to reverse engines and come to a 
stop, the ship can continue to move forward for more than 3 miles! 

The physical quantity that makes a large moving object difficult to stop is momentum, 
the subject of this chapter. Momentum is a fundamental property associated with an object’s 
motion, similar to kinetic energy. Moreover, both momentum and energy are subjects of 
important conservation laws in physics. However, momentum is a vector quantity, whereas 
energy is a scalar. Thus, working with momentum requires taking account of angles and 
components, as we did for force in Chapter 4. 

The importance of momentum becomes most evident when we deal with collisions 
between two or more objects. In this chapter, we examine various collisions in one and two 
dimensions. In later chapters, we will make use of conservation of momentum in many dif- 
ferent situations on vastly different scales—from bursts of elementary particles to collisions 
of galaxies. 


7.1 Linear Momentum 


For the terms force, position, velocity, and acceleration, the precise physical definitions are quite 
close to the words’ usage in everyday language. With the term momentum, the situation is 
more analogous to that of energy, for which there is only a vague connection between con- 
versational use and precise physical meaning. You sometimes hear that the campaign of a 
particular political candidate gains momentum or that legislation gains momentum in Con- 
gress. Often, sports teams or individual players are said to gain or lose momentum. What 
these statements imply is that the objects said to gain momentum have become harder to stop. 
However, Figure 7.2 shows that even objects with large momentum can be stopped! 


Definition of Momentum 
In physics, momentum is defined as the product of an object’s mass and its velocity: 


p=m. (7.1) 
As you can see, the lowercase letter p is the symbol for linear momentum. The velocity ¥ is 


a vector and is multiplied by a scalar quantity, the mass m. The product is thus a vector as 
well. The momentum vector, p, and the velocity vector, ¥, are parallel to each other; that is, 
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n= i 


FIGURE 7.2 Rocket-sled crash test of a fighter plane. Tests like these can be used to improve the design of critical structures such as nuclear 
reactors so they can withstand the impact of a plane crash. 


they point in the same direction. As a simple consequence of equation 7.1, the magnitude 
of the momentum is 
p=m. 


The momentum is also referred to as linear momentum to distinguish it from angular 
momentum, a concept we will study in Chapter 10 on rotation. The units of momentum are 
kg m/s. Unlike the unit for energy, the unit for momentum does not have a special name. 
The magnitude of momentum spans a large range. Momenta of various objects, from a sub- 
atomic particle to a planet orbiting the Sun, are given in Table 7.1. 


Momentum and Force 


Let’s take the time derivative of equation 7.1. We use the product rule of differentiation 
to obtain 


d- d dv dm. 
mv)=m t v. 
dt dt dt 


For now, we assume that the mass of the object does not change, and therefore the second 
term is zero. Because the time derivative of the velocity is the acceleration, we have 


fa ge =ma =F, 


ae at 


according to Newton's Second Law. The relationship 


F=—p (7.2) 


is an equivalent form of Newton's Second Law. This form is more general than F =ma 
because it also holds in cases where the mass is not constant in time. This distinction will 
become important when we examine rocket motion in Chapter 8. Because equation 7.2 is a 
vector equation, we can also write it in Cartesian components: 


d 
F, dp, ; E= Py ; E dp, F 
dt ? dt dt 


EAEI Momenta of various Objects 
Object Momentum (kg m/s) 
Alpha (æ) particle from ”®U decay 9.53.10” 
90-mph fastball 5.75 
Charging rhinoceros 3-10“ 
Car moving on freeway 5-104 
Supertanker at cruising speed 4-10° 
Moon orbiting Earth 7.58-10° 


Earth orbiting Sun 1.78-10° 
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7.1 In-Class Exercise — 


A typical scene from a Saturday 
afternoon college football game: A 
linebacker of mass 95 kg runs with a 
speed of 7.8 m/s, and a wide receiver 
of mass 74 kg runs with a speed of 
9.6 m/s. We denote the magnitude 
of the momentum and kinetic energy 
of the linebacker by p, and K, re- 
spectively, and the magnitude of the 
momentum and kinetic energy of the 
wide receiver by pọ and K,,. Which set 
of inequalities is correct? 


a) pi> Pw Ki > Ky 
b) pi < Pw Ki > Ky 
€) P> Pw K< Ky 
d) Pi < Pw Ki < Ky 


Momentum and Kinetic Energy 
In Chapter 5, we established the relationship, K= +mv’ (equation 5.1), between the kinetic 
energy K, the speed v, and the mass m. We can use p = mv to obtain 


mv’ mY? p 


2 2m 2m 
This equation gives us an important relationship between kinetic energy, mass, and momentum: 


2 
K- : 
2m 


2 
K= 


(7.3) 


At this point, you may wonder why we need to reformulate the concepts of force and 
kinetic energy in terms of momentum. This reformulation is far more than a mathematical 
game. We will see that momentum is conserved in collisions and disintegrations, and this 
principle will provide an extremely helpful way to find solutions to complicated problems. 
These relationships of momentum with force and kinetic energy will be very useful in work- 
ing such problems. First, though, we need to explore the physics of changing momentum 
in a little more detail. 


\ J 
7.2 Impulse 
The change in momentum is defined as the difference between the final (index f) and initial 
(index i) momenta: 2 L 
Ap = P — Pi- 
To see why this definition is useful, we have to do a bit of math. Let's start by exploring the 
relationship between force and momentum just a little further. We can integrate each compo- 
nent of the equation F = dp / dt over time. For the integral over F, for example, we obtain: 
te te d Prt 
fas f 7 dt= | dp, = Pf -= Pxi = Ap,. 
ti h Pri 
This equation requires some explanation. In the second step, we performed a substitution 
of variables to transform an integration over time into an integration over momentum. 
Figure 7.3a illustrates this relationship: The area under the F,(t) curve is the change in 
momentum, Ap,. We can obtain similar equations for the y- and z-components. 
Combining them into one vector equation yields the following result: 
te te J Pe 
fra=f t= | dp=hr-p = Ap. 
F, dt J 
h A Pi 
F(t) z 
A The time integral of the force is called the impulse, J: 
x = AP t 
t t s = 
A te J= f Fat (7.4) 
(a) i 


(b) 
FIGURE 7.3 (a) The impulse (yellow 
area) is the time integral of the force; 
(b) same impulse resulting from an 
average force. 


This definition immediately gives us the relationship between the impulse and the momen- 


tum change: aw 
J = Ap. (7.5) 
From equation 7.5, we can calculate the momentum change over some time interval, 
if we know the time dependence of the force. If the force is constant or has some form that 
we can integrate, then we can simply evaluate the integral of equation 7.4. However, we can 

also define an average force, 

t 
f Fat 
ti = 


= , 1 ft 1 
Eve = 


f'a te —t, J, At Jt, 
t 


i 


(7.6) 
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This integral gives us 


J = EyeAt. (7.7) 
You may think this transformation is trivial in that it conveys the same information as equa- 
tion 7.5. After all, the integration is still there, hidden in the definition of the average force. 
This is true, but sometimes we are only interested in the average force. Measuring the time 
interval, At, over which a force acts as well as the resulting impulse an object receives tells us 
the average force that the object experiences during that time interval. Figure 7.3b illustrates 
the relationship between the time-averaged force, the momentum change, and the impulse. 


EXAMPLE 7.1 ( Baseball Home Run 


A major league pitcher throws a fastball that crosses home plate with a speed of 90.0 mph 
(40.23 m/s) and an angle of 5.0° below the horizontal. A batter slugs it for a home run, 
launching it with a speed of 110.0 mph (49.17 m/s) at an angle of 35.0° above the hori- 
zontal (Figure 7.4). The mass of a baseball is required to be between 5 and 5.25 oz; let’s say 
that the mass of the ball hit here is 5.10 oz (0.145 kg). 


PROBLEM 1 
What is the magnitude of the impulse the baseball receives from the bat? 


SOLUTION 1 
The impulse is equal to the momentum change of the baseball. Unfortunately, there is no FIGURE 7.4 Baseball being hit by a 
shortcut; we must calculate AV =¥; - V, for the x- and y-components separately, add them bat. Initial (red) and final (blue) mo- 


as vectors, and finally multiply by the mass of the baseball: mentu Veer arS oat Wella TNE mpu 
(green) vector (or change in momentum 


Av, =(49.17 m/s)(cos 35.0°) - (40.23 m/s)(cos185.0°) = 80.35 m/s vector) are shown. 
Av, = (49.17 m/s)(sin35.0°) - (40.23 m/s)(sin185.0°) = 31.71 m/s 


Av= av? + Av, = (30.35? +(31.71Y m/s= 86.38 m/s 
Ap = mAv =(0.145 kg)(86.38 m/s) = 12.5 kg m/s. 


Avoiding a Common Mistake: 


It is tempting to just add the magnitudes of the initial and final momentum vectors, 
because they point approximately in opposite directions. This method would lead to 
AP wrong = (VY, + v2) = 12.96 kg m/s. As you can see, this answer is pretty close to the 
correct one, only about 3% off. It can serve as a first estimate, if you realize that the vectors 
point in almost opposite directions and that, in such a case, vector subtraction implies 
an addition of the two magnitudes. However, to get the correct answer, you have to go 
through the calculations above. 


PROBLEM 2 

High-speed video shows that the ball-bat contact lasts only about 1 ms (0.001 s). Suppose 
for the home run were considering, the contact lasted 1.20 ms. What was the magnitude 
of the average force exerted on the ball by the bat during that time? 


SOLUTION 2 
The force can be calculated by simply using the formula for the impulse: 
Ap =J = At 


= de Ap _12.5kg m/s _ 


e 10.4 KN. 
At  0.00120s 


This force is approximately the same as the weight of an entire baseball team! The = 
collision of the bat and the ball results in significant compression of the baseball, as 


shown in Figure 7.5. FIGURE 7.5 A baseball being com- 


pressed as it is hit by a baseball bat. 
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FIGURE 7.6 Time sequence of a crash test, showing the role of air bags, seat belts, and crumple zones in reducing the forces acting on the 
driver during a crash. The air bag can be seen deploying in the second photograph of the sequence. 


7.2 In-Class Exercise 


If the baseball in Example 7.1 was 
hit so that it had the same speed of 
110 mph after it left the bat but left 
the bat with an angle of 38° above 
the horizontal, the impulse the 
baseball received would have been 


a) bigger. c) the same. 


b) smaller. 


7.1 Self-Test Opportunity 


Can you think of other everyday 
articles that are designed to mini- 
mize the average force for a given 
impulse? 


Some important safety devices, such as air bags and seat belts in cars, make use of equa- 
tion 7.7 relating impulse, average force, and time. If the car you are driving has a collision 
with another vehicle or a stationary object, the impulse—that is, the momentum change of 
your car—is rather large, and it can be delivered over a very short time interval. Equation 7.7 
then results in a very large average force: 


ee 
At 


If no seat belts or air bags were installed in your car, a sudden stop could cause your head 
to hit the windshield and experience the impulse during a very short time of only a few 
milliseconds. This could result in a big average force acting on your head, causing injury or 
even death. Air bags and seat belts are designed to make the time over which the momen- 
tum change occurs as long as possible. Maximizing this time and having the driver’s body 
decelerate in contact with the air bag minimize the force acting on the driver, greatly reduc- 
ing injuries (see Figure 7.6). 


7.3 In-Class Exercise 


Several cars are designed with active crumple zones in the front that get severely damaged during 
head-on collisions. The purpose of this design is to 


a) reduce the impulse experienced by the d) increase the collision time and thus 
driver during the collision. reduce the force acting on the driver. 
b) increase the impulse experienced by the e) make the repair as expensive as possible. 


driver during the collision. 


c) reduce the collision time and thus reduce 
the force acting on the driver. 


7.3 Conservation of Linear Momentum 


Suppose two objects collide with each other. They might then rebound away from each 
other, like two billiard balls on a billiard table. This kind of collision is called an elastic col- 
lision (at least it is approximately elastic, as we will see later). Another example of a collision 
is that of a subcompact car with an 18-wheeler, where the two vehicles stick to each other. 
This kind of collision is called a totally inelastic collision. Before seeing exactly what is 
meant by the terms elastic and inelastic collisions, let’s look at the momenta, p, and p, of 
two objects during a collision. 

We find that the sum of the two momenta after the collision is the same as the sum of 
the two momenta before the collision (index il indicates the initial value for object 1, just 
before the collision, and index f1 indicates the final value for the same object): 


Pa + Peo = Pa + Piz- (7.8) 
This equation is the basic expression of the law of conservation of total momentum, the 
most important result of this chapter and the second conservation law we have encountered 


(the first being the law of conservation of energy in Chapter 6). Let's first go through its 
derivation and then consider its consequences. 


7.3 Conservation of Linear Momentum 


DERIVATION 7.1 j 


During a collision, object 1 exerts a force on object 2. Let’s call this force F_,,. Using the 
definition of impulse and its relationship to the momentum change, we get for the mo- 
mentum change of object 2 during the collision: 


tp 
Ji dt = AP, = Pry - P2- 
A 


Here we neglect external forces; if they exist, they are usually negligible compared to F_,, 
during the collision. The initial and final times are selected to bracket the time of the colli- 
sion process. In addition, the force É, _„, which object 2 exerts on object 1, is also present. 
The same argument as before leads to 


te 
f Bendt=83, = Bn - Av. 
h 


Newton's Third Law (see Chapter 4) tells us that these forces are equal and opposite to each 
other, K =-B_,,, or 


B + Ba =0. 


Integration of this equation results in 


tr te te 
o= fu + _,,)dt = Radt+ f Rodt=Pr - Pa + Pro - Piz- 
t t 


t 


i i i 


Collecting the initial momentum vectors on one side, and the final momentum vectors on 
the other gives us equation 7.8: 


Pri + Pro = Pa + Piz- 


Equation 7.8 expresses the principle of conservation of linear momentum. The sum of 
the final momentum vectors is exactly equal to the sum of the initial momentum vectors. 
Note that this equation does not depend on any particular conditions for the collision. It is 
valid for all two-body collisions, elastic or inelastic. 

You may object that other external forces may be present. In a collision of billiard balls, 
for example, there is a friction force due to each ball rolling or sliding across the table. In a 
collision of two cars, friction acts between the tires and the road. However, what characterizes 
a collision is the occurrence of a very large impulse due to a very large contact force during a 
relatively short time. If you integrate the external forces over the collision time, you obtain only 
very small or moderate impulses. Thus, these external forces can usually be safely neglected 
in calculations of collision dynamics, and we can treat two-body collisions as if only internal 
forces are at work. We will assume we are dealing with an isolated system, which is a system 
with no external forces. 

In addition, the same argument holds if there are more than two objects taking part in 
the collision or if there is no collision at all. As long as the net external force is zero, the total 
momentum of the interaction of objects will be conserved: 


=0 then SP = constant. (7.9) 
k=l 


if Fret 
Equation 7.9 is the general formulation of the law of conservation of momentum. We will 
return to this general formulation in Chapter 8 when we talk about systems of particles. For 
the remainder of this chapter, we consider only idealized cases in which the net external force 
is negligibly small, and thus the total momentum is always conserved in all processes. 
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7.4 Elastic Collisions in One Dimension 
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FIGURE 7.7 Video sequence of a 
collision between two carts of non- 
equal masses on an air track. The cart 
with the orange dot carries a black 
metal bar to increase its mass. 


Figure 7.7 shows the collision of two carts on an almost frictionless track. The collision was 
videotaped, and the figure includes seven frames of this video, taken at intervals of 0.06 s. The 
cart marked with the green circle is initially at rest. The cart marked with the orange square 
has a larger mass and is approaching from the left. The collision happens in the frame marked 
with the time t = 0.12 s. You can see that after the collision, both carts move to the right, but 
the lighter cart moves with a significantly higher speed. (The speed is proportional to the 
horizontal distance between the carts’ markings in adjacent video frames.) Next, we'll derive 
equations that can be used to determine the velocities of the carts after the collision. 

What exactly is an elastic collision? As with so many concepts in physics, it is an idealization. 
In practically all collisions, at least some kinetic energy is converted into other forms of energy 
that are not conserved. The other forms can be heat or sound or the energy to deform an object, 
for example. However, an elastic collision is defined as one in which the total kinetic energy of 
the colliding objects is conserved. This definition does not mean that each object involved in 
the collision retains its kinetic energy. Kinetic energy can be transferred from one object to 
the other, but in an elastic collision, the sum of the kinetic energies has to remain constant. 

We'll consider objects moving in one dimension and use the notation p; for the ini- 
tial momentum, and pg, for the final momentum of object 1. (We use the subscript x to 
remind ourselves that these could equally well be the x-components of the two- or three- 
dimensional momentum vector.) In the same way, we denote the initial and final momenta 
of object 2 by Piz x and Pp „ Because we are restricted to collisions in one dimension, the 
equation for conservation of kinetic energy can be written as 


2 2 2 2 
Prix +4 Pi2,x _ Pix | Pi2,x i (7.10) 


2m, 2m, mM, 2m, 


(For motion in one dimension, the square of the x-component of the vector is also the 
square of the absolute value of the vector.) The equation for conservation of momentum in 
the x-direction can be written as 


Prix T Pr2,x = Pirx lr Pi2,x y 


(Remember that momentum is conserved in any collision in which the external forces are 
negligible.) 

Let’s look more closely at equations 7.10 and 7.11. What is known, and what is unknown? 
Typically, we know the two masses and components of the initial momentum vectors, and 
we want to find the final momentum vectors after the collision. This calculation can be done 
because equations 7.10 and 7.11 give us two equations for two unknowns, pa „and pp ,. This 
is by far the most common use of these equations, but it is also possible, for example, to 
calculate the two masses if the initial and final momentum vectors are known. 

Let’s find the components of the final momentum vectors: 


m -m 2m 
Pri,x -| Lo Jons | L Jaz 
m 


(7.11) 


m +m m+ 
or es Í (7.12) 
2m, m,-m; 
Pr2,x = Pix Pi2,x 
Mı TM mM Tm 


Derivation 7.2 shows how this result is obtained. It will help you solve similar problems. 


DERIVATION 7.2 


We start with the equations for energy and momentum conservation and collect all quan- 
tities connected with object 1 on the left side and all those connected with object 2 on the 
right. Equation 7.10 for the (conserved) kinetic energy then becomes: 


2 2 2 2 
Pfi,x Pix z Pi2,x Pf2,x 
2m, 2m, 2m, 2m, 
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or 
2 2 2 2 . 
Ma( Pirx- Pitx) =M (Pho,x — Pr2,x)- (i) 
By rearranging equation 7.11 for momentum conservation we obtain 
Pti -= Pix = Pi2,x -= Pr2,x° (ii) 


Next, we divide the left and right sides of equation (i) by the corresponding sides of equa- 
tion (ii). To do this division, we use the algebraic identity a’ - b’ = (a+ b)(a — b). This 
process results in ms 
m( Pirx + Prix) =M (Pir, + Pra.x ). (iii) 
Now we can solve equation (ii) for pf x and substitute the expression Pii, x + Piox — Px into 
equation (iii): 
MaC Pix + Pix + Piz Perl) = (Prox + Pr2,x) 
21 Pirx Fg Pin, x — M2 Per, =M Piz + IM Prax 
Prox (my +m) = 2m Pia, x + (mM, =m) Pir,x 
_ 2m Pye + (M2 -™) Pi2,x 


m +My 


Pr2,x 


This result is one of the two desired components of equation 7.12. We can obtain the other 
component by solving equation (ii) for pp, and substituting the expression pj. + Pir. - Pax 
into equation (iii). We can also obtain the result for py x from the result for pp „that we just 
derived by exchanging the indices 1 and 2. It is, after all, arbitrary which object is labeled 
1 or 2, and so the resulting equations should be symmetric under the exchange of the two 
labels. Use of this type of symmetry principle is very powerful and very convenient. (But it 
does take some getting used to at first!) 


With the result for the final momenta, we can also obtain expressions for the final 
velocities by using p, = mv,: 


m -m 2m, 
Vel x = Vil, x T Vi2,x 


(7.13) 


These equations for the final velocities look, at first sight, very similar to those for the final 
momenta (equation 7.12). However, there is one important difference: In the second term 
of the right-hand side of the equation for vp , the numerator is 2m, instead of 2m,; and con- 
versely, the numerator is now 2m, instead of 2m, in the first term of the equation for vp .. 

As a last point in this general discussion, let’s find the relative velocity, va y- Vp w 
after the collision: 
mates [coc 

ie | Via 


Vfl x T Vf2,x = 
m +m, m +m, 


(7.14) 
= -Vix F Ving =- (Viry — Viz) 


We see that in elastic collisions, the relative velocity simply changes sign, Av; = -Av;. We will 
return to this result later in this chapter. You should not try to memorize the general expres- 
sions for momentum and velocity in equations 7.13 and 7.14, but instead study the method we 
used to derive them. Next, we examine two special cases of these general results. 


Special Case 1: Equal Masses 


If m, = m, the general expressions in equation 7.12 simplify considerably, because the terms 
proportional to m, -m, are equal to zero and the ratios 2m,/(m, + m,) and 2m, /(m, + m,) 
become unity. We then obtain the extremely simple result 


Prix = Pi2,x 
Pr2,x = Pix: 


(for the special case where m, = m,) (7.15) 


213 


214 Chapter 7 Momentum and Collisions 


7.4 In-Class Exercise 


Suppose an elastic collision occurs 
in one dimension, like the one 
shown in Figure 7.7, where the 

cart marked with the green dot is 
initially at rest and the cart with the 
orange dot initially has Vorange > 0, 
that is, is moving from left to right. 
What can you say about the masses 
of the two carts? 


a) Morange = Moreen 
b) Morange = Moreen 


c) Morange = Mgreen 


This result means that in any elastic collision of two objects of equal mass moving in one 
dimension, the two objects simply exchange their momenta. The initial momentum of 
object 1 becomes the final momentum of object 2. The same is true for the velocities: 

Yri = Vi2, . 
* 10X (for the special case where m, = m,) (7.16) 
Ve 2.x = Vilx: 


Special Case 2: One Object Initially at Rest 


Now suppose the two objects in a collision are not necessarily the same in mass, but one 
of the two is initially at rest, that is, has zero momentum. Without loss of generality, we 
can say that object 1 is the one at rest. (Remember that the equations are invariant under 
exchange of the indices 1 and 2.) By using the general expressions in equation 7.12 and 
setting pix = 0, we get 


2m, 
Prix = Pi2,x 
m +m, 
(for the special case where p; , =0) (7.17) 
_|m-m 
Pr2,x z =m] 12,x 


In the same way, we obtain for the final velocities 


2m, 
Vel x = Vi2,x 
m 


| (for the special case where p,, , = 0) (7.18) 
i2,x 


If viz x > 0, object 2 moves from left to right, with the conventional assignment of the 
positive x-axis pointing to the right. This situation is shown in Figure 7.7. Depending on 


which mass is larger, the collision can have one of four outcomes: 


1. m, > m, => (m, - m,)/(m, + m,) > 0: The final velocity of object 2 points in the 
same direction but is reduced in magnitude. 


2. My = mM, => (m, - m,)/(m, + mı) = 0: Object 2 is at rest, and object 1 moves with 
the initial velocity of object 2. 


3. m, < m, => (m, - m,)/(m, + m,) < 0: Object 2 bounces back; the direction of its 
velocity vector changes. 

4. m, & m, > (m, - m,)/(m, + m,) = -1 and 2m, /(m, + m) = 0: Object 1 remains 
at rest, and object 2 approximately reverses its velocity. This situation occurs, for 
example, in the collision of a ball with the ground. In this collision, object 1 is 
the entire Earth and object 2 is the ball. If the collision is sufficiently elastic, the 
ball bounces back with the same speed it had right before the collision, but in the 
opposite direction—up instead of down. 


7.5 In-Class Exercise 


In the situation shown in Figure 7.7, suppose the mass of the cart with the orange dot is very 
much larger than that of the cart with the green dot. What outcome do you expect? 


a) The outcome is about the same as the c) Both carts move with almost the same 
one shown in the figure. speed that the cart with the orange dot 


had before the collision. 
b) The cart with the orange dot moves with re os 


almost unchanged velocity after the d) The cart with the orange dot stops, and 
collision, and the cart with the green the cart with the green dot moves to the 
dot moves with a velocity almost twice right with the same speed that the cart 
as large as the initial velocity of the cart with the orange dot had originally. 


with the orange dot. 
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7.6 In-Class Exercise 


In the situation shown in Figure 7.7, if the mass of the cart with the green dot (originally at rest) 
is very much larger than that of the cart with the orange dot, what outcome do you expect? 


a) The outcome is about the same as shown 
in the figure. 


c) Both carts move with almost the same 
speed that the cart with the orange dot 


had before the collision. 
b) The cart with the orange dot moves with Begone neural 


an almost unchanged velocity after the 
collision, and the cart with the green 
dot moves with a velocity almost twice 
as large as the initial velocity of the cart 
with the orange dot. 


d) The cart with the green dot moves with 
a very low speed slightly to the right, 
and the cart with the orange dot bounces 
back to the left with almost the same 
speed it had originally. 


EXAMPLE 7.2 | Average Force on a Golf Ball 


A driver is a golf club used to hit a golf ball a long distance. The head of a driver typically has 
a mass of 200. g. A skilled golfer can give the club head a speed of around 40.0 m/s. The mass 
of a golf ball is 45.0 g. The ball stays in contact with the face of the driver for 0.500 ms. 


PROBLEM 
What is the average force exerted on the golf ball by the driver? 


SOLUTION 

The golf ball is initially at rest. Because the driver head and the ball are in contact for only 
a short time, we can consider the collision between them to be an elastic collision. We 
can use equation 7.18 to calculate the speed of the golf ball, v,,,, after the collision with 
the driver head 


2m, 
Vel x = Vi2 x > 
m +m, 


where m; is the mass of the golf ball, m, is the mass of the driver head, and v; is the speed of 
the driver head. The speed of the golf ball leaving the face of the driver head in this case is 


2(0.200 kg) 
0.0450 kg + 0.200 kg 


Ver x (40.0 m/s) =65.3 m/s. 


Note that if the driver head were much more massive than the golf ball, the golf ball would at- 
tain twice the speed of the driver head. However, in that case, the golfer would have a difficult 
time giving the club head a substantial speed. The momentum change of the golf ball is 
Ap =mAv=myy,.. 
The impulse is then 
Ap = Evet, 

where F ve is the average force exerted by the driver head and Atis the time that the driver 
head and golf ball are in contact. The average force is then 

Ap mvg x _ (0.045 kg)(65.3 m/s) 


At At 0.500-10° s 


Ẹ 


ave 


5880 N. 


Thus, the driver exerts a very large force on the golf ball. This force compresses the golf ball 
significantly, as shown in the video sequence in Self-Test Opportunity 7.2. Also, note that the 
driver does not propel the ball in the horizontal direction and imparts spin to the ball. Thus, 
an accurate description of striking a golf ball with a driver requires a more detailed analysis. 


The figure shows a high-speed 
video sequence of the collision 

of a golf club with a golf ball. 

The ball experiences significant 
deformation, but this deformation 
is sufficiently restored before the 
ball leaves the club's face. Thus, 
this collision can be approximated 
as a one-dimensional elastic colli- 
sion. Discuss the speed of the ball 
relative to that of the club after 
the collision and how the cases we 


have discussed apply to this result. 
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Collision of a golf club with a golf ball. 
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Elastic Collisions in Two or Three Dimensions 


7.5 


7.7 In-Class Exercise < 


Choose the correct statement: 


a) In an elastic collision of an 
object with a wall, energy may 
or may not be conserved. 


b) In an elastic collision of an 
object with a wall, momentum 
may or may not be conserved. 


c) In an elastic collision of an 
object with a wall, the incident 
angle is equal to the final angle. 


d) In an elastic collision of an 
object with a wall, the original 
momentum vector does not 
change as a result of the collision. 


e) In an elastic collision of an 
object with a wall, the wall 
cannot change the momentum of 
the object because momentum is 
conserved. 


‘\— 


7.8 In-Class Exercise —~ 


Choose the correct statement: 


a) When a moving object strikes 
a stationary object, the angle 
between the velocity vectors 
of the two objects after the 
collision is always 90°. 


b) For a real-life collision between 
a moving object and a stationary 
object, the angle between the 
velocity vectors of the two 
objects after the collision is 
never less than 90°. 


c) When a moving object has 
a head-on collision with a 
stationary object, the angle 
between the two velocity vectors 
after the collision is 90°. 


d) When a moving object collides 
head-on and elastically with a 
stationary object of the same 
mass, the object that was 
moving stops and the other 
object moves with the original 
velocity of the moving object. 


e) When a moving object collides 
elastically with a stationary 
object of the same mass, the 
angle between the two velocity 
vectors after the collision 
cannot be 90°. 


Collisions with Walls 


To begin our discussion of two- and three-dimensional collisions, we consider the elastic 
collision of an object with a solid wall. In Chapter 4 on forces, we saw that a solid surface 
exerts a force on any object that attempts to penetrate the surface. Such forces are normal 
forces; they are directed perpendicular to the surface (Figure 7.8). If a normal force acts 
on an object colliding with a wall, the normal force can only transmit an impulse that is 
perpendicular to the wall; the normal force has no component parallel to the wall. Thus, the 
momentum component of the object directed along the wall does not change, psj = pj. In 
addition, for an elastic collision, we have the condition that the kinetic energy of the object 
colliding with the wall has to remain the same. This makes sense because the wall stays at 
rest (it is connected to the Earth and has a much bigger mass than the ball). The kinetic 
energy of the object is K = p° /2m, so we see that p} = p;. 

Because p? = Pry + pz, and p;= Pi + pi, we get p? |= pi 1- The only two outcomes pos- 
sible for the collision are then pẹ |= p; 1 and p; | = -p;,,. Only for the second solution does 
the perpendicular momentum component point away from the wall after the collision, so it 
is the only physical solution. 

To summarize, when an object collides elastically with a wall, the length of the object’s 
momentum vector remains unchanged, as does the momentum component directed along 
the wall; the momentum component perpendicular to the wall changes sign, but retains the 
same absolute value. The angle of incidence, 0, on the wall (Figure 7.8) is then also the same 
as the angle of reflection, 0g 


6, =cos' Pit =cos? Prt =. (7.19) 


Pi Pr 


We will see this same relationship again when we study light and its reflection off a mirror 
in Chapter 32. 
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FIGURE 7.8 Elastic collision of an object with a wall. The symbol L represents the component of 
the momentum perpendicular to the wall and the symbol || represents the component of the momentum 
parallel to the wall. 


Collisions of Two Objects in Two Dimensions 


We have just seen that problems involving elastic collisions in one dimension are always 
solvable if we have the initial velocity or momentum conditions for the two colliding 
objects, as well as their masses. Again, this is true because we have two equations for the 
two unknown quantities, pj x and pp y 

For collisions in two dimensions, each of the final momentum vectors has two compo- 
nents. Thus, this situation gives us four unknown quantities to determine. How many equa- 
tions do we have at our disposal? Conservation of kinetic energy again provides one of them. 
Conservation of linear momentum provides independent equations for the x- and y-directions. 


7.5 Elastic Collisions in Two or Three Dimensions 


Therefore, we have only three equations for the four unknown quantities. Unless an additional 
condition is specified for the collision, there is no unique solution for the final momenta. 

For collisions in three dimensions, the situation is even worse. Here we need to deter- 
mine two vectors with three components each, for a total of six unknown quantities. 
However, we have only four equations: one from energy conservation and three from the 
conservation equations for the x-, y-, and z-components of momentum. 

Incidentally, this fact is what makes the game of billiards or pool interesting from a 
physics perspective. The final momenta of two balls after a collision are determined by 
where on their spherical surfaces the balls hit each other. Speaking of billiard ball collisions, 
an interesting observation can be made. Suppose object 2 is initially at rest and both objects 
have the same mass. Then conservation of momentum results in 


Pei + Pro = Pa 
(Pr T Pro y = (Pa f 
Pi + pia +2Pe* Pr = Pi- 


Here we squared the equation for momentum conservation and then used the properties of 
the scalar product. On the other hand, conservation of kinetic energy leads to 


Ph, Piz _ Pa 


2m 2m 2m 
ae ere 
Pri + Peo = Pi» 
for m, = m, = m. If we subtract this result from the previous result, we obtain 


2 Pere Prz =0. (7.20) 
However, the scalar product of two vectors can be zero only if the two vectors are perpendicu- 
lar to each other or if one of them has length zero. The latter condition is in effect in a head-on 
collision of two billiard balls, after which the cue ball remains at rest (pp, =0) and the other 
ball moves away with the momentum that the cue ball had initially. After all non-head-on 
collisions, both balls move, and they move in directions that are perpendicular to each other. 

You can do a simple experiment to see if the 90° angle between final velocity vectors 
works out quantitatively. Put two coins on a piece of paper, as shown in Figure 7.9. Mark the 
position of one of them (the target coin) on the paper by drawing a circle around it. Then 
flick the other coin with your finger into the target coin (Figure 7.9a). The coins will bounce 
off each other and slide briefly, before friction forces bring them to rest (Figure 7.9b). Then 
draw a line from the final position of the target coin back to the circle that you drew, as 
shown in Figure 7.9c, and thereby deduce the trajectory of the other coin. The images of 
parts (a) and (b) are superimposed on that in part (c) of the figure to show the motion of 
the coins before and after the collision, indicated by the red arrows. Measuring the angle 
between the two black lines in Figure 7.9c results in 0 = 80°, so the theoretically derived 
result of 0 = 90° is not quite correct for this experiment. Why? 

What we neglected in our derivation is the fact that—for collisions between coins or 
billiard balls—some of each object's kinetic energy is associated with rotation and the trans- 
fer of energy due to that motion, as well as the fact that such a collision is not quite elastic. 
However, the 90° rule just derived is a good first approximation for two colliding coins. You 
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(a) (b) (c) 
FIGURE 7.9 Collision of two nickels. 


7.3 Self-Test Opportunity 


The experiment in Figure 7.9 speci- 
fies the angle between the two 
coins after the collision, but not 
the individual deflection angles. 

In order to obtain these individual 
angles, you also have to know how 
far off center on each object is the 
point of impact, called the impact 
parameter. Quantitatively, the im- 
pact parameter, b, is the distance 
that the original trajectory would 
need to be moved parallel to itself 
for a head-on collision (see the 
figure). Can you produce a sketch 
of the dependence of the deflection 
angles on the impact parameter? 
(Hint: You can do this experimen- 
tally, as shown in Figure 7.9, or 
you can think about limiting cases 
first and then try to interpolate 
between them.) 


cv 
\ 
I 
\ 
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7.4 Self-Test Opportunity 


Suppose we do exactly the same 
experiment as shown in Figure 7.9, 
but replace one of the nickels with a 
less heavy dime or a heavier quarter. 
What changes? (Hint: Again, you 
can explore the answer by doing the 
experiment.) 
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can perform a similar experiment of this kind on any billiard table; you will find that the 
angle of motion between the two billiard balls is not quite 90°, but this approximation will 
give you a good idea where your cue ball will go after you hit the target ball. 


SOLVED PROBLEM 7.1 { Curling 
<2 


The sport of curling is all about collisions. A player slides a 19.0-kg (42.0-lb) granite 
“stone” about 35-40 m down the ice into a target area (concentric circles with cross 
hairs). Teams take turns sliding stones, and the stone closest to the bull’s-eye in the end 
wins. Whenever a stone of one team is closest to the bull’s-eye, the other team attempts to 
knock that stone out of the way, as shown in Figure 7.10. 


PROBLEM 

The red curling stone shown in Figure 7.10 has an initial velocity of 1.60 m/s in the 
x-direction and is deflected after colliding with the yellow stone to an angle of 32.0° rela- 
tive to the x-axis. What are the two final momentum vectors right after this elastic colli- 
sion, and what is the sum of the stones’ kinetic energies? 


Pa 

' SOLUTION 

THINK 

Momentum conservation tells us that the sum of the momentum vectors of both stones 

= before the collision is equal to the sum of the momentum vectors of both stones after 
the collision. Energy conservation tells us that in an elastic collision, the sum of the 
kinetic energies of both stones before the collision is equal to the sum of the kinetic 
energies of both stones after the collision. Before the collision, the red stone (stone 1) 

FIGURE 7.10 Overhead view of a has momentum and kinetic energy because it is moving, while the yellow stone (stone 

colle ov of two curling stories: (a) just 2) is at rest and has no momentum or kinetic energy. After the collision, both stones 

before the collision; (b) just after the ma : 

colisión. have momentum and kinetic energy. We must calculate the momentum in terms of 

x- and y-components. 


SKETCH 

A sketch of the momentum vectors of the two stones before and after the collision is 
shown in Figure 7.1 1a. The x- and y-components of the momentum vectors after the col- 
lision of the two stones are shown in Figure 7.11b. 


(b) 


y y 
Before: After: A A 
Prot = Pi +0 Pa Prix Pi 
tot a p 1 Pr 
0i Pry 
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il P= 2 Pry 

| @ Pr 

7 Nip Pix 


(a) (b) 


FIGURE 7.11 (a) Sketch of momentum vectors before and after the two stones collide. (b) The x- and 
y-components of the momentum vectors of the two stones after the collision. 


RESEARCH 

Momentum conservation dictates that the sum of the momenta of the two stones before 
the collision must equal the sum of the momenta of the two stones after the collision. We 
know the momenta of both stones before the collision, and our task is to calculate their 
momenta after the collision, based on the given directions of those momenta. For the x- 
components, we can write 


Pax +0 = Prix + Prz- 


7.5 Elastic Collisions in Two or Three Dimensions 


For the y-components, we can write 
0+0 = Pry + Pray 


The problem specifies that stone 1 is deflected at 6, = 32.0°. According to the 90°-rule 
that we derived for perfectly elastic collisions between equal masses, stone 2 has to be 
deflected at 0, = -58.0°. Therefore, in the x-direction we obtain, 


Pix = Peix + Peo,x = Pr COSA, + Pro COSA). (i) 
And in the y-direction we have: 
0= Pry + Per,y = Per Sin + Pr sin @,. (ii) 


Because we know the two angles and the initial momentum of stone 1, we need to solve 
a system of two equations for two unknown quantities, which are the magnitudes of the 
final momenta, py, and pp. 


SIMPLIFY 
We solve this system of equations by direct substitution. We can solve the y-component 
equation (ii) for pp 


sin 0, B 
Pa =- Pras (iii) 
sin 4, 
and substitute into the x-component equation (i) to get 
sin, 
Pax = |r f cos, + pe cos. 
sin 0, 


We can rearrange this equation to get 


Pix 


cos6, - sin 0, cot, ` 


Pra 


CALCULATE 


First, we calculate the magnitude of the initial momentum of stone 1: 
Pax = Mix = (19.0 kg)(1.60 m/s) = 30.4 kg m/s. 


We can then calculate the magnitude of the final momentum of stone 2: 


30.4 kg m/s 


5 =16.10954563 kg m/s. 
Pra (cos —58.0°) — (sin —58.0°)(cot 32.0°) kg 
The magnitude of the final momentum of stone 1 is 
Pry =~ Pry E kg mis. 


12" sin(32.0°) 


Now we can answer the question concerning the sum of the kinetic energies of the two 
stones after the collision. Because this collision is elastic, we can simply calculate the ini- 
tial kinetic energy of the red stone (the yellow one was at rest). Thus, our answer is 


k= Pa _ (30.4 kg m/s)” B 
2m  2(19.0 kg) 


24.32 J. 


ROUND 
Because all the numerical values were specified to three significant figures, we report the 
magnitude of the final momentum of the first stone as 


Pr =25.8 kg m/s. 


Continued— 
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7 


-5 Self-Test Opportunity 


Double-check the results for the 
final momenta of the two stones in 
Solved Problem 7.1 by calculating 
the individual kinetic energies of 
the two stones after the collision 
to verify that their sum is indeed 
equal to the initial kinetic energy. 


The direction of the first stone is +32.0° with respect to the horizontal. We report the 
magnitude of the final momentum of the second stone as 


Pea =16.1 kg m/s 


The direction of the second stone is -58.0° with respect to the horizontal. 
The total kinetic energy of the two stones after the collision is 


K=243). 


T 


7.6 Totally Inelastic Collisions 


7.9 In-Class Exercise — 


\ 


In a totally inelastic collision 
between a moving object and a sta- 
tionary object, the two objects will 


a) stick together. 


b) bounce off each other, losing 
energy. 


c) bounce off each other, without 
losing energy. 


In all collisions that are not completely elastic, the conservation of kinetic energy no longer 
holds. These collisions are called inelastic, because some of the initial kinetic energy gets 
converted into internal energy of excitation, deformation, vibration, or (eventually) heat. 
At first sight, this conversion of energy may make the task of calculating the final momen- 
tum or velocity vectors of the colliding objects appear more complicated. However, that is 
not the case; in particular, the algebra becomes considerably easier for the limiting case of 
totally inelastic collisions. 

A totally inelastic collision is one in which the colliding objects stick to each other after 
colliding. This result implies that both objects have the same velocity vector after the collision: 
Vp) =Vf2 = Ve. (Thus, the relative velocity between the two colliding objects is zero after the col- 
lision.) Using p =mv and conservation of momentum, we get the final velocity vector: 

aa a. (7.21) 
m +m, 
This useful formula enables you to solve practically all problems involving totally inelastic 
collisions. Derivation 7.3 shows how it was obtained. 


DERIVATION 7.3 


We start with the conservation law for total momentum (equation 7.8): 


Pei + Pro = Pa + Piz- 


Now we use p=mv and get 
M Ve + MVp =M V + MV2- 
The condition that the collision is totally inelastic implies that the final velocities of the two 
objects are the same. Thus, we have equation 7.21: 
MV FMV =M V +MgVin 
(m, +m, )We =m V +MY 
AE Mi + Miz 
m +m, 


Note that the condition of a totally inelastic collision implies only that the final veloci- 
ties are the same for both objects. In general, the final momentum vectors of the objects can 
have quite different magnitudes. 

We know from Newton's Third Law (see Chapter 4) that the forces two objects exert on 
each other during a collision are equal in magnitude. However, the changes in velocity— 
that is, the accelerations that the two objects experience in a totally inelastic collision—can 
be drastically different. The following example illustrates this phenomenon. 


_EXAMPLE 7.3 | Head-on Collision 


Consider a head-on collision of a full-size SUV, with mass M = 3023 kg, and a compact car, 
with mass m = 1184 kg. Each vehicle has an initial speed of v = 22.35 m/s (50 mph), and 
they are moving in opposite directions (Figure 7.12). So, as shown in the figure, we can say 
v, is the initial velocity of the compact car and -v, is the initial velocity of the SUV. The two 
cars crash into each other and become entangled, a case of a totally inelastic collision. 


>x 


FIGURE 7.12 Head-on collision of two vehicles with different masses and identical speeds. 


PROBLEM 
What are the changes of the two cars’ velocities in the collision? (Neglect friction between 
the tires and the road.) 


SOLUTION 
We first calculate the final velocity that the combined mass has immediately after the col- 
lision. To do this calculation, we simply use equation 7.21 and get 


_mv,-Mv, _|m-M 
VE x Vy 


m+M m+M 
_ 1184 kg - 3023 kg 
1184 kg + 3023 kg 


(22.35 m/s) =- 9.77 m/s. 


Thus, the velocity change for the SUV turns out to be 
AYsuvy,x =-9.77 m/s- (-22.35 m/s) =12.58 m/s. 
However, the velocity change for the compact car is 
AVcompact,x =~ 9.77 m/s- (22.35 m/s) =- 32.12 m/s. 


We obtain the corresponding average accelerations by dividing the velocity changes by 
the time interval, At, during which the collision takes place. This time interval is obvi- 
ously the same for both cars, which means that the magnitude of the acceleration experi- 
enced by the body of the driver of the compact car is bigger than that experienced by the 
body of the driver of the SUV by a factor of 32.12/12.58 = 2.55. 

From this result alone, it is clear that it is safer to be in the SUV in this head-on colli- 
sion than in the compact car. Keep in mind that this result is true even though Newton's 
Third Law says that the forces exerted by the two vehicles on each other are the same 
(compare Example 4.6). 


Ballistic Pendulum 


A ballistic pendulum is a device that can be used to measure muzzle speeds of projectiles 
shot from firearms. It consists of a block of material into which the bullet is fired. This block 
is suspended so that it forms a pendulum (Figure 7.13). From the deflection angle of the 
pendulum and the known masses of the bullet, m, and the block, M, we can calculate the 
speed of the bullet right before it hits the block. 

To obtain an expression for the speed of the bullet in terms of the deflection angle, we 
have to calculate the speed of the bullet-plus-block combination right after the bullet is 
embedded in the block. This collision is a prototypical totally inelastic collision, and thus we 
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7.6 Self-Test Opportunity 


You can start with Newton’s Third 
Law and make use of the fact 

that the forces the two cars exert 
on each other are equal. Use the 
values of the masses given in Ex- 
ample 7.3. What is the ratio of the 
accelerations of the two cars that 
you obtain? 


FIGURE 7.13 Ballistic pendu- 
lum used in an introductory physics 
laboratory. 
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7.7 Self-Test Opportunity 


Tf you use a bullet with half the 
mass of a .357 Magnum caliber round 
and the same speed, what is your 
deflection angle? 


7.10 In-Class Exercise 


A ballistic pendulum is used to 
measure the speed of a bullet shot 
from a gun. The mass of the bullet 
is 50.0 g, and the mass of the block 
is 20.0 kg. When the bullet strikes 
the block, the combined mass rises 
a vertical distance of 5.00 cm. 
What was the speed of the bullet as 
it struck the block? 


a) 397 m/s d) 479 m/s 
b) 426 m/s e) 503 m/s 
c) 457 m/s 


can apply equation 7.21. Because the pendulum is at rest before the bullet hits it, the speed 


of the block-plus-bullet combination is 
m 


m+M 
where v, is the speed of the bullet before it hits the block and v is the speed of the com- 
bined masses right after impact. The kinetic energy of the bullet is K, = +mv; just before 
it hits the block, whereas right after the collision, the block-plus-bullet combination has 
the kinetic energy 


Vb> 


2 
m 


1 2 m m 
Vb 
m+M 


3 Vb = 
m+M m+M 


K=4(m+My* -4m m| K,. (7.22) 


Clearly, kinetic energy is not conserved in the process whereby the bullet embeds in the 
block. (With a real ballistic pendulum, the kinetic energy is transferred into deformation of 
bullet and block. In this demonstration version, kinetic energy is transferred into frictional 
work between the bullet and the block.) Equation 7.22 shows that the total kinetic energy 
(and with it the total mechanical energy) is reduced by a factor of m/(m + M). However, 
after the collision, the block-plus-bullet combination retains its remaining total energy in 
the ensuing pendulum motion, converting all of the initial kinetic energy of equation 7.22 


into potential energy at the highest point: 
2 
m 


2 
— |v. 7.23 
m+M b ( ) 


Umax =(m+ M)gh=K=+ 


As you can see from Figure 7.13b, the height h and angle 0 are related via h = ¢(1 - cos 0), 
where / is the length of the pendulum. (We found the same relationship in Solved Prob- 
lem 6.4.) Substituting this result into equation 7.23 yields 


2 
m 
(m+ M)gf(1—cos6) => EET k> 
pos 2g(1-cos6). (7.24) 


It is clear from equation 7.24 that practically any bullet speed can be measured with a 
ballistic pendulum, provided the mass of the block, M, is chosen appropriately. For exam- 
ple, if you shoot a .357 Magnum caliber round (m = 0.125 kg) into a block (M = 40.0 kg) 
suspended by a 1.00 m long rope, the deflection is 25.4°, and equation 7.24 lets you deduce 
that the muzzle speed of this bullet fired from the particular gun that you used is 442 m/s 
(which is a typical value for this type of ammunition). 


Kinetic Energy Loss in Totally Inelastic Collisions 
As we have just seen, total kinetic energy is not conserved in totally inelastic collisions. How 
much kinetic energy is lost in the general case? We can find this loss by taking the difference 
between the total initial kinetic energy, K;, and the total final kinetic energy, Kg 

Kioss = K; = Ke : 


The total initial kinetic energy is the sum of the individual kinetic energies of the two objects 


before the collision: 2 2 
_ Pa Pi2 

K, -#1 4 #2, 
2m, 2m, 


The total final kinetic energy for the case in which the two objects stick together and move 
as one, with the total mass of m, + m, and velocity Vp, using equation 7.21 is 


2 
Kp =5(m, +m); 


E 4% 
MVi1 T M2Vi2 
ane (sees 
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Now we can take the difference between the final and initial kinetic energies and obtainthe 7.11 In-Class Exercise =y 


kinetic energy loss: Suppose mass 1 is initially at rest 


ar a and mass 2 moves initially with 
(Vi -Vi2)- (7.25) speed v; >. In a totally inelastic 
collision between the two objects, 
the loss of kinetic energy in terms 
of the initial kinetic energy is 


Kioss =K; -Kç =1 


The derivation of this result involves a bit of algebra and is omitted here. What mat- 
ters, though, is that the difference in the initial velocities—that is, the initial relative 


larger for 
velocity—enters into the equation for energy loss. We will explore the significance of 
this fact in the following section and again in Chapter 8, when we consider center-of- a) m, « m c) m, = m 
mass motion. b) m, » m, 
WY 


SOLVED PROBLEM 7.2 | Forensic Science 


Figure 7.14a shows a sketch of a traffic accident. The white pickup truck (car 1) with mass 
m; = 2209 kg was traveling north and hit the westbound red car (car 2) with mass m, = 
1474 kg. When the two vehicles collided, they became entangled (stuck together). Skid 
marks on the road reveal the exact location of the collision, and the direction in which 
the two vehicles were sliding immediately afterward. This direction was measured to be 
38° relative to the initial direction of the white pickup truck. The white pickup truck had 
the right of way, because the red car had a stop sign. The driver of the red car, however, 
claimed that the driver of the white pickup truck was moving at a speed of at least 50 mph 
(22 m/s), although the speed limit was 25 mph (11 m/s). Furthermore, the driver of the 
red car claimed that he had stopped at the stop sign and was then driving through the 
intersection at a speed of less than 25 mph when the white pickup truck hit him. Since 
the driver of the white pickup truck was speeding, he would legally forfeit the right of way 
and be declared responsible for the accident. 


y Before y After 
A 
Vig 
38° 
Vi "i 
>x >x 


(a) (b) 


FIGURE 7.14 (a) Sketch of the accident scene. (b) Velocity vectors of the two cars before and 
after the collision. 


PROBLEM 
Can the version of the accident as described by the driver of the red car be correct? 


SOLUTION 


THINK 

This collision is clearly a totally inelastic collision, and so we know that the velocity of the 
entangled cars after the collision is given by equation 7.21. We are given the angles of the 
initial velocities of both cars and the angle of the final velocity vector of the entangled cars. 
However, we are not given the magnitudes of these three velocities. Thus, we have one equa- 
tion and three unknowns. However, to solve this problem, we only need to determine the 
ratio of the magnitude of the initial velocity of car 1 to the magnitude of the initial velocity 
of car 2. Here the initial velocity is the velocity of the car just before the collision occurred. 


Continued— 
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FIGURE 7.15 Components of the 
velocity vector of the two entangled 
cars after the collision. 


7.8 Self-Test Opportunity 


To double-check the result for 
Solved Problem 7.2, estimate what 
the angle of deflection would have 
been if the white pickup truck had 
been traveling with a speed of 

50 mph and the red car had been 
traveling with a speed of 25 mph 
just before the collision. 


SKETCH 

A sketch of the velocity vectors of the two cars before and after the collision is shown in 
Figure 7.14b. A sketch of the components of the velocity vector of the two stuck together 
after the collision is shown in Figure 7.15. 


RESEARCH 

Using the coordinate system shown in Figure 7.14a, the white pickup truck (car 1) has 
only a y-component for its velocity vector, ¥,, =v; y, where v; is the initial speed of the 
white pickup. The red car (car 2) has a velocity component only in the negative x-direction, 
V, =-V,x. The final velocity V; of the cars when stuck together after the collision, 
expressed in terms of the initial velocities, is given by 


= my Vi FMV 
m +m, 
SIMPLIFY 
Substituting the initial velocities into this equation for the final velocity gives 
_ ‘ rO -MV » MV» 
Ve = Ve H Vy = 2 i2 x4 "il 
m +m, m +m, 


The components of the final velocity vector, v , and v;,, are shown in Figure 7.15. From 
trigonometry, we obtain an expression for the tangent of the angle of the final velocity as 
the ratio of its y- and x-components: 


mMYii 
fy m+m my; 
tana = Foa 1 2 ra . 
Vex  _—M2Vi2 M Vin 
m +m, 


Thus, we can find the initial speed of car 1 in terms of the initial speed of car 2: 


m, tana 
i aD 


mı 
We have to be careful with the value of the angle a. It is not 38°, as you might conclude 
from a casual examination of Figure 7.14b. Instead, it is 38° + 90° =128°, as shown in 
Figure 7.15, because angles must be measured relative to the positive x-axis when using 
the tangent formula, tana = v¢,,/ Vg x 


CALCULATE 
With this result and the known values of the masses of the two cars, we find 
en E T D T Iii, 
2209 kg 
ROUND 


The angle at which the two cars moved after the collision was specified to two significant 
digits, so we report our answer to two significant digits: 


Vj, =0.857;,. 


The white pickup truck (car 1) was moving at a slower speed than the red car (car 2). The 
story of the driver of the red car is not consistent with the facts. Apparently, the driver of 
the white pickup truck was not speeding at the time of the collision, and the cause of the 
accident was the driver of the red car running the stop sign. 


See 


Explosions 


In totally inelastic collisions, two or more objects merge into one and move in unison with 
the same total momentum after the collision as before it. The reverse process is also pos- 
sible. If an object moves with initial momentum f; and then explodes into fragments, the 
process of the explosion only generates internal forces among the fragments. Because an 


explosion takes place over a very short time, the impulse due to external forces can usually 
be neglected. In such a situation, according to Newton's Third Law, the total momentum is 
conserved. This result implies that the sum of the momentum vectors of the fragments has 
to add up to the initial momentum vector of the object: 


B=) Pr (7.26) 
k=1 


This equation relating the momentum of the exploding object just before the explosion to 
the sum of the momentum vectors of the fragments after the explosion is exactly the same 
as the equation for a totally inelastic collision except that the indices for the initial and final 
states are exchanged. In particular, if an object breaks up into two fragments, equation 7.26 
matches equation 7.21, with the indices i and f exchanged: 


Ve T MVF 


v= (7.27) 


m +m, 


This relationship allows us, for example, to reconstruct the initial velocity if we know 
the fragments velocities and masses. Further, we can calculate the energy released in 
a breakup that yields two fragments from equation 7.25, again with the indices i and f 
exchanged: 


Kelease = Ke = Kj = 


(7.28) 


EXAMPLE 7.4 | Decay of a Radon Nucleus 


Radon is a gas that is produced by the radioactive decay of naturally occurring heavy nu- 
clei, such as thorium and uranium. Radon gas can be breathed into the lungs, where it can 
decay further. The nucleus of a radon atom has a mass of 222 u, where u is an atomic mass 
unit (to be introduced in Chapter 40). Assume that the nucleus is at rest when it decays 
into a polonium nucleus with mass 218 u and a helium nucleus with mass 4 u (called an 
alpha particle), releasing 5.59 MeV of kinetic energy. 


PROBLEM 
What are the kinetic energies of the polonium nucleus and the alpha particle? 


SOLUTION 

The polonium nucleus and the alpha particle are emitted in opposite directions. We will 
say that the alpha particle is emitted with speed v,, in the positive x-direction and the po- 
lonium nucleus is emitted with speed v,, in the negative x-direction. The mass of the alpha 
particle is m, = 4u, and the mass of the polonium nucleus is m, = 118 u. The initial velocity 
of the radon nucleus is zero, so we can use equation 7.27 to write 


— mV +My: 
= 0= 11 22 À 
m +m, 
which gives us 
MVy1 =—MVx2- (i) 


Using equation 7.28, we can express the kinetic energy released by the decay of the radon 
nucleus 
_1l mm, 


release 7 


2 eres ea): (ii) 


We can then use equation (i) to express the velocity of the polonium nucleus in terms of 
the velocity of the alpha particle: 


mı 
eo == m T 
2 Continued— 
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7.9 Self-Test Opportunity 


The length of each vector arrow in 
Figure 7.16b is proportional to the 
magnitude of the momentum vector 
of each individual particle. Can you 
determine the momentum of the 
nondetected particle (green arrow)? 


Substituting from equation (i) into equation (ii) gives us 


2 2 
2 
_1 mm, _ 1 mma mime) 


release Vy Vxl 
5 tu | m, | sm m, 


(iii) 


Rearranging equation (iii) leads to 


release 1’x1 
2 


2 
K màmm) 1a Ta m +m, , 
2 m, m, 


ma 
where K; is the kinetic energy of the alpha particle. This kinetic energy is then 
m 
K; = K;elease | 
1 release | m +m, | 
Putting in the numerical values, we get the kinetic energy of the alpha particle: 


218 
4+ 218 


K, =(5.59 Mev} |-s49 MeV. 


The kinetic energy, K,, of the polonium nucleus is then 


Ky = Krelease — K; =5-59 MeV -5.49 MeV = 0.10 MeV. 


release 


The alpha particle gets most of the kinetic energy when the radon nucleus decays, and 
this is sufficient energy to damage surrounding tissue in the lungs. 


EXAMPLE 7.5 | Particle Physics 


The conservation laws of momentum and energy are essential for analyzing the products 
of particle collisions at high energies, such as those produced at Fermilab’s Tevatron, near 
Chicago, Illinois, currently the world’s highest-energy proton-antiproton accelerator. (An 
accelerator called LHC, for Large Hadron Collider began operation in 2009 at the CERN 
Laboratory in Geneva, Switzerland, and it will be more powerful than Tevatron. How- 
ever, the LHC is a proton-proton accelerator.) 

In the Tevatron accelerator, particle physicists collide protons and antiprotons at 
total energies of 1.96 TeV (hence the name). Remember that 1 eV = 1.602- 107"? J; so 
1.96 TeV = 1.96- 10” eV = 3.1 - 10” J. The Tevatron is set up so that the protons and anti- 
protons move in the collider ring in opposite directions, with, for all practical purposes, 
exactly opposite momentum vectors. The main particle detectors, D-Zero and CDF, are 
located at the interaction regions, where protons and antiprotons collide. 

Figure 7.16a shows an example of such a collision. In this computer-generated display 
of one particular collision event at the D-Zero detector, the proton’s initial momentum vec- 
tor points straight into the page and that of the antiproton points straight out of the page. 
Thus, the total initial momentum of the proton-antiproton system is zero. The explosion 
produced by this collision produces several fragments, almost all of which are registered 
by the detector. These measurements are indicated in the display (Figure 7.16a). Super- 
imposed on this event display are the momentum vectors of the corresponding parent 
particles of these fragments, with their lengths and directions based on computer analysis 
of the detector response. (The momentum unit GeV/c, commonly used in high-energy 
physics and shown in the figure, is the energy unit GeV divided by the speed of light.) In 
Figure 7.16b, the momentum vectors have been summed graphically, giving a nonzero 
vector, indicated by the thicker green arrow. 

However, conservation of momentum absolutely requires that the sum of the mo- 
mentum vectors of all particles produced in this collision must be zero. Thus, conserva- 
tion of momentum allows us to assign the missing momentum represented by the green 
arrow to a particle that escaped undetected. With the aid of this missing-momentum 
analysis, physicists at Fermilab were able to show that the event displayed here was one in 
which an elusive particle known as a top quark was produced. 
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FIGURE 7.16 Event display generated by the D-Zero collaboration and education office at Fermilab, showing a 
top-quark event. (a) Momentum vectors of the detected particles produced by the event; (b) graphical addition of the 


momentum vectors, showing that they add up to a nonzero sum, indicated by the thicker green arrow. 


7.7 Partially Inelastic Collisions 


What happens if a collision is neither elastic nor totally inelastic? Most real collisions are 
somewhere between these two extremes, as we saw in the coin collision experiment in 
Figure 7.9. Therefore, it is important to look at partially inelastic collisions in more detail. 

We have already seen that the relative velocity of the two objects in a one-dimensional 
elastic collision simply changes sign. This is also true in two- and three-dimensional elastic 
collisions, although we will not prove it here. The relative velocity becomes zero in totally 
inelastic collisions. Thus, it seems logical to define the elasticity of a collision in a way that 
involves the ratio of initial and final relative velocities. 

The coefficient of restitution, symbolized by e, is the ratio of the magnitudes of the 
final and initial relative velocities in a collision: 


gemt, (7.29) 


This definition gives a coefficient of restitution of € = 1 for elastic collisions and e = 0 for 
totally inelastic collisions. 

First, let's examine what happens in the limit where one of the two colliding objects 
is the ground (for all intents and purposes, infinitely massive) and the other one is a ball. 
We can see from equation 7.29 that if the ground does not move when the ball bounces, 
Vi; =V =0, and we can write for the speed of the ball: 


Ven = EVi2- 


If we release the ball from some height, h;, we know that it reaches a speed of v; =./2gh, 
immediately before it collides with the ground. If the collision is elastic, the speed of the 
ball just after the collision is the same, v; =v, = [ehi , and it bounces back to the same 
height from which it was released. If the collision is totally inelastic, as in the case of a 
ball of putty that falls to the ground and then just stays there, the final speed is zero. For 
all cases in between, we can find the coefficient of restitution from the height hp that the 
ball returns to: 
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7.10 Self-Test Opportunity 


The maximum kinetic energy loss 

is obtained in the limit of a totally 
inelastic collision. What fraction of 
this maximum possible energy loss is 
obtained in the case where € = 3? 
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FIGURE 7.17 Partially inelastic col- 
lision of a ball with a wall. 


Using this formula to measure the coefficient of restitution, we find € = 0.58 for baseballs, using 
typical relative velocities that would occur in ball-bat collisions in Major League games. 

In general, we can state (without proof) that the kinetic energy loss in partially inelastic 
collisions is 


ie PNG Ray (7.30) 


Kios =K; 
loss m, +m, 


In the limit € — 1, we obtain K,,,, = 0—that is, no loss in kinetic energy, as required for 
elastic collisions. In addition, in the limit € — 0, equation 7.30 matches the energy release 
for totally inelastic collisions already shown in equation 7.28. 


Partially Inelastic Collision with a Wall 


If you play racquetball or squash, you know that the ball loses energy when you hit it against 
the wall. While the angle with which a ball bounces off the wall in an elastic collision is the 
same as the angle with which it hit the wall, the final angle is not so clear for a partially 
inelastic collision (Figure 7.17). 

The key to obtaining a first approximation to this angle is to consider only the normal 
force, which acts in a direction perpendicular to the wall. Then the momentum component 
directed along the wall remains unchanged, just as in an elastic collision. However, the 
momentum component perpendicular to the wall is not simply inverted but is also reduced 
in magnitude by the coefficient of restitution: pẹ | =- €p; | - This approximation gives us an 
angle of reflection relative to the normal that is larger than the initial angle: 


-1 PiL =cot™ EP >60.. (7.31) 
Pe Pin 


The magnitude of the final momentum vector is also changed and reduces to 


Pe =y Pet Pia =y Pat P <p (7.32) 


If we want a quantitative description, we need to include the effect of a friction force 
between ball and wall, acting for the duration of the collision. (This is why squash balls 
and racquetballs leave marks on the walls.) Further, the collision with the wall also changes 
the rotation of the ball, and thus additionally alters the direction and kinetic energy of the 
ball as it bounces off. However, equations 7.31 and 7.32 still provide a very reasonable first 
approximation to partially inelastic collisions with walls. 


0; = cot 


7.8 Billiards and Chaos 


Let’s look at billiards in an abstract way. The abstract billiard system is a 
rectangular (or even square) billiard table, on which particles can bounce 
around and have elastic collisions with the sides. Between collisions, these 
particles move on straight paths without energy loss. When two particles 
start off close to each other, as in Figure 7.18a, they stay close to each other. 
The figure shows the paths (red and green lines) of two particles, which 
start close to each other with the same initial momentum (indicated by the 


red arrow) and clearly stay close. 


(a) (b) The situation becomes qualitatively different when a circular wall is 


FIGURE 7.18 Collisions of particles with 
two particles starting out very close to each 


wish Sa added in the middle of the billiard table. Now each collision with the circle 
other and drives the two paths farther apart. In Figure 7.18b, you can see that one 


with the same momentum: (a) regular billiard table and; collision with the circle was enough to separate the red and green lines for 


(b) Sinai billiard. 


good. This type of billiard system is called a Sinai billiard, named after the 

Russian academician Yakov Sinai (b. 1935) who first studied it in 1970. The 
Sinai billiard exhibits chaotic motion, or motion that follows the laws of physics—it is not 
random—but cannot be predicted because it changes significantly with slight changes in 
conditions, including starting conditions. Surprisingly, Sinai billiard systems are still not 
fully explored. For example, only in the last decade have the decay properties of these sys- 
tems been described. Researchers interested in the physics of chaos are continually gaining 
new knowledge of these systems. 


Here is one example from the authors’ own research. If you block off the pockets and 
cut a hole into the side wall of a conventional billiard table and then measure the time it 
takes a ball to hit this hole and escape, you obtain a power-law decay time distribution: 
N(t) = N(t = 0)t7', where N(t = 0) is the number of balls used in the experiment and N(t) 
is the number of balls remaining after time t. However, if you did the same for the Sinai 
billiard, you would obtain an exponential time dependence: N(t) = N(t = oe, 

These types of investigations are not simply theoretical speculations. Try the following 
experiment: Place a billiard ball on the surface of a table and hold onto the ball. Then hold 
a second billiard ball as exactly as you can directly above the first one and release it from a 
height of a few inches (or centimeters). You will see that the upper ball cannot be made to 
bounce on the lower one more than three or four times before going off in some uncontrol- 
lable direction. Even if you could fix the location of the two balls to atomic precision, the 
upper ball would bounce off the lower one after only ten to fifteen times. This result means 
that the ability to predict the outcome of this experiment extends to only a few collisions. 
This limitation of predictability goes to the heart of chaos science. It is one of the main 
reasons, for example, that exact long-term weather forecasting is impossible. After all, air 
molecules bounce off each other, too. 


Laplace’s Demon 


Marquis Pierre-Simon Laplace (1749-1827) was an eminent French physicist and math- 
ematician of the 18th century. He lived during the time of the French Revolution and 
other major social upheavals, characterized by the struggle for self-determination and 
freedom. No painting symbolizes this struggle better than Liberty Leading the People (1830) 
by Eugène Delacroix (Figure 7.19). 

Laplace had an interesting idea, now known as Laplace’ Demon. He reasoned that every- 
thing is made of atoms, and all atoms obey differential equations governed by the forces acting 
on them. If the initial positions and velocities of all atoms, together with all force laws, were fed 
into a huge computer (he called this an “intellect”), then “for such an intellect nothing could 
be uncertain and the future just like the past would be present before its eyes.” This reasoning 
implies that everything is predetermined; we are only cogs in a huge clockwork, and nobody 
has free will. Ironically, Laplace came up with this idea at a time when quite a few people 
believed that they could achieve free will, if only they could overthrow those in power. 

The downfall of Laplace's Demon comes from the combination of two principles of 
physics. One is from chaos science, which points out that long-term predictability depends 
sensitively on knowledge of the initial conditions, as seen in the experiment with the bounc- 
ing billiard balls. This principle applies to molecules interacting with one another, as, for 
example, air molecules do. The other physics principle notes the impossibility of specifying 
both the position and the momentum of any object exactly at the same time. This is the 
uncertainty relation in quantum physics (discussed in Chapter 36). Thus, free will is still 
alive and well—the predictability of large or complex systems such as the weather or the 
human brain over the long term is impossible. The combination of chaos theory and quan- 
tum theory ensures that Laplace’s Demon or any computer cannot possibly calculate and 
predict our individual decisions. 
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FIGURE 7.19 Liberty Leading the 
People, Eugéne Delacroix (Louvre, Paris, 
France). 


= Momentum is defined as the product of an object's a Ina collision of two objects, momentum can 
mass and its velocity: p=mv. be exchanged, but the sum of the momenta 


= Newton's Second Law can be written as F =dp/dt. 


= Impulse is the change in an objects momentum and is total momentum. 
equal to the time integral of the applied external force: 
t 


E 
IA- f Ëdt. inelastic. 
A 


i 


of the colliding objects remains constant: 
Per + Peo = Pi + P2- This is the law of conservation of 


= Collisions can be elastic, totally inelastic, or partially 
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= Inelastic collisions, the total kinetic energy also 
remains constant: 


2 2 2 2 
Pr T Pro _ Pa , Pr 


2m 2m, 2m i 2m, 


= For one-dimensional elastic collisions in general, the 
final velocities of the two colliding objects can be 
expressed as a function of the initial velocities: 


m -m, 2m, 
VEL x | his | Vi2 x 
m +m, 
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m+m, m +m, 


KEY TERMS 


momentum, p. 206 
impulse, p. 208 
elastic collision, p. 210 


NEW SYMBOLS AND EQUATIONS 


p=mv, momentum 
tp 
J =Ap= | Fat impulse 


t 


i 


totally inelastic collision, p. 210 
conservation of total momentum, p. 210 
ballistic pendulum, p. 221 


= In totally inelastic collisions, the colliding objects 
stick together after the collision and have the same 
velocity: Vp =(m,Vi, + MyV,)/(m, +m). 


= All partially inelastic collisions are characterized 
by a coefficient of restitution, defined as the ratio of 
the magnitudes of the final and the initial relative 
velocities: €=|V¢, -Ve |/ |V - Vj. |. The kinetic 
energy loss in a partially inelastic collision is then 
given by 


mm), 


AK =K\-Ke=5 d-e - Fy. 


1 T My 


coefficient of restitution, p. 227 
chaotic motion, p. 228 


Pe + Peo = Pi + Pi» conservation of total momentum 


ga Maca] 


-= , coefficient of restitution 
Via -72 


ANSWERS TO SELF-TEST OPPORTUNITIES 


7.1 rubber door stop 

padded baseball glove 

padded dashboard in car 

water filled barrels in front of bridge abutments on highways 
pads on basketball goal support 

pads on goalpost supports on football field 

portable pad for gym floor 

padded shoe inserts 


7.2 The collision is that of a stationary golf ball being 
struck by a moving golf club head. The head of the driver 
has more mass than the golf ball. If we take the golf ball to 
be m, and the drive head to be m,, then m, > m, and 


2m, 
Vel x = Vi2 x G 
m +m, 


So the speed of the golf ball after impact will be a factor of 


| 2m, |- 2 -1 
m +m, Pi j 


m 


greater than the speed of the golf club head. If the golf club 
head is much more massive than the golf ball, then 


2m, x2 
m +m, i 


7.3 Take two coins, each with radius R. 
Collide with impact parameter b. 


The scattering angle is 0. 
b =0 — 0 = 180° 
b=2R—6=0° 


The complete function is 


0= tara" 2], 
2R 


7.4 Suppose the larger coin is at rest and we shoot a 
smaller coin at the larger coin. For b = 0, we get 0 = 180° 
and for b = R; + R, we get 0 = 0°. 
For a very small moving coin incident on a very large 
stationary coin with radius R, we get 
b = Rcos(6/2) 

a 0 
2 


0 =2cos! B 
R 


0 (°) 


Suppose the smaller coin is at rest and we shoot a larger coin at 
the smaller coin. For b = 0, we get 0 = 0 because the larger coin 
continues forward in a head-on collision. For b = R, + R, 
we get 0 =0. 


7.5 The initial kinetic energy is 
K; = imv’ = 4(19.0 kg)(1.60 m/s)” = 24.3 J. 


1 2 


7.6 F= ma, and both experience the same force 
Msguy4suy = M compact compact 
Acompact _ Mgyy _ 3023 kg =) 


1184 kg 


553. 


syy Meompact 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines: Conservation 

of Momentum 

1. Conservation of momentum applies to isolated systems 
with no external forces acting on them—always be sure the 
problem involves a situation that satisfies or approximately 
satisfies these conditions. Also, be sure that you take account 
of every interacting part of the system; conservation of 
momentum applies to the entire system, not just one object. 


2. If the situation youre analyzing involves a collision or 
explosion, identify the momenta immediately before and 
immediately after the event to use in the conservation of 
momentum equation. Remember that a change in total 
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2 
0=cos 1- an 
2gl\m+M 
yong 1 ez kg)(442 wo) 
2(9.81 m/s?)(1.00m)| 0.0625 + 40.0 kg 
0 = 12.6° 


or roughly half the original angle. 
7.8 Again we have to be careful with the tangent. The 
x-component is negative and the y-component is positive. 
So we must end up in quadrant II with 90° < œ < 180°. 


MM Vit 
M Vin 


tana= 


ees tan”! -M Vi]_ tni -2209 kg 50 mph 
MyVin 1474kg 25 mph 


a = 108° or 18° from the vertical, compared with 38° from 
the vertical in the actual collision. 

7.9 The length of the missing momentum vector is 

57 pixels. The length of the 95.5 GeV/c vector is 163 pixels. 
The missing momentum is then (163/57)95.5 GeV/c = 
33 GeV/c. 


7.10 Loss for € = 0.5 is 


1 mm a 
Kiosso.s = Ki - Ke = = (1-(0.5)")(H —Vi2 y 
2 m+m, 
1 3 us 
=(0.75) -22 (F -72}=0.75 Kosma: 
2 m+m, > 


momentum equals an impulse, but the impulse can be either an 
instantaneous force acting over an instant of time or an average 
force acting over a time interval. 


3. If the problem involves a collision, you need to recognize 
what kind of collision it is. If the collision is perfectly elastic, 
kinetic energy is conserved, but this is not true for other kinds 
of collisions. 


4. Remember that momentum is a vector and is conserved in 
the x-, y-, and z-directions separately. For a collision in more 
than one dimension, you may need additional information to 
analyze momentum changes completely. 
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4 m = 0.144 kg 


h = 3.70 m 


FIGURE 7.20 An egg in a special 


container is dropped from a height of 
3.70 m. 


SOLVED PROBLEM 7.3 { Egg Drop 


PROBLEM 

An egg in a special container is dropped from a height of 3.70 m. The container and 
egg together have a mass of 0.144 kg. A net force of 4.42 N will break the egg. What is 
the minimum time over which the egg/container can come to a stop without breaking 
the egg? 


SOLUTION 


THINK 

When the egg/container is released, it accelerates with the acceleration due to gravity. 
When the egg/container strikes the ground, its velocity goes from the final velocity 
due to the gravitational acceleration to zero. As the egg/container comes to a stop, the 
force stopping it times the time interval (the impulse) will equal the mass of the egg/ 
container times the change in speed. The time interval over which the velocity change 
takes place will determine whether the force exerted on the egg by the collision with 
the floor will break the egg. 


SKETCH 
The egg/container is dropped from rest from a height of h = 3.70 m (Figure 7.20). 


RESEARCH 
From the discussion of kinematics in Chapter 2, we know the final speed, v,, of the egg/ 
container resulting from free fall from a height of yy to a final height of y, starting with an 
initial velocity v,, is given by 

v =v -2g(y- y) (i) 
We know that v, = 0 because the egg/container was released from rest. We define the 
final height to be y = 0 and the initial height to be yọ = h, as shown in Figure 7.20. Thus, 
equation (i) for the final speed in the y-direction reduces to 


vy =42gh. (ii) 


When the egg/container strikes the ground, the impulse, J, exerted on it is given by 


b 
J =Ap= f Fdt, Gii) 
f 


where Ap is the change in momentum of the egg/container and F is the force exerted to stop 
it. We assume the force is constant, so we can rewrite the integral in equation (iii) as 


b 
ff Fat=F(e -t,)=FAt. 
t 


The momentum of the egg/container will change from p = mv, to p = 0 when it strikes the 
ground, so we can write 


Ap, =0-(-mv, )=mv, = F,At, (iv) 
where the term -mv, is negative because the velocity of the egg/container just before 
impact is in the negative y-direction. 

SIMPLIFY 


We can now solve equation (iv) for the time interval and substitute the expression for the 
final velocity from equation (ii): 


2gh 
Ata NEE (v) 


F, F, 


CALCULATE 


Inserting the numerical values, we get 


(0.144 kg),|2(981 m/s? )(3.70 m) 


4.42 N 


At= =0.277581543 s. 


ROUND 
All of the numerical values in this problem were given with three significant figures, so 
we report our answer as 

At =0.278 s. 


DOUBLE-CHECK 
Slowing the egg/container from its final velocity to zero over a time interval of 0.278 s 
seems reasonable. Looking at equation (v) we see that the force exerted on the egg as it 
hits the ground is given by 
-y 

At ` 
For a given height, we could reduce the force exerted on the egg in several ways. First, we 
could make At larger by making some kind of crumple zone in the container. Second, we 
could make the egg/container as light as possible. Third, we could construct the container 
so that it had a large surface area and thus significant air resistance, which would reduce 
the value of v, from that for frictionless free fall. 


T 


SOLVED PROBLEM 7.4 ( collision with a Parked Car 


PROBLEM 

A moving truck strikes a car parked in the breakdown lane of a highway. During the col- 
lision, the vehicles stick together and slide to a stop. The moving truck has a total mass 
of 1982 kg (including the driver), and the parked car has a total mass of 966.0 kg. If the 
vehicles slide 10.5 m before coming to rest, how fast was the truck going? The coefficient 
of sliding friction between the tires and the road is 0.350. 


SOLUTION 


THINK 

This situation is a totally inelastic collision of a moving truck with a parked car. The 
kinetic energy of the truck/car combination after the collision is reduced by the en- 
ergy dissipated by friction while the truck/car combination is sliding. The kinetic 
energy of the truck/car combination can be related to the initial speed of the truck 
before the collision. 


SKETCH 

Figure 7.21 is a sketch of the moving truck, m,, and the parked car, m,. Before the colli- 
sion, the truck is moving with an initial speed of v; ,. After the truck collides with the car, 
the two vehicles slide together with a speed of v,- 


Before 


| 
l 
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FIGURE 7.21 The collision between a moving truck and a parked car. 


Continued— 


Problem-Solving Practice 


233 


234 Chapter 7 Momentum and Collisions 


RESEARCH 
Momentum conservation tells us that the velocity of the two vehicles just after the totally 
inelastic collision is given by 

M Vit x 


Vex = : 
m +m, 


The kinetic energy of the combined truck/car combination just after the collision is 
2 . 
K=1(m +m vko (i) 


where, as usual, vç, is the final speed. 
We finish solving this problem by using the work-energy theorem from Chapter 6, 
W; = AK + AU. In this situation, the energy dissipated by friction, W;, on the truck/car 
system is equal to the change in kinetic energy, AK, of the truck/car system, since AU = 0. 
We can thus write 
W; = AK. 


The change in kinetic energy is equal to zero (since the truck and car finally stop) minus the 
kinetic energy of the truck/car system just after the collision. The truck/car system slides a 
distance d. The x-component of the frictional force slowing down the truck/car system is 
given by fy = -,.N, where u is the coefficient of kinetic friction and N is the magnitude 
of the normal force. The normal force has a magnitude equal to the weight of the truck/car 
system, or N= (m + m,)g. The energy dissipated is equal to the x-component of the friction 
force times the distance that the truck/car system slides along the x-axis, so we can write 


We = fed =- by (m +m) gd. (ii) 
SIMPLIFY 
We can substitute for the final speed in equation (i) for the kinetic energy and obtain 
2 
MV; MViy a) 
K=}(m +m W, =4(m,+m se ad n, 
Al : 2) b al = ) m +m, 2(m +m) 


Combining this equation with the work-energy theorem and equation (ii) for the energy 
dissipated by friction, we get 


CALCULATE 


Putting in the numerical values results in 


Vix = eke ig J 2(0.350)(9.81 m/s”)(10.5 m) =12.62996079 m/s. 


ROUND 
All of the numerical values given in this problem were specified to three significant fig- 
ures. Therefore, we report our result as 


Vix = 12.6 m/s. 


DOUBLE-CHECK 

The initial speed of the truck was 12.6 m/s (28.2 mph), which is within the range of nor- 
mal speeds for vehicles on highways and thus certainly within the expected magnitude 
for our result. 
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MULTIPLE-CHOICE QUESTIONS 


7.1 In many old Western movies, a bandit is knocked 
back 3 m after being shot by a sheriff. Which statement best 
describes what happened to the sheriff after he fired his gun? 
a) He remained in the same position. 

b) He was knocked back a step or two. 

c) He was knocked back approximately 3 m. 

d) He was knocked forward slightly. 

e) He was pushed upward. 


oe . Immediately 
7.2. A fireworks projectile is traveling upward before 
as shown on the right in the figure just before explosion 


it explodes. Sets of possible momentum vectors 
for the shell fragments immediately after the 
explosion are shown below. Which sets could 


actually occur? 


7.3 The figure rok sets of possible momentum vectors 
before and after a collision, with no external forces acting. 


Which sets could actually occur? 
Before After 


Pi P2 P Pr 
a) —> < <--> 


b) => e C — 


Masses sticking 
(d) \ Lf together after collision 


7.4 The value of the momentum for a system is the same at a 
later time as at an earlier time if there are no 


Immediately 
after explosion 


a) collisions between particles within the system. 

b) inelastic collisions between particles within the system. 
c) changes of momentum of individual particles within the 
system. 

d) internal forces acting between particles within the system. 
e) external forces acting on particles of the system. 

7.5 Consider these three situations: 


(i) A ball moving to the right at speed v is brought to rest. 

(ii) The same ball at rest is projected at speed v toward the left. 
(iii) The same ball moving to the left at speed v speeds up to 2v. 
In which situation(s) does the ball undergo the largest change 
in momentum? 
a) situation (i) d) situations (i) and (ii) 
b) situation (ii) e) all three situations 


c) situation (iii) 
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7.6 Consider two carts, of masses m and 2m, at rest on a 
frictionless air track. If you push the lower-mass cart for 
35 cm and then the other cart for the same distance and 
with the same force, which cart undergoes the larger 
change in momentum? 


a) The cart with mass m has the larger change. 

b) The cart with mass 2m has the larger change. 

c) The change in momentum is the same for both carts. 
d) It is impossible to tell from the information given. 


7.7 Consider two carts, of masses m and 2m, at rest on a 
frictionless air track. If you push the lower-mass cart for 3 s 
and then the other cart for the same length of time and with 
the same force, which cart undergoes the larger change in 
momentum? 


a) The cart with mass m has the larger change. 

b) The cart with mass 2m has the larger change. 

c) The change in momentum is the same for both carts. 
d) It is impossible to tell from the information given. 


7.8 Which of the following statements about car collisions 
are true and which are false? 


a) The essential safety benefit of crumple zones (parts of the 
front of a car designed to receive maximum deformation 
during a head-on collision) results from absorbing kinetic 
energy, converting it into deformation, and lengthening 

the effective collision time, thus reducing the average force 
experienced by the driver. 

b) Ifcar 1 has mass m and speed v, and car 2 has mass 0.5m 
and speed 1.5v, then both cars have the same momentum. 


c) If two identical cars with identical speeds collide head on, 
the magnitude of the impulse received by each car and each 
driver is the same as if one car at the same speed had collided 
head on with a concrete wall. 

d) Car 1 has mass m, and car 2 has mass 2m. In a head-on 
collision of these cars while moving at identical speeds in 
opposite directions, car 1 experiences a bigger acceleration 
than car 2. 

e) Car 1 has mass m, and car 2 has mass 2m. In a head- 

on collision of these cars while moving at identical speeds 

in opposite directions, car 1 receives an impulse of bigger 
magnitude than that received by car 2. 


7.9 A fireworks projectile is launched upward at an angle 
above a large flat plane. When the projectile reaches the top 
of its flight, at a height of h above a point that is a horizontal 
distance D from where it was launched, the projectile 
explodes into two equal pieces. One piece reverses its 
velocity and travels directly back to the launch point. How 
far from the launch point does the other piece land? 


a) D c) 3D 
b) 2D d) 4D 
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QUESTIONS 

| 7.10 An astronaut becomes stranded during a space walk Each of the graphs depicts a possible plot of a physical 
after her jet pack malfunctions. Fortunately, there are two parameter with respect to time. Each graph has two curves, 
objects close to her that she can push to propel herself one for each cart, and each curve is labeled with the cart’s 
back to the International Space Station (ISS). Object A has letter. For each property (a)-(e) specify the graph that could 
the same mass as the astronaut, and Object B is 10 times be a plot of the property; if a graph for a property is not 
more massive. To achieve a given momentum toward the shown, choose alternative 9. 
ISS by pushing one of the objects away from the ISS, which PEN PEN sik 
object should she push? That is, which one requires less oe 5 Ta iTA 
work to produce the same impulse? Initially, the astronaut 0.0 B) = p eis 7 0 B 2 = i 
and the two objects are at rest with respect to the ISS. —0.8 L 100 -51 100 EAN 100 
(Hint: Recall that work is force times distance and think =k 4 —10 L 5 -2 L Pe 
about how the two objects move when they are pushed.) 
7.11 Consider a ballistic pendulum (see Section 7.6) in ah 24 2ÅB8 
which a bullet strikes a block of wood. The wooden block F A 1+ 3 a 
is hanging from the ceiling and swings up to a maximum 0 : t 0 T t 0 t 
height after the bullet strikes it. Typically, the bullet miT di Tai s ei DA 
becomes embedded in the block. Given the same bullet, en #4 Eaa #5 TA #6 
the same initial bullet speed, and the same block, would r i 
the maximum height of the block change if the bullet did 16+ p 10 E a 
not get stopped by the block but passed through to the ET DL > =f Ce A graph that 
other side? Would the height change if the bullet and its me am 7 y w iy notako 
speed were the same but the block was steel and the bullet °° 7 ek 
bounced off it, directly backward? Coa = he iis 


7.12 A bungee jumper is concerned that his elastic cord 

might break if it is overstretched and is considering replacing 
the cord with a high-tensile-strength steel cable. Is this a b) the positions of the carts 
good idea? c) the velocities of the carts 


a) the forces exerted by the carts 


7.13 A ball falls straight Ball d) the accelerations of the carts 


down onto a block that 
is wedge-shaped and is 
sitting on frictionless ice. i 
The block is initially at rest 
(see the figure). Assuming 
the collision is perfectly elastic, is the total momentum of 


the block/ball system conserved? Is the total kinetic energy 


of the block/ball system exactly the same before and after the 
collision? Explain. 7.18 When hit in the face, a boxer will “ride the punch”; 


that is, if he anticipates the punch, he will allow his neck 
muscles to go slack. His head then moves back easily from 
the blow. From a momentum-impulse standpoint, explain 
why this is much better than stiffening his neck muscles and 
bracing himself against the punch. 


e) the momenta of the carts 


7.16 Using momentum and force principles, explain why an 
air bag reduces injury in an automobile collision. 


7.17 A rocket works by expelling gas (fuel) from its nozzles 
at a high velocity. However, if we take the system to be the 
rocket and fuel, explain qualitatively why a stationary rocket 
is able to move. 


7.14 To solve problems involving projectiles traveling 
through the air by applying the law of conservation of mo- 
mentum requires evaluating the momentum of the system 
immediately before and immediately after the collision or 


explosion. Why? 
7.19 An open train car moves with speed vg on a flat friction- 


less railroad track, with no engine pulling it. It begins to 
rain. The rain falls straight down and begins to fill the train 
car. Does the speed of the car decrease, increase, or stay the 
same? Explain. 


7.15 Two carts are riding on an air track as shown in the fig- 
ure. At time t = 0, cart B is at the origin traveling in the posi- 
tive x-direction with speed vp, and cart A is at rest as shown 
in the diagram below. The carts collide, but do not stick. 


Before 


Initially at rest 


r — 


Cart B Cart A 


PROBLEMS 


| A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One e and two ee 
indicate increasing level of problem difficulty. 


Section 7.1 


7.20 Rank the following objects from highest to lowest in terms 
of momentum and from highest to lowest in terms of energy. 


a) an asteroid with mass 10° kg and speed 500 m/s 

b) a high-speed train with a mass of 180,000 kg and a speed 
of 300 km/h 

c) a 120-kg linebacker with a speed of 10 m/s 

d) a 10-kg cannonball with a speed of 120 m/s 

e) a proton with a mass of 6-10” kg and a speed of 2-10° m/s 


7.21 Acar of mass 1200 kg, moving with a speed of 72 mph 
on a highway, passes a small SUV with a mass 14 times big- 
ger, moving at 2/3 of the speed of the car. 


a) What is the ratio of the momentum of the SUV to that of 
the car? 

b) What is the ratio of the kinetic energy of the SUV to that 
of the car? 


7.22 The electron-volt, eV, is a unit of energy (1 eV = 
1.602-10°'’J, 1 MeV = 1.602- 107" J). Since the unit of mo- 
mentum is an energy unit divided by a velocity unit, nuclear 
physicists usually specify momenta of nuclei in units of 
MeV/c, where c is the speed of light (c = 2.998- 10° m/s). In the 
same units, the mass of a proton (1.673- 10°” kg) is given as 
938.3 MeV/c’. If a proton moves with a speed of 17,400 km/s, 
what is its momentum in units of MeV/c? 


7.23 A soccer ball with a mass of 442 g bounces off the cross- 
bar of a goal and is deflected upward at an angle of 58.0° with 
respect to horizontal. Immediately after the deflection, the 
kinetic energy of the ball is 49.5 J. What are the vertical and 
horizontal components of the ball’s momentum immediately 
after striking the crossbar? 


°7.24 A billiard ball 
of mass m = 0.250 kg 
hits the cushion of 

a billiard table at an 
angle of 6, = 60.0° at a 
speed of v, = 27.0 m/s. 
It bounces off at an 
angle of 0, = 71.0° and a speed of v, = 10.0 m/s. 


a) What is the magnitude of the change in momentum of the 
billiard ball? 

b) In which direction does the change of momentum vector 
point? 


Section 7.2 


7.25 In the movie Superman, Lois Lane falls from a building 
and is caught by the diving superhero. Assuming that Lois, with 
a mass of 50.0 kg, is falling at a terminal velocity of 60.0 m/s, 
how much force does Superman exert on her if it takes 0.100 s 
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to slow her to a stop? If Lois can withstand a maximum 
acceleration of 7 g's, what minimum time should it take 
Superman to stop her after he begins to slow her down? 


7.26 One of the events in the Scottish Highland Games is the 
sheaf toss, in which a 9.09-kg bag of hay is tossed straight up 
into the air using a pitchfork. During one throw, the sheaf is 
launched straight up with an initial speed of 2.7 m/s. 


a) What is the impulse exerted on the sheaf by gravity 
during the upward motion of the sheaf (from launch to 
maximum height)? 

b) Neglecting air resistance, what is the impulse exerted 
by gravity on the sheaf during its downward motion (from 
maximum height until it hits the ground)? 

c) Using the total impulse produced by gravity, determine 
how long the sheaf is airborne. 


7.27 An 83.0-kg running back leaps straight ahead toward 
the end zone with a speed of 6.50 m/s. A 115-kg linebacker, 
keeping his feet on the ground, catches the running back 
and applies a force of 900. N in the opposite direction for 
0.750 s before the running back’s feet touch the ground. 


a) What is the impulse that the linebacker imparts to the 
running back? 

b) What change in the running back’s momentum does the 
impulse produce? 

c) What is the running back’s momentum when his feet 
touch the ground? 

d) Ifthe linebacker keeps applying the same force after the 
running back’s feet have touched the ground, is this still the 
only force acting to change the running back’s momentum? 


7.28 A baseball pitcher delivers a fastball that crosses the 
plate at an angle of 7.25° relative to the horizontal and a 
speed of 88.5 mph. The ball (of mass 0.149 kg) is hit back 
over the head of the pitcher at an angle of 35.53° with 
respect to the horizontal and a speed of 102.7 mph. What is 
the magnitude of the impulse received by the ball? 


e7.29 Although they don’t have mass, photons—traveling 
at the speed of light—have momentum. Space travel experts 
have thought of capitalizing on this fact by constructing 
solar sails—large sheets of material that would work by 
reflecting photons. Since the momentum of the photon 
would be reversed, an impulse would be exerted on it by the 
solar sail, and—by Newton's Third Law—an impulse would 
also be exerted on the sail, providing a force. In space near 
the Earth, about 3.84- 107! photons are incident per square 
meter per second. On average, the momentum of each 
photon is 1.30- 10°” kg m/s. For a 1000.-kg spaceship start- 
ing from rest and attached to a square sail 20.0 m wide, how 
fast could the ship be moving after 1 hour? One week? One 
month? How long would it take the ship to attain a speed of 
8000. m/s, roughly the speed of the space shuttle in orbit? 


e7.30 In a severe storm, 1.00 cm of rain falls on a flat horizon- 
tal roof in 30.0 min. If the area of the roof is 100. m? and the 
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terminal velocity of the rain is 5.00 m/s, what is the average 
force exerted on the roof by the rain during the storm? 


e7.31 NASA has taken an increased interest in near Earth 
asteroids. These objects, popularized in recent blockbuster 
movies, can pass very close to Earth on a cosmic scale, some- 
times as close as 1 million miles. Most are small—less than 
500 m across—and while an impact with one of the smaller 
ones could be dangerous, experts believe that it may not be 
catastrophic to the human race. One possible defense system 
against near Earth asteroids involves hitting an incoming 
asteroid with a rocket to divert its course. Assume a relatively 
small asteroid with a mass of 2.10-10"° kg is traveling toward 
the Earth at a modest speed of 12.0 km/s. 


a) How fast would a large rocket with a mass of 8.00-10* kg 
have to be moving when it hit the asteroid head on in order 
to stop the asteroid? 

b) An alternative approach would be to divert the asteroid 
from its path by a small amount to cause it to miss Earth. 
How fast would the rocket of part (a) have to be traveling 

at impact to divert the asteroid’s path by 1.00°? In this case, 
assume that the rocket hits the asteroid while traveling along 
a line perpendicular to the asteroid’s path. 


e7.32 In nanoscale electronics, electrons can be treated like 
billiard balls. The figure shows a simple device currently un- 
der study in which an electron elastically collides with a rigid 
wall (a ballistic electron transistor). The green bars represent 
electrodes that can apply a vertical force of 8.0- 107" N to the 
electrons. If an electron initially has velocity components v, = 
1.00-10° m/s and v, = 0 and the wall is at 45°, the deflection 
angle 0p is 90°. 
How long does 
the vertical force 
from the elec- 
trodes need to be 
applied to obtain 
a deflection angle 
of 120°? 


e7.33 The largest railway gun ever built was called Gustav 
and was used briefly in World War II. The gun, mount, 

and train car had a total mass of 1.22-10° kg. The gun fired 
a projectile that was 80.0 cm in diameter and weighed 

7502 kg. In the firing illustrated in the figure, the gun has 
been elevated 20.0° above the horizontal. If the railway gun 
was at rest before firing and moved to the right at a speed of 
4.68 m/s immediately after firing, what was the speed of the 
projectile as it left the barrel (muzzle velocity)? How far will 
the projectile travel if air resistance is neglected? Assume 
that the wheel axles are frictionless. 


Before firing Vy =? 


Immediately after firing 


20.0° 


007.34 A 6.00-kg clay ball is thrown directly against a perpen- 
dicular brick wall at a velocity of 22.0 m/s and shatters into 


three pieces, which all fly backward, as shown in the figure. The 
wall exerts a force on the ball of 2640 N for 0.100 s. One piece 
of mass 2.00 kg travels backward at a velocity of 10.0 m/s and 
an angle of 32.0° above the horizontal. A second piece of mass 
1.00 kg travels at a velocity of 8.00 m/s and an angle of 28.0° 
below the horizontal. What is the velocity of the third piece? 


2kg 
a 
22 m/ 32 
@ m/s we 
6 kg ea 
© 
1kg 


Section 7.3 


7.35 A sled initially at rest has a mass of 52.0 kg, including 
all of its contents. A block with a mass of 13.5 kg is ejected 
to the left at a speed of 13.6 m/s. What is the speed of the 


sled and the remaining contents? 
v 


= 
Vblock > 


a 


7.36 Stuck in the middle of a frozen pond with only your 
physics book, you decide to put physics in action and throw 
the 5.00-kg book. If your mass is 62.0 kg and you throw the 
book at 13.0 m/s, how fast do you then slide across the ice? 
(Assume the absence of friction.) 


7.37 Astronauts are playing baseball on the International 
Space Station. One astronaut with a mass of 50.0 kg, initially 
at rest, hits a baseball with a bat. The baseball was initially 
moving toward the astronaut at 35.0 m/s, and after being hit, 
travels back in the same direction with a speed of 45.0 m/s. 
The mass of a baseball is 0.14 kg. What is the recoil velocity 
of the astronaut? 


e7.38 An automobile with a mass of 1450 kg is parked 
on a moving flatbed railcar; the flatbed is 1.5 m above the 


Moving together 


Takeoff 


ground. The railcar has a mass of 38,500 kg and is moving to 
the right at a constant speed of 8.7 m/s on a frictionless rail. 
The automobile then accelerates to the left, leaving the railcar 
at a speed of 22 m/s with respect to the ground. When the 
automobile lands, what is the distance D between it and the 
left end of the railcar? See the figure. 


7.39 Three people are floating on a 120.-kg raft in the 
middle of a pond on a warm summer day. They decide to 
go swimming, and all jump off the raft at the same time and 
from evenly spaced positions around the perimeter of the 
raft. One person, with a mass of 62.0 kg, jumps off the raft 
at a speed of 12.0 m/s. The second person, of mass 73.0 kg, 
jumps off the raft at a speed of 8.00 m/s. The third person, 
of mass 55.0 kg, jumps off the raft at a speed of 11.0 m/s. At 
what speed does the raft drift from its original position? 


7.40 A missile is shot straight up into the air. At the peak of 

its trajectory, it breaks up into three pieces of equal mass, all of 
which move horizontally away from the point of the explosion. 
One piece travels in a horizontal direction of 28.0° east of north 
with a speed of 30.0 m/s. The second piece travels in a horizontal 
direction of 12.0° south of west with a speed of 8.00 m/s. What is 
the velocity of the remaining piece? Give both speed and angle. 


ee7.41 Once a favorite playground sport, dodgeball is 
becoming increasingly popular among adults of all ages who 
want to stay in shape and who even form organized leagues. 
Gutball is a less popular variant of dodgeball in which play- 
ers are allowed to bring their own (typically nonregulation) 
equipment and in which cheap shots to the face are permitted. 
In a gutball tournament against people half his age, a physics 
professor threw his 0.400-kg soccer ball at a kid throwing a 
0.600-kg basketball. The balls collided in midair (see the fig- 
ure), and the basketball flew off with an energy of 95.0 J at an 
angle of 32.0° relative to its initial path. Before the collision, 
the energy of the 
soccer ball was 
100. J and the 
energy of the bas- 
ketball was 112 J. 
At what angle and 
Basketball speed did the soc- 
m= 0.600kg cer ball move away 
K=112.] from the collision? 


Soccer ball 
m = 0.400 kg 
K= 100.J 


Section 7.4 


7.42 Two bumper cars moving on a frictionless surface col- 
lide elastically. The first bumper car is moving to the right 
with a speed of 20.4 m/s and rear-ends the second bumper 
car, which is also moving to the right but with a speed of 
9.00 m/s. What is the speed of the first bumper car after the 
collision? The mass of the first bumper car is 188 kg, and the 
mass of the second bumper car is 143 kg. Assume that the 
collision takes place in one dimension. 


7.43 A satellite with a mass of 274 kg approaches a large 
planet at a speed v; ; =13.5 km/s. The planet is moving at a 
speed v; =10.5 km/s in the opposite direction. The satel- 
lite partially orbits the planet and then moves away from the 
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planet in a direction opposite to its 
original direction (see the figure). If this 
interaction is assumed to approximate 
an elastic collision in one dimension, 
what is the speed of the satellite after the 
collision? This so-called slingshot effect is 
often used to accelerate space probes for 
journeys to distance parts of the solar 
system (see Chapter 12). 


e7.44 You see a pair of shoes tied together by the laces and 
hanging over a telephone line. You throw a 0.25-kg stone at 
one of the shoes (mass = 0.37 kg), and it collides elastically 
with the shoe with a velocity of 2.3 m/s in the horizontal 
direction. How far up does the shoe move? 


e7.45 Block A and block B are forced together, compress- 
ing a spring (with spring constant k = 2500. N/m) between 
them 3.00 cm from its equilibrium length. The spring, 
which has negligible mass, is not fastened to either block 
and drops to the surface after it has expanded. What are 
the speeds of block A and block B at this moment? (As- 
sume that the friction 


ma = 1.00 kg mpg = 3.00 kg 
between the blocks and 
AWAY the supporting surface 
is so low that it can be 
k = 2500. N/m neglected.) 


°7.46 An alpha particle (mass = 4.00 u) has a head-on, 
elastic collision with a nucleus (mass = 166 u) that is ini- 
tially at rest. What percentage of the kinetic energy of the 
alpha particle is transferred to the nucleus in the collision? 


°7.47 You notice that a shopping cart 20.0 m away is mov- 
ing with a velocity of 0.70 m/s toward you. You launch a cart 
with a velocity of 1.1 m/s directly at the other cart in order 
to intercept it. When the two carts collide elastically, they re- 
main in contact for approximately 0.2 s. Graph the position, 
velocity, and force for both carts as a function of time. 


e7.48 A 0.280-kg ball has an elastic, head-on collision with a 
second ball that is initially at rest. The second ball moves off 
with half the original speed of the first ball. 


a) What is the mass of the second ball? 


b) What fraction of the original kinetic energy (AK/K) is 
transferred to the second ball? 


ee7.49 Cosmic rays from space that strike Earth contain 
some charged particles with energies billions of times higher 
than any that can be produced in the biggest accelerator. 
One model that was proposed to account for these par- 
ticles is shown schematically in the figure. Two very strong 
sources of magnetic fields move toward each other and 
repeatedly reflect the charged particles trapped between 
them. (These magnetic field sources can be approximated 

as infinitely heavy walls from which charged particles get 


Vy V% VR 
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reflected elastically.) The high-energy particles that strike 
the Earth would have been reflected a large number of times 
to attain the observed energies. An analogous case with only 
a few reflections demonstrates this effect. Suppose a particle 
has an initial velocity of -2.21 km/s (moving in the negative 
x-direction, to the left), the left wall moves with a velocity of 
1.01 km/s to the right, and the right wall moves with a veloc- 
ity of 2.51 km/s to the left. What is the velocity of the particle 
after six collisions with the left wall and five collisions with 
the right wall? 


ee7.50 Here is a popular lecture demon- Snr SAF 
stration that you can perform at home. 
Place a golf ball on top of a basketball, and 
drop the pair from rest so they fall to the 
ground. (For reasons that should become 
clear once you solve this problem, do not 
attempt to do this experiment inside, but 
outdoors instead!) With a little practice, 
you can achieve the situation pictured here: The golf ball 
stays on top of the basketball until the basketball hits the 
floor. The mass of the golf ball is 0.0459 kg, and the mass of 
the basketball is 0.619 kg. 


a) Ifthe balls are released from a height where the bottom 

of the basketball is at 0.701 m above the ground, what is the 
absolute value of the basketball’s momentum just before it hits 
the ground? 

b) What is the absolute value of the momentum of the golf 
ball at this instant? 

c) Treat the collision of the basketball with the floor and the 
collision of the golf ball with the basketball as totally elastic 
collisions in one dimension. What is the absolute magnitude 
of the momentum of the golf ball after these collisions? 

d) Now comes the interesting question: How high, 
measured from the ground, will the golf ball bounce up after 
its collision with the basketball? 


Section 7.5 


7.51 A hockey puck with mass 0.250 kg traveling along the 
blue line (a blue-colored straight line on the ice in a hockey 
rink) at 1.50 m/s strikes a stationary puck with the same 
mass. The first puck exits the collision in a direction that is 
30.0° away from the blue line at a speed of 0.750 m/s (see 
the figure). What is the direction and magnitude of the ve- 
locity of the second puck after the collision? Is this an elastic 
collision? 


After collision 


Before collision 


Mere —e 


e7.52 A ball with mass m = 0.210 kg and kinetic energy 
K, = 2.97 J collides elastically with a second ball of the 
same mass that is initially at rest. 
After the collision, the first ball 


K, moves away at an angle of 6,= 
eo——- @ 30.6° with respect to the hori- 
mı My 


zontal, as shown in the figure. 
What is the kinetic energy of the 
first ball after the collision? 


e7.53 When you open the door to an air-conditioned room, 
you mix hot gas with cool gas. Saying that a gas is hot or 

cold actually refers to its average energy; that is, the hot gas 
molecules have a higher kinetic energy than the cold gas 
molecules. The difference in kinetic energy in the mixed gases 
decreases over time as a result of elastic collisions between 
the gas molecules, which redistribute the energy. Consider a 
two-dimensional collision between two nitrogen molecules 
(N, molecular weight = 28.0 g/mol). One molecule moves at 
30.0° with respect to the horizontal with a velocity of 672 m/s. 
This molecule collides with a second molecule moving in 
the negative horizontal direction at 246 m/s. What are the 
molecules’ final velocities if the one that is initially more 
energetic moves in the vertical direction after the collision? 


7.54 A ball falls straight down onto a wedge that is sitting 
on frictionless ice. The ball has a mass of 3.00 kg, and the 
wedge has a mass of 5.00 kg. The ball is moving a speed of 
4.50 m/s when it strikes the wedge, 
zal which is initially at rest (see the 


figure). Assuming that the 
Pa m/s 


collision is instantaneous 
and perfectly elastic, what 
are the velocities of the 
ball and the wedge 
after the collision? 


ee7.55 Betty Bodycheck (mp = 55.0 kg, vg = 22.0 km/h in 
the positive x-direction) and Sally Slasher (ms = 45.0 kg, 

Vs = 28.0 km/h in the positive y-direction) are both racing 
to get to a hockey puck. Immediately after the collision, 
Betty is heading in a direction that is 76.0° counterclockwise 
from her original direction, and Sally is heading back and to 
her right in a direction that is 12.0° from the x-axis. What 
are Betty and Sally’s final kinetic energies? Is their collision 
elastic? 


Immediately before collision 


a y £ ere 
W vg = 22.0 km/h 
x 


Immediately after collision 


f. = 28.0 km/h 


Sally 


ee7.56 Current measurements and cosmological theories 
suggest that only about 4% of the total mass of the universe 

is composed of ordinary matter. About 22% of the mass is 
composed of dark matter, which does not emit or reflect light 
and can only be observed through its gravitational interac- 
tion with its surroundings (see Chapter 12). Suppose a galaxy 
with mass Mg is moving in a straight line in the x-direction. 
After it interacts with an invisible clump of dark matter with 
mass Mpm the galaxy moves with 50% of its initial speed in a 
straight line in a direction that is rotated by an angle 0 from its 
initial velocity. Assume that initial and final velocities are given 
for positions where the galaxy is very far from the clump of 
dark matter, that the gravitational attraction can be neglected 
at those positions, and that the dark matter is initially at rest. 
Determine Mpy in terms of Mg, Vo and 6. 


Initial velocity 
Vo 


Final velocity 


? NE 
Dark Matter 


Mpm 


Section 7.6 


7.57 A 1439-kg railroad car traveling at a speed of 12 m/s 
strikes an identical car at rest. If the cars lock together as a 
result of the collision, what is their common speed (in m/s) 
afterward? 


7.58 Bats are extremely adept at catching insects in midair. If 
a 50.0-g bat flying in one direction at 8.00 m/s catches a 5.00-g 
insect flying in the opposite direction at 6.00 m/s, what is the 
speed of the bat immediately after catching the insect? 


e7.59 A small car of mass 1000. kg traveling at a speed 

of 33.0 m/s collides head on with a large car of mass 3000. kg 
traveling in the opposite direction at a speed of 30.0 m/s. The 
two cars stick together. The duration of the collision is 100. ms. 
What acceleration (in g) do the occupants of the small car 
experience? What acceleration (in g) do the occupants of the 
large car experience? 


°7.60 To determine the muzzle velocity of a bullet fired 
from a rifle, you shoot the 2.00-g bullet into a 2.00-kg 
wooden block. The block is suspended by wires from the 
ceiling and is initially at rest. After the bullet is embedded 
in the block, the block swings up to a maximum height of 
0.500 cm above its initial position. What is the velocity of 
the bullet on leaving the gun's barrel? 


°7.61 A 2000.-kg Cadillac and a 1000.-kg Volkswagen meet 
at an intersection. The stoplight has just turned green, and the 
Cadillac, heading north, drives forward into the intersection. 
The Volkswagen, traveling east, fails to stop. The Volkswagen 
crashes into the left front fender of the Cadillac; then the cars 
stick together and slide to a halt. Officer Tom, responding to 
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the accident, sees that the skid marks are directed 55.0° north 
of east from the point of impact. The driver of the Cadillac, 
who keeps a close eye on the speedometer, reports that he was 
traveling at 30.0 m/s when the accident occurred. How fast 
was the Volkswagen going just before the impact? 


°7.62 Two balls of equal mass collide and stick together as 

shown in the figure. The initial velocity of ball B is twice that 

of ball A. 

a) Calculate the angle above the horizontal of the motion of 

mass A + B after the collision. 

b) What is the ratio of the final 
velocity of the mass A + B to the 
initial velocity of ball A, v;/v,? 

c) What is the ratio of the final 


60.0° 
energy of the system to the initial 
energy of the system, E;/E,? Is the 
B@ collision elastic or inelastic? 


ee7.63 Tarzan swings on a vine 

from a cliff to rescue Jane, who is standing on the ground 
surrounded by snakes. His plan is to push off the cliff, grab 
Jane at the lowest point of his swing, and carry them both 
to the safety of a nearby tree (see the figure). Tarzan’s mass 
is 80.0 kg, Jane's mass is 40.0 kg, the height of the lowest limb 
of the target tree is 10.0 m, and Tarzan is initially standing on 
a cliff of height 20.0 m. The length of the vine is 30.0 m. With 
what speed should Tarzan push off the cliff if he and Jane are 
to make it to the tree limb successfully? 


Tarzan 


es 


? 
{ 


°°7.64 A 3000.-kg Cessna airplane flying north at 75.0 m/s at 
an altitude of 1600. m over the jungles of Brazil collided with 
a 7000.-kg cargo plane flying 35.0° 
north of west with a speed 
of 100. m/s. As mea- 
sured from a point 
on the ground 
directly below 
the collision, the 
Cessna wreck- 
age was found 
Cargo plane 1000. m away 


Cessna ‘ 
: at an angle of 
> 


25.0° south 
m = 3000. kg m—7000.kg of west, as 


Before collision 


v= 
75.0 m/s 
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shown in the figure. The cargo plane broke into two pieces. 
Rescuers located a 4000.-kg piece 1800. m away from the 
same point at an angle 
of 22.0° east of north. 
Where should they 
look for the other 
piece of the car- 
go plane? Give 
a distance and 
a direction 
from the point 
directly below 
the collision. 


After collision N m= 4000. kg 


sy 
p 


Other piece of 
wreckage? 


Cessna 
wreckage 


Section 7.7 


7.65 The objects listed in the table are dropped from a 
height of 85 cm. The height they reach after bouncing has 
been recorded. Determine the coefficient of restitution for 
each object. 


Object H(cm) |h; (cm) |e 
range golf ball 85.0 62.6 
tennis ball 85.0 43.1 
billiard ball 85.0 54.9 
hand ball 85.0 48.1 
wooden ball 85.0 30.9 
steel ball bearing 85.0 30.3 
glass marble 85.0 36.8 
ball of rubber bands 85.0 58.3 
hollow, hard plastic ball 85.0 40.2 


7.66 A golf ball is released from rest from a height of 0.811 m 
above the ground and has a collision with the ground, for 
which the coefficient of restitution is 0.601. What is the 
maximum height reached by this ball as it bounces back up 
after this collision? 


e7.67 A billiard ball of mass 0.162 kg has a speed of 1.91 m/s 
and collides with the side of the billiard table at an angle of 


35.9°. For this collision, the coefficient of restitution is 0.841. 


What is the angle relative to the side (in degrees) at which 
the ball moves away from the collision? 


e7.68 A soccer ball rolls out 
of a gym through the center of 
a doorway into the next room. 
The adjacent room is 6.00 m by 
6.00 m with the 2.00-m wide 
doorway located at the center 
of the wall. The ball hits the 
center of a side wall at 45.0°. If 


the coefficient of restitution for the soccer ball is 0.700, does 


the ball bounce back out of the room? (Note that the ball rolls 
without slipping, so no energy is lost to the floor.) 


e7.69 In a Tom and Jerry™ cartoon, Tom the cat is chasing 
Jerry the mouse outside in a yard. The house is in a neigh- 
borhood where all the houses are exactly the same, each 
with the same size yard and the same 2.00-m-high fence 
around each yard. In the cartoon, Tom rolls Jerry into a ball 
and throws him over the fence. Jerry moves like a projec- 
tile, bounces at the center of the next yard, and continues 

to fly toward the next fence, which is 7.50 m away. If Jerry’s 
original height above ground when he was thrown is 5.00 m, 
his original range is 15.0 m, and his coefficient of restitution 
is 0.80, does he make it over the next fence? 


7.50 m 


ee7.70 Two Sumo wrestlers are involved in an inelastic 
collision. The first wrestler, Hakurazan, has a mass of 135 kg 
and moves forward along the positive x-direction at a speed 
of 3.5 m/s. The second wrestler, Toyohibiki, has a mass of 
173 kg and moves straight toward Hakurazan at a speed 

of 3.0 m/s. Immediately after the collision, Hakurazan is 
deflected to his right by 35° (see the figure). In the collision, 
10% of the wrestlers’ initial total kinetic energy is lost. What 
is the angle at which Toyohibiki is moving immediately after 
the collision? 


Immediately before collision Immediately after collision 


N 3.5m/s 3.0 m/s eo 
oY aes hes 
> n 


Toyohibiki 


Toyohibiki 


o 35° 
Hakurazan 


Hakurazan 
x 


ee7.71 A hockey puck (m = 170. g and v; = 2.00 m/s) slides 
without friction on the ice and hits the rink board at 30.0° 
with respect to the normal. The puck bounces off the board 
at a 40.0° angle with respect to the normal. What is the coef- 
ficient of restitution for the puck? What is the ratio of the 
puck’s final kinetic energy to its initial kinetic energy? 


Additional Problems 

7.72 How fast would a 5.00-g fly have to be traveling to 
slow a 1900.-kg car traveling at 55.0 mph by 5.00 mph if the 
fly hit the car in a totally inelastic head-on collision? 


7.73 Attempting to score a touchdown, an 85-kg tailback jumps 
over his blockers, achieving a horizontal speed of 8.9 m/s. He is 
met in midair just short of the goal line by a 110-kg lineback- 
er traveling in the opposite direction at a speed of 8.0 m/s. 
The linebacker grabs the tailback. 


a) What is the speed of the entangled tailback and linebacker 
just after the collision? 

b) Will the tailback score a touchdown (provided that no other 
player has a chance to get involved, of course)? 


7.74 The nucleus of radioactive thorium-228, with a mass of 
about 3.8- 10” kg, is known to decay by emitting an alpha par- 
ticle with a mass of about 6.68- 10” kg. If the alpha particle is 
emitted with a speed of 1.8- 10’ m/s, what is the recoil speed of 
the remaining nucleus (which is the nucleus of a radon atom)? 


7.75 A 60.0-kg astronaut inside a 7.00-m-long space cap- 
sule of mass 500. kg is floating weightlessly on one end of 
the capsule. He kicks off the wall at a velocity of 3.50 m/s 
toward the other end of the capsule. How long does it take 
the astronaut to reach the far wall? 


7.76 Moessbauer spectroscopy is a technique for studying 
molecules by looking at a particular atom within them. For 
example, Moessbauer measurements of iron (Fe) inside hemo- 
globin, the molecule responsible for transporting oxygen in 
the blood, can be used to determine the hemoglobin’s flexibil- 
ity. The technique starts with X-rays emitted from the nuclei 
of ”Co atoms. These X-rays are then used to study the Fe in 
the hemoglobin. The energy and momentum of each X-ray 
are 14 keV and 14 keV/c (see Example 7.5 for an explanation 
of the units). A ”Co nucleus recoils as an X-ray is emitted. 

A single °’Co nucleus has a mass of 9.52- 10°% kg. What are 
the final momentum and kinetic energy of the Co nucleus? 
How do these compare to the values for the X-ray? 


7.77 Assume the nucleus of a radon atom, *”’Rn, has a mass 
of 3.68- 10” kg. This radioactive nucleus decays by emit- 
ting an alpha particle with an energy of 8.79- 107" J. The 
mass of an alpha particle is 6.65- 10” kg. Assuming that the 
radon nucleus was initially at rest, what is the velocity of the 
nucleus that remains after the decay? 


7.78 A skateboarder of mass 35.0 kg is riding her 3.50-kg 
skateboard at a speed of 5.00 m/s. She jumps backward off 
her skateboard, sending the skateboard forward at a speed 
of 8.50 m/s. At what speed is the skateboarder moving when 
her feet hit the ground? 


7.79 During an ice-skating extravaganza, Robin Hood on 
Ice, a 50.0-kg archer is standing still on ice skates. Assume 
that the friction between the ice skates and the ice is negli- 
gible. The archer shoots a 0.100-kg arrow horizontally at a 
speed of 95.0 m/s. At what speed does the archer recoil? 


7.80 Astronauts are playing catch on the International 
Space Station. One 55.0-kg astronaut, initially at rest, throws 
a baseball of mass 0.145 kg at a speed of 31.3 m/s. At what 
speed does the astronaut recoil? 


7.81 A bungee jumper with mass 55.0 kg reaches a speed of 
13.3 m/s moving straight down when the elastic cord tied 
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to her feet starts pulling her back up. After 0.0250 s, the 
jumper is heading back up at a speed of 10.5 m/s. What 

is the average force that the bungee cord exerts on the 
jumper? What is the average number of g’s that the jumper 
experiences during this direction change? 


7.82 A 3.0-kg ball of clay with a speed of 21 m/s is thrown 
against a wall and sticks to the wall. What is the magnitude 
of the impulse exerted on the ball? 


7.83 The figure shows 
before and after scenes 
of a cart colliding with 
a wall and bouncing 
back. What is the cart’s 
change of momen- 
tum? (Assume that 
right is the positive 
direction in the coor- 
dinate system.) 


10.0 kg 


2.00 m/; 
=! 
1.00 m/s 
| E 


7.84 Tennis champion Venus Williams is capable of serving 
a tennis ball at around 127 mph. 


a) Assuming that her racquet is in contact with the 57.0-g ball 
for 0.250 s, what is the average force of the racquet on the ball? 
b) What average force would an opponent's racquet have to 
exert in order to return Williams’ serve at a speed of 50.0 mph, 
assuming that the opponent's racquet is also in contact with 
the ball for 0.250 s? 


7.85 Three birds are flying in a compact formation. The first 
bird, with a mass of 100. g is flying 35.0° east of north at a 
speed of 8.00 m/s. The second bird, with a mass of 123 g, is 
flying 2.00° east of north at a speed of 11.0 m/s. The third bird, 
with a mass of 112 g, is flying 22.0° west of north at a speed 

of 10.0 m/s. What is the momentum vector of the formation? 
What would be the speed and direction of a 115-g bird with 
the same momentum? 


7.86 A golf ball of mass 45.0 g moving at a speed of 120. km/h 
collides head on with a French TGV high-speed train of 
mass 3.8-10° kg that is traveling at 300. km/h. Assuming 
that the collision is elastic, what is the speed of the golf ball 
after the collision? (Do not try to conduct this experiment!) 


7.87 In bocce, the object of the game is to get your balls 
(each with mass M = 1.00 kg) as close as possible to the small 
white ball (the pallina, mass m = 0.045 kg). Your first throw 
positioned your ball 2.00 m to the left of the pallina. If your 
next throw has a speed of v = 1.00 m/s and the coefficient of 
kinetic friction is u = 0.20, what are the final distances of 
your two balls from the pallina in each of the following cases? 
a) You throw your ball from the left, hitting your first ball. 
b) You throw your ball from the right, hitting the pallina. 
(Hint: Use the fact that m « M.) 

7.88 A bored boy shoots a soft pellet from an air gun at a 
piece of cheese with mass 0.25 kg that sits, keeping cool for 
dinner guests, on a block of ice. On one particular shot, his 
1.2-g pellet gets stuck in the cheese, causing it to slide 25 cm 
before coming to a stop. According to the package the gun 
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came in, the muzzle velocity is 65 m/s. What is the coefficient 
of friction between the cheese and the ice? 


e7.89 Some kids are playing a dangerous game with 
fireworks. They strap several firecrackers to a toy rocket 
and launch it into the air at an angle of 60° with respect 

to the ground. At the top of its trajectory, the contraption 
explodes, and the rocket breaks into two equal pieces. One 
of the pieces has half the speed that the rocket had before 
it exploded and travels straight upward with respect to the 
ground. Determine the speed and direction of the second 
piece. 


°7.90 A soccer ball with mass 0.265 kg is initially at rest and 
is kicked at an angle of 20.8° with respect to the horizontal. 
The soccer ball travels a horizontal distance of 52.8 m after 
it is kicked. What is the impulse received by the soccer ball 
during the kick? Assume there is no air resistance. 


°7.91 Tarzan, King of the Jungle (mass = 70.4 kg), grabs a 
vine of length 14.5 m hanging from a tree branch. The angle 
of the vine was 25.9° with respect to the vertical when he 
grabbed it. At the lowest point of his trajectory, he picks up 
Jane (mass = 43.4 kg) and continues his swinging motion. 
What angle relative to the vertical will the vine have when 
Tarzan and Jane reach the highest point of their trajectory? 


°7.92, A bullet with mass 35.5 g is shot horizontally from a 
gun. The bullet embeds in a 5.90-kg block of wood that is sus- 
pended by strings. The combined mass swings upward, gaining 
a height of 12.85 cm. What was the speed of the bullet as it left 
the gun? (Air resistance can be ignored here.) 


°7.93 A 170.-g hockey puck moving in the positive x- 
direction at 30.0 m/s is struck by a stick at time t = 2.00 s and 
moves in the opposite direction at 25.0 m/s. If the puck is in 
contact with the stick for 0.200 s, plot the momentum and 
the position of the puck, and the force acting on it as a func- 
tion of time, from 0 to 5.00 s. Be sure to label the coordinate 
axes with reasonable numbers. 


7.94 Balls are sitting on a billiards table as shown in the 
figure. You are playing stripes and your opponent is playing 
solids. Your plan is to hit your target ball by bouncing the 
white ball off the table bumper. 


a) At what angle relative to the normal does the cue ball need 
to hit the bumper for a purely elastic collision? 

b) Asan ever observant player, you determine that in 

fact collisions between billiard balls and bumpers have a 
coefficient of restitution of 0.600. What angle do you now 
choose to make the shot? 


e7.95 You have dropped your cell phone behind a very long 
bookcase and cannot reach it from either the top or the sides. 
You decide to get the phone out by elastically colliding a set of 
keys with it so that both will slide out. If the mass of the cell 
phone is 0.111 kg, the key ring’s mass is 0.020 kg, and each 
key’s mass is 0.023 kg, what is the minimum number of keys 
you need on the ring so that both the keys and the cell phone 
will come out on the same side of the bookcase? If your key 
ring has five keys on it and the velocity is 1.21 m/s when it 
hits the cell phone, what are the final velocities of the cell 
phone and key ring? Assume the collision is one-dimensional 
and elastic, and neglect friction. 


°7.96 After several large firecrackers have been inserted 
into its holes, a bowling ball is projected into the air using 
a homemade launcher and explodes in midair. During the 
launch, the 7.00-kg ball is shot into the air with an initial 
speed of 10.0 m/s at a 40.0° angle; it explodes at the peak of 
its trajectory, breaking into three pieces of equal mass. One 
piece travels straight up with a speed of 3.00 m/s. Another 
piece travels straight back with a speed of 2.00 m/s. What is 
the velocity of the third piece (speed and direction)? 


3.00 m/s 


10.0 m/s Si 


bs 

4 
fo» À 
y 


e7.97 In waterskiing, a “garage sale” occurs when a skier 
loses control and falls and waterskis fly in different direc- 
tions. In one particular incident, a novice skier was skim- 
ming across the surface of the water at 22.0 m/s when he 
lost control. One ski, with a mass of 1.50 kg, flew off at an 
angle of 12.0° to the left of the initial direction of the skier 
with a speed of 25.0 m/s. The other identical ski flew from 
the crash at an angle of 5.00° to the right with a speed of 
21.0 m/s. What was the velocity of the 61.0-kg skier? Give a 
speed and a direction relative to the initial velocity vector. 


e7.98 An uncovered hopper car from a freight train rolls 
without friction or air resistance along a level track at a con- 
stant speed of 6.70 m/s in the positive x-direction. The mass 
of the car is 1.18- 10° kg. 


y 
% 
Before rain 6.70 m/s During rain : 
—- —- 
y 
Before draining 6.70 m/s X While draining 


— 


a) As the car rolls, a monsoon rainstorm begins, and the car 
begins to collect water in its hopper (see the figure). What is 
the speed of the car after 1.62- 10* kg of water collects in the 
car’s hopper? Assume that the rain is falling vertically in the 
negative y-direction. 

b) The rain stops, and a valve at the bottom of the hopper is 
opened to release the water. The speed of the car when the 
valve is opened is again 6.70 m/s in the positive x-direction 
(see the figure). 

The water drains out vertically in the negative y-direction. 
What is the speed of the car after all the water has drained 
out? 

e7.99 When a 99.5-g slice of bread is inserted into a toaster, 
the toaster’s ejection spring is compressed by 7.50 cm. When 
the toaster ejects the toasted slice, the slice reaches a height 
3.0 cm above its starting position. What is the average force 
that the ejection spring exerts on the toast? What is the time 
over which the ejection spring pushes on the toast? 


°7.100 A student with a mass of 60.0 kg jumps straight up in 
the air by using her legs to apply an average force of 770. N to 
the ground for 0.250 s. Assume that the initial momentum 
of the student and the Earth are zero. What is the momen- 
tum of the student immediately after this impulse? What is 
the momentum of the Earth after this impulse? What is the 
speed of the Earth after the impulse? What fraction of the 
total kinetic energy that the student produces with her legs 
goes to the Earth (the mass of the Earth is 5.98- 10” kg)? 
Using conservation of energy, how high does the student 
jump? 

e7.101 A potato cannon is used to launch a potato on a 
frozen lake, as shown in the figure. The mass of the cannon, 
Mo is 10.0 kg, and the mass of the potato, m, is 0.850 kg. The 
cannon’s spring (with spring constant k, = 7.06-10° N/m) is 
compressed 2.00 m. Prior to launching the potato, the can- 
non is at rest. The potato leaves the cannon’s muzzle moving 
horizontally to the right at a speed of v, = 175 m/s. Neglect 
the effects of the potato spinning. Assume there is no friction 
between the cannon and the lake’s ice or between the cannon 
barrel and the potato. 


a) What are the direction and magnitude of the cannons 
velocity, V, after the potato leaves the muzzle? 


b) What is the total mechanical energy (potential and 
kinetic) of the potato/cannon system before and after the 
firing of the potato? 


e7.102 A potato cannon is used to launch a potato on a fro- 
zen lake, as in Problem 7.101. All quantities are the same as 
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in that problem, except the potato has a large diameter and 
is very rough, causing friction between the cannon barrel 
and the potato. The rough potato leaves the cannon’s muzzle 
moving horizontally to the right at a speed of v, = 165 m/s. 
Neglect the effects of the potato spinning. 


a) What are the direction and magnitude of the cannon’s 
velocity, Vo after the rough potato leaves the muzzle? 

b) What is the total mechanical energy (potential and 
kinetic) of the potato/cannon system before and after the 
firing of the potato? 

c) What is the work, W, done by the force of friction on the 
rough potato? 


7.103 A particle (M, = 1.00 kg) mov- 

. A . M@---- 
ing at 30.0° downward from the hori- Ox Lie 
zontal with v, = 2.50 m/s hits a second 13) 
particle (M, = 2.00 kg), which was at 
rest momentarily. After the collision, 
the speed of M, was reduced to .500 m/s, and it was moving 


at an angle of 32° downward with respect to the horizontal. 
Assume the collision is elastic. 


a) What is the speed of M, after the collision? 


b) What is the angle between the velocity vectors of M, and 
M, after the collision? 


ee7.104 Many nuclear collisions are truly elastic. If a proton 
with kinetic energy E, collides elastically with another pro- 
ton at rest and travels at an angle of 25° with respect to its 
initial path, what is its energy after the collision with respect 
to its original energy? What is the final energy of the proton 
that was originally at rest? 


ee7.105 A method for determining the chemical compo- 
sition of a material is Rutherford backscattering (RBS), 
named for the scientist who first discovered that an atom 
contains a high-density positively charged nucleus, rather 
than having positive charge distributed uniformly through- 
out (see Chapter 39). In RBS, alpha particles are shot 
straight at a target material, and the energy of the alpha 
particles that bounce directly back is measured. An alpha 
particle has a mass of 6.65- 10” kg. An alpha particle hav- 
ing an initial kinetic energy of 2.00 MeV collides elastically 
with atom X. If the backscattered alpha particle’s kinetic en- 
ergy is 1.59 MeV, what is the mass of atom X? Assume that 
atom X is initially at rest. You will need to find the square 
root of an expression, which will result in two possible an- 
swers (if a = b’, then b =+ va ). Since you know that atom X 
is more massive than the alpha particle, you can choose the 
correct root accordingly. What element is atom X? (Check a 
periodic table of elements, where atomic mass is listed as the 
mass in grams of 1 mol of atoms, which is 6.02- 10” atoms.) 
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8.1 Center of Mass and Center of Gravity 247 


WHAT WE WILL LEARN 


( 


The center of mass is the point at which we can 
imagine all the mass of an object to be concentrated. 


The position of the combined center of mass of two 
or more objects is found by taking the sum of their 
position vectors, weighted by their individual masses. 


The translational motion of the center of mass of 
an extended object can be described by Newtonian 
mechanics. 


The center-of-mass momentum is the sum of the 
linear momentum vectors of the parts of a system. Its 
time derivative is equal to the total net external force 
acting on the system, an extended formulation of 


instead of the individual momentum vectors gives 
deeper insight into the physics of collisions and 
recoil phenomena. 


Analyses of rocket motion have to consider systems 
of varying mass. This variation leads to a logarithmic 
dependence of the velocity of the rocket on the ratio 
of initial to final mass. 


It is possible to calculate the location of the center 

of mass of an extended object by integrating its 

mass density over its entire volume, weighted by the 
coordinate vector, and then dividing by the total mass. 


If an object has a plane of symmetry, the center of 


Newton's Second Law. mass lies in that plane. If the object has more than 
one symmetry plane, the center of mass lies on the 


= For systems of two particles, working in terms of line @iussint of intet tition of Heplanes, 


center-of-mass momentum and relative momentum 


The International Space Station (ISS), shown in Figure 8.1, is a remarkable engineering 
achievement. It is scheduled to be completed in 2011, though it has been continuously inhab- 
ited since 2000. It orbits Earth at a speed of over 7.5 km/s, in an orbit ranging from 320 to 350 
km above Earth’s surface. When engineers track the ISS, they treat it as a point particle, even 
though it measures roughly 109 m by 73 m by 25 m. Presumably this point represents the 
center of the ISS, but how exactly do engineers determine where the center is? 

Every object has a point where all the mass of the object can be considered to be con- 
centrated. Sometimes this point, called the center of mass, is not even within the object. This 
chapter explains how to calculate the location of the center of mass and shows how to use it 
to simplify calculations involving collisions and conservation of momentum. We have been 
assuming in earlier chapters that objects could be treated as particles. This chapter shows 
why that assumption works. 

This chapter also discusses changes in momentum for the situation where an object's 
mass varies as well as its velocity. This occurs with rocket propulsion, where the mass of fuel 
is often much greater than the mass of the rocket itself. 


8.1 Center of Mass and Center of Gravity 


So far, we have represented the location of an object by coordinates of a single point. How- 
ever, a statement such as “a car is located at x = 3.2 m” surely does not mean that the entire 
car is located at that point. So, what does it mean to give the coordinate of one particular 
point to represent an extended object? Answers to this question depend on the particular 
application. In auto racing, for example, a car’s location is represented by the coordinate of 
the frontmost part of the car. When this point crosses the finish line, the race is decided. On 
the other hand, in soccer, a goal is only counted if the entire ball has crossed the goal line; 
in this case, it makes sense to represent the soccer ball’s location by the coordinates of the 
rearmost part of the ball. However, these examples are exceptions. In almost all situations, 
there is a natural choice of a point to represent the location of an extended object. This point 
is called the center of mass. 


Definition 
The center of mass is the point at which we can imagine all the mass of an object to 
be concentrated. 
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FIGURE 8.2 Location of the center 
of mass for a system of two masses m, 
and m,, where M = m, + m,. 


8.1 In-Class Exercise 

In the case shown in Figure 8.2, 

what are the relative magnitudes of 

the two masses m, and m,? 

a) mı < m, 

b) m, > m, 

c) m, =m, 

d) Based solely on the information 
given in the figure, it is not 


possible to decide which of the 
two masses is larger. 


Thus, the center of mass is also the point at which we can imagine the force of gravity acting 
on the entire object to be concentrated. If we can imagine all of the mass to be concentrated 
at this point when calculating the force due to gravity, it is legitimate to call this point the 
center of gravity, a term that can often be used interchangeably with center of mass. (To be 
precise, we should note that these two terms are only equivalent in situations where the 
gravitational force is constant everywhere throughout the object. In Chapter 12, we will see 
that this is not the case for very large objects.) 

It is appropriate to mention here that if an objects mass density is constant, the center 
of mass (center of gravity) is located in the geometrical center of the object. Thus, for most 
objects in everyday experience, it is a reasonable first guess that the center of gravity is the 
middle of the object. The derivations in this chapter will bear out this conjecture. 


Combined Center of Mass for Two Objects 


If we have two identical objects of equal mass and want to find the center of mass for the 
combination of the two, it is reasonable to assume from considerations of symmetry that 
the combined center of mass of this system lies exactly midway between the individual cen- 
ters of mass of the two objects. If one of the two objects is more massive, then it is equally 
reasonable to assume that the center of mass for the combination is closer to that of the 
more massive one. Thus, we have a general formula for calculating the location of the center 
of mass, R, for two masses m, and m, located at positions 7 and # to an arbitrary coordinate 
system (Figure 8.2): 

qm, +hm, 


R= (8.1) 


m +m, 


This equation says that the center-of-mass position vector is an average of the position 
vectors of the individual objects, weighted by their mass. Such a definition is consistent with 
the empirical evidence we have just cited. For now, we will use this equation as an operating 
definition and gradually work out its consequences. Later in this chapter and in the follow- 
ing chapters, we will see additional reasons why this definition makes sense. 

Note that we can immediately write vector equation 8.1 in Cartesian coordinates as 
follows: 


xm, + xm m, + ym zm, +z;m 
yg a AE y=2 1T y2 2 g-AmM Tam (8.2) 
m; +m, m +m, m +m, 


In Figure 8.2, the location of the center of mass lies exactly on the straight (dashed 
black) line that connects the two masses. Is this a general result—does the center of mass 
always lie on this line? If yes, why? If no, what is the special condition that is needed for this 
to be the case? The answer is that this is a general result for all two-body systems: The center 
of mass of such a system always lies on the connecting line between the two objects. To see 
this, we can place the origin of the coordinate system at one of the two masses in Figure 8.2, 
say mı. (As we know, we can always shift the origin of a coordinate system without changing 
the physics results.) Using equation 8.1, we then see that R=%m,/(m,+my), because with 
this choice of coordinate system, we define 7 as zero. Thus, the two vectors R and % point in 
the same direction, but R is shorter by a factor of m, /(m, +m)<1. This shows that R always 
lies on the straight line that connects the two masses. 


SOLVED PROBLEM 8.1 f Center of Mass of Earth and Moon 


The Earth has a mass of 5.97 -10% kg, and the Moon has a mass of 7.36- 10” kg. The 
Moon orbits the Earth at a distance of 384,000 km; that is, the center of the Moon is a 
distance of 384,000 km from the center of Earth, as shown in Figure 8.3a. 


PROBLEM 
How far from the center of the Earth is the center of mass of the Earth-Moon system? 


8.1 Center of Mass and Center of Gravity 


SOLUTION 


THINK 

The center of mass of the Earth-Moon system can be calculated by taking the center of the 
Earth to be located at x = 0 and the center of the Moon to be located at x = 384,000 km. 
The center of mass of the Earth-Moon system will lie along a line connecting the center 
of the Earth and the center of the Moon (as in Figure 8.3a). 


SKETCH 
A sketch showing Earth and Moon to scale is presented in Figure 8.3b. 


Earth Moon 
@ m: = 5.97 - 10% kg my = 7.36 : 10? kg ¢ 
< 384,000 km >| 
(a) 
Earth Moon 
S 1, x 
Xp =0 xm = 384,000 km 


(b) 


FIGURE 8.3 (a) The Moon orbits the Earth at a distance of 384,000 km (drawing to scale). (b) A sketch 
showing the Earth at x, = 0 and the Moon at x, = 384,000 km. 


RESEARCH 
We define an x-axis and place the Earth at x, = 0 and the Moon at x,, = 384,000 km. We 
can use equation 8.2 to obtain an expression for the x-coordinate of the center of mass of 
the Earth-Moon system: 
_ XpMp + XMM 

Mg +My ` 


X 


SIMPLIFY 
Since we have put the origin of our coordinate system at the center of Earth, we set x; = 0. 
This results in 

ream. 
My +My, 


CALCULATE 
Inserting the numerical values, we get the x-coordinate of the center of mass of the Earth- 
Moon system: 


_ (384,000 km)(7.36-10” xg) 


x =u" = > = 4676418 km. 
Me+My 5.97-10™ kg+7.36-10™ kg 
ROUND 
All of the numerical values were given to three significant figures, so we report our result as 


X = 4680 km. 


DOUBLE-CHECK 

Our result is in kilometers, which is the correct unit for a position. The center of mass 
of the Earth-Moon system is close to the center of the Earth. This distance is small com- 
pared to the distance between the Earth and the Moon, which makes sense because the 
mass of the Earth is much larger than the mass of the Moon. In fact, this distance is less 
than the radius of the Earth, Rg = 6370 km. The Earth and the Moon actually each orbit 
the common center of mass. Thus, the Earth seems to wobble as the Moon orbits it. 
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z(m) 


x (m) 


FIGURE 8.4 Freight containers arranged on 


the deck of a container ship. 


Combined Center of Mass for Several Objects 


The definition of the center of mass in equation 8.1 can be generalized to a total of n objects 
with different masses, m, located at different positions, 7. In this general case, 


n 


p- imt pm + tim, _ i=l = 1 D (8.3) 
mitt 


where M represents the combined mass of all n objects: 


M= Soin, (8.4) 
i=l 


Writing equation 8.3 in Cartesian components, we obtain 
1% i< 1X 
aT? ar) las aro as (8.5) 


The location of the center of mass is a fixed point relative to the object or system of 
objects and does not depend on the location of the coordinate system used to describe it. 
We can show this by taking the system of equation 8.3 and moving it by #, resulting in a new 
center-of-mass position, R+ Ry. Using equation 8.3, we find 


Thus, Ry =%, and the location of the center of mass does not change relative to the system. 
Now we can determine the center of mass of a collection of objects in the following 
example. 


EXAMPLE 8.1 Shipping Containers 


Large freight containers, which can be transported by truck, railroad, or ship, come in 
standard sizes. One of the most common sizes is the ISO 20' container, which has a length 
of 6.1 m, a width of 2.4 m, and a height of 2.6 m. This container is allowed to have a mass 
(including its contents, of course) of up to 30,400 kg. 


PROBLEM 

The four freight containers shown in Figure 8.4 sit on the deck of a container 
ship. Each one has a mass of 9,000 kg, except for the red one, which has a mass 
of 18,000 kg. Assume that each of the containers has an individual center of mass 
at its geometric center. What are the x-coordinate and the y-coordinate of the 
containers combined center of mass? Use the coordinate system shown in the 
figure to describe the location of this center of mass. 


SOLUTION 
We need to calculate the individual Cartesian components of the center of mass, so we'll 
use equation 8.5. There does not seem to be a shortcut we can utilize. 

Let’s call the length of each container (6.1 m), the width of each container w (2.4 m), 
and the mass of the green container mọ (9,000 kg). The mass of the red container is then 
2m, and all the others also have a mass of my. 
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First, we need to calculate the combined mass, M. According to equation 8.4, it is 


M= Med 4 Moreen Morange F Mblue T M purple 
= 2M, + Mg + Mo + Mg + Mo 
=6m9. 


For the x-coordinate of the combined center of mass, we find 
X= XredMred + Xgreen green + Xorange/Morange + Xplue!™ ue + X purple” purple 
M 
112m + 5 big + 5 limy + 5 ly + 5 bmg 


6mo 
Jea 
6 
=20=41 m. 


In the last step, we substituted the value of 6.1 m for £. 
In the same way, we can calculate the y-coordinate: 


= VredMrea F Y, greengreen +y orangeorange F Ylue™ blue t Y, purple” purple 


Y 
M 
E 5 W2my + Swing +5 wm +3wm+ł2wm 
6mo 
3434545 
w+ a+3+3) 
6 
= w=3.6 m. 


8.1 Self-Test Opportunity 


Here again we substituted the numerical value of 2.4 m in the last step. (Note that we 


rounded both center-of-mass coordinates to two significant figures to be consistent with Determine the z-coordinate of the 
the given values.) center of mass of the container ar- 


rangement in Figure 8.4. 


8.2 Center-of-Mass Momentum 


Now we can take the time derivative of the position vector of the center of mass to get V, the 
velocity vector of the center of mass. We take the time derivative of equation 8.3: 


n 


=- da d A A d, z K- 
rE <-> inm = Yn a mo" 2A (8.6) 


i=l i=l i=l 


For now, we have assumed that the total mass, M, and the masses, m,, of the individual 
objects remain constant. (Later in this chapter, we will give up this assumption and study 
the consequences for rocket motion.) Equation 8.6 is an expression for the velocity vector of 
the center of mass, V. Multiplication of both sides of equation 8.6 by M yields 


n 
P=MV=) 5. (8.7) 
i=l 
We thus find that the center-of-mass momentum, P, is the product of the total mass, M, and 


the center-of-mass velocity, V, and is the sum of all the individual momentum vectors. 
Taking the time derivative of both sides of equation 8.7 yields Newton's Second Law for 


the center of mass: 
d- d - d|- Ad Ge 
P= MV)= „|= = E. 8.8 
Peg MV =o 2 Dri 2 (8.8) 


In the last step, we used the result from Chapter 7 that the time derivative of the momentum 
of particle į is equal to the net force, E, acting on it. Note that if the particles (objects) in a 


252 Chapter 8 Systems of Particles and Extended Objects 


(a) (b) 


FIGURE 8.5 Relationship between 
momentum vectors 1 and 2 (black), 
center-of-mass momentum (red), and 
relative momentum (blue) in some 
reference frame: (a) before an elastic 


collision; (b) after the elastic collision. 


system exert forces on one another, those forces do not make a net contribution to the sum 
of these forces in equation 8.8. Why? According to Newton's Third Law, the forces that two 
objects exert on each other are equal in magnitude and opposite in direction. Therefore, 
adding them yields zero. Thus, we obtain Newton's Second Law for the center of mass: 


<p =E (8.9) 
where Fe is the sum ofall external forces acting on the system of particles. 

The center of mass has the same relationships among position, velocity, momentum, 
force, and mass that have been established for point particles. It is thus possible to consider 
the center of mass of an extended object or a group of objects as a point particle. This 
conclusion justifies the approximation we used in earlier chapters that objects can be rep- 
resented as points. 


Two-Body Collisions 


One of the most interesting applications of center of mass arises with a frame of reference 
whose origin is placed at the center of mass of a system of interacting objects. Let’s investigate 
the simplest example of this situation. Consider a system consisting of only two objects. In this 
case, the total momentum—the sum of individual momenta according to equation 8.7—is 


P=p +p. (8.10) 


In Chapter 7, we saw that the relative velocity between two colliding objects plays a big role 
in two-body collisions. Thus, it is natural to define the relative momentum as half of the 
momentum difference: 


p=5(P.- Po). (8.11) 


Why is the factor + appropriate in this definition? The answer is that in a center-of-momentum 
reference frame—a frame in which the center of mass has zero momentum—the momen- 
tum of object 1 is p and that of object 2 is - p. Let’s see how this comes about. 

Figure 8.5a illustrates the relationship between the center-of-mass momentum P (red 
arrow), the relative momentum p (blue arrow), and the momenta of objects 1 and 2 (black 
arrows). We can express the individual momenta in terms of the center-of-mass momen- 
tum and the relative momentum: 


(8.12) 


The biggest advantage of thinking in terms of center-of-mass momentum and relative 
momentum becomes clearer when we consider a collision between the two objects. Dur- 
ing a collision, the dominant forces that act on the objects are the forces they exert on each 
other. These internal forces do not enter into the sum of forces in equation 8.8, so we obtain, 
for the collision of two objects: 
d = 
—P=0. 
dt 
In other words, the center-of-mass momentum does not change; it remains the same during a 
two-body collision. This is true for elastic or totally inelastic or partially inelastic collisions. 
For an inelastic collision, where the two objects stick together after colliding, we found 
in Chapter 7 that the velocity with which the combined mass moves is 
i; = MV + MyVi2 i 


Mı T M 


If we compare this equation with equation 8.6, we see that this velocity is just the center-of- 
mass velocity. In other words, in the case of a totally inelastic collision, the relative momen- 
tum after the collision is zero. 

For elastic collisions, the total kinetic energy has to be conserved. If we compute the 
total kinetic energy in terms of the total momentum, P, and the relative momentum, p, the 
contribution from the total momentum has to remain constant, because P is constant. This 


finding implies that the kinetic energy contained in the relative motion also has to remain 
constant. Because this kinetic energy, in turn, is proportional to the square of the relative 
momentum vector, the length of the relative momentum vector has to remain unchanged 
during an elastic collision. Only the direction of this vector can change. As shown in Figure 
8.5b, the new relative momentum vector after the elastic collision lies on the circumference 
of a circle, whose radius is equal to the length of the initial relative momentum vector and 
whose center is at the end point of the ae The situation depicted in Figure 8.5 implies that 
the motion is restricted to two spatial dimensions. For two-body collisions in three dimen- 
sions, the final relative momentum vector is located on the surface of a sphere instead of the 
perimeter of a circle. 

In Figure 8.5, the momentum vectors for particle 1 and particle 2 are plotted in some 
arbitrary reference frame before and after the collision between the two particles. We can 
plot the same vectors in a frame that moves with the center of mass. (We have just shown 
that the center-of-mass momentum does not change in the collision!) The center-of-mass 
velocity in such a moving frame is zero, and, consequently, P =0 in that frame. From equa- 
tion 8.12, we can then see that in this case the initial momentum vectors of the two particles 
are p =+p and p, =—p. In the moving center-of-mass frame, the two-particle collision 
simply results in a rotation of the relative momentum vector about the origin, as shown 
in Figure 8.6, which automatically ensures that the conservation laws of momentum and 
kinetic energy (because this is an elastic collision!) are obeyed. 


Recoil 


When a bullet is fired from a gun, the gun recoils; that is, it moves in the direction opposite 
to that in which the bullet is fired. Another demonstration of the same physical principle 
occurs if you are sitting in a boat that is at rest and you throw an object off the boat: The 
boat moves in the direction opposite from that of the object. You also experience the same 
effect if you stand on a skateboard and toss a (reasonably heavy) ball. This well-known 
recoil effect can be understood using the framework we have just developed for two-body 
collisions. It is also a consequence of Newton’s Third Law. 


SOLVED PROBLEM 8.2 (Cannon Recoil 


Suppose a cannonball of mass 13.7 kg is fired at a target that is 2.30 km away from the 
cannon, which has a mass of 249.0 kg. The distance 2.30 km is also the maximum range 
of the cannon. The target and cannon are at the same elevation, and the cannon is resting 
on a horizontal surface. 


PROBLEM 
What is the velocity with which the cannon will recoil? 


SOLUTION 
THINK 


First, we realize that the cannon can recoil only in the horizontal direction, because the 
normal force exerted by the ground will prevent it from acquiring a downward veloc- 
ity component. We use the fact that the x-component of the center-of-mass momentum 
of the system (cannon and cannonball) remains unchanged in the process of firing the 
cannon, because the explosion of the gunpowder inside the cannon, which sets the can- 
nonball in motion, creates only forces internal to the system. No net external force com- 
ponent occurs in the horizontal direction because the two external forces (normal force 
and gravity) are both vertical. The y-component of the center-of-mass velocity changes 
because a net external force component does occur in the y-direction when the normal 
force increases to prevent the cannon from penetrating the ground. Because the cannon- 
ball and cannon are both initially at rest, the center-of-mass momentum of this system is 
initially zero, and its x-component remains zero after the firing of the cannon. 


Continued— 
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(a) (b) 


FIGURE 8.6 Same collision as in 
Figure 8.5 but displayed in the center- 
of-mass frame. 


254 Chapter 8 Systems of Particles and Extended Objects 


>< 


SKETCH 

Figure 8.7a is a sketch of the cannon just as the cannonball is fired. 
Figure 8.7b shows the velocity vector of the cannonball, v,, including the 
x- and y-components. 


v2 


“| A RESEARCH 
9 < 45° Using equation 8.10 with index 1 for the cannon and index 2 for the can- 
>x 


v nonball, we obtain 
i o) P=p +p =m, +m v =0> 9, =- m v. 
FIGURE 8.7 (a) Cannonball being fired from a cannon. mı 


(b) The initial velocity vector of the cannonball. 


For the horizontal component of the velocity, we then have 
m ‘ 
Vix =-— ,. (i) 
mi 
We can obtain the horizontal component of the cannonball’s initial velocity (at firing) 
from the fact that the range of the cannon is 2.30 km. In Chapter 3, we saw that the range 
of the cannon is related to the initial velocity via R = (val g)(sin 265). The maximum range 
is reached for 0) = 45° and is R = v;/g => vy = «/gR. For 6) = 45°, the initial speed and 


horizontal velocity component are related via v, „ = Vy cos 45° = V9/ 2 . Combining these 
two results, we can relate the maximum range to the horizontal component of the initial 


velocity of the cannonball: 
eas (i) 
> J2 2 
SIMPLIFY 
Substituting from equation (ii) into equation (i) gives us the result we are looking for: 


Vg Bo Ay = gk 
i m ` m \2 
CALCULATE 


Inserting the numbers given in the problem statement, we obtain 


2 3 
„p =" [gk <r [ot mis’)(2.30-10°m) -e aiso m/s 
~ "mV 2 249kg 2 


ROUND 


Expressing our answer to three significant figures gives 


Vi x =— 5.84 m/s. 


DOUBLE-CHECK 

The minus sign means that the cannon moves in the opposite direction to that of the can- 
nonball, which is reasonable. The cannonball should have a much larger initial velocity 
than the cannon because the cannon is much more massive. The initial velocity of the 
cannonball was 


Vy = gk = (ost m/s? )(2.3-10' m) =150 m/s. 


The fact that our answer for the velocity of the cannon is much less than the initial veloc- 
ity of the cannonball also seems reasonable. 


e) 


Mass can be ejected continuously from a system, producing a continuous recoil. As an 
example, leť’s consider the spraying of water from a fire hose. 


EXAMPLE 8.2 { Fire Hose 


PROBLEM 
What is the magnitude of the force, F that acts on a firefighter holding a fire hose that ejects 
360 L of water per minute with a muzzle speed of v = 39.0 m/s, as shown in Figure 8.8? 


Hose Nozzle 


Water 
a Am 
—— : ar 
S] 
F 


FIGURE 8.8 A fire hose with water leaving at speed v. 


SOLUTION 


Let’s first find the total mass of the water that is being ejected per minute. The mass den- 
sity of water is p =1000 kg/m? = 1.0 kg/L. Because AV = 360 L, we get for the total mass 
of water ejected in a minute: 


Am = AVp= (360 L)(1.0 kg/L) = 360 kg. 
The momentum of the water is then Ap = vAm, and, from the definition of the average 
force, F = Ap/At, we have: 


vAm _ (39.0 m/s)(360 kg) 
At 60 s 


F= =234 N. 


This force is sizable, which is why it is so dangerous for firefighters to let go of operating 
fire hoses: They would whip around, potentially causing injury. 


General Motion of the Center of Mass 


Extended solid objects can have motions that appear, at first sight, rather complicated. One 
example of such motion is high jumping. During the 1968 Olympic Games in Mexico City, 
the American track-and-field star Dick Fosbury won a gold medal using a new high-jump 
technique, which became known as the Fosbury flop (see Figure 8.9). Properly executed, 
the technique allows the athlete to cross over the bar while his or her center of mass remains 
below it, thus adding effective height to the jump. 

Figure 8.10a shows a wrench twirling through the air, in a multiple-exposure series 
of images with equal time intervals between sequential frames. While this motion looks 
complicated, we can use what we know about the center of mass to perform a straightfor- 
ward analysis of this motion. If we assume that all the mass of the wrench is concentrated 
at a point, then this point will move on a parabola through the air under the influence of 
gravity, as discussed in Chapter 3. Superimposed on this motion is a rotation of the wrench 
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8.2 In-Class Exercise —— 


A garden hose is used to fill a 
20-L bucket in 1 min. The velocity 
of the water leaving the hose is 
1.05 m/s. What force is required to 
hold the hose in place? 


a) 0.35 N d) 12 N 
b) 2.1 N e) 21 N 
c) 9.8 N 
\ J 


A 2 
FIGURE 8.9 Dick Fosbury clears 
the high-jump bar during the finals of 
the Olympic Games in Mexico City on 
October 20, 1968. 


(a) 


(b) 


FIGURE 8.10 (a) Digitally processed multiple-exposure series of images of a wrench tossed through the air. (b) Same series as in part (a), but 


with a parabola for the center-of-mass motion superimposed. 
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about its center of mass. You can see this parabolic trajectory clearly in Figure 8.10b, where 
a superimposed parabola (green) passes through the location of the center of mass of the 
wrench in each exposure. In addition, a superimposed black line rotates with a constant rate 
about the center of mass of the wrench. You can clearly see that the handle of the wrench 
is always aligned with the black line, indicating that the wrench rotates with constant rate 
about its center of mass (we will analyze such rotational motion in Chapter 10). 

The techniques introduced here allow us to analyze many kinds of complicated prob- 
lems involving moving solid objects in terms of superposition of the motion of the center of 
mass and a rotation of the object about the center of mass. 


8.3 Rocket Motion 


FIGURE 8.11 A Delta II rocket lift- 
ing a GPS satellite into orbit. 


Example 8.2 about the fire hose is the first situation we have examined that involves a change 
in momentum due to a change in mass rather than in velocity. Another important situation 
in which changing momentum is due to changing mass is rocket motion, where part of the 
mass of the rocket is ejected through a nozzle or nozzles at the rear (Figure 8.11). Rocket 
motion is an important case of the recoil effect discussed in Section 8.2. A rocket does not 
“push against” anything. Instead, its forward thrust is gained from ejecting its propellant 
from its rear, according to the law of conservation of total momentum. 

In order to obtain an expression for the acceleration of a rocket, we'll first consider 
ejecting discrete amounts of mass out of the rocket. Then we can approach the continuum 
limit. Let’s use a toy model of a rocket that moves in interstellar space, propelling itself for- 
ward by shooting cannonballs out its back end (Figure 8.12). (We specify that the rocket is 
in interstellar space so we can treat it and its components as an isolated system, for which 
we can neglect outside forces.) Initially, the rocket is at rest. All motion is in the x-direction, 
so we can use notation for one-dimensional motion, with the signs of the x-components of 
the velocities (which, for simplicity, we will refer to as velocities) indicating their direction. 
Each cannonball has a mass of Am, and the initial mass of the rocket, including all cannon- 
balls, is mọ. Each cannonball is fired with a velocity of v, relative to the rocket, resulting in 
a cannonball momentum of v, Am. 

After the first cannonball is fired, the mass of the rocket is reduced to mọ - Am. Fir- 
ing the cannonball does not change the center-of-mass momentum of the system (rocket 
plus cannonball). (Remember, this is an isolated system, on which no net external forces 
act.) Thus, the rocket receives a recoil momentum opposite to that of the cannonball. The 
momentum of the cannonball is 


Pc =v: Am, 
and the momentum of the rocket is 
Pr =(m - Am)y,, 


where v, is the velocity of the rocket after the cannonball is fired. Because momentum is 
conserved, we can write p, + p.= 0, and then substitute p, and p, from the preceding two 
expressions: 


(m - Am)y, +v.Am=0. 
We define the change in the velocity, Av,, of the rocket after firing one cannonball as 


v =v + Av=0+4+ Av=Ay,, 


FIGURE 8.12 Toy model for rocket propulsion: firing cannonballs. 


where the assumption that the rocket was initially at rest means v, = 0. This gives us the 
recoil velocity of the rocket due to the firing of one cannonball: 
v Am 

Av, =- ———. 
ma- Am 
In the moving system of the rocket, we can then fire the second cannonball. Firing the sec- 
ond cannonball reduces the mass of the rocket from m, - Am to my - 2Am, which results 
in an additional recoil velocity of 


The total velocity of the rocket then increases to v, = v, + Av,. After firing the nth cannon- 
ball, the velocity change is: 


hae v Am 


n 


se 8.13 
m,-nAm one 


Thus, the velocity of the rocket after firing the nth cannonball is: 
Va =V, 1 + Ay,. 


This kind of equation, which defined the nth term of a sequence where each term is 
expressed as a function of the preceding terms, is called a recursion relation. It can be solved in 
a straightforward manner by using a computer. However, we can use a very helpful approxi- 
mation for the case where the mass emitted per unit time is constant and small compared to m, 
the overall (time-dependent) mass of the rocket. In this limit, we obtain from equation 8.13 


iy Ee (8.14) 
m Am m 


Here v, is the velocity with which the cannonball is ejected. In the limit Am — 0, we then 
obtain the derivative 


ty Te (8.15) 
dm m 
The solution of this differential equation is 
v(m)=~y. | —dm'=—y. lnm ia -».i (8.16) 
m Mo m 


(You can verify that equation 8.16 is indeed the solution of equation 8.15 by taking the 
derivative of equation 8.16 with respect to m.) 

If m; is the initial value for the total mass at some time t; and mis the final mass at a later 
time, we can use equation 8.16 to obtain v; = v, In (mọ/m;) and v= v, In (mọ/mp) for the initial 
and final velocities of the rocket. Then, using the property of logarithms, In(a/b)= Ina - lnb, 
we find the difference in those two velocities: 


i 


m 
- v, In| — 
m 


=v, in|} (8.17) 
me 


m 
V-V =Y [e 


EXAMPLE 8.3 / Rocket Launch to Mars 


One proposed scheme for sending astronauts to Mars involves assembling a spaceship 
in orbit around Earth, thus avoiding the need for the spaceship to overcome most of 
Earth's gravity at the start. Suppose such a spaceship has a payload of 50,000 kg, carries 
2,000,000 kg of fuel, and is able to eject the propellant with a velocity of 23.5 km/s. (Cur- 
rent chemical rocket propellants yield a maximum velocity of approximately 5 km/s, but 
electromagnetic rocket propulsion is predicted to yield a velocity of perhaps 40 km/s.) 


Continued— 
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PROBLEM 
What is the final velocity that this spaceship can reach, relative to the velocity it initially 
had in its orbit around Earth? 


SOLUTION 
Using equation 8.17 and substituting the numbers given in this problem, we find 
m.: 
VE- Y EV w2 =(23.5 kn 
me 


2,050,000 kg 


= (23.5 km/s)(1n 41) = 87.3 km/s. 
50,000 kg 


For comparison, the Saturn V multistage rocket that carried astronauts to the Moon in 
the late 1960s and early 1970s was able to reach a speed of only about 12 km/s. 

However, even with advanced technology such as electromagnetic propulsion, it 
would still take several months for astronauts to reach Mars, even under the most favor- 
able conditions. The Mars Rover, for example, took 207 days to travel from Earth to Mars. 
NASA estimates that astronauts on such a mission would receive approximately 10 to 
20 times more radiation than the maximally allowable annual dose for radiation work- 
ers, leading to high probabilities of developing cancer and brain damage. No shielding 
mechanism has yet been proposed that could protect the astronauts from this danger. 


Another and perhaps easier way to think of rocket motion is to go back to the defini- 
tion of momentum as the product of mass and velocity and take the time derivative to 
obtain the force. However, now the mass of the object can change as well: 

= d- d, dv dm 
E= =— (m )=m— +7 . 
era dt dt 
(The last step in this equation represents the application of the product rule of differentia- 
tion from calculus.) If no external force is acting on an object (Fe = 0), then we obtain 
dŷ _dm 
m—=-V—. 
dt dt 

In the case of rocket motion (as illustrated in Figure 8.13), the outflow of propellant, 
dm/dt, is constant and creates the change in mass of the rocket. The propellant moves with 
a constant velocity, v., relative to the rocket, so we obtain 


The combination v.(dm/dt) is called the thrust of the rocket. It is a force and thus is mea- 
sured in newtons: 

= — dm 

Bing ==. AE (8.18) 

The thrust generated by space shuttle rocket engines and boosters is approximately 31.3 

MN (31.3 meganewtons, or approximately 7.8 million pounds). The initial total mass of the 
Space Shuttle, including payload, fuel tanks, and rocket fuel, is slightly greater than 2.0 million 
kg; thus, the shuttle’s rocket engines and boosters can produce an initial acceleration of 


7 
2 BAB N gg ipa 


m — 2.0-10° kg 


FIGURE 8.13 Rocket motion. 


This acceleration is sufficient to lift the shuttle off the launch pad against the acceleration of 
gravity (-9.81 m/s” ). Once the shuttle rises and its mass decreases, it can generate a larger 
acceleration. As the fuel is expended, the main engines are throttled back to make sure that 
the acceleration does not exceed 3g (three times gravitational acceleration) in order to avoid 
damaging the cargo or injuring the astronauts. 


8.4 Calculating the Center of Mass 


So far, we have not addressed a key question: How do we calculate the loca- 
tion of the center of mass for an arbitrarily shaped object? To answer this 
question, let’s find the location of the center of mass of the hammer shown 
in Figure 8.14. To do this, we can represent the hammer by small identical- 
sized cubes, as shown in the lower part of the figure. The centers of the cubes 
are their individual centers of mass, marked with red dots. The red arrows 
are the position vectors of the cubes. If we accept the collection of cubes as 
a good approximation for the hammer, we can use equation 8.3 to find the 
center of mass of the collection of cubes and thus that of the hammer. 

Note that not all the cubes have the same mass, because the densities 
of the wooden handle and the iron head are very different. The relationship 
between mass density (p), mass, and volume is given by 


_dm 
ee av 


If the mass density is uniform throughout an object, we simply have 


(8.19) 
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M 
p= Vv (for constant p). (8.20) FIGURE 8.14 Calculating the center of mass for a 


hammer. 
We can then use the mass density and rewrite equation 8.3: 


> = ee 
R=— rm, = — rp(n)V. 
Z" vee PCT) 

Here we have assumed that the mass density of each small cube is uniform (but still possibly 
different from one cube to another) and that each cube has the same (small) volume, V. 

We can obtain a better and better approximation by shrinking the volume of each cube 
and using a larger and larger number of cubes. This procedure should look very familiar to 
you, because it is exactly what is done in calculus to arrive at the limit for an integral. In this 
limit, we obtain for the location of the center of mass for an arbitrarily shaped object: 


R=— f Pa yav (8.21) 
V 


Here the three-dimensional volume integral extends over the entire volume of the object 
under consideration. 

The next question that arises is what coordinate system to choose in order to evaluate 
this integral. You may have never seen a three-dimensional integral before and may have 
worked only with one-dimensional integrals of the form f f(x)dx. However, all three-dimen- 
sional integrals that we will use in this chapter can be reduced to (at most) three successive 
one-dimensional integrals, most of which are very straightforward to evaluate, provided 
one selects an appropriate system of coordinates. 


Three-Dimensional Non-Cartesian Coordinate Systems 


Chapter 1 introduced a three-dimensional orthogonal coordinate system, the Cartesian coor- 
dinate system, with coordinates x, y, and z. However, for some applications, it is mathematically 
simpler to represent the position vector in another coordinate system. This section briefly intro- 
duces two commonly used three-dimensional coordinate systems that can be used to specify a 
vector in three-dimensional space: spherical coordinates and cylindrical coordinates. 
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fo” 


FIGURE 8.15 Three-dimensional 


spherical coordinate system. 


FIGURE 8.16 Cylindrical coordinate 


system in three dimensions. 


Spherical Coordinates 


In spherical coordinates, the position vector 7 is represented by giving its length, r; its 
polar angle relative to the positive z-axis, 0; and the azimuthal angle of the vector’s projec- 
tion onto the xy-plane relative to the positive x-axis, @ (Figure 8.15). 

We can obtain the Cartesian coordinates of the vector 7 from its spherical coordinates 


via the transformation 
x=rcos@sind 


y=rsindsind (8.22) 
z=rcosé. 


The inverse transformation from Cartesian to spherical coordinates is 


ye EPEE 
z 


Je +y +z 


g=tan! 2} 
x 


6=cos? (8.23) 


Cylindrical Coordinates 


Cylindrical coordinates can be thought of as an intermediate between Cartesian and 
spherical coordinate systems, in the sense that the Cartesian z-coordinate is retained, but 
the Cartesian coordinates x and y are replaced by the coordinates r; and œ (Figure 8.16). 
Here r, specifies the length of the projection of the position vector 7 onto the xy-plane, so 
it measures the perpendicular distance to the z-axis. Just as in spherical coordinates, œ is the 
angle of the vector’s projection into the xy-plane relative to the positive x-axis. 

We obtain the Cartesian coordinates from the cylindrical coordinates via 


r, cos 
r, sing (8.24) 


N SR 
ll 


I 
R 


The inverse transformation from Cartesian to cylindrical coordinates is 


r= fx? + y 
b=tan"! 2 (8.25) 
x 


Z=Z. 


As a rule of thumb, you should use a Cartesian coordinate system in your first attempt 
to describe any physical situation. However, cylindrical and spherical coordinate systems 
are often preferable when working with objects that have symmetry about a point or a 
line. Later in this chapter, we will make use of a cylindrical coordinate system to perform 
a three-dimensional volume integral. Chapter 9 will discuss polar coordinates, which can 
be thought of as the two-dimensional equivalent of either cylindrical or spherical coordi- 
nates. Finally, in Chapter 10, we will again use spherical and cylindrical coordinates to solve 
slightly more complicated problems requiring integration. 


| Mathematical Insert: Volume Integrals 


Even though calculus is a prerequisite for physics, many universities allow students to take 
introductory physics and calculus courses concurrently. In general, this approach works 
well, but when students encounter multidimensional integrals in physics, it is often the first 
time they have seen this notation. Therefore, let’s review the basic procedure for performing 
these integrations. 

If we want to integrate any function over a three-dimensional volume, we need to find 
an expression for the volume element dV in an appropriate set of coordinates. Unless there 


is an extremely important reason not to, you should always use orthogonal coordinate sys- 
tems. The three commonly used three-dimensional orthogonal coordinate systems are the 
Cartesian, cylindrical, and spherical systems. 

It is easiest by far to express the volume element dV in Cartesian coordinates; it is 
simply the product of the three individual coordinate elements (Figure 8.17). The three- 
dimensional volume integral written in Cartesian coordinates is 


2max | Ymax | Xmax 


f fav = f f f fP)dx\dy| dz. (8.26) 
y Z, 


‘min | Ymin \ Xmin 


In this equation, f(7) can be an arbitrary function of the position. The lower and upper 
boundaries for the individual coordinates are denoted by X,yin > Xmax» +--+ The convention is 
to solve the innermost integral first and then work outward. For equation 8.26, this means 
that we first execute the integration over x, then the integration over y, and finally the inte- 
gration over z. However, any other order is possible. An equally valid way of writing the 


integral in equation 8.26 is 


x, Z, 


max | Ymax | Zmax 


f f@dv = f fF )dzldyldx, (8.27) 
V x 


‘min | Ymin \ Zmin 


which implies that the order of integration is now z, y, x. Why might the order of integration 
make a difference? The only time the order of the integration matters is when the integra- 
tion boundaries in a particular coordinate depend on one or both of the other coordinates. 
Example 8.4 will consider such a situation. 

Because the angle œ is one of the coordinates in the cylindrical coordinate system, the 
volume element is not cube-shaped. For a given differential angle, dọ, the size of the volume 
element depends on how far away from the z-axis the volume element is located. This size 
increases linearly with the distance r | from the z-axis (Figure 8.18) and is given by 


dV =r, dr, dddz. (8.28) 
The volume integral is then 


f s@av= f T Î f #)r,dr,|dd|dz. (8.29) 
V Z, 


min | Pain \ Lmin 


Again the order of integration can be chosen to make the task as simple as possible. 

Finally, in spherical coordinates, we use two angular variables, 0 and ¢ (Figure 8.19). 
Here the size of the volume element for a given value of the differential coordinates depends 
on the distance r to the origin as well as the angle relative to the 0 = 0 axis (equivalent to the 
z-axis in Cartesian or cylindrical coordinates). The differential volume element in spherical 
coordinates is 


dV =r'drsin0dédd. (8.30) 
The volume integral in spherical coordinates is given by 
Tmax | Pmax | Omax 
f f@av= f f f f(®)sinod6ldd) Par. (8.31) 
V Tmin | min (8 


min 


EXAMPLE 8.4 | Volume of a Cylinder 


To illustrate why it may be simpler to use non-Cartesian coordinates in certain circum- 
stances, let's use volume integrals to find the volume of a cylinder with radius R and height 
H. We have to integrate the function f(7)=1 over the entire cylinder to obtain the volume. 


Continued— 
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FIGURE 8.17 Volume element in 


Cartesian coordinates. 


A ‘A r, dọ 


FIGURE 8.18 Volume element in 


cylindrical coordinates. 


r sin Odd 


le 


FIGURE 8.19 Volume element in 


spherical coordinates. 
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FIGURE 8.20 Bottom surface of a 


right cylinder of radius R. 


8.2 Self-Test Opportunity 


Using spherical coordinates, show 
that the volume V of a sphere with 


radius R is V = <7R?. 


PROBLEM 
Use a volume integral to find the volume of a right cylinder of height H and radius R. 


SOLUTION 

In Cartesian coordinates, we place the origin of our coordinate system at the center of 
the cylinder’s circular base (bottom surface), so the shape in the xy-plane that we have 
to integrate over is a circle with radius R (Figure 8.20). The volume integral in Cartesian 
coordinates is then 


H | Ymax | Xmax (V) 
fa=-f f T dx\dy|dz. (i) 
v 0 | Vmin | Xmin (7) 
The innermost integral has to be done first and is straightforward: 
Xmax( y) 
dx = Xmaxl Y) -Xmin( Y). (ii) 


Xmin( y) 


The integration boundaries depend on y: Xmax = JR- y and Xmin = -4 R° - y . Thus, the 


solution of equation (ii) is Xmax (Y) - Xmin (Y) = 2 JR = y . We insert this into equation 


(i) and obtain 
ja fiver — y’ dy|dz. (iii) 


The inner of these two remaining integrals evaluates to 
R 


R 

[WR -¥ a= yR -y +R tan! -2 || =r. 
Ry 

-R p 


You can check this result by looking up the definite integral in an integral table. Inserting 
this result into equation (iii) finally yields our answer: 


H H 
f dV = f mR dz = TR f dz=7R°-H. 
V 0 0 


As you can see, obtaining the volume of the cylinder was rather cumbersome in Cartesian 
coordinates. What about using cylindrical coordinates? According to equation 8.29, the 
volume integral is then 


H | 2m| R H | 27 
eae) i J do l f(e) dz 
H | 27 


an eee fore- aR Je TRH. 


In this case, it was much easier to use cylindrical coordinates, a consequence of the geom- 
etry of the object over which we had to integrate. 


T 


Now we can return to the problem of calculating the location of an object’s center of 
mass. For the Cartesian components of the position vector, we find, from equation 8.21: 


1 es 1 = 1 a 
x=— | xp(F)av, y=— | yoFav, Z=— | zplFav. (8.32) 
v v v 


Ifthe mass density for the entire object is constant, p(r) =p, we can remove this constant fac- 
tor from the integral and obtain a special case of equation 8.21 for constant mass density: 


=>- pf- = 7 
R=— dV =— dV (fi tant p), 8.33 
P fi 7 r (for constant p) ( ) 
v 4 


where we have used equation 8.20 in the last step. Expressed in Cartesian components, we 


obtain for this case: 
x=— xav, Y=> | yav, Z=— | zav. (8.34) 
V V A V 
v 


v 

Equations 8.33 and 8.34 indicate that any object that has a symmetry plane has its cen- 

ter of mass located in that plane. An object having three mutually perpendicular symmetry 

planes (such as a cylinder, a rectangular solid, or a sphere) has its center of mass where these 
three planes intersect, which is the geometric center. Example 8.5 develops this idea further. 


EXAMPLE 8.5 ( Center of Mass for a Half-Sphere 


PROBLEM 
Consider a solid half-sphere of constant mass density with radius Rọ (Figure 8.21a). 
Where is its center of mass? z 


(a) (b) (c) 


FIGURE 8.21 Determination of the center of mass: (a) half-sphere; (b) symmetry planes and sym- 
metry axis; (c) coordinate system, with location of center of mass marked by red dot. 


SOLUTION 

As shown in Figure 8.21b, symmetry planes can divide this object into equal, mirror-image 
halves. Shown are two perpendicular planes in red and yellow, but any plane through the 
vertical symmetry axis (indicated by the thin black line) is a symmetry plane. 

We now position the coordinate system so that one axis (the z-axis, in this case) coin- 
cides with this symmetry axis. We are then assured that the center of mass is located exactly 
on this axis. Because the mass distribution is symmetric and the integrands of equations 8.33 
or 8.34 are odd powers of 7 the integral for X or Y has to have the value zero. Specifically, 

a 
f xdx =0 for all values of the constant a. 
-a 
Positioning the coordinate system so that the z-axis is the symmetry axis ensures that 
X =Y = 0. This is shown in Figure 8.21c, where the origin of the coordinate system is 
positioned at the center of the half-sphere’s circular bottom surface. 
Now we have to find the value of the third integral in equation 8.34: 


Z=— f dv. 
V 


v 
The volume of a half-sphere is half the volume of a sphere, or 


V= Mp (i) 
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(b) 


FIGURE 8.22 Objects with a center 
of mass (indicated by the red dot) 
outside their mass distribution: 

(a) donut; (b) boomerang. The sym- 
metry axis of the boomerang is shown 
by a dashed line. 


To evaluate the integral for Z, we use cylindrical coordinates, in which the differential | 
volume element is given (see equation 8.28) as dV = r,dr,dddz. The integral is then 
evaluated as follows: 


v 0 0 
Ro bz 2m 
-= fz f To falar, jae 
0 0 0 
Ry | yR- 
=27 fz f r, dr, |dz 
0 0 


Combining this result and the expression for the volume of a half-sphere from equation 
(i), we obtain the z-coordinate of the center of mass: 


4 
z=> fzav= ~A 
Va 27R, 4 8 


Note that the center of mass of an object does not always have to be located inside the 
object. Two obvious examples are shown in Figure 8.22. From symmetry considerations, it 
follows that the center of mass of the donut (Figure 8.22a) is exactly in the center of its hole, 
at a point outside the donut. The center of mass of the boomerang (Figure 8.22b) lies on the 
dashed symmetry axis but, again, outside the object. 


Center of Mass for One- and Two-Dimensional Objects 


Not all problems involving calculation of the center of mass focus on three-dimensional 
objects. For example, you may want to calculate the center of mass of a two-dimensional 
object, such as a flat metal plate. We can write the equations for the center-of-mass coordi- 
nates of a two-dimensional object whose area mass density (or mass per unit area) is a(r ) 
by modifying the expressions for X and Y given in equation 8.32: 


1 = 1 = 
ag oe aap a (8.35) 


where the mass is 


M= J o(F)dA. (8.36) 
A 


If the area mass density of the object is constant, then o = M/A, and we can rewrite equation 
8.35 to give the coordinates of the center of mass of a two-dimensional object in terms of 
the area, A, and the coordinates x and y: 


1 1 
X=— dA, y-1f dA, 8.37 
J” A }* oe 


A 


where the total area is obtained from 


A= f dA. (8.38) 
A 
If the object is effectively one-dimensional, such as a long, thin rod with length L and 
linear mass density (or mass per unit length) of A(x), the coordinate of the center of mass 
is given by 


1 
fe: (8.39) 


where the mass is 


M= | A(x)dx. (8.40) 
J 


If the linear mass density of the rod is constant, then clearly the center of mass is located at 
the geometric center—the middle of the rod—and no further calculation is required. 


SOLVED PROBLEM 8.3 ( Center of Mass of a Long, Thin Rod 
p 


PROBLEM 

A long, thin rod lies along the x-axis. One end of the rod is located at x =1.00 m, and the 
other end of the rod is located at x = 3.00 m. The linear mass density of the rod is given by 
A(x) = ax? + b, where a = 0.300 kg/m? and b = 0.600 kg/m. What are the mass of the rod 
and the x-coordinate of its center of mass? 


SOLUTION 


THINK 

The linear mass density of the rod is not uniform but depends on the x-coordinate. There- 
fore, to get the mass, we must integrate the linear mass density over the length of the rod. 
To get the center of mass, we need to integrate the linear mass density, weighted by the 
distance in the x-direction, and then divide by the mass of the rod. 


SKETCH 


The long, thin rod oriented along the x-axis is shown in Figure 8.23. 


RESEARCH 
We obtain the mass of the rod by integrating the linear mass density, A, over the rod from 
x, =1.00 m to x, = 3.00 m (see equation 8.40): 


me f alx)ér= | ertia 


To find the x-coordinate of the center of mass of the rod, X, we evaluate the integral of 
the differential mass times x and then divide by the mass, which we have just calculated 
(see equation 8.39): 


3 
a% +bx 
3 


X 


x x2 


x= Pa(s)sde= 1 f (ao) f (a ! bx dx = : ae 4b 
M M M M| 4 2 l 


SIMPLIFY 
Inserting the upper and lower limits, x, and x, , we get the mass of the rod: 


M= 


3 3 3 
a~—+bx| = a~2.+ bx, - a+ bx, 
3 3 3 


=<(x3 ~x}) +0(x, -%). 
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x 
0 1 2 3 


FIGURE 8.23 A long, thin rod ori- 


ented along the x-axis. 
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8.3 Self-Test Opportunity 


A plate with height h is cut from 

a thin metal sheet with uniform 
mass density, as shown in the 
figure. The lower boundary of the 
plate is defined by y = 2x’. Show 
that the center of mass of this 
plate is located at x = 0 and y = 2h. 


BY 
A 


>x 


And, in the same way, we find the x-coordinate of the center of mass of the rod: 


4 22 4 2 4 2 
X=- 1 až ig il eo 1p% T qi pe 
M| 4 2 M 4 2 4 2 
x 


which we can further simplify to 


CALCULATE 


Substituting the given numerical values, we compute the mass of the rod: 
3 
M= oon tgm (lso m) -(1.00 m) }+(0.600 kg/m) (3.00 m - 1.00 m)=3.8 kg. 


With the numerical values, the x-coordinate of the rod is 


: jon kg/m” (3.00 m) -(1.00 m)'|+ Ost tgm | (3.00 m) -(1.00 | 


~ 3.8 kg 4 
= 2.210526316 m. 
ROUND 


All of the numerical values in the problem statement were specified to three significant 
figures, so we report our results as 

M =3.80 kg 
and 

X=2.21 m. 


DOUBLE-CHECK 

To double-check our answer for the mass of the rod, let’s assume that the rod has a con- 
stant linear mass density equal to the linear mass density obtained by setting x = 2m (the 
middle of the rod) in the expression for A in the problem, that is, 


A=(0.3-4+0.6) kg/m =1.8 kg/m. 


The mass of the rod is then m ~ 2m- 1.8 kg/m = 3.6 kg, which is reasonably close to our | 
exact calculation of M = 3.80 kg. 

To double-check the x-coordinate of the center of mass of the rod, we again assume that 
the linear mass density is constant. Then the center of mass will be located at the middle of 
the rod, or X = 2m. Our calculated answer is X = 2.21 m, which is slightly to the right of the 
middle of the rod. Looking at the function for the linear mass density, we see that the linear 
mass of the rod increases toward the right, which means that the center of mass of the rod 
must be to the right of the rod’s geometric center. Our result is therefore reasonable. 


na eri ee ees INS 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= The center of mass is the point at which we can = When the mass density is uniform throughout 


imagine all the mass of an object to be concentrated. 


p : M : 
the object, that is, p =—., the center of mass is 


= The location of the center of mass for an arbitrarily R= i f TAV: 
V 
v 


shaped object is given by R= >f r p(r dV, 


where the mass density of the object is p= aA the 


y d = Ifan object has a plane of symmetry, the location of 
the center of mass must be in that plane. 


integration extends over the entire volume V of the = The location of the center of mass for a combination 


object, and M is its total mass. 


of several objects can be found by taking the 


mass-weighted average of the locations of 


the centers of mass of the individual objects: 
n 


petit pm, +t + nm, É 1 Sa 
m +m +: +m, M i 


i=1 
= The motion of an extended rigid object can be 
described by the motion of its center of mass. 


= The velocity of the center of mass is given by the 


derivative of its position vector: V = ak 

= The center-of-mass momentum for a combination 
of several objects is P= MV = be This 
momentum obeys Newton's Second Law: 


i P= a (MV)= SE =Ë a- Internal forces between 
d dt = 


E 
the objects do not contribute to the sum that yields the 
net force (because they always come in action-reaction 


KEY TERMS 


center of mass, p. 247 spherical coordinates, 
recoil, p. 253 p. 260 
thrust, p. 258 


NEW SYMBOLS AND EQUATIONS 


n 
1 2 : eal 
=—— > 7m,, combined center-of-mass position vector 
i=l 


a! 


R= 2 Í 7 p(T dV, center of mass for an extended object 
v 


dV = r dr, dd dz, volume element in cylindrical 
coordinates 
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pairs adding up to zero) and thus do not change the 
center-of-mass momentum. 


= For a system of two objects, the total momentum 
is P= p,+ py, and the relative momentum is 
P=7(A - P). In collisions between two objects, the 
total momentum remains unchanged. 


= Rocket motion is an example of motion during which 
the mass of the moving object is not constant. The 
equation of motion for a rocket in interstellar space is 


= 4 d ae : 
given by Frys: =a =- V- e where V, is the velocity 
d 
of the propellant relative to the rocket and A is the 
rate of change in mass due to outflow of propellant. 


= The velocity of a rocket as a function of its mass is 
given by v-v; = v. ln (m; /m¢), where the indices i and 
f indicate initial and final masses and velocities. 


cylindrical coordinates, 
p. 260 


dV = r°dr sinb dé do, volume element in spherical 
coordinates 


Fyrust rocket thrust 


ANSWERS TO SELF-TEST OPPORTUNITIES 


8.1 
Z= ZredMred t Zgreen green T Zorange!orange + Zblueblue + Zpurple!™ purple 
M 
_ yh2mgt Shiny + +hmy+ Shmy4 shiny 
7 6mo 
- Witte rs ES E 
a : 


6 


8.2 We use spherical coordinates and integrate the angle 0 
from 0 to 7, the angle @ from 0 to 27, and the radial coordi- 
nate r from 0 to R. 

Rj 2r{ 7 


v=f f fsinoao del Pdr 
0 


olo 


First, evaluate the integral over the azimuthal angle: 
f sin ĝd0 = |-cos a). =- [cos(7) - cos(0)| =2 
R {27 


0 
v=2f faofa 
olo 


Now evaluate the polar angle integral: 


2T 
f d=)” =27 
0 
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Finally: 
R 
4 
=—7R* 
3 


0 


R 
a 
Vaan [Pdr =47 = 


0 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines: Center of Mass 

1. The first step in locating the center of mass of an object or 
a system of particles is to look for planes of symmetry. The 
center of mass must be located on the plane of symmetry, on 
the line of intersection of two planes of symmetry, or at the 
point of intersection of more than two planes. 


2. For complicated shapes, break the object down into simpler 
geometric forms and locate the center of mass for each 
individual form. Then combine the separate centers of mass 
into one overall center of mass using the weighted average of 
distances and masses. Treat holes as objects of negative mass. 


8.3 dA = x(y)dy; y = 2x° > x=,/y/2 


x(y)= 2a) y/2 =/2ydA=,)2ydy 


h h h 

5/2 

f yJ2ydy V2 f y” dy 

—0 -_ 0 = 0 

. h h 3/2 J" 

2yd v2 f 1/2 4 Vo 

Je J? ly 37, 
Y=2h 


5 


3. Any motion of an object can be treated as a superposition 
of motion of its center of mass (according to Newtons 
Second Law) and rotation of the object about the center 
of mass. Collisions can often be conveniently analyzed by 
considering a reference frame with the origin located at the 
center of mass. 


4. Often, integration is unavoidable when you need to locate the 
center of mass. In such a case, it is always best to think carefully 
about the dimensionality of the situation and the choice of the 
coordinate system (Cartesian, cylindrical, or spherical). 


SOLVED PROBLEM 8.4 | Thruster Firing 


PROBLEM 


Suppose a spacecraft has an initial mass of 1,850,000 kg. Without its propellant, the 
spacecraft has a mass of 50,000 kg. The rocket that powers the spacecraft is designed to 
eject the propellant with a speed of 25 km/s with respect to the rocket at a constant rate of 
15,000 kg/s. The spacecraft is initially at rest in space and travels in a straight line. How far 
will the spacecraft travel before its rocket uses all the propellant and shuts down? 


SOLUTION 
THINK 


The total mass of propellant is the total mass of the spacecraft minus the mass of the 
spacecraft after all the propellant is ejected. The rocket ejects the propellant at a fixed 
rate, so we can calculate the amount of time during which the rocket operates. As the 
propellant is used up, the mass of the spacecraft decreases and the speed of the spacecraft 
increases. If the spacecraft starts from rest, the speed v(t) at any time while the rocket 
is operating can be obtained from equation 8.17, with the final mass of the spacecraft 
replaced by the mass of the spacecraft at that time. The distance traveled before all the 
propellant is used is given by the integral of the speed as a function of time. 


SKETCH 


The flight of the spacecraft is sketched in Figure 8.24. 


FIGURE 8.24 The various parameters 


for the spacecraft as the rocket operates. 


Fully fueled No fuel 
l 


Problem-Solving Practice 


RESEARCH 
We symbolize the rate at which the propellant is ejected by r,. The time tnax during which 
the rocket will operate is then given by 


i= (m, -m,) 
1p 
where m; is the initial mass of the spacecraft and m, is the mass of the spacecraft after all 
the propellant is ejected. The total distance the spacecraft travels in this time interval is 
the integral of the speed over time: 


Xp = foleja (i) 
While the rocket is operating, the mass of the spacecraft at a time t is given by 
m(t) =m- ht. 


The speed of the spacecraft at any given time after the rocket starts to operate and before 
all the propellant is used up is given by (compare to equation 8.17) 


ve)= a Jer mi Jer 1 | (ii) 
m(t) m; -rt l-rt/m; 


P 


where v, is the speed of the ejected propellant with respect to the rocket. 


SIMPLIFY 
Now we substitute from equation (ii) for the time dependence of the speed of the space- 


craft into equation (i) and obtain 
ow Joe la (iii) 


In(1-ax)-x (you can look up this result in an integral 


t, 


max 


no Jroa- Peni 


Because J 190 -axyax == 


table), the integral evaluates to 


t 


max 


fmax 


f tnt 1m) = 


0 


rt/m -1 
Bo In(1-4,t/m;)-t 
r,/m 


P 1 0 


ln(l-r / m;)- tmax 


Tot max 


{ein 
r, | m; 


=(tmax -M/R n-i /m;)- tax 


p“max 


The distance traveled is then 
Xf =-V% (= -mlr > )In(1- Tobenax | mM ) - tax | 


CALCULATE 
The time during which the rocket is operating is 


_ mmi- m _ 1,850,000 kg—50,000 kg i39, 


h 15,000 kg/s 


Putting numerical values into the factor 1-r fmax /M; gives 


ax 


rt : 
j Pmax L 15,000 kg/s-120 s =0.027027. 
1,850,000 kg 


mi 


Continued— 
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v(t) (km/s) 
è 


Ly 

0 40 80 120 
t (s) 

FIGURE 8.25 Comparison of the ex- 


act solution for v(t) (red curve) to one 
for constant acceleration (blue line). 


i 
hi 


FIGURE 8.26 Three-dimensional 
view of a disk with a rectangular hole 
in it. 


Thus, we find for the distance traveled 
xe =-(25-10 mis}| -(120 s)+{(120 s)-(1.85-10° kg] /(15-10° kg/s}p1n(0.027027) 
= 2.69909 -10° m. 


ROUND 
Because the propellant speed was given to only two significant figures, we need to round 
to that accuracy: 


xe =2.7-10° m. 


DOUBLE-CHECK 
To double-check our answer for the distance traveled, we use equation 8.17 to calculate 
the final velocity of the spacecraft: 


1.85-10° kg 


10° 


VE =v | = (25 km/s)In 
Me 


| = 90.3 km/s. 


If the spacecraft accelerated at a constant rate, the speed would increase linearly with time, 
as shown in Figure 8.25, and the average speed during the time the propellant was being 
ejected would be ¥ =v, /2. Taking this average speed and multiplying by that time gives 


Xq-const © Vmax =(¢/2)tmax =(90-3/2 km/s-120 s)/2=5.4-10° m. 


This approximate distance is bigger than our calculated answer, because in the calcula- 
tion the velocity increases logarithmically in time until it reaches the value of 90.3 km/s. 
The approximation is about twice the calculated distance, giving us confidence that our 
answer at least has the right order of magnitude. 

Figure 8.25 shows the exact solution for v(t) (red curve). The distance traveled, xç, is 
the area under the red curve. The blue line shows the case where constant acceleration 
leads to the same final velocity. As you can see, the area under the blue line is approxi- 
mately twice that under the red curve. Since we just calculated the area under the blue 
line, Xq-consp and found it to be about twice as big as our calculated result, we gain confi- 
dence that we interpreted correctly. 


SOLVED PROBLEM 8.5 | Center of Mass of a Disk with a Hole in It | 


PROBLEM 

Where is the center of mass of a disk with a rectangular hole in it (Figure 8.26)? The 
height of the disk is h =11.0 cm, and its radius is R =11.5 cm. The rectangular hole has a 
width w = 7.0 cm and a depth d = 8.0 cm. The right side of the hole is located so that its 
midpoint coincides with the central axis of the disk. 


SOLUTION 


THINK 

One way to approach this problem is to write mathematical formulas that describe the 
three-dimensional geometry of the disk with a hole in it and then integrate over that 
volume to obtain the coordinates of the center of mass. If we did that, we would be faced 
with several difficult integrals. A simpler way to approach this problem is to think of the 
disk with a hole in it as a solid disk minus a rectangular hole. That is, we treat the hole as 
a solid object with a negative mass. Using the symmetry of the solid disk and of the hole, 
we can specify the coordinates of the center of mass of the solid disk and of the center of 
mass of the hole. We can then combine these coordinates, using equation 8.1, to find the 
center of mass of the disk with a hole in it. 
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SKETCH 

Figure 8.27a shows a top view of the disk with a hole in it, with x- and y-axes assigned. 
Figure 8.27b shows the two symmetry planes of the disk with a hole in it. One plane 

corresponds to the x-y plane, and the second plane is a plane along the x-axis and perpen- 

dicular to the x-y plane. The line where the two planes intersect is marked A. 


RESEARCH 

The center of mass must lie along the intersection of the two planes of symmetry. Therefore, 
we know that the center of mass can only be located along the x-axis. The center of mass for 
the disk without the hole is at the origin of the coordinate system, at xy= 0, and the volume 
of the solid disk is Vq=7R’h. If the hole were a solid object with the same dimensions 
(h =11.0 cm, w = 7.0 cm, and d = 8.0 cm), that object would have a volume of V, = hwd. 
If this imagined solid object were located where the hole is, its center of mass would be in 
the middle of the hole, at x, =-3.5 cm. We now multiply each of the volumes by p, the mass 
density of the material of the disk, to get the corresponding masses, and assign a negative 
mass to the hole. Then we use equation 8.1 to get the x-coordinate of the center of mass: 


x = Ža VaP -Vap (i) 
Vap- Vhp 


(b) 
This method of treating a hole as an object of the same shape and then using its volume FIGURE 8.27 (a) Top view of the 


in calculations, but with negative mass (or charge), is very common in atomic and sub- gisk with a hole in it with a coordinate 
atomic physics. We will encounter it again when we explore atomic physics (Chapter 37) system assigned. (b) Symmetry planes 
and nuclear and particle physics (Chapters 39 and 40). of the disk with a hole in it. 


SIMPLIFY 
We can simplify equation (i) by realizing that x,= 0 and that p is a common factor: 


Substituting the expressions we obtained above for V4 and V, we get 


ee -xn (hwd) __ -wd 
V-V% mRh-hwd mR -wd 


X 


Defining the area of the disk in the x-y plane to be Aq = mR? and the area of the hole in 
the x-y plane to be Ay = wd, we can write 


x= -x,wd — -x,Ay, 
aR? -wd Aqg-Ar 


CALCULATE 
Inserting the given numbers, we find that the area of the disk is 


Aa = TR? =2(11.5 cm) =415.475 cm’, 


and the area of the hole is 
A, =wd= (7.0 cm)(8.0 cm) =56 cm’, 
Therefore, the location of the center of mass of the disk with the hole in it (remember that 
xX, =-3.5 cm ) is 
-xp Ap -(-3.5 cm)(56 cm?) 


= eee cm. 
Aa-Ap (415.475 cm”) - (56 cm?) 


ROUND 
Expressing our answer with two significant figures, we report the x-coordinate of the 
center of mass of the disk with a hole in it as 


X =0.55 cm. 
Continued— 
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DOUBLE-CHECK 


This point is slightly to the right of the center of the solid disk, by a distance that is a 
small fraction of the radius of the disk. This result seems reasonable because taking 
material out of the disk to the left of x = 0 should shift the center of gravity to the right, 


just as we calculated. 


EES 


MULTIPLE-CHOICE QUESTIONS 


8.1 A man standing on frictionless ice throws a boomerang, 
which returns to him. Choose the correct statement: 


a) Since the momentum of the man-boomerang system 

is conserved, the man will come to rest holding the 
boomerang at the same location from which he threw it. 

b) It is impossible for the man to throw a boomerang in this 
situation. 

c) It is possible for the man to throw a boomerang, but 
because he is standing on frictionless ice when he throws it, 
the boomerang cannot return. 

d) The total momentum of the man-boomerang system is 
not conserved, so the man will be sliding backward holding 
the boomerang after he catches it. 

8.2 When a bismuth-208 nucleus at rest decays, thallium-204 
is produced, along with an alpha particle (helium-4 nucleus). 
The mass numbers of bismuth-208, thallium-204, and 
helium-4 are 208, 204, and 4, respectively. (The mass number 
represents the total number of protons and neutrons in the 
nucleus.) The kinetic energy of the thallium nucleus is 

a) equal to that of the alpha particle. 

b) less than that of the alpha particle. 

c) greater than that of the alpha particle. 

8.3 Two objects with masses m and m, are moving along 
the x-axis in the positive direction with speeds v, and v,, 
respectively, where v; is less than v,. The speed of the center 
of mass of this system of two bodies is 

a) less than v}. 

b) equal to v}. 

c) equal to the average of v, and v}. 

d) greater than v, and less than v,. 

e) greater than vz. 

8.4 An artillery shell is moving on a parabolic trajectory 
when it explodes in midair. The shell shatters into a 

very large number of fragments. Which of the following 
statements is true (select all that apply)? 

a) The force of the explosion will increase the momentum 
of the system of fragments, and so the momentum of the 
shell is not conserved during the explosion. 

b) The force of the explosion is an internal force and thus 
cannot alter the total momentum of the system. 

c) The center of mass of the system of fragments will 
continue to move on the initial parabolic trajectory until the 
last fragment touches the ground. 


d) The center of mass of the system of fragments will 
continue to move on the initial parabolic trajectory until the 
first fragment touches the ground. 

e) The center of mass of the system of fragments will have 

a trajectory that depends on the number of fragments and 
their velocities right after the explosion. 


8.5 An 80-kg astronaut becomes separated from his 
spaceship. He is 15.0 m away from it and at rest relative to 
it. In an effort to get back, he throws a 500-g object with 

a speed of 8.0 m/s in a direction away from the ship. How 
long does it take him to get back to the ship? 

a) ls c) 20s e) 300s 

b) 10s d) 200s 


8.6 You find yourself in the (realistic?) situation of being stuck 
on a 300-kg raft (including yourself) in the middle of a pond 
with nothing but a pile of 7-kg bowling balls and 55-g tennis 
balls. Using your knowledge of rocket propulsion, you decide 
to start throwing balls from the raft to move toward shore. 
Which of the following will allow you to reach the shore faster? 


a) throwing the tennis balls at 35 m/s at a rate of 1 tennis 
ball per second 


b) throwing the bowling balls at 0.5 m/s at a rate of 1 
bowling ball every 3 s 


c) throwing a tennis ball and a bowling ball simultaneously, 
with the tennis ball moving at 15 m/s and the bowling ball 
moving at 0.3 m/s, at a rate of 1 tennis ball and 1 bowling 
ball every 4 s 

d) not enough information to decide 

8.7 The figures show a high jumper using different 
techniques to get over the crossbar. Which technique would 
allow the jumper to clear the highest setting of the bar? 


ai Fy * p 
(a) | (b) 


(d) 
8.8 The center of mass of an irregular rigid object is always 
located 
c) both of the above 
d) none of the above 


a) at the geometrical center of 
the object. 


b) somewhere within the object. 


8.9 A catapult on a level field tosses a 3-kg stone a horizontal 
distance of 100 m. A second 3-kg stone tossed in an identical 
fashion breaks apart in the air into 2 pieces, one with a mass 
of 1 kg and one with a mass of 2 kg. Both of the pieces hit the 
ground at the same time. If the 1-kg piece lands a distance of 
180 m away from the catapult, how far away from the catapult 
does the 2-kg piece land? Ignore air resistance. 

a) 20m c) 100m e) 180m 

b) 60m d) 120m 


8.10 Two point masses are located in the same plane. The 
distance from mass 1 to the center of mass is 3.0 m. The 
distance from mass 2 to the center of mass is 1.0 m. What is 
m,/my, the ratio of mass 1 to mass 2? 
a) 3/4 c) 4/7 

b) 4/3 d) 7/4 


8.11 A cylindrical bottle of oil-and-vinegar salad dressing 
whose volume is 1/3 vinegar (p = 1.01 g/cm’) and 2/3 oil 


e) 1/3 
f) 3/1 


QUESTIONS 
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(p = 0.910 g/cm’) is at rest on a table. Initially, the oil and 
the vinegar are separated, with the oil floating on top of 
the vinegar. The bottle is shaken so that the oil and vinegar 
mix uniformly, and the bottle is returned to the table. How 
has the height of the center of mass of the salad dressing 
changed as a result of the mixing? 

a) It is higher. 
b) It is lower. 


d) There is not enough 
information to answer 


c) It is the same. this question. 


8.12 A one-dimensional rod has a linear density that varies 
with position according to the relationship A(x) = cx, where 
cis a constant and x = 0 is the left end of the rod. Where do 
you expect the center of mass to be located? 


a) the middle of the rod 

b) to the left of the middle of the rod 
c) to the right of the middle of the rod 
d) at the right end of the rod 

e) at the left end of the rod 


8.13 A projectile is launched into the air. Part way through 
its flight, it explodes. How does the explosion affect the mo- 
tion of the center of mass of the projectile? 


8.14 Find the center of mass of the arrangement of uniform 
identical cubes shown in the 
figure. The length of the sides 
of the each cube is d. 


2d0 


8.15 A model rocket that has a horizontal range of 100 m 
is fired. A small explosion splits the rocket into two equal 
parts. What can you say about the points where the fragments 
land on the ground? 


8.16 Can the center of mass of an object be located at a point 
outside the object, that is, at a point in space where no part of 
the object is located? Explain. 


8.17 Is it possible for two masses to undergo a collision such 
that the system of two masses has more kinetic energy than the 
two separate masses had? Explain. 


8.18 Prove that the center of mass of a thin metal plate in 
the shape of an equilateral triangle is located at the intersec- 
tion of the triangle’s altitudes by direct calculation and by 
physical reasoning. 


8.19 A soda can of mass m and height L is filled with soda of 
mass M. A hole is punched in the bottom of the can to drain 
out the soda. 


a) What is the center of mass of the system consisting of the 
can and the soda remaining in it when the level of soda in the 
can is h, where 0 < h < L? 

b) What is the minimum value of the center of mass as the 
soda drains out? 


8.20 An astronaut of mass M is floating in space at a constant 
distance D from his spaceship when his safety line breaks. He is 
carrying a toolbox of mass M/2 that contains a big sledgeham- 
mer of mass M/4, for a total mass of 3M/4. He can throw the 
items with a speed v relative to his final speed after each item is 
thrown. He wants to return to the spaceship as soon as possible. 


a) To attain the maximum final speed, should the astronaut 
throw the two items together, or should he throw them one 
at a time? Explain. 

b) To attain the maximum speed, is it best to throw the 
hammer first or the toolbox first, or does the order make no 
difference? Explain. 

c) Find the maximum speed at which the astronaut can 
start moving toward the spaceship. 


rd 


8.21 A metal rod with a length P 
density (mass per unit length) À is ra 

bent into a circular arc of radius R oat 

and subtending a total angle of œ, as 

shown in the figure. What is the distance of the center of 
mass of this arc from O as a function of the angle p? Plot 
this center-of-mass coordinate as a function of ¢. 


8.22 The carton shown in the figure is filled with a dozen 
eggs, each of mass m. Initially, the center of mass of the eggs 
is at the center of the carton, which is the same point as the 
origin of the Cartesian coordinate system shown. Where 

is the center of mass of the remaining eggs, in terms of the 
egg-to-egg distance d, in each of the following situations? 


Neglect the mass of the carton. Continued —= 
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a) Only egg A is removed. 
b) Only egg B is removed. 
c) Only egg C is removed. 
d) Eggs A, B and C are removed. 


PROBLEMS 


8.23 A circular pizza of 
radius R has a circular 
piece of radius R/4 
removed from one side, 
as shown in the figure. 
Where is the center of 
mass of the pizza with 
the hole in it? 


8.24 Suppose you 
place an old-fashioned 
hourglass, with sand in 
the bottom, on a very 
sensitive analytical bal- 
ance to determine its mass. You then turn it over (handling 
it with very clean gloves) and place it back on the balance. 
You want to predict whether the reading on the balance will 
be less than, greater than, or the same as before. What do 
you need to calculate to answer this question? Explain care- 
fully what should be calculated and what the results would 
imply. You do not need to attempt the calculation. 


[a blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 8.1 

8.25 Find the following center-of-mass information about 
objects in the Solar System. You can look up the necessary 
data on the Internet or in the tables in Chapter 12 of this 
book. Assume spherically symmetrical mass distributions 
for all objects under consideration. 

a) Determine the distance from the center of mass of the 
Earth-Moon system to the geometric center of Earth. 

b) Determine the distance from the center of mass of the 
Sun-Jupiter system to the geometric center of the Sun. 
¢8.26 The coordinates of the center of mass for the extend- 
ed object shown in the figure are (L/4, -L/5). What are the 
coordinates of the 2-kg mass? 


3-kg mass 


(0,—L/2) 
4-kg mass 


°8.27 Young acrobats are standing still on a circular hori- 
zontal platform suspended at the center. The origin of the 
two-dimensional Cartesian coordinate system is assumed to 
be at the center of the platform. A 30.0-kg acrobat is located 


at (3.00 m, 4.00 m), and a 40-kg acrobat is located at (-2.00 m, 
-2.00 m). Assuming that the acrobats stand still in their po- 
sitions, where must a 20.0-kg acrobat be located so that the 
center of mass of the system consisting of the three acrobats 
is at the origin and the platform is balanced? 


Section 8.2 


8.28 A man with a mass of 55 kg stands up in a 65-kg 
canoe of length 4.0 m floating on water. He walks from a 
point 0.75 m from the back of the canoe to a point 0.75 
m from the front of the canoe. Assume negligible friction 
between the canoe and the water. How far does the canoe 
move? 


0.75 m 


0.75 m 2.5m 
8.29 A toy car of mass 2.0 kg is stationary, and a child rolls 
a toy truck of mass 3.5 kg straight toward it with a speed of 
4.0 m/s. 

a) What is the velocity of the center of mass of the system 
consisting of the two toys? 

b) What are the velocities of the truck and the car with respect 
to the center of mass of the system consisting of the two toys? 


8.30 A motorcycle stunt rider plans to start from one end 
of a railroad flatcar, accelerate toward the other end of the 
car, and jump from the flatcar to a platform. The motor- 
cycle and rider have a mass of 350. kg and a length of 2.00 m. 
The flatcar has a mass of 1500. kg and a length of 20.0 m. 
Assume that there is negligible friction between the flatcar’s 
wheels and the rails and that the motorcycle and rider can 
move through the air with negligible resistance. The flatcar 

is initially touching the platform. The promoters of the event 
have asked you how far the flatcar will be from the platform 
when the stunt rider reaches the end of the flatcar. What is 


your answer? 


8.31 Starting at rest, two students stand on 10.0-kg sleds, 
which point away from each other on ice, and they pass a 
5.00-kg medicine ball back and forth. The student on the left 
has a mass of 50.0 kg and can throw the ball with a relative 
speed of 10.0 m/s. The student on the right has a mass of 
45.0 kg and can throw the ball with a relative speed of 12.0 m/s. 
(Assume there is no friction between the ice and the sleds and 
no air resistance.) 


a) Ifthe student on the left throws the ball horizontally to 
the student on the right, how fast is the student on the left 
moving right after the throw? 

b) How fast is the student on the right moving right after 
catching the ball? 

c) Ifthe student on the right passes the ball back, how fast 
will the student on the left be moving after catching the pass 
from the student on the right? 

(d) How fast is the student on the right moving after the pass? 


8.32 Two skiers, Annie and Jack, start skiing from rest at dif- 
ferent points on a hill at the same time. Jack, with mass 88.0 kg, 
skis from the top of the hill down a steeper section with an 
angle of inclination of 35.0°. Annie, with mass 64.0 kg, starts 
from a lower point and skis a less steep section, with an an- 
gle of inclination of 20.0°. The length of the steeper section 
is 100. m. Determine the acceleration, velocity, and position 
vectors of the combined center of mass for Annie and Jack as 
a function of time before Jack reaches the less steep section. 
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°8.33 Many nuclear collisions studied in laboratories are 
analyzed in a frame of reference relative to the laboratory. 
A proton, with a mass of 1.6605- 10” kg and traveling at a 
speed of 70.0% of the speed of light, c, collides with a tin- 
116 (''°Sn) nucleus with a mass of 1.9096- 10” kg. What is 
the speed of the center of mass with respect to the labora- 
tory frame? Answer in terms of c, the speed of light. 


8.34 A system consists of two particles. Particle 1 with 
mass 2.0 kg is located at (2.0 m, 6.0 m) and has a velocity of 
(4.0 m/s, 2.0 m/s). Particle 2 with mass 3.0 kg is located at 
(4.0 m, 1.0 m) and has a velocity of (0, 4.0 m/s). 


a) Determine the position and the velocity of the center of 
mass of the system. 

b) Sketch the position and velocity vectors for the 
individual particles and for the center of mass. 


°8.35 A fire hose 4.00 cm in diameter is capable of spraying 
water at a velocity of 10.0 m/s. For a continuous horizontal 
flow of water, what horizontal force should a fireman exert 
on the hose to keep it stationary? 


°e8.36 A block of mass m, = 1.2 kg slides to the right at 

a speed of 2.5 m/s on a frictionless horizontal surface, as 
shown in the figure. It “collides” with a wedge of mass my, 
which moves to the left at a speed of 1.1 m/s. The wedge 

is shaped so that the block slides seamlessly up the Teflon 
(frictionless!) surface, as the two come together. Relative to 
the horizontal surface, block and wedge are moving with a 
common velocity v,,y at the instant the block stops sliding 
up the wedge. 

a) Ifthe block’s center of Vy wz 
mass rises by a distance — =a : 

h = 0.37 m, what is the 
mass of the wedge? 


b) What is vpiw? 


Section 8.3 


8.37 One important characteristic of rocket engines is the 
specific impulse, which is defined as the total impulse (time 
integral of the thrust) per unit ground weight of fuel/oxi- 
dizer expended. (The use of weight, instead of mass, in this 
definition is due to purely historical reasons.) 


a) Consider a rocket engine operating in free space with an 
exhaust nozzle speed of v. Calculate the specific impulse of 
this engine. 

b) A model rocket engine has a typical exhaust speed 

of Vioy = 800. m/s. The best chemical rocket engines have 
exhaust speeds of approximately V hem = 4.00 km/s. Evaluate 
and compare the specific impulse values for these engines. 


+8.38 An astronaut is performing a space walk outside the In- 
ternational Space Station. The total mass of the astronaut with 
her space suit and all her gear is 115 kg. A small leak develops 
in her propulsion system and 7.00 g of gas are ejected each 
second into space with a speed of 800 m/s. She notices the leak 
6.00 s after it starts. How much will the gas leak have caused 
her to move from her original location in space by that time? 
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°8.39 A rocket in outer space has a payload of 5190.0 kg 
and 1.551-10° kg of fuel. The rocket can expel propellant 
at a speed of 5.600 km/s. Assume that the rocket starts 
from rest, accelerates to its final velocity, and then begins 
its trip. How long will it take the rocket to travel a distance 
of 3.82 - 10° km (approximately the distance between Earth 
and Moon)? 


ee8.40 A uniform chain with a mass of 1.32 kg per meter 
of length is coiled on a table. One end is pulled upward at a 
constant rate of 0.47 m/s. 


a) Calculate the net force acting on the chain. 

b) At the instant when 0.15 m of the chain has been lifted 
off the table, how much force must be applied to the end 
being raised? 

ee8.41 A spacecraft engine creates 53.2 MN of thrust with a 
propellant velocity of 4.78 km/s. 

a) Find the rate (dm/dt) at which the propellant is expelled. 
b) Ifthe initial mass is 2.12-10° kg and the final mass is 
7.04-10*kg, find the final speed of the spacecraft (assume 
the initial speed is zero and any gravitational fields are small 
enough to be ignored). 

c) Find the average acceleration till burnout (the time at 
which the propellant is used up; assume the mass flow rate 
is constant until that time). 


ee8.42 A cart running on frictionless air tracks is propelled by 
a stream of water expelled by a gas-powered pressure washer 
stationed on the cart. There is a 1.00-m° water tank on the cart 
to provide the water for the pressure washer. The mass of the 
cart, including the operator riding it, the pressure washer with 
its fuel, and the empty water tank, is 400. kg. The water can be 
directed, by switching a valve, either backward or forward. In 
both directions, the pressure washer ejects 200. L of water per 
min with a muzzle velocity of 25.0 m/s. 


a) Ifthe cart starts from rest, after what time should the 
valve be switched from backward (forward thrust) to forward 
(backward thrust) for the cart to end up at rest? 


b) What is the mass of the cart at that time, and what is its 
velocity? (Hint: It is safe to neglect the decrease in mass due to 
the gas consumption of the gas-powered pressure washer!) 

c) What is the thrust of this “rocket”? 

d) What is the acceleration of the cart immediately before 
the valve is switched? 


Section 8.4 


8.43 A 32.0-cm-by-32.0-cm 
checkerboard has a mass of 
100. g. There are four 20.0-g 
checkers located on the 
checkerboard, as shown in 
the figure. Relative to the ori- 
gin located at the bottom left 
corner of the checkerboard, 
where is the center of mass of 
the checkerboard-checkers 
system? 


°8.44 A uniform, square metal 
plate with side L = 5.70 cm and 
mass 0.205 kg is located with 

its lower left corner at (x, y) = 
(0, 0), as shown in the figure. 

A square with side L/4 and its 
lower left edge located at (x, y) = 
(0, 0) is removed from the plate. 
What is the distance from the 
origin of the center of mass of 
the remaining plate? 


+8.45 Find the x- and A 
y-coordinates of the 
center of mass of the flat 
triangular plate of height 
H = 17.3 cm and base 

B = 10.0 cm shown in the H= 17.3 cm 
figure. 


°8.46 The density of a 

1.00-m long rod can be 
described by the linear 
density function A(x) = Ý 
100. g/m +10.0x g/m’. 

One end of the rod is po- 

sitioned at x = 0 and the 

other at x = 1.00 m. Determine (a) the total mass of the rod, 
and (b) the center-of-mass coordinate. 


© 


8.47 A thin rectangular plate of uniform area density 
c = 1.05 kg/m? has a length a = 0.600 m and a width 
b = 0.250 m. The lower left corner is placed at the origin, 
(x, y) = (0, 0). A circular hole of radius r = 0.048 m with 
center at (x, y) = (0.068 m, 0.068 m) is cut in the plate. 
The hole is plugged with a disk of the same radius that 
is composed of another 
material of uniform area 4 
density o, = 5.32 kg/m’. 
What is the distance 

ae b 
from the origin of the Y) 
resulting plates center 
of mass? 0 a 


°8.48 A uniform, square 
metal plate with side L = 
5.70 cm and mass 0.205 kg Lr 
is located with its lower left 
corner at (x, y) = (0, 0) as 
shown in the figure. Two 1 
squares with side length a 
L/4 are removed from the 1 
plate. 
a) What is the >x 
x-coordinate of the center 
of mass? 


b) What is the y-coordinate of the center of mass? 


ee8.49 The linear mass density, A(x), for a one-dimensional 
object is plotted in the graph. What is the location of the 
center of mass for this object? 


Xo 


A(x) (kg/m) 


Additional Problems 


8.50 A 750-kg cannon fires a 15-kg projectile with a speed 
of 250 m/s with respect to the muzzle. The cannon is on 
wheels and can recoil with negligible friction. Just after the 
cannon fires the projectile, what is the speed of the projec- 
tile with respect to the ground? 


8.51 The distance between a carbon atom (m = 12 u) and an 
oxygen atom (m = 16 u) in a carbon monoxide (CO) mol- 
ecule is 1.13- 10™™° m. How far from the carbon atom is the 
center of mass of the molecule? (1 u = 1 atomic mass unit.) 


8.52 One method of detecting extrasolar planets involves 
looking for indirect evidence of a planet in the form of wob- 
bling of its star about the star-planet system’s center of mass. 
Assuming that the Solar System consisted mainly of the Sun 
and Jupiter, how much would the Sun wobble? That is, what 
back-and-forth distance would it move due to its rotation 
about the center of mass of the Sun-Jupiter system? How far 
from the center of the Sun is that center of mass? 


8.53 The USS Montana is a massive battleship with a weight 
of 136,634,000 Ib. It has twelve 16-inch guns, which are 
capable of firing 2700-lb projectiles at a speed of 2300 ft/s. If 
the battleship fires three of these guns (in the same direc- 
tion), what is the recoil velocity of the ship? 


8.54 Three identical balls of mass m are placed in the con- 


figuration shown in the 
figure. Find the location 
oo 


of the center of mass. 


© F 


(0, 0) (a, 0) 
8.55 Sam (61 kg) and Alice (44 kg) stand on an ice rink, 
providing them with a nearly frictionless surface to slide on. 
Sam gives Alice a push, causing her to slide away at a speed 
(with respect to the rink) of 1.20 m/s. 
a) With what speed does Sam recoil? 
b) Calculate the change in the kinetic energy of the Sam- 
Alice system. 
c) Energy cannot be created or destroyed. What is the 
source of the final kinetic energy of this system? 
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8.56 A baseball player uses a bat with mass m,,,, to hit a ball 
with mass m,,1 Right before he hits the ball, the bat’s initial 
velocity is 35.0 m/s, and the ball’s initial velocity is -30.0 m/s 
(the positive direction is along the positive x-axis). The bat 
and ball undergo a one-dimensional elastic collision. Find 
the speed of the ball after the collision. Assume that myat 

is much greater than m1, so the center of mass of the two 
objects is essentially at the bat. 


8.57 A student with a mass of 40.0 kg can throw a 5.00-kg 
ball with a relative speed of 10.0 m/s. The student is stand- 
ing at rest on a cart of mass 10.0 kg that can move without 
friction. If the student throws the ball horizontally, what will 
the velocity of the ball with respect to the ground be? 


e8.58 Find the location y 
of the center of mass of a A 
two-dimensional sheet of (0, a) 
constant density ø that has 

the shape of an isosceles 

triangle (see the figure). 


°8.59 A rocket consists of 
a payload of 4390.0 kg and 
1.761-10° kg of fuel. Assume (0,0) (ao 
that the rocket starts from 

rest in outer space, accelerates 

to its final velocity, and then begins its trip. What is the speed 
at which the propellant must be expelled to make the trip from 
the Earth to the Moon, a distance of 3.82- 10° km, in 7.0 h? 


x 


°8.60 A 350-kg cannon, sliding freely on a frictionless hori- 
zontal plane at a speed of 7.5 m/s, shoots a 15-kg cannonball 
at an angle of 55° above the horizontal. The velocity of the 
ball relative to the cannon is such that when the shot occurs, 
the cannon stops cold. What is the velocity of the ball rela- 
tive to the cannon? 


°8.61 The Saturn V rocket, which was used to launch the 
Apollo spacecraft on their way to the Moon, has an initial 
mass Mọ = 2.80- 10° kg and a final mass M, = 8.00- 10° kg 
and burns fuel at a constant rate for 160. s. The speed of the 
exhaust relative to the rocket is about v = 2700. m/s. 


a) Find the upward acceleration of the rocket, as it lifts off 
the launch pad (while its mass is the initial mass). 

b) Find the upward acceleration of the rocket, just as it 
finishes burning its fuel (when its mass is the final mass). 


c) Ifthe same rocket were fired in deep space, where there is 
negligible gravitational force, what would be the net change in 
the speed of the rocket during the time it was burning fuel? 


e8.62 Find the location of the center of mass for a one- 
dimensional rod of length L and of linear density A(x) = cx, 
where c is a constant. (Hint: You will need to calculate the 
mass in terms of c and L.) 


8.63 Find the center of mass of a rectangular plate of 
length 20.0 cm and width 10.0 cm. The mass density varies 
linearly along the length. At one end, it is 5.00 g/cm’; at the 
other end, it is 20.0 g/cm’. 
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°8.64 A uniform log of length 2.50 m has a mass of 91.0 kg 
and is floating in water. Standing on this log is a 72.0-kg 
man, located 22.0 cm from one end. On the other end is his 
daughter (m = 20.0 kg), standing 1.00 m from the end. 


a) Find the center of mass of this system. 


b) Ifthe father jumps off the log backward away from his 
daughter (v = 3.14 m/s), what is the initial speed of log 
and child? 


8.65 A sculptor has commissioned y 
you to perform an engineering 


analysis of one of his works, which t 

consists of regularly shaped metal l 

plates of uniform thickness and A] ha 
density, welded together as shown 2a 4a 

in the figure. Using the intersection Y | | >x 


of the two axes shown as the origin 
of the coordinate system, deter- 
mine the Cartesian coordinates of 
the center of mass of this piece. 


°8.66 A jet aircraft is traveling at 223 m/s in horizontal 
flight. The engine takes in air at a rate of 80.0 kg/s and burns 
fuel at a rate of 3.00 kg/s. The exhaust gases are ejected at 
600. m/s relative to the speed of the aircraft. Find the thrust 
of the jet engine. 


¢8.67 A bucket is mounted on a skateboard, which rolls 
across a horizontal road with no friction. Rain is falling 
vertically into the bucket. The bucket is filled with water, 
and the total mass of the skateboard, bucket, and water is 

M = 10.0 kg. The rain enters the top of the bucket and 
simultaneously leaks out of a hole at the bottom of the 
bucket at equal rates of A = 0.100 kg/s. Initially, bucket and 
skateboard are moving at a speed of vp. How long will it take 
before the speed is reduced by half? 


°8.68 A 1000.-kg cannon shoots a 30.0-kg shell at an angle 
of 25.0° above the horizontal and a speed of 500. m/s. What 
is the recoil velocity of the cannon? 


°8.69 Two masses, m; = 2.0 kg and m, = 3.0 kg, are moving 
in the xy-plane. The velocity of their center of mass and the 
velocity of mass 1 relative to mass 2 are given by the vectors 


Vom = (-1.0, +2.4) m/s and v,e = (+5.0, +1.0) m/s. Determine 


a) the total momentum of the system 
b) the momentum of mass 1, and 
c) the momentum of mass 2. 


ee8.70 You are piloting a spacecraft whose total mass is 
1000 kg and attempting to dock with a space station in deep 
space. Assume for simplicity that the station is stationary, 
that your spacecraft is moving at 1.0 m/s toward the sta- 
tion, and that both are perfectly aligned for docking. Your 
spacecraft has a small retro-rocket at its front end to slow its 
approach, which can burn fuel at a rate of 1.0 kg/s and with 
an exhaust velocity of 100 m/s relative to the rocket. Assume 
that your spacecraft has only 20 kg of fuel left and sufficient 
distance for docking. 


a) What is the initial thrust exerted on your spacecraft by 
the retro-rocket? What is the thrust’s direction? 

b) For safety in docking, NASA allows a maximum docking 
speed of 0.02 m/s. Assuming you fire the retro-rocket 
from time t = 0 in one sustained burst, how much fuel (in 
kilograms) has to be burned to slow your spacecraft to this 
speed relative to the space station? 

c) How long should you sustain the firing of the retro- 
rocket? 

d) Ifthe space stations mass is 500,000 kg (close to the 
value for the ISS), what is the final velocity of the station 
after the docking of your spacecraft, which arrives with a 
speed of 0.02 m/s? 


ee8.71 A chain whose F 
mass is 3.0 kg and length is 


' Mass of Chain is 
5.0 m is held at one end so hainis falling 
that the bottom end of the 3.0 kg to the 
chain just touches the floor floor 


(see the figure). The top 
end of the chain is released. 
What is the force exerted 
by the chain on the floor 
just as the last link of the 
chain lands on the floor? 


9.81 m/s? 
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WHAT WE WILL LEARN 
4 


Cartesian coordinates. 


circular motion. 


= The motion of objects traveling in a circle rather = Circular motion can be described in terms of the 
than in a straight line can be described using angular coordinate, angular frequency, and period. 
coordinates based on radius and angle rather than 


= An object undergoing circular motion can have 
angular velocity and angular acceleration. 


= There is a relationship between linear motion and 


Have you ever wondered why an airplane tilts, or banks, when it makes a turn in the air? An 
airplane has no road to fly on, so the force needed to make it turn in a circle cannot come 
from friction with a road surface. Instead, the angled orientation of the wings splits the 
normal force supporting the plane into components. One component continues to support 
the plane against gravity, while the other component acts horizontally and turns the plane 
in a circle, such as the aircraft shown in Figure 9.1. The same physics is applied in designing 
banked roads for cars or other vehicles. 

In this chapter, we study circular motion and see how force is involved in making turns. 
This discussion relies on concepts of force, velocity, and acceleration presented in Chapters 
3 and 4. Chapter 10 will combine these ideas with some of the concepts from Chapters 5 
through 8, such as energy and momentum. Much of what you will learn in these two chap- 
ters on circular motion and rotation is analogous to earlier material on linear motion, force, 
and energy. Because most objects do not travel in perfectly straight lines, the concepts of 
circular motion will be applied many times in later chapters. 


9.1 Polar Coordinates 


FIGURE 9.2 Circular motion in the 
horizontal and in the vertical plane. 


X 


FIGURE 9.3 Polar coordinate system 
for circular motion. 


In Chapter 3, we discussed motion in two dimensions. In this chapter, we examine a special 
case of motion in a two-dimensional plane: motion of an object along the circumference of 
a circle. To be precise, we will only study circular motion of objects that we can consider to 
be point particles. In Chapter 10 on rotation, we will relax this condition and also examine 
extended bodies. 

Circular motion is surprisingly common. Riding on a carousel or many other amuse- 
ment park rides, such as those shown in Figure 9.2, qualifies as circular motion. Indy-style 
car racing also involves circular motion, as the cars alternate between moving along straight 
sections and half-circle segments of the track. CD, DVD, and Blu-ray players also operate 
with circular motion, although this motion is usually hidden from the eye. 

During an object's circular motion, its x- and y-coordinates change continuously, but the 
distance from the object to the center of the circular path stays the same. We can take advantage 
of this fact by using polar coordinates to study circular motion. Shown in Figure 9.3 is the 
position vector, 7, of an object in circular motion. This vector changes as a function of time, 
but its tip always moves on the circumference of a circle. We can specify f by giving its x- 
and y-components. However, we can specify the same vector by giving two other numbers: 
the angle of 7 relative to the x-axis, 0, and the length of 7, r= F| (Figure 9.3). 

Trigonometry provides the relationship between the Cartesian coordinates x and y and 


the polar coordinates 6 and r: 
ra x+y" (9.1) 


6=tan '(y/x). (9.2) 
The inverse transformation from polar to Cartesian coordinates is given by (see Figure 9.4): 
x=rcosé (9.3) 


y=rsinð. (9.4) 
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The major advantage of using polar coordinates for analyzing circular motion is that r 
never changes. It remains the same as long as the tip of the vector 7 moves along the circu- 
lar path. Thus, we can reduce the description of two-dimensional motion on the circumfer- 
ence of a circle to a one-dimensional problem involving the angle 6. 

Figure 9.3 also shows the unit vectors in the radial and tangential directions, ê and f, 
respectively. The angle between 7 and £ is again the angle 6. Therefore, the Cartesian com- 
ponents of the radial unit vector can be written as follows (refer to Figure 9.4): 


cos 0 
n xX 4 A A A a F 
Pea T Zi =(cos@)x + (sinð) =(cos0,sin 0). (9.5) FIGURE 9.4 Relationship between 
the radial unit vector and the sine and 
Similarly, we obtain the Cartesian components of the tangential unit vector: cosine of the angle. 
t= 2+ Xs =(-sin0)x + (cos0)ŷ =(-sin0,cos0). (9.6) 
r r 


(Note that the tangential unit vector is always denoted with a caret, f, and can thus be read- 
ily distinguished from the time, t.) It is straightforward to verify that the radial and tangen- 
tial unit vectors are perpendicular to each other by taking their scalar product: 


fef =(cosO, sin@)*(-sin0,cos@) = —cos@sin6 + sincos 0 =0. 
We can also verify that these two unit vectors have a length of 1, as required: 
fef =(cos6,sin 0)*(cos6, sin) = cos” 6+ sin? 0=1 
i +t =(—sin@,cos0)*(—sin6,cos@) = sin’ 6 + cos” 0=1. 


Finally, it is important to stress that, for circular motion, there is a major difference 
between the unit vectors for polar coordinates and those for Cartesian coordinates: 
The Cartesian unit vectors stay constant in time, while the radial and tangential unit 
vectors change their directions during the process of circular motion. This is because 
both of these vectors both depend on the angle 6, which for circular motion depends 
on the time. 


9.2 Angular Coordinates and Angular Displacement 


Polar coordinates allow us to describe and analyze circular motion, where the distance 
to the origin, r, of the object in motion stays constant and the angle 0 varies as a func- 
tion of time, 6(t). As was already pointed out, the angle 0 is measured relative to the 
positive x-axis. Any point on the positive x-axis has an angle 0 = 0. As the definition in 
equation 9.2 implies, a move in the counterclockwise direction away from the positive 
x-axis toward the positive y-axis results in positive values for the angle 6. Conversely, a 
clockwise move away from the positive x-axis toward the negative y-axis results in nega- 
tive values of 6. 

The two most commonly used units for angles are degrees (°) and radians (rad). These 
units are defined such that the angle measured by one complete circle is 360°, which cor- 
responds to 27 rad. Thus, the unit conversion between the two angular measures is 


0 (degrees) = 6 (radians) = 0 Galan = 6 (degrees) 
T 


180° 


T 


l rad = x 57.3.. 


Like the linear position x, the angle 0, can have positive and negative values. However, 
0 is periodic; a complete turn around the circle (27 rad, or 360°) returns the coordinate 
for 0 to the same point in space. Just as the linear displacement, Ax, is defined to be the 
difference between two positions, x, and x}, the angular displacement, AQ, is the difference 
between two angles: 


A0=0, -4. 
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FIGURE 9.5 A point located at (4,3) 
in a Cartesian coordinate system. 


9.1 Self-Test Opportunity 


Use polar coordinates and calculus 
to show that the circumference of a 


circle with radius R is 277R. 


9.2 Self-Test Opportunity 


Use polar coordinates and calculus 
to show that the area of a circle 


with radius R is 7TR°. 


FIGURE 9.6 The track of a compact 
disc. 


EXAMPLE 9.1 ji Locating a Point with Cartesian and Polar Coordinates | 


A point has a location given in Cartesian coordinates as (4,3), as shown in Figure 9.5. 


PROBLEM 
How do we represent the position of this point in polar coordinates? 


SOLUTION 
Using equation 9.1, we can calculate the radial coordinate: 


rax? +y -Jẹ +37 =5. 
Using equation 9.2, we can calculate the angular coordinate: 
0= tan (y/x) = tan! (3/4) =0.64 rad =37°. 


Therefore, we can express the position of point P in polar coordinates as (r, 0) = (5,0.64 rad) 
= (5,37°). Note that we can specify the same position by adding (any integral multiple of) 
277 rad, or 360°, to 0: 


(r,0) =(5,0.64 rad)=(5,37°)=(5,27 rad+0.64 rad) =(5,360°+ 37°). 


Arc Length 


Figure 9.3 also shows (in green) the path on the circumference of the circle traveled by the 
tip of the vector 7 in going from an angle of zero to 0. This path is called the arc length, s. It is 
related to the radius and angle via 

s=rO. (9.7) 


For this relationship to work out numerically, the angle has to be measured in radians. The fact 
that the circumference of a circle is 27rr is a special case of equation 9.7 with 6 = 27 rad, cor- 
responding to one full turn around the circle. The arc length has the same unit as the radius. 

For small angles, measuring a degree or less, the sine of the angle is approximately (to 
four significant figures) equal to the angle measured in radians. Because of this fact as well 
as the need to use equation 9.7 to solve problems, the preferred unit for angular coordinates 
is the radian. But the use of degrees is common, and this book uses both units. 


EXAMPLE 9.2 { CD Track 


The track on a compact disc (CD) is represented in Figure 9.6. The track is a spiral, origi- 
nating at an inner radius of r} = 25 mm and terminating at an outer radius of r, = 58 mm. 
The spacing between successive loops of the track is a constant, Ar = 1.6 wm. 


PROBLEM 
What is the total length of this track? 


SOLUTION 1, WITHOUT CALCULUS 

At a given radius r between r, and r, the track is almost perfectly circular. Since the track 
spacing is Ar = 1.6 um, and the distance between the innermost and outermost parts is 
t, - r; = (58 mm) - (25 mm) = 33 mm, we find that the track winds around a total of 


jti 3.3-10°m 

Ar 16-10°m 

(Note that we did not round this intermediate result!) The radii of these 20,625 circles 
grow linearly from 25 mm to 58 mm; consequently, the circumferences (c = 27771) also 


grow linearly. The average radius of the circles is then 7 = 3% +1)=41.5 mm, and the 
average circumference is 


= 20,625 times. 


¢ =277r =277-41.5 mm =0.2608 m. 
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Now we have to multiply this average circumference by the number of circles to obtain 


our result: 
L=nc =20,625-0.2608 m =5.4 km, 


rounded to two significant figures. Thus, the length of a track on a CD is more than 3.3 mi! 


SOLUTION 2, WITH CALCULUS 

The spacing between successive loops of the track is a constant, Ar = 1.6 um; therefore, 
the track density (that is, the number of times the track is crossed in the radial direction 
per unit length moving outward from the innermost point) is 1/Ar = 625,000 m™. At a 
given radius r between r; and r, the track is almost perfectly circular. This segment of the 
spiral track has a length of 27r, but the loops’ lengths grow steadily longer moving to the 
outside. We obtain the overall length of the track by integrating the length of each loop 
from r; to rọ» multiplied by the number of loops per unit length: 


n 
1 1 1 
b= f zarar- =ar =a? -) 
Ar Ar 
ñ 


Ar 
= (625,000 m7 )ar((0.058 my - (0.025 m)?) = A km. 


2 
ut 


using calculus in this case. (For a DVD, by the way, the track density is higher by a factor 
of 2.2, resulting in a track that is almost 12 km long.) 

Figure 9.7 shows a small portion of the tracks of two CDs, at a magnification of 500 times. 
Figure 9.7a shows a factory-pressed CD, with the individual aluminum bumps visible. In Fig- 
ure 9.7b is a read-write CD, which is burned when a laser induces a phase change (Chapter 
34 on wave optics will explain this process) in the continuous track. The lower right portion 
of this picture shows a portion of the CD on which nothing has yet been written. 


Track Track 


HE 4+++ ++ 50 pm 


H+ ++ +44 50 um 


(a) (b) 


FIGURE 9.7 Microscope pictures (magnification 500x) of (a) a factory-pressed CD and (b) a read- 
write CD. The solid lines indicate the direction of the tracks. 


a 


Satisfyingly, this calculus-based solution agrees with the solution we obtained without 
the use of calculus. You may want to think about what conditions had to be met to avoid 
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9.3 Angular Velocity, Angular Frequency, and Period 


We have seen that the change of an object’s linear coordinates in time is its velocity. Simi- 
larly, the change of an object’s angular coordinate in time is its angular velocity. The aver- 
age magnitude of the angular velocity is defined as 

go a A 
b-h At 
This definition uses the notation 6, = 6(¢,) and 6, = 6(t, ). The horizontal bar above the symbol 
w for angular velocity again indicates a time average. By taking the limit of this expression as 
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Direction of 
angular 


velocity ® 


Rotation 
direction 


FIGURE 9.8 The right-hand rule 
for determining the direction of the 
angular velocity vector. 


Vimin 
x1000 


FIGURE 9.9 The tachometer of a car 
measures the frequency (in cycles per 
minute) of revolutions of the engine. 


the time interval approaches zero, we find the instantaneous value of the magnitude of the 


angular velocity: >. _ . AO dé 
w= lim @= lim = 


A0 At-0 At dt 


(9.8) 


The most common unit of angular velocity is radians per second (rad/s); degrees per second 
is not generally used. 

Angular velocity is a vector. Its direction is that of an axis through the center of the 
circular path and perpendicular to the plane of the circle. (This axis is a rotation axis, as we 
will discuss in more detail in Chapter 10.) This definition allows for two possibilities for the 
direction in which the vector @ can point: up or down, parallel or antiparallel to the axis of 
rotation. A right-hand rule helps us decide which is the correct direction: When the fingers 
point in the direction of rotation along the circle’s circumference, the thumb points in the 
direction of @, as shown in Figure 9.8. 

Angular velocity measures how fast the angle 0 changes in time. Another quantity 
also specifies how fast this angle changes in time—the angular frequency, or simply 
frequency, f For example, the rpm number on the tachometer in your car indicates how many 
times per minute the engine cycles and thus specifies the frequency of engine revolution. Figure 
9.9 shows a tachometer, with the units specified as “1/min x 1000”; the engine hits the red line 
at 6000 revolutions per minute. Thus, the frequency, f, measures cycles per unit time, instead of 
radians per unit time as the angular velocity does. The frequency is related to the magnitude of 
the angular velocity, w, by p 

f=—<o=27zf. (9.9) 
2T 
This relationship makes sense because one complete turn around a circle requires an angle 
change of 27 rad. (Be careful—both frequency and angular velocity have the same unit of 
inverse seconds and can be easily confused.) 

Because the unit inverse second is used so widely, it was given its own name, the hertz 
(Hz), for the German physicist Heinrich Rudolf Hertz (1857-1894): 1 Hz = 1 s~". The period 
of rotation, T, is defined as the inverse of the frequency: 


T=—. 


f 
The period measures the time interval between two successive instances where the angle 
has the same value; that is, the time it takes to pass once around the circle. The unit of the 
period is the same as that of time, the second (s). Given the relationships between period 
and frequency and between frequency and angular velocity, we also obtain 


(9.10) 


w=2af =. (9.11) 


Angular Velocity and Linear Velocity 


If we take the time derivative of the position vector, we obtain the linear velocity vector. To 
find the angular velocity, it is most convenient to write the radial position vector in Carte- 
sian coordinates and take the time derivatives component by component: 


T =xk + yy =(x, y)=(rcos6,rsin 8) = r(cos 9, sin 9) = rê => 


. dr_d ; d d, os 

v =— =— (rcos0,r sinĝ)=| —(r cos), — (r sin 0) |. 

dt dt dt dt 

Now we can use the fact that, for motion along a circle, the distance r to the origin does not 
change in time but is constant. This results in 


_(d EA ie d 
#-|Ztrcosoy irsol- a (cos@),r Ai ino) 


dé 


= pina” a 
dt dt 


=(-sin,cos PA 
dt 
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Here we used the chain rule of differentiation in the next to last step and then factored out 
the common factor rd6/dt. We already know that the time derivative of the angle is the 
angular velocity (see equation 9.8). In addition, we recognize the vector (-sin 0, cos 0) as 
the tangential unit vector (see equation 9.6). Thus, we have the relationship between angu- 
lar and linear velocities for circular motion: 


¥=rot. (9.12) 


(Again, fis the symbol for the tangential unit vector and has no connection with the time, t!) 

Because the velocity vector points in the direction of the tangent to the trajectory at 
any given time, it is always tangential to the circle’s circumference, pointing in the direction 
of the motion, as shown in Figure 9.10. Thus, the velocity vector is always perpendicular to 
the position vector, which points in the radial direction. If two vectors are perpendicular to 
each other, their scalar product is zero. Thus, for circular motion, we always have 


rev =(rcos6,r sin 8)«(-rwsin 8,rwcos@) =0. 


If we take the absolute values of the left- and right-hand sides of equation 9.12, we 
obtain an important relationship between the magnitudes of the linear and angular speeds 
for circular motion: 

V=Tw. (9.13) 
Remember that this relationship holds only for the magnitudes of the linear and angular 
velocities. Their vectors point in different directions and, for uniform circular motion, are 
perpendicular to each other, with œ pointing in the direction of the rotation axis, and y 
tangential to the circle. 


EXAMPLE 9.3 f Revolution and Rotation of the Earth 


PROBLEM 
The Earth orbits around the Sun and also rotates on its pole-to-pole axis. What are the 
angular velocities, frequencies, and linear speeds of these motions? 


SOLUTION 

Any point on the surface of Earth moves in circular motion around the rotation axis 
(pole-to-pole), with a rotation period of 1 day. Expressed in seconds, this period is 

24h 3600s 
lday th 


=8.64-10' s. 


Tkarth =1 day i 


The Farth moves around the Sun on an elliptical path; the path is very close to circular, 

so let's treat the Earth’s orbit as circular motion. The orbital period for the motion of the 

Earth around the Sun is 1 year. Expressing this period in seconds, we obtain 

365 days 24h 3600s 
lyear lday th 


Tgun =1 year: =3,15-10’ s. 
Both circular motions have constant angular velocity. Thus, we can use T = 1/f and w = 
27f to obtain the frequencies and angular velocities: 


1 E 2 
Face g 5116-10 $ Hz; Ogah = 2T frarth =7.27:10% rad/s 
Earth 


a= 2317-10 Hz Osun = 2T foun =1.99-10” rad/s. 
Tyan 
Note that the 24-hour period that we used as the length of a day is how long it takes the 
Sun to reach the same position in the sky. If we wanted to specify the frequencies and 
angular velocities to greater precision, we would have to use the sidereal day: Because 
the Earth is also moving around the Sun during each day, the time it actually takes to 
complete one full rotation and bring the stars into the same position in the night sky is 
the sidereal day, which consists of 23 h, 56 min, and a little more than 4 s, or 86,164.09074 s = 


>x 


FIGURE 9.10 Linear velocity and 


coordinate vectors. 


9.1 In-Class Exercise 


A bicycle has wheels with a radius 
of 33.0 cm. The bicycle is traveling 
at a speed of 6.5 m/s. What is the 
angular speed of the front tire? 


a) 0.197 rad/s d) 19.7 rad/s 
b) 1.24 rad/s e) 215 rad/s 
c) 5.08 rad/s 
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North Pole 


South Pole 


FIGURE 9.11 Earth’s rotation axis 
is indicated by the vertical line. Points 
at different latitudes on the Earth’s 
surface move at different speeds. 


(1 - 1/365.2425) -86,400 s. (We have used the fact that it takes a fraction of a day more 
than 365 to complete an orbit around the Sun—which is why leap years are necessary.) 

Now let’s find the linear velocity at which the Earth orbits the Sun. Because we are as- 
suming circular motion, the relationship between the orbital speed and angular velocity 
is given by v = rw. To get our answer, we need to know the radius of the orbit. The radius 
of this orbit is the Earth-Sun distance, fgarth-sun = 1-49: 10'! m. Therefore, the linear orbital 
speed—the speed with which the Earth moves around the Sun—is 


v=rw=(1.49-10!! m)(1.99-107 s!)=2.97-10' m/s. 


This is over 66,000 mph! 

Now we want to find the speed of a point on the surface of the rotating Earth rela- 
tive to the center of the Earth. We note that points at different latitudes have different 
distances to the axis of rotation, as shown in Figure 9.11. At the Equator, the radius 
of the orbit is r = Rgartn = 6380 km. Away from the Equator, the radius of rotation as a 
function of the latitude angle is r = Rz,,4, cos 0; see Figure 9.11. (The script theta, 0, 
is used for the latitude angles here in order to avoid confusion with 0, which is used 
for the motion in the circle.) In general, we obtain the following formula for the speed 
of rotation: 


V = Œr = WRgarh COS Ò 
=(7.27 -10° s™™)(6.38-10f m)(cos®) 
=(464 m/s)(cos7?). 
At the poles, where 3 = 90°, the rotation speed is zero; at the Equator, where 0 = 0°, the 


speed is 464 m/s. Seattle, with 3 = 47.5°, moves at v = 313 m/s, and Miami, with 0 = 25.7°, 
has a speed of v = 418 m/s. 


9.4 Angular and Centripetal Acceleration 


The rate of change of an object's angular velocity is its angular acceleration, denoted by the 
Greek letter a. The definition of the magnitude of the angular acceleration is analogous to 
that for the linear acceleration. Its time average is defined as 

Ao 

At ` 

The instantaneous magnitude of the angular acceleration is obtained in the limit as the time 
interval approaches zero: 


a= 


>. _ . Ao dw #0 
a= lim a= lim = = : 
At—0 Ato At dt df? 


(9.14) 


Just as we related the linear velocity to the angular velocity, we can also relate the tan- 
gential acceleration to the angular acceleration. We start with the definition of the linear 
acceleration vector as the time derivative of the linear velocity vector. Then we substitute 
the expression for the linear velocity in circular motion from equation 9.12: 


-n dan d,a [dv], [dÊ 

alt) ae ae e} | aE (9.15) 
In the last step here, we used the product rule of differentiation. Thus, the acceleration in 
circular motion has two components. The first part arises from the change in the magni- 
tude of the velocity; this is the tangential acceleration. The second part is due to the fact 
that the velocity vector always points in the tangential direction and thus has to change its 
direction continuously as the tip of the radial position vector moves around the circle; this 
is the radial acceleration. 
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Let’s look at the two components individually. First, we can calculate the time deriva- 
tive of the linear speed, v, using the relationship between linear speed and angular speed in 
equation 9.13 and again invoking the product rule: 


dw 
dt ` 


dv d dr 
(ræ) k 


dt dt Jos 


Because r is constant for circular motion, dr/dt = 0, and the first term in the sum on the 
right-hand side is zero. From equation 9.14, dw/dt = a, and so the second term in the sum 


is equal to ra. Thus, the change in speed is related to the angular acceleration by 
dv 
—=ra. 9.16 
ee (9.16) 


However, the acceleration vector of equation 9.15 also has a second component, which is 
proportional to the time derivative of the tangential unit vector. For this quantity, we find 

d 
dt 


ae = D anecsen) = 4 (sind), 
t dt dt 


(cos@) 


= [cose de 


-sin ay =- i (cos0,sin0) 
dt dt t 


d 


=-or. 


Therefore, we find that the time derivative of the tangential unit vector points in the direc- 
tion opposite to that of the radial unit vector. With this result, we can finally write for the 
linear acceleration vector of equation 9.15 


a(t)=rat -væf. (9.17) 


Again, for circular motion, the acceleration vector has two physical components (Fig- 
ure 9.12): The first results from a change in speed and points in the tangential direction, 
and the second comes from the continuous change of direction of the velocity vector and 
points in the negative radial direction, toward the center of the circle. This second com- 
ponent is present even if the circular motion proceeds at constant speed. If the angular 
velocity is constant, the tangential angular acceleration is zero, but the velocity vector still 
changes direction continuously as the object moves in its circular path. The acceleration 
that changes the direction of the velocity vector without changing its magnitude is often 
called centripetal acceleration (centripetal means “center-seeking”), and it is directed 
in the inward radial direction. Thus, we can write equation 9.17 for the acceleration of 
an object in circular motion as the sum of the tangential acceleration and the centripetal 
acceleration: 


a=a,t-ar. (9.18) 


|. = Ve =— =o". (9.19) 


The first expression for the centripetal acceleration in equation 9.19 can be simply read 
off from equation 9.17 as the coefficient of the unit vector pointing in the negative radial 
direction. The second and third expressions for the centripetal acceleration then fol- 
low from the relationship between linear and angular speeds and the radius (equation 
9.13). 

For the magnitude of the acceleration in circular motion, we thus have, from equations 
9.17 and 9.19, 


a=\a +a = (ray + (ro? ae eee (9.20) 


(c) 


FIGURE 9.12 Relationships among 
linear acceleration, centripetal ac- 
celeration, and angular acceleration 
for (a) increasing speed; (b) constant 
speed; and (c) decreasing speed. 
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EXAMPLE 9.4 | Ultracentrifuge 


One of the most important pieces of equipment in biomedical labs is the ultracentri- 
fuge (Figure 9.13). It is used for separation of compounds (such as colloids or proteins) 
consisting of particles of different masses through the process of sedimentation (more 
massive particles sink to the bottom). Instead of relying on the acceleration of gravity to 
accomplish sedimentation, an ultracentrifuge utilizes the centripetal acceleration from 
rapid rotation to speed up the process. Some ultracentrifuges can reach centripetal ac- 
celeration values of up to 10°g (g = 9.81 m/s’). 


Control panel and 
Access door user interface 


Centrifugation 
chamber 


~ Drive hub Motor with 


heatsink 
FIGURE 9.13 Cutaway diagram of an ultracentrifuge. 


Diffusion pump Vacuum pump 


PROBLEM 

If you want to generate 840,000g of centripetal acceleration in a sample rotating at a dis- 
tance of 23.5 cm from the ultracentrifuge’s rotation axis, what is the frequency you have to 
enter into the controls? What is the linear speed with which the sample is then moving? 


SOLUTION 

The centripetal acceleration is given by a, = w’r, and the angular velocity is related to the 
frequency via equation 9.11: w = 27f. Thus, the relationship between the frequency and 
the centripetal acceleration is a, = (27f)’ r, or 


1 1 A Fi 81 = 
pak [ec 1 | 610, 00000081 m5") o «1 256,500 rpm. 
2r\ r 2m 0.235 m 


For the linear speed of the sample inside the centrifuge, we then find 


v=rw =2rrf =27(0.235 m)(942 s+) =1.39 km/s. 


Other types of centrifuges called gas centrifuges are used in the process of uranium 
enrichment. In this process, the isotopes U and ”®U (discussed in Chapter 40), which 
differ in mass by only slightly more than 1%, are separated. Natural uranium contains more 
than 99% of the harmless ”®U. But if uranium is enriched to contain more than 90% *°U, it 
can be used for nuclear weapons. The gas centrifuges used in the enrichment process have 
to spin at approximately 100,000 rpm, which puts an incredible strain on the mechanisms 
and materials of these centrifuges and makes them very hard to design and manufacture. In 
order to impede proliferation of nuclear weapons, the design of these centrifuges is a closely 
guarded secret. 


EXAMPLE 9.5 | Centripetal Acceleration Due to Earth’s Rotation 


Because the Earth rotates, points on its surface move with a rotational velocity, and it is inter- 
esting to compute the corresponding centripetal acceleration. This acceleration can slightly 
alter the commonly stated value of the acceleration due to gravity on the surface of Earth. 
We can insert the data for the Earth into equation 9.19 to find the magnitude of the 
centripetal acceleration: 
a, = WF =w Regu COST 


=(7.27-10° s')?(6.38-10° m)(cos#) 
=(0.034 m/s*)(cos#). 


Here we have used the same notation as in Example 9.3, with 3 indicating the latitude 
angle relative to the Equator. Our result shows that the centripetal acceleration due to the 
Earth’s rotation changes the effective gravitational acceleration observed on the surface 
of Earth by a factor ranging between 0.33 percent (at the Equator) and zero (at the poles). 
Using Seattle and Miami as examples, we obtain a centripetal acceleration of 0.02 m/s’ for 
Seattle and 0.03 m/s’ for Miami. These values are relatively small compared to the quoted 
value for the acceleration of gravity, 9.81 m/s”, but are not always negligible. 


EXAMPLE 9.6 | CD Player 


PROBLEM 

In Example 9.2, we established that a CD track is 5.4 km long. A music CD can store 74 
min of music. What are the angular velocity and the tangential acceleration of the disc as 
it spins inside a CD player, assuming a constant linear velocity? 


SOLUTION 

Since the track is 5.4 km long and has to pass the laser that reads it in a time interval of 
At = 74 min = 4440 s, the speed of the track passing by the reader has to be v = (5.4 km)/ 
(4440 s) = 1.216 m/s. From Example 9.2, the track is a spiral with 20,625 loops, starting at 
an inner radius r} = 25 mm and reaching an outer radius r, = 58 mm. At each value of the 
radius r, we can approximate the spiral track by a circle, as we did in Example 9.2. Then 
we can use the relationship between linear and angular speeds expressed in equation 9.13 
to solve for the angular velocity as a function of the radius: 


v 
v=rw>w=—. 


P 
Inserting the values for v and r, we obtain 
1.21 $ 
eye ag 
0.025 m 
1.21 £ 
aig) a ~opa7e', 
0.058 m 


This means that a CD player has to slow the disc's rate of rotation during the course of 
playing it. The average angular acceleration during this process is 


w- 202) = OCH) _ 20.97 s'- 48.64 s 


=-6.23-10° s”. 
At 4440 s 
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9.3 Self-Test Opportunity 


The centripetal acceleration due to 
the Earth’s rotation has a maximum 
value of approximately g/300. Can 
you determine the value of the 
centripetal acceleration due to the 
Earth’s orbit around the Sun? 


9.4 Self-Test Opportunity 


You are standing on the surface 
of the Earth at the Equator. If the 
Earth stopped rotating on its axis, 
would you feel lighter, heavier, or 
the same? 


9.2 In-Class Exercise — 


The period of rotation of the Earth 
on its axis is 24 h. At this angular 
velocity, the centripetal accelera- 
tion at the surface of the Earth is 
small compared with the accelera- 
tion of gravity. What would Earth’s 
period of rotation have to be for 
the magnitude of the centripetal 
acceleration at the surface at the 
Equator to be equal to the magni- 
tude of the acceleration of gravity? 
(With this period of rotation, 

you could levitate just above the 
Earth’s surface!) 


a) 0.043 h d) 1.41 h 

b) 0.340 h e) 3.89 h 

c) 0.841 h f) 12.0 h 
W 


9.5 Self-Test Opportunity 


How does the centripetal ac- 
celeration of a CD rotating in a 
player compare to its tangential 
acceleration? 


9.5 Centripetal Force 


The centripetal force, E., is not another fundamental force of nature but is simply the net 
inward force needed to provide the centripetal acceleration necessary for circular motion. 
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9.3 In-Class Exercise — 


You are sitting on a carousel, which 
is in motion. Where should you sit 
so that the largest possible centrip- 
etal force is acting on you? 


a) close to the outer edge 
b) close to the center 
c) in the middle 


d) The force is the same 


everywhere. 


K J 


FIGURE 9.14 Poker chips on a 
spinning table. Shown from left to right 
are the initial positions of the chips 
and the moments when the three chips 
slide off. 


FIGURE 9.15 Wave Swinger at an 


amusement park. 


It has to point inward, toward the circles center. Its magnitude is the product of the mass of 
the object and the centripetal acceleration required to force it onto a circular path: 
2 


E. =ma, =mvw=m Y =morr. (9.21) 
r 


To arrive at equation 9.21, we simply wrote the centripetal acceleration in terms of the lin- 
ear velocity v, the angular velocity w, and the radius r, as in equation 9.19, and multiplied it 
by the mass of the object forced onto a circular path by the centripetal force. 

Figure 9.14 shows a top view of a spinning table with three identical (except for color) 
poker chips on it. The black chip is located close to the center, the red chip close to the outer 
edge, and the blue chip in the middle between them. If we spin the table slowly as in part (a), all 
three chips are in circular motion. In this case, the static friction force between the table and the 
chips provides the centripetal force required to keep the chips in circular motion. In parts (b), 
(c), and (d), the table is spinning progressively faster. A higher angular velocity means a larger 
centripetal force, according to equation 9.21. The chips slide when the friction force is not large 
enough to provide the centripetal force needed. As you can see, the outermost chip slides off 
first, and the innermost chip last. This clearly indicates that, for a given angular velocity, the 
centripetal force increases with the distance from the center. Equation 9.21 in the form F, = 
mor can explain this observed behavior. All points on the surface of the spinning table have 
the same angular velocity, w, because all of them take the same time to complete one revolu- 
tion. Thus, for the three poker chips, the centripetal force is proportional to the distance from 
the center, explaining why the red chip slides off first and the black chip slides off last. 


(a) 


Conical Pendulum 


Figure 9.15 is a picture of the Wave Swinger, a ride at an amusement park. The riders sit in 
seats that are suspended from a solid disk by long chains. At the beginning of the ride, the 
chains hang straight down, but as the ride starts to rotate, the chains form an angle ¢ with 
the vertical, as you can see. This angle is independent of the mass of the rider and depends 
only on the angular velocity of the circular motion. How can we find the value of this angle 
in terms of that velocity? 

In order to gain this understanding, we consider a similar, but somewhat simpler situ- 
ation: a mass suspended from the ceiling by a string of length Z and performing circular 
motion such that the angle between the string and the vertical is œ. The string outlines the 
surface of a cone, which is why this setup is called a conical pendulum; see Figure 9.16. 

Figure 9.16c shows a free-body diagram for the mass. There are only two forces acting 
on it. Acting vertically downward is the force of gravity, È , indicated by the red arrow in the 
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(a) (b) (Q) 
FIGURE 9.16 Conical pendulum: (a) top view; (b) side view; (c) free-body diagram. 


free-body diagram; as usual, its magnitude is mg. The only other force acting on the mass 
is the string tension, T, which acts along the direction of the string at an angle ọ with the 
vertical. This string tension is broken down into its x- and y-components (T, = T sin ¢, T, = 
T cos o). There is no motion in the vertical direction; therefore, we have to have zero net 
force in that direction, Faety = T cos ¢ — mg = 0, leading to 
T coso =mg. 
In the horizontal direction, the horizontal component ofthe string tension is the only force com- 
ponent; it provides the centripetal force. Newton's Second Law, Fety = Fe = Mao then yields 
Tsing=mra’. 
As you can see from Figure 9.16b, the radius of the circular motion is given by r = fsing. 


Using this relationship, we find the string tension in terms of the angular velocity: 
T=mla. (9.22) 


We have just seen that T cos g = mg, and we can substitute the expression for T from equa- 
tion 9.22 into this equation to get 
(mlw" )(cos¢) = mg 


2__ § 
Lcos@ 


w= £ . 
\ Lcose 


The mass cancels out, which explains why all the chains in Figure 9.15 have the same angle 
with the vertical. Clearly, there is a unique and interesting relationship between the angle of 


(0) 


(9.23) 


the conical pendulum and its angular velocity. As the angle ¢ approaches zero, the angular 
velocity does not approach zero but rather some finite minimum value, Jen. (We will gain 
a deeper understanding of this result in Chapter 14, when we study pendulum motion.) In 
the limit where the angle ~ approaches 90°, w becomes infinite. 


SOLVED PROBLEM 9.1 | Analysis of a Roller Coaster 
OEE OO. 
Perhaps the biggest thrill to be had at an amusement park is on a roller coaster with a verti- 
cal loop in it (Figure 9.17), where passengers feel almost weightless at the top of the loop. 


PROBLEM 

Suppose the vertical loop has a radius of 5.00 m. What does the linear speed of the roller 
coaster have to be at the top of the loop for the passengers to feel weightless? (Assume 
that friction between roller coaster and rails can be neglected.) 


SOLUTION 


THINK 

A person feels weightless when there is no supporting force, from a seat or a restraint, 
acting to counter his or her weight. For a person to feel weightless at the top of the loop, 
no normal force can be acting on him or her at this point. 


SKETCH 

The free-body diagrams in Figure 9.18 may help to conceptualize the situation. The force 
of gravity and the normal force acting on a passenger in the roller coaster at the top of the 
loop are shown in Figure 9.18a. The sum of these two forces is the net force, which has 
to equal the centripetal force in circular motion. If the net force (centripetal force here) 
is equal to the gravitational force, then the normal force is zero, and the passenger feels 
weightless. This situation is illustrated in Figure 9.18b. 


Continued— 
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9.6 Self-Test Opportunity 


Sketch a graph of the string ten- 
sion as a function of the angle o. 


9.4 In-Class Exercise — 


A certain angular velocity, w, of a 
conical pendulum results in an angle 
Po. If the same conical pendulum 
was taken to the Moon, where the 
gravitational acceleration is a sixth 
of that on Earth, how would one 
have to adjust the angular velocity 
to obtain the same angle po? 


a) Wyigon = 6Wo 
b) Woon = V6 wy 
C) Wyoon = W0 

d) acon = 4/46 


e) ®moon = wg/6 


We 


g 


FIGURE 9.17 Modern roller coaster 
with a vertical loop. 


292 Chapter 9 Circular Motion 


(b) 
FIGURE 9.18 (a) Free-body diagram 
for a passenger at the top of the verti- 
cal loop of a roller coaster. (b) Condi- 
tion for the feeling of weightlessness. 


0-—_x 


FIGURE 9.19 Directions of the 
velocity vectors at several points along 
the vertical roller coaster loop. 


RESEARCH 
We have just stated that the net force is equal to the centripetal force and that the net force 
is the sum of the normal force and the force of gravity: 


EB = Ee = Ē, T Ñ. 
For the feeling of weightlessness at the top of the loop, we need Ñ =0, and thus 
E=k>E =. (i) 


As always, we have F, = mg. For the magnitude of the centripetal force, use equation 9.21 


SIMPLIFY 
After substituting the expressions for the centripetal and the gravitational forces into 
equation (i), we solve for the linear speed at the top of the loop: 


2 
E=EF plies =, 
=k >m g Mg = Viop rg. 


CALCULATE 
Using g = 9.81 m/s” and the value of 5.00 m given for the radius, we obtain 


vop = (5.00 m)(9.81 m/s?) =7.00357 m/s. 


ROUND 


Rounding our result to three-digit precision, we have 


Vtop = 7.00 m/s. 


DOUBLE-CHECK 

Obviously, our answer passes the simplest check in that the units are those of speed, me- 
ters per second. The formula for the linear speed at the top, ¥;., =./7g, indicates that a 
larger radius necessitates a higher speed, which seems plausible. 

Is 7.00 m/s for the speed at the top reasonable? Converting this value gives 15.7 mph, 
which seems fairly slow for a ride that is typically experienced as tremendously fast. But keep 
in mind that this is the minimum speed needed at the top of the loop, and the operators of 
the rides do not want to get too close to this value. 

Let’s go a step further and calculate the velocity vectors at the 3 oclock and 9 oclock posi- 
tions on the loop, assuming that the roller coaster moves counterclockwise around the loop. 
The directions of the velocity vectors for circular motion are always tangential to the circle, 
as shown in Figure 9.19. 

How do we obtain the magnitudes of the velocities v, (at 3 oclock) and v, (at 9 oclock)? 
First, recall from Chapter 6, that the total energy is the sum of kinetic and potential energies, 
E = K+U, that the kinetic energy is K = mv’, and that the gravitational potential energy is 
proportional to the height above ground, U = mgy. In Figure 9.19, the coordinate system 
is placed so that the zero of the y-axis is at the bottom of the loop. We then can write the 
equation for the conservation of mechanical energy assuming no nonconservative forces 
are acting: 

E= K; +U; = Kiop + U top = Ko + Uy > (ii) 

ii 

Lvs + mgys = Lmvigg + MEYrop = EMV + mgys. 

We can see from the figure that the y-coordinates and therefore the potential energies are 

the same at the 3 oclock and 9 oclock positions; therefore, the kinetic energies at both 

points have to be the same. Consequently, the absolute values of the speeds at both points 
are the same: v3 = Vo. Solving equation (ii) for v, we obtain 


Ly _ 2 
33 + gY MViop TMEV top > 


1 
2 
= 14,2 
2 


V3 = [vhp +28 top — Js): 


Again, the mass cancels out. Further, only the difference in the y-coordinates enters into 
this formula for v3; therefore, the choice of the origin of the coordinate system is irrel- 
evant. The difference in the y-coordinates between the two points is Y p ~ y3 = r. Inserting 
the given value of r = 5.00 m and the result v.p = 7.00 m/s that we found previously, we 
see that the speed at the 3 oclock and at the 9 oclock positions in the loop is 


v3, = (7.00 m/s)’ + 2(9.81 m/s? )(5.00 m) =12.1 m/s. 


As you can see from this discussion, practically any force can act as the centripetal 
force. It was the force of static friction for the poker chips on the rotating table and the 
horizontal component of the tension in the string for the conical pendulum. But it can also 
be the gravitational force, which forces planets into (almost) circular orbits around the Sun 
(see Chapter 12), or the Coulomb force acting on the electrons in atoms (see Chapter 21). 


Is There a Centrifugal Force? 


This is a good time to clarify an important point regarding the direction of the force responsi- 
ble for circular motion. You often hear people talking about centrifugal (or “center-fleeing,” in 
the radial outward direction) acceleration or centrifugal force (mass times acceleration). You 
can experience the sensation of seemingly being pulled outward on many rotating amuse- 
ment park rides. This sensation is due to your body’s inertia, which resists the centripetal 
acceleration toward the center. Thus, you feel a seemingly outward-pointing force—the cen- 
trifugal force. Keep in mind that this perception is due to your body moving in an accelerated 
reference frame; there is no centrifugal force. The real force that acts on your body and forces 
it to move on a circular path is the centripetal force, and it points inward. 

You have also experienced a similar effect in straight-line motion. When you are sit- 
ting in your car at rest and then step on the gas pedal, you feel as if you are being pressed 
back into your seat. This sensation of a force that presses you in the backward direction also 
comes from the inertia of your body, which is accelerated forward by your car. Both of these 
sensations of forces acting on your body—the “centrifugal” force and the force “pushing” 
you into the seat—are the result of your body experiencing an acceleration in the opposite 
direction and putting up resistance, inertia, against this acceleration. 
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9.5 In-Class Exercise — 


In Solved Problem 9.1, at what 
speed does the roller coaster car 
have to enter the bottom of the 
loop in order to produce the feeling 
of weightlessness at the top? 


a) 7.00 m/s d) 15.7 m/s 

b) 12.1 m/s e) 21.4 m/s 

c) 13.5 m/s 
Me 


9.7 Self-Test Opportunity 


What speed must the roller coaster 
of Solved Problem 9.1 have at the 
top of the loop to accomplish the 
same feeling of weightlessness if 
the radius of the loop is doubled? 


9.6 In-Class Exercise 


Figure 9.18a shows the general free- 
body diagram for the forces acting 
on a passenger of the roller coaster 
at the top of the loop, where a nor- 
mal force acts and has a magnitude 
smaller than the magnitude of the 
gravitational force. Given that the 
speed of the roller coaster is 7.00 
m/s, what does the radius of the 
loop have to be for that free-body 
diagram to be correct? 


a) less than 5 m 


b) 5m 


c) more than 5 m 


KG 


9.6 Circular and Linear Motion 


Table 9.1 summarizes the relationships between linear and angular quantities for circular 
motion. The relationships shown in the table relate the angular quantities (0, w, and æ) to 
the linear quantities (s, v, and a). The radius r of the circular path is constant and provides 
the connection between the two sets of quantities. (In Chapter 10, the rotational counter- 
parts to mass, kinetic energy, momentum, and force will be added to this list.) 

As we have just seen, there is a formal correspondence between motion on a straight line 
with constant velocity and circular motion with constant angular velocity. However, there is 
one big difference. As we saw in Section 3.6 on relative motion, you cannot always distinguish 
between moving with constant velocity in a straight line and being at rest. This is because the 
origin of the coordinate system can be placed at any point—even a point that moves with 
constant velocity. The physics of translational motion does not change under this Galilean 
transformation. In contrast, in circular motion, you are always moving on a circular path 
with a well-defined center. Experiencing the “centrifugal” force is then a sure sign of circular 
motion, and the strength of that force is a measure of the magnitude of angular velocity. You 
may argue that you are in constant circular motion around the center of the Earth, around 
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161) (3) Comparison of Kinematic Variables for Circular Motion 


Quantity Linear Angular Relationship 
Displacement s 0 s=r0 
Velocity v w v=rw 
Acceleration a a i=rat -rof 
= RE 
a= 0r 


the center of the Solar System, and around the center of the Milky Way Galaxy but you do not 
feel the effects of those circular motions. True, but the very small magnitudes of the angular 
velocities involved in these motions cause their perceived effects to be negligible. 


Constant Angular Acceleration 


Chapter 2 discussed at some length the special case of constant acceleration. Under this 
assumption, we derived five equations that proved useful in solving all kinds of problems. For 
ease of reference, here are those five equations of linear motion with constant acceleration: 


(i) X=Xy+ ott tat 
(ii) x= xX) +7,t 

(iii) Vy = Vo +a,t 

(iv) Vv, = 5 (V5 + V9) 

(v) ve =v +2a, (x - xo). 


Now we'll take the same steps as in Chapter 2 to derive the equivalent equations for constant 
angular acceleration. We start with equation 9.14 and integrate, using the usual notation 
convention of wọ = w(t) : 


dw 
t)=—s 
a(t) i 
t t 


feor- [Qa = 0(0)-elt)> 


fo h 
t 

w(t) =a, + fa) dt’. 
to 


This relationship is the inverse of equation 9.14 and holds in general. If we assume the angu- 
lar acceleration, a, is constant in time, we can evaluate the integral and obtain 


t 
wlt)=ay +a | dt'= 0+ at. (9.24) 
0 


For convenience, we have set tọ = 0, just as we did in Chapter 2 at this juncture. Next, we use 
equation 9.8, expressing the angular velocity as the derivative of the angle with respect to 
time and with the notation 0) = 0(t = 0): 


d0(t) 
dt 


A(t) = 0) + 1 oit f Gitas 


t t 
= 6+ 0% | dta f t'dt'=> 
0 0 


O(t) =O) + otta. (9.25) 


=w(t)= w+ at 


Comparing equations 9.24 and 9.25 to equations (iii) and (i) for linear motion reveals that 
these two equations are the circular motion equivalents of the two kinematical equations 
for straight-line linear motion in one dimension. With the straightforward substitutions 
x, v, >w, and a,—a, we can write five kinematical equations for circular motion under 
constant angular acceleration: 


(i) =) + wot + tat? 

(ii) 0=6) + at 

(iii) w=) +at (9.26) 
(iv) @=5(W+ @) 


(v) wo =w +2a(0— 0). 


EXAMPLE 9.7 Hammer Throw 


One of the most interesting events in track-and-field competitions is the hammer throw. 
The task is to throw the “hammer,” a 12-cm-diameter iron ball attached to a grip by a steel 
cable, a maximum distance. The hammer’s total length is 121.5 cm, and its total mass is 
7.26 kg. The athlete has to accomplish the throw from within a circle of radius 2.135 m 
(7 ft), and the best way to throw the hammer is for the athlete to spin, allowing the ham- 
mer to move in a circle around him, before releasing it. At the 1988 Olympic Games in 
Seoul, the Russian thrower Sergey Litvinov won the gold medal with an Olympic record 
distance of 84.80 m. He took seven turns before releasing the hammer, and the period to 
complete each turn was obtained from examining the video recording frame by frame: 
1.52 s, 1.08 s, 0.72 s, 0.56 s, 0.44 s, 0.40 s, and 0.36 s. 


PROBLEM 1 


What was the average angular acceleration during the seven turns? 


SOLUTION 1 
In order to find the average angular acceleration, we add all the time intervals for the 
seven turns, obtaining the total time: 


ty =1.52s+1.08 s + 0.72 s+ 0.56 s+ 0.44 s + 0.40 s + 0.36 s = 5.08 s. 
During this time, Litvinov completed seven full turns, resulting in a total angle of 
Ou = 7(277 rad) =147 rad. 


Because we can assume constant acceleration, we can readily solve for the angular accel- 
eration and insert the given numbers to obtain our answer: 


_ 20 2 147 rad 


à > =341 rad/s”. 
t (5.08 s) 


— 1,42 
0 zat 


DISCUSSION 

Because we know how long it took to complete each turn, we can generate a plot of 
the angle of the hammer in the horizontal plane as a function of time. This plot is 
shown in Figure 9.20, with the red dots representing the data points. The blue line 
that is fit to the data points in Figure 9.20 assumes a constant angular acceleration of 
a = 3.41 rad/s’. As you can see, the assumption of constant angular acceleration is 
almost, but not quite justified. 


PROBLEM 2 
Assuming that the radius of the circle on which the hammer moves is 1.67 m (the length 
of the hammer plus the arms of the athlete), what is the linear speed with which the ham- 
mer is released? 

Continued— 


9.6 Circular and Linear Motion 295 


9.8 Self-Test Opportunity 


The derivation has been provided 
for two of these five kinematical 
equations for circular motion. Can 
you provide the derivation for the 
remaining equations? (Hint: The 
chain of reasoning proceeds along 
exactly the same lines as Deriva- 
tion 2.1 in Chapter 2.) 


50+ e data 


t (s) 


FIGURE 9.20 Angle as a function of 
time for Sergey Litvinov's 1988 gold- 
medal-winning hammer throw. 
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SOLUTION 2 
With constant angular acceleration from rest for a period of 5.08 s, the final angular 
velocity is 

w=at= (341 rad/s? )(5.08 s) =17.3 rad/s. 


Using the relationship between linear and angular velocity, we obtain the linear speed 
at release: 
v=rw= (1.67 m)(17.3 rad/s) =28.9 m/s. 


PROBLEM 3 
What is the centripetal force that the hammer thrower has to exert on the hammer right 
before he releases it? 


SOLUTION 3 
The centripetal acceleration right before release is given by 


a =o r= (173 rad/s} (1.67 m) =500. m/s”. 
With a mass of 7.26 kg for the hammer, the centripetal force required is 
F, =ma, =(7.26 kg)(500 m/s”) =3630 N. 


This is an astonishingly large force, equivalent to the weight of an object of mass 370 kg! 
This is why world-class hammer throwers have to be very strong. 


PROBLEM 4 
After release, what is the direction in which the hammer moves? 


SOLUTION 4 

It is a common misconception that the hammer “spirals” in some sort of circular motion 
with an ever increasing radius after release. This idea is wrong because there is no hori- 
zontal component of force once the athlete releases the hammer. Newtons Second Law 
with the arrows indicating the direction tells us that there will be no horizontal component of acceleration and hence no centrip- 
of the velocity vector) during the time etal acceleration. Instead, the hammer moves in a direction that is tangential to the circle 
the athlete holds on to it (circular path) at the point of release. If you were to look straight down on the stadium from a blimp, 
and after release (straight line). The you would see that the hammer moves on a straight line, as shown in Figure 9.21. Viewed 
white arrow marks the point of release. from the side, the shape of the hammer’s trajectory is a parabola, as shown in Chapter 3. 


FIGURE 9.21 Overhead view of the 


trajectory of the hammer (black dots, 


9.7 More Examples for Circular Motion 


Let’s look at another example and solved problem that demonstrate how useful the concepts 
of circular motion we've just discussed are. 


EXAMPLE 9.8 | Formula 1 Racing 


If you watch a Formula 1 race, you can see that the race cars approach curves from the out- 
side, cut through to the inside, and then drift again to the outside, as shown by the red path 
in Figure 9.22a. The blue path is shorter. Why don't the drivers follow the shortest path? 


PROBLEM 

Suppose that cars move through the U-turn shown in Figure 9.22a at constant speed and 
that the coefficient of static friction between the tires and the road is u, = 1.2. (As was 
mentioned in Chapter 4, modern race car tires can have coefficients of friction that ex- 
ceed 1 when they are heated to race temperature and thus are very sticky.) If the radius of 
the inner curve shown in the figure is Rg = 10.3 m and radius of the outer is R4 = 32.2 m 
and the cars move at their maximum speed, how much time will it take to move from 
point A to A' and from point B to B'? 


9.7 More Examples for Circular Motion 


(a) (b) 


FIGURE 9.22 (a) Paths of race cars negotiating a turn on an oval track in two ways. (b) Free-body 
diagram for a race car in a curve. 


SOLUTION 
We start by drawing a free-body diagram, as shown in Figure 9.22b. The diagram shows 
all forces that act on the car with the force arrows originating at the center of mass of the 
car. The force of gravity, acting downward with magnitude F, = mg, is shown in red. This 
force is exactly balanced by the normal force, which the road exerts on the car, shown in 
green. As a car makes the turn, a net force is required to change the car’s velocity vector 
and act as the centripetal force that pushes the car onto a circular path. This net force is 
generated by the friction force (shown in blue) between the car’s tires and the road. This 
force arrow points horizontally and inward, toward the center of the curve. As usual, 
the magnitude of the friction force is the product of the normal force and the coefficient 
of friction: f,,,, = Mmg. (Note: In this case, we use the equals sign, because the race car 
drivers push their cars and tires to the limit and thus reach the maximum possible static 
friction force.) The arrow for the friction force is longer than that for the normal force by 
a factor of 1.2, because u, = 1.2. 

First, we need to calculate the maximum velocity that a race car can have on each tra- 
jectory. For each radius of curvature, R, the resulting centripetal force, F, = mv’/R, must 
be provided by the friction force, fray = Mmg: 


2 


v 
nS St ee 


Therefore, for the red and blue curves, we get 


Vied =V Ms BRA =/(1.2)(9.81 m/s” )(32.2 m) =19.5 m/s 


Vye = 4/4 @Rp = (1.2)(9.81 m/s”)(10.3 m) =11.0 m/s. 


These speeds are only about 43.6 mph and 24.6 mph, respectively! However, the curve shown 
is a very tight one, typically only encountered on a city course like the one in Monaco. 

Even though a car can move much faster on the red curve, the blue curve is shorter 
than the red one. For the path length of the red curve, we simply have the distance along 
the semicircle, leg = TR; = 101. m. For the path length of the blue curve, we have to add 
the two straight sections and the semicircular curve with the smaller radius: 


Plue = mTRpg + 2(R; = Rg ) =76.2 m. 


We then get for the time to go from A to A' on the red path: 
= Lied _ 101.m 
Veg 19.5 m/s 


red 


To travel along the blue curve from B to B' takes 


= lone = 76.2 m =6.92 s 
Vplue 11.0 m/s Continued— 


Éblue 
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With the assumption that the cars have to use a constant speed, it is clearly a big advan- 
tage to cut through the curve, as shown by the red path. 


DISCUSSION 

In a race situation, it is unreasonable to expect the car on the blue path to move along the 
straight-line segments with constant velocity. Instead, the driver will come to point B with 
the maximum speed that allows him to slow down to 11.0 m/s when entering the circular 
segment. If we worked this out in detail, we would find that the blue path is still slower, but 
not by much. In addition, the car following the blue path can reach point B with a slightly 
higher speed than that at which the red car can reach point A. In other words, we have a 
tradeoff to consider before declaring a winner in this situation. In real races, cars slow down 
as they approach a curve and then accelerate as they come out of the curve. The most ad- 
vantageous path for cutting through a curve is not the red semicircle, but a path that looks 
closer to elliptical, starting on the outside, cutting to the extreme inside in the middle of the 
turn, and then drifting to the outside again while accelerating out of the turn. 


Formula 1 racing generally involves flat tracks and tight turns. Indy-style and NASCAR 
races take place on tracks with bigger turning radii as well as banked curves. To study the 
forces involved in this type of racing situation, we must combine concepts of static equilib- 
rium on an inclined plane with concepts of circular motion. 


SOLVED PROBLEM 9.2 { NASCAR Racing 


As a NASCAR racer moves through a banked curve, the banking helps the driver achieve 
higher speeds. Let’s see how. Figure 9.23 shows a race car on a banked curve. 


PROBLEM 

If the coefficient of static friction between the track surface and the car’s tires is 
LL, = 0.620 and the radius of the turn is R = 110. m, what is the maximum speed 
with which a driver can take a curve banked at 0 = 21.1° ? (This is a fairly typi- 
cal banking angle for NASCAR tracks. Indianapolis has only 9° banking, but 
there are some tracks with over 30° banking angles, including Daytona (31°), 


FIGURE 9.23 Race car on a banked curve. Talladega (33°), and Bristol (36°).) 


SOLUTION 


THINK 

The three forces acting on the race car are gravity, E, , the normal force, Ñ, and friction, 
f. The curve is banked at an angle 0, which is also the angle between the normal to the 
track surface and the gravity force vector, as shown in Figure 9.24a. To draw the vector for 
the force of friction, we have assumed that the car has entered the curve at high speed, so 
the direction of the force of friction is down the incline. In contrast to the situation of static 
equilibrium, these three forces do not add up to zero, but instead add up to a net force, Fet 
as shown in Figure 9.24b. This net force has to provide the centripetal force, F. , which forces 
the car to move in a circle. Thus, the net force has to act in the horizontal direction because 
this is the direction of the center of the circle in which the car is moving. 


SKETCH 

The free-body diagram for the race car on the banked curve, showing the x- and y-com- 
ponents of the forces, is presented in Figure 9.24c. The orientation for the coordinate 
system was selected to give a horizontal x-axis and a vertical y-axis. 


RESEARCH 
Like problems involving linear motion, we can solve problems involving circular motion by 


starting with the familiar Newton's Second Law: YF =ma. And just as in the linear case, 


9.7 


(b) 


FIGURE 9.24 (a) Forces on a race car going around a banked curve on a racetrack. (b) The net force, the sum of the three forces in part (a). 


(c) A free-body diagram showing the x- and y-components of the forces acting on the car. 


we can generally work the problems in Cartesian components. From the free-body diagram 
in Figure 9.24c, we can see that the x-components of the forces acting on the race car are 


Nsin0+ f cosb = Fe- (i) 
Similarly, the forces acting in the y-direction are 
Ncos6- F, - f sin@=0. (ii) 


As usual, the maximum friction force is given by the product of the coefficient of friction 
and the normal force: f= uN. The gravitational force is the product of mass and gravita- 
tional acceleration: F, = mg. 

The key to solving this problem is to realize that the net force has to be the force that 
causes the race car to move through the curve, that is, that provides the centripetal force. 
Therefore, using the expression for the centripetal force from equation 9.21, we have 


where R is the radius of the curve. 


SIMPLIFY 
We insert the expressions for the maximum friction force, the gravitational force, and the 
net force into equations (i) and (ii) for the x- and y-components of the forces: 


2 2 
Nsind+ p.N cos0=m—=> N(sin0+ ps cos) = m= 


Ncos0-mg - uN sin = 0 => N(cosé— u, sin 0) = mg. 


This is a system of two equations for two unknown quantities: the magnitude of the nor- 
mal force, N, and the speed of the car, v. It is easy to eliminate N by dividing the first 
equation above by the second: 


sinð+ u,cosð v? 


cos @- u, sind gR 


We solve for v: 


a see W cos) (iii) 


cos@— m, sin 0 


Note that the mass of the car, m, canceled out. Thus, what matters in this situation is the 
coefficient of friction between the tires and the track surface, the radius of the turn, and 
the angle of banking. 


Continued— 
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(c) 


299 


300 


Chapter 9 Circular Motion 


CALCULATE 


Putting in the numbers, we obtain 


= 37.7726 m/s. 


ie (110. m)(9.81 m/s”) [sin 21.1° + 0.620(cos21.1°)] 
cos21.1°-0.620(sin21.1°) 


ROUND 


Expressing our result to three significant figures gives us 
v =37.8 m/s. 


DOUBLE-CHECK 
To double-check our result, let's compare the speed for a banked curve to the maximum 
speed a race car can achieve on a curve with the same radius but without banking. With- 


out banking, the only force keeping the race car on the circular path is the force of fric- 
tion. Then our result reduces to the equation v=,/u,gR that we found in Example 9.8, 


and we can insert the numerical values given here to obtain the maximum speed around 
a flat curve of the same radius: 


v=,/u,gR =+/(0.620)(9.81 m/s” )(110. m) = 25.9 m/s. 
g 


Our result for the maximum speed around a banked curve, 37.8 m/s (84.6 mph) is 
considerably larger than this result for a flat curve, 25.9 m/s (57.9 mph), which seems 
reasonable. 

Note that the vector for the force of friction in Figure 9.24 points along the surface of the 
track and toward the inside of the curve, just as the friction force vector for the nonbanked 
curve does in Figure 9.22b. However, you can see that as the banking angle increases, it 
reaches a value for which the denominator of the velocity formula, equation (iii), approaches 
zero. This occurs when cot 0 = u, For the given value, u, = 0.620, this angle is 58.2°. For 
larger angles, the friction force vector will point along the surface of the track and toward the 
outside of the curve. For these angles, the driver needs to maintain a minimum speed driving 
through the curve to prevent the car from sliding to the bottom of the incline. 


——— 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


The conversion between Cartesian coordinates, x and = The magnitude of the angular velocity is related to the 


y, and polar coordinates, r and 0, is given by 


0= tan™(y/x). 


The conversion between polar coordinates and 
Cartesian coordinates is given by 

x=rcos0 

y=rsinð. 
The linear displacement, s, is related to the angular 


displacement, 0, by s = r0, where r is the radius of the 
circular path and 6 is measured in radians. 


The magnitude of the instantaneous angular velocity, 


aoe d0 
w, is given by w= TE 


magnitude of the linear velocity, v, by v = rw. 


The magnitude of the instantaneous angular 
acceleration, a, is given by 


dw d6 
Oe — ae 
dt dt? 


The magnitude of the angular acceleration is related 
to the magnitude of the tangential acceleration, a,, by 
a,=ra. 


The magnitude of the centripetal acceleration, a,, 
required to keep an object moving in a circle with 
2 
eee. v 
constant angular velocity is given by a, =w'r=—. 
r 


The magnitude of the total acceleration of an object in 


circular motion is a=,Jar +a: =rVa* +o". 


| circular motion, p. 280 


KEY TERMS 


angular frequency, p. 284 
hertz, p. 284 
period of rotation, p. 284 


polar coordinates, p. 280 
angular velocity, p. 283 


NEW SYMBOLS AND EQUATIONS 


0-4 A 


o= aa magnitude of the average angular velocity 
27h 


do ; ; : 
eae magnitude of the instantaneous angular velocity 


f= aN angular frequency 
2T 
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Answers to Self-Test Opportunities 


angular acceleration, radial acceleration, p. 286 


p. 286 centripetal acceleration, 
tangential acceleration, p. 287 
p. 286 
1 : 
T=—, period 
f 


__ Aw : . 
a@ =——, magnitude of the average angular acceleration 


At 
_dw _ do 


go an 
dt de 
acceleration 


, magnitude of the instantaneous angular 


v : f A 
a, =r =—, magnitude of the centripetal acceleration 
r 


ANSWERS TO SELF-TEST OPPORTUNITIES 


9.1 Differential arc length is Rd6 for circle with radius R; 
integral arc length around the circle is the circumference C 


27 27 
C= [rdo=r f do=r10Q"=20r. 
0 0 


9.2 The differential area is shown in the sketch. 
The differential area is dA = 27rdr. 
Area of circle is 


R R 

f 2ardr=20 f rar 

0 0 
51k 

=2|—| =7R’. 


0 


9.3 wr = (2rlyr} (1 au) = 5.9- 104 m/s” = g/1700. 
9.4 Slightly heavier, but barely noticeable. 


9.5 Atr, = 25 mm, the magnitude of the tangential acceler- 
ation is a, = ar, = 1.56- 10“ m/s’, and that of the centripetal 
acceleration is a, = vw(r,) = 59.1 m/s’, larger by more than 
four orders of magnitude. At r, = 58 mm, the accelerations 
are a, = ar, = 3.61 - 10“ m/s? and a, = væ(r,) = 25.5 m/s”. 
9.6 Substitute equation N 
9.23 into equation 9.22 
and find T = mg/cos Q. 


T / mg 


9.7 If the radius is doubled, the speed at the top of the loop 
has to increase by a factor of 42. Thus, the required speed is 
(7.00 m/s)( V2) = 9.90 m/s. 


9.8 (iv) a= f odr =+ f (tatt 
tJo tJo 
w ft a ft 
=“ f awt f t'dt'=w)+>at 
t Jo tJo 
= 7 Wy +7 (wp + at) 
=7(@) +o) 


(ii) @=a + at 


= Gt =at ttal 


A= 0% +Ot++at? = 0+ at 
(v) 0= &+at+tat? 
2 
~ a aee] | nooo 
a a 
s wa- ah a +0 -2w 
a í a 


Now we subtract 6) from both sides of the equation and 
then multiply by a: 

a8 - Oy) = ww- we + La? + wy - 2w) 

=> a(0-0))=+07 - +05 


> w =, +2a(0- 0) 
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PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines: Circular Motion 

1. Motion in a circle always requires centripetal force and 
centripetal acceleration. However, remember that centripetal 
force is not a new kind of force but is simply the net force 
causing the motion; it consists of the sum of whatever forces 
are acting on the moving object. This net force equals the mass 
times the centripetal acceleration; do not make the common 
mistake of counting mass times acceleration as a force to be 
added to the net force on one side of the equation of motion. 


2. Be sure you note whether the situation involves angles in 
degrees or in radians. The radian is not a unit that necessarily 
has to be carried through a calculation, but check that your 
result makes sense in terms of the angular units. 


3. The equations of motion with constant angular acceleration 
have the same form as the equations of motion with constant 
linear acceleration. However, neither set of equations applies 
if the acceleration is not constant. 


FIGURE 9.25 A carnival ride con- 
sisting of a rotating cylinder. 


(b) 
FIGURE 9.26 (a) Top view of the 
rotating cylinder of a carnival ride. 
(b) Free-body diagram for one of the 
riders. 


SOLVED PROBLEM 9.3 { Carnival Ride 
eee 
PROBLEM 
One of the rides found at carnivals is a rotating cylinder, as shown in Figure 9.25. The 
riders step inside the vertical cylinder and stand with their backs against the curved 
wall. The cylinder spins very rapidly, and at some angular velocity, the floor is pulled 
away. The thrill-seekers now hang like flies on the wall. (The cylinder in Figure 9.25, is 
lifted up and tilted after the ride reaches it operating angular velocity, but we will not 
deal with this additional complication.) If the radius of the cylinder is r = 2.10 m, the 
rotation axis of the cylinder remains vertical, and the coefficient of static friction between 
the people and the wall is u, = 0.390, what is the minimum angular velocity, œ, at which 
the floor can be withdrawn? 


SOLUTION 


THINK 

When the floor drops away, the magnitude of the force of static friction between a rider 
and the wall of the rotating cylinder must equal the magnitude of the force of gravity acting 
on the rider. The static friction between the rider and the wall depends on the normal 
force being exerted on the rider and the coefficient of static friction. As the cylinder spins 
faster, the normal force (which acts as the centripetal force) being exerted on the rider 
increases. At a certain angular velocity, the maximum magnitude of the force of static 
friction will equal the magnitude of the force of gravity. That angular velocity is the mini- 
mum angular velocity at which the floor can be withdrawn. 


SKETCH 

A top view of the rotating cylinder is shown in Figure 9.26a. The free-body diagram for one 
of the riders is shown in Figure 9.26b, where the rotation axis is assumed to be the y-axis. 
In this sketch, f is the force of static friction, N is the normal force exerted on the rider of 
mass m by the wall of the cylinder, and E, is the force of gravity acting on the rider. 


RESEARCH 
At the minimum angular velocity required to keep the rider from falling, the magnitude 
of the force of static friction between the rider and the wall is equal to the magnitude of 
the force of gravity acting on the rider. To analyze these forces, we start with the free- 
body diagram shown in Figure 9.26b. In the free-body diagram, the x-direction is along 
the radius of the cylinder, and the y-direction is vertical. In the x-direction, the normal 
force exerted by the wall on the rider provides the centripetal force that makes the rider 
move in a circle: 

R =N. (i) 


In the y-direction, the thrill-seeking rider sticks to the wall only if the upward force of 
static friction between the rider and wall balances the downward force of gravity. The 
force of gravity on the rider is his or her weight, so we can write 


f=F=mg. (ii) 


| We know that the centripetal force is given by 
E=mro, (iii) 
and the force of static friction is given by 
FS fmax EAN. (iv) 


SIMPLIFY 
We can combine equations (ii) and (iv) to obtain 


mg < N. (v) 
Substituting for F, from equation (i) into (iii), we find 
N=mro’. (vi) 
Combining equations (v) and (vi), we have 
mg < umro 5 
which we can solve for w: 


w> E. 
Mf 


Thus, the minimum value of the angular velocity is given by 


Mt 
Note that the mass of the rider canceled out. This is crucial since people of different 
masses want to ride at the same time! 


CALCULATE 


Putting in the numerical values, we find 


9.81 m/s 
(0.390)(2.10 m) 


= 3.46093 rad/s. 


ROUND 
Expressing our result to three significant figures gives 


Wein = 3-46 rad/s. 


DOUBLE-CHECK 
To double-check, let’s express our result for the angular velocity in revolutions per min- 


ute (rpm): 
3.46 PI _| 3.46 rad || 60s || lrev 33 apm: 
s s J(1 min || 27 rad 


An angular velocity of 33 rpm for the rotating cylinder seems reasonable, because this 
means that it completes almost one full turn every 2 s. If you have ever been on one of 
these rides or watched one, you know that the answer is in the right ballpark. 

Note that the coefficient of friction, u, between the clothing of the rider and the wall 
is not identical in all cases. Our formula, @ in =4/g/( ur) , indicates that a smaller coef- 
ficient of friction necessitates a larger angular velocity. Designers of this kind of ride need 
to make sure that they allow for the smallest coefficient of friction that can be expected 
to occur. Obviously, they want to have a somewhat sticky contact surface on the wall of 
the ride, just to make sure! 

One last point to check: @pyin =4/g/(u,r) indicates that the minimum angular ve- 
locity required will decrease as a function of the radius of the cylinder. The example of 
the poker chips on the spinning table in Section 9.5 established that the centripetal force 
increases with radial distance, which is consistent with this result. 


h 
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FIGURE 9.27 Top view of the rotat- 
ing flywheel. 


SOLVED PROBLEM 9.4 | Flywheel 
es 


PROBLEM 

The flywheel of a steam engine starts to rotate from rest with a constant angular acceleration 
of æ = 1.43 rad/s’. The flywheel undergoes this constant angular acceleration for t = 25.9 s 
and then continues to rotate at a constant angular velocity, w. After the flywheel has been 
rotating for 59.5 s, what is the total angle through which it has rotated since it started? 


SOLUTION 


THINK 

Here we are trying to determine the total angular displacement, 6. For the time interval 
when the flywheel is undergoing angular acceleration, we can use equation 9.26(i) with 
6) = 0 and w, = 0. When the flywheel is rotating at a constant angular velocity, we use 
equation 9.26(i)with 0, = 0 and a = 0. To get the total angular displacement, we add these 
two angular displacements. 


SKETCH 
A top view of the rotating flywheel is shown in Figure 9.27. 


RESEARCH 

Let’s call the time during which the flywheel is undergoing angular acceleration t, and 
the total time the flywheel is rotating t,. Thus, the flywheel rotates at a constant angular 
velocity for a time interval equal to t,-t,. The angular displacement, 0,, that occurs while 
the flywheel is undergoing angular acceleration is given by 


0, =at. (i) 
The angular displacement, 6,, that occurs while the flywheel is rotating at the constant 
angular velocity, w, is given by 

6,=0(t, -t,). (ii) 
The angular velocity, w, reached by the flywheel after undergoing the angular acceleration 
a for a time t, is given by 

w=at,. (iii) 

The total angular displacement is given by 

otal = 0, + 0,- (iv) 
SIMPLIFY 


We can combine equations (ii) and (iii) to obtain the angular displacement while the 
flywheel is rotating at a constant angular velocity: 


A, =(at, )(t, -f, )= att, - at; (v) 


We can combine equations (v), (iv), and (i) to get the total angular displacement of the 
flywheel: 
bori =0 + 0, = tat? + (at = at; =at t -rat?. 


CALCULATE 


Putting in the numerical values gives us 
boul = Atty — tate =(143 rad/s? |(25.9 s)(59.5 s) - (143 rad/s? |(25.9 s) 
=1724.07 rad. 


ROUND 
Expressing our result to three significant figures, we have 


otal = 1720 rad. 


DOUBLE-CHECK 
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It is comforting that our answer has the right unit, the rad. Our formula, 6...) = otf, - 
at? =at,(t, -+t,), gives a value that increases linearly with the value of the angular ac- 
celeration. It is also always larger than zero, as expected, because t, >t,. 

To perform a further check, let’s calculate the angular displacement in two steps. The 


first step is to calculate the angular displacement while the flywheel is accelerating 


0, =at = (1.43 rad/s" |(25.9 s) = 480 rad. 


a 2 


w=at, = (143 rad/s? |(25.9 s) = 37.0 rad/s. 


The angular velocity of the flywheel after the angular acceleration ends is 


Next, we calculate the angular displacement while the flywheel is rotating at constant velocity: 


6, = w(t, -t )=(37.0 rad/s)(59.5 s- 25.9 s) =1240 rad. 


The total angular displacement is then 


otal = 9, + 9, = 480 rad +1240 rad =1720 rad, 


which agrees with our answer. 


a 


MULTIPLE-CHOICE QUESTIONS 


| 9.1 An object is moving in a circular path. If the 
centripetal force is suddenly removed, how will the object 
move? 
a) It will move radially outward. 
b) It will move radially inward. 
c) It will move vertically downward. 
d) It will move in the direction in which its velocity vector 
points at the instant the centripetal force vanishes. 


9.2 The angular acceleration for an object undergoing 
circular motion is plotted versus time in the figure. If 
the object started from rest at t = 0 s, the net angular 
displacement of the object at t = tp 


a) is in the clockwise direction. 


_ A 
b) is in the 
counterclockwise 
direction. & 

: ER) > t (s) 
c) is zero. È A 

3 f 

d) cannot be 
determined. 


9.3 The latitude of Lubbock, Texas (known as the Hub 
City of the South Plains), is 33° N. What is its rotational 
speed, assuming the radius of the Earth at the Equator to 
be 6380 km? 


a) 464 m/s d) 0.464 m/s 
b) 389 m/s e) 0.389 m/s 
c) 253 m/s 


9.4 A rock attached to a string moves clockwise in uniform 
circular motion. In which direction from point A is the rock 
thrown off when the string is cut? 


9.5 A Ferris wheel rotates slowly about a horizontal axis. 
Passengers sit on seats that remain horizontal on the 
Ferris wheel as it rotates. Which type of force provides the 
centripetal acceleration on the passengers when they are at 


the top of the Ferris wheel? 
a) centrifugal c) gravity 


b) normal d) tension 


9.6 Ina conical pendulum, a bob 

moves in a horizontal circle, as 0 
shown in the figure. The period of 

the pendulum (the time it takes 

for the bob to perform a complete 

revolution) is 


a) T=27,/Lcos@/g. 
b) T=2m4]gcosð0/L. 
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c) T=27,/Lgsiné. 
d) T =27,/Lsin6/g. 
e) T=27JLig. 


9.7 A ball attached to the end of a string is swung around 
in a circular path of radius r. If the radius is doubled and the 
linear speed is kept constant, the centripetal acceleration 

a) remains the same. d) increases by a factor of 4. 
b) increases by a factor of 2. e) decreases by a factor of 4. 
c) decreases by a factor of 2. 

9.8 The angular speed of the hour hand of a clock (in 
radians per second) is 


J = ay 
7200 60 

b) — e) Z 
3600 30 

a f) The correct value is not shown. 
1800 


9.9 You put three identical coins on a turntable at different 
distances from the center and then turn the motor on. As the 
turntable speeds up, the outermost coin slides off first, followed 
by the one at the middle distance, and, finally, when the 
turntable is going the fastest, the innermost one. Why is this? 


a) For greater distances from the center the centripetal 
acceleration is higher, and so the force of friction becomes 
unable to hold the coin in place. 

b) The weight of the coin causes the turntable to flex 
downward, so the coin nearest the edge falls off first. 

c) Because of the way the turntable is made, the coefficient 
of static friction decreases with distance from the center. 

d) For smaller distances from the center, the centripetal 
acceleration is higher. 


QUESTIONS 


9.13 A ceiling fan is rotating in clockwise direction (as viewed 
from below) but it is slowing down. What are the directions of w 
and a? 


9.14 A hook above a stage is rated to support 150. Ib. A 3-Ib rope 
is attached to the hook, and a 147-b actor is going to attempt to 
swing across the stage on the rope. Will the hook hold the actor up 
during the swing? 

9.15 A popular carnival ride consists of seats attached to a central 
disk through cables, as shown in the figure. The passengers travel 
in uniform circular motion. The mass of one of the passengers 
(including the chair he is sitting on) is 65 kg; the mass of an empty 
chair on the opposite side of the central disk is 5 kg. If 0, and 6, 
are the angles that the cables attached to the two chairs make with 
respect to vertical, how do these two angles compare qualitatively? 
Is 0, larger than, smaller than, or equal to 0,? 


9.16 A person rides on a Ferris wheel of radius R, which is rotat- 
ing at a constant angular velocity w. Compare the normal force of 


9.10 A point on a Blu-ray disc is a distance R/4 from the 
axis of rotation. How far from the axis of rotation is a 
second point that has, at any instant, a linear velocity twice 
that of the first point? 


a) R/16 c) R/2 
b) R/8 d) R 


9.11 The figure shows a 
rider stuck to the wall in the 
Barrel of Fun at a carnival. 
Which diagram correctly 
shows the forces acting on 
the rider? 


(d) 


(a) (b) 


9.12 A string is tied to a rock, and the rock is twirled 
around in a circle at a constant speed. If gravity is ignored 
and the period of the circular motion is doubled, the tension 
in the string is 


1 


4 
1 


2 


a) reduced to 
b) reduced to 
c) unchanged. 


of its original value. 
of its original value. 


d) increased to 2 times its original value. 
e) increased to 4 times its original value. 


Side view 


the seat pushing up on the 
person at point A to that at 
point B in the figure. Which 
force is greater, or are they 
the same? 


9.17 Bicycle tires range in 
size from about 25 cm in 
diameter to about 70 cm 

in diameter. Why is it 
impractical to make tires 
much smaller than 25 cm in 
diameter? (You will learn why bicycle tires can't be too large 
in Chapter 10.) 


9.18 A CD starts from rest and speeds up to the operating 
angular frequency of the CD player. Compare the angular 
velocity and acceleration of a point on the edge of the CD to 
those of a point halfway between the center and the edge of 


the CD. Do the same for the linear velocity and acceleration. 


9.19 A car is traveling around an unbanked curve at a 
maximum speed. Which force(s) is(are) responsible for 
keeping it on the road? 


9.20 Two masses hang from two strings of equal length 
that are attached to the ceiling of a car. One mass is over the 
driver's seat; the other is over the passenger's seat. As the 
car makes a sharp turn, both masses swing away from the 
center of the turn. In their resulting positions, will they be 
farther apart, closer together, or the same distance apart as 
they were when the car wasn't turning? 


9.21 A point mass 

m starts sliding from 

a height h along the h 

frictionless surface 

shown in the figure. ai 
What is the mini- 


mum value of h in 
order for the mass to complete the loop of radius R? 


9.22 In a conical pendulum, the bob attached to the string 
(which can be considered massless) moves in a horizontal 
circle at constant speed. The string sweeps out a cone as the 
bob rotates. What forces are acting on the bob? 


PROBLEMS 
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9.23 Is it possible to swing a mass attached to a string in 
a perfectly horizontal circle (with the mass and the string 
parallel to the ground)? 


9.24 A small ice block of mass m starts from rest from the 
top of an inverted bowl in the shape of a hemisphere, as 
shown in the figure. The hemisphere is fixed to the ground, 
and the block slides without friction along the surface of 
the hemisphere. Find the normal force exerted by the block 
on the sphere when the line 
between the block and 

the center of the sphere 
makes an angle 6 with 

the horizontal. Discuss 

the result. 


9.25 Suppose you are riding on a roller coaster, which moves 
through a vertical circular loop. Show that your apparent 
weight at the bottom of the loop is six times your weight 
when you experience weightlessness at the top, independent 
of the size of the loop. Assume that friction is negligible. 


9.26 The following event actually occurred on the Sunshine 
Skyway Bridge near St. Petersburg, Florida, in 1997. Five dare- 
devils tied a 55-m-long cable to the center of the bridge. They 
hoped to swing back and forth under the bridge at the end of 
this cable. The five people (total weight = W) attached them- 
selves to the end of the cable, at the same level and 55 m away 
from where it was attached to the bridge and dropped straight 
down from the bridge, following the dashed circular path 
indicated in the figure. Unfortunately, the daredevils were not 
well versed in the laws of physics, and the cable broke (at the 
point it was linked to their seats) at the bottom of their swing. 
Determine how strong the cable (and all the links where the 
seats and the bridge are attached to it) would have to be in 
order to support the five people at the bottom of the swing. 
Express your result in terms of their total weight, W. 


[a blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 9.2 

9.27 What is the angle in radians that the Earth sweeps out 
in its orbit during winter? 

9.28 Assuming that the Earth is spherical and recalling 


that latitudes range from 0° at the Equator to 90° N at the 
North Pole, how far apart, measured on the Earth’s surface, 


are Dubuque, Iowa (42.50° N latitude), and Guatemala City 
(14.62° N latitude)? The two cities lie on approximately the 
same longitude. Do not neglect the curvature of the Earth in 
determining this distance. 


°9.29 Refer to the information given in Problem 9.28. If 
one could burrow through the Earth and dig a straight-line 
tunnel from Dubuque to Guatemala City, how long would 
the tunnel be? From the point of view of the digger, at what 
angle below the horizontal would the tunnel be directed? 
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Section 9.3 


9.30 A typical Major League fastball is thrown at approxi- 
mately 88 mph and with a spin rate of 110 rpm. If the dis- 
tance between the pitcher’s point of release and the catcher’s 
glove is exactly 60.5 ft, how many full turns does the ball 
make between release and catch? Neglect any effect of grav- 
ity or air resistance on the ball’s flight. 


9.31 A vinyl record plays at 33.3 rpm. Assume it takes 5.00 s 
for it to reach this full speed, starting from rest. 


a) What is its angular acceleration during the 5.00 s? 


b) How many revolutions does the record make before 
reaching its final angular speed? 


9.32 Ata county fair, a boy takes his teddy bear on the 
giant Ferris wheel. Unfortunately, at the top of the ride, he 
accidentally drops his stuffed buddy. The wheel has a diam- 
eter of 12.0 m, the bottom of the wheel is 2.0 m above the 
ground and its rim is moving at a speed of 1.0 m/s. How far 
from the base of the Ferris wheel will the teddy bear land? 


°9.33 Having developed a taste for experimentation, the 
boy in Problem 9.32 invites two friends to bring their teddy 
bears on the same Ferris wheel. The boys are seated in posi- 
tions 45° from each other. When the wheel brings the sec- 
ond boy to the maximum height, they all drop their stuffed 
animals. How far apart will the three teddy bears land? 


+9.34 Mars orbits the Sun at a mean distance of 228 million 
km, in a period of 687 days. The Earth orbits at a mean dis- 
tance of 149.6 million km, in a period of 365.26 days. 


a) Suppose Earth and Mars are positioned such that Earth lies 
on a straight line between Mars and the Sun. Exactly 365.26 
days later, when the Earth has completed one orbit, what is the 
angle between the Earth-Sun line and the Mars-Sun line? 

b) The initial situation in part (a) is a closest approach 

of Mars to Earth. What is the time, in days, between two 
closest approaches? Assume constant speed and circular 
orbits for both Mars and Earth. 


c) Another way of expressing the answer to part (b) is in 
terms of the angle between the lines drawn through the 
Sun, Earth, and Mars in the two closest approach situations. 
What is that angle? 


ee9.35 Consider a large simple pendulum that is located at 
a latitude of 55.0° N and is swinging in a north-south direc- 
tion with points A and B being the northernmost and the 
southernmost points of the swing, respectively. A stationary 
(with respect to the fixed stars) observer is looking directly 
down on the pendulum at the moment shown in the figure. 
The Earth is rotating once every 23 h and 56 min. 


a) What are the directions (in terms of N, E, W, and S) and 
the magnitudes of the velocities of the surface of the Earth 
at points A and B as seen by the observer? Note: You will 
need to calculate answers to at least seven significant figures 
to see a difference. 

b) What is the angular speed with which the 20.0-m 
diameter circle under the pendulum appears to rotate? 


Observer directly 
above pendulum 


Observer's view 


R= 637X108 


Equator 


South Pole 


c) What is the period of this rotation? 
d) What would happen to a pendulum swinging at the Equator? 


Section 9.4 


9.36 What is the centripetal acceleration of the Moon? The 
period of the Moon's orbit about the Earth is 27.3 days, mea- 
sured with respect to the fixed stars. The radius of the Moon's 
orbit is Ry; = 3.85- 10° m. 


9.37 You are holding the axle of a bicycle wheel with radius 
35.0 cm and mass 1.00 kg. You get the wheel spinning at a rate of 
75.0 rpm and then stop it by pressing the tire against the pave- 
ment. You notice that it takes 1.20 s for the wheel to come to a 
complete stop. What is the angular acceleration of the wheel? 


9.38 Life scientists use ultracentrifuges to separate biologi- 
cal components or to remove molecules from suspension. 
Samples in a symmetric array of containers are spun rapidly 
about a central axis. The centrifugal acceleration they experi- 
ence in their moving reference frame acts as “artificial gravity” 
to effect a rapid separation. If the sample containers are 10.0 cm 
from the rotation axis, what rotation frequency is required to 
produce an acceleration of 1.00- 10°g? 


9.39 A centrifuge in a medical laboratory rotates at an 
angular speed of 3600 rpm (revolutions per minute). When 
switched off, it rotates 60.0 times before coming to rest. Find 
the constant angular acceleration of the centrifuge. 


9.40 A discus thrower (with arm length of 1.2 m) starts from 
rest and begins to rotate counterclockwise with an angular 
acceleration of 2.5 rad/s’. 

a) How long does it take the discus thrower’s speed to get to 
4.7 rad/s? 

b) How many revolutions does the thrower make to reach the 
speed of 4.7 rad/s? 

c) What is the linear speed of the discus at 4.7 rad/s? 

d) What is the linear acceleration of the discus thrower at this 
point? 


e) What is the magnitude of the centripetal acceleration of 
the discus thrown? 


f) What is the magnitude of the discus’s total acceleration? 


9.41 Ina department store toy display, a small disk (disk 1) 
of radius 0.100 m is driven Disk 2 

by a motor and turns a larger Disk] Te 

disk (disk 2) of radius 0.500 m. } 
Disk 2, in turn, drives disk 3, j 
whose radius is 1.00 m. The 

three disks are in contact, 

and there is no slipping. 

Disk 3 is observed to sweep 
through one complete revolution every 30.0 s. 


a) What is the angular speed of disk 3? 
b) What is the ratio of the tangential velocities of the rims 
of the three disks? 

c) What is the angular speed of disks 1 and 2? 

d) Ifthe motor malfunctions, resulting in an angular 
acceleration of 0.100 rad/s” for disk 1, what are disks 2 and 
3’s angular accelerations? . 


Disk 3 


°9.42 A particle is moving aa SC 

w: 
clockwise in a circle of radius KA 6 N 
1.00 m. At a certain instant, the i í vil 


magnitude of its acceleration is i 
a= la| =25.0 m/s”, and the ac- \ 
celeration vector has an angleof — \ a 
8 = 50.0° with the position vector, — ^, / 
as shown in the figure. At this in- Slee 


stant, find the speed, v= lr , of this particle. 


e9.43 Ina tape recorder, the magnetic tape moves at a 
constant linear speed of 5.6 cm/s. To maintain this constant 
linear speed, the angular speed of the driving spool (the 
take-up spool) has to change accordingly. 

a) What is the angular speed of the take-up spool when it is 
empty, with radius r, = 0.80 cm? 

b) What is the angular speed when the spool is full, with 
radius r, = 2.20 cm? 

c) If the total length of the tape is 100.80 m, what is the 
average angular acceleration of the take-up spool while the 
tape is being played? 


a 


Di 


09.44 A ring is fitted loosely (with no friction) around a 
long, smooth rod of length L = 0.50 m. The rod is fixed at 
one end, and the other end is spun in a horizontal circle at a 
constant angular velocity of w = 4.0 rad/s. The ring has zero 
radial velocity at its initial position, a distance of rọ = 0.30 m 
from the fixed end. Determine the radial velocity of the ring 
as it reaches the moving end of the rod. 
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009.45 A flywheel with 
a diameter of 1.00 m 

is initially at rest. Its 
angular acceleration 
versus time is graphed 
in the figure. 


a= 01 


a (rad/s) 


a) What is the angular 

separation between the >t (s) 
initial position of a fixed point on the rim of the flywheel 

and the point’s position 8.00 s after the wheel starts rotating? 


b) The point starts its motion at 0 = 0. Calculate and sketch 
the linear position, velocity vector, and acceleration vector 
8 s after the wheel starts rotating. 


Section 9.5 


9.46 Calculate the centripetal force exerted on a vehicle 
of mass m = 1500. kg that is moving at a speed of 15.0 m/s 
around a curve of radius R = 400. m. Which force plays the 
role of the centripetal force in this case? 


9.47 What is the apparent weight of a rider on the roller 
coaster of Solved Problem 9.1 at the bottom of the loop? 


9.48 Two skaters, A and B, of equal mass are moving in 
clockwise uniform circular motion on the ice. Their motions 
have equal periods, but the radius of skater A's circle is half 
that of skater B’s circle. 

a) What is the ratio of the speeds of the skaters? 

b) What is the ratio of the magnitudes of the forces acting 
on each skater? 
°9.49 A small 
block of mass m 
is in contact with 
the inner wall of a 
large hollow cyl- 


2 


inder. Assume the Hees 
coefficient of static Peg 
friction between 

the object and the 

wall of the cylin- 


der is u. Initially, 

the cylinder is at rest, and the block is held in place by a peg 
supporting its weight. The cylinder starts rotating about its 
center axis, as shown in the figure, with an angular accelera- 
tion of a. Determine the minimum time interval after the 
cylinder begins to rotate before the peg can be removed 
without the block sliding against the wall. 


°9.50 A race car is making a U-turn at constant speed. The 
coefficient of friction between the tires and the track is 

H; = 1.20. If the radius of the curve is 10.0 m, what is the 
maximum speed at which the car can turn without sliding? 
Assume that the car is performing uniform circular motion. 


e9.51 A car speeds over the top ofa hill. If the radius of 
curvature of the hill at the top is 9.0 m, how fast can the car 
be traveling and maintain constant contact with the ground? 


9.52 A ball of mass m = 0.200 kg is attached to a (massless) 
string of length L = 1.00 m and is undergoing circular motion 
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in the horizontal plane, as Side view 


shown in the figure. 


Top view 


a) Draw a free-body 0 
diagram for the ball. 

b) Which force 

plays the role of the m 
centripetal force? 

c) What should the speed of the mass be for 0 to be 45.0°? 
d) What is the tension in the string? 


°9.53 You are flying to Chicago for a weekend away from 
the books. In your last physics class, you learned that the 
airflow over the wings of the plane creates a lift force, which 
acts perpendicular to the wings. When the plane is flying 
level, the upward lift force exactly balances the downward 
weight force. Since O'Hare is one of the busiest airports in the 
world, you are not surprised when the captain announces that 
the flight is in a holding pattern due to the heavy traffic. He 
informs the passengers that the plane will be flying in a circle 
of radius 7.00 mi at a speed of 360. mph and an altitude of 
2.00 - 10* ft. From the safety information card, you know that 
the total length of the wingspan of the plane is 275 ft. From 
this information, estimate the banking angle of the plane 
relative to the horizontal. F 


T 


F cos 0 


m, 
09.54 A 20.0-g metal cylinder is placed on a forais 
with its center 80.0 cm from the turntable’s center. The coef- 
ficient of static friction between the cylinder and the turn- 
table’s surface is u, = 0.800. A thin, massless string of length 
80.0 cm connects the center of the turntable to the cylinder, 
and initially, the string has zero tension in it. Starting from 
rest, the turntable very slowly attains higher and higher 
angular velocities, but the turntable and the cylinder can be 
considered to have uniform circular motion at any instant. 
Calculate the tension in the string when the angular velocity 
of the turntable is 60.0 rpm (rotations per minute). 


ee9.55 A speedway turn, with radius of curvature R, is 
banked at an angle 6 above the horizontal. 


a) What is the optimal speed at which to take the turn if 
the track’s surface is iced over (that is, if there is very little 
friction between the tires and the track)? 

b) Ifthe track surface is ice-free and there is a coefficient 

of friction u, between the tires and the track, what are the 
maximum and minimum speeds at which this turn can be 
taken? 

c) Evaluate the results of parts (a) and (b) for R = 400. m, 
0 = 45.0°, and u, = 0.700. 


Additional Problems 


9.56 A particular Ferris wheel takes riders in a vertical 
circle of radius 9.0 m once every 12.0 s. 


a) Calculate the speed of the riders, assuming it to be constant. 
b) Draw a free-body diagram for a rider at a time when she is at 
the bottom of the circle. Calculate the normal force exerted by 
the seat on the rider at that point in the ride. 

c) Perform the same analysis as in part (b) for a point at the top 
of the ride. 


9.57 A boy is on a Ferris wheel, which takes him in a vertical 
circle of radius 9.0 m once every 12.0 s. 

a) What is the angular speed of the Ferris wheel? 

b) Suppose the wheel comes to a stop at a uniform rate during 
one quarter of a revolution. What is the angular acceleration of 
the wheel during this time? 

c) Calculate the tangential acceleration of the boy during the 
time interval described in part (b). 


9.58 Consider a 53-cm-long lawn mower blade rotating about 
its center at 3400 rpm. 


a) Calculate the linear speed of the tip of the blade. 


b) Ifsafety regulations require that the blade be stoppable 
within 3.0 s, what minimum angular acceleration will 
accomplish this? Assume that the angular acceleration is 
constant. 


9.59 A car accelerates uniformly from rest and reaches a speed 
of 22.0 m/s in 9.00 s. The diameter of a tire on this car is 58.0 cm. 


a) Find the number of revolutions the tire makes during the 
car’s motion, assuming that no slipping occurs. 

b) What is the final angular speed of a tire in revolutions per 
second? 


9.60 Gear A, with a mass of 1.00 kg and a radius of 55.0 cm, 
is in contact with gear B, with a A 

mass of 0.500 kg and a radius 
of 30.0 cm. The gears do » 
not slip with respect z 
to each other as they 
rotate. Gear A rotates at 
120. rpm and slows to 
60.0 rpm in 3.00 s. How 
many rotations does gear 
B undergo during this time 
interval? 


s 


9.61 A top spins for 10.0 min, beginning with an angular 
speed of 10.0 rev/s. Determine its angular acceleration, as- 
suming it is constant, and its total angular displacement. 


9.62 A penny is sitting on the edge of an old phonograph 
disk that is spinning at 33 rpm and has a diameter of 12 
inches. What is the minimum coefficient of static friction 
between the penny and the surface of the disk to ensure that 
the penny doesn’t fly off? 


9.63 A vinyl record that is initially turning at 33+ rpm slows 
uniformly to a stop in a time of 15 s. How many rotations are 
made by the record while stopping? 


9.64 Determine the linear and angular speeds and accelera- 
tions of a speck of dirt located 2.0 cm from the center of a 
CD rotating inside a CD player at 250 rpm. 


9.65 What is the acceleration of the Earth in its orbit? (As- 
sume the orbit is circular.) 


9.66 A day on Mars is 24.6 Earth hours long. A year on Mars 
is 687 Earth days long. How do the angular velocities of Mars’s 
rotation and orbit compare to the angular velocities of Earth’s 
rotation and orbit? 


9.67 A monster truck has tires with a diameter of 1.10 m and 
is traveling at 35.8 m/s. After the brakes are applied, the truck 
slows uniformly and is brought to rest after the tires rotate 
through 40.2 turns. 


a) What is the initial angular speed of the tires? 
b) What is the angular acceleration of the tires? 
c) What distance does the truck travel before coming to rest? 


9.68 The motor of a fan turns a small wheel of radius r, = 
2.00 cm. This wheel turns a belt, which is attached to a wheel 
of radius r; = 3.00 cm that is mounted to the axle of the fan 
blades. Measured from the center of this axle, the tip of the fan 
blades are at a distance r, = 15.0 cm. When the fan is in opera- 
tion, the motor spins at an angular speed of w = 1200. rpm. 
What is the tangential speed of the tips of the fan blades? 


°9.69 A car with a mass of 1000. kg goes over a hill at a constant 
speed of 60.0 m/s. The top of the hill can be approximated as an 
arc length of a circle with a radius of curvature of 370. m. What 
force does the car exert on the hill as it passes over the top? 


°9.70 Unlike a ship, an airplane does not use its rudder to 
turn. It turns by banking its wings: The lift force, perpen- 
dicular to the wings, has a horizontal component, which 
provides the centripetal acceleration for the turn, and a 
vertical component, which supports the plane’s weight. (The 
rudder counteracts yaw and thus it keeps the plane pointed 
in the direction it is moving.) The famous spy plane, the SR-71 
Blackbird, flying at 4800 km/h, has a turning radius of 290. km. 
Find its banking angle. 


+9.71 A 80.0-kg pilot in an aircraft moving at a constant speed 
of 500. m/s pulls out of a vertical dive along an arc of a circle of 
radius 4000. m. 


a) Find the centripetal acceleration and the centripetal force 
acting on the pilot. 


b) What is the pilot’s apparent weight at the bottom of the dive? 


°9.72 A ball having a mass of 1.00 kg is attached to a string 
1.00 m long and is whirled in a vertical circle at a constant 
speed of 10.0 m/s. 


a) Determine the tension in the string when the ball is at the 
top of the circle. 

b) Determine the tension in the string when the ball is at the 
bottom of the circle. 

c) Consider the ball at some point other than the top or 
bottom. What can you say about the tension in the string at 
this point? 

°9.73 A car starts from rest and accelerates around a flat curve 
of radius R = 36 m. The tangential component of the car’s ac- 
celeration remains constant at a, = 3.3 m/s’, while the centrip- 
etal acceleration increases to keep the car on the curve as long 
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as possible. The coefficient of friction between the tires and 
the road is u = 0.95. What distance does the car travel around 
the curve before it begins to skid? (Be sure to include both the 
tangential and centripetal components of the acceleration.) 


9.74 A girl ona merry-go-round platform holds a pendulum 
in her hand. The pendulum is 6.0 m from the rotation axis 

of the platform. The rotational speed of the platform is 0.020 
rev/s. It is found that the pendulum hangs at an angle 0 to the 
vertical. Find 0. 


ee9.75 A carousel at a carnival has a diameter of 6.00 m. The 
ride starts from rest and accelerates at a constant angular ac- 
celeration to an angular speed of 0.600 rev/s in 8.00 s. 


a) What is the value of the angular acceleration? 

b) What are the centripetal and angular accelerations of a seat 
on the carousel that is 2.75 m from the rotation axis? 

c) What is the total acceleration, magnitude and direction, 8.00 s 
after the angular acceleration starts? 


e°9.76 A car of weight W = 
10.0 kN makes a turn ona 
track that is banked at an angle 
of 0 = 20.0°. Inside the car, 
hanging from a short string 
tied to the rear-view mirror, is 
an ornament. As the car turns, 
the ornament swings out at AURREN 
an angle of ọ = 30.0° measured from the vertical inside the car. 
What is the force of static friction between the car and the road? 


°°9.77 A popular carnival ride consists of seats attached to a 
central disk through cables. The passengers travel in uniform 
circular motion. As shown in the figure, the radius of the cen- 
tral disk is Rọ = 3.00 m, and the length of the cable is L = 3.20 m. 
The mass of one of the passengers (including the chair he is 
sitting on) is 65.0 kg. 

a) If the angle 0 that the cable makes with respect to the 
vertical is 30.0°, what is the speed, v, of this passenger? 

b) What is the magnitude of the force exerted by the cable on 
the chair? 
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10.1 Kinetic Energy of Rotation 313 


WHAT WE WILL LEARN 


= The kinetic energy due to an object’s rotational = For rolling objects, the kinetic energies of rotation 
motion must be accounted for when considering and translation are related. 
energy conservation. 


= ‘Torque is the vector product of the position vector 
= For rotation of an object about an axis through its and the force vector. 
center of mass, the moment of inertia is proportional 


ce = Newtons Second Law also applies to rotational 
to the product of the object’s mass and the square of ij 2 PP 


: : motion. 
the largest perpendicular distance from any part of 
the object to the axis of rotation. The proportionality = Angular momentum is defined as the vector product 
constant has a value between zero and one and of the position vector and the momentum vector. 


depends on tbe skop Ai G a Relationships analogous to those for linear quantities 


= For rotation about an axis parallel to an axis through exist among angular momentum, torque, moment of 
an object’s center of mass, the moment of inertia inertia, angular velocity, and angular acceleration. 
equals the center-of-mass moment of inertia plus the 
product of the mass of the object and the square of 
the distance between the two axes. 


m Another fundamental conservation law is the law of 
conservation of angular momentum. 


The large fans at the front of modern jet engines, like the one shown in Figure 10.1, pull air 
into a compression chamber, where the air mixes with fuel and ignites. The explosion propels 
gases out the back of the engine, producing the thrust that moves the plane forward. These 
fans rotate at 7000-9000 rpm and must be inspected often—no one wants a broken fan blade 
at an altitude of 6 mi. 

Almost all engines have rotating parts that transfer energy to the output device, which is often 
rotating as well. In fact, most objects in the universe rotate, from molecules to stars and galaxies. 
The laws that govern rotation are as fundamentally important as any other part of mechanics. 

Chapter 9 introduced some basic concepts of circular motion, and this chapter uses some 
of those same ideas—angular velocity, angular acceleration, and axis of rotation. In this chapter, 
we complete our comparison of translational and rotational quantities and encounter another 
conservation law of basic importance: the law of conservation of angular momentum. 


10.1 Kinetic Energy of Rotation 


In Chapter 8, we saw that we can describe the motion of an extended object in terms of the 
path that its center of mass follows and the rotation of the object around its center of mass. 
However, even though we covered circular motion for point particles in Chapter 9, we have 
not yet considered the rotation of extended objects, such as those shown in Figure 10.2. 
Analyzing this motion is the purpose of this chapter. 


Point Particle in Circular Motion 


Chapter 9 introduced the kinematic quantities of circular motion. Angular speed, w, and angu- 
lar acceleration, a, were defined in terms of the time derivatives of the angular displacement, 6: 


do 
wo=— 
dt 
dw d6 
a=—=—. 
d dt? 


We saw that the angular quantities are related to the linear quantities as follows: 


s=r0, v=ra, 


a, =ra, a =ar, a=4]a t a, ) 
FIGURE 10.2 (a) Rotating air mass 
where s is the arc length, v is the linear speed of the center of mass, a, is the tangential accel- forming a hurricane. (b) Rotation on 


eration, a, is the centripetal acceleration, and a is the linear acceleration. the largest scale—spiral galaxy M74. 
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Axis of rotation 


FIGURE 10.3 A point particle 
moving in a circle about the axis of 
rotation. 


Mi: @) 


M3, W3 


Axis of rotation 


FIGURE 10.4 Five point particles 
moving in circles about a common axis 
of rotation. 


10.1 In-Class Exercise = 


Consider two equal masses, m, 
connected by a thin, massless rod. 
As shown in the figures, the two 
masses spin in a horizontal plane 
around a vertical axis represented 
by the dashed line. Which system 
has the highest moment of inertia? 


The most straightforward way to introduce the physical quantities for the description 
of rotation is through the kinetic energy of rotation of an extended object. In Chapter 5 on 
work and energy, the kinetic energy of a moving object was defined as 

K=1my. (10.1) 
If the motion of this object is circular, we can use the relationship between linear and angu- 
lar velocity to obtain 


(10.2) 


2 2 22 
K=>mv =F m(rw) =imr o, 


which is the kinetic energy of rotation for a point particles motion on the circumference 
of a circle of radius r about a fixed axis, as illustrated in Figure 10.3. 


Several Point Particles in Circular Motion 


Just as we proceeded in Chapter 8 in finding the location of the center of mass of a system 
of particles, we start with a collection of individual rotating objects and then approach the 
continuous limit. The kinetic energy of a collection of rotating objects is given by 


n n n 
=) zï 2_1 2,2 
K= K=1) mv =15 MT, @;. 
i=l i=l i=l 


This result is simply a consequence of using equation 10.2 for several point particles and 
writing the total kinetic energy as the sum of the individual kinetic energies. Here w; is the 
angular velocity of particle i and r; is its perpendicular distance to a fixed axis. This fixed 
axis is the axis of rotation for these particles. An example of a system of five rotating point 
particles is shown in Figure 10.4. 

Now we assume that all of the point particles whose kinetic energies we have summed 
keep their distances with respect to one another and with respect to the axis of rotation 
fixed. Then, all of the point particles in the system will undergo circular motion around the 
common axis of rotation with the same angular velocity. With this constraint, the sum of 
the particles’ kinetic energies becomes 


n n 
il 2 De il 2), 2 _ 17,2 
K=15 my o => ) mr ja = lo". 
i=l 


i=l] 


(10.3) 


The quantity I introduced in equation 10.3 is called the moment of inertia, also known 
as the rotational inertia. It depends only on the masses of the individual particles and their 
distances to the axis of rotation: 


(10.4) 


In Chapter 9, we saw that all quantities associated with circular motion have equivalents 
in linear motion. The angular velocity w and the linear velocity v form such a pair. Compar- 
ing the expressions for the kinetic energy of rotation (equation 10.3) and the kinetic energy 
of linear motion (equation 10.1), we see that the moment of inertia I plays the same role for 
circular motion as the mass m does for linear motion. 


10.2 Calculation of Moment of Inertia 


We can use the moment of inertia of several point particles, as given in equation 10.4, as 
a starting point to find the moment of inertia of an extended object. We'll proceed in the 
same way as we did in finding the center-of-mass location in Chapter 8. We again represent 
an extended object by a collection of small identical-sized cubes of volume V and (possibly 
different) mass density p. Then equation 10.4 becomes 


I=) pV. (10.5) 
i=1 
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Again, as in Chapter 8, we follow the conventional calculus approach, letting the volume 
of the cubes approach zero, V — 0. In this limit, the sum in equation 10.5 approaches the 
integral, which gives an expression for the moment of inertia of an extended object: 


I= f rip(7)dV. (10.6) 
y 


The symbol r, represents the perpendicular distance of an infinitesimal volume element 
from the axis of rotation (Figure 10.5). 

We also know that the total mass of an object can be obtained by integrating the mass 
density over the total volume of the object: 


M= | p(7)dv. (10.7) 
J 


Equations 10.6 and 10.7 are the most general expressions for the moment of inertia and 
the mass of an extended object. However, just as with the equations for the center of mass, 
some of the physically most interesting cases are those where the mass density is constant 
throughout the volume. In this case, equations 10.6 and 10.7 reduce to 


I=p i r?dV (for constant mass density, p), 
v 


M=p f dV =pV (for constant mass density, p). 
v 


Thus, the moment of inertia for an object with constant mass density is given by 


M 
I= a f r? dV (for constant mass density, p). (10.8) 
4 


We can now calculate moments of inertia for some objects with particular shapes. First 
we'll assume that the axis of rotation passes through the center of mass of the object. Then, 
we'll derive a theorem that connects this special case in a simple way to the general case, for 
which the axis of rotation does not pass through the center of mass. 


Rotation about an Axis through the Center of Mass 


For any object with constant mass density, we can use equation 10.8 to calculate the moment 
of inertia with respect to rotation about a fixed axis that passes through the object’s center of 
mass. For convenience, the location of the center of mass is usually chosen as the origin of 
the coordinate system. Because the integral in equation 10.8 is a three-dimensional volume 
integral, the choice of coordinate system is usually extremely important for evaluating the 
integral with as little computational work as possible. 

In this section, we consider two cases: a hollow disk and a solid sphere. These cases 
represent the two most common classes of objects that can roll, and they illustrate the use 
of two different coordinate systems for the integral. 

Figure 10.6a shows a hollow cylinder rotating about its symmetry axis. Its moment of 
inertia is 

[= res (r +R ) (hollow cylinder). (10.9) 


This is the general result for the moment of inertia of a hollow cylinder rotating about its sym- 
metry axis, where M is the cylinder’s total mass, R, is its inner radius, and R, is its outer radius. 

Using equation 10.9, we can obtain the moment of inertia for a solid cylinder rotating 
about its symmetry axis (see Figure 10.6b) by setting R, = R and R, = 0: 


I= 4MR’ (solid cylinder). 


We can also obtain the limiting case of a thin cylindrical shell or hoop, for which all the 
mass is concentrated on the circumference, by setting R, = R, = R. In this case, the moment 
of inertia is 

I=MR (hoop or cylindrical thin shell). 


dV 


FIGURE 10.5 Definition of r, as 
the perpendicular distance of an infini- 
tesimal volume element from the axis 
of rotation. 
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dr rdo 


fe 


FIGURE 10.7 Volume element in 
cylindrical coordinates. 


ies 


M = a(R — R3)hp M = TR?hp M = TR?hp 
I= M(B? + R3) 1=5MR I= 4MR +} Mh 


(a) (b) (c) 


FIGURE 10.6 Moment of inertia for (a) a hollow cylinder and (b) a solid cylinder rotating about the 
axis of symmetry. (c) Moment of inertia for a cylinder rotating about an axis through its center of mass 
but perpendicular to its symmetry axis. 


Finally, the moment of inertia for a solid cylinder of height h rotating about an axis through 
its center of mass but perpendicular to its symmetry axis (see Figure 10.6c) is given by 


I= 1MR? + +M (solid cylinder, perpendicular to axis of rotation). 


If the radius R is very small compared to the height h, as is the case for a long thin rod, the 
moment of inertia in that limit is given by dropping the first term of the preceding equation: 


I= Mh’ (thin rod of length h, perpendicular to axis of rotation). 


We'll derive the formula for the moment of inertia of the hollow cylinder using a vol- 
ume integral of the kind introduced in Section 8.4. This integral involves separate one- 
dimensional integrations over each of the three coordinates. This derivation and the next 
one show how these integrations are done for cylindrical and spherical coordinates. They 
are not essential for the physical concepts developed in this chapter, but they may be inter- 
esting to you. 


DERIVATION 10.1 [ Moment of Inertia for a Wheel 
——e ee ey 


In order to derive the moment of inertia of a hollow cylinder of constant density p, height 
h, inner radius R,, and outer radius R,, with its symmetry axis as the axis of rotation (see 
Figure 10.6a), we'll use cylindrical coordinates. For most problems involving cylinders or 
disks, the coordinate system chosen should generally be cylindrical coordinates. In this 
system (see the mathematical insert on volume integrals in Chapter 8), the volume ele- 
ment is given by (see Figure 10.7). 


dV =r, dr, dddz. 
For cylindrical coordinates (and only for cylindrical coordinates!), the perpendicular dis- 


tance, r}, is the same as the radial coordinate, r. With this in mind, we can evaluate the 
integrals for the hollow cylinder. For the mass, we obtain 


R, | 2a{ h/2 


M=p| av=e[| f f e\ab)n.dn, 
V R 


0 \—-h/2 
R, | 2m 


=i Í f ddlr dr, 
R | 0 
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R, 
= pha Í rdr, 


Alternatively, we can express the density as a function of the mass: 


M=7(R}-Ri hp p= (i) 


"(R -R Jh 


The reason for performing this last step may not be entirely obvious right now, but it 
should become clear after we evaluate the integral for the moment of inertia: 


R | 27 h/2 
1=p | nav =p f f f dz\do|r°dr, 
v R | o \-ar2 
R, | 27 
=ph [ fa rdr, 
R\ o 
R 
= pha | dr, 
R 


Now we can substitute for the density from equation (i): 
M 


I=Lpha{R} -R= 
i a(R -R)h 


Lha(R} -Rf ). 


Finally, we make use of the identity a‘ - bt = (a - b’) (a? + b’) to obtain equation 10.9: 


r=1M(R +R). 


For objects other than disk-like ones, the use of cylindrical coordinates may not be 
advantageous. The most important such objects are spheres and rectangular blocks. The 
moment of inertia for a sphere rotating about any axis through its center of mass (see 
Figure 10.8a) is given by 


I=ŻMR° (solid sphere). (10.10) 


The moment of inertia for a thin spherical shell rotating about any axis through its center 
of mass is 


I= 2MR° (thin spherical shell). 


The moment of inertia for a rectangular block with side lengths a, b, and c rotating about an 
axis through the center of mass and parallel to side c (see Figure 10.8b) is: 


I= 5M (@ +b’) (rectangular block). 


M = abcp 


I=5M(@ + b?) 
(b) 


FIGURE 10.8 Moments of inertia of 
(a) a sphere and (b) a block. 
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Again, we'll derive the formula for the solid sphere only in order to illustrate working 
in a different coordinate system. 


DERIVATION 10.2 | Moment of Inertia for a Sphere 


To calculate the moment of inertia for a solid sphere (Figure 10.8a) of constant mass den- 
sity p and radius R rotating about an axis through its center, it is not appropriate to use 
cylindrical coordinates. Spherical coordinates are the best choice. In spherical coordinates, 
the volume element is given by (see Figure 10.9) 


dV =r’ sinddrdodd. 


Note that for spherical coordinates, the radial coordinate, r, and the perpendicular dis- 
tance, r|, are not identical. Instead, they are related via (see Figure 10.9) 


FIGURE 10.9 Volume element in 


: ; r, =rsinð. 
spherical coordinates. z 


(It is a very common source of error in these kinds of calculations to omit the sine of the 
angle. You need to keep this in mind when you are using spherical coordinates.) 
Again, we first evaluate the integral for the mass: 


R| 20i a7 


M=p | av=p f| f| f sinoao\a6|r°ar 
V 0 


0\ 0 


R {27 


Thus, 


(i) 
Then we evaluate the integral for the moment of inertia in a similar way: 
I=p | av=p | f sin? odv 
V V 


R |2r| 7 


=o f f fiw 6d0\dd|r'dr 
0 


0 0 


Thus, 
I=p 2R, (ii) 
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Inserting the expression for the density from equation (i) into equation (ii) we obtain 


877 15 _ 3M 87 5 _ 2 MR. 


p 15 4rR 15 3 


Finally, note this important general observation: If R is the largest perpendicular dis- 
tance of any part of the rotating object from the axis of rotation, then the moment of inertia 
is always related to the mass of an object by 


I=cMR°,with0<c <1. (10.11) 


The constant c can be calculated from the geometrical configuration of the rotating object 
and always has a value between zero and one. The more the bulk of the mass is pushed 
toward the axis of rotation, the smaller the value of the constant c will be. If all the mass 
is located on the outer edge of the object, as in a hoop, for example, then c approaches 
the value 1. (Mathematically, this equation is a consequence of the mean value theorem, 
which you may have encountered in a calculus class.) For a cylinder rotating around its 
symmetry axis, Cey, = 7» and for a sphere, Csph = >, as we have seen. 

Various objects rotating about an axis that passes through the center of mass are 
shown in Figure 10.10. Table 10.1 gives the moment of inertia for each object as well as 
the constant c from equation 10.11, where applicable. 


Gr 
E. 


(a) (b) 


E. 


Ə 


E 


: 
2 > 


e) 

| 
N 

h) 


clo 
(d) 
| 
(g) 


( 
( 


FIGURE 10.10 Orientation of the axis of rotation passing through the center of mass and definition of dimensions for objects listed in 


Table 10.1. 
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EDGAR The Moment of Inertia and Value of Constant c for the Objects 
Shown in Figure 10.10. All Objects Have Mass M 


Object I E 
a) Solid cylinder or disk MR? 4 
b) Thick hollow cylinder or wheel +M(Rj +R) 

c) Hollow cylinder or hoop MR? 1 
d) Solid sphere 2MR* 2 
e) Hollow sphere 2MR* = 
f) Thin rod 4Mh’ 

g) Solid cylinder perpendicular to symmetry axis +MR? + 4Mh’ 

h) Flat rectangular plate 4M(a’ +b’) 

i) Flat square plate iMg’ 


EXAMPLE 10.1 | Rotational Kinetic Energy of Earth 


Assume that the Earth is a solid sphere of constant density, with mass 5.98 - 10°% kg and 
radius 6370 km. 


PROBLEM 
What is the moment of inertia of the Earth with respect to rotation about its axis, and 
what is the kinetic energy of this rotation? 


SOLUTION 
Since the Earth is to be approximated by a sphere of constant density, its moment of inertia is 
T=2MR’. 
Inserting the values for the mass and radius, we obtain 
T=2MR’ =2(5.98-10 kg)(6.37-10° my’ =9.71-10” kg m’. 
The angular frequency of Earth’s rotation is 


oe 27 2m 
lday 86,164 s 


=7.29-10° rad/s. 


(Note that we used the sidereal day here; see Example 9.3.) 
With the results for the moment of inertia and the angular frequency, we can find the 
kinetic energy of the Earth’s rotation: 


K= Ho’ =0.5(9.71-10” kg m”)(7.29-10-° rad/s)’ =2.6-10” J. 


Let’s compare this to the kinetic energy of Earths motion around the Sun. In Chapter 9, 
we calculated the orbital speed of Earth to be v = 2.97-10* m/s. Thus, the kinetic energy 
of Earth’s motion around the Sun is 


K= im’ =0.5(5.98-10” kg)(2.97-10* m/s)” =2.6-10” J, 


which is larger than the kinetic energy of rotation by a factor of 10,000. 


Parallel-Axis Theorem 


We have determined the moment of inertia for a rotation axis through the center of mass 
of an object, but what is the moment of inertia for rotation about an axis that does not pass 
through the center of mass? The parallel-axis theorem answers this question. It states that 
the moment of inertia, J for rotation of an object of mass M about an axis located a distance 
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d away from the object’s center of mass and parallel to an axis through the center of mass, 
for which the moment of inertia is Iw is given by 


cm? 


I) = Lem + Ma’. (10.12) 


DERIVATION 10.3 | Parallel-Axis Theorem 


For this derivation, consider the object in Figure 10.11. Suppose we have already calculat- 
ed the moment of inertia of this object for rotation about the z-axis, which passes through 
the center of mass of this object. The origin of the xyz-coordinate system is at the center 
of mass, and the z-axis is the rotation axis. Any axis parallel to the rotation axis can then 
be described by a simple shift in the xy-plane indicated in the figure by the vector d, with 
components d, and d,. 

If we shift the coordinate system in the xy-plane so that the new vertical axis, the z'-axis, 
coincides with the new rotation axis, then the transformation from the xyz-coordinates to 


the new x'y'z'-coordinates is given by 
x'=x-d,, y'=y-d,, z'=z. 
To calculate the moment of inertia of the object rotating about the new axis in the new 


coordinate system, we can simply use equation 10.6, the most general equation, which ap- 
plies to the case where the mass density is not constant: 


I = f (n¥pav. (i) 
Vv 


According to the coordinate transformation, 
(n° =Y +Y =x-d +(y-4,Y 
=x -2xd, +E +y -2yd, +d, 


=(x" + y’)+(d,+d;)-2xd, -2yd, 
=r +r -2xd, -2yd,. 


(Keep in mind that 7, lies in the xy-plane because of the way we constructed the coordi- 
nate system.) Now we substitute this expression for ry into equation (i) and obtain 


i= f0? pav 
V 


= f fpav+d f pdv-24, f xpav-2d, f ypav. 
V V V 


V 


(ii) 


The first integral in equation (ii) gives the moment of inertia for rotation about the center 
of mass, which we already know. The second integral is simply equal to the mass (compare 
equation 10.7). The third and fourth integrals were introduced in Chapter 8 and give the 
locations of the x- and y-coordinates of the center of mass. However, by construction, they 
equal zero, because we put the origin of the xyz-coordinate system at the center of mass. 
Thus, we obtain the parallel-axis theorem: 


I= Im + dM. 


Note that, according to equations 10.11 and 10.12, the moment of inertia with respect to 
rotation about an arbitrary axis parallel to an axis through the center of mass can be written as 


T=(cR? +d )M, with O<c<1. 


Here R is the maximum perpendicular distance of any part of the object from its axis of 
rotation through the center of mass, and d is the distance of the rotation axis from a parallel 
axis through the center of mass. 


FIGURE 10.11 Coordinates and dis- 
tances for the parallel-axis theorem. 


10.1 Self-Test Opportunity 


Show that the moment of inertia of 
a thin rod of mass m and length L 
rotating around one end is J = +mL’. 
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10.2 In-Class Exercise —, 


A bicycle is moving with a speed of 
4.02 m/s. If the radius of the front 
wheel is 0.450 m, how long does 

it take for that wheel to make a 
complete revolution? 


a) 0.703 s d) 4.04 s 

b) 1.23 s e) 6.78 s 

c) 2.34 s 
(o ~ 
y 


ic 


h 


FIGURE 10.12 Sphere rolling down an 
inclined plane. 


10.3 Rolling without Slipping 


Rolling motion is a special case of rotational motion that is performed by round objects 
of radius R that move across a surface without slipping. For rolling motion, we can con- 
nect the linear and angular quantities by realizing that the linear distance moved by the 
center of mass is the same as the length of corresponding arc of the object’s circumfer- 
ence. Thus, the relationship between the linear distance, r, traveled by the center of mass 
and the rotation angle is 


r= R60. 


Taking the time derivative and keeping in mind that the radius, R, remains constant, we 
obtain the relationships between linear and angular speeds and accelerations: 


v= Rw 
and 
a=Ra. 


The total kinetic energy of an object in rolling motion is the sum of its translational and 
rotational kinetic energies: 


K = Kang + Kio = env’ + Lar. (10.13) 
We can now substitute for w from v = Rw and for I from equation 10.11: 


K=im/’ +o 


2 
Hii Da 7 2 v 
PA +5 (cR m|] 
_1 271 2 
=Zmv + zm C= 
K=(1+c)im’, (10.14) 


where 0 < c < 1 is the constant introduced in equation 10.11. Equation 10.14 implies that 
the kinetic energy of a rolling object is always greater than that of an object that is sliding, 
provided they have the same mass and linear velocity. 

With an expression for the kinetic energy that includes the contribution due to rotation, 
we can apply the concept of conservation of total mechanical energy (the sum of kinetic and 
potential energy) that we applied in Chapter 6. 


SOLVED PROBLEM 10.1 | Sphere Rolling Down an Inclined Plane 


PROBLEM 

A solid sphere with a mass of 5.15 kg and a radius of 0.340 m starts from rest at a height 
of 2.10 m above the base of an inclined plane and rolls down without sliding under the 
influence of gravity. What is the linear speed of the center of mass of the sphere just as it 
leaves the incline and rolls onto a horizontal surface? 


SOLUTION 


THINK 

At the top of the incline, the sphere is at rest. At that point, the sphere has gravitation- 
al potential energy and no kinetic energy. As the sphere starts to roll, it loses potential 
energy and gains kinetic energy of linear motion and kinetic energy of rotation. At 
the bottom of the inclined plane, all of the original potential energy is in the form of 
kinetic energy. The kinetic energy of linear motion is linked to the kinetic energy of 
rotation through the radius of the sphere. 


SKETCH 
A sketch of the problem situation is shown in Figure 10.12 with the zero of the 
y-coordinate at the bottom of the incline. 
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RESEARCH 
At the top of the incline, the sphere is at rest and has zero kinetic energy. At the top, its 
energy is therefore its potential energy, mgh: 


E, 


op = Kiop H Utop = 0 H mgh= mgh, 

where m is the mass of the sphere, h is the height of the sphere above the horizontal 
surface, and g is the acceleration due to gravity. At the bottom of the incline, just as the 
sphere starts rolling onto the horizontal surface, the potential energy is zero. According 
to equation 10.14, the sphere has a total kinetic energy (sum of translational and rotation- 


al kinetic energy) of (1 + c)+mv’. Thus, the total energy at the bottom of the incline is 


E bottom = Kyottom Usottom al (1 c)--mv* +0= (1 T c)imv’. 


Because the moment of inertia of a sphere is I = 2mR? (see equation 10.10), the constant 
c has the value = in this case. 


SIMPLIFY 
Because of the conservation of energy, the energy at the top of the incline is equal to that 
at the bottom: 


mgh =(1+ c)imy’. 
Solving for the linear velocity gives us 
2gh 
Itc 


For a sphere, c = =, as noted above, and so the speed of the rolling object is in this case 


v= -a = 10 oh, 
1+2 \7 
CALCULATE 


Putting in the numerical values gives us 


v= [Losi m/s” )(2.10 m) =5.42494 m/s. 


ROUND 
Expressing our result with three significant figures leads to 


v=5.42 m/s. 


DOUBLE-CHECK 
If the sphere did not roll, but instead slid down the inclined plane without friction, the 
final speed would be 


v=,]2gh = Josi m/s” )(2.10 m) =6.42 m/s, 


which is faster than the speed we found for the rolling sphere. It seems reasonable that 
the final linear velocity of the rolling sphere would be somewhat less than the final linear 
velocity of the sliding sphere, because some of the initial potential energy of the rolling 
sphere is transformed into rotational kinetic energy. This energy is then not available to 
become kinetic energy of linear motion of the center of mass of the sphere. Note that we 
did not need the mass or radius of the sphere in this calculation. 


The formula derived in Solved Problem 10.1 for the speed of a rolling sphere at the 


bottom of the incline, 
y=, |, (10.15) 
I+c 
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FIGURE 10.13 Race of a sphere, a 
solid cylinder, and a hollow cylinder 

of the same mass and radius down an 
inclined plane. The frames were shot at 


intervals of 0.5 s. 


10.3 In-Class Exercise 


Suppose we repeat the race of 
Example 10.2, but let an unopened 
can of soda participate. In which 

place will the can finish? 


c) third 
d) fourth 


a) first 


b) second 


10.2 Self-Test Opportunity 


Can you explain why the can of soda 
finishes the race in the position de- 
termined in In-Class Exercise 10.3? 


is a rather general result. It can be applied to various situations in which potential gravitational 
energy is converted into translational and rotational kinetic energy of a rolling object. 

Galileo Galilei famously showed that the acceleration of an object in free fall is inde- 
pendent of its mass. This is also true for an object rolling down an incline, as we have just 
seen in Solved Problem 10.1, leading to equation 10.15. However, while the total mass of 
the rolling object does not matter, the distribution of mass within it does matter. Math- 
ematically, this is reflected in equation 10.15 by the fact that the constant c from equation 
10.11, which is calculated from the geometric distribution of the mass, appears in the 
denominator. The following example demonstrates clearly that the distribution of mass in 
rolling objects matters. 


EXAMPLE 10.2 | Race Down an Incline 


PROBLEM 

A solid sphere, a solid cylinder, and a hollow cylinder (a tube), all of the same mass m and 
the same outer radius R, are released from rest at the top of an incline and start rolling 
without sliding. In which order do they arrive at the bottom of the incline? 


SOLUTION 

We can answer this question by using energy considerations only. Since the total me- 
chanical energy is conserved for each of the three objects during its rolling motion, we 
can write for each object 


E=K+U=K,+U). 


The objects were released from rest, so Ky= 0. For the potential energy, we again use 
U = mgh, and for the kinetic energy, we use equation 10.14. Therefore, we have 


Kbottom = Utop > (1 t c) ; m? = mgh = 


_ |2gh 
1+c° 


which is the same formula as equation 10.15. 

We already noted that the mass of the object canceled out of this formula. However, 
we can make two additional important observations: (1) The radius of the rotating object 
does not appear in this expression for the linear velocity; and (2) the constant c that is de- 
termined by the distribution of the mass appears in the denominator. We already know the 
value of c for the three rolling objects: Csphere= $> Ceylinder = 7> ANd Cyype ~ 1. Since the constant 
for the sphere is the smallest, the sphere’s velocity for any given height h will be the largest, 
implying that the sphere will win the race. Physically, we see that since all three objects have 
the same mass and thus have the same change in potential energy, all final kinetic energies 
are equal. Thus, an object with a higher value of c will have relatively more of its kinetic en- 
ergy in rotation and therefore a lower translational kinetic energy and a lower linear speed. 
The solid cylinder will come in second in the race, followed by the tube. Figure 10.13 shows 
frames from a videotaped experiment that verify our conclusions. 


SOLVED PROBLEM 10.2 | Ball Rolling through a Loop 


A solid sphere is released from rest and rolls down an incline and then into a circular loop 
of radius R (see Figure 10.14). 


PROBLEM 
What is the minimum height h from which the sphere has to be released so that it does 
not fall off the track when in the loop? 
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Sho Ne MA No 


FIGURE 10.14 Sphere rolling down an incline and into a loop. The frames were shot at intervals of 0.25 s. 


SOLUTION 


THINK 

When released from rest at height h on the incline, the sphere has gravitational potential 
energy but no kinetic energy. As the sphere rolls down the incline and around the loop, 
gravitational potential energy is converted to kinetic energy. At the top of the loop, the 
sphere has dropped a distance h - 2R. The key to solving this problem is to realize that at 
the top of the loop, the centripetal acceleration has to be equal to or larger than the accel- 
eration due to gravity. (When these accelerations are equal, “weightlessness” of the object 
occurs, as shown in Solved Problem 9.1. When the centripetal acceleration is greater, 
there must be a downward supporting force, which the track can supply. When the cen- 
tripetal acceleration is less, there must be an upward supporting force, which the track 
cannot supply, so the sphere falls off the track.) What is unknown here is the speed v at 
the top of the loop. We can again employ energy conservation considerations to calculate 
the minimum velocity required and then find the minimum starting height required for 
the sphere to remain on the track. 


SKETCH 


A sketch of the sphere rolling on the incline and loop is shown in Figure 10.15. 


RESEARCH 

When the sphere is released, it has potential energy U, = mgh and zero kinetic energy. At 
the top of the loop, the potential energy is U = mg2R, and the total kinetic energy is, ac- 
cording to equation 10.14, K = (1 + c)+mv’, where Csphere = +. Thus, conservation of total 
mechanical energy tells us that 


E=K+U=(1+c)imv* +mg2R = K, +U, =mgh. (i) 


At the top of the loop, the centripetal acceleration, a, has to be equal to or larger than the 
acceleration due to gravity, g: 


ga = ry (ii) 
SIMPLIFY 
We can solve equation (i) for v’: 
v= 2g(h-2R) 
l+c 


If we then substitute this expression for v? into equation (ii), we find 
<2 g(h-2R) 
~ R(1+c) 
Multiplying both sides of this equation by the denominator of the fraction on the right 
side leads to 
R(1+c)<2h-4R. 
Therefore, we have 


h> ote R. 
2 Continued— 


FIGURE 10.15 Sphere rolling on an 


incline and a loop. 
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CALCULATE 
This result is valid for any rolling object, with the constant c determined from the object's 
geometry. In this problem, we have a solid sphere, so c = 2. Thus, the result is 


5+2 
h>—R=2R. 
2 10 
ROUND 


This problem situation was described in terms of variables rather than numerical values, 
so we can quote our result exactly as 


h>27R. 


DOUBLE-CHECK 
If the sphere were not rolling but sliding without friction, we could equate the kinetic en- 
ergy of the sphere at the top of the loop with the change in gravitational potential energy: 
Lyss 
5m = mg(h -2R). 


We could then express the inequality between gravitational and centripetal acceleration 
given in equation (ii) as follows: 


2 
v“ 2g(h—2R) 
EE AA 
Esa R 
Solving this equation for h gives us 
h> oR =2.5R. 


This required height for a sliding sphere is slightly lower than the height we found for a 
rolling sphere. We would expect that less energy, in the form of gravitational potential 
energy, would be required to keep the sphere on the track if it were not rolling because 
its kinetic energy would be entirely translational. Thus, our result for keeping a rolling 
sphere on the loop seems reasonable. 


10.4 | Torque 


So far, in discussing forces, we have seen that a force can cause linear motion of an object, 
which can be described in terms of the motion of the center of mass of the object. However, we 
have not addressed one general question: Where are the force vectors acting on an extended 
object placed in a free-body diagram? A force can be exerted on an extended object at a point 
away from its center of mass, which can cause the object to rotate as well as move linearly. 


Moment Arm 


Consider the hand attempting to use a wrench to loosen a bolt in Figure 10.16. It is clear that 
it will be easiest to turn the bolt in Figure 10.16c, quite a bit harder in Figure 10.16b, and 


| 


(a) (b) (c) (d) 


FIGURE 10.16 (a-c) Three ways to use a wrench to loosen a bolt. (d) The force F and moment arm 
r, with the angle 0 between them. 


downright impossible in Figure 10.16a. This example shows that the magnitude of the force is 
not the only relevant quantity. The perpendicular distance from the line of action of the force to 
the axis of rotation, called the moment arm, is also important. In addition, the angle at which 
the force is applied, relative to the moment arm, matters as well. In parts (b) and (c) of Figure 
10.16, this angle is 90°. (An angle of 270° would be just as effective, but then the force would act 
in the opposite direction.) An angle of 180° or 0° (Figure 10.16a) will not turn the bolt. 

These considerations are quantified by the concept of torque, 7. Torque (also called 
moment) is the vector product of the force F and the position vector F : 

7=7xF. (10.16) 

The position vector 7 is measured with the origin at the axis of rotation. The symbol x denotes 
the vector product, or cross product. In Section 5.4, we saw that we can multiply two vectors 
to yield a scalar quantity called the scalar product, denoted with the symbol e. Now we define 
a different multiplication of two vectors in such a way that the result is another vector. 

The SI unit of torque is N m, not to be confused with the unit of energy, which is the 
joule (J = N m) 

[7]=[F]-[r]=Nm. 


In English units, torque is often expressed in foot-pounds (ft-lb). 

The magnitude of the torque is the product of the magnitude of the force and the distance 
to the axis of rotation (the magnitude of the position vector, or the moment arm) times the 
sine of the angle between the force vector and the position vector (see Figure 10.17): 


T=rF sind. (10.17) 


Angular quantities can also be vectors, called axial vectors. (An axial vector is any vec- 
tor that points along the rotation axis.) Torque is an example of an axial vector, and its 
magnitude is given by equation 10.17. The direction of the torque is given by a right-hand 
rule (Figure 10.17). The torque points in a direction perpendicular to the plane spanned by 
the force and position vectors. Thus, if the position vector points along the thumb and the 
force vector points along the index finger, then the direction of the axial torque vector is 
the direction of the middle finger, as shown in Figure 10.17. Note that the torque vector is 
perpendicular to both the force vector and the position vector. 


| Mathematical Insert: Vector Product 


The vector product (or cross product) between two vectors A= (A,,A,,A, )and B= (B, B,,B,) 
is defined as 


C=AxB 

C, = A,B, - A,B, 

C, = A,B, - A,B, 

C; = A,B, = A,B, 

In particular, for the vector products of the Cartesian unit vectors, this definition implies 

żxĵ=2 
pxz=x 
ZXX=/. 


The absolute magnitude of the vector C is given by 
čl- lällöļsino. 


Here 0 is the angle between A and B, as shown in Figure 10.18. This result implies that the 
magnitude of the vector product of two vectors is at its maximum when A L B and is zero 
when A||B. We can also interpret the right-hand side of this equation as either the product 
of the magnitude of vector A times the component of B perpendicular to A or the product 
of the magnitude of B times the component of A perpendicular to B: Ic | = Jalg Wi |B|A LB 
Either interpretation is valid. 
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FIGURE 10.17 Right-hand rule for 
the direction of the torque for a given 
force and position vector. 


FIGURE 10.18 Vector product. 
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10.4 In-Class Exercise — 


| 


Choose the combination of position 
vector, F. and force vector, F, that 
produces the torque of highest 
magnitude around the point indi- 
cated by the black dot. 


(a) (b) (c) 
2 F F 
ER) j `- _4 
r r r 


(d) (e) (f) 


The direction of the vector C can be found using the right-hand rule: If vector A points 
along the direction of the thumb and vector B points along the direction of the index finger, 
then the vector product is perpendicular to both vectors and points along the direction of 
the middle finger, as shown in Figure 10.18. 

It is important to realize that for the vector product, the order of the factors matters: 


Bx A=- AxB. 
Thus, the vector product differs from both regular multiplication of scalars and multiplica- 
tion of vectors to form a scalar product. 


We'll see immediately from the definition of the vector product that for any vector A, 
the vector product with itself is always zero: 


AxA=0. 
Finally, there is a handy rule for a double vector product involving three vectors: The 
vector product of the vector A with the vector product of the vectors B and C is the sum of 


two vectors, one pointing in the direction of the vector Band multiplied by the scalar product 
AeC and another one pointing in the direction of the vector C and multiplied by — A+B: 


Ax(BxC)= B(A+C)-C(AsB). 
This BAC-CAB rule is straightforward to prove using the Cartesian components in the defini- 


tions of the vector product and the scalar product, but the proof is cumbersome and thus omit- 
ted here. However, the rule occasionally comes in handy, in particular when dealing with torque 


and angular momentum. And the mnemonic BAC-CAB makes it fairly easy to remember. | 


With the mathematical definition of the torque, its magnitude, and its relation to the 
force vector, the position vector, and their relative angle, we can understand why the approach 
shown in part (c) of Figure 10.16 yields maximum torque for a given magnitude of the force, 
whereas that in part (a) yields zero torque. We see that the magnitude of the torque is the 
decisive factor in determining how easy or hard it is to loosen (or tighten) a bolt. 

Torques around any fixed axis of rotation can be clockwise or counterclockwise. As 
indicated by the force vector in Figure 10.16d, the torque generated by the hand pulling on 
the wrench would be counterclockwise. The net torque is defined as the difference between 
the sum of all clockwise torques and the sum of all counterclockwise torques: 


net 7 ) Tcounterclockwise,i = ) T clockwise, j 


: 
i j 


10.5 Newton’s Second Law for Rotation 


In Section 10.1, we noted that moment of inertia I is the rotational equivalent of mass. From 
Chapter 4, we know that the product of the mass and the linear acceleration is the net force 
acting on the object, as expressed by Newton’s Second Law, F e = ma. What is the equiva- 
lent of Newton's Second Law for rotational motion? 

Let’s start with a point particle of mass M moving in a circle around an axis at a distance 
R from the axis. If we multiply the moment of inertia for rotation about an axis parallel to 
the center of mass by the angular acceleration, we obtain 


Ta =(R’M)a = RM(Ra) = RMa= RE 


net’ 


To obtain this result, we first used equation 10.11 with c = 1, then the relationship between 
angular and linear acceleration for motion on a circle, and then Newtons Second Law. Thus, 
the product of the moment of inertia and the angular acceleration is proportional to the product 
ofa distance quantity and a force quantity. In Section 10.4, we saw that this product is a torque, 
T. Thus, we can write the following form of Newton's Second Law for rotational motion: 


T=Ia. (10.18) 


Combining equations 10.16 and 10.18 gives us 


7=7XEy =1a. 


(10.19) 
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This equation for rotational motion is analogous to Newton's Second Law, F =m, for linear 
motion. Figure 10.19 shows the relationship between force, position, torque, and angular 
acceleration for a point particle moving around an axis of rotation. Note that, strictly speak- 
ing, equation 10.19 holds only for a point particle in circular orbit. It seems plausible that 
this equation holds for a moment of inertia for an extended object in general, but we have 
not proven it. Later in this chapter, we will come back to this equation. 

Newton's First Law stipulates that in the absence of a net force, an object experiences 
no acceleration and thus no change in velocity. The equivalent of Newton's First Law for 
rotational motion is that an object experiencing no net torque has no angular acceleration 
and thus no change in angular velocity. In particular, this means that for objects to remain 
stationary, the net torque on them has to be zero. We will return to this statement in Chap- 
ter 11, where we investigate static equilibrium. 

Now, however, we can use the rotational form of Newton's Second Law (equation 10.19) 
to solve interesting problems of rotational motion, such as the following one. 


EXAMPLE 10.3 | Toilet Paper 


This may have happened to you: You are trying to put a new roll of toilet paper into its 
holder. However, you drop the roll, managing to hold onto just the first sheet. On its way 
to the floor, the toilet paper roll unwinds, as Figure 10.20a shows. 


PROBLEM 

How long does it take the roll of toilet paper to hit the floor, if it was released from a 
height of 0.73 m? The roll has an inner radius R}, = 2.7 cm, an outer radius R, = 6.1 cm, 
and a mass of 274 g. 


SOLUTION 

For the falling roll of toilet paper, the acceleration is a, = -g, and in Chapter 2, we saw 
that for free fall from rest, the position as a function of time is given in general as y = yọ 
+ vot - 4gt’. In this case, the initial velocity is zero; therefore, y = yọ - 4gt’. If we put the 
origin at floor level, then we have to find the time at which y = 0. This implies yọ = 4gt? 
for the time it takes the roll to hit the floor. Therefore, the time it would take for the roll 
in free fall to hit the floor is 


tree = 2 ja =0.386 s. (i) 
g 9.81 m/s 


However, since you hold onto the first sheet and the toilet paper unwinds on the way 
down, the roll of toilet paper is rolling without slipping (in the sense in which this was 
defined earlier). Therefore, the acceleration will be different from the free-fall case. Once 
we know the value of this acceleration, we can use a formula relating the initial height and 
fall time similar to equation (i). 

How do we calculate the acceleration that the toilet paper experiences? Again, we 
start with a free-body diagram. Figure 10.20b shows the toilet paper roll in side view and 
indicates the forces due to gravity, F, =mg(—y), and to the tension from the sheet that is 
held by the hand, T = Ty. Newton's Second Law then allows us to relate the net force act- 
ing on the toilet paper to the acceleration of the roll: 


T-mg=may,. (ii) 


The tension and the acceleration are both unknown, so we need to find a second equation 
relating these quantities. This second equation can be obtained from the rotational mo- 
tion of the roll, for which the net torque is the product of the moment of inertia and the 
angular acceleration: T = Ia. The moment of inertia of the roll of toilet paper is that of a 
hollow cylinder, I = +m(R,’+ R,”), which is equation 10.9. 

We can again relate the linear and angular accelerations via a, = Ræ, where R, is 


y 
the outer radius of the roll of toilet paper. We need to specify which direction is positive 


Continued— 


Axis of rotation 


FIGURE 10.19 A force exerted on a 


point particle creates a torque. 


| 
R, \ 
Rı 
Fy 
(a) 


FIGURE 10.20 (a) Unrol v toilet 
paper. (b) Free-body diagram of the roll 
of toilet paper. 
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(a) (b) 


FIGURE 10.21 (a) Yo-yo. (b) Free- 
body diagram of the yo-yo. 


for the angular acceleration—otherwise, we could get the sign wrong and thus obtain a false 
result. To be consistent with the choice of up as the positive y-direction, we need to select 
counterclockwise rotation as the positive angular direction, as indicated in Figure 10.20b. 

For the torque about the axis of symmetry of the roll of toilet paper, we have 7 = -R,T, 
with the sign convention for positive angular acceleration that we just established. The force 
of gravity does not contribute to the torque about the axis of symmetry, because its moment 
arm has a length of zero. Newton’s Second Law for rotational motion then leads to 


T=la 
1 2 2 ay 
-RT =| Lm +R) > 
2 


Ri 
1+ 


-T=1m 
2 R 


ay. (iii) 


Equations (ii) and (iii) form a set of two equations for the two unknown quantities T and a. 
Adding them results in 


-mg=1m 


3 ay +ma,. 


R2 
e 
R2 


The mass of the roll of toilet paper cancels out, and we find for the acceleration 


3 R 
2 
2 2R5 
Using the given values for the inner radius, R, = 2.7 cm and the outer radius, R, = 6.1 cm, 
we find the value of the acceleration: 


2 
z= l mys =-6.14 m/s’. 


3 (2.7 cmy 
2 2(6.1 cm) 


ay 


Inserting this value for the acceleration into a formula for the fall time that is analogous 
to equation (i) gives our answer 


= fa - 02 m) 0488s. 


-a, \ 6.14 m/s* 


This is approximately 0.1 s longer than the time for the free-falling roll of toilet paper 
released from the same height. 


DISCUSSION 

Note that we assumed that the outer radius of the roll of toilet paper did not change as the 
paper unwound. For the short distance of less than 1 m, this is justified. However, if we 
wanted to calculate how long it took for the toilet paper to unwind over a distance of, say, 
10 m, we would need to take the change in outer radius into account. Of course, then we 
would also need to take into account the effect of air resistance! 


As an extension of Example 10.3, we can consider a yo-yo. A yo-yo consists of two 
solid disks of radius R,, with a thin smaller disk of radius R, mounted between them, and 
a string wound around the smaller disk (see Figure 10.21). For the purpose of this analysis, 
we can consider the moment of inertia of the yo-yo to be that of a solid disk with radius R,: 
I = 4mR3, The free-body diagrams of Figure 10.20b and Figure 10.21b are almost identical, 
except for one detail: For the yo-yo, the string tension acts on the surface at the inner radius 


10.5 Newton's Second Law for Rotation 


R,, as opposed to the outer radius R,, as was the case for the roll of toilet paper. This implies 
that the angular and linear accelerations for the yo-yo are proportional to each other, with 
proportionality constant R, (instead of R, as for the roll). Thus, the torque for the yo-yo 
rolling without slipping along the string is 


a 
T=Ia=>—TR, =(£mR?)— 
1 TVX R, 


It is instructive to compare this equation to -T = ¿m(1 + Ry/R3) ay, which we derived in 
Example 10.3 for the roll of toilet paper. They look very similar, but the ratio of the radii is 
different. On the other hand, the equation derived from Newton’s Second Law (for transla- 
tion) is the same in both cases: 


T-mg=may,. 


Adding this equation and the equation for the torque of the yo-yo yields the acceleration 
of the yo-yo: 


mg =ma, 4 laia 
ra p 
Ri 
2 
— g 7 2Ri 
y Ip 
jp1R2 2RI+R3 
252 
Ri 


For example, if R,= 5R,, the acceleration of the yo-yo is 


ay = £E £ =-0.727 m/s’. 
1+5(25) 13.5 


Atwood Machine 


Chapter 4 introduced an Atwood machine, which consists of two weights with masses 
m, and m, connected by a string or rope, which is guided over a pulley. The machines 
we analyzed in Chapter 4 were subject to the condition that the rope glides without 
friction over the pulley so that the pulley does not rotate (or, equivalently, that the 
pulley is massless). In such cases, the common acceleration of the two masses is a = p 
g(m, - m,)/(m; + m,). With the concepts of rotational dynamics, we can take another 
look at the Atwood machine and consider the case where friction occurs between the 
rope and the pulley, causing the rope to turn the pulley without slipping. af fe 
In Chapter 4, we saw that the magnitude of the tension, T, is the same everywhere 
in a string. However, now friction forces are involved to keep the string attached to 
the pulley, and we cannot assume that the tension is constant. Instead, the string ten- 
sion is separately determined in each segment of the string from which one of the two 
masses hang. Thus, there are two different string tensions, T, and T,, in the free-body (a) 


mı 
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diagrams for the two masses (as shown in Figure 10.22b). Just as in Chapter 4, apply- FIGURE 10.22 Atwood machine: (a) 


ing Newton's Second Law individually to each free-body diagram leads to 
-T +mg=ma (10.20) 
T, —m,g = m,a. (10.21) 


Here again we used the (arbitrary) sign convention that a positive acceleration (a > 0) is one 
for which m, moves downward and m, upward. This convention is indicated in the free- 
body diagrams by the direction of the positive y-axis. 

Figure 10.22b also shows a free-body diagram for the pulley, but it includes only the 
forces that can cause a torque: the two string tensions, T, and T,. The downward force of 
gravity and the upward force of the support structure on the pulley are not shown. The 
pulley does not have translational motion, so all forces acting on the pulley add up to zero. 


physical setup; (b) free-body diagrams. 
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However, a net torque does act on the pulley. According to equation 10.17, the magnitude 
of the torque due to the string tensions is given by 


T =7, -T = RT, sin 90° - RT, sin90° = R(T, - T3). (10.22) 


These two torques have opposite signs, because one is acting clockwise and the other coun- 
terclockwise. According to equation 10.18, the net torque is related to the moment of inertia 
of the pulley and its angular acceleration by 7 = Ia. The moment of inertia of the pulley (mass 
of m,) is that of a disk: I = zm,R°. Since the rope moves across the pulley without slipping, 
the acceleration of the rope (and masses m, and m,) is related to the angular acceleration via 
a = a/R, just like the correspondence established in Chapter 9 between linear and angular 
acceleration for a point particle moving on the circumference of a circle. Inserting the expres- 
sions for the moment of inertia and the angular acceleration results in 7 = Ia = (¢m,R°)(a/ R). 
Substituting this expression for the torque into equation 10.22 we find 


a 
R(T, -=r mR E> 
T-T =}ma. (10.23) 


Equations 10.20, 10.21, and 10.23 form a set of three equations for three unknown quanti- 
ties: the two values of the string tension, T, and T,, and the acceleration, a. The easiest way 
to solve this system for the acceleration is to add the equations. We then find 


mg-mg=(m +m, + 5m, a= 


a=— 1" g (10.24) 
m +m, + >My, 


Note that equation 10.24 matches the equation for the case of a massless pulley (or the case in 
which the rope slides over the pulley without friction), except for the additional term of 4m, 
in the denominator, which represents the contribution of the pulley to the overall inertia of 
the system. The factor 4 reflects the shape of the pulley, a disk, because c = + for a disk in the 
relationship between moment of inertia, mass, and radius (equation 10.11). 

Thus, we have answered the question of what happens when a force is exerted on an 
extended object some distance away from its center of mass: The force produces a torque as 
well as linear motion. This torque leads to rotation, which we left out of our original con- 
siderations of the result of exerting a force on an object because we assumed that all forces 
acted on the center of mass of the object. 


10.6 Work Done by a Torque 


In Chapter 5, we saw that the work W done by a force F is given by the integral 
we | R(x/ax’ 


We can now consider the work done by a torque 7. 

Torque is the angular equivalent of force. The angular equivalent of the linear displace- 
ment, dř, is the angular displacement, dË. Since both the torque and the angular displace- 
ment are axial vectors and point in the direction of the axis of rotation, we can write their 
scalar product as 7+d6 = rd@. Therefore, the work done by a torque is 


0 
W= f 7(0')do’. (10.25) 
4 


For the special case where the torque is constant and thus does not depend on 6, the integral 
of equation 10.25 simply evaluates to 


W=7(0-6). (10.26) 


Chapter 5 also presented the first version of the work-kinetic energy theorem: AK = K - Ky 
= W. The rotational equivalent of this work-kinetic energy relationship can be written with 
the aid of equation 10.3 as follows: 


2 2 

AK=K-K,=7Iw - Ha% =W. (10.27) 
For the case of a constant torque, we can use equation 10.26 and find the work-kinetic 
energy theorem for constant torque: 


How- Hag =7(0-0). (10.28) 


EXAMPLE 10.4 | Tightening a Bolt 


PROBLEM 

What is the total work required to completely tighten the bolt shown in Figure 10.23? The 
total number of turns is 30.5, the diameter of the bolt is 0.860 cm, and the friction force 
between the nut and the bolt is a constant 14.5 N. 


SOLUTION 
Since the friction force is constant and the diameter of the bolt is constant, we can calcu- 
late directly the torque needed to turn the nut: 


T=Fr= 3Fd = 1(14.5 N)(0.860 cm) =0.0623N m. 


In order to calculate the total work required to completely tighten the bolt, we need to 
figure out the total angle. Each turn corresponds to an angle of 27 rad, so the total angle 
in this case is AO = 30.5(27r) = 191.6 rad. 

The total work required is then obtained by making use of equation 10.26: 


W =7A0=(0.0623 N m)(191.6) =11.9 J. 


As you can see, figuring out the work done is not very difficult with a constant torque. 
However, in many physical situations, the torque cannot be considered to be constant. The 
next example illustrates such a case. 


EXAMPLE 10.5 | Driving a Screw 


The friction force between a drywall screw and wood is proportional to the contact area 
between the screw and the wood. Since the drywall screw has a constant diameter, this 
means that the torque required for turning the screw increases linearly with the depth 
that the screw has penetrated into the wood. 


PROBLEM 

Suppose it takes 27.3 turns to screw a drywall screw completely into a block of wood 
(Figure 10.24). The torque needed to turn the screw increases linearly from zero at the 
beginning to a maximum of 12.4 N m at the end. What is the total work required to drive 
in the screw? 


SOLUTION 

Clearly, the torque is a function of the angle in this situation and is not constant anymore. 

Thus, we have to use the integral of equation 10.25 to find our answer. First, let us calculate 

the total angle, Oota» that the screw turns through: biota = 27.3(27) =171.5 rad. Now we 

need to find an expression for 7(0). A linear increase with 0 from zero to 12.4 N m means 
12.4 Nm 


7(6) =9 2m. = 9 = N™ _ (0.0723 N m). 
Oo 1715 
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FIGURE 10.23 Tightening a bolt. 


FIGURE 10.24 Driving a drywall 
screw into a block of wood. 
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10.5 In-Class Exercise 


If you want to reduce the torque 
required to drive in a screw, you can 
rub soap on the thread beforehand. 
Suppose the soap reduces the coef- 
ficient of friction between the screw 
and the wood by a factor of 2 and 
therefore reduces the required torque 
by a factor of 2. How much does it 
change the total work required to 
turn the screw into the wood? 


a) It leaves the work the same. 


b) It reduces the work by a factor 
of 2. 


c) It reduces the work by a factor 
of 4. 


10.6 In-Class Exercise 


If you get tired before you finish 
driving in the screw and you man- 
age to screw it in only halfway, 
how does this change the total 
work you have done? 


a) It leaves the work the same. 


b) It reduces the work by a factor 
of 2. 


c) It reduces the work by a factor 
of 4. 


m mı 


Á 


(a) (b) 


FIGURE 10.25 One more Atwood ma- 
chine: (a) initial positions; (b) positions 


after the weights move a distance h. 


Now we can evaluate the integral as follows: 


Crotal Orotal Qiotal 


w= f =(0)ao'= o'ma 46" = o do’ == 1¢[™ = L T nax botat 


0 total Crotal Crotal 


Inserting the numbers, we obtain 


W= 302 4 N m)(171.5 rad)=1.06 kJ. 


3 Tmax Protal = ~ 


SOLVED PROBLEM 10.3 [Atwood Machine 
(REE EE ALLE 


PROBLEM 

Two weights with masses m; = 3.00 kg and m, = 1.40 kg are connected by a very light rope 
that runs without sliding over a pulley (solid disk) of mass m, = 2.30 kg. The two masses 
initially hang at the same height and are at rest. Once released, the heavier mass, m, de- 
scends and lifts up the lighter mass, m,. What speed will m, have at height h = 0.16 m? 


SOLUTION 


THINK 

We could try to calculate the acceleration of the two masses and then use kinematic equa- 
tions to relate this acceleration to the vertical displacement. However, we can also use 
energy considerations, which will lead to a fairly direct solution. Initially, the two hang- 
ing masses and the pulley are at rest, so the total kinetic energy is zero. We can choose a 
coordinate system such that the initial potential energy is zero, and thus the total energy 
is zero. As one of the masses is lifted, it gains gravitational potential energy, and the other 
mass loses potential energy. Both masses gain translational kinetic energy, and the pulley 
gains rotational kinetic energy. Since the kinetic energy is proportional to the square of 
the speed, we can then use energy conservation to solve for the speed. 


SKETCH 

Figure 10.25a shows the initial state of the Atwood machine with both hanging masses at 
the same height. We decide to set that height as the origin of the vertical axis, thus ensur- 
ing that the initial potential energy, and therefore the total initial energy, is zero. Figure 
10.25b shows the Atwood machine with the masses displaced by h. 


RESEARCH 
The gain in gravitational potential energy for m, is U, = mgh. At the same time, m; is 
lowered the same distance, so its potential energy is U, = -m,gh. The kinetic energy of m, 
is K, = 4m,v’, and the kinetic energy of m, is K,= +m,v’. Note that the same speed, v, is 
used in the energy expressions for the two masses. This equality is assured, because a rope 
connects them. (We assume that the rope does not stretch.) 

What about the rotational kinetic energy of the pulley? The pulley is a solid disk with 
a moment of inertia given by I = =m,R° and a rotational kinetic energy given by K,= Ho’. 
Since the rope runs over the pulley without slipping and also moves with the same speed as 
the two masses, points on the surface of the pulley also have to move with that same linear 
speed, v. Just as for a rolling solid disk, the linear speed is related to the angular speed via wR 
= v. Thus, the rotational kinetic energy of the pulley is 


K. =œ =1(4m,R?\@* =1m 
r 2 2\2 P 4 


Now we can write down the total energy as the sum of the potential and translational and 
rotational kinetic energies. This overall sum has to equal zero, because that was the initial 
value of the total energy and energy conservation applies: 


0=U, +U,+K,+K,+K, 


Tr 


2 
Lmv 4 


=-mgh+m,gh+- 


SIMPLIFY 
We can rearrange the preceding equation to isolate the speed, v: 


(m -m )gh=(4m +4m,+4m,v* > 
CALCULATE 


pe 2(m, -m,)gh (i) 
m, +m, +m, 
Now we insert the numbers: 
2 
y- {2.00 kg ~ 1.40 kg)(9.81 m/s? )(0.16 m) _ 5 951317 m/s. 
3.00 kg + 1.40 kg + 1(2.30 kg) 
ROUND 


The displacement h was given with the least precision, to two digits, so we round our 
result to 


v=0.95 m/s. 


DOUBLE-CHECK 
The acceleration of the masses is given by equation 10.24, which we developed in Section 


10.5 in discussing the Atwood machine: 
m;-m2 
m+m +m, l 


(ii) 


Chapter 2 presented kinematic equations for one-dimensional linear motion. One of 
these, which relates the initial and final speeds, the displacement, and the acceleration, 
now comes in handy: 


y? =v +2a(y- y). 


Here v = 0 and y - yy = h. Then, inserting the expression for a from equation (ii) leads 


to our result 
= Am, — 
tae ™ ma gh>v= (1m -m)gh : 
m, +m, +>m, m, +m, +m, 


This equation for the speed is identical to equation (i), which we obtained using energy 
considerations. The effort it took to develop the equation for the acceleration makes it 
clear that the energy method is the quicker way to proceed. 


greener ee 
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10.7 Angular Momentum 


Although we have discussed the rotational equivalents of mass (moment of inertia), veloc- 
ity (angular velocity), acceleration (angular acceleration), and force (torque), we have not 
yet encountered the rotational analogue to linear momentum. Since linear momentum is 
the product of an object's velocity and its mass, by analogy, the angular momentum should 
be the product of angular velocity and moment of inertia. In this section, we will find that 
this relationship is indeed true for an extended object with a fixed moment of inertia. How- 
ever, to reach that conclusion, we need to start from a definition of angular momentum for 
a point particle and proceed from there. 


Point Particle 


The angular momentum, L, of a point particle is the vector product of its position and 
momentum vectors: 


L=?xp. (10.29) 


336 Chapter 10 Rotation 


FIGURE 10.26 Right-hand rule for 
the direction of the angular momentum 
vector: The thumb is aligned with the 
position vector and the index finger 
with the momentum vector; then the 
angular momentum vector points along 
the middle finger. 


Zz 


FIGURE 10.27 The angular momen- 
tum of a point particle. 


Because the angular momentum is defined as L =F x p and the torque is defined as 7 =F x F, 
statements can be made about angular momentum that are similar to those made about 
torque in Section 10.4. For example, the magnitude of the angular momentum is given by 


L=rpsin0, (10.30) 


where 0 is the angle between the position and momentum vectors. Also, just like the direction 
of the torque vector, the direction of the angular momentum vector is given by a right-hand 
rule. Let the thumb of the right hand point along the position vector, 7, of a point particle and 
the index finger point along the momentum vector, p, then the middle finger will indicate 
the direction of the angular momentum vector L (Figure 10.26). As an example, the angular 
momentum vector of a point particle located in the xy-plane is illustrated in Figure 10.27. 
With the definition of the angular momentum in equation 10.29, we can take the time 


derivative: 
(žre | Pial) ' (F xF). 


To take the derivative of the vector product, we apply the product rule of calculus. The term 
y x p is always zero, because 7 || p. Also, from equation 10.16, we know that F x F =7. Thus, 
we obtain for the time derivative of the angular momentum vector: 


p das 
L= = 
a ar 


—L=T. (10.31) 


The time derivative of the angular momentum vector for a point particle is the torque vector 
acting on that point particle. This result is again analogous to the linear motion case, where 
the time derivative of the linear momentum vector is equal to the force vector. 

The vector product allows us to revisit the relationship between the linear velocity vector, 
the coordinate vector, and the angular velocity vector, which was introduced in Chapter 9. For 
circular motion, the magnitudes of those vectors are related via w = v/r, and the direction of @ 
is given by a right-hand rule. Using the definition of the vector product, we can write @ as 
rxv 


2 
r 


O= (10.32) 


Comparing equations 10.29 and 10.32 reveals that the angular momentum and angular 
velocity vectors for the point particle are parallel, with 
L=6-(mr’). (10.33) 


The quantity mr’ is the moment of inertia of a point particle orbiting the axis of rotation at 
a distance r. 


System of Particles 


It is straightforward to generalize the concept of angular momentum to a system of n point 
particles. The total angular momentum of the system of particles is simply the sum of the 
angular momenta of the individual particles: 


n n n 
b=) L=) 7p) aX, (10.34) 
i=l i=1 i=1 


Again, we take the time derivative of this sum of angular momenta in order to obtain the 
relationship between the total angular momentum of this system and the torque: 


d- d|“ -| dl. - Ad o - 
Cit D =< Sox B= yg XB 


i=l i=1 i=l 


-3> (ža xh ti Zaai DA te 
ae 


iy 
Equals y, E 


M—\.——_, See 
Equals zero, because v,||p, 


As expected, we find that the time derivative of the total angular momentum for a system 
of particles is given by the total net external torque acting on the system. It is important to 


keep in mind that this is the net external torque due to the external forces, E. 


Rigid Objects 

A rigid object will rotate about a fixed axis with an angular velocity @ that is the same for 
every part of the object. In this case, the angular momentum is proportional to the angular 
velocity, and the proportionality constant is the moment of inertia: 


L=I@. (10.35) 


DERIVATION 10.4 | Angular Momentum of a Rigid Object 


Representing the rigid object by a collection of point particles allows us to use the results of the 

preceding subsection as a starting point. In order for point particles to represent the rigid ob- 

ject, their relative distances from one another must remain constant (rigid). Then all of these 

point particles rotate with a constant angular velocity, œ, about the common rotation axis. 
From equation 10.34, we obtain 


n n n 
= = os T 
L= ) L= ) MG, XV; = ) m;t O. 
i=1 i=1 i=1 


In the last step, we have used the relationship between the angular velocity and the vec- 
tor product of the position and linear velocity vectors for point particles, equation 10.32, 
where r;, is the orbital radius of the point particle i. Note that the angular velocity vector 
is the same for all point particles in this rigid object. Therefore, we can move it out of the 


sum as a common factor: n 
Foa 2 
L=@ > Mf) - 
i=l 


We can identify this sum as the moment of inertia of a collection of point particles; see 
equation 10.4. Thus, we finally have our result: 


L=Io. 


For rigid objects, just like for point particles, the direction of the angular momentum 
vector is the same as the direction of the angular velocity vector. Figure 10.28 shows the right- 
hand rule used to determine the direction of the angular momentum vector (arrow along the 
direction of the thumb) as a function of the sense of rotation (direction of the fingers). 


EXAMPLE 10.6 | Golf Ball 


PROBLEM 
What is the magnitude of the angular momentum of a golf ball (m = 4.59-10° kg, R = 
2.13-10-’m) spinning at 4250 rpm (revolutions per minute) after a good hit with a driver? 


SOLUTION 
First, we need to find the angular velocity of the golf ball, which involves use of the con- 
cepts introduced in Chapter 9. 


w= 27 f =27(4250 min) =27(4250/60 s') = 445.0 rad/s. 
The moment of inertia of the golf ball is 


T=2mR? =0.4(4.59-107 kg)(2.13-107 my =8.33-10° kg m’. 
Continued— 
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10.3 Self-Test Opportunity 


Can you show that internal torques 
(those due to internal forces 
between particles in a system) do 
not contribute to the total net 
torque? (Hint: Use Newton’s Third 
Law, = as Fi i+) 


(b) 


FIGURE 10.28 (a) Right-hand 

rule for the direction of the angular 
momentum (along the thumb) as a 
function of the direction of rotation 
(along the fingers). (b) The momentum 
and position vectors of a point particle 
in circular motion. 
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FIGURE 10.29 Toy gyroscopes. 


The magnitude of the angular momentum of the golf ball is then simply the product of 
these two numbers: 


L=(8.33-10% kg m”)(445.0 s')=3.71-10° kgm? s”. 


Using equation 10.35 for the angular momentum of a rigid object, we can show that 
the relationship between the rate of change of the angular momentum and the torque is 
still valid. Taking the time derivative of equation 10.35, and assuming a rigid body whose 
moment of inertia is constant in time, we obtain 


d- d, 7 . . 
qo gt w= IQ = Tret (10.36) 


dt 
Note the addition of the index “net” to the symbol for torque, indicating that this equation 
also holds if different torques are present. Farlier, equation 10.19 was said to be true only 
for a point particle. However, equation 10.36 clearly shows that equation 10.19 holds for any 
object with a fixed (constant in time) moment of inertia. 

The time derivative of the angular momentum is equal to the torque, just as the time 
derivative of the linear momentum is equal to the force. Equation 10.31 is another formula- 
tion of Newton’s Second Law for rotation and is more general than equation 10.19, because 
it also encompasses the case of a moment of inertia that is not constant in time. 


Conservation of Angular Momentum 


If the net external torque on a system is zero, then according to equation 10.36, the time 
derivative of the angular momentum is also zero. However, if the time derivative of a quan- 
tity is zero, then the quantity is constant in time. Therefore, we can write the law of conser- 
vation of angular momentum: 


ETa =0> L=constant> L(t) = L(t) =Ñ. (10.37) 


This is the third major conservation law that we have encountered—the first two applied to 
mechanical energy (Chapter 6) and linear momentum (Chapter 7). Like the other conservation 
laws, this one can be used to solve problems that would otherwise be very hard to attack. 

If there are several objects present in a system with zero net external torque, the equa- 
tion for conservation of angular momentum becomes 


> nial =) ina (10.38) 


For the special case of a rigid body rotating around a fixed axis of rotation, we find 
(since, in this case, L = Io): 


I@=1,@) (for 7,,=0); (10.39) 
or, equivalently, 


2: 2 (for Fae = 0). 


W 
This conservation law is the basis for the functioning of gyroscopes (Figure 10.29). Gyro- 
scopes are objects (usually disks) that spin around a symmetry axis at high angular velocities. 
The axis of rotation is able to turn on ball bearings, almost without friction, and the suspen- 
sion system is able to rotate freely in all directions. This freedom of motion ensures that no 
net external torque can act on the gyroscope. Without torque, the angular momentum of the 
gyroscope remains constant and thus points in the same direction, no matter what the object 
carrying the gyroscope does. Both airplanes and satellites rely on gyroscopes for navigation. 
The Hubble Space Telescope, for example, is equipped with six gyroscopes, at least three of 
which must work to allow the telescope to orient itself in space. 

Equation 10.39 is also of importance in many sports, most notably gymnastics, platform 
diving (Figure 10.30), and figure skating. In all three sports, the athletes rearrange their bod- 
ies and thus adjust their moments of inertia to manipulate their rotation frequencies. The 


(b) 


FIGURE 10.30 Laura Wilkinson at the 2000 Olympic Games in Sydney, Australia. (a) She leaves the 
diving platform. (b) She holds the tucked position. (c) She stretches out before entering the water. 


changing moment of inertia of a platform diver is illustrated in Figure 10.30. The platform 
diver starts her dive stretched out, as shown in Figure 10.30a. She then pulls her legs and 
arms into a tucked position, decreasing her moment of inertia, as shown in Figure 10.30b. 
She then completes several rotations as she falls. Before entering the water, she stretches 
out her arms and legs, increasing her moment of inertia and slowing her rotation, as shown 
in Figure 10.30c. Pulling her arms and legs into a tucked position reduces the moment of 
inertia of her body by some factor I' = I/k, where k > 1. Conservation of angular momentum 
then increases the angular velocity by the same factor k: w' = kw. Thus, the diver can control 
the rate of rotation. Tucking in the arms and legs can increase the rate of rotation relative to 
that in the stretched-out position by more than a factor of 2. 


EXAMPLE 10.7 | Death of a Star 


At the end of the life of a massive star more than five times as massive as the Sun, the 
core of the star consists almost entirely of the metal iron. Once this stage is reached, the 
core becomes unstable and collapses (as illustrated in Figure 10.31) in a process that lasts 
only about a second and is the initial phase of a supernova explosion. Among the most 
powerful energy-releasing events in the universe, supernova explosions are thought to 
be the source of most of the elements heavier than iron. The explosion throws off debris, 
including the heavier elements, into outer space, and may leave behind a neutron star, 
which consists of stellar material that is compressed to a density millions of times higher 
than the highest densities found on Earth. 


FIGURE 10.31 Computer simulation of the initial stages of the collapse of the core of a mas- 
sive star. The different colors represent the varying density of the star's core, increasing from yellow 
through green and blue to red. 


PROBLEM 
If the iron core initially spins 9.00 revolutions per day and if its radius decreases dur- 
ing the collapse by a factor of 700, what is the angular velocity of the core at the end 
of the collapse? (The assumption that the iron core has a constant density is not really 
justified. Computer simulations show that it falls off exponentially in the radial direc- 
tion. However, the same simulations show that the moment of inertia of the iron core is 
still approximately proportional to the square of its radius during the collapse process.) 
Continued— 
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SOLUTION 
Because the collapse of the iron core occurs under the influence of its own gravitational 
pull, no net external torque acts on the core. Thus, according to equation 10.31, angular 
momentum is conserved. From equation 10.39 we then obtain 
w sa Ip = R 
m I RP 
With w, = 27f) = 277[(9 rev)/(24-3600 s)] = 6.55- 10* rad/s, we obtain the magnitude of 
the final angular velocity: 


=700° =4.90-10°. 


w= 4,90-10° wy = 4.90-10° (6.55 -10 * rad/s) = 321 rad/s. 


Thus, the neutron star that results from this collapse rotates with a rotation frequency of 
51.1 rev/s. 


DISCUSSION 

Astronomers can observe the rotation of neutron stars, which are called pulsars. It is esti- 
mated that the fastest a pulsar can rotate when formed from a single star supernova explo- 
sion is about 60 rev/s. One of the fastest known rotation frequencies known for a pulsar is 


f =716 rev/s, 


which corresponds to an angular speed of 


w= 2m f =2m(716 5) = 4500 rad/s. 


The rotation frequencies of these pulsars are increased after their formation from a stellar 
collapse by taking matter from a companion star orbiting nearby. 


The next example ends the section with a current cutting-edge engineering application, 
which ties together the concepts of moment of inertia, rotational kinetic energy, torque, and 
angular momentum. 


EXAMPLE 10.8 { Flybrid 


The process of braking to slow a car down decreases the car’s kinetic energy and dissi- 
pates it through the action of the friction force between the brake pads and the drums. 
Gas-electric hybrid vehicles convert some or most of this kinetic energy into reusable 
electric energy stored in a large battery. However, there is a way to accomplish this energy 
storage without the use of a large battery by storing the energy temporarily in a flywheel 
(Figure 10.32). Interestingly, all Formula 1 race cars will be equipped with such an energy 
storage system, the flybrid, by 2013. 


Fixed ratio gear 


Clutch Fixed ratio 


Bevel gear 


Cluster 


Clutch 
FIGURE 10.32 Diagram of the integration of a flywheel into the drive train of a car. 


PROBLEM 

A flywheel made of carbon steel has a mass of 5.00 kg, an inner radius of 8.00 cm, and an 
outer radius of 14.2 cm. If it is supposed to store 400.0 kJ of rotational energy, how fast (in 
rpm) does it have to rotate? If the rotational energy can be stored or withdrawn in 6.67 s, 
how much average power and torque can this flywheel deliver during that time? 


SOLUTION 
The moment of inertia of the flywheel is given by equation 10.9: I = +M(Rj + R3). The ro- 
tational kinetic energy (equation 10.3) is K = 4Iw’. We solve this for the angular speed: 


- [x 7 4K 
I M(Ri+ R}) 


So, for the rotation frequency, we find 


K 
° M| R+ R3) 


7 400.0 kJ 
7 (5.00 kg)|(0.0800 m}? +(0.142 m}? 
=552 s | =33,100 rpm. 


Since the average power is given by the change in kinetic energy divided by the time (see 


Chapter 5), we h 
apter 5), we have _AK 40001) 


~ At 6.67 s 


We find the average torque from equation 10.36 and the fact that the average angular ac- 
celeration is the change in angular speed Aw, divided by the time interval, At: 


[m( R}+R3] 
== rt 2 


= 60.0 kW. 


Aw 
T=lIa=I =1M(Ri+R3} 
f Are 


At M(Ri+R3} 


1 
ETT |(400.0 KJ)(5.00 kg)| ko. 0800 m)? + (0.142 m) a 


=34.6 Nm. 
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10.7 In-Class Exercise < 


The flybrid rotates fastest when the 
Formula 1 car is moving slowest, in 
the process of making a tight turn. 
Knowing that it takes torque to 
change an angular momentum vec- 
tor, how would you orient the axis 
of rotation of the flywheel in order 
to have the least impact on steer- 
ing the car through the curve? 


a) The flywheel should be aligned 
with the main axis of the race 
car. 


b) The flywheel should be vertical. 


c) The flywheel should be aligned 
with the wheel axles. 


d) It makes no difference; all 
three orientations are equally 
problematic. 


e) Orientations (a) and (c) are 
both equally good and better 
than (b). 

We 


10.8 Precession 


Spinning tops were popular toys when your parents or grandparents were kids. When put 
in rapid rotational motion, they stand upright without falling down. What’s more, if tilted at 
an angle relative to the vertical, they still do not fall down. Instead, the rotation axis moves 
on the surface of a cone as a function of time (Figure 10.33). This motion is called preces- 
sion. What causes it? 

First, we note that a spinning top has an angular momentum vector, L, which is aligned 
with its symmetry axis, pointing either up or down, depending on whether it is spinning 
clockwise or counterclockwise (Figure 10.34). Because the top is tilted, its center of mass 
(marked with a black dot in Figure 10.34) is not located above the contact point with the sup- 
port surface. The gravitational force acting on the center of mass then results in a torque, 7, 
about the contact point, as indicated in the figure; in this case, the torque vector points straight 
out of the page. The position vector, F, of the center of mass, which helps determine the torque, 
is exactly aligned with the angular momentum vector. The angle of the symmetry axis of the 
top with respect to the vertical is labeled ¢ in the figure. The angle between the gravitational 
force vector and the position vector is then 7 - # (see Figure 10.34). Because sin(a - p) = sin 
ġ, we can write the magnitude of the torque as a function of the angle @: 


T=1F sind =rmeg sind. 


FIGURE 10.33 A spinning top may 
tilt from the vertical but does not fall 
down. 
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FIGURE 10.34 Precession of a 


spinning top. 


10.8 In-Class Exercise 


Estimate the precessional angular 
speed of the wheel in Figure 10.35. 


a) 0.01 rad/s 
b) 0.6 rad/s 


c) 5 rad/s 
d) 10 rad/s 


10.4 Self-Test Opportunity 


The wheel shown in Figure 10.35 
has a mass of 2.5 kg, almost all of 
it concentrated on its rim. It has a 
radius of 22 cm, and the distance 
between the suspension point 

and the center of mass is 5 cm. 
Estimate the angular speed with 
which it is spinning. 


Since dL/dt =7, the change in the angular momentum vector, dL, points in the same 
direction as the torque and is thus perpendicular to the angular momentum vector. This 
effect forces the angular momentum vector to sweep along the surface of a cone of angle 
as a function of time, with the tip of the angular momentum vector following a circle in the 
horizontal plane, shown in gray in Figure 10.34. 

We can even calculate the magnitude of the angular velocity, Op for this precessional 
motion. Figure 10.34 indicates that the radius of the circle that the tip of the angular 
momentum vector sweeps out as a function of time is given by L sin @. The magnitude 
of the differential change in angular momentum, dL, is the arc length of this circle, and it 
can be calculated as the product of the circle’s radius and the differential angle swept out 
by the radius, d0: 


dL =(Lsind)dé. 
Consequently, for the time derivative of the angular momentum, dL/dt, we find: 
dL 
ma 


The time derivative of the deflection angle, 6, is the angular velocity of precession, w,. Since 
dL/dt = 7, we use the preceding equation and the expression for the torque, 7 = rmg sing, 
to obtain 


; dé 
(Lsing) ae 


f dL . „~ d0 . 
rmg sind =T a (Lsing) Ht (L sing)w, = 
_rmgsing 
P Lsind © 

We see that the term sin ¢ cancels out of the last expression, yielding w, = rmg/L. The angu- 
lar frequency of precession is the same for all values of @, the tilt angle of the rotation axis! 
This result may seem a bit surprising, but experiments verify that it is indeed the case. For 
the final step, we use the fact that the angular momentum for a rigid object, L, is the product 
of the moment of inertia, I, and the angular velocity, w. Thus, substituting Iw for L in the 
expression for the precessional angular speed, w, gives us our final result: 


= Tg 
ee 
This formula reflects the interesting property that the precessional angular speed is 
inversely proportional to the angular speed of the spinning top. As the top slows down 
due to friction, its angular speed is gradually reduced, and therefore the precessional 
angular speed increases gradually. The faster and faster precession eventually causes the 
top to wobble and fall down. 


+6 008% 


(10.40) 


FIGURE 10.35 Precession of a rapidly spinning wheel suspended from a rope. 


Precession is impressively demonstrated in the photo sequence of Figure 10.35. Here a 
rapidly spinning wheel is suspended off-center from a string attached to the ceiling. As you 
can see, the wheel does not fall down, as one would expect a nonspinning wheel to do in the 
same situation, but slowly precesses around the suspension point. 
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10.9 Quantized Angular Momentum 


To finish our discussion of angular momentum and rotation, let’s consider the smallest 
quantity of angular momentum that an object can have. From the definition of the angular 
momentum of a point particle (equation 10.29), L=7 x p or L = rp sin 0, it would appear 
that there is no smallest amount of angular momentum, because either the distance to the 
rotation axis, 7 or the momentum, p, can be reduced by a factor between 0 and 1, and the 
corresponding angular momentum will be reduced by the same factor. 

However, for atoms and subatomic particles, the notion of a continuously variable angu- 
lar momentum doesnt apply. Instead, a quantum of angular momentum is observed. This 
quantum of angular momentum is called Planck’s constant, h = 6.626-10% J s. Very often 
Planck’s constant appears in equations divided by the factor 277, and physicists have given this 
ratio the symbol fi: h = h/27 = 1.055-10% J s. Chapter 36 will provide a full discussion of the 
experimental observations that led to the introduction of this fundamental constant. Here we 
simply note an amazing fact: All elementary particles have an intrinsic angular momentum, 
often called spin, which is either an integer multiple (0, 1h, 2h, ... ) or a half-integer multiple 
(5h, +h, ...) of Planck’s quantum of angular momentum. Astonishingly, the integer- or half-integer 
spin values of particles make all the difference in the ways they interact with one another. Par- 
ticles with integer-valued spins include photons, which are the elementary particles of light. 
Particles with half-integer values of spin include electrons, protons, and neutrons, the particles 
that constitute the building blocks of matter. We will return to the fundamental importance of 
angular momentum in atoms and subatomic particles in Chapters 37 through 40. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


P ~ 


rot = MV + too” = +(1 + Am? with c e [0,1] 


and with c depending on the shape of the object. 


= An object's kinetic energy of rotation is given by + 
K = 4Iw”. This relationship holds for point particles as 


well as for solid objects. = Torque is defined as the vector product of the 


= The moment of inertia for rotation of an object position vector and the force vector: T=r x F. 


about an axis through the center of mass is defined = The angular momentum of a point particle is defined 


as I= f Poway, where r, is the perpendicular as Ber XP. 


y : 
distance of the volume element dV to the axis of = The rate of change of the angular momentum is 


rotation and p(7) is the mass density. equal to the torque: ae =T. This is the rotational 


= Ifthe mass density is constant, the moment of inertia equivalent of Newton's Second Law. 


is [= M Í r dV, where M is the total mass of the a For rigid objects, the angular momentum is L=I6, | 
v a and the torque is T=Ia. 
rotating object and V is its volume. = In the case of vanishing net external torque, angular 


« The moment of inertia of all round objects is I= cMR’, momentum is conserved: 1@= Ia) (for Tye, =0). 


with c e [0,1]. 


The parallel-axis theorem states that the moment of 


The equivalent quantities for linear and rotational 
motion are summarized in the table. 


inertia, Iņ for rotation about an axis parallel to one Quantity Linear | Circular | Relationship 
through the center of mass is given by I) = Ian, + Ma’, Displacement $ 0 3=r0 
where d is the distance between the two axes and I, Velocity z T O=F Xvi r 
is the moment of inertia for rotation about the axis eo z a ape poe 
through the center of mass. a, =ra 

= For an object that is rolling without slipping, the center q,= WT 
of mass coordinate, r, and the rotation angle, 0, are Momentum P L L=rxp 
related by r = RO, where R is the radius of the object. Mass/moment of inertia |m I 

= The kinetic energy of a rolling object is the sum of its Kinetic energy zmv |zlo 
translational and rotational kinetic energies: K = K pans Force/torque F T 7=7xF 


344 Chapter 10 Rotation 


KEY TERMS 


kinetic energy of 
rotation, p. 314 

axis of rotation, p. 314 

moment of inertia, p. 314 


parallel-axis theorem, 
p. 320 

rolling motion, p. 322 

moment arm, p. 327 


NEW SYMBOLS AND EQUATIONS 


n 
I= Xn, r7, moment of inertia of a system of particles 
i=l 


I= f r° pF )dV, moment of inertia of an extended object 


V 


torque, p. 327 

vector product, p. 327 

net torque, p. 328 

angular momentum, p. 335 


conservation of angular 
momentum, p. 338 

precession, p. 341 

Planck's constant, p. 343 


T= rF sin 0, magnitude of torque 


L=?r xp, angular momentum of a particle 


L=Ið, angular momentum of an extended object 


ANSWERS TO SELF-TEST OPPORTUNITIES 


2 
f =m : tL 

2 12 4) 3 

10.2 The full can of soda is not a solid object and thus 
does not rotate as a solid cylinder. Instead, most of the 
liquid inside the can does not participate in the rotation 
even when the can reaches the bottom of the incline. The 
mass of the can itself is negligible compared to the mass of 
the liquid inside it. Therefore, a can of soda rolling down 
an incline approximates a mass sliding down an incline 
without friction. The constant c used in equation 10.15 is 
then close to zero, and so the can wins the race. 


10.1 J -L m2 +m 
12 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines: Rotational Motion 

1. Newtons Second Law and the work-kinetic energy 
theorem are powerful and complementary tools for solving a 
wide variety of problems in rotational mechanics. As a general 
guideline, you should try an approach based on Newton’s 
Second Law and free-body diagrams when the problem 
involves calculating an angular acceleration. An approach 
based on the work-kinetic energy theorem is more useful 
when you need to calculate an angular speed. 


2. Many concepts of translational motion are equally valid 
for rotational motion. For example, conservation of linear 
momentum applies when no external forces are present; 
conservation of angular momentum applies when no external 
torques are present. Remember the correspondences between 
translational and rotational quantities. 


3. It is crucial to remember that in situations involving 
rotational motion the shape of an object is important. Be sure to 
use the correct formula for moment of inertia, which depends 
on the location of the axis of rotation as well as on the geometry 
of the object. Torque also depends on the location of the axis of 
symmetry; be sure to be consistent in calculating clockwise and 
counterclockwise torques. 


10.3 Newton's Third Law states that internal forces occur in 
equal and opposite pairs that act along the line of the separa- 
tion of each pair of particles. Thus, the torque due to each 
pair of forces is zero. Summing up the torques from all the 
internal forces leads to zero net internal torque. 


10.4 Since the mass is concentrated on the rim of the wheel, 
the wheel’s moment of inertia is I = mR?. With the aid of 
equation 10.40, we then obtain 


rmg _ rg _ (0.05 m)(9.81 m/s”) 


5 ; i =17 rad/s. 
mR°w Rœ (0.22 mY (0.6 rad/s) 


@, = 


4. Many relationships for rotational motion depend on the 
geometry of the situation; for example, the relationship of 
the linear velocity of a hanging weight to the angular velocity 
of the rope moving over a pulley. Sometimes the geometry 
of a situation changes in a problem, for example, if there is a 
different rotational inertia between starting and ending points 
of a rotation. Be sure you understand what quantities change 
during the course of any rotational motion. 


5. Many physical situations involve rotating objects that roll, 
with or without slipping. If rolling without slipping is occurring, 
you can relate linear and angular displacements, velocities, and 
accelerations to each other at points on the perimeter of the 
rolling object. 

6. The law of conservation of angular momentum is just as 
important for problems involving circular or rotational motion 
as the law of conservation of linear momentum is for problems 
involving straight-line motion. Thinking of a problem situation 
in terms of conserved angular momentum often provides a 
straightforward path to a solution, which otherwise would be 
difficult to obtain. But keep in mind that angular momentum is 
only conserved if the net external torque is zero. 
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SOLVED PROBLEM 10.4 | Falling Horizontal Rod 
p 

A thin rod of length L = 2.50 m and mass m = 3.50 kg is suspended horizontally by a pair of 

vertical strings attached to the ends (Figure 10.36). The string supporting end B is then cut. 


A—_______-__ ____.B 
PROBLEM < L | 
What is the linear acceleration of end B of the rod just after the string is cut? FIGURE 10.36 A thin rod sup- 


SOLUTION ported in a horizontal position by a 
vertical string at each end. 


THINK 

Before the string is cut, the rod is at rest. When the string supporting end B is cut, a net 
torque acts on the rod, with a pivot point at end A. This torque is due to the force of grav- 
ity acting on the rod. We can consider the mass of the rod to be concentrated at its center 
of mass, which is located at L/2. The initial torque is then equal to the weight of the rod 
times the moment arm, which is L/2. The resulting initial angular acceleration can be 
related to the linear acceleration of end B of the rod. 


SKETCH 
Figure 10.37 is a sketch of the rod after the string is cut. 


Z 25; 
RESEARCH A l -Ë 
When the string supporting end B is cut, the torque, 7, on the rod is due to the force of 
gravity, F,, acting on the rod times the moment arm, r, = L/2: 
L mgL . mg 

T="E= Lone) z (i) 

The angular acceleration, a, is given by 
T=Ia, (ii) 


FIGURE 10.37 The thin rod just 
after the string supporting end B is cut. 


where the moment of inertia, J, of the thin rod rotating around end A is given by 
I= Amd’. (iii) 
The linear acceleration, a, of end B can be related to the angular acceleration through 
a=La, (iv) 
because end B of the rod is undergoing circular motion as the rod pivots around end A. 


SIMPLIFY 
We can combine equations (i) and (ii) to get 


=Ia=—--. (v) 


ta 2al mgL 
3 L 2 
Dividing out common factors, we obtain 

a_& 

3 2 
or 

a=1.5g. 
CALCULATE 


Inserting the numerical value for the acceleration of gravity gives us 


a= 1.5(9.81 m/s?) =14.715 m/s’. 
Continued— 
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ROUND 


Expressing our result to three significant figures gives 


DOUBLE-CHECK 


Perhaps this answer is somewhat surprising, because you may have assumed that the accel- 
eration cannot exceed the free-fall acceleration, g. If both strings were cut at the same time, 
the acceleration of the entire rod would be a = g. Our result of an initial acceleration of end 
B of a= 1.5g seems reasonable because the full force of gravity is acting on the rod and end 
A of the rod remains fixed. Therefore, the acceleration of the moving ends is not just that 
due to free fall—there is an additional acceleration due to the rotation of the rod. 


a=147 m/s’. 


oe eer 


MULTIPLE-CHOICE QUESTIONS 


| 10.1 A circular object begins from rest and rolls without 
slipping down an incline, through a vertical distance of 4.0 m. 
When the object reaches the bottom, its translational velocity is 
7.0 m/s. What is the constant c relating the moment of inertia to 
the mass and radius (see equation 10.11) of this object? 


a) 0.80 c) 0.40 
b) 0.60 d) 0.20 


10.2 Two solid steel balls, one small and one large, are on an 
inclined plane. The large ball has a diameter twice as large 

as that of the small ball. Starting from rest, the two balls roll 
without slipping down the incline until their centers of mass are 
1 m below their starting positions. What is the speed of the large 
ball (v,) relative to that of the small ball (vç) after rolling 1 m? 


a) vi = 4vs d) v = 0.5v; 
b) vi =2vs e) vi = 0.25. 
c) VL=Ys 


10.3 A generator’s flywheel, which is a homogeneous cylinder 
of radius R and mass M, rotates about its longitudinal axis. The 
linear velocity of a point on the rim (side) of the flywheel is v. 
What is the kinetic energy of the flywheel? 


a) K=4MVv d) K=1MvR 
b) K=1Mv e) not given enough 
c) K=4 Mv?/R information to answer 


10.4 Four hollow spheres, each with a mass of 1 kg and a 
radius R = 10 cm, are connected with massless rods to form 
a square with sides of length L = 50 cm. In case 1, the masses 
rotate about an axis that bisects two sides of the square. In 
case 2, the masses rotate about an axis that passes through 
the diagonal of 
the square, as 
shown in the 
figure. Compute 
the ratio of the 
moments of 
inertia, I,/L,, for 
the two cases. 


R R 


Case 1 Case 2 


a) I,/I,=8 d) I/I,=1 
b) L/I,=4 e) I/I =0.5 
c) I/h=2 


10.5 Ifthe hollow spheres of Question 10.4 were replaced 
by solid spheres of the same mass and radius, the ratio of the 
moments of inertia for the two cases would 


a) increase. c) stay the same. 


b) decrease. d) be zero. 


10.6 An extended object consists of two point masses, m, 
and m,, connected via a rigid massless rod of length L, as 
shown in the figure. The object is rotating at a constant 
angular velocity about an axis perpendicular to the page 
through the midpoint of the rod. Two time-varying 
tangential forces, F, and F, are applied to m, and m,, 
respectively. After the forces have been applied, what will 
happen to the angular velocity of the object? 


a) It will increase. 

b) It will decrease. 

c) It will remain unchanged. 

d) Not enough information to make a determination 


A 
Magnitude of each 
mM force 
2a H F 
4 | 
F. 
2 mı ak F, 
Fi > 
Time 


10.7 Consider a cylinder and a hollow cylinder, rotating 
about an axis going through their centers of mass. If both 
objects have the same mass and the same radius, which 
object will have the larger moment of inertia? 


a) The moment of inertia will be the same for both objects. 
b) The solid cylinder will have the larger moment of inertia 
because its mass is uniformly distributed. 

c) The hollow cylinder will have the larger moment of inertia 
because its mass is located away from the azis of rotation. 


10.8 A basketball of mass 610 g and circumference 76 cm is 
rolling without slipping across a gymnasium floor. Treating 
the ball as a hollow sphere, what fraction of its total kinetic 
energy is associated with its rotational motion? 


a) 0.14 d) 0.40 
b) 0.19 e) 0.67 
c) 0.29 


10.9 A solid sphere rolls without slipping down an incline, 
starting from rest. At the same time, a box starts from rest 

at the same altitude and slides down the same incline, with 
negligible friction. Which object arrives at the bottom first? 


a) The solid sphere arrives first. 
b) The box arrives first. 

c) Both arrive at the same time. 
d) It is impossible to determine. 


10.10 A cylinder is rolling without slipping down a plane, 
which is inclined by an angle 0 relative to the horizontal. What 
is the work done by the friction force while the cylinder travels 
a distance s along the plane (u, is the coefficient of static 
friction between the plane and the cylinder)? 


a) +.mgs sind d) -mgs sin 


b) -,mgs sind e) No work done. 
c) +mgs sind 


10.11 A ball attached to the end of a string is swung ina 
vertical circle. The angular momentum of the ball at the top 
of the circular path is 


a) greater than the angular momentum at the bottom of the 
circular path. 

b) less than the angular momentum at the bottom of the 
circular path. 


c) the same as the angular momentum at the bottom of the 
circular path. 


10.12 You are unwinding a large spool of cable. As you 
pull on the cable with a constant tension, what happens to 
the angular acceleration and angular velocity of the spool, 
assuming that the radius at which you are extracting the 
cable remains constant and there is no friction force? 


a) Both increase as the spool unwinds. 
b) Both decrease as the spool unwinds. 


QUESTIONS 


10.17 A uniform solid sphere of radius R, mass M, and mo- 
ment of inertia I= + MR’ is rolling without slipping along a 
horizontal surface. Its total kinetic energy is the sum of the 
energies associated with translation of the center of mass and 
rotation about the center of mass. Find the fraction of the 
sphere's total kinetic energy that is attributable to rotation. 


10.18 A thin ring, a solid sphere, a hollow spherical shell, 
and a disk of uniform thickness are placed side by side on a 
wide ramp of length ¢ and inclined at angle 6 to the hori- 
zontal. At time t = 0, all four objects are released and roll 
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c) Angular acceleration increases, and angular velocity 
decreases. 

d) Angular acceleration decreases, and angular velocity 
increases. 

e) It is impossible to tell. 

10.13 A disk of clay is rotating with angular velocity w. A 
blob of clay is stuck to the outer rim of the disk, and it has 
a mass < of that of the disk. If the blob detaches and flies 
off tangent to the outer rim of the disk, what is the angular 
velocity of the disk after the blob separates? 


a) žw d) = 
b) fa e) $w 
c) œ 


10.14 An ice skater spins with her arms extended and then 
pulls her arms in and spins faster. Which statement is correct? 


a) Her kinetic energy of rotation does not change because, 
by conservation of angular momentum, the fraction by 
which her angular velocity increases is the same as the 
fraction by which her rotational inertia decreases. 

b) Her kinetic energy of rotation increases because of the 
work she does to pull her arms in. 

c) Her kinetic energy of rotation decreases because of the 
decrease in her rotational inertia; she loses energy because 
she gradually gets tired. 

10.15 An ice skater rotating on frictionless ice brings her 
hands into her body so that she rotates faster. Which, if any, 
of the conservation laws hold? 

a) conservation of mechanical energy and conservation of 
angular momentum 

b) conservation of mechanical energy only 

c) conservation of angular momentum only 

d) neither conservation of mechanical energy nor 
conservation of angular momentum 

10.16 If the iron core of a collapsing star initially spins with 
a rotational frequency of f = 3.2 s`}, and if the cores radius 
decreases during the collapse by a factor of 22.7, what is the 
rotational frequency of the iron core at the end of the collapse? 


a) 10.4kHz d) 0.46 kHz 
b) 1.66 kHz e) 5.2 kHz 
c) 65.3 kHz 


without slipping on parallel paths down the ramp to the 
bottom. Friction and air resistance are negligible. Determine 
the order of finish of the race. 


10.19 In another race, a solid sphere and a thin ring roll with- 
out slipping from rest down a ramp that makes angle 0 with 


the horizontal. Find the ratio of their accelerations, A,ing/sphere: 


10.20 A uniform solid sphere of mass m and radius r is 
placed on a ramp inclined at an angle 0 to the horizontal. 
The coefficient of static friction between sphere and ramp 
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is u, Find the maximum value of 0 for which the sphere 
will roll without slipping, starting from rest, in terms of the 
other quantities. 


10.21 A round body of mass M, radius 
R, and moment of inertia I about its 
center of mass is struck a sharp horizon- 
tal blow along a line at height h above 
its center (with 0 < h < R, of course). 
The body rolls away without slipping immediately after being 
struck. Calculate the ratio I/(MR’) for this body. 


10.22 A projectile of mass m is launched from the origin at 
speed vy at angle 6) above the horizontal. Air resistance is 
negligible. 


a) Calculate the angular momentum of the projectile about 
the origin. 

b) Calculate the rate of change of this angular momentum. 
c) Calculate the torque acting on the projectile, about the 
origin, during its flight. 

10.23 A solid sphere of radius R and 
mass M is placed at a height họ on an 
inclined plane of slope 0. When 
released, it rolls without 
slipping to the bottom of the 
incline. Next, a cylinder of 
same mass and radius is released on the same incline. From 
what height h should it be released in order to have the same 
speed as the sphere at the bottom? 


10.24 It is harder to move a door if you lean against it (along 
the plane of the door) toward the hinge than if you lean 
against the door perpendicular to its plane. Why is this so? 


10.25 A figure skater draws her arms in during a final spin. 
Since angular momentum is conserved, her angular velocity 
will increase. Is her rotational kinetic energy conserved dur- 
ing this process? If not, where does the extra energy come 
from or go to? 


10.26 Does a particle traveling in a straight line have an 
angular momentum? Explain. 


10.27 A cylinder with mass M and radius R is rolling 


without slipping through a distance s along an inclined 
plane that makes an angle 6 with respect to the horizontal. 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Sections 10.1 and 10.2 

10.34 A uniform solid cylinder of mass M = 5.00 kg is roll- 
ing without slipping along a horizontal surface. The velocity 
of its center of mass is 30.0 m/s. Calculate its energy. 


10.35 Determine the moment of inertia for three children 
weighing 60.0 lb, 45.0 lb and 80.0 lb sitting at different 


Calculate the work done by (a) gravity, (b) the normal force, 
and (c) the frictional force. 


10.28 Using the conservation of mechanical energy, calcu- 
late the final speed and the acceleration of a cylindrical ob- 
ject of mass M and radius R after it rolls a distance s without 
slipping along an inclined plane of angle 0 with respect to 
the horizontal. 


10.29 A couple is a set of two forces of equal magnitude and 
opposite directions, whose lines of action are parallel but 
not identical. Prove that the net torque of a couple of forces 
is independent of the pivot point about which the torque is 
calculated and of the points along their lines of action where 
the two forces are applied. 


10.30 Why does a figure skater pull in her arms while 
increasing her angular velocity in a tight spin? 


10.31 To turn a motorcycle to the right, you do not turn the 
handlebars to the right, but instead slightly to the left. Explain, 
as precisely as you can, how this counter-steering turns the 
motorcycle in the desired direction. (Hint: The wheels of a mo- 
torcycle in motion have a great deal of angular momentum.) 


10.32 The Moon's tide-producing effect on the Earth is grad- 
ually slowing the rotation of the Earth, owing to tidal friction. 
Studies of corals from the Devonian Period indicate that the 
year was 400 days long in that period. What, if anything, does 
this indicate about the angular momentum of the Moon in 
the Devonian Period relative to its value at present? 


10.33 A light rope passes over a light, 
frictionless pulley. One end is fastened 
to a bunch of bananas of mass M, and a 
monkey of the same mass clings to the 
other end. The monkey climbs the rope 
in an attempt to reach the bananas. The 
radius of the pulley is R. 


a) Treating the monkey, bananas, M 
rope, and pulley as a system, evaluate 
the net torque about the pulley axis. 
b) Using the result of part (a), 
determine the total angular 
momentum about the pulley axis as a 
function of time. 


points on the edge of a rotating merry-go-round, which has 
a radius of 12.0 ft. 


10.36 A 24-cm-long pen is tossed up in the air, reaching 

a maximum height of 1.2 m above its release point. On the 
way up, the pen makes 1.8 revolutions. Treating the pen as a 
thin uniform rod, calculate the ratio between the rotational 
kinetic energy and the translational kinetic energy at the 
instant the pen is released. Assume that the rotational speed 
does not change during the toss. 


°10.37 A solid ball and a hollow ball, each with a mass of 
1.00 kg and radius of 0.100 m, start from rest and roll down 
a ramp of length 3.00 m at an incline of 35.0°. An ice cube of 
the same mass slides without friction down the same ramp. 


a) Which ball will reach the bottom first? Explain! 

b) Does the ice cube travel faster or slower than the solid 
ball at the base of the incline? Explain your reasoning. 

c) What is the speed of the solid ball at the bottom of the 
incline? 

10.38 A solid ball 
of mass m and radius 
r rolls without slip- 
ping through a loop 
of radius R, as shown 
in the figure. From 
what height h should the ball be launched in order to make 
it through the loop without falling off the track? 


+010.39 The Crab pulsar (m = 2-10% kg, R=5 km) isa 
neutron star located in the Crab Nebula. The rotation rate of 
the Crab pulsar is currently about 30 rotations per second, or 
6077 rad/s. The rotation rate of the pulsar, however, is decreas- 
ing; each year, the rotation period increases by 10° s. Justify 
the following statement: The loss in rotational energy of the 
pulsar is equivalent to 100,000 times the power output of the 
Sun. (The total power radiated by the Sun is about 4-10°° W.) 


e°10.40 A block of mass 

m = 4.00 kg is attached to a 
spring (k = 32.0 N/m) bya 
rope that hangs over a pulley 
of mass M = 8.00 kg and ra- 
dius R = 5.00 cm, as shown in 
the figure. Treating the pulley 
as a solid homogeneous disk, neglecting friction at the axle of 
the pulley, and assuming the system starts from rest with the 
spring at its natural length, find (a) the speed of the block after 
it falls 1.00 m, and (b) the maximum extension of the spring. 


Section 10.3 e 
e10.41 A small circular ob- ii 


ject with mass m and radius Pe ~N 

r has a moment of inertia n a ) 4 

given by I = cmr’. The — 
j 


object rolls without slipping 
along the track shown in the figure. The track ends with a 
ramp of height R = 2.5 m that launches the object vertically. 
The object starts from a height H = 6.0 m. To what maximum 
height will it rise after leaving the ramp if c = 0.40? 


10.42 A uniform solid sphere of mass M and radius R is 
rolling without sliding along a level plane with a speed 

v = 3.00 m/s when it encounters a ramp that is at an angle 
0 = 23.0° above the horizontal. Find the maximum dis- 
tance that the sphere travels up the ramp in each case: 

a) The ramp is frictionless, so the sphere continues to 
rotate with its initial angular speed until it reaches its 
maximum height. 
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b) The ramp provides enough friction to prevent the sphere 
from sliding, so both the linear and rotational motion stop 
(instantaneously). 


Section 10.4 


10.43 A disk with a mass of 30.0 kg and a 
radius of 40.0 cm is mounted on a friction- 
less horizontal axle. A string is wound many 
times around the disk and then attached to a 
70.0-kg block, as shown in the figure. Find the 
acceleration of the block, assuming that the 


string does not slip. 


°10.44 A force, F=(2£ +3) N, is applied to an object at 
a point whose position vector with respect to the pivot point 
is F=(4k+4y+4Z) m. Calculate the torque created by the 
force about that pivot point. 


0010.45 A disk with 
a mass of 14.0 kg, a 
diameter of 30.0 cm, 
and a thickness of 
8.00 cm is mounted 
on a rough horizontal axle as shown on the left in the figure. 
(There is a friction force between the axle and the disk.) The 
disk is initially at rest. A constant force, F = 70.0 N, is ap- 
plied to the edge of the disk at an angle of 37.0°, as shown on 
the right in the figure. After 2.00 s, the force is reduced to F 
= 24.0 N, and the disk spins with a constant angular velocity. 
a) What is the magnitude of the torque due to friction 
between the disk and the axle? 

b) What is the angular velocity of the disk after 2.00 s? 

c) What is the kinetic energy of the disk after 2.00 s? 


Section 10.5 


10.46 A thin uniform rod (length = 1.00 m, mass = 2.00 kg) 
is pivoted about a horizontal frictionless pin through one 
of its ends. The moment of inertia of the rod through this 
axis is tmL’. The rod is released when it is 60.0° below the 
horizontal. What is the angular acceleration of the rod at 
the instant it is released? 


10.47 An object made of pel 

two disk-shaped sec- B 
tions, A and B, as shown 

in the figure, is rotating 


about an axis through i 


the center of disk A. The masses and the radii of disks A and B, 
respectively are, 2.00 kg and 0.200 kg and 25.0 cm and 2.50 cm. 


a) Calculate the moment of inertia of the object. 

b) Ifthe axial torque due to friction is 0.200 N m, how long will 
it take for the object to come to a stop if it is rotating with an 
initial angular velocity of -27r rad/s? 


10.48 You are the technical consultant for an action-adventure 
film in which a stunt calls for the hero to drop off a 20.0-m-tall 
building and land on the ground safely at a final vertical speed 
of 4.00 m/s. At the edge of the building’s roof, there is a 100.-kg 
drum that is wound with a sufficiently long rope (of negligible 
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mass), has a radius of 0.500 m, 
and is free to rotate about its 
cylindrical axis with a moment 
of inertia I). The script calls 

for the 50.0-kg stuntman to tie 
the rope around his waist and 
walk off the roof. 


a) Determine an expression 
for the stuntman’s linear 
acceleration in terms of his 
mass m, the drum’ radius r, 


and moment of inertia Ip. 

b) Determine the required value of the stuntman’s acceleration 
if he is to land safely at a speed of 4.00 m/s, and use this value 
to calculate the moment of inertia of the drum about its axis. 

c) What is the angular acceleration of the drum? 

d) How many revolutions does the drum make during the fall? 


10.49 In a tire-throwing or, 
competition, a man hold- A N 
ing a 23.5-kg car tire quickly / r 
swings the tire through three | 

full turns and releases it, a 
much like a discus thrower. \ 
The tire starts from rest andis N / 
then accelerated in a circular I oF 
path. The orbital radius r for oe 

the tire’s center of mass is 1.10 m, and the path is horizontal 
to the ground. The figure shows a top view of the tire’s cir- 
cular path, and the dot at the center marks the rotation axis. 
The man applies a constant torque of 20.0 N m to accelerate 
the tire at a constant angular acceleration. Assume that all 

of the tires mass is at a radius R = 0.35 m from its center. 


a) What is the time, tiprow required for the tire to complete 
three full revolutions? 

b) What is the final linear speed of the tire’s center of mass 
(after three full revolutions)? 

c) If, instead of assuming that all of the mass of the tire is 
at a distance 0.35 m from its center, you treat the tire as a 
hollow disk of inner radius 0.30 m and outer radius 0.40 m, 
how does this change your answers to parts (a) and (b)? 


°10.50 A uniform rod of mass M = 250.0 g and length 
L = 50.0 cm stands vertically on a horizontal table. It is 
released from rest to fall. 


a) What forces are acting on the rod? 


b) Calculate the angular speed of the rod, the vertical 
acceleration of the moving end 
of the rod, and the normal force 
exerted by the table on the rod 
as it makes an angle 0 = 45.0° 
with respect to the vertical. 

c) If the rod falls onto the table 
without slipping, find the linear 
acceleration of the end point of 
the rod when it hits the table 
and compare it with g. 


e10.51 A wheel with c = $, a mass of 40.0 kg, and a rim ra- 
dius of 30.0 cm is mounted vertically on a horizontal axis. A 
2.00-kg mass is suspended from the wheel by a rope wound 
around the rim. Find the angular acceleration of the wheel 


when the mass is released. [ae © 
g 


610.52 A 100.-kg barrel with a radius 
of 50.0 cm has two ropes wrapped 
around it, as shown in the figure. The 
barrel is released from rest, causing the 
ropes to unwind and the barrel 
to fall spinning toward the 
ground. What is the speed of 
the barrel after it has fallen a 
distance of 10.0 m? What is the 
tension in each rope? Assume 
that the barrel’s mass is uniformly distributed and that the bar- 
rel rotates as a solid cylinder. 


610.0 m 


ee10.53 A demonstration setup consists of a uniform board 
of length L, hinged at the bottom end and elevated at an angle 
0 by means of a support stick. A ball rests at the elevated end, 
and a light cup is attached to the board at the distance d from 
the elevated end to catch the ball when the stick supporting 
the board is suddenly removed. You want to use a thin hinged 
board 1.00 m long and 10.0 cm wide, and you plan to have 
the vertical support stick located right at its elevated end. 


a) How long should you make the support stick so that the 
ball has a chance to be caught? 


b) Assume that you choose to use the longest 
possible support stick placed at the ee 
elevated end of the board. What L A] 
distance d from that end 4 

should the cup be located 
to ensure that the ball will 
be caught in the cup? 


Section 10.6 

10.54 The flywheel of an old steam engine is a solid homo- 
geneous metal disk of mass M = 120. kg and radius R = 80.0 cm. 
The engine rotates the wheel at 500. rpm. In an emergency, 
to bring the engine to a stop, the flywheel is disengaged from 
the engine and a brake pad is applied at the edge to provide 

a radially inward force F = 100. N. If the coefficient of kinetic 
friction between the pad and the flywheel is u= 0.200, how 
many revolutions does the flywheel make before coming to 
rest? How long does it take for the flywheel to come to rest? 
Calculate the work done by the torque during this time. 


°10.55 The turbine and associated rotating parts of a jet en- 
gine have a total moment of inertia of 25 kg m°. The turbine 
is accelerated uniformly from rest to an angular speed of 
150 rad/s in a time of 25 s. Find 

a) the angular acceleration, 

b) the net torque required, 

c) the angle turned through in 25 s, 

d) the work done by the net torque, and 

e) the kinetic energy of the turbine at the end of the 25 s. 


Section 10.7 


10.56 Two small 6.00-kg masses are joined by a string, 
which can be assumed to be massless. The string has a 
tangle in it, as shown in the figure. With the string tangled, 
the masses are separated by 1.00 m. The two masses are then 
made to rotate about their center of mass on a frictionless 
table at a rate of 5.00 rad/s. As they are rotating, the string 
untangles and lengthens to 1.40 m. What is the angular 
velocity of the masses after the string untangles? 


6.00 kg 6.00 kg 


10.57 It is sometimes said that if the entire population of 
China stood on chairs and jumped off simultaneously, it 
would alter the rotation of the Earth. Fortunately, physics 
gives us the tools to investigate such speculations. 


a) Calculate the moment of inertia of the Earth about its 
axis. For simplicity, treat the Earth as a uniform sphere of 
mass Mp = 5.977 - 10°% kg and radius 6371 km. 

b) Calculate an upper limit for the contribution by the popu- 
lation of China to the Earth’s moment of inertia, by assuming 
that the whole group is at the Equator. Take the population of 
China to be 1.3 billion people, of average mass 70. kg. 

c) Calculate the change in the contribution in part (b) 
associated with a 1.0-m simultaneous change in the radial 
position of the entire group. 

d) Determine the fractional change in the length of the day 
the change in part (c) would produce. 


10.58 A bullet of mass rr w 
mp = 1.00-107kgis mov- —> | x 
ing with a speed of 100. m/s ve i 
when it collides with a T 
rod of mass mp = 5.00 kg and >L ial 
length L = 1.00 m (shown in 
the figure). The rod is initially 
at rest, in a vertical position, 

and pivots about an axis going aa 
through its center of mass. The 

bullet imbeds itself in the rod at a distance L/4 from the 
pivot point. As a result, the bullet-rod system starts rotating. 


a) Find the angular velocity, w, of the bullet-rod system 
after the collision. You can neglect the width of the rod and 
can treat the bullet as a point mass. 

b) How much kinetic energy is lost in the collision? 
ee10.59 A sphere of radius R and mass M sits on a horizon- 
tal tabletop. A horizontally directed impulse with magnitude 
J is delivered to a spot on the ball a vertical distance h above 
the tabletop. 

a) Determine the angular and translational velocity of the 
sphere just after the impulse is delivered. 

b) Determine the distance hg at which the delivered 
impulse causes the ball to immediately roll without slipping. 
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°10.60 A circular platform of radius R, = 4.00 m and mass 
M,= 400. kg rotates on frictionless air bearings about its 
vertical axis at 6.00 rpm. An 80.0-kg man standing at the very 
center of the platform starts walking (at t = 0) radially outward 
at a speed of 0.500 m/s with respect to the platform. Approxi- 
mating the man by a vertical cylinder of radius R,, = 0.200 m, 
determine an equation (specific expression) for the angular 
velocity of the platform as a function of time. What is the an- 
gular velocity when the man reaches the edge of the platform? 


10.61 A 25.0-kg boy stands 2.00 m from the center of a 
frictionless playground merry-go-round, which has a mo- 
ment of inertia of 200. kg m’. The boy begins to run in a cir- 
cular path with a speed of 0.600 m/s relative to the ground. 


a) Calculate the angular velocity of the merry-go-round. 


b) Calculate the speed of the boy relative to the surface of 
the merry-go-round. 


°10.62 The Earth has an angular speed of 7.272- 10” rad/s 

in its rotation. Find the new angular speed if an asteroid 

(m = 1.00- 10” kg) hits the Earth while traveling at a speed of 
1.40- 10° m/s (assume the asteroid is a point mass compared to 
the radius of the Farth) in each of the following cases: 


a) The asteroid hits the Earth dead center. 

b) The asteroid hits the Earth nearly tangentially in the 
direction of Earth’s rotation. 

c) The asteroid hits the Earth nearly tangentially in the 
direction opposite to Earth’s rotation. 


Section 10.8 


10.63 A demonstration gyroscope 
consists of a uniform disk with a 
40.0-cm radius, mounted at the 
midpoint of a light 60.0-cm axle. 
The axle is supported at one end 
while in a horizontal position. 
How fast is the gyroscope precessing, in units of rad/s, if the 
disk is spinning around the axle at 30.0 rev/s? 


Additional Problems 


10.64 Most stars maintain an equilibrium size by balancing 
two forces—an inward gravitational force and an outward 
force resulting from the star’s nuclear reactions. When the 
star’s fuel is spent, there is no counterbalance to the gravi- 
tational force. Whatever material is remaining collapses in 
on itself. Stars about the same size as the Sun become white 
dwarfs, which glow from leftover heat. Stars that have about 
three times the mass of the Sun compact into neutron stars. 
And a star with a mass greater than three times the Sun’s 
mass collapses into a single point, called a black hole. In 
most cases, protons and electrons are fused together to form 
neutrons—this is the reason for the name neutron star. Neu- 
tron stars rotate very fast because of the conservation of an- 
gular momentum. Imagine a star of mass 5.00- 10°” kg and 
radius 9.50 - 10° m that rotates once in 30.0 days. Suppose 
this star undergoes gravitational collapse to form a neutron 
star of radius 10.0 km. Determine its rotation period. 
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10.65 In experiments at the Princeton Plasma Physics 
Laboratory, a plasma of hydrogen atoms is heated to over 500 
million degrees Celsius (about 25 times hotter than the center 
of the Sun) and confined for tens of milliseconds by power- 
ful magnetic fields (100,000 times greater than the Earth's 
magnetic field). For each experimental run, a huge amount of 
energy is required over a fraction of a second, which trans- 
lates into a power requirement that would cause a blackout 

if electricity from the normal grid were to be used to power 
the experiment. Instead, kinetic energy is stored in a colossal 
flywheel, which is a spinning solid cylinder with a radius of 
3.00 m and mass of 1.18- 10° kg. Electrical energy from the 
power grid starts the flywheel spinning, and it takes 10.0 min 
to reach an angular speed of 1.95 rad/s. Once the flywheel 
reaches this angular speed, all of its energy can be drawn 

off very quickly to power an experimental run. What is the 
mechanical energy stored in the flywheel when it spins at 
1.95 rad/s? What is the average torque required to accelerate 
the flywheel from rest to 1.95 rad/s in 10.0 min? 


10.66 A 2.00-kg thin hoop with a 50.0-cm radius rolls 
down a 30.0° slope without slipping. If the hoop starts from 
rest at the top of the slope, what is its translational velocity 
after it rolls 10.0 m along the slope? 


10.67 An oxygen molecule (O,) rotates in the xy-plane 
about the z-axis. The axis of rotation passes through the 
center of the molecule, perpendicular to its length. The mass 
of each oxygen atom is 2.66: 10-*° kg, and the average sepa- 
ration between the two atoms is d = 1.21-10°'° m. 


a) Calculate the moment of inertia of the molecule about 
the z-axis. 

b) Ifthe angular speed of the molecule about the z-axis is 
4.60-10'rad/s, what is its rotational kinetic energy? 


10.68 A 0.050-kg bead slides on a wire bent into a circle of 
radius 0.40 m. You pluck the bead with a force tangent to 
the circle. What force is needed to give the bead an angular 
acceleration of 6.0 rad/s”? 


10.69 A professor doing a lecture demonstration stands at 
the center of a frictionless turntable, holding 5.00-kg masses 
in each hand with arms extended so that each mass is 1.20 m 
from his centerline. A (carefully selected!) student spins the 
professor up to a rotational speed of 1.00 rpm. If he then pulls 
his arms in by his sides so that each mass is 0.300 m from his 
centerline, what is his new rotation rate? Assume that his ro- 
tational inertia without the masses is 2.80 kg m/s, and neglect 
the effect on the rotational inertia of the position of his arms, 
since their mass is small compared to the mass of the body. 


°10.70 The system shown in the figure is held initially at 
rest. Calculate the angular acceleration of the system as soon 
as it is released. You can treat M, (1.00 kg) and Mp (10.0 kg) 


as point masses located on either end of the rod of mass Mc 
(20.0 kg) and length L (5.00 m). 


°10.71 A child builds a simple cart consisting of a 60.0 cm 
by 1.20 m sheet of plywood of mass 8.00 kg and four wheels, 
each 20.0 cm in diameter and with a mass of 2.00 kg. It is 
released from the top of a 15.0° incline that is 30.0 m long. 
Find the speed at the bottom. Assume that the wheels roll 
along the incline without slipping and that friction between 
the wheels and their axles can be neglected. 


e10.72 ACD has a mass of 15.0 g, an inner diameter of 1.5 cm, 
and an outer diameter of 11.9 cm. Suppose you toss it, caus- 
ing it to spin at a rate of 4.3 revolutions per second. 


a) Determine the moment of inertia of the CD, 
approximating its density as uniform. 

b) If your fingers were in contact with the CD for 0.25 
revolutions while it was acquiring its angular velocity and 
applied a constant torque to it, what was the magnitude of 
that torque? 


°10.73 A sheet of plywood 1.3 cm thick is used to make a 
cabinet door 55 cm wide by 79 cm tall, with hinges mounted 
on the vertical edge. A small 150-g handle is mounted 45 cm 
from the lower hinge at the same height as that hinge. If the 
density of the plywood is 550 kg/m’, what is the moment of 
inertia of the door about the hinges? Neglect the contribu- 
tion of hinge components to the moment of inertia. 


e10.74 A machine part is made from a uniform solid disk 
of radius R and mass M. A hole of radius R/2 is drilled 
into the disk, with the center of the hole at a distance R/2 
from the center of the disk (the diameter of the hole 
spans from the center of the disk to its outer edge). What 
is the moment of inertia of this machine part about the 
center of the disk in terms of R and M? 


10.75 A space station is to provide artificial gravity to support 
long-term stay of astronauts and cosmonauts. It is designed as 
a large wheel, with all the compartments in the rim, which is 
to rotate at a speed that will provide an acceleration similar to 
that of terrestrial gravity for the astronauts (their feet will be on 
the inside of the outer wall of the space station and their heads 
will be pointing toward the hub). After the space station is 
assembled in orbit, its rotation will be started by the firing of a 
rocket motor fixed to the outer rim, which fires tangentially to 
the rim. The radius of the space station is R = 50.0 m, and the 
mass is M = 2.40- 10° kg. If the thrust of the rocket motor is 

F = 1.40-10° N, how long should the motor fire? 


10.76 Many pulsars radiate radio frequency or other radia- 
tion in a periodic manner and are bound to a companion star 
in what is known as a binary pulsar system. In 2004, a double 
pulsar system, PSR J0737-3039A and J0737—3039B, was 
discovered by astronomers at the Jodrell Bank Observatory 
in the United Kingdom. In this system, both stars are pulsars. 
The pulsar with the faster rotation period rotates once every 
0.023 s, while the other pulsar has a rotation period of 2.8 s. 
The faster pulsar has a mass 1.337 times that of the Sun, while 
the slower pulsar has a mass 1.250 times that of the Sun. 


a) Ifeach pulsar has a radius of 20.0 km, express the ratio of 
their rotational kinetic energies. Consider each star to be a 
uniform sphere with a fixed rotation period. 


b) The orbits of the two pulsars about their common center 
of mass are rather eccentric (highly squashed ellipses), but an 
estimate of their average translational kinetic energy can be 
obtained by treating each orbit as circular with a radius equal to 
the mean distance from the system's center of mass. This radius 
is equal to 4.23 -10° m for the larger star, and 4.54- 10° m for 
the smaller star. If the orbital period is 2.4 h, calculate the ratio 
of rotational to translational kinetic energies for each star. 


°10.77 A student of mass 52 kg wants to measure the mass 
of a playground merry-go-round, which consists of a solid 
metal disk of radius R = 1.5 m that is mounted in a horizon- 
tal position on a low-friction axle. She tries an experiment: 
She runs with speed v = 6.8 m/s toward the outer rim of the 
merry-go-round and jumps on to the outer rim, as shown in 
the figure. The merry-go-round is initially at rest before the 
student jumps on and rotates at 1.3 rad/s immediately after 
she jumps on. You may assume that the student’s mass is 
concentrated at a point. 


a) What is the mass of the merry-go-round? 


b) Ifit takes 35 s for the merry-go-round to come to a stop 
after the student has jumped on, what is the average torque 
due to friction in the axle? 

c) How many times does the merry-go-round rotate before 
it stops, assuming that the torque due to friction is constant? 


Top view 


Before student jumps 
on merry-go-round 


After student jumps 
on merry-go-round 


10.78 A ballistic pendulum consists of an arm of mass M 
and length L = 0.48 m. One end of the arm is pivoted so 
that the arm rotates freely in a vertical plane. Initially, the 
arm is motionless and hangs vertically from the pivot point. 
A projectile of the same mass M hits the lower end of the 
arm with a horizontal velocity of V = 3.6 m/s. The projectile 
remains stuck to the free end of the arm during their subse- 
quent motion. Find the maximum angle to which the arm 
and attached mass will swing in each case: 

a) The arm is treated as an ideal pendulum, with all of its 
mass concentrated as a point mass at the free end. 


b) The arm is treated as a thin rigid rod, with its mass 
evenly distributed along its length. 


Problems 353 


e°10.79 A wagon wheel is made entirely of wood. Its compo- 
nents consist of a rim, 12 spokes, and a hub. The rim has mass 
5.2 kg, outer radius 0.90 m, and inner radius 0.86 m. The hub 
is a solid cylinder with mass 3.4 kg and radius 0.12 m. The 
spokes are thin rods of mass 1.1 kg that extend from the hub 
to the inner side of the rim. Determine the constant c = I/MR* 
for this wagon wheel. 


ee°10.80 The figure shows a solid, homogeneous ball with 
radius R. Before falling to the floor, its center of mass is at 
rest, but it is spinning with angular velocity wọ about a hori- 
zontal axis through its center. The lowest point of the ball 

is at a height h above the floor. When released, the ball falls 
under the influence of gravity, and rebounds to a new height 
such that its lowest point is ah above the floor. The defor- 
mation of the ball and the floor due to the impact can be 
considered negligible; the impact time, though, is finite. The 
mass of the ball is m, and the coefficient of kinetic friction 
between the ball and the floor is uy. Ignore air resistance. 


For the situation where the ball is slipping throughout the 
impact, find each of the following: 
a) tan 0, where 0 is the rebound angle indicated in the diagram 


b) the horizontal distance traveled in flight between the first 
and second impacts 


c) the minimum value of wọ for this situation. 

For the situation where the ball stops slipping before the 
impact ends, find each of the following: 

d) tan 0 

e) the horizontal distance traveled in flight between the first 
and second impacts. 


Taking both of the situations into account, sketch the varia- 
tion of tan 0 with wọ. 


wo 
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FIGURE 11.1 The tallest building in the world as of 2008, Taipei 101 in Taiwan: 
(a) view of the tower; (b) view of the sway damper inside the tower; (c) cutaway 
drawing of the top of the tower showing the location of the damper. 


WHAT WE WILL LEARN 
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= Static equilibrium is defined as mechanical = Unstable equilibrium occurs at points where the 
equilibrium for the special case of an object at rest. potential energy function has a maximum. 

= An object (or a collection of objects) can be in static = Neutral equilibrium (also called indifferent 
equilibrium only if the net external force is zero and equilibrium or marginally stable equilibrium) exists 
the net external torque is zero. at points where the first and second derivatives of the 


= A necessary condition for static equilibrium is that 


the first derivative of the potential energy function is = Equilibrium considerations are used to find 

zero at the equilibrium point. otherwise unknown forces acting on an unmoving 
object or to find the forces required to prevent an 
object from moving. 


= Stable equilibrium is achieved at points where the 
potential energy function has a minimum. 


potential energy function are both zero. 


The tallest building in the world as of 2008 was the Taipei 101 tower (Figure 11.1) in Taiwan, at 
509 m (1670 ft) tall. Like any skyscraper, this building sways when winds near the top gust at 
high speeds. To minimize the motion, the Taipei 101 tower contains a mass damper between 
the 87th and 92nd floors, consisting of a steel ball built from 5-in-thick disks. The damper has 
a mass of 660 metric tons, enough to reduce the tower’s motion by about 40%. Restaurants 
and observation decks surround the damper, making it a leading tourist attraction. 

Stability and safety are of prime importance in the design and construction of any build- 
ing. In this chapter, we examine the conditions for static equilibrium, which occurs when an 
object is at rest, and subject to zero net forces and torques. However, as we will see, a structure 
must be able to resist outside forces that tend to set it in motion. The long-term stability of a 
large structure—a building, a bridge, or amonument—depends on the builders’ ability to judge 
how strong outside forces might be and to design the structure to withstand these forces. 


11.1 Equilibrium Conditions 


In Chapter 4, we saw that the necessary condition for static equilibrium is the absence of a 
net external force. In that case, Newton's First Law stipulates that an object stays at rest or 
moves with constant velocity. However, we often want to find the conditions necessary for a 
rigid object to stay at rest, in static equilibrium. An object (or collection of objects) is in static 
equilibrium if it is at rest and not experiencing translational or rotational motion. Figure 11.2 
shows a famous example of a collection of objects in static equilibrium. Part of what makes this 
installation so amazing is that the eye does not want to accept that the configuration is stable. 

The requirement of no translational or rotational motion means that the linear and 
angular velocities of an object in static equilibrium are always zero. The fact that the linear 
and angular velocities do not change with time implies that the linear and angular accelera- 
tions are also zero at all times. In Chapter 4, we saw that Newton's Second Law, 


Fi, =ma, (11.1) 


implies that if the linear acceleration, d, is zero, the external net force, Fe» must be zero. 
Furthermore, we saw in Chapter 10 that Newton's Second Law for rotation, 


Tea =1Q, (11.2) 
implies that if the angular acceleration, @, is zero, the external net torque, T et must be zero. 


These facts lead to two conditions for static equilibrium. 


Static Equilibrium Condition 1 
An object can stay in static equilibrium only if the net force acting on it is zero: 


eh (11.3) 


Continued— 


FIGURE 11.2 This 440-kg installa- 
tion created by Alexander Calder hangs 
from the ceiling at the National Gallery 
of Art (Washington, DC) in perfect 
static equilibrium. 
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N 


FIGURE 11.3 (a) This object experi- 
ences zero net torque, because it is 
supported from a pin located exactly 
above the center of mass. (b) A net 
torque results when the center of mass 
of the same object is at a location not 
exactly below the support point. 


(b) 


FIGURE 11.4 Finding the center of 
mass for an arbitrarily shaped object. 


Static Equilibrium Condition 2 
An object can stay in static equilibrium only if the net torque acting on it is zero: 


Trop =0. (11.4) 


net 


Even if Newton's First Law is satisfied (no net force acts on an object), and an object has 
no translational motion, it will still rotate if it experiences a net torque. 


It is important to remember that torque is always defined with respect to a pivot point 
(the point where the axis of rotation intersects the plane defined by F and 7). When we 
compute the net torque, the pivot point must be the same for all forces involved in the 
calculation. If we try to solve a static equilibrium problem, with vanishing net torque, the 
net torque has to be zero for any pivot point chosen. Thus, we have the freedom to select a 
pivot point that best suits our purpose. A clever selection of a pivot point is often the key to 
a quick solution. For example, if an unknown force is present in the problem, we can select 
the point where the force acts as the pivot point. Then, that force will not enter into the 
torque equation because it has a moment arm of length zero. 

If an object is supported from a pin located directly above its center of mass, as in Fig- 
ure 11.3a (where the red dot marks the center of mass), then the object stays balanced; that 
is, it does not start to rotate. Why? Because in this case only two forces act on the object— 
the force of gravity, E, (blue arrow), and the normal force Ñ (green arrow), from the pin— 
and they lie on the same line (yellow line in Figure 11.3a). The two forces cancel each other 
out and produce no net torque, resulting in static equilibrium; the object is in balance. 

On the other hand, if an object is supported in the same way from a pin but its center 
of mass is not below the support point, then the situation is that shown in Figure 11.3b. The 
normal and gravitational force vectors still point in opposite directions; however, a nonzero 
net torque now acts, because the angle 0 between the gravitational force vector, Ř, and the 
moment arm (directed along the yellow line) is not zero any more. This torque violates the 
condition that the net torque must be zero for static equilibrium. However, suspending 
an object from different points is a practical method for finding the center of mass of the 
object, even a strangely shaped object like the one in Figure 11.3. 


Experimentally Locating the Center of Mass 


To locate an object’s center of mass experimentally, we can support the object from a pin in 
such a way that it can rotate freely around the pin and then let it come to rest. Once the object 
has come to rest, its center of mass is located on the line directly below the pin. We hang a 
weight (a plumb bob in Figure 11.4) from the same pin used to support the object, and it iden- 
tifies the line. We mark this line on the object. If we do this for two different support points, 
the intersection of the two lines will mark the precise location of the center of mass. 

You can use another technique to determine the location of the center of mass for many 
objects (see Figure 11.5). You simply support the object on two fingers placed in such a way 
that the center of mass is located somewhere between them. (If this is not the case, you will 
know right away, because the object will fall.) Then slowly slide the fingers closer to each 
other. At the point where they meet, they are directly below the center of mass, and the 
object is balanced on top. 

Why does this technique work? The finger that is closer to the center of mass exerts a 
larger normal force on the object. Thus, when moving, this finger exerts a larger friction force 
on the object than the finger that is farther away. Consequently, if the fingers slide toward each 
other, the finger that is closer to the center of mass will take the suspended object along with 
it. This continues until the other finger becomes closer to the center of mass, when the effect 
is reversed. In this way, the two fingers always keep the center of mass located between them. 
When the fingers are next to each other, the center of mass is located. 

In Figure 4.6, showing a hand holding up a laptop computer, the force vector N exerted 
by the hand on the laptop acted at the laptop’s center, just like the gravitational force vector 
but in the opposite direction. This placement is necessary. For a hand to hold up a laptop 
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computer, it must be placed directly below the computer’s center of mass. Otherwise, if the 
center of mass were not supported from directly below, the computer would tip over. 


Equilibrium Equations 

With a qualitative understanding of the concepts and conditions for static equilibrium, we 
can formulate the equilibrium conditions for a more quantitative analysis. In Chapter 4, we 
found that the condition of zero net force translates into three independent equations in 
a three-dimensional space, one for each Cartesian component of the zero net force (refer 
to equation 11.3). In addition, the condition of zero net torque in three dimensions also 
implies three equations for the components of the net torque (refer to equation 11.4), rep- 
resenting independent rotations about the three possible axes of rotation, which are all 
perpendicular to each other. In this chapter, we will not deal with the three-dimensional 
situations (involving six equations), but rather will concentrate on problems of static equi- 
librium in two-dimensional space, that is, a plane. In a plane, there are two independent 
translational degrees of freedom for a rigid body (in the x- and the y-directions) and one 
possible rotation, either clockwise or counterclockwise around a rotation axis that is per- 
pendicular to the plane. Thus, the two equations for the net force components are 


n 


Eaa =X R, =F, +&, ato =0 (11.5) 


Fety = Fy =y t Bytt Ey =0. (11.6) 


In Chapter 10, the net torque about a fixed axis of rotation was defined as the difference 
between the sum of the counterclockwise torques and the sum of the clockwise torques. 
The static equilibrium condition of zero net torque about each axis of rotation can thus be 
written as 


Thet = Tcounterclockwise,i _ 2 Tdlockwise, j =0. a 1.7) 
i j 
These three equations (11.5 through 11.7) form the basis for the quantitative analysis of 
static equilibrium in the problems in this chapter. 


FIGURE 11.5 Determining the center 
of mass of a golf club experimentally. 


11.2 Examples Involving Static Equilibrium 


The two conditions for static equilibrium (zero net force and zero net torque) are all we 
need to solve a very large class of problems involving static equilibrium. We do not need 
calculus to solve these problems; all the calculations use only algebra and trigonometry. 
Let’s start with an example for which the answer seems obvious. This will provide practice 
with the method and show that it leads to the right answer. 


EXAMPLE 11.1 | Seesaw 


A playground seesaw consists of a pivot and a bar, of mass M, that is placed on the pivot so 
that the ends can move up and down freely (Figure 11.6a). If an object of mass m; is placed 
on one end of the bar at a distance r, from the pivot point, as shown in Figure 11.6b, that 
end goes down, simply because of the force and torque that the object exerts on it. 


PROBLEM 1 
Where do we have to place an object of mass m, (assumed to be equal to the mass of m,) to 
get the seesaw to balance, so the bar is horizontal and neither end touches the ground? 


SOLUTION 1 

Figure 11.6b is a free-body diagram of the bar showing the forces acting on it and the 

points where they act. The force that m, exerts on the bar is simply mg, acting downward 
Continued— 
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(a) 


mı 


mgy 


(b) 


FIGURE 11.6 (a) A playground seesaw; 
(b) free-body diagram showing forces and 


moment arms. 


as shown in Figure 11.6b. The same is true for the force that m, exerts on the bar. In ad- 
dition, because the bar has a mass M of its own, it experiences a gravitational force, Mg. 
The gravitational force acts at the center of mass of the bar, right in the middle of the bar. 
The final force acting on the bar is the normal force, N, exerted by the bar’s support. It acts 
exactly at the axle of the seesaw (marked with an orange dot). 

The equilibrium equation for the y-components of the forces leads to an expression 
for the value of the normal force: 


Fety =$ Fy =-mg-mg-Mg+N=0 
i 


>N=g(m +m +M). 


The signs in front of the individual force components indicate whether they 
act upward (positive) or downward (negative). 

Because all forces act in the y-direction, it is not necessary to write equations 
for the net force components in the x- or z-directions. 

Now we can consider the net torque. The selection of the proper pivot point 
can make our computations simple. For a seesaw, the natural selection is at the 
axle, the point marked with an orange dot in the center of the bar in Figure 11.6b. 
Because the normal force, N, and the weight of the bar, Mg, act exactly through 
this point, their moment arms have length zero. Thus, these two forces do not 
contribute to the torque equation if this is selected as the pivot point. The forces 
F, = m,g and F, = m,g are the only ones contributing torques: F, generates a 
counterclockwise torque, and F, a clockwise torque. The torque equation is then 


Tnet = 2. Tcounterclockwise,i z > T clockwise, j 
i j 
= m, gn sin 90° — m, gn sin90° = 0 
= mhn = Mh 
m 
E — (i) 
my 
Even though they equal 1 and thus have no effect, the factors sin90° are included above as 
a reminder that the angle between force and moment arm usually affects the calculation 
of the torques. 
The question was where to put m, for the case that the two masses were the same, 


the answer is r, = r, in this case. This expected result shows that our systematic way of 
approaching the solution works in this easily verifiable case. 


PROBLEM 2 
How big does m, need to be to balance m; if r, = 3r, that is, if m, is three times closer to 
the pivot point than m,? 


SOLUTION 2 
We use the same free-body diagram (Figure 11.6b) and arrive at the same general equa- 
tion for the masses and distances. Solving equation (i) for m, gives 


Mh =M 


Using r; = 3r,, we obtain 


For this case, we find that the mass of m, has to be three times that of m, to establish static 
equilibrium. 
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As Example 11.1 shows, a clever choice of a pivot point can often greatly simplify a 
solution. It is important, however, to realize that one can use any pivot point. If the torques 
are balanced about any pivot point, they are balanced about all pivot points. Thus, if we 
change the pivot point, it can make the calculations more complicated in certain situations, 
but the end result of the calculation will not change. 


11.1 Self-Test Opportunity 


Suppose that the pivot point for 
the seesaw in part 1 of Example 
11.1 is placed instead below the 
center of mass of m,. Show that 


this leads to the same result. 


P 
EXAMPLE 11.2 | Force on Biceps 


Suppose you are holding a barbell in your hand, as shown in Figure 11.7a. Your biceps 
supports your forearm. The biceps is attached to the bone of the forearm at a distance r, = 
2.0 cm from the elbow, as shown in Figure 11.7b. The mass of your forearm is 0.85 kg. The 
length of your forearm is 31 cm. Your forearm makes an angle 0 = 75° with the vertical, 
as shown in Figure 11.7b. The barbell has a mass of 15 kg. 


Humerus 


Elbow 


(a) (b) 
FIGURE 11.7 (a) A human arm holding a barbell. (b) Forces and moment arms for a human arm holding a barbell. 


PROBLEM 
What is the force that the biceps must exert to hold up your forearm and the barbell? Assume 
that the biceps exerts a force perpendicular to the forearm at the point of attachment. 


SOLUTION 
The pivot point is the elbow. The net torque on your forearm must be zero, so the coun- 
terclockwise torque must equal the clockwise torque: 


3 Tcounterclockwise,i = > T clockwise, j: 
i j 
The counterclockwise torque is provided by the biceps: 
5 Tcounterclockwise,i = T, ty sin 90° = T, f> 
i 
where T, is the force exerted by the biceps and r, is the moment arm for the force exerted 


by the biceps. The clockwise torque is the sum of the torque exerted by the weight of the 
forearm and the torque exerted by the barbell: 


aae = Me St sind + My Btw sin 0, 


j Continued— 
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11.2 Self-Test Opportunity 


In Example 11.2, suppose you hold 
the barbell so that your forearm 
makes an angle of 180° with the 
vertical. Why is it that you can still 
lift the barbell? 


where mis the mass of the forearm, r;is the moment arm for the force exerted by the weight 
of the forearm, m,, is the mass of the barbell, and r, is the moment arm of the force exerted 
by the weight of the barbell. We take the r, to be equal to the length of the forearm and rẹ 
to be half of that length, or r,,/2. Equating the counterclockwise torque and the clockwise 
torque gives us 


Th, =m gy sind +m, gr, sind. 


Solving for the force exerted by the biceps, we obtain 


T,= m, gr; sind +m, gr, sin 0 -gono +m, ty | 
f f 
Putting in the given numbers gives the force exerted by the biceps 


R= gino ME 
h 


(0.85 He) eC kg)(0.31 m) 


0.020 m 


=(981 m/s? )(sin75°) 


=2300 N. 


You may wonder why evolution gave the biceps such a huge mechanical disadvantage. 
Apparently, it was more advantageous to be able to swing the arms a long distance while 
exerting a comparatively huge force than to be able to move them a short distance and 
exert a small force. This is in contrast, by the way, to the jaw muscles, which have evolved 
the ability to crunch tough food with huge force. 


The following example for static equilibrium also shows an application of the formulas 
to compute the center of mass that we introduced in Chapter 8, and at the same time has a 
very surprising outcome. 


EXAMPLE 11.3 | Stacking Blocks 


PROBLEM 
Consider a collection of identical blocks stacked at the edge of a table (Figure 11.8). How 
far out can we push the leading edge of the top block without the pile falling off? 


(a) 
FIGURE 11.8 (a): Stack of seven identical blocks piled on a table— fee34567 
note that the left edge of the top block is to the right of the right edge 


of the table. (b) Positions of the centers of mass of the individual blocks (b) 
(x, through x7) and locations of the combined centers of mass of the 


topmost blocks (x4; through x1234567)- 
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SOLUTION 
Let’s start with one block. If the block has length / and uniform mass density, then its 
center of mass is located at +/. Clearly, it can stay at rest as long as at least half of it is on 
the table, with its center of mass supported by the table from below. The block can stick 
out an infinitesimal amount less than +/ beyond the support, and it will remain at rest. 
Next, we consider two identical blocks. If we call the x-coordinate of the center of 
mass of the upper block x, and that of the lower block x,, we obtain for the x-coordinate 
of the center of mass of the combined system, according to Section 8.1, 


_ xam +x mM, 
xy. =—————. 


m +m, 
For identical blocks, m, = m,, which simplifies the expression for x}, to 
1 
y= 5 (%] +X). 


Since x, = x, + 44 in the limiting case that the center of mass of the first block is still sup- 
ported from below by the second block, we obtain 


My = 5 (4 +a) GL) +70. (i) 
Now we can go to three blocks. The top two blocks will not topple if the combined center 


of mass, x,,, is supported from below. Shifting x,, to the very edge of the third block, we 
obtain x,, = x, + +/. Combining this with equation (i), we have 


m=% tp lax tf lm = +78. 


Note that equation (i) is still valid after the shift because we have expressed x, in terms 
of x, and because x,, and x, change by the same amount when the two blocks move to- 
gether. We can now calculate the center of mass for the three blocks in the same way as 
before, by applying the same principle to find the new combined center of mass: 

_ Xp (2m)+x,m _ 


2 oe 1 i 1 PP 
X23 mim 5 Mia H3% = + + 5% HL (ii) 


Requiring that the top three blocks are supported by the fourth block from below results 
in x15; = x, + 44. Combined with equation (ii), this establishes 


z=% +50 = Xy + Fl xy ay tel 
You can see how this series continues. If we have n - 1 blocks supported in this way by the 
nth block, then the coordinates of the (n — 1)st and nth block are related as follows: 
Xa =X, + = 
n-1 n 21-2 : 
We can now add up all the terms and find out how far away x, can be from the edge: 
3 
i 


i=1 


My =x tela +H + slang HHLA sla =x tel 


n 
You may remember from calculus that the sum ) i does not converge, that is, does 
iz 


not have an upper limit for n — co. This gives the astonishing result that x, can move in- 11.3 Self-Test Opportunity 
finitely far away from the table’s edge, provided there are enough blocks under it and that Sipps von Gee MA0 ienie 
the edge of the table can support their weight without significant deformation! (But see blocks of height 4.0 cm and length 
Self-Test Opportunity 11.3 to put this infinity into perspective.) Figure 11.8a shows only 15.0 cm. If you arranged them in 

7 blocks stacked on a table, and the left edge of the top block is already to the right of the the way demonstrated in Example 


right edge of the table. 11.3, how far would the right edge 
of the top block stick out? 


The following problem, involving a composite extended object, serves to review the 
calculation of the center of mass of such objects, which was introduced in Chapter 8. 
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(a) 


FIGURE 11.9 (a) A wood and marble 
sculpture; (b) diagram of the sculpture 
with dimensions labeled. 


a 
f 


ltt) 

t > x 
| 

xX, 0 K 


FIGURE 11.10 Sketch for calculat- 
ing the center of mass of the sculpture. 


PrVı e 


SOLVED PROBLEM 11.1 / An Abstract Sculpture 


An alumnus of your university has donated a sculpture to be displayed in the atrium of 
the new physics building. The sculpture consists of a rectangular block of marble of di- 
mensions a = 0.71 m, b = 0.71 m, and c = 2.74 m and a cylinder of wood with length £ = 
2.84 m and diameter d = 0.71 m, which is attached to the marble so that its upper edge is 
a distance e = 1.47 m from the top of the marble block (Figure 11.9). 


PROBLEM 

If the mass density of the marble is 2.85- 10° kg/m? and that of the wood is 4.40- 107 kg/m? ‘ 
can the sculpture stand upright on the floor of the atrium, or does it need to be supported 
by some kind of bracing? 


SOLUTION 


THINK 

Chapter 8 showed that a condition for stability of an object is that the object’s center of 
mass needs to be directly supported from below. In order to decide if the sculpture can 
stand upright without additional support, we therefore need to determine the location of 
the center of mass of the sculpture and find out if it is located at a point inside the marble 
block. Since the floor supports the block from below, the sculpture will be able to stand 
upright if this is the case. If the center of mass of the sculpture is located outside the 
marble block, the sculpture will need bracing. 


SKETCH 

We draw a side view of the sculpture (Figure 11.10), representing the marble block and 
the wooden cylinder by rectangles. The sketch also indicates a coordinate system with a 
horizontal x-axis and a vertical y-axis and the origin at the right edge of the marble block. 
(What about the z-coordinate? We can use symmetry arguments in the same way as we 
did in Chapter 8 and find that the z-component of the center of mass is located in the 
plane that divides block and cylinder into halves.) 


RESEARCH 

With the chosen coordinate system, we also do not need to worry about calculating the 
y-coordinate of the center of mass of the sculpture. The condition for stability depends 
only on whether the x-coordinate of the center of mass is within the marble block; it does 
not depend on how high the center of mass is off the ground. Thus, the only task left is to 
calculate the x-component of the center of mass. According to the general principles for 
calculating center-of-mass coordinates, developed in Chapter 8, we can write 


X=— f Er ara (i) 
V 


where M is the mass of the entire sculpture and V is its volume. Note that in this case the 
mass density is not homogeneous, since the marble and the wood have different densities. 

In order to perform the integration, we split the volume V into convenient parts: V = 
V, + V>, where V, is the volume of the marble block and V, is the volume of the wooden 
cylinder. Then equation (i) becomes 


1 1 
ee Pav f 7)dV 
uf a P 


SIMPLIFY 
To calculate the location of the x-component of the center of mass of the marble block 
alone, we can use the equation for constant density from Chapter 8: 


1 
x=- f xpav-2 f xav. 
M, M, 
v Vj 
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(Since the density is constant over this entire volume, we can move it out of the integral.) In 
the same way, we can find the x-component of the center of mass of the wooden cylinder: 


X= | xav. 
M, J 


Therefore, the expression for the center of mass of the composite object—that is, the en- 
tire sculpture—is 


V V 
- e fxay+ 2 f xay (ii) 
M M, M M, 
Vi Vy 
eae 
M M 


This is a very important general result: Even for extended objects, the combined center of 
mass can be calculated in the same way as it is for point particles. Since the total mass of 
the sculpture is the combined mass of its two parts, M = M, + M,, equation (ii) becomes 
M, M, 
1 X ae 2 
M,+M, M,+M, 


oF (iii) 


It is important to note that this relationship between the coordinate of combined center of 
mass of a composite object and the individual center-of-mass coordinates is true even in 
the case where the parts are separate objects. Further, it holds in the case when the density 
inside a given object is not constant. Formally, this result relies on the fact that a volume 
integral can always be split into a set of integrals over disjoint subvolumes that add up to 
the whole. That is, integration is linear, as it is merely addition. 

Deriving equation (iii) has simplified a complicated problem greatly, because the 
center-of-mass coordinates of the two individual objects can be calculated easily. Since 
the density of each of them is constant, their center-of-mass locations are identical 
to their geometrical centers. One look at Figure 11.10 is enough to convince us that 
X, = 5 and X, = ->b. (Remember, we chose the origin of the coordinate system as the 
right edge of the marble block.) 

All that is left now is to calculate the masses of the two objects. Since we know their den- 
sities, we only need to figure out each object's volume; then the mass is given by M = pV. 

Since the marble block is rectangular, its volume is V = abc. Thus, we have 

M; = pabc. 
The horizontal wooden part is a cylinder, so its mass is 
M= pl a 


CALCULATE 


Inserting the numbers given in the problem statement, we obtain for the individual masses 
M, = (2850 kg/m? )(0.71 m)(0.71 m)(2.74 m) = 3936.52 kg 


_ (440 kg/m? )(2.84 m)z7(0.71 m}? 


M 
4 


= 494.741 kg. 


Thus, the combined mass is 
M =M; + M, =3936.52 kg + 494.741 kg = 4431.261 kg. 


The location of the x-component of the center of mass of the sculpture is then 


y = 3936.52 kg 494.741 kg 


= -0.5)(0.71 sie cea 
sige n u T” 


[(0.5)(2.84 m)| =~0.156825 m. 


Continued— 


363 


364 Chapter 11 Static Equilibrium 


FIGURE 11.11 Sculpture made 
entirely of marble that has the same 
center-of-mass location as the marble- 
and-wood sculpture in Figure 11.9a. 


11.1 In-Class Exercise —, 


If a point mass were placed at the 
far right end of the wooden cylinder 
in the sculpture in Figure 11.9a, 
how big could this mass be before 
the sculpture would tip over? 


a) 2.4 kg d) 245 kg 
b) 29.1 kg e) 1210 kg 
c) 37.5 kg 


(a) (b) 
FIGURE 11.12 (a) Student standing on a ladder. (b) Force 
vectors superimposed. (c) Free-body diagram of the ladder. 


ROUND 
The densities were given to three significant figures, but the length dimensions were given 
to only two significant figures. Rounding thus results in 


X =-0.16 m. 


Since this number is negative, the center of mass of the sculpture is located to the left 
of the right edge of the marble block. Thus, it is located above the base of the block 
and is supported from directly below. The sculpture is stable and can stand without 
bracing. 


DOUBLE-CHECK 

From Figure 11.9a, it seems hardly possible that this sculpture wouldnt tip over. How- 
ever, our eyes can deceive us, as the density of the sculpture isnt constant. The ratio 
of the densities of the two materials used in the sculpture is p,/p, = (2850 kg/m°)/ 
(440 kg/m’) = 6.48. Therefore, we would obtain the same location for the center of 
mass if the 2.84-m-long cylinder made of wood were replaced by a cylinder of the 
same length made of marble, with its central axis located at the same place as that of 
the wooden cylinder, but thinner by a factor of 6.48 =2.55. The sculpture shown in 
Figure 11.11 has the same center-of-mass location as the sculpture in Figure 11.9a. Fig- 
ure 11.11 should convince you that the sculpture is able to stand in stable equilibrium 
without bracing. 


The next example considers a situation in which the force of static friction plays 
an essential role. Static friction forces help maintain many arrangements of objects in 
equilibrium. 


EXAMPLE 11.4 | Person Standing on a Ladder 


Typically, a ladder stands on a horizontal surface (the floor) and leans against a vertical 
surface (the wall). Suppose a ladder of length ¢ = 3.04 m, with mass m = 13.3 kg, rests 
against a smooth wall at an angle of 0 = 24.8°. A student, who has a mass of m,,, = 62.0 kg, 
stands on the ladder (Figure 11.12a). The student is standing on a rung that is r= 1.43 m 
along the ladder, measured from where the ladder touches the ground. 


PROBLEM 1 

What friction force must act on the bottom of the ladder to keep it 
from slipping? Neglect the (small) force of friction between the smooth 
wall and the ladder. 


SOLUTION 1 

Let’s start with the free-body diagram shown in Figure 11.12c. Here 
R = -Rŝ is the normal force exerted by the wall on the ladder, Ñ = Np is 
the normal force exerted by the floor on the ladder, and W, = -m,,gy and 
W =-mgy are the weights of the student and the ladder: m,,,g = (62.0 kg) 
(9.81 m/s?) = 608. N and mg = (13.3 kg)(9.81 m/s”) = 130. N. 

We'lllet f, = fx be the force of static friction between the floor and 
the bottom of the ladder, which is the answer to the problem. Note that 
this force vector is directed in the positive x-direction (if the ladder 
slips, its bottom will slide in the negative x-direction, and the friction 
force must necessarily oppose that motion). As instructed, we neglect 
the force of friction between wall and ladder. 


(c) 


11.2 Examples Involving Static Equilibrium 


The ladder and the student are in translational and rotational equilibrium, so we have 
the three equilibrium conditions introduced in equations 11.5 through 11.7: 


> Ru=0, DB s=0 D7 =0. 


Let’s start with the equation for the force components in the horizontal direction: 
Y Ruf ROS R= fy 
i 


From this equation, we learn that the force the wall exerts on the ladder and the friction 
force between the ladder and the floor have the same magnitude. Next, we write the equa- 
tion for the force components in the vertical direction: 


E; =N-mĘ,g-mg=0=> N =g(m, +m). 


The normal force that the floor exerts on the ladder is exactly equal in magnitude to 
the sum of the weights of ladder and man: N = 608. N +130. N = 738. N. (Again, we 
neglect the friction force between wall and ladder, which would otherwise have come 
in here.) 

Now we sum the torques, assuming that the pivot point is where the ladder touches 
the ground. This assumption has the advantage of allowing us to ignore the forces acting 
at that point, because their moment arms are zero. 


>. -ong] £] siné+(m,,g)rsin6 - RLcos0 =0. (i) 
Note that the torque from the walls normal force acts counterclockwise, whereas the 
two torques from the weights of the student and the ladder act clockwise. Also, the angle 
between the normal force, R, and its moment arm, £, is 90° — 0, and sin (90° — 0) = cos@. 
Now we solve equation (i) for R: 


ý 3 (mg) ésin 6 + (m,, g)r sin 8 
cos@ 


M 
-img tmas lane 


Numerically, we obtain 


1.43 
R=|1(130. N)+ (608. N)-2= |(tan 24.8°) = 162. N. 
2 3.04 m 


However, we already found that R = f, so our answer is f, = 162. N. 


PROBLEM 2 
Suppose that the coefficient of static friction between ladder and floor is 0.31. Will the 
ladder slip? 


SOLUTION 2 
We found the normal force in the first part of this example: N = g(m,, + m) = 738. N. It 
is related to the maximum static friction force via fo max = MN. So, the maximum static 
fraction force is 229. N, well above the 162. N that we just found necessary for static equi- 
librium. In other words, the ladder will not slip. 

In general, the ladder will not slip as long as the force from the wall is smaller than 
the maximum force of static friction, leading to the condition 


R= 


sm +m, T gtd <img (ii) 


Continued— 


11.2 In-Class Exercise 


What can the student in Example 
11.4 do if he really has to get up 
just a bit higher than the maximum 
height allowed by equation (ii) for 
the given situation? 


a) He can increase the angle @ 
between the wall and the ladder. 


b) He can decrease the angle @ 
between the wall and the ladder. 


c) Neither increasing nor 
decreasing the angle will make 
any difference. 
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PROBLEM 3 
What happens as the student climbs higher on the ladder? 


SOLUTION 3 

From equation (ii), we see that R grows larger with increasing r. Eventually, this force will 
overcome the maximum force of static friction, and the ladder will slip. You can now un- 
derstand why it is not a good idea to climb too high on a ladder in this kind of situation. 


11.3 Stability of Structures 


i) ag 
pee d 


FIGURE 11.13 The bridge carrying 
Interstate 35W across the Mississippi 
River in Minneapolis collapsed on Au- 
gust 1, 2007, during rush hour. 


(b) 


FIGURE 11.14 (a) Pushing with a 
small force against the upper edge of a 
box. (b) Exerting a larger force on the 
box results in tilting it. 


For a skyscraper or a bridge, designers and builders need to worry about the ability of 
the structure to remain standing under the influence of external forces. For example, after 
standing for 40 years, the bridge carrying Interstate 35W across the Mississippi River in 
Minneapolis, shown in Figure 11.13, collapsed on August 1, 2007, probably from design- 
related causes. This bridge collapse and other architectural disasters are painful reminders 
that the stability of structures is a paramount concern. 

Let’s try to quantify the concept of stability by looking at Figure 11.14a, which shows 
a box in static equilibrium, resting on a horizontal surface. Our experience tells us that if 
we use a finger to push with a small force in the way shown in the figure, the box remains 
in the same position. The small force we exert on the box is exactly balanced by the force of 
friction between the box and the supporting surface. The net force is zero, and there is no 
motion. If we steadily increase the magnitude of the force we apply, there are two possible 
outcomes: If the friction force is not sufficient to counterbalance the force exerted by the 
finger, the box begins to slide to the right. Or, if the torque of the friction force about the 
center of mass of the box is less than the torque due to the applied force, the box starts to tilt 
as shown in Figure 11.14b. Thus, the static equilibrium of the box is stable with respect to 
small external forces, but a sufficiently large external force destroys the equilibrium. 

This simple example illustrates the characteristic of stability. Engineers need to be able 
to calculate the maximum external forces and torques that can be present without under- 
mining the stability of a structure. 


Quantitative Condition for Stability 


In order to be able to quantify the stability of an equilibrium situation, we start with the 
relationship between potential energy and force from Chapter 6: 


F(F)=-VU(). 
In one dimension, this is 
Baas dU(x) 
dx 
A vanishing net force is one of the equilibrium conditions, which we can write as 
VU(7)= ou) aur) aU) =0, or as aU) = 0 in one dimension, at a given 
x oy oz dx 


point in space. So far, the condition of vanishing first derivative adds no new insight. How- 
ever, we can use the second derivative of the potential energy function to distinguish three 
different cases, depending on the sign of the second derivative. 


Case 1 Stable Equilibrium 


@U(x) 


Stable equilibrium: > 


>0. (11.8) 


X =X0 


If the second derivative of the potential energy function with respect to the coordinate 
is positive at a point, then the potential energy has a local minimum at that point. The 
system is in stable equilibrium. In this case, a small deviation from the equilibrium 
position creates a restoring force that drives the system back to the equilibrium point. 


This situation is illustrated in Figure 11.15a: If the red dot is moved away from its 
equilibrium position at x, in either the positive or the negative direction and released, it 
will return to the equilibrium position. 


Case 2 Unstable Equilibrium 


2 
Unstable equilibrium: ada 


<0. (11.9) 


X=X0 


If the second derivative of the potential energy function with respect to the coordinate 
is negative at a point, then the potential energy has a local maximum at that point. The 
system is in unstable equilibrium. In this case, a small deviation from the equilibrium 
position creates a force that drives the system away from the equilibrium point. This 
situation is illustrated in Figure 11.15b: If the red dot is moved even slightly away from 
its equilibrium position at x, in either the positive or the negative direction and released, 
it will move away from the equilibrium position. 


Case 3 Neutral Equilibrium 
U(x) 


Neutral equilibrium: 
dx 


=0. (11.10) 


X =X0 


The case in which the sign of the second derivative of the potential energy function with 
respect to the coordinate is neither positive nor negative at a point is called neutral 
equilibrium, also referred to as indifferent or marginally stable. This situation is illustrated 
in Figure 11.15c: If the red dot is displaced by a small amount, it will neither return to nor 
move away from its original equilibrium position. Instead, it will simply stay in the new 
position, which is also an equilibrium position. 


Multidimensional Surfaces and Saddle Points 


The three cases just discussed cover all possible types of stability for one-dimensional 
systems. They can be generalized to two- and three-dimensional potential energy 
functions that depend on more than one coordinate. Instead of looking at only the 
derivative with respect to one coordinate, as in equations 11.8 through 11.10, we have 
to examine all partial derivatives. For the two-dimensional potential energy function 
U(x,y), the equilibrium condition is that the first derivative with respect to each of the 
two coordinates is zero. In addition, stable equilibrium requires that at the point of 
equilibrium the second derivative of the potential energy function is positive for both 
coordinates, whereas unstable equilibrium implies that it is 
negative for both, and neutral equilibrium means that it is U(%y) 
zero for both. Parts (a) through (c) of Figure 11.16 show these pas ‘ 
three cases, respectively. 

However, in more than one spatial dimension, the pos- 
sibility also exists that at one equilibrium point the second 
derivative with respect to one coordinate is positive, whereas 
it is negative for the other coordinate. These points are called 
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U(x) 


(a) 


U(x) 


(b) 


U(x) 


(Q) 


FIGURE 11.15 Local shape of the 
potential energy function at an equi- 
librium point: (a) stable equilibrium; 

(b) unstable equilibrium; (c) neutral 

equilibrium. 


saddle points, because the potential energy function is locally 
shaped like a saddle. Figure 11.16d shows such a saddle point, 
where one of the second partial derivatives is negative and one 
is positive. The equilibrium at this saddle point is stable with 
respect to small displacements in the y-direction, but unstable 
with respect to small displacements in the x-direction. 

In astrict mathematical sense, the conditions noted above 
for the second derivative are sufficient for the existence of 
maxima and minima, but not necessary. Sometimes, the first (o) 
derivative of the potential energy function is not continuous, 


but extrema can still exist, as the following example shows. potential energy function. 


(d) 


FIGURE 11.16 Different types of equilibrium for a three-dimensional 
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11.3 In-Class Exercise 


In Figure 11.16, which surface con- 
tains equilibrium points other than 
the one marked with the black dot? 


a) c) 
b) d) 


EXAMPLE 11.5 [Pushing a Box 


PROBLEM 1 
What is the force required to hold the box in Figure 11.14 in equilibrium at a given tilt 
angle? 


SOLUTION 1 

Before the finger pushes on the box, the box is resting on a level surface. The only two 
forces acting on it are the force of gravity and a balancing normal force. There is no net 
force and no net torque; the box is in equilibrium (Figure 11.17a). 

Once the finger starts pushing in the horizontal direction on the upper edge of the box 
and the box starts tilting, the normal force vector acts at the contact point (Figure 11.17b). 
The force of static friction acts at the same point but in the horizontal direction. Since the 
box does not slip, the friction force vector has exactly the same magnitude as the external 
force vector due to the pushing by the finger, but acts in the opposite direction. 


F, 


finger _ 
i 

1 MT 
\ 


(a) (b) 
FIGURE 11.17 Free-body diagrams for the box (a) resting on the level surface and (b) being tilted 
by a finger pushing in the horizontal direction. 


We can now calculate the torques due to these forces and find the condition for equi- 
librium, that is, how much force it takes for the finger to hold the box at an angle 0 with 
respect to the vertical. Figure 11.17b also indicates the angle Omax which is a geometric 
property of the box that can be calculated from the ratio of the width w and the height h: 
O max = tan '(w/h). Of crucial importance is the angle @, which is the difference between 
these two angles (see Figure 11.17b): @ = Omax — 0. The angle @ decreases with increasing 
0 until 0 = Onax => & = 0, at which time the box falls over into the horizontal position. 

Using equation 11.7, we can calculate the net torque. The natural pivot point in this situ- 
ation is the contact point between the box and the support surface. The friction force and the 
normal force then have moment arms of zero length and thus do not contribute to the net 
torque. The only clockwise torque is due to the force from the finger, and the only counter- 
clockwise torque results from the force of gravity. The length of the moment arm for the force 


from the finger is (see Figure 11.17b) 4 =4 h? +w’, and the length of the moment arm for 
the force of gravity is half of this value, or 4/2. This means that equation 11.7 becomes 


E Osing- (Finger )(0)sin(L a - $) =0. 


We can use sin(;7 - @)= cosh and F, = mg and then solve for the force the finger 
must provide to keep the box at equilibrium at a given angle: 


tan’ [=| 0l. 


(i) 


Figure 11.18 shows a plot of the force from the finger that is needed to hold the box at 
equilibrium at a given angle, from equation (i), for different ratios of box width to height. 
The curves reflect values of the angle 0 between zero and 0,,,,,, which is the point where 
the force required from the finger is zero, and where the box tips over. 


PROBLEM 2 
Sketch the potential energy function for this box. 


SOLUTION 2 

Finding the solution to this part of the example is much more straightforward than for the first 
part. The potential energy is the gravitational potential energy, U = mgy, where y is the verti- 
cal coordinate of the center of mass of the box. Figure 11.19, shows (red curve) the location 
of the center of mass of the box for different tipping angles. The curve traces out a segment of 
a circle with center at the lower right corner of the box. The dashed red line shows the same 
curve, but for angles 0 > 0 maw for which the box tips over into the horizontal position without 
the finger exerting a force on it. You can clearly see that this potential energy function has a 
maximum at the point where the box stands on edge and its center of mass is exactly above 
the contact point with the surface. The curve for the location of the center of mass when the 
box is tilted to the left is shown in blue in Figure 11.19. You can see that the potential energy 
function has a minimum when the box rests flat on the table. Note: At this equilibrium point, 
the first derivative does not exist in the mathematical sense, but it is apparent from the figure 
that the function has a minimum, which is sufficient for stable equilibrium. 


| 

l 

A wih | 
‘ | Ih 
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4(°) 


FIGURE 11.18 Ratio of the force of the finger FIGURE 11.19 Location of the center of mass of the 


to the weight of the box needed to hold the box box as a function of tipping angle. 
in equilibrium as a function of the angle, plotted 

for different representative values of the ratio of 

the width to the height of the box. 


Dynamic Adjustments for Stability 


How does the mass damper in the Taipei 101 tower provide stability to the structure? To 
answer this question, let’s first look at how human beings stand up straight. When you stand 
up straight, your center of mass is located directly above your feet. The gravitational force 
then exerts no net torque on you, and you can remain standing up straight. If other forces 
act on you (a strong wind blowing, for example, or a load you have to lift) and provide 
additional torques, your brain senses this through nerves coupled to the fluid in your inner 
ears and provides corrective action through slight shifts in the body’s mass distribution. You 
can get a demonstration of your brain’s impressive ability to make these dynamic stability 
adjustments by holding out your backpack (loaded with books, laptop computer, etc.) with 
outstretched arms in front of your body. This action will not cause you to fall over. However, 
if you stand straight against a wall, with your heels touching the base of the wall, the same 
attempt to lift your backpack will cause you to fall forward. Why? Because the wall behind 
you prevents your brain from shifting your body’s mass distribution in order to compensate 
for the torque due to the backpack’s weight. 


11.4 Self-Test Opportunity 


What is the minimum value that the 
coefficient of static friction can have 
if the box in Example 11.5 is to tip 
over and the ratio of the width to 
the height of the box is 0.4? 
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The same principles of dynamic stability adjustment are incorporated into the Segway 
Human Transport (Figure 11.20), an innovative system on two wheels, which is electric- 
powered and can reach speeds of up to 12 mph. Just like your brain, the Segway senses its 
orientation relative to the vertical. But it uses gyroscopes instead of the fluid in the inner 
ear. And just like the brain, it counterbalances a net torque by providing a compensat- 
ing torque in the opposite direction. The Segway accomplishes this by slightly turning its 
wheels in a clockwise or counterclockwise direction. 

Finally, the mass damper at the top of the Taipei 101 tower is used in a similar way, to 
provide a subtle shift in the building’s mass distribution, thus contributing to stability in the 
presence of net external torques due to the forces of strong winds. But it also dampens the 
oscillation of the building due to these forces, a topic we will return to in Chapter 14. 


FIGURE 11.20 The Segway provides 
dynamic stability adjustments. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


The condition for stable equilibrium is that the 
potential energy function has a minimum at that point. 
A sufficient condition for stability is that the second 
derivative of the potential function with respect to the 
coordinate at the equilibrium point is positive. 


= Static equilibrium is mechanical equilibrium for the 7 
special case where the object in equilibrium is at rest. 


= An object (or a collection of objects) can be in static 
equilibrium only if the net external force is zero and 
the net external torque is zero: 


A A ee s = The condition for unstable equilibrium is that the 
Ret = D ee ae = 0 potential energy function has a maximum at that point. 
i=l A sufficient condition for instability is that the second 
Toet = >D 7 =0 derivative of the potential function with respect to the 
1 


=a The condition for static equilibrium can also be 
| =0; that is, the first gradient 
i 


expressed as VU(F ) 


derivative of the potential energy function with respect 
to the position vector is zero at the equilibrium point. 


KEY TERMS 
| static equilibrium, p. 355 


stability, p. 366 


NEW SYMBOLS AND EQUATIONS 


| Fe =0, first condition for static equilibrium 


ANSWERS TO SELF-TEST OPPORTUNITIES 


| 11.1 Chose pivot point to be at the location of m. 


stable equilibrium, p. 366 
unstable equilibrium, p. 367 


coordinate at the equilibrium point is negative. 


= Ifthe second derivative of the potential energy 
function with respect to the coordinate is zero at the 
equilibrium point, this type of equilibrium is called 
neutral (or indifferent or marginally stable). 


neutral equilibrium, p. 367 


T aet =0, second condition for static equilibrium 


Fety =$ 0R, =-m8g-mM,g-Mg+ N=0 


=>N=g(m +m, + M)=mg+m,g+ Mg 
Thet = Dmr =) ion J 
i j 
Tnet = Nn sin90°- m g(t + n) sin 90° - Mgr, sin90° =0 
Nn = mgn + mgn + Mgr, 


(mg+m,g+ Mg)n = mgh +m gn + Mgr = mgn +m gn + Mgr, 


mh +m, gr, + Mgh = mgh + Deb, + Nigh 


— 


mX =m Mi 
Myh= Myf. 
11.2 The biceps still has a nonzero moment arm even when 
the arm is fully extended, because the tendon has to wrap 
around the elbow joint and is thus never parallel to the 
radius bone. 
11.3 The stack would be (10,000)(4 cm) = 400 m high, 
comparable to the tallest skyscrapers. And the top block’s 
right edge would stick out by 

10,000 


1 
15 com) >> z5 1(15 cm)(9.78761)=73.4 cm. 
i=] 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines: Static Equilibrium 

1. Almost all static equilibrium problems involve summing 
forces in the coordinate directions, summing torques, and 
setting the sums equal to zero. However, the right choices of 
coordinate axes and a pivot point for torques can make the 
difference between a hard solution and an easy one. Generally, 
choosing a pivot point that eliminates the moment arm for an 
unknown force (and often more than one force!) will simplify the 
equations so that you can solve for some force components. 
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11.4 From Figure 11.18, we can see that the force required 
is greatest at the beginning, for 0 = 0. If we set 0 = 0 in equa- 
tion (i) of Example 11.5, we find the initial force that the 
finger needs to apply to displace the box from equilibrium: 


w w 
aora) 


A friction coefficient of at least u, = +(w/h) is needed to pro- 
vide the matching friction force that prevents the box from 
sliding along the supporting surface: u, = 4 (0.4) = 0.2. 


Fiinger(0)= +mg tan tn 


2. The key step in writing correct equations for situations of 
static equilibrium is to draw a correct free-body diagram. Be 
careful about the locations where forces act; because torques 
are involved, you must represent objects as extended bodies, 
not point particles, and the point of application of a force 
makes a difference. Check each force to make sure that it is 
exerted on the object in equilibrium and not by the object. 


SOLVED PROBLEM 11.2 (Hanging Storefront Sign 
————— 


It is not uncommon for businesses to hang a sign over the sidewalk, suspended from a 
building’s front wall. They often attach a post to the wall by a hinge and hold it horizontal 
by a cable that is also attached to the wall: the sign is then suspended from the post. Suppose 
the mass of the sign in Figure 11.21a is M = 33.1 kg, and the mass of the post is m = 19.7 kg. 
The length of the post is l = 2.40 m, and the sign is attached to the post as shown at a 
distance r = 1.95 m from the wall. The cable is attached to the wall a distance d = 1.14 m 


above the post. 


PROBLEM 


What is the tension in the cable holding the post? What is the magnitude and direction of 


the force, F, that the wall exerts on the post? 


7 


Liz’s Wrecker 


Service 


(a) 


(b) 


FIGURE 11.21 (a) Hanging storefront sign; (b) free-body diagram for the post. 
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SOLUTION 
THINK 


This problem involves static equilibrium, moment arms, and torques. Static equilibrium 
means vanishing net external force and torque. In order to determine the torques, we 
have to pick a pivot point. It seems natural to pick the point where the hinge attaches the 
post to the wall. Because a hinge is used, the post can rotate about this point. Picking this 
point also has the advantage that we do not need to pay attention to the force that the wall 
exerts on the post, because that force will act at the contact point (the hinge) and thus 
have a moment arm of zero and consequently no contribution to the torque. 


SKETCH 

To calculate the net torque, we start with a free-body diagram that shows all the forces 
acting on the post (Figure 11.21b). We know that the weight of the sign (red arrow) acts 
at the point where the sign is suspended from the post. The gravitational force acting on 
the post is represented by the blue arrow, which points downward from the center of mass 
of the post. Finally, we know that the string tension, T (yellow arrow), is acting along the 
direction of the cable. 


RESEARCH 
The angle 0 between the cable and the post (see Figure 11.21b) can be found from the 


given data: 
0=tan" pi 


The equation for the torques about the point where the post touches the wall is then 
l 
"me sin90° + Mgr sin90° - Tl sin 0 =0. (i) 


Figure 11.21b also shows a green arrow for the force, F, that the wall exerts on the post, 
but the direction and magnitude of this force vector are still to be determined. Equation 
(i) cannot be used to find this force, because the point where this force acts is the pivot 
point, and thus the corresponding moment arm has length zero. 

On the other hand, once we have found the tension in the cable, we will have deter- 
mined all the other forces involved in the problem situation, and we know from the con- 
dition of static equilibrium that the net force has to be zero. We can thus write separate 
equations for the horizontal and vertical force components. In the horizontal direction, 
we have only two force components, from the string tension and the force from the wall: 


F. -T cos =0 > F, =T cosé. 

In the vertical direction, we have the weights of the beam and the sign, in addition to the 
vertical components of the string tension and the force from the wall: 

F, +T sinĝ -mg - Mg =0 => F, =(m+ M)g -T sin9. 
SIMPLIFY 
We solve equation (i) for the tension: 

T= (mi +2Mr)g (ii) 

2lsin0 


For the magnitude of the force that the wall exerts on the post, we find 


F=/R +F. 


The direction of this force is given by 


lE 
O; = tan [2] 


CALCULATE 
Inserting the numbers given in the problem statement, we find the angle 6: 


ga tan | Lit 
2; 


=25.4°. 
40 m 
We obtain the tension in the cable from equation (ii): 


ae [(19.7 kg)(2.40 m) + 2(33.1 kg)(1.95 m)|(9.81 m/s”) 
2(2.40 m)(sin25.4°) 


= 840.351 N. 


The magnitudes of the components of the force that the wall exerts on the post are 
FE, =(840.351 N)(cos25.4°) = 759.119 N 
F, =(19.7 kg + 33.1 kg)(9.81 m/s”) - (840.351 N)(sin25.4°) = 157.512 N. 


Therefore, the magnitude and direction of that force are given by 


F= Jas7.512 N}? +(759.119 NY =775.288 N 


Op = tan! es) =11.7°. 


157.512 
ROUND 
All of the given quantities were specified to three significant figures, and so we round our 
final answers to three digits: T = 840. N and F = 775. N. 


DOUBLE-CHECK 
The two forces that we calculated have rather large magnitudes, considering that the 
combined weight of the post and attached sign is only 


= 2) _ 
F, =(m-+ M)g=(19.7 kg + 33.1 kg)(9.81 m/s") =518 N. 


In fact, the sum of the magnitudes of the force from the cable on the post, T, and the force 
from the wall on the post, F is larger than the combined weight of the post and the sign by 
more than a factor of 3. Does this make sense? Yes, because the two force vectors, T and 
F, have rather large horizontal components that have to cancel each other. When we cal- 
culate the magnitudes of these forces, their horizontal components are also included. As 
the angle 0 between the cable and the post approaches zero, the horizontal components of 
T and F become larger and larger. Thus, you can see that selecting a distance d in Figure 
11.21b that is too small relative to the length of the post will result in a huge tension in 
the cable and a very stressed suspension system. 


V 


| 11.1 A 3.0-kg broom is leaning against a coffee table. A 


-CHOICE QUESTIONS 
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Multiple-Choice Questions 


11.4 In-Class Exercise 


If all other parameters in Solved 
Problem 11.2 remain unchanged, but 
the sign is moved farther away from 
the wall toward the end of the post, 
what happens to the tension, T? 


a) It decreases. 
b) It stays the same. 


c) It increases. 


11.5 In-Class Exercise —, 


If all other parameters in Solved 
Problem 11.2 remain unchanged, 
but the angle 8 between the cable 
and the post is increased, what 
happens to the tension, T? 


a) It decreases. 
b) It stays the same. 


c) It increases. 


MULTIPLE 
woman lifts the broom handle with her arm fully stretched 
so that her hand is a distance of 0.45 m from her shoulder. 
What torque is produced on her shoulder if her arm is at an 
angle of 50° below the horizontal? 


a) 70Nm c) 85Nm a) 1:2 
b) 5.8Nm d) 10.1Nm b) 2:1 
c) 1:1 


11.2 A uniform beam of mass M and length L is held in 
static equilibrium, and so the magnitude of the net torque 
about its center of mass is zero. The magnitude of the net 
torque on this beam at one of its ends, a distance of L/2 
from the center of mass, is 


a) MgL. 
b) MgL/2. 


d) not enough 


c) zero. 
d) 2MgL. 


information to determine 


11.3 A very light and rigid rod is pivoted at point A and 
weights m, and m, are hanging from it, as shown in the 
figure. The ratio of the weight of m, to that of m, is 1:2. 
What is the ratio of L, to L,, the distances from the pivot 
point to m, and m,, respectively? z, 


A L 


W 


11.4 Which of the following are in static equilibrium? 


a) a pendulum at the top of its swing 
b) a merry-go-round spinning at constant angular velocity 
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c) a projectile at the top of its trajectory (with zero velocity) 
d) all of the above 
e) none of the above 


11.5 The object in the figure below is suspended at its 
center of mass—thus, it is balanced. If the object is cut in 
two pieces at its center of mass, what is the relation between 
the two resulting masses? 


Center of mass wl 


a) The masses are equal. 

b) M, is less than M,,. 

c) M, is less than M}. 

d) It is impossible to tell. 

11.6 As shown in the figure, two weights are hanging on a 
uniform wooden bar that is 60 cm long and has a mass of 
100 g. Is this system in equilibrium? 

a) yes 20 cm 10 cm>|<10 cm 
ae stele as 
c) cannot be m 


determined säl 


d) depends on 1 kg 2 kg 


the value of the normal force 


QUESTIONS 


11.9 There are three sets of landing gear on an airplane: One 
main set is located under the centerline of each wing, and 
the third set is located beneath the nose of the plane. Each 
set of main landing gear has four tires, and the nose landing 
gear has two tires. If the load on all of the tires is the same 
when the plane is at rest, find the center of mass of the plane. 
Express your result as a fraction of the perpendicular distance 
between the centerline of the planes wings to the plane’s nose 
gear. (Assume that the landing gear struts are vertical when 
the plane is at rest and the dimensions of the landing gear are 
negligible compared to the dimensions of the plane.) 


11.10 A semicircular arch of radius a stands on level 
ground as shown in the figure. The arch is uniform in cross 
section and density, with total weight W. By symmetry, at 
the top of the arch, each of the two legs exerts only horizon- 
tal forces on the other; ideally, the stress at that point is uni- 
form compression over the cross section of the arch. What 
are the vertical and horizontal force components which 
must be supplied at the base of each leg to support the arch? 
Vertical force is zero here 


Left leg of arch Right leg of arch 


11.7 A 15-kg child sits on a playground seesaw, 2.0 m from 
the pivot. A second child located 1.0 m on the other side of 
the pivot would have to have a mass of to lift the 

first child off the ground. 


a) greater than 30 kg 
b) less than 30 kg 


c) equal to 30 kg 


11.8 A mobile is constructed from a metal bar and two 
wooden blocks as shown in the figure. The metal bar has 

a mass of 1 kg and is 10 cm long. The metal bar has a 3-kg 
wooden block hanging from the left end and a string tied to 
it at a distance of 3 cm from the left end. What mass should 
the wooden block hanging from the right end of the bar 
have to keep the bar level? 


a) 0.7 kg 
b) 0.8 kg 
c) 0.9kg 
d) 1.0 kg = 
e) 1.3kg 
f) 3.0kg 
g) 7.0kg 


11.11 In the absence of any symmetry or other constraints 
on the forces involved, how many unknown force compo- 
nents can be determined in a situation of static equilibrium 
in each of the following cases? 


a) All forces and objects lie in a plane. 
b) Forces and objects are in three dimensions. 
c) Forces act in n spatial dimensions. 


11.12 You have a meter stick that balances at the 55-cm 
mark. Is your meter stick homogeneous? 


11.13 You have a meter stick that balances at the 50-cm mark. 
Is it possible for your meter stick to be inhomogeneous? 


11.14 Why does a helicopter with a single main rotor gen- 
erally have a second small rotor on its tail? 


11.15 The system shown in the figure consists of a uniform 
(homogeneous) rectangular board that is resting on two 
identical rotating cylinders. The two cylinders rotate in 
opposite directions at equal angular velocities. Initially, the 
board is placed perfectly symmetrically relative to the center 
point between the two cylinders. Is this an equilibrium 
position for the board? If 
yes, is it in stable or unstable 

equilibrium? What happens ( ) 


\ 


if the board is given a very slight displacement out of the 
initial position? 

11.16 If the wind is blowing strongly from the east, stable 
equilibrium for an open umbrella is achieved if its shaft 
points west. Why is it relatively easy to hold the umbrella di- 
rectly into the wind (in this case, easterly) but very difficult 
to hold it perpendicular to the wind? 


11.17 A sculptor and his assistant are carrying 
a wedge-shaped marble slab up a 
flight of stairs, as shown in the 
figure. The density of the 
marble is uniform. Both 

are lifting straight up 

as they hold the slab 
completely stationary 

for a moment. Does the 
sculptor have to exert 

more force than the 

assistant to keep the slab 
stationary? Explain. 


Assistant 


Sculptor 


11.18 As shown in the figure, a thin rod of mass M and length 
L is suspended by two wires—one at the left end and one two- 
thirds of the distance from the left end to the right end. 


a) What is the 


tension in each wire? |< aL >| 
b) Determine the 
mass that an object k L | 


hung by a string 
attached to the far right-hand end of the rod would have to 
have for the tension in the left-hand wire to be zero. 


11.19 A uniform disk of mass M, and radius R, has a circu- 
lar hole of radius R, cut out as shown in the figure. 


a) Find the center of mass of the resulting object. 
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Problems 


b) How many equilibrium positions does this 
object have when resting on its edge? Which 
ones are stable, which neutral, and which 
unstable? 


11.20 Consider the system shown in the figure. 

If a pivot point is placed at a distance L/2 from the ends of the 
rod of length L and mass 5M, the system will rotate clockwise. 
Thus, in order for the system to not rotate, the pivot point 
should be placed away from the center of the rod. In which 
direction from the center of the rod should the pivot point be 
placed? How far from the center of the rod should the pivot 
point be placed in order for the system not to rotate? (Treat 
masses M and 2M as point masses.) 


11.21 A child has a set of blocks that are all 
made from the same type of wood. The blocks 
come in three shapes: a cube of side L, a piece 
the size of two cubes, and a piece equivalent in 
size to three of the cubes placed end to end. The 
child stacks three blocks as shown in the figure: 
a cube on the bottom, one of the longest blocks 
horizontally on top of that, and the medium-sized block placed 
vertically on top. The centers of each block are initially on a 
vertical line. How far can the top block be slid along the middle 
block before the middle block tips? 


11.22 Why didn't the ancient Egyptians build their pyramids 
upside-down? In other words, use force and center-of-mass 
principles to explain why it is more advantageous to construct 
buildings with broad bases and narrow tops than the other 
way around. 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One e and two ee 
indicate increasing level of problem difficulty. 


Section 11.1 


11.23 A 1000-N crate rests 
on a horizontal floor. It is be- 
ing pulled up by two vertical 
ropes. The left rope has a ten- 
sion of 400 N. Assuming the 
crate does not leave the floor, 
what can you say about the 
tension in the right rope? 


11.24 In preparation for a demonstration on conservation 
of energy, a professor attaches a 5.00-kg bowling ball to a 
4.00-m-long rope. He pulls the ball 20.0° away from the 
vertical and holds the ball while he discusses the physics 
principles involved. Assuming that the force he exerts on the 


ball is entirely in the horizontal direction, find the tension in 
the rope and the force the professor is exerting on the ball. 


11.25 A sculptor and his assistant stop for a break as they 
carry a marble slab of length L = 2.00 m and mass 75.0 kg up 
the steps, as shown in the figure. The mass 
of the slab is uniformly distributed 

along its length. As they rest, 
both the sculptor and his as- 
sistant are pulling directly 
up on each end of the slab, 
which is at an angle of 

30.0° with respect to 
horizontal. What are the 
magnitudes of the forces 
that the sculptor and as- 
sistant must exert on the l= 
marble slab to keep it sta- ` 
tionary during their break? 


Assistant 


Sculptor 
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11.26 During a picnic, you and two of your friends decide 
to have a three-way tug-of-war, with three ropes in the 
middle tied into a knot. Roberta pulls to the west with 
420 N of force; Michael pulls to the south with 610 N. In 
what direction and with what magnitude of force should 
you pull to keep the knot from moving? 


11.27 The figure shows a photo of a typical merry-go- 
round, found at many playgrounds and a diagram giving 
a top view. Four children are standing on the ground and 
pulling on the merry-go- 
round as indicated by the force 
arrows. The four forces have 
the magnitudes F, = 104.9 N, 
F, = 89.1 N, F; = 62.8 N, and 
F, = 120.7 N. All the forces 
act in a tangential direction. 
With what force, F, also 
in a tangential direc- 
tion and acting at the 
black point, does 

a fifth child have 

to pull in order to 
prevent the merry- 
go-round from 
moving? Specify 

the magnitude of the 
force and state whether 
the force is acting counter- 
clockwise or clockwise. 


Fi 


11.28 A trapdoor on a stage has a mass of 19.2 kg and a 
width of 1.50 m (hinge side to handle side). The door can 
be treated as having uniform thickness and density. A small 
handle on the door is 1.41 m away from the hinge side. A 
rope is tied to the handle and used to raise the door. At one 
instant, the rope is horizontal, and the trapdoor has been 
partly opened so that the handle is 1.13 m above the floor. 
What is the tension, T, in the rope at this time? 


T; 
1.41 
A 


mg 
11.29 A rigid rod of mass m, is pivoted at point A, and 
masses m, and m, are hanging from it, as shown in the figure. 


a) What is the normal force L Point A 


acting on the pivot point? 
b) What is the ratio of 

L, to L,, where these are 
the distances from the 

pivot point to m, and m,, W 
respectively? The ratio of the 9"! 
weights of my, m, and m; is 1:2:3. 


L 


ms 


m 


11.30 When only the front wheels of an automobile are on 
a platform scale, the scale balances at 8.0 kN; when only the 
rear wheels are on the scale, it balances at 6.0 KN. What is the 


weight of the automobile, and how far is its center of mass be- 
hind the front axle? The distance between the axles is 2.8 m. 


e11.31 By considering the torques about your shoulder, 
estimate the force your deltoid muscles (those on top of the 
shoulder) must exert on the bone of your upper arm, in or- 
der to keep your arm extended straight out at shoulder level. 
Then, estimate the force the muscles must exert to hold a 
10.0-Ib weight at arm's length. You'll need to estimate the 
distance from your shoulder pivot point to the point where 
your deltoid muscles connect to the bone of your upper 

arm in order to determine the necessary forces. Assume the 
deltoids are the only contributing muscles. 


ee11.32 A uniform, equilateral triangle of side length 2.00 m 
and weight 4.00 -10° N is placed across a gap. One point is 

on the north end of the gap, and the opposite side is on the 
south end. Find the force on each side. 


Section 11.2 

11.33 A 600.0-N bricklayer is 1.5 m from one end of a 
uniform scaffold that is 7.0 m long and weighs 800.0 N. A 
pile of bricks weighing 500.0 N is 3.0 m from the same end 
of the scaffold. If the scaffold is supported at both ends, 
calculate the force on each end. 


11.34 The uniform rod in the figure is supported by two 
strings. The string 

$ attached to the wall 

TSA is horizontal, and the 

Fá string attached to the ceiling 

makes an angle of ¢ with respect 

LI to the vertical. The rod itself is tilted 
from the vertical by an angle 0. If ọ = 

30.0°, what is the value of 0? 


11.35 A construction supervisor of mass M = 92.1 kg is 
standing on a board of mass m = 27.5 kg. Two sawhorses at 
a distance £ = 3.70 m apart sup- 

port the board. If the man stands 

a distance x, = 1.07 m away 

from the left-hand 
sawhorse as shown 
in the figure, what 
is the force that the 
board exerts on that sawhorse? 


11.36 In a butcher shop, a horizontal steel bar of mass 

4.00 kg and length 1.20 m is supported by two vertical wires 
attached to its ends. The butcher hangs a sausage of mass 
2.40 kg from a hook that is at a distance of 0.20 m from the 
left end of the bar. What are the tensions in the two wires? 


°11.37 Two uniform planks, each of \ 


mass m and length L, are connected 

by a hinge at the top and by a chain of 

negligible mass attached at their cen- 

ters, as shown in the figure. The assem- ee 
bly will stand upright, in the shape of 

an A, on a frictionless surface without 


= 


collapsing. As a function of the length of the chain, find each 
of the following: 


a) the tension in the chain, 
b) the force on the hinge of each plank, and 
c) the force of the ground on each plank. 


11.38 Three strings are tied together. 
They lie on top of a circular table, and the 
knot is exactly in the center of the table, as 
shown in the figure (top view). Each string 
hangs over the edge of the table, with a 
weight supported from it. The masses m, = 4.30 kg and m, = 
5.40 kg are known. The angle a = 74° between strings 1 and 2 
is also known. What is the angle 6 between strings 1 and 3? 


m3 


mı 


11.39 A uniform ladder 10.0 m long is leaning against a 
frictionless wall at an angle of 60.0° above the horizontal. 
The weight of the ladder is 20.0 Ib. A 61.0-Ib boy climbs 4.00 m 
up the ladder. What is the magnitude of the frictional force 
exerted on the ladder by the floor? 


e11.40 Robin is making 
a mobile to hang over her 
baby sister's crib. 
She purchased four 
stuffed animals: a 
teddy bear (16.0 g), 
a lamb (18.0 g), a 
little pony (22.0 g) 
and a bird (15.0 g). 
She also purchased “(JUV 
three small 
wooden dowels, 
each 15.0 cm long 
and of mass 5.00 g, and thread of negligible mass. She wants 
to hang the bear and the pony from the ends of one dowel 
and the lamb and the bird from the ends of the second dowel. 
Then, she wants to suspend the two dowels from the ends of 
the third dowel and hang the whole assembly from the ceiling. 
Explain where the thread should be attached on each dowel so 
that the entire assembly will hang level. 


Teddy bear Bird Lamb 


Little Pony 


(22.0 g) (16.0 g) (15.0g) (18.0g) 


11.41 A door, essentially a uniform rectangle of height 2.00 m, 
width 0.80 m, and weight 100.0 N, is supported at one edge by 
two hinges, one 30.0 cm above the bottom of the door and one 
170.0 cm above the bottom of the door. Calculate the horizon- 
tal components of the forces on the two hinges 


ee11.42 The figure shows a 20.0-kg, uniform ladder of length 
L hinged to a horizontal platform at point P, and 
anchored with a steel cable of the same length as 
the ladder attached at the ladder’s midpoint. 
Calculate the tension in the cable and the 
forces in the hinge when an 80.0-kg 
person is standing three-quarters of 
the way up the ladder. 


ee11.43 A beam with a length of 8.00 m and a mass of 100. kg 
is attached by a large bolt to a support at a distance of 3.00 m 


Problems 377 


from one end. The beam 
makes an angle 0 = 30.0° 
with the horizontal, as C 
shown in the figure. A mass 
M = 500. kg is attached 
with a rope to one end of Ou 
the beam, and a second 


rope is attached at a right 
angle to the other end of the beam. Find the tension, T, in the 
second rope and the force exerted on the beam by the bolt. 
011.44 A ball of mass 15.49 kg Ká 

rests on a table of height 0.72 m. E 

The tabletop is a rect- U 

angular glass plate of -= 

mass 12.13 kg, which 

is supported at the 3 4 
corners by thin legs, 1 2 

as shown in the figure. 

The width of the tabletop is w = 138.0 cm, and its depth 
d = 63.8 cm. If the ball touches the tabletop at a point 
(x,y) = (69.0 cm,16.6 cm) relative to corner 1, what is the 
force that the tabletop exerts on each leg? 


ee11.45 A wooden bridge crossing 
a canyon consists of a plank 
with length density 
À = 2.00 kg/m 
suspended at 

h =10.0 m below a 
tree branch by two 
ropes of length 
L=2hand witha 
maximum rated tension of 2000. N, which are attached to 
the ends of the plank, as shown in the figure. A hiker steps 
onto the bridge from the left side, causing the bridge to tip 
to an angle of 25.0° with respect to the horizontal. What is 
the mass of the hiker? 


ee11.46 The famous Gateway Arch in St. Louis, Missouri, is 
approximately an inverted catenary. A simple example of such 
a curve is given by y(x) = 2a - a cosh (x/a), where y is vertical 
height and x is horizontal distance, measured from directly 
under the top of the curve; thus, x varies from -a cosh™'2 

to +a cosh '2, with a the height of the top of the curve (see 


Vertical force is zero here 


Right leg of arch 
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the figure). Suppose an arch of uniform cross section and 
density, with total weight W, has this shape. The two legs 

of the arch exert only horizontal forces on each other at the 
top; ideally, the stress there should be uniform compression 
across the cross section. 


a) Calculate the vertical and horizontal force components 
that are acting at the base of each leg of this arch. 


b) At what angle should the bottom face of the legs be oriented? 


Section 11.3 


11.47 A uniform rectangular bookcase of height H and 
width W = H/2 is to be pushed at a constant velocity across 
a level floor. The bookcase is pushed horizontally at its top 
edge, at the distance H above the floor. What is the maxi- 
mum value the coefficient of kinetic friction between the 
bookcase and the floor can have if the bookcase is not to tip 
over while being pushed? 


11.48 The system shown in 
the figure is in static equi- 
librium. The rod of length 
Land mass M is held in an 


upright position. The top L —>F 
of the rod is tied to a fixed 

vertical surface by a string, | 

and a force F is applied at 


the midpoint of the rod. The 

coefficient of static friction between the rod and the horizon- 
tal surface is u, What is the maximum force, F, that can be 
applied and have the rod remain in static equilibrium? 


11.49 A ladder of mass 37.7 kg and length 3.07 m aa 
is leaning against a wall at an angle 0. The coeffi- N 
cient of static friction between ladder and floor is g f 
0.313; assume that the friction force between lad- ! 
der and wall is zero. What is the maximum value 

that 0 can have before the ladder starts slipping? 


11.50 A uniform rigid pole of length L and mass 
Mis to be supported from a vertical wall in a horizontal posi- 
tion, as shown in the figure. The pole is not attached directly to 
the wall, so the coefficient of static friction, u, between the wall 
and the pole provides the only vertical force on one end of the 
pole. The other end of the pole is supported by a light rope 
that is attached to the wall at a point a distance D di- 
rectly above the point where the pole contacts 
the wall. Determine the minimum value 
of ux as a function of L and D, that 
will keep the pole horizontal and not 
i allow its end to slide down the wall. 


paa 


I< ji 


11.51 A boy weighing 60.0 lb is playing on a plank. The 
plank weighs 30.0 lb, is uniform, is 8.00 ft long, and lies on two 
supports, one 2.00 ft from the left end and the other 2.00 ft 
from the right end. 


a) If the boy is 3.00 ft from the left end, what force is exerted 
by each support? 

b) The boy moves toward the right end. How far can he go 
before the plank will tip? 


e11.52 A track has a height that is a function of horizontal 
position x, given by h(x) = x? + 3x? — 24x +16. Find all the 
positions on the track where a marble will remain where it 
is placed. What kind of equilibrium exists at each of these 
positions? 
e11.53 The l E 
figure shows a l 
stack of seven i 
identical alu- 
minum blocks, 
each of length 
l= 15.9 cm and 
thickness d = 2.2 cm, stacked on a table. 


a) How far to the right of the edge of the table is it possible 
for the right edge of the top (seventh) block to extend? 


b) What is the minimum height of a stack of these blocks 
for which the left edge of the top block is to the right of the 
right edge of the table? 


e11.54 You are using a 5.00-m-long ladder to paint the exteri- 
or of your house. The point of contact between the ladder and 
the siding of the house is 4.00 m above the ground. The ladder 
exerted by the side wall and the ground on the ladder and 

(b) the coefficient of static friction between the ground and 
the base of the ladder that is necessary to keep the ladder stable. 


e11.55 A ladder of mass M and length L = 4.00 m is ona 
level floor leaning against a vertical wall. The coefficient 

of static friction between the ladder and the floor is u, = 
0.600, while the friction between the ladder and the wall is 
negligible. The ladder is at an angle of 0 = 50.0° above the 
horizontal. A man of mass 3M starts to climb the ladder. To 
what distance up the ladder can the man climb before the 
ladder starts to slip on the floor? 


d 


e11.56 A machinist makes the object shown in the figure. 
The larger-diameter cylinder is made of brass 
(density of 8.60 g/cm’); the small-_, 
er-diameter cylinder is made 
of aluminum (density of 
2.70 g/cm? ). The dimensions 
are r; = 2.00 cm, r, = 4.00 
cm, d, = 20.0 cm, and d, = 
4.00 cm. 


a) Find the location of the 
center of mass. 


es 


b) Ifthe object is on its side, as 

shown in the figure, is it in equilibrium? If yes, is this stable 
equilibrium? 

e11.57 An object is restricted to movement in one dimen- 
sion. Its position is specified along the x-axis. The potential 
energy of the object as a function of its position is given by 
U(x)= a(x* - 2b’x*), where a and b represent positive num- 
bers. Determine the location(s) of any equilibrium point(s), 
and classify the equilibrium at each point as stable, unstable, 
or neutral. 


= 


11.58 A two-dimensional object with uniform mass 

density is in the shape of a thin square and has a mass of 

2.00 kg. The sides of the square are each 20.0 cm long. The 

coordinate system has its origin at the center of the square. 

A point mass, m, of 2.00 - 10° g is placed at one corner of 

the square object, and the assembly is held in equilibrium 

by positioning the y 

support at position 

(x,y), as shown in m eo. > 
Support 


the figure. Find 
the location of the 
support. 


e11.59 Persons A and B are standing on a board of uniform 
linear density that is balanced on two supports, as shown 

in the figure. What is the maximum distance x from the 
right end of the board at which person A can stand without 
tipping the board? Treat persons A and B as point masses. 
The mass of person B is twice that of person A, and the mass 
of the board 

is half that of 

person A. Give 

your answer in B 
terms of L, the 

length of the 

board. 


e°11.60 An SUV has a height h and a wheelbase of length 

b. Its center of mass is midway between the wheels and at 

a distance ah above the ground, where 0 < a < 1. The SUV 
enters a turn at a dangerously high speed, v. The radius of the 
turn is R (R > b), and the road 
is flat. The coefficient of static 
friction between the road and 
the properly inflated tires is 

| Us After entering the turn, the 
ah SUV will either skid out of the 
turn or begin to tip. 


a) The SUV will skid out of 
the turn if the friction force 
reaches its maximum value, F — uN. Determine the speed, 
Vaiar for which this will occur. Assume no tipping occurs. 


|__| 


b) The torque keeping the SUV from tipping acts on the 
outside wheel. The highest value this force can have is equal 
to the entire normal force. Determine the speed, vyp at 
which this will occur. Assume no skidding occurs. 

c) Itis safer if the SUV skids out before it tips. This will 
occur as long as V..iq < Vip Apply this condition, and 
determine the maximum value for a@ in terms of b, h and u, 


Additional Problems 


11.61 A wooden plank with length L = 8.00 m and mass 
M = 100. kg is centered on a granite cube with side S = 2.00 m. 
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< L = 8.00 m 
m = 65.0 k; 


M = 100. kg —* 


A person of mass m = 65.0 kg 
begins walking from the center of 
the plank outward, as shown in 
the figure. How far from the cen- 
ter of the plank does the person 
get before the plank starts tipping? 


11.62 A board, with a 


S = 2.00 m 


and a length of 5.00 m, 

is supported by two * 
vertical ropes, as shown 

in the figure. Rope A is 4 m 
connected to one end of 
the board, and rope Bis |e-d| ld 
connected at a distance 

d= 1.00 m from the other end of the board. A box with a weight 
Mg = 20.0 N is placed on the board with its center of mass at 

d= 1.00 m from rope A. What are the tensions in the two ropes? 


= 


weight mg = 120.0 N | 
i 
; 


11.63 Ina car, which is accelerating at 5.00 m/ s? an air 
freshener is hanging from the rear-view mirror, with the 
string maintaining a constant angle with respect to the verti- 
cal. What is this angle? 


11.64 Typical weight sets used for bodybuilding consist of 
disk-shaped weights with holes in the center that can slide 
onto 2.2-m-long barbells. A barbell is supported by racks 
located a fifth of its length from each end, as shown in the 
figure. What is the minimum mass m of the barbell if a 
bodybuilder is to slide a 

weight with M=22kg mMM [— E >| 
onto the end without the 
barbell tipping off the 
rack? Assume that the 
barbell is a uniform rod. 


11.65 A 5.00-m-long board of mass 50.0 kg is used as a 
seesaw. On the left end of the seesaw sits a 45.0-kg girl, and 
on the right end sits a 60.0-kg boy. Determine the position of 
the pivot point for static equilibrium. 


11.66 A mobile consists of two very lightweight rods of 
length / = 0.400 m connected to each other and the ceiling 
by vertical strings. (Neglect the 
masses of the rods and strings.) 
Three objects are suspended 
by strings from the rods. The 
masses of objects 1 and 3 are 
m, = 6.40 kg and 
m, = 3.20 kg. The 
distance x shown in 
the figure is 0.160 m. i, 
What is the mass of m,? 


m 


11.67 In the experimental setup shown in the figure, a 
beam, B,, of unknown mass M, and length L, = 1.00 m is 
pivoted about its lowest point at P|. A second beam, B,, of 
mass M, = 0.200 kg and length L, = 0.200 m is suspended 
(pivoted) from B, at a point P,, which is a horizontal distance 
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d = 0.550 m from P,. To keep the 
system at equilibrium, a mass 
m = 0.500 kg has to be suspend- 
ed from a massless string that 
runs horizontally from P}, at the 
top of beam B,, and passes over a 
frictionless pulley. The string runs 
at a vertical distance y = 0.707 m 
above the pivot point P,. Calcu- 


late the mass of beam B}. 


e11.68 An important characteristic of the condition of 
static equilibrium is the fact that the net torque has to be 
zero irrespective of the choice of pivot point. For the setup 
in Problem 11.67, prove that the torque is indeed zero with 
respect to a pivot point at P}, Pa, or P3. 

e11.69 One end of a heavy beam of 3 m— 
mass M = 50.0 kg is hinged to a verti- J 
cal wall, and the other end is tied to a 

steel cable of length 3.0 m, as shown 

in the figure. The other end of the 

cable is also attached to the wall at a am 
distance of 4.0 m above the hinge. A 

mass m = 20.0 kg is hung from one 

end of the beam by a rope. 


a) Determine the tensions in the 
cable and the rope. 


b) Find the force the hinge exerts on the beam. 


11.70 A 100.-kg uniform bar of length L = 5.00 m is attached 
to a wall by a hinge at point A and supported in a horizontal 
B position by a light cable attached to its other end. 
if i The cable is attached to the wall at point B, at 
a distance D = 2.00 m above point A. 
I Find: a) the tension, T, on the cable 


N 


A o 


[< L 


and b) the horizontal and verti- 
cal components of the force 
acting on the bar at point A. 


e11.71 A mobile over a baby’s crib displays small colorful 
shapes. What values for m,, m,, and m, are needed to keep 
the mobile balanced (with all rods horizontal)? 


1.50 in | 3.00 in 


0.060 kg 


e11.72 Consider the rod of F(x) 
length L shown in the figure. The 
mass of the rod is m = 2.00 kg, 


and the pivot point is located at & 
the left end (at x = 0). In order | 


to prevent the rod from rotat- 
ing, a variable force given by 
F(x) = (15.0 N)(x/L)* is applied 
to the rod. At what point x on the rod should the force be 
applied in order to keep it from rotating? 


mg 


e11.73 A pipe that is 2.20 m long and has a mass of 8.13 kg 
is suspended horizontally over a stage by two chains, each 
located 0.20 m from an end. Two 7.89-kg theater lights are 
clamped onto the pipe, one 0.65 m from the left end and the 
other 1.14 m from the left end. Calculate the tension in each 
chain. 


e11.74 A 2.00-m-long diving board of mass 12.0 kg is 3.00 m 
above the water. It has two attachments holding it in place. 
One is located at the very back end of the board, and the 
other is 25.0 cm away from that end. 


a) Assuming that the board has uniform density, find 
the forces acting on each attachment (take the downward 
direction to be positive). 

b) Ifa diver of mass 65.0 kg is standing on the front end, 
what are the forces acting on the two attachments? 


e11.75 A 20.0-kg box with a height of 80.0 cm and a width 
of 30.0 cm has a handle on the side that is 50.0 cm above the 
ground. The box is at rest, and the coefficient of static fric- 
tion between the box and the floor is 0.28. 


a) What is the minimum force, F, that can be applied to the 
handle so that the box will tip over without slipping? 


b) In what direction should this force be applied? 


ee11.76 The angular displacement of a torsional spring is 
proportional to the applied torque; that is 7 = k0, where x is 
a constant. Suppose that such a spring is mounted to an arm 
that moves in a vertical plane. The mass of the arm is 45.0 g, 
and it is 12.0 cm long. The arm-spring system is at equilib- 
rium with the arm at an angular displacement of 17.0° with 
respect to the horizontal. If a mass of 0.420 kg is hung from 
the arm 9.00 cm from the axle, what will be the angular dis- 
placement in the new equilibrium position (relative to that 
with the unloaded spring)? 
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Earthset photographed on November 7, 2007, by the Japanese 
satellite Kaguya orbiting the Moon. The Earth and the Moon orbit around each 
other and are kept together by their gravitational interaction. 
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Chapter 12 Gravitation 


WHAT WE WILL LEARN 


The gravitational interaction between two point 
masses is proportional to the product of their masses 
and inversely proportional to the square of the 
distance separating them. 


The gravitational force on an object inside a 
homogeneous solid sphere rises linearly with the distance 
that the object is from the center of the solid sphere. 


At the surface of the Earth, it is a very good 
approximation to use a constant value for the 
acceleration due to gravity (g). The value of g used 


Escape speed is the minimum speed with which a 
projectile must be launched to escape to infinity. 


Kepler's three laws of planetary motion state that 
planets move on elliptical orbits with the Sun at one 
focal point; that the radius vector connecting the 
Sun and a planet sweeps out equal areas in equal 
times; and that the square of the orbit’s period 

for any planet is proportional to the cube of its 
semimajor axis. 


The kinetic, potential, and total energies of satellites 


for free-fall situations can be verified from the more 
general gravitational force law. 


in orbit have a fixed relationship with each other. 


= There is evidence for a great amount of dark matter 
= A more general expression for the gravitational and dark energy in the universe. 
potential energy indicates that it is inversely 


proportional to the distance between two objects. 


Figure 12.1 shows the Earth setting over the horizon of the Moon, photographed by a sat- 
ellite orbiting the Moon. We are so used to seeing the Moon in the sky that it’s somewhat 
surprising to see the Earth in the sky. In fact, astronauts on the Moon do not see earth- 
rise or earthset because the Moon always keeps the same face turned toward Earth. Only 
astronauts orbiting the Moon can see the Earth seeming to change position and rise or set. 
However, the image reminds us that, like all forces, the force of gravity is a mutual attraction 
between two objects—Earth pulls on the Moon, but the Moon also pulls on Earth. 

We have examined forces in general terms in previous chapters. In this chapter, we 
focus on one particular force, the force of gravity, which is one of the four fundamental 
forces in nature. Gravity is the weakest of these four forces (inside atoms, for example, grav- 
ity is negligible relative to the electromagnetic forces), but it operates over all distances and 
is always a force of attraction between objects with mass (as opposed to the electromagnetic 
interaction, for which the charges come in positive and negative varieties so resulting forces 
can be attractive or repulsive and tend to sum to zero for most macroscopic objects). As a 
result, the gravitational force is of primary importance over the vast distances and for the 
enormous masses of astronomical studies. 

Figure 12.2 is an image of the center of our galaxy obtained with the space-based infrared 
Spitzer telescope. The galactic center contains a supermassive black hole, and knowledge of 
the gravitational interaction allows astronomers to calculate that the mass of this black hole 
is approximately 1 trillion times the mass of the Earth, or approximately 3.7 million times the 
mass of the Sun. (Example 12.4 shows how scientists arrived at this conclusion. A black hole is 
an object so massive and dense that nothing can escape from its surface, not even light.) 


12.1 Newton’s Law of Gravity 


Up to now, we have encountered the gravitational force only in the form of a constant gravi- 
tational acceleration, g = 9.81 m/s’, multiplied by the mass of the object on which the force 
acts. However, from videos of astronauts running and jumping on the Moon (Figure 12.3), 
we know that the gravitational force is different there. Therefore, the approximation we have 
used of a constant gravitational force that depends only on the mass of the object the force 
acts on cannot be correct away from the surface of the Earth. 

The general expression for the magnitude of the gravitational interaction between two 
point masses, m, and my, at a distance r= B -7| from each other (Figure 12.4) is 


FIGURE 12.2 Center of our galaxy, 
the Milky Way, which contains a super- 
massive black hole. The size of the region 
shown here is 890 by 640 light-years. 
The Solar System is 26,000 light-years 
away from the center of the galaxy. 


F(r)=G om. (12.1) 


r 


This relationship, known as Newton’s Law of Gravity, is an empirical law, deduced from 
experiments and verified extensively. The proportionality constant G is called the universal 
gravitational constant and has the value (to four significant figures) 


G =6.674-10'! Nm*/kg’. (12.2) 


Since 1 N =1 kg m/s’, we can also write this value as G = 6.674- 10 ™ m*kg"'s”. Equation 12.1 


says that the strength of the gravitational interaction is proportional to each of the two masses 
involved in the interaction and is inversely proportional to the square of the distance between 
them. For example, doubling one of the masses will double the strength of the interaction, 
whereas doubling the distance will reduce the strength of the interaction by a factor of 4. 

Because a force is a vector, the direction of the gravitational force must be specified. 
The gravitational force F,_,, acting from object 2 on object 1 always points toward object 2. 
We can express this concept in the form of an equation: 


É a =F(r)t, =F(r) 2—. 


Combining this result with equation 12.1 results in 


Basg m (7, -#). (12.3) 
B -7| 


Equation 12.3 is the general form for the gravitational force acting on object 1 due to object 
2. It is strictly valid for point particles, as well as for extended spherically symmetrical 
objects, in which case the position vector is the position of the center of mass. It is also a 
very good approximation for nonspherical extended objects, represented by their center- 
of-mass coordinates, provided that the separation between the two objects is large relative 
to their individual sizes. Note that the center of gravity is identical to the center of mass for 
spherically symmetrical objects. 

Chapter 4 introduced Newton's Third Law: The force F_,, exerted on object 2 by object 
1 has to be of the same magnitude as and in the opposite direction to the force F,_,, exerted 
on object 1 by object 2: E E 

Rn ma By ʻ 


You can see that the force described by equation 12.3 fulfills the requirements of Newton's 
Third Law by exchanging the indexes 1 and 2 on all variables (F, m, and r) and observ- 
ing that the magnitude of the force remains the same, but the sign changes. Equation 12.3 
governs the motion of the planets around the Sun, as well as of objects in free fall near the 
surface of the Earth. 


Superposition of Gravitational Forces 


If more than one object has a gravitational interaction with object 1, we can compute the 
total gravitational force on object 1 by using the superposition principle, which states that 
the vector sum of all gravitational forces on a specific object yields the total gravitational 
force on that object. That is, to find the total gravitational force acting on an object, we sim- 
ply add the contributions from all other objects: 


n 
R=Bathate+ha=) Ba. (12.4) 
i=2 


The individual forces F_,, can be found from equation 12.3: 


= mm (. - 
A= (7-7). 


Conversely, the total gravitational force on any one of n objects experiencing mutual gravi- 
tational interaction can be written as 


= Doe 3) a25) 
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FIGURE 12.3 Apollo 16 Commander 
John Young jumps on the surface of the 
Moon and salutes the U.S. flag on April 
20, 1972. 


Fis 


mi 


FIGURE 12.4 The gravitational 


interaction of two point masses. 
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The notation “i + j” below the summation symbol indicates that the sum of forces does not 
include any object’s interaction with itself. 

The conceptualization of the superposition of forces is straightforward, but the solu- 
tion of the resulting equations of motion can become complicated. Even in a system of three 
approximately equal masses that interact with one another, some initial conditions can lead 
to regular trajectories, whereas others lead to chaotic motion. The numerical investigation of 
this kind of system started to become possible only with the advent of computers. Over the 
last 10 years, the field of many-body physics has developed into one of the most interesting 
in all of physics, and many intriguing endeavors are likely to be undertaken, such as study- 
ing the origin of galaxies from small initial fluctuations in the density of the universe. 


DERIVATION 12.1 | Gravitational Force from a Sphere 


Earlier, it was claimed that the gravitational interaction of an extended 
spherically symmetrical object could be treated like that of a point par- 
ticle with the same mass located at the center of mass of the extended 
sphere. We can prove this statement with the aid of calculus and some 


M elementary geometry. 
To start, we treat a sphere as a collection of concentric and very thin 
spherical shells. If we can prove that a thin spherical shell has the same 
ae gravitational interaction as a point particle located at its center, then the 
FIGURE 12.5 Gravitational force on a superposition principle implies that a solid sphere does, too. 
particle of mass M exerted by a spherical shell Figure 12.5 shows a point particle of mass M located outside a spheri- 


(hollow sphere) of mass m. 


cal shell of mass m at a distance r from the center of the shell. We want to 
find the x-component of the force on the mass M due to a ring of angular 
width dd. This ring has a radius of a = Rsin@ and thus a circumference of 
27Rsin œ. It has a width of R dọ, as shown in Figure 12.5, and thus a total 
area of 27R*sin¢dd. Because the mass m is homogeneously distributed 
over the spherical shell of area 477R’, the differential mass of the ring is 


FIGURE 12.6 Cross section through the 
center of the spherical shell of Figure 12.5. 


27R’ sind 
moe singdd _ 


dm= ; 
AiR 


smsin dd. 

Because the ring is positioned symmetrically around the horizontal axis, 
there is no net force in the vertical direction from the ring acting on the 
mass M. The horizontal force component is (Figure 12.6) 


Mmsin 2a 


Mdm 


(i) 


2s" 


dF, =cos0 e 
s 


|-cove [a 


Now we can relate cos @ to s, r, and R via the law of cosines: 
_ so tr -R 
2sr 


cos@ 


In the same way, 
R+r_-s a3 
cosh = ——____. ii 
$ 2Rr ti) 


If we differentiate both sides of equation (ii), we obtain 


-singdġ=-—ds. 
r 


Inserting the expressions for sin ġ dọ and cos @ into equation (i) for the differential force 
component gives 


2, gd pe 
-R Mi 
dF, SFr G mjs ds 
2sr 25% | Rr 
Mn 24r -R 
pails E EE 7) 
r 4s°R 
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Now we can integrate over ds from the minimum value of = r - R to the maximum value 12.1 Self-Test Opportunity 
ofs=r+R: 
Derivation 12.1 assumes that r > R, 
r+R Gero . z 
2 ii. 152 which implies that the mass M is 
E= f G Mm ($ +t -R l ga =G an i nire ds=G aad located outside the spherical shell. 
A r 4°R 4° R r What changes if r < R? 
ne 
Equals 1 


(It is not obvious that the value of the integral is 1, but you can look this up in an integral 
table.) Thus, a spherical shell (and by the superposition principle a solid sphere also) 
exerts the same force on the mass M as a point mass located at the center of the sphere, 
which is what we set out to prove. 


The Solar System 


The Solar System consists of the Sun, which con- 
tains the overwhelming majority of the total mass 
of the Solar System, the four Earthlike inner planets 
(Mercury, Venus, Earth, and Mars), the asteroid belt 
between the orbits of Mars and Jupiter, the four gas 
giants (Jupiter, Saturn, Uranus, and Neptune), a num- 
ber of dwarf planets (including Ceres, Eris, Haumea, Neptune 
Makemake, and Pluto), and many other minor objects 

found in the Kuiper Belt. Figure 12.7 shows the orbits 
and relative sizes of the planets. Table 12.1 provides 
some physical data for the planets and the Sun. 

Not listed as a planet is Pluto, and this omission 
deserves an explanation. The planet Neptune was dis- 
covered in 1846. This discovery had been predicted 
based on observed small irregularities in the orbit of 
Uranus, which hinted that another planet’s gravitational 
interaction was the cause. Careful observations of the 
orbit of Neptune revealed more irregularities, which 
pointed toward the existence of yet another planet, and Uranus 
Pluto (mass = 1.3-107” kg) was discovered in 1930. After 
that, schoolchildren were taught that the Solar System 
has nine planets. However, in 2003, Sedna (mass = 
~5.10” kg) and, in 2005, Eris (mass = ~2- 10” kg) were 
discovered in the Kuiper Belt, a region in which various 
objects orbit the Sun at distances between 30 and 48 AU. 
When Eris’s moon Dysnomia was discovered in 2006, it 
allowed astronomers to calculate that Eris is more mas- 
sive than Pluto, which began the discussion about what 
defines a planet. The choice was either to give Sedna, 
Eris, Ceres (an asteroid that was actually classified as a 
planet from 1801 to about 1850), and many other Pluto- 
like objects in the Kuiper Belt the status of planet or to 
reclassify Pluto as a dwarf planet. In August 2006, the 
International Astronomical Union voted to remove full 
planetary status from Pluto. 


Kuiper Belt 


Saturn 


Jupiter 


The Solar System. On this scale, the sizes 
of the planets themselves would be too small to be seen. The 
small yellow dot at the origin of the axis represents the Sun, 
but it is 30 times bigger than the Sun would appear if it were 
drawn to scale. The pictures of the planets and the Sun (lower 
part of the figure) are all magnified by a factor of 30,000 
relative to the scale for the orbits. 


Asteroid belt 


ə» 
Mercury Venus 


Sun 
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ESGOP Selected Physical Data for the Solar System 


Radius Mass g Escape Speed Mean Orbital Radius Orbital Period 
Planet (km) (10% kg) (m/s?) (km/s) (10° km) Eccentricity (yr) 
Mercury 2,400 0.330 37 4.3 BS) 0.205 0.241 
Venus 6,050 4.87 8.9 10.4 108.2 0.007 0.615 
Earth 6,370 S9 9.8 WEZ 149.6 0.017 Il 
Mars 3,400 0.642 SM 5.0 22709 0.094 1.88 
Jupiter 71,500 1,890 Dex 59:5 778.6 0.049 WES 
Saturn 60,300 568 9.0 2355 1433 0.057 29.4 
Uranus 25,600 86.8 8.7 ANS 2872 0.046 83.8 
Neptune 24,800 102 11.0 23.5) 4495 0.009 164 
Sun 696,000 1,990,000 274 618.0 — — — 


As the story of Pluto shows, the Solar System still holds the potential for many discov- 
eries. For example, almost 400,000 asteroids have been identified, and about 5000 more are 
discovered each month. The total mass of all asteroids in the asteroid belt is less than 5% 
of the mass of the Moon. However, more than 200 of these asteroids are known to have a 
diameter of more than 100 km! Tracking them is very important, considering the damage 
one could cause if it hit the Earth. Another area of ongoing research is the investigation of 
the objects in the Kuiper Belt. Some models postulate that the combined mass of all Kuiper 
Belt objects is up to 30 times the mass of the Farth, but the observed mass so far is smaller 
than this value by a factor of about 1000. 


EXAMPLE 12.1 / Influence of Celestial Objects 


Astronomy is the science that focuses on planets, stars, galaxies, and the universe as a 
whole. The similarly named field of astrology has no scientific basis whatsoever. It may 
be fun to read the daily horoscope, but constellations of stars and/or alignments of plan- 
ets have no influence on our lives. The only way stars and planets can interact with us is 
through the gravitational force. Let’s calculate the force of gravity exerted on a person by 
the Moon, Mars, and the stars in the constellation Gemini. 


PROBLEM 1 

Suppose you live in the Midwest of the United States. You go outside at 9:00 p.m. on 
February 16, 2008, and look up in the sky. You see the Moon, the planet Mars, and the 
constellation Gemini, as shown in Figure 12.8. Your mass is m = 85 kg. What is the force 
of gravity on you due to these celestial objects? 


Castor © 


Pollux @ e Alhena SOLUTION 1 
Let’s start with the Moon. The mass of the Moon is 7.36: 107 kg, and the distance from 
the Moon to you is 3.84- 10° m. The gravitational force the Moon exerts on you is then 


7.36 -107 kg)(85 kg) 


ae ee. 
FIGURE 12.8 Relative positions of B ioon = G -Moon =(6.67-10 11 N m? /kg? 
the Moon, Mars, and the constellation the ass 384-108 
Gemini in the sky over the Midwest on a“ mj 
February 16, 2008. 


= 0.0028 N. 


The distance between Mars and Earth on February 16, 2008, was 136 million km, and 
the mass of Mars is Myan = 6.4: 10” kg. Thus, the gravitational force that Mars exerts on 
you is 


ars 


Fran =G MaM = (667-107 Nm? hg?) (64-10 kg](85 kg) 


Mars 


= 1077 
T 2.0-10” N. 
(136-10 m) 
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We can estimate the gravitational force exerted by the constellation Gemini by calculating 
the force exerted by its three brightest objects: Castor, Pollux, and Alhena (see Figure 12.8). 
Castor is a triple binary star system with a mass 6.7 times the mass of the Sun and is located 
a distance of 51.5 light-years from you. Pollux is a star with a mass 1.7 times the mass of 
the Sun, located 33.7 light-years away. Alhena is a binary star system with a mass 3.8 times 
the mass of the Sun, and it is 105 light-years away. The mass of the Sun is 2.0 - 10% kg, anda 
light-year corresponds to 9.5-10'° m. The gravitational force exerted on you by the constel- 
lation Gemini is then 


M, M M 
Castor a Pollux 4 Alhena 


2 


=G Moasor t 4 G Mpal e G M Alhena™ =Gm 3 
Tastor Pollux Tathena 


2 
TCastor Pollux TAlhena 


R Gemini 


2.0-10% kg | 6.7 1.7 3.8 
2 2 T 2 + 2 
(95-10 m) ((515) (337) (105) 


=(6.67-10"" N m? /kg?}(85 kg) 


=5.5-10 3 N. 


The Moon exerts a measurable force on you, but Mars and Gemini exert only negligible 
forces. 


PROBLEM 2 

When Mars and Earth are at their minimum separation distance, they are ry = 5.6-10'° m 
apart. How far away from you does a truck of mass 16,000 kg have to be to have the same 
gravitational interaction with your body as Mars does at this minimum separation distance? 


SOLUTION 
If the two gravitational forces are equal in magnitude, we can write 
GAMM carat. 
A g 


where m is your mass, my is the mass of the truck, and ry is the distance we want to find. 
Canceling out the mass and the universal gravitational constant, we have 


Inserting the given numerical values leads to 


1.6-104 
r =(5.6-10° m) IO E g m. 
64-10 kg 


This result means that if you get closer to the truck than 8.8 m, it exerts a bigger gravita- 
tional pull on you than does Mars at its closest approach. 


12.2 Gravitation near the Surface of the Earth 


Now we can use the general expression for the gravitational interaction between two masses 
to reconsider the gravitational force due to the Earth on an object near the surface of the 
Earth. We can neglect the gravitational interaction of this object with any other objects, 
because the magnitude of the gravitational interaction with Earth is many orders of magni- 
tudes larger, because of Earth’s very large mass. Since we can represent an extended object 
by a point particle of the same mass located at the object’s center of gravity, any object on the 
surface of Earth is experiencing a gravitational force directed toward the center of Earth. 
This corresponds to straight down anywhere on the surface of Earth, completely in accor- 
dance with empirical evidence. 
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It is more interesting to determine the magnitude of the gravitational force that an 
object experiences near the surface of the Earth. Inserting the mass of the Earth, Mẹ, as the 
mass of one object in equation 12.1 and expressing the altitude h above the surface of the 
Earth as h + Ry = r, where Rg is the radius of the Earth, we find for this special case that 

Mgm 
(Re +h? 

Because Ry = 6370 km, the altitude, h, of the object above the ground can be neglected 

for many applications. If we make this assumption, we find that F = mg, with 


F=G (12.6) 


GM, (667-10 mkg s? )(5.97-10 kg) 


=9.81 m/s”. (12.7) 
R2 6 2 
E (637-10 m) 


£ 


As expected, near the surface of the Earth, the acceleration due to gravity can be approxi- 
mated by the constant g that was introduced in Chapter 2. We can insert the mass and 
radius of other planets (see Table 12.1), moons, or stars into equation 12.7 and find their 
surface gravity as well. For example, the gravitational acceleration at the surface of the Sun 
is approximately 28 times larger than that at the surface of the Earth. 

If we want to find g for altitudes where we cannot safely neglect h, we can start with 
equation 12.6, divide by the mass m to find the acceleration of that mass, 


-2 


g(h)= OMe, a iid =gl14 2p 
(Rp+hy Re R Re 
and then expand in powers of h/R, to obtain, to the first order, 
h 
eywe[t-2B so} (12.8) 
Rg 
North Pole 
ae 


Equation 12.8 holds for all values of the altitude h that are small compared to the 
radius of Earth, and it implies that the gravitational acceleration falls off approxi- 
mately linearly as a function of the altitude above ground. At the top of Mount Ever- 
est, the Earth’s highest peak, at an altitude of 8850 m, the gravitational acceleration is 
reduced by 0.27%, or by less than 0.03 m/s”. The International Space Station is at an 
altitude of 365 km, where the gravitational acceleration is reduced by 11.4%, to a value 


Equator a 
3 F.(90°) of 8.7 m/s”. For higher altitudes, the linear approximation of equation 12.8 should 


Rotation “8 definitely not be used. 


ads However, to obtain a more precise determination of the gravitational accelera- 


tion, we need to consider other effects. First, the Earth is not an exact sphere; it has 
a slightly larger radius at the Equator than at the poles. (The value of 6370 km in 
Table 12.1 is the mean radius of Earth; the radius varies from 6357 km at the poles 
South Pole to 6378 km at the Equator.) Second, the density of Earth is not uniform, and for 
a precise determination of the gravitational acceleration, the density of the ground 
right below the measurement makes a difference. Third, and perhaps most important, 
there is a systematic variation (as a function of the polar angle 0; see Figure 12.9) 


FIGURE 12.9 Variation of the effective 
force of gravity due to the Earth’s rotation. 
(The lengths of the red arrows representing 


the centripetal force have been scaled up by of the apparent gravitational acceleration, due to the rotation of the Earth and the 
a factor of 200 relative to the black arrows associated centripetal acceleration. From Chapter 9 on circular motion, we know that 
representing the gravitational force.) the centripetal acceleration is given by a, = wr, where r is the radius of the circular 

motion. For the rotation of the Earth, this radius is the perpendicular distance to the 
12.2 Self-Test Opportunity rotation axis. At the poles, this distance is zero, and there is no contribution from the 


centripetal acceleration. At the equator, r = Rg, and the maximum value for a, 
What is the acceleration due to 
Earth’s gravity at a distance d = 3R, 
from the center of the Earth, where 
Rg is the radius of the Earth? 


2 
E a R= (729 10° s?) (6378 km) =0.034 m/s”. 
Thus, we find that the reduction of the apparent gravitational acceleration at the Equator due 


to the Earth’s rotation is approximately equal to the reduction at the top of Mount Everest. 
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EXAMPLE 12.2) Gravitational Tear from a Black Hole 


A black hole is a very massive and extremely compact object that is so dense that light 
emitted from its surface cannot escape. (Thus, it appears black.) 


PROBLEM 

Suppose a black hole has a mass of 6.0 - 10°” kg, three times the mass of the Sun. A space- 
ship of length h = 85 m approaches the black hole until the front of the ship is at a distance 
R = 13,500 km from the black hole. What is the difference in the acceleration due to gravity 
between the front and the back of the ship? 


SOLUTION 
We can determine the gravitational acceleration at the front of the spaceship due to the 
black hole via 

_GMy, (667-10 mikg's} (60-10% kg) 


2 2 
R (135-10 m) 


=2.2-10° m/s’. 


Now we can use the linear approximation of equation 12.8 to obtain 
h h 
Son (A) - Sn (0) = Son ee - Zon (0) =- 28b R 


where h is the length of the spaceship. Inserting the numerical values, we find the differ- 
ence in the gravitational acceleration at the front and the back: 


Lon (A) - Spp (0) = - 2(2.2- 10° m/s? o =-27.7 m/s’. 
1.35-10 m 
You can see that in the vicinity of the black hole, the differential acceleration between front 
and back is so large that the spaceship would have to have tremendous integral strength to 
avoid being torn apart! (Near a black hole, Newton’s Law of Gravity needs to be modified, 
but this example has ignored that change. In Section 35.8, we will discuss black holes in 
more detail and see why light is affected by the gravitational interaction.) 


12.3 Gravitation inside the Earth 


Derivation 12.1 showed that the gravitational interaction of a mass m with a spherically sym- 
metrical mass distribution (where m is located outside the sphere) is not affected if the sphere 
is replaced with a point particle with the same total mass, located at its center of mass (or cen- 
ter of gravity). Derivation 12.2 now shows that on the inside of a spherical shell of uniform 
density, the net gravitational force is zero. 


DERIVATION 12.2 | Force of Gravity inside a Hollow Sphere 


We want to show that the gravitational force acting on a point mass inside a hollow homoge- 
neous spherical shell is zero everywhere inside the shell. To do this, we could use calculus and 
a mathematical law known as Gauss’s Law. (Gauss’s Law, discussed in Chapter 22, applies to 
electrostatic interaction and the Coulomb force, which is another force that falls off with 1/r°.) 
However, instead we'll use a geometrical argument that was presented by Newton in 1687 in 

his book Philosophiae Naturalis Principia Mathematica, usually known as the Principia. 
Consider the (infinitesimally thin) spherical shell shown in Figure 12.10. We mark a point 
Patan arbitrary location inside the shell and then draw a straight line through this point. This 
straight line intersects the shell at two points, and the distances between those two intersec- 
tion points and P are the radii r, and r,. Now we draw cones with tips at P and with small 
opening angle 6 around the straight line. The areas where the two cones intersect the shell are 
Continued— 
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(a) (b) (c) 
FIGURE 12.10 Gravitational interaction of a point with the surface of a hollow sphere: (a) cones 
from point P within the sphere to the sphere’s surface; (b) details of the cones from P to the surface; 
(c) the balance of gravitational forces acting on P due to the opposite areas of the spherical shell. 


called A, and A). These areas are proportional to the angle 6, which is the same for both of 
them. Area A, is also proportional to rj, and area A, is proportional to rå (see Figure 12.10b). 
Further, since the shell is homogeneous, the mass of any segment of it is proportional to the 
segment’s area. Therefore, m, = ar; and m, = ar3, with the same proportionality constant a. 
The gravitational force F_,, that the mass m, of area A, exerts on the mass m; at point 
P then points along r, toward the center of A}. The gravitational force F,_,, acting on m; 
points in exactly the opposite direction along r). We can also find the magnitudes of these 


two forces: 
2 
Gmm, Gar )m 
Pac" 32 i "3 _ Gam, 
2 2 
ri ri 
2 
Gmm, G(ar )m 
B= 5 3 = . 3 = Gam}. 


r2 r2 


Since the dependence on the distance cancels out, the magnitudes of the two forces are the 
same. Since their magnitudes are the same, and their directions are opposite, the forces 
F_,, and B,_,, exactly cancel each other (see Figure 12.10c). 

Since the location of the point and the orientation of the line drawn through it were 
arbitrary, the result is true for any point inside the spherical shell. The net force of gravity 
acting on a point mass inside this spherical shell is indeed zero. 


We can now gain physical insight into the gravitational force acting inside the Earth. 
Think of the Earth as composed of many concentric thin spherical shells. Then the gravita- 
tional force at a point P inside the Earth at a distance r from the center is due to those shells 
with a radius less than r. All shells with a greater radius do not contribute to the gravita- 
tional force on P. Furthermore, the mass, M(r), of all contributing shells can be imagined to 
be concentrated in the center, at a distance r away from P. The gravitational force acting on 
an object of mass m at a distance r from the center of the Earth is then 

¥j-e =, (12.9) 


2 
r 


This is Newton's Law of Gravity (equation 12.1), with the mass of the contributing shells to 
be determined. In order to determine that mass, we make the simplifying assumption of a 
constant density, pg, inside Earth. Then we obtain 


M(r)= pgV(r)= ppt ar’. (12.10) 
We can calculate the Earth’s mass density from its total mass and radius: 
24 
Mg B Mg E (5.97.10 kg) 


4 3 
Ve $TR 41(6.37-10° m) 


Pr = + =5.5-10° kg/m’. 


Substituting the expression for the mass from equation 12.10 into equation 12.9, we obtain 
an equation for the radial dependence of the gravitational force inside Earth: 


3 
prg mrm 


M(r)m -G 


2 2 
r r 


F(r)=G =4aGppmr. (12.11) 
Equation 12.11 states that the gravitational force increases linearly with the distance from 
the center of the Earth. In particular, ifthe point is located exactly at the center of the Earth, 
zero gravitational force acts on it. 

Now we can compare the radial dependence of the gravitational acceleration divided 
by g (for an object acted on by just the force due to the Earth) inside and outside the Earth. 
Figure 12.11 shows the linear rise of this quantity inside the Earth, and the fall-off in an 
inverse square fashion outside. At the surface of the Earth, these curves intersect, and the 
gravitational acceleration has the value of g. Also shown in the figure is the linear approxi- 
mation (equation 12.8) to the dependence of the gravitational acceleration as a function 
of the height above the Earth’s surface: g(h) ~ g(1 - 2h/Rg + ...) > g(r) = g(3 - 2r/Rg + ...), 
because r ~ h + Rp. You can clearly see that this approximation is valid to within a 
few percentage points for altitudes of a few hundred kilometers above the surface of 
the Earth. 

Note that the functional form of the force in equation 12.11 is that of a spring force, 
with a restoring force that increases linearly as a function of displacement from equilibrium 
at r = 0. Equation 12.11 specifies the magnitude of the gravitational force. Because the force 
always points toward the center of the Earth, we can also write equation 12.11 as a one- 
dimensional vector equation in terms of x, the displacement from equilibrium: 


m 
E.(x)=-4aGp,mx =— 78 x =~ kx. 
3 Ry 
This result is Hooke’s Law for a spring, which we encountered in Chapter 5. Therefore, the 
“spring constant” of the gravitational force is 
m, 
k=4rmGppm= Me 
3 Ry 
Similar considerations also apply to the gravitational force inside other spherically sym- 
metrical mass distributions, such as planets or stars. 
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FIGURE 12.11 Dependence of the 
gravitational acceleration on the radial 
distance from the center of the Earth. 


12.1 In-Class Exercise >) 


The Moon can be considered as a 
sphere of uniform density with mass 
My and radius Ry. At the center of 
the Moon, the magnitude of the 
gravitational force acting on a mass 
m due to the mass of the Moon is 
a) mGMy/Rf. d) zero. 


b) +mGMy/Ri. e) 2mGMy/ Ri. 


c) ŻmGMy/ Ri 
\ g J 


12.4 Gravitational Potential Energy 


In Chapter 6, we saw that the gravitational potential energy is given by U = mgh, where h is 
the distance in the y-direction, provided the gravitational force is written F =- mgy (with the 
sign convention that positive is straight up). Using Newton's Law of Gravity, we can obtain a 
more general expression for gravitational potential energy. Integrating equation 12.1 yields an 
expression for the gravitational potential energy of a system of two masses m, and m, sepa- 
rated by a distance r: 


U(r)-U(e)=~ | FG )edF'= f Fears f Gar 
r 


rı if 
-Gmm far ——Gmmngt) =-G 
r 


mM), 
r 


The first part of this equation is the general relation between force and potential energy. For 
a gravitational interaction, the force depends only on the radial separation and points out- 
ward: F(F)=F(r). The integration is equivalent to bringing the two masses together in the 
radial direction from an initial infinite separation to a final separation, r. Thus, dř points 
opposite to the force F(7), and so F(7) « df = F(r) dr(cos 180°) = —F(r) dr. 

Note that the equation describing gravitational potential energy only tells us the dif- 
ference between the gravitational potential energy at separation r and at separation infinity. 
We set U(œ) = 0, which implies that the gravitational potential energy vanishes between 
two objects that are separated by an infinite distance. This choice gives us the following 
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—gRgm 


expression for the gravitational potential energy as a function of the separation of 
two masses: 
mm) 


U(r)=-G (12.12) 
Note that the gravitational potential energy is always less than zero with U(ce) = 0. This 
dependence of the gravitational potential energy on 1/r is illustrated by the red curve 
in Figure 12.12 for an arbitrary mass near the surface of the Earth. 

For interaction among more than two objects, we can write all pairwise interac- 
tions between two of them and integrate. The gravitational potential energies from 


FIGURE 12.12 Dependence of the gravita- these interactions are simply added to give the total gravitational potential energy. For 


tional potential energy on the distance to the 
center of the Earth, for distances larger than 


the radius of the Earth. The red curve represents U =U, +U +U =-Gr 


three point particles, we find, for example: 
mma 


-G 


the exact expression; the green line represents li E A li -7,| È T A 


the linear approximation for values of r not 
much larger than the radius of the Earth, Rẹ. 


An important special case occurs when one of the two interacting objects is the Earth. 
For altitudes h that are small compared to the radius of the Earth, we expect to repeat the 
previous result that the gravitational potential energy is mgh. Because the Earth is many 
orders of magnitude more massive than any object on the surface of the Earth for which 
we might want to calculate the gravitational potential energy, the combined center of mass 
of the Earth and the object is practically identical to the center of mass of the Earth, which 
we then select as the origin of the coordinate system. Using equation 12.12, this results in 


-1 
piece g 
Re th Re R 
pa + — h=- gmR, + mgh. 
Rg RE 


In the second step here, we used the fact that h « R, and expanded. This result (plotted in green 
in Figure 12.12) looks almost like the expression U = mgh from Chapter 6, except for the addi- 
tion of the constant term -gmR,. This constant term is a result of the choice of the integration 
constant in equation 12.12. However, as was stressed in Chapter 6, we can add any additive con- 
stant to the expression for potential energy without changing the physical results for the motion 
of objects. The only physically relevant quantity is the difference in potential energy between 
two different locations. Taking the difference between altitude h and altitude zero results in 


AU =U(h)-U(0)=(-gmR, + mgh)-(-gmR, )=mgh. 


As expected, the additive constant -gmR, cancels out, and we obtain the same result for low 
altitudes, h, that we had previously derived: AU = mgh. 


Escape Speed 


With an expression for the gravitational potential energy, we can determine the total mechani- 
cal energy for a system consisting of an object of mass m, and speed v,, that has a gravitational 
interaction with another object of mass m, and speed v,, if the two objects are separated by a 
distance r= li - AF 
Gmm 
E=K+U=1my +4imy; -—. (12.13) 


-3| 


Of particular interest is the case where one of the objects is the Earth (m, = Mp). If we 
consider the reference frame to be that of the Earth (v, = 0), the Earth has no kinetic energy 
in this frame. Again, we put the origin of the coordinate system at the center of the Earth. 
Then the expression for the total energy of this system is just the kinetic energy of object 2 
(but we have omitted the subscript 2), plus the gravitational potential energy: 


E=1myv- GMam 
2 Re +h’ 


where, as before, h is the altitude above Earth’s surface of the object with mass m. 


If we want to find out what initial speed a projectile must have to escape to an infinite 
distance from Earth, called the escape speed, v, (where E stands for Earth), we can use 
energy conservation. At infinite separation, the gravitational potential energy is zero, and 
the minimum kinetic energy is also zero. Thus, the total energy with which a projectile can 
barely escape to infinity from the Earth's gravitational pull is zero. Energy conservation then 
implies, starting from the Earth’s surface: 

E(h=0)= A mê a =0. 
E 


Solving this for vg gives an expression for the minimum escape speed: 


Vg = eae (12.14) 
R 
E 


Inserting the numerical values of these constants, we finally obtain 


2(6.67-10™ mikg's}(5.97-10" kg) 
6.37-10° m 


=11.2 km/s. 


This escape speed is approximately equal to 25,000 mph. The same calculation can also 
be performed for other planets, moons, and stars by inserting the relevant constants (for 
example, see Table 12.1). 

Note that the angle with which the projectile is launched into space does not enter into the 
expression for the escape speed. Therefore, it does not matter if the projectile is shot straight 
up or almost in a horizontal direction. However, we neglected air resistance, and the launch 
angle would make a difference if we accounted for its effect. An even bigger effect results from 
the Earth’s rotation. Since the Earth rotates once around its axis each day, a point on the sur- 
face of the Earth located at the Equator has a speed of v = 277R,/(1 day) ~ 0.46 km/s, which 
decreases to zero at the poles. The direction of the corresponding velocity vector points east, 
tangentially to the Earth’s surface. Therefore, the launch angle matters most at the Equator. 
For a projectile fired in the eastern direction from any location on the Equator, the escape 
speed is reduced to approximately 10.7 km/s. 

Can a projectile launched from the surface of the Earth with a speed of 11.2 km/s escape 
the Solar System? Doesn't the gravitational potential energy of the projectile due to its interac- 
tion with the Sun play a role? At first glance, it would appear not. After all, the gravitational 
force the Sun exerts on an object located near the surface of the Earth is negligible compared to 
the force the Earth exerts on that object. As proof, consider that if you jump up in the air, you 
land at the same place, independent of what time of day it is, that is, where the Sun is in the sky. 
Thus, we can indeed neglect the Sun’s gravitational force near the surface of the Earth. 

However, the gravitational force is far different from the gravitational potential energy. 
In contrast to the force, which falls off as r°, the potential energy falls off much more slowly, 
as it is proportional to r`. It is straightforward to generalize equation 12.14 for the escape 
speed from any planet or star with mass M, if the object is initially separated a distance R 


from the center of that planet or star: 
2GM 
yee (12.15) 
R 


Inserting the mass of the Sun and the size of the orbit of the Earth we find v the speed 


distance from it equal to the radius of the Earth's orbit: 


2(6.67-10" mkgs*)(1.99 -10°° kg) 
=42 km/s. 


y= 1 

1.49-10 m 

This is quite an astonishing result: The escape speed needed to leave the Solar System from 
the orbit of the Earth is almost four times larger than the escape speed needed to get away 
from the gravitational attraction of the Earth. 


12.4 Gravitational Potential Energy 


12.2 In-Class Exercise 


The escape speed from the surface 
of the Moon (mass = 7.35 - 10” kg 
and diameter = 3476 km) is 


a) 2.38 km/s. 
b) 1.68 km/s. 


c) 11.2 km/s. 
d) 5.41 km/s. 
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FIGURE 12.13 Gravity assist 
technique: (a) trajectory of a spacecraft 
passing Jupiter, as seen in Jupiter's ref- 
erence frame; (b) the same trajectory as 
seen in the reference frame of the Sun, 
in which Jupiter moves with a velocity 
of approximately 13 km/s. 


Launching a projectile from the surface of the Earth with enough speed to leave the 
Solar System requires overcoming the combined gravitational potential energy of the Earth 
and the Sun. Since the two potential energies add, the combined escape speed is 


Ves = ve +v = 43.5 km/s. 


We found that the rotation of the Earth has a nonnegligible, but still small, effect on the escape 
speed. However, a much bigger effect arises from the orbital motion of the Earth around the 
Sun. The Earth orbits the Sun with an orbital speed of vo = 2mTRgs/(1 yr) = 30 km/s, where Rgs 
is the distance between Earth and Sun (149.6 or 150 million km, according to Table 12.1). A 
projectile launched in the direction of this orbital velocity vector needs a launch velocity of 
only Vgs min = (43.5 - 30) km/s = 13.5 km/s, whereas one launched in the opposite direction 
must have Vgg max = (43.5 + 30) km/s = 73.5 km/s. Other launch angles produce all values 
between these two extremes. 

When NASA launches a probe to explore the outer planets or to leave the Solar System— 
for example, Voyager 2—the gravity assist technique is used to lower the required launch 
velocity. This technique is illustrated in Figure 12.13. Part (a) is a sketch of a flyby of Jupiter as 
seen by an observer at rest relative to Jupiter. Notice that the velocity vector of the spacecraft 
changes direction but has the same length at the same distance from Jupiter as the spacecraft 
approaches and as it leaves. This is a consequence of energy conservation. Figure 12.13b is a 
sketch of the spacecraft’s trajectory as seen by an observer at rest relative to the Sun. In this ref- 
erence frame, Jupiter moves with an orbital velocity of approximately 13 km/s. To transform 
from Jupiter’s reference frame to the Sun's reference frame, we have to add the velocity of Jupi- 
ter to the velocities observed in Jupiter’s frame (red arrows) to obtain the velocities in the Sun's 
frame (blue arrows). As you can see from the figure, in the Sun’s frame, the length of the final 
velocity vector is significantly greater than that of the initial velocity vector. This means that the 
spacecraft has acquired significant additional kinetic energy (and Jupiter has lost this kinetic 
energy) during the flyby, allowing it to continue escaping the gravitational pull of the Sun. 


EXAMPLE 12.3 | Asteroid Impact 


One of the most likely causes of the extinction of dinosaurs at the end of the Cretaceous 
period, about 65 million years ago, was a large asteroid hitting the Earth. Let's look at the 
energy released during an asteroid impact. 


PROBLEM 

Suppose a spherical asteroid, with a radius of 1.00 km and a mass density of 4750 kg/m’, 
enters the Solar System with negligible speed and then collides with Earth in such a way 
that it hits Earth from a radial direction with respect to the Sun. What kinetic energy will 
this asteroid have in the Earth’s reference frame just before its impact on Earth? 


SOLUTION 


First, we calculate the mass of the asteroid: 


m, =V Pa =4 Th Pa =47(1.00-10° m} (4750 kg/m*) =1.99-10"* kg. 


If the asteroid hits the Earth in a radial direction with respect to the Sun, the Earth’s 
velocity vector will be perpendicular to that of the asteroid at impact, because the Earth 
moves tangentially around the Sun. Thus, there are three contributions to the kinetic 
energy of the asteroid as measured in Earth’s reference frame: (1) conversion of the gravi- 
tational potential energy between Earth and asteroid, (2) conversion of the gravitational 
potential energy between Sun and asteroid, and (3) kinetic energy of the Earth’s motion 
relative to that of the asteroid. 

Because we have already calculated the escape speeds corresponding to the two 
gravitational potential energy terms and because the asteroid will arrive with the kinetic 
energy that corresponds to these escape speeds, we can simply write 


K=im,(ve+¥§ +1). 
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Now we insert the numerical values: 
K =0.5(1.99-10'* kg)[(1.1-10* m/s} + (4.2:10* m/s)’ +(3.0-10* m/s)’] 
=2.8-10” J. 


This value is equivalent to the energy released by approximately 300 mil- 
lion nuclear weapons of the magnitude of those used to destroy Hiro- 
shima and Nagasaki in World War II. You can begin to understand the 
destructive power of an asteroid impact of this magnitude—an event like 
this could wipe out human life on Earth. A somewhat bigger asteroid, 
with a diameter of 6 to 10 km, hit Earth near the tip of the Yucatan 
peninsula in the Gulf of Mexico approximately 65 million years ago. It is 
believed to be responsible for the K-T (Cretaceous-Tertiary) extinction, 
which killed off the dinosaurs. 


DISCUSSION 

Figure 12.14 shows the approximately 1.5 km in diameter and almost 200 m 
deep Barringer impact crater, which was formed approximately 50,000 years 
ago when a meteorite of approximately 50-m diameter, with a mass of ap- 
proximately 300,000 tons (3 - 10° kg), hit Earth with a speed of approximately 
12 km/s. This was a much smaller object than the asteroid described in this 
example, but the impact still had the destructive power of 150 atomic bombs FIGURE 12.14 Barringer impact crater in central 
of the Hiroshima/Nagasaki class. Arizona. 


Gravitational Potential 


Equation 12.12 states that the gravitational potential energy of any object is proportional 
to that objects mass. When we employed energy conservation to calculate the escape 
speed, we saw that the mass of the object canceled out, because both kinetic energy and 
gravitational potential energy are proportional to an objects mass. Thus, the kinematics 
are independent of the object’s mass. For example, let’s consider the gravitational poten- 
tial energy of a mass m interacting with Earth, U,(r) = -GM,m/r. The Earth’s gravita- 
tional potential V,(r) is defined as the ratio of the gravitational potential energy to the 
mass of the object, V,(r) = U,(r)/m, or 


Bp oMr . (12.16) 


This definition has the advantage of giving information on the gravitational interaction with 
Earth, independently of the other mass involved. (We will explore the concept of potentials 
in much more depth in Chapter 23 on electric potentials.) 


12.5 Kepler's Laws and Planetary Motion 


Johannes Kepler (1571-1630) used empirical observations, mainly from data gathered by 
Tycho Brahe, and sophisticated calculations to arrive at the famous Kepler’s laws of plan- 
etary motion, published in 1609 and 1619. These laws were published decades before Isaac 
Newton was born in 1643, whose law of gravitation would eventually show why Kepler’s laws 
were true. What is particularly significant about Kepler’s laws is that they challenged the 
prevailing world view at the time, with the Farth in the center of the universe (a geocentric 
theory) and the Sun and all the planets and stars orbiting around it, just as the Moon does. 
Kepler and other pioneers, particularly Nicolaus Copernicus and Galileo Galilei, changed 
this geocentric view into a heliocentric (Sun-centered) cosmology. Today, space probes 
have provided direct observations from vantage points outside the Earths atmosphere and 
verified that Copernicus, Kepler, and Galileo were correct. However, the simplicity with 
which the heliocentric model was able to explain astronomical observations won intelligent 
people over to their view long before external observations were possible. 
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Kepler's First Law: Orbits 


All planets move in elliptical orbits with the Sun at one focal point. 


| Mathematical Insert: Ellipses 


An ellipse is a closed curve in a two-dimensional plane. It has two focal points, f 
and f,, separated by a distance 2c (Figure 12.15). For each point on an ellipse, the 
sum of the distances to the two focal points is a constant: 


h +n =2a. 


The length a is called the semimajor axis of the ellipse (see Figure 12.15). (Note: 
Unfortunately, the standard notation for the semimajor axis of an ellipse uses the 
same letter, a, as is conventionally used to symbolize acceleration. You should be 
careful to avoid confusion.) The semiminor axis, b, is related to a and c via 


br-e. 


In terms of the Cartesian coordinates x and y, the points on the ellipse satisfy the 
equation 


FIGURE 12.15 Parameters used in describ- g T p? 


ing ellipses and elliptical orbits. 


FIGURE 12.16 Kepler's Second Law 
states that equal areas are swept out in 
equal time periods, or A; = Ap. 


where the origin of the coordinate system is at the center of the ellipse. If a = b, a 
circle (a special case of an ellipse) results. 
It is useful to introduce the eccentricity, e, of an ellipse, defined as 


2 
gzs Ba 
a g 


An eccentricity of zero, the smallest possible value, characterizes a circle. The ellipse shown 


in Figure 12.15 has an eccentricity of 0.6. | 


The eccentricity of the Earth’s orbit around the Sun is only 0.017. If you were to plot an 
ellipse with this value of e, you could not distinguish it from a circle by visual inspection. 
The length of the semiminor axis of Earth’s orbit is approximately 99.98% of the length of 
the semimajor axis. At its closest approach to the Sun, called the perihelion, the Earth is 
147.1 million km away from the Sun. The aphelion, which is the farthest point from the Sun 
in Earth’s orbit, is 152.6 million km. 

It is important to note that the change in seasons is not caused primarily by the eccen- 
tricity of the Earth’s orbit. (The point of closest approach to the Sun is reached in early Janu- 
ary each year, in the middle of the cold season in the Northern Hemisphere.) Instead, the 
seasons are caused by the fact that the Earth’s axis of rotation is tilted by an angle of 23.4° 
relative to the plane of the orbital ellipse. This tilt exposes the Northern Hemisphere to the 
Sun's rays for longer periods and at a more direct angle in the summer months. 

Among the other planetary orbits, Mercury’s has the largest eccentricity—0.205. (Plu- 
to’s orbital eccentricity is even larger, at 0.249, but Pluto has been declassified as a planet 
since August 2006.) Venus's orbit has the smallest eccentricity, 0.007, followed by Neptune 
with an eccentricity of 0.009. 


Kepler's Second Law: Areas 
A straight line connecting the center of the Sun and the center of any planet (Figure 
12.16) sweeps out an equal area in any given time interval: 


á =constant. (12.17) 
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Kepler's Third Law: Periods 
The square of the period of a planet's orbit is proportional to the cube of the semimajor 


axis of the orbit: 
2 


T 
— =constant. (12.18) 
© 


This proportionality constant can be expressed in terms of the mass of the Sun and the 
universal gravitational constant 

T? 4r 

ae, (12.19) 
a GM 


DERIVATION 12.3 { Kepler's Laws 


The general proof of Kepler’s laws uses Newton's Law of Gravity, equation 12.1, and the law 
of conservation of angular momentum. With quite a bit of algebra and calculus, it is then 
possible to prove all three of Kepler’s laws. Here we will derive Kepler’s Second and Third 
Laws for circular orbits with the Sun in the center, allowing us to put the Sun at the origin 
of the coordinate system and neglect the motion of the Sun around the common center of 
mass of the Sun-planet system. 

First, we show that circular motion is indeed possible. From Chapter 9, we know that 
in order to obtain a closed circular orbit, the centripetal force needs to be equal to the 
gravitational force: 


r r2 r` s = rd 


This result establishes two important facts: First, the mass of the orbiting object has can- 

celed out, so all objects can have the same orbit, provided that their mass is small compared 

to the Sun. Second, any given orbital radius, r, has a unique orbital velocity corresponding A 
to it. Also, for a given orbital radius, we obtain a constant value of the angular velocity: A 


gala ea (i) 
r r 


Next, we examine the area swept out by a radial vector connecting the Sun and the planet. 
As indicated in Figure 12.17, the area swept out is dA = +rs = +d0. Taking the time deriva- FIGURE 12.17 Angle, arc length, 
tive results in and area as a function of time. 


Because, for a given orbit, w and r are constant, we have derived Kepler’s Second Law, 
which states that dA/dt = constant. 

Finally, for Kepler’s Third Law, we use T = 277/w and substitute the expression for the 
angular velocity from equation (i). This results in 


| 3 
T=27 -n 
GM 


We can rearrange this equation and obtain 

T _ An 

© GM” 
This proves Kepler’s Third Law and gives the value for the proportionality constant be- 
tween the square of the orbital period and the cube of the orbital radius. 
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Sun Pluto 


Again, keep in mind that Kepler’s laws are valid for elliptic orbits in general, not just 
for circular orbits. Instead of referring to the radius of the circle, r has to be taken as the 
semimajor axis of the ellipse for such orbits. Perhaps an even more useful formulation of 
Kepler's Third Law may be written as 

T_T} 


3 


! (12.20) 
a ay 


With this formula, we can easily find orbital periods and radii for two different orbiting objects. 


SOLVED PROBLEM 12.1 [Orbital Period of Sedna 


PROBLEM 

On November 14, 2003, astronomers discovered a previously unknown object in part 
of the Kuiper Belt beyond the orbit of Neptune. They named this object Sedna, after the 
Inuit goddess of the sea. The average distance of Sedna from the Sun is 78.7- 10’ km. How 
long does it take Sedna to complete one orbit around the Sun? 


SOLUTION 
Sedna THINK 


G We can use Kepler’s laws to relate Sedna’s distance from the Sun to the 


Lc ¢ 
5.9 X 10° km-| period of Sedna’s orbit around the Sun. 
78.7 X 10° km 


SKETCH 
FIGURE 12.18 The distance of Sedna from the Sun A sketch comparing the average distance of Sedna from the Sun with the 
compared with the distance of Pluto from the Sun. average distance of Pluto from the Sun is shown in Figure 12.18. 
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FIGURE 12.19 Orbital period versus 
length of the semimajor axis of orbits of 
objects in the Solar System. 


RESEARCH 
We can relate the orbit of Sedna to the known orbit of the Earth using equation 12.20 


(a form of Kepler’s Third Law): 
2 2 
T Earth = TSedna (i) 


3 3 
AFarth Sedna 


where Tyr, is the period of Earth’s orbit, agamn is the radius of Earth’s orbit, T's.anq is the 
period of Sedna’s orbit, and dg.gnq is the radius of Sedna’s orbit. 


SIMPLIFY 
We can solve equation (i) for the period of Sedna’s orbit: 


3/2 
Z Asedna 
Tedna = Tkarth [sam * 
earth 


CALCULATE 


Putting in the numerical values, we get 


3/2 

.7-10° km 

Ta = (1 yr) = = = 12,018 yr. 
0.150-10° km 


ROUND 


We report our result to two significant figures: 
Tgedna = 1.21-10* yr. 
DOUBLE-CHECK 


We can compare our result for Sedna with the measured values for the semimajor axes 
of the orbits and orbital periods of the planets and several dwarf planets. As Figure 12.19 
shows, our calculated result (dashed line, representing Kepler’s Third Law) fits well with the 
extrapolation of the data from the planets (red dots) and dwarf planets (blue dots). | 


e 
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We can also use Kepler’s Third Law to determine the mass of the Sun. We obtain this 
result by solving equation 12.19 for the mass of the Sun: 


23 
i (12.21) 
GT? 
Inserting the data for Earth’s a period - mig gives 12.3 Self-Test Opportunity 
4m" (1.496-10 m 
M= a ( a ae ) T =1.99-10° kg. Use the fact that the gravitational 
(6.67-10 m`kg ‘s~)(3.15-10' s) interaction between Earth and Sun 


It is also possible to use Kepler’s Third Law to determine the mass of the Earth from the provides the centripetal force that 
keeps Earth on its orbit to prove 


period and radius of the Moon's orbit around Earth. In fact, astronomers can use this law i ; 

. , f . ce ene equation 12.21. (Assume a circular 
to determine the mass of any astronomical object that has a satellite orbiting it if they know orbit.) 
the radius and period of the orbit. 


EXAMPLE 12.4 | Black Hole in the Center of the Milky Way 


PROBLEM 
There is a supermassive black hole in the center of the Milky Way. What is its mass? 


SOLUTION 
In June 2007, astronomers measured the mass of the center of the Milky Way. Seven stars 
orbiting near the galactic center had been tracked for 9 years, as shown in Figure 12.20. 
The periods and semimajor axes extracted by the astronomers are shown in Table 12.2. 
Using these data and Kepler’s Third Law (equation 12.21), we can calculate the mass of 
the galactic center, indicated by a yellow star symbol in Figure 12.20. The resulting mass 
of the galactic center is shown in Table 12.2 for each set of star measurements. The av- 
erage mass of the galactic center is 3.7- 10° times the mass of the Sun. Thus, 
astronomers infer that there is a supermassive black hole at the center of the 
galaxy, because no star is visible at that point. 


DISCUSSION 

If there is a supermassive black hole in the center of the Milky Way, you may ask 
yourself why isnt Earth being pulled toward it? The answer is the same as the 
answer to the question of why the Earth does not fall into the Sun: The Earth 
orbits the Sun, and the Sun orbits the galactic center, a distance of 26,000 light- 
years away from the Solar System. 


FIGURE 12.20 The orbits of seven stars close to the center of the Milky Way as 
tracked by astronomers from the Keck/UCLA Galactic Center Group from 1995 to 2004. 
The measured positions, represented by colored dots, are superimposed on a picture of 
the stars taken at the start of the tracking. The lines represent fits to the measurements 
that were used to extract the periods and semimajor axes of the stars’ orbits. The side of 
the image is a distance of approximately = of a light-year. 


IEOS PA Periods and Semimajor Axes for Stars Orbiting the Center of the Milky Way 


Keck/UCLA Galactic 
Center Group 1995-2004 


Period Semimajor Axis Period Semimajor Axis Mass of Galactic Center Equivalent in Solar 
Star (yr) (AU) (10° s) (10 m) (107° kg) Masses (10°) 
S0-2 14.43 919 4.55 137 7.44 3.74 
S0-16 36 1680 Ws} Pwll Fei 3.67 
S0-19 32 1720 117 25 7.34 3169 
S0-20 43 1900 135 2.84 7.41 3) 
S0-1 190 5100 599 7.63 7.34 3.69 
S0-4 2600 30,000 819 44.9 7.98 4.01 
S0-5 9900 70,000 3120 105 6.99 35i 


Average 7.40 BI 
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12.3 In-Class Exercise 


The best estimate of the orbital pe- 
riod of the Solar System around the 
center of the Milky Way is between 
220 and 250 million years. How 
much mass (in terms of solar masses) 
is enclosed by the 26,000 light-years 
(1.7 - 10° AU) radius of the Solar 
System’s orbit? (Hint: An orbital 
period of 1 yr for an orbit of radius 
1 AU corresponds to 1 solar mass.) 


a) 90 billion solar masses 


b) 7.2 billion solar masses 


d 


) 
) 

c) 52 million solar masses 
) 3.7 million solar masses 
) 


e) 432,000 solar masses 


FIGURE 12.21 Area swept out by 


the radius vector. 


Kepler’s Second Law and Conservation of Angular Momentum 


Chapter 10 (on rotation) stressed the importance of the concept of angular momentum, in 
particular, the importance of the conservation of angular momentum. It is quite straight- 
forward to prove the law of conservation of angular momentum for planetary motion and, 
as a consequence, also derive Kepler’s Second Law. Let’s work through this proof. 

First, we show that the angular momentum, L=rx p, of a point particle is conserved if 
the particle moves under the influence of a central force. A central force is a force that acts 
only in the radial direction, E,entrai = Fr. To prove this statement, we take the time derivative 
of the angular momentum: 


dL _ 


d 
eae 


For a point particle, the velocity vector, ¥ = d7/dt, and the momentum vector, p are parallel; 
therefore, their vector product vanishes: (dr/dt) x p =0. This leaves only the term 7 x (dp/dt) 
in the preceding equation. Using Newton's Second Law, we find (see Chapter 7 on momen- 
tum) dp/dt = F. If this force is a central force, then it is parallel (or antiparallel) to the vector 
7. Thus, for a central force, the vector product 7 x (dp/dt) also vanishes: 
a EE =F xFr=0. 

Since dL/dt =0, we have shown that angular momentum is conserved for a central force. 
The force of gravity is such a central force, and therefore angular momentum is conserved 
for any planet moving on an orbit. 

How does this general result help in deriving Kepler’s Second Law? If we can show 
that the area dA swept out by the radial vector, 7 during some infinitesimal time, dt, is pro- 
portional to the absolute value of the angular momentum, then we are done, because the 
angular momentum is conserved. 

As you can see in Figure 12.21, the infinitesimal area dA swept out by the vector F is the 
triangle spanned by that vector and the differential change in it, dr: 

1 dř 


rf X—m—dt|= 
m dt 


dt \. =| dtj> 
Pal- 


dA = Liz xdr|= l 
2m 


sd 
2 


TX ai 


Therefore, the area swept out in each time interval, dt, is 


dA z El =constant, 
dt 2m 


which is exactly what Kepler’s Second Law states. 


12.6 Satellite Orbits 


Figure 12.22 shows the positions of many of the several hundreds of satellites in 
orbit around Farth. Each dot represents the position of a satellite on the afternoon 
of June 23, 2004. In low orbits, only a few hundred kilometers above sea level, are 
communication satellites for phone systems, the International Space Station, the 
Hubble Space Telescope, and other applications (yellow dots). The perfect circle of 
satellites at a distance ofapproximately 5.6 Earth radii above the surface (green dots) 
is composed of geostationary satellites, which orbit at the same angular speed as 
Earth, and so remain above the same spot on the ground. The satellites in between 
the geostationary and the low-orbit satellites (red dots) are mainly those used for 
the Global Positioning System, but also those carrying research instruments. 


FIGURE 12.22 Positions of some of the satellites in orbit around Earth on June 23, 2004, 
looking down on the North Pole. This illustration was produced with data available from NASA. 


SOLVED PROBLEM 12.2 ( Satellite in Orbit 
p 


PROBLEM 
A satellite is in a circular orbit around the Earth. The orbit has a radius of 3.75 times the 
radius of the Earth. What is the linear speed of the satellite? 


SOLUTION 


THINK 

The force of gravity provides the centripetal force that keeps the satellite in its circular or- 
bit around the Earth. We can obtain the satellite’s linear speed by equating the centripetal 
force expressed in terms of the linear speed with the force of gravity between the satellite 
and the Earth. 


SKETCH 
A sketch of the problem situation is presented in Figure 12.23. 


RESEARCH 
For a satellite with mass m moving with linear speed v, the centripetal force required to 
keep the satellite moving in a circle with radius r is 


E=—. (i) 


The gravitational force, F,, between the satellite and the Earth is 
Mgm 3 
Ę =G 2 (ii) 


where G is the universal gravitational constant and M; is the mass of the Earth. Equating 
the forces described by equations (i) and (ii), we get 


R=-R> 
mv -G Mgm 
r r ` 


SIMPLIFY 
The mass of the satellite cancels out; thus, the orbital speed of a satellite does not depend 
on its mass. We obtain 


M; 
vy =G-£> 
r 
y= GMg (iii) 
r 


CALCULATE 

The problem statement specified that the radius of the satellite’s orbit is r = 3.75R,, where 
R; is the radius of the Earth. Substituting for r in equation (iii) and then inserting the 
known numerical values gives us 


-11 31-1. -2 24 
mM,  [(667-10™ m’rg's? )(5.97-10% xg) 
v= OMi- a ; = 4082.86 m/s. 
y 3.75Rg 3.75(6.37 -10° m) 


ROUND 


Expressing our result with three significant figures gives 


v = 4080 m/s = 4.08 km/s. 


Continued— 
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FIGURE 12.23 Satellite in circular 
orbit around the Earth. 
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12.4 In-Class Exercise 


The elliptical orbit of a small satel- 
lite orbiting a spherical planet is 
shown in the figure. At which point 
along the orbit is the linear speed 
of the satellite at a maximum? 


b 
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“7 ~~ 
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DOUBLE-CHECK 
The time it takes this satellite to complete one orbit is 


6 
dar 2n(3.75Re) _ 2m|3.75(6.37 10 m)| 


v v 


T= =36,800 s =10.2 h, 


4080 m/s 


which seems reasonable—communication satellites take 24 h but are at higher altitudes, 
and the Hubble Space Telescope takes 1.6 h at a lower altitude. 


CAA) 


Combining the expression for the orbital speed from Solved Problem 12.2, v=./GMg/r, 
with equation 12.15 for the escape speed, v,,. = 4/2GMg /r, we find that the orbital velocity of 
a satellite is always 


v(r)= (12.22) 


= Vesc (r). 
V2 

The Earth is a satellite of the Sun, and, as we determined in Section 12.4, the escape speed 
from the Sun starting from the orbital radius of the Earth is 42 km/s. Using equation 12.22, 
we can predict that the orbital speed of the Earth moving around the Sun is 42/ 2 km/s, 
or approximately 30 km/s, which matches the value of the orbital speed we found earlier in 
Chapter 9. 


Energy of a Satellite 


Having solved Sample Problem 12.2, we can readily obtain an expression for the kinetic 
energy of a satellite in orbit around Earth. Multiplying both sides of mv’/r =GM,m/r’, 
which we found by equating the centripetal and gravitational forces, by r/2 yields 
my? -1g Mem 

27 ooy 


1 
2 


The left-hand side of this equation is the kinetic energy of the satellite. Comparing the 
right-hand side to the expression for the gravitational potential energy, U = -GMşm/r, we 


see that this side is equivalent to -;U. Thus, we obtain the kinetic energy of a satellite in 
circular orbit: 


K=-1U (12.23) 
The total mechanical energy of the satellite is then 
E=K+U=-1U4 U=1U=-1G “2%, (12.24) 


F 
Consequently, the total energy is exactly the negative of the satellites kinetic energy: 
E=-K. (12.25) 


It is important to note that equations 12.23 through 12.25 all hold for any orbital radius. 
For an elliptical orbit with a semimajor axis a, obtaining the energy of the satellite 
requires a little more mathematics. The result is very similar to equation 12.24, with the 
radius r of the circular orbit replaced by the semimajor axis a of the elliptical orbit: 
Mgm 


E=-1G ; 
2 a 


Orbit of Geostationary Satellites 


For many applications, a satellite needs to remain at the same point in the sky. For example, 
satellite TV dishes always point at the same place in the sky, so we need a satellite to be 
located there, to be sure we can get reception of a signal. These satellites that are continu- 
ously at the same point in the sky are called geostationary. 


What are the conditions that a satellite must fulfill to be geostationary? First, it has to 
move in a circle, because this is the only orbit that has a constant angular velocity. Second, 
the period of rotation must match that of the Earth’s, exactly 1 day. And third, the axis 
of rotation of the satellite’s orbit must be exactly aligned with that of the Earth’s rotation. 
Because the center of the Earth must be at the center of a circular orbit for any satellite, the 
only possible geostationary orbit is one exactly above the Equator. These conditions leave 
only the radius of the orbit to be determined. 

To find the radius, we use Kepler’s Third Law in the form of equation 12.19 and solve for r: 
1/3 
GMT? 


An’ 


= >r= (12.26) 


The mass M in this case is that of the Earth. Inserting the numerical values, we find 
1/3 


=| (6:674: 10° m*kg's*)(5.9742-10"* kg)(86,164 s} 


; = 42,168 km. 


AT 


Note that we used the best available value of the mass of the Earth and the sidereal day as 
the correct period of the Earth's rotation (see Chapter 9). The distance of a geostationary 
satellite above sea level at the Equator is then 42,168 km -R,. Taking into account that the 
Earth is not a perfect sphere, but slightly oblate, this distance is 


d=r- R; =35,790 km. 


This distance is 5.61 times Earth's radius. This is why the geostationary satellites form an 
almost perfect circle with a radius of 6.61 Ry in Figure 12.22. 

Figure 12.24 shows a cross section through Earth and the 
location of a geostationary satellite, with the radius of its orbit 
drawn to scale. From this figure, the angle é relative to the hori- 
zontal at which to orient a satellite dish for the best TV recep- 
tion. Because any geostationary satellite is located in the plane of 
the Equator, a dish in the Northern Hemisphere should point in 
a southerly direction. 

There are also geosynchronous satellites in orbit around the Earth. A geosynchronous 
satellite also has an orbital period of 1 day but does not need to remain at the same point in 
the sky as viewed from the surface of Earth. For example, NASA's Solar Dynamics Observa- 
tory (scheduled to launch in January 2010) will have a geosynchronous orbit that is inclined, 
which traces out a figure 8 in the sky, as viewed from the ground. A geostationary orbit is a 
special case of geosynchronous orbits. 


SOLVED PROBLEM 12.3 { Satellite TV Dish 
p 

You just received your new television system, but the company cannot come out to install 

the dish for you immediately. You want to watch the big game tonight, so you decide to 

set up the satellite dish yourself. 


PROBLEM 

Assuming that you live in a location at latitude 42.75° N and that the satellite TV com- 
pany has a satellite aligned with your longitude, in what direction should you point the 
satellite dish? 


SOLUTION 


THINK 
Satellite TV companies use geostationary satellites to broadcast the signals. Thus, we 
know you need to point the satellite dish southward, toward the Equator, but you also 


Continued— 
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FIGURE 12.24 Angle of a satellite dish, , relative to the local 
horizontal as a function of the angle of latitude, 8. 
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need to know the angle of inclination of the satellite dish with respect to the horizontal. 
In Figure 12.24, this is the angle é. To determine é, we can use the law of cosines, incor- 
porating the distance of a satellite in geostationary orbit, the radius of the Earth, and the 
latitude of the location of the dish. 


SKETCH 

Figure 12.25 is a sketch of the geometry of the location of the geostationary satellite and 
the point on the surface of the Earth where the dish is being set up. In this sketch, Ry is 
the radius of the Earth, Rg is the distance of the satellite from the center of the Earth, dg is 
the distance from the satellite to the point on the Earth’s surface where the dish is located, 
0 is the angle of the latitude of the surface of that location, and ¢@ is the angle between dg 
and Rp. 


FIGURE 12.25 Geometry of a geostationary satellite in orbit around the Earth. 


RESEARCH 
To determine the angle é, we first need to determine the angle ġ. We can see from 


Figure 12.25 that € = œ - 90° because the dashed line is tangent to the surface of the 
Earth and thus is perpendicular to a line from the point to the center of the Earth. To 
determine ¢, we can apply the law of cosines to the triangle defined by ds, Rp, and Rs. We 
will need to apply the law of cosines to this triangle twice. To use the law of cosines to 
determine œ, we need to know the lengths of the sides ds and Rg. We know R; but not dg. 
We can determine the length ds using the law of cosines, the angle 0, and the lengths of 
the two known sides of Rẹ and Rs: 

dg = RÈ + Rp -2RgRz cos. (i) 
We can now get an equation for the angle ¢ using the law of cosines with the angle ¢ and 
the two known lengths d; and Rg: 


RE =d? + Ry -2d,Ry cose. (ii) 
SIMPLIFY 


We know that Rs = 6.61R, for geostationary satellites. The angle 0 corresponds to the 
latitude, 0 = 42.75°. We can substitute these quantities into equation (i): 


dè =(6.61R,) + RZ-2(6.61R;) Rg (cos42.75°). 
We can now write an expression for d; in terms of Rx: 
oR [6.6 i- 2(6.61)(cos42.75") = 34.9842, 


or 
d; =5.915Ry. 
We can solve equation (ii) for œ: 


d+ R-RE 
2d;Rg T 


p =cos" (iii) 


CALCULATE 

Inserting the values we have for d; and Rg into equation (iii) gives 
2 

| 34.984Rz + RẸ -(6.61Rg) 


=130.66°. 
2(5.915Rp ) Rg 


Q =cos 


The angle at which you need to aim the satellite dish with respect to the horizontal is then 
é = p - 90° =130.66° - 90° = 40.66. 
ROUND 
Expressing our result with three significant figures gives 
é =40.7°. 


DOUBLE-CHECK 

If the satellite were very far away, the lines d, and R, would be parallel to each other, and the 
sketch of the geometry of the situation would be redrawn as shown in Figure 12.26. We can 
see from this sketch that @ = 180°- 6. Remembering that £ = ¢ - 90°, we can write 


€=(180°-0)-90°=90°-@. 


In this situation, 0 = 42.75°, so the estimated angle would be é = 90° - 42.75° = 47.25°, 
which is close to our result of é = 40.7°, but definitely larger, as required. Thus, our answer 
seems reasonable. 
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12.5 In-Class Exercise —, 


If a permanent base is established 
on Mars, it will be necessary to 
have Martian-stationary satellites 
in orbit around Mars to facilitate 
communications. A day on Mars 
lasts 24 h, 39 min, and 35 s. What 
is the radius of the orbit for a 
Martian-stationary satellite? 


a) 12,560 km d) 29,320 km 
b) 15,230 km e) 43,350 km 
c) 20,450 km 


FIGURE 12.26 Geometry for a 
satellite that is very far away. 


12.7 | Dark Matter 


In the Solar System, almost all of the matter is concentrated in the Sun. The mass of the Sun 
is approximately 750 times greater than the mass of all planets combined (refer to Table 
12.1). The Milky Way, our home galaxy, contains giant clouds of gas and dust, but their 
combined mass is only about a tenth of that contained in the galaxy’s stars. Extrapolating 
from these facts, you might conclude that the entire universe is composed almost exclu- 
sively of luminous matter—that is, stars. Nonluminous matter in the form of dust, asteroids, 
moons, and planets should contribute only a small fraction of the mass of the universe. 

Astronomers know the typical masses of stars and can estimate their numbers in 
galaxies. Thus, they have obtained fairly accurate estimates of the masses of galaxies and 
clusters of galaxies. Furthermore, they use modern X-ray telescopes, such as Chandra, to 
take images of the hot interstellar gas trapped within galaxy clusters. They can deduce the 
temperature of this gas from the X-ray emissions, and they can also determine how much 
gravitational force it takes to keep this hot gas from escaping the galaxy clusters. The sur- 
prise that has emerged from this research is that the mass contained in luminous matter is 
too small by a factor of approximately 3 to 5 to provide this gravitational force. This analysis 
leads to the conclusion that there must be other matter, referred to as dark matter, which 
provides the missing gravitational force. 

Some of the observational evidence for dark matter has emerged from measurements 
of the orbital speeds of stars around the center of their galaxy as a function of their dis- 
tance from the center, as shown in Figure 12.27 for M 31, the Andromeda galaxy. Even if 
we assume that there is a supermassive black hole, which is obviously nonluminous, at the 
center of the galaxy, we would expect star velocity to fall off toward zero for large distances 
from the center. Experimental evidence, however, indicates that this is not the case. Thus, it 
is likely that large quantities of dark matter, with a very large radial extent, are present. 

Other evidence for dark matter has emerged from observations of gravitational lensing. 
In Figure 12.28a, the light blue shading represents the distribution of dark matter around a 
galaxy cluster, as calculated from the observed gravitational lensing. In Figure 12.28b, white 


12.4 Self-Test Opportunity 


One of the pieces of evidence for 
dark matter is the velocity curve 
of stars in rotating galaxies (see, 
for example, Figure 12.27). Astron- 
omers observe that the velocity 
of stars in such a galaxy first in- 
creases and then remains constant 
as a function of distance from the 
center of the galaxy. What would 
you expect the velocity of stars 

as a function of distance from 

the center of the galaxy to be if 
the galaxy consisted of stars with 
equal mass distributed uniformly 
throughout a disk and no dark 
matter were present? 
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Image of the Andromeda galaxy, with data on the orbital speeds of stars superim- 


posed. (The triangles represent radio-telescope data from 1975, and the other symbols show optical- 
wavelength observations from 1970; the solid and dashed lines are simple fits to guide the eye.) The 
main feature of interest here is that the orbital speeds remain approximately constant well outside the 
luminous portion of Andromeda, indicating the presence of dark matter. 


(a) 
An example of gravitational lensing by dark matter. (a) Photograph of the galaxy 


cluster CL 0024+17 taken with the Hubble Space Telescope. The light blue shading represents the distri- 
bution of dark matter based on the observed gravitational lensing. (b) Expanded section of the center 
section of the photograph in part (a), with five images of the same galaxy produced by gravitational 
lensing marked by circles. 


Superposition of X-ray and optical 
images of the “bullet cluster,” galaxy cluster 1E 0657-56, 
which contains direct empirical proof of the existence 
of dark matter. 


circles mark the positions of five images of the same galaxy produced by the 
gravitational lensing from the unseen dark matter. (Gravitational lensing will be 
explained in Chapter 35 on relativity. For now, this observation is presented sim- 
ply as one more empirical fact pointing toward the existence of dark matter.) 

Supporting data have also emerged from the WMAP (Wilkinson Micro- 
wave Anisotropy Probe) mission, which measured the cosmic background 
radiation left over from the Big Bang. The best estimate based on this data is 
that 23% of the universe is composed of dark matter. In addition, the combina- 
tion of images from the Hubble Space Telescope, the Chandra X-ray Observa- 
tory, and the Magellan telescope has yielded a direct empirical proof of the 
existence of dark matter in the “bullet cluster” (Figure 12.29). The measured 
temperature of the intergalactic gas in this galaxy cluster is too large for the gas 
to be contained within the cluster without the presence of dark matter. 

There have been intense speculation and extensive theoretical investiga- 
tion as to the nature of this dark matter during the last few years, and theo- 
ries about it are still being modified as new observations emerge. However, 
all of the proposed theories require a fundamental rethinking of the stan- 
dard model of the universe and quite possibly of the fundamental models 
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for the interaction of particles. Whimsical names have been suggested for the possible 
constituents of dark matter, such as WIMP (Weakly Interacting Massive Particle) or 
MACHO (Massive Astrophysical Compact Halo Object). (The physical properties of these 
postulated constituents are being actively investigated.) 

During the last few years, an even stranger phenomenon has been discovered: It seems 
that, in addition to dark matter, there is also dark energy. This dark energy seems to be 
responsible for an increasing acceleration in the expansion of the universe. A stunning 73% 
of the mass-energy of the universe is estimated to be dark energy. Together with the 23% 
estimated to be dark matter, this leaves only 4% of the universe for the stars, planets, moons, 
gas, and all other objects made of conventional matter. 

These are very exciting new areas of research that are sure to change our picture of the 
universe in the coming decades. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= The gravitational force between two point masses = The gravitational potential energy between two objects 
8 p 8 P 8y J 
is proportional to the product of their masses and is given by U(r)=- fea om 
inversely proportional to the distance between them, 
F(r)= ga” , with the proportionality constant = The escape speed from the surface of the Earth is 
f -11 a 3po-le-2 : 2GMg 
G = 6.674-10 m’kg ‘s *, known as the universal V= m 
E 


gravitational constant. 


, TR = Kepler's laws of planetary motion are as follows 
= In vector form, the equation for the gravitational P slips? y 


= mm m- = \% tes Re 
force can be written as B_,, = G22 (3 7 ). This e All planets move in elliptical orbits with the Sun at 
= one focal point. 


B-73 


Newton's Law of Gravity. - A straight line connecting the center of the Sun and 


= If more than two objects interact gravitationally, the the center of any planet sweeps out an equal area in 
resulting force on one object is given by the vector 


any given time interval: — = constant. 
sum of the forces acting on it due to the other objects. dt 


= Near the surface of the Earth, the gravitational e The See of the period of a planet's orbit is 
acceleration can be approximated by the function propor tipna to the cube of the semimajor axis of 
T 
h Fea E 
g(h)= sh - 25+ e | that is, it falls off linearly with the orbit: E constant 
E 
height above the surface. =a The relationships of the kinetic, potential, and total 
energy of a satellite in a circular orbit are K = -+U, 
rai y R 
= The gravitational acceleration at sea level e ee T m E 
= > x 2 = E r 
E RÈ ; = Geostationary satellites have an orbit that is circular, 


above the Equator, and with a radius of 42,168 km. 
= No gravitational force acts on an object inside 


a massive spherical shell. Because of this, the = Evidence points strongly to the existence of dark 
gravitational force inside a uniform sphere increases matter and dark energy, which make up the vast 
linearly with radius: F(r) = }aGpmr. majority of the universe. 

KEY TERMS 

Newton's Law of Gravity, superposition principle, escape speed, p. 393 geostationary satellites, 

. 383 . 383 Kepler’s laws of planetar . 400 
p P p p y p 
universal gravitational gravitational potential motion, p. 395 


constant, p. 383 energy, p. 392 central force, p. 400 
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NEW SYMBOLS AND EQUATIONS 


F(r)=Ga™ 
: 


, Newton's Law of Gravity 


G = 6.674: 107"! m*kg"'s~’, universal gravitational constant 


mm 


U(r)=-G , gravitational potential energy 


M, 
Va (r)=- £ > E , Earth’s gravitational potential 


2GM, 


VE = , escape speed from Earth 


E 


ANSWERS TO SELF-TEST OPPORTUNITIES 


12.1 The derivation is almost identical, but the integration 
from R - r to R + r yields zero force. Another proof is given 
in Derivation 12.2, based on geometry. 

12.2 g = g/9 = 1.09 m/s’. 

12.3 Gravitational attraction between Sun and Earth 
provides the centripetal force to keep Earth in orbit around 


the Sun. 
mpv 


-gM 
r r 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines: Gravitation 

1. This chapter introduced the general form of the equation 
for the gravitational force, and the approximation F = mg is no 
longer valid in general. Be sure to keep in mind that in general 
the acceleration due to gravity is not constant either. And this 
means that you are not able to use the kinematic equations of 
Chapters 2 and 3 to solve problems. 


2. Energy conservation is essential for many dynamic problems 
involving gravitation. Be sure to remember that the gravitational 


SOLVED PROBLEM 12.4 (Astronaut on a Small Moon 


PROBLEM 


2r . 
Now use v= ar and insert, then solve for M: 


E] 


r r 
2m) r 

GT’ 
12.4 The velocity would increase linearly until the distance 
of the star from the center of the galaxy, r, was equal to 
the radius of the disk-shaped galaxy. For stars outside the 
radius of the galaxy, the velocity would decrease propor- 


2 


ne 


tional to 1/ vr. 


potential energy is not simply given by U = mgh, as presented 
in Chapter 6. 


3. The principle of superposition of forces is important for 
situations involving interactions of more than two objects. It 
allows you to calculate the forces pairwise and then add them 
appropriately. 

4. For planetary and satellite orbits, Kepler’s laws are very 
useful computational tools, enabling you to connect orbital 
periods and orbital radii. 


ii 
h 


FIGURE 12.30 The rock at the high- 
est point on its straight-line trajectory. 


A small spherical moon has a radius of 6.30 -10 m and a mass of 8.00- 10'° kg. An as- 
tronaut standing on the surface of the moon throws a rock straight up. The rock reaches 
a maximum height of 2.20 km above the surface of the moon before it returns to the 
surface. What was the initial speed of the rock as it left the hand of the astronaut? (This 
moon is too small to have an atmosphere.) 


SOLUTION 


THINK 

We know the mass and radius of the moon, allowing us to compute the gravitational 
potential. Knowing the height that the rock attains, we can use energy conservation to 
calculate the initial speed of the rock. 


SKETCH 
Figure 12.30 is a sketch showing the rock at its highest point. 


Problem-Solving Practice 


RESEARCH 


We denote the mass of the rock as m, the mass of the moon as mM noop and the radius of the 


moon as R moon: Lhe potential energy of the rock on the surface of the moon is then 
U(Rmoon) =- Gem. (i) 
R 


moon 
The potential energy at the top of the rock’s trajectory is 
m m 
U(R moon + 2) =- G m. (ii) 
Rowo + h 


The kinetic energy of the rock as it leaves the hand of the astronaut depends on its mass 
and the initial speed v: 


K(Rinoon) = 4m. Gii) 


At the top of the rock's trajectory, K(R 
helps us solve the problem: 


moon + 4) = 0. Conservation of total energy now 


U(R moon) F K(Rmoon) = U (Ringon a h) F K(R moon a h). (iv) 
SIMPLIFY 
We substitute the expressions from equations (i) through (iii) into (iv): 
=G Mmoon yy 4 Lm? e Mmoon m+0=> 
moon Rinoon T 


-G Minoon + Ly? —_ G M moon = 
R moon Rmoon +h 


1 1 
v= 2am i 
Rinoon Rinoon + h 


CALCULATE 


Putting in the numerical values, we get 


1 
6.30:10'm (6.30-10* m) + (2.20-10° m) 


v= jeo -107™! N m?/kg’)(8.00-10'° kg) 


= 23.9078 m/s. 


ROUND 
Rounding to three significant figures gives 


v= 23.9 m/s. 


DOUBLE-CHECK 

To double-check our result, let's make the simplifying assumption that the force of gravity 
on the small moon does not change with altitude. We can find the initial speed of the rock 
using conservation of energy: 


2 
ME moon = 5Mv >» (v) 


where h is the height attained by the rock, v is the initial speed, m is the mass of the rock, 
and goon is the acceleration of gravity at the surface of the small moon. The acceleration 
of gravity is 


18 
8900:10 k8 C0134 m/2. 


8moon 


=G”ma = (667-10 N m2 /kg? 
moon (630-108 m) 


Continued— 
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Solving equation (v) for the initial speed of the rock gives us 


vay oF $ 


Putting in the numerical values, we get 


v= {0.134 m/s?}(2200 m) =24.3 m/s. 


This result is close to but larger than our answer, 23.9 m/s. The fact that the simple as- 
sumption of constant gravitational force leads to a larger initial speed than for the realistic 
case where the force decreases with altitude makes sense. The close agreement of the two 
results also makes sense because the altitude gained (2.20 km) is not too large compared 
to the radius of the small moon (63.0 km). Thus, our answer seems reasonable. 


T 


MULTIPLE-CHOICE QUESTIONS 


12.1 A planet is in a circular orbit about a remote star, 
far from any other object in the universe. Which of the 
following statements is true? 

a) There is only one force acting on the planet. 

b) There are two forces acting on the planet and their 
resultant is zero. 

c) There are two forces acting on the planet and their 
resultant is not zero. 

d) None of the above statements are true. 


12.2 Two 30.0-kg masses are held at opposite corners of 
a square of sides 20.0 cm. If one of the masses is released 
and allowed to fall toward the other mass, what is the 
acceleration of the first mass just as it is released? Assume 
that the only force acting on the mass is the gravitational 
force of the other mass. 


a) 1.5-10° m/s? c) 7.5-10° m/s” 

b) 2.5-10°° m/s” d) 3.7-10°° m/s” 

12.3 With the usual assumption that the gravitational 
potential energy goes to zero at infinite distance, the 


gravitational potential energy due to the Earth at the center 
of Earth is 


a) positive. c) zero. 


b) negative. d) undetermined. 


12.4 A man inside a sturdy box is fired out of a cannon. 
Which of following statements regarding the weightless 
sensation for the man is correct? 

a) The man senses weightlessness only when he and the box 
are traveling upward. 

b) The man senses weightlessness only when he and the box 
are traveling downward. 

c) The man senses weightlessness when he and the box are 
traveling both upward and downward. 


d) The man does not sense weightlessness at any time of the 
flight. 


12.5 Ina binary star system consisting of two stars of equal 
mass, where is the gravitational potential equal to zero? 

a) exactly halfway between the stars 

b) along a line bisecting the line connecting the stars 

c) infinitely far from the stars 

d) none of the above 

12.6 Two planets have the same mass, M, but one of them is 
much denser than the other. Identical objects of mass m are 
placed on the surfaces of the planets. Which object will have 
the gravitational potential energy of larger magnitude? 

a) Both objects will have the same gravitational potential 
energy. 

b) The object on the surface of the denser planet will have 
the larger gravitational potential energy. 

c) The object on the surface of the less dense planet will 
have the larger gravitational potential energy. 

d) It is impossible to tell. 

12.7 Two planets have the same mass, M. Each planet has a 
constant density, but the density of planet 2 is twice as high 
as that of planet 1. Identical objects of mass m are placed 
on the surfaces of the planets. What is the relationship of 
the gravitational potential energy, U,, on planet 1 to U,on 
planet 2? 


a) U, =U, d) U, =8U, 
b) U,=1U; e) U, = 0.794U, 
c) U,=2U, 


12.8 For two identical satellites in circular motion around 
the Earth, which statement is true? 

a) The one in the lower orbit has less total energy. 

b) The one in the higher orbit has more kinetic energy. 

c) The one in the lower orbit has more total energy. 

d) Both have the same total energy. 


12.9 Which condition do all geostationary satellites 
orbiting the Earth have to fulfill? 


a) They have to orbit above the Equator. 
b) They have to orbit above the poles. 


c) They have to have an orbital radius that locates them less 
than 30,000 km above the surface. 


d) They have to have an orbital radius that locates them 
more than 42,000 km above the surface. 


12.10 An object is placed between the Earth and the 
Moon, along the straight line that joins them. About how 
far away from the Earth should the object be placed so 
that the net gravitational force on the object from the 
Earth and the Moon is zero? This point is known as the 


QUESTIONS 


12.12 Can the expression for gravitational potential energy 
U,(y) = mgy be used to analyze high-altitude motion? Why 
or why not? 


12.13 Even though the Moon does not have an atmosphere, 
the trajectory of a projectile near its surface is only approxi- 
mately a parabola. This is because the acceleration due to 
gravity near the surface of the Moon is only approximately 
constant. Describe as precisely as you can the actual shape 
of a projectile’s path on the Moon, even one that travels a 
long distance over the surface of the Moon. 


12.14 A scientist working for a space agency noticed that 

a Russian satellite of mass 250. kg is on collision course 
with an American satellite of mass 600. kg orbiting at 
1000. km above the surface. Both satellites are moving in 
circular orbits but in opposite directions. If the two satel- 
lites collide and stick together, will they continue to orbit or 
crash to the Earth? Explain. 


12.15 Three asteroids, located at points P}, P,, and P}, 
which are not in a line, and having known masses m,, m,, 
and m3, interact with one another through their mutual 
gravitational forces only; they are isolated in space and do 
not interact with any other bodies. Let ø denote the axis 
going through the center of mass of the three asteroids, per- 
pendicular to the triangle P,P,P;. What conditions should 
the angular velocity w of the system (around the axis a) and 
the distances 


RB =4), BB = m3, RB = 43, 


fulfill to allow the shape and size of the triangle P P,P, to 
remain unchanged during the motion of the system? That 
is, under what conditions does the system rotate around the 
axis ø as a rigid body? 


12.16 The more powerful the gravitational force of a planet, 
the greater its escape speed, v, and the greater the gravitation- 
al acceleration, g, at its surface. However, in Table 12.1, the 
value for v is much greater for Uranus than for Earth—but g is 
smaller on Uranus than on Earth! How can this be? 
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L1 Point, where the L stands for Lagrange, a famous 
French mathematician. 


a) halfway to the Moon 

b) 60% of the way to the Moon 
c) 70% of the way to the Moon 
d) 85% of the way to the Moon 
e) 95% of the way to the Moon 


12.11 A man of mass 100 kg feels a gravitational force, 

F» from a woman of mass 50 kg sitting 1 m away. The 

gravitational force, F „ experienced by the woman will be 
that experienced by the man. 


a) more than c) the same as 


b) less than d) not enough information given 


12.17 Is the orbital speed of the Earth when it is closest to 
the Sun greater than, less than, or equal to the orbital speed 
when it is farthest from the Sun? Explain. 


12.18 Point out any flaw in the following physics exam state- 
ment: “Kepler's First Law states that all planets move in ellipti- 
cal orbits with the Sun at one focal point. It follows that during 
one complete revolution around the Sun (1 year), the Earth will 
pass through a closest point to the Sun—the perihelion—as well 
as through a furthest point from the Sun—the aphelion. This is 
the main cause of the seasons (summer and winter) on Earth.” 


12.19 A comet orbiting the Sun moves in an elliptical orbit. 
Where is its kinetic energy, and therefore its speed, at a 
maximum, at perihelion or aphelion? Where is its gravita- 
tional potential energy at a maximum? 


12.20 Where the International Space Station orbits, the 
gravitational acceleration is just 11.4% less than its value 
on the surface of the Earth. Nevertheless, astronauts in the 
space station float. Why is this so? 


12.21 Satellites in low orbit around the Earth lose energy 
from colliding with the gases of the upper atmosphere, 
causing them to slowly spiral inward. What happens to their 
kinetic energy as they fall inward? 


12.22 Compare the magnitudes of the gravitational force 
that the Earth exerts on the Moon and the gravitational 
force that the Moon exerts on the Earth. Which is larger? 


12.23 Imagine that North Pole 

two tunnels are bored ab. 
completely through the m = 5.00 kg 
Earth, passing through 
the center. Tunnel 1 is 
along the Earth’s axis of 
rotation, and tunnel 2 is 
in the equatorial plane, 
with both ends at the 
Equator. Two identical 
balls, each with a mass 
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of 5.00 kg, are simultaneously dropped into both tunnels. 
Neglect air resistance and friction from the tunnel walls. Do 
the balls reach the center of the Earth (point C) at the same 
time? If not, which ball reaches the center of the Earth first? 


12.24 Imagine that a tunnel is bored in the Earth’s equato- 
rial plane, going completely through the center of the Earth 
with both ends at the Equator. A mass of 5.00 kg is dropped 
into the tunnel at one end, as shown in the figure. The tun- 


nel has a radius that is slightly larger than that of the mass. 
North Pole 


Looking down from above the North Pole 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 12.1 


12.26 The Moon causes tides because the gravitational force 
it exerts differs between the side of the Earth nearest the 
Moon and that farthest from the Moon. Find the difference 
in the accelerations toward the Moon of objects on the near- 
est and farthest sides of the Earth. 


12.27 After a spacewalk, a 1.00-kg tool is left 50.0 m from the 
center of gravity of a 20.0-metric ton space station, orbiting 
along with it. How much closer to the space station will the tool 
drift in an hour due to the gravitational attraction of the space 
station? 


°12.28 a) What is the total force on m, due to m,, m3, and 
mz, if all four masses are located at the corners of a square of 
side a? Let m, = m, = m, = m4. 

b) Sketch all the forces acting on m4. 


e12.29 A spaceship of mass m is located between two 
planets of masses M, and M,; the distance between the two 
planets is L, as shown in the figure. Assume that L is much 
larger than the radius of either planet. What is the position 
of the spacecraft (given as a function of L, M}, and M,) if the 
net force on the spacecraft is zero? 


The mass is dropped into the center of the tunnel. Neglect 
air resistance and friction from the tunnel wall. Does the 
mass ever touch the wall of the tunnel as it falls? If so, which 
side does it touch first, north, east, south, or west? (Hint: 
The angular momentum of the mass is conserved if the only 
forces acting on it are radial.) 


12.25 A plumb bob located 
at latitude 55.0° N hangs 
motionlessly with respect 

to the ground beneath it. A 
straight line from the string 
supporting the bob does 
not go exactly through the 
Earth's center. Does this line 
intersect the Earth’s axis of 
rotation south or north of 
the Earth’s center? 


North Pole 


°12.30 A carefully designed experiment can measure the 
gravitational force between masses of 1 kg. Given that the 
density of iron is 7860 kg/m’, what is the gravitational force 
between two 1.00-kg iron spheres that are touching? 


ee12.31 A uniform rod of mass 
333 kg is in the shape of a 
semicircle of radius 5.00 m. 
Calculate the magnitude 

of the force on a 77.0-kg 
point mass placed at the 
center of the semicircle, 770kg 
as shown in the figure. 


ee12.32 The figure shows a system of four masses. The 
center-to-center distance between y 

any two adjacent masses is 10.0 cm. 
The base of the pyramid is in the 
xz-plane and the 20.0-kg mass is 
on the y axis. What is the magni- 
tude and direction of the gravita- 
tional force acting on the 10.0-kg 
mass? Give direction of the net 
force with respect to the 
xyz-coordinates shown. 


30.0 kg 


Sections 12.2 and 12.3 


12.33 Suppose a new extrasolar planet is discovered. Its 
mass is double the mass of the Earth, but it has the same 
density and spherical shape as the Earth. How would the 
weight of an object at the new planet's surface differ from its 
weight on Earth? 


12.34 What is the magnitude of the free-fall acceleration of 
a ball (mass m) due to the Earth’s gravity at an altitude of 2R, 
where R is the radius of the Earth? 


12.35 Some of the deepest mines in the world are in South 
Africa and are roughly 3.5 km deep. Consider the Earth to 
be a uniform sphere of radius 6370 km. 


a) How deep would a mine shaft have to be for the 
gravitational acceleration at the bottom to be reduced by a 
factor of 2 from its value on the Earth’s surface? 

b) What is the percentage difference in the gravitational 
acceleration at the bottom of the 3.5-km-deep shaft relative 
to that at the Earth’s mean radius? That is, what is the value 
of (sure E a3 skm)/Asurf 

12.36 In an experiment performed at the bottom of a very 
deep vertical mine shaft, a ball is tossed vertically in the air 
with a known initial velocity of 10.0 m/s, and the maximum 
height the ball reaches (measured from its launch point) is 
determined to be 5.113 m. Knowing the radius of the Earth, 
Ry = 6370 km, and the gravitational acceleration at the surface 
of the Earth, g(0) = 9.81 m/s’, calculate the depth of the shaft. 


ee12.37 Careful measurements of local variations in the 
acceleration due to gravity can reveal the locations of oil 
deposits. Assume that the Earth is a uniform sphere of ra- 
dius 6370 km and density 5500. kg/m’, except that there is a 
spherical region of radius 1.00 km and density 900. kg/m’, 
whose center is at a depth of 2.00 km. Suppose you are 
standing on the surface of the Earth directly above the 
anomaly with an instrument capable of measuring the ac- 
celeration due to gravity with great precision. What is the 
ratio of the acceleration due to gravity that you measure 
compared to what you would have measured had the 
density been 5500. kg/m? everywhere? (Hint: Think of this 
as a superposition problem involving two uniform spherical 
masses, one with a negative density.) 


Section 12.4 

12.38 A spaceship is launched from the Earth’s surface with 
a speed v. The radius of the Earth is R. What will its speed 
be when it is very far from the Earth? 


12.39 What is the ratio of the escape speed to the orbital 
speed of a satellite at the surface of the Moon, where the 
gravitational acceleration is about a sixth of that on Earth? 


12.40 Standing on the surface of a small spherical moon 
whose radius is 6.30- 10* m and whose mass is 8.00-10'* kg, 
an astronaut throws a rock of mass 2.00 kg straight upward 
with an initial speed 40.0 m/s. (This moon is too small to 
have an atmosphere.) What maximum height above the 
surface of the moon will the rock reach? 


12.41 An object of mass m is launched from the surface of 
the Earth. Show that the minimum speed required to send 
the projectile to a height of 4R; above the surface of the 


Earth is Vmin = 4 8GMg/5Rg. Mg is the mass of the Earth and 
R; is the radius of the Earth. Neglect air resistance. 
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12.42 For the satellite in Solved Problem 12.2, orbiting 

the Earth at a distance of 3.75R, with a speed of 4.08 km/s, 
with what speed would the satellite hit the Earth’s surface if 
somehow it suddenly stopped and fell to Earth? Ignore air 
resistance. 


°12.43 Estimate the radius of the largest asteroid from which 
you could escape by jumping. Assume spherical geometry 
and a uniform density equal to the Earth’s average density. 


12.44 Eris, the largest dwarf planet known in the Solar 
System, has a radius R = 1200 km and an acceleration due to 
gravity on its surface of magnitude g = 0.77 m/s’. 


a) Use these numbers to calculate the escape speed from the 
surface of Eris. 

b) Ifan object is fired directly upward from the surface of 
Eris with half of this escape speed, to what maximum height 
above the surface will the object rise? (Assume that Eris has 
no atmosphere and negligible rotation.) 


°12.45 Two identical 20.0-kg spheres of radius 10 cm are 
30.0 cm apart (center-to-center distance). 


a) If they are released from rest and allowed to fall toward 
one another, what is their speed when they first make 
contact? 

b) Ifthe spheres are initially at rest and just touching, how 
much energy is required to separate them to 1.00 m apart? 
Assume that the only force acting on each mass is the 
gravitational force due to the other mass. 


e°12.46 Imagine that a tunnel is bored completely through 
the Earth along its axis of 
rotation. A ball with a mass of 
5.00 kg is dropped from rest 
into the tunnel at the North 
Pole, as shown in the figure. 
Neglect air resistance and 
friction from the tunnel wall. 
Calculate the potential energy 
of the ball as a function of its 
distance from the center of the 
Earth. What is the speed of 
the ball when it arrives at the 
center of the Earth (point C)? 


North Pole 


Section 12.5 

12.47 The Apollo 8 mission in 1968 included a circular orbit 
at an altitude of 111 km above the Moon’s surface. What was 
the period of this orbit? (You need to look up the mass and 
radius of the Moon to answer this question!) 


012.48 Halley’s comet orbits the Sun with a period of 76.2 yr. 


a) Find the semimajor axis of the orbit of Halley’s comet in 
astronomical units (1 AU is equal to the semimajor axis of 
the Earth's orbit). 

b) If Halley’s comet is 0.56 AU from the Sun at perihelion, 
what is its maximum distance from the Sun, and what is the 
eccentricity of its orbit? 
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ee12.49 A satellite of mass m is in an elliptical orbit (that 
satisfies Kepler’s laws) about a body of mass M, with m neg- 
ligible compared to M. 


a) Find the total energy of the satellite as a function of its 
speed, v, and distance, r, from the body it is orbiting. 

b) At the maximum and minimum distance between 

the satellite and the body, and only there, the angular 
momentum is simply related to the speed and distance. 

Use this relationship and the result of part (a) to obtain a 
relationship between the extreme distances and the satellite’s 
energy and angular momentum. 

c) Solve the result of part (b) for the maximum and 
minimum radii of the orbit in terms of the energy and 
angular momentum per unit mass of the satellite. 

d) Transform the results of part (c) into expressions for the 
semimajor axis, a, and eccentricity of the orbit, e, in terms 
of the energy and angular momentum per unit mass of the 
satellite. 


ee12.50 Consider the Sun to be at the origin of an xy- 
coordinate system. A telescope spots an asteroid in the xy-plane 
at a position given by (2.0-10'! m,3.0- 10"! m) with a velocity 
given by (-9.0-10° m/s, -7.0 - 10° m/s). What will the asteroid’s 
speed and distance from the Sun be at closest approach? 


Section 12.6 

12.51 A spy satellite was launched into a circular orbit with 
a height of 700. km above the surface of the Earth. Deter- 
mine its orbital speed and period. 


12.52 Express algebraically the ratio of the gravitational force 
on the Moon due to the Earth to the gravitational force on 
the Moon due to the Sun. Why, since the ratio is so small, 
doesn't the Sun pull the Moon away from the Earth? 


12.53 A space shuttle is initially in a circular orbit at a radius 
of r = 6.60 -10° m from the center of the Earth. A retrorocket 
is fired forward, reducing the total energy of the space shuttle 
by 10% (that is, increasing the magnitude of the negative total 
energy by 10%), and the space shuttle moves to a new circular 
orbit with a radius that is smaller than r. Find the speed of the 
space shuttle (a) before and (b) after the retrorocket is fired. 
012.54 A 200.-kg satellite is in circular orbit around the 
Earth and moving at a speed of 5.00 km/s. How much work 
must be done to move the satellite into another circular 
orbit that is twice as high above the surface of the Earth? 
e12.55. The radius of a black hole is the distance from the black 
hole’s center at which the escape speed is the speed of light. 

a) What is the radius of a black hole with a mass twice that 
of the Sun? 

b) At what radius from the center of the black hole in part 
(a) would the orbital speed be equal to the speed of light? 

c) What is the radius of a black hole with the same mass as 
that of the Earth? 

°12.56 A satellite is in a circular orbit around a planet. 

The ratio of the satellite's kinetic energy to its gravitational 


potential energy, K/U,, is a constant whose value is inde- 
pendent of the masses of the satellite and planet, and of 
the radius and velocity of the orbit. Find the value of this 
constant. (Potential energy is taken to be zero at infinite 
separation.) 


North Pole 


e12.57 Determine the minimum 
amount of energy that a projectile 
of mass 100.0 kg 

must gain to reach a 
circular orbit 10.00 km 
above the Earth’s surface 
if launched from (a) 

the North Pole or from 
(b) the Equator (keep 
answers to four signifi- 
cant figures). Do not be 
concerned about the 
direction of the launch or 
of the final orbit. Is there 
an advantage or disadvantage to launching from the Equator? 
If so, how significant is the difference? Do not neglect the rota- 
tion of the Earth when calculating the initial energies. 


Equator 


ee12.58 A rocket with mass M = 12.0 metric tons is mov- 
ing around the Moon in a circular orbit at the height of h = 
100. km. The braking engine is activated for a short time to 
lower the orbital height so that the rocket can make a lunar 
landing. The velocity of the ejected gases is u = 1.00-10* m/s. 
The Moon's radius is Ry, = 1.74- 10° km; the acceleration of 
gravity near the Moon’s surface is gy = 1.62 m/s”. 


a) What amount of fuel will be used by the braking engine 
if it is activated at point A of the orbit and the rocket lands 
on the Moon at point B (see the left part of the figure)? 

b) Suppose that, at point A, the rocket is given an impulse 
directed toward the center of the Moon, to put it on a 
trajectory that meets the Moon's surface at point C (see the 
right part of the figure). What amount of fuel is needed in this 
case? 


Additional Problems 

12.59 Calculate the magnitudes of the gravitational forces 
exerted on the Moon by the Sun and by the Earth when the 
two forces are in direct competition, that is, when the Sun, 
Moon, and Earth are aligned with the Moon between the 
Sun and the Earth. (This alignment corresponds to a solar 
eclipse.) Does the orbit of the Moon ever actually curve 
away from the Sun, toward the Earth? 


12.60 A projectile is shot from the surface of the Earth by 
means of a very powerful cannon. If the projectile reaches a 
height of 55.0 km above Earth’s surface, what was the speed 
of the projectile when it left the cannon? 


12.61 Newton's Law of Gravity specifies the magnitude of 

the interaction force between two point masses, m; and m», 
separated by a distance r as F(r) = Gm,m,/r’. The gravita- 
tional constant G can be determined by directly measuring 
the interaction force (gravitational attraction) between two 
sets of spheres by using the apparatus constructed in the late 
18th century by the English scientist Henry Cavendish. This 
apparatus was a torsion balance consisting of a 6.00-ft wooden 
rod suspended from a torsion wire, with a lead sphere having 
a diameter of 2.00 in and a weight of 1.61 Ib attached to each 
end. Two 12.0-in, 348-Ib lead 
balls were located near the 
smaller balls, about 9.00 in 
away, and held in place with 
a separate suspension system. 
Today's accepted value for 
Gis 6.674- 10™ m’kg's*, 
Determine the force of 
attraction between the A 
larger and smaller balls { 
that had to be measured `~ 
by this balance. Compare 
this force to the weight of 
the small balls. 


12.62 Newton was holding an apple of mass 100. g and 
thinking about the gravitational forces exerted on the apple 
by himself and by the Sun. Calculate the magnitude of the 
gravitational force acting on the apple due to (a) Newton, 
(b) the Sun, and (c) the Earth, assuming that the distance 
from the apple to Newton's center of mass is 50.0 cm and 
Newton's mass is 80.0 kg. 


Torsion wire 


12.63 A 1000.-kg communications satellite is released from a 
space shuttle to initially orbit the Earth at a radius of 7.00-10° m. 
After being deployed, the satellite’s rockets are fired to put 

it into a higher altitude orbit of radius 5.00- 10’ m. What is 
the minimum mechanical energy supplied by the rockets to 
effect this change in orbit? 


12.64 Consider a 0.300-kg apple (a) attached to a tree and 
(b) falling. Does the apple exert a gravitational force on the 
Earth? If so, what is the magnitude of this force? 


12.65 At what height h above the Earth will a satellite 
moving in a circular orbit have half the period of the Earth’s 
rotation about its own axis? 


°12.66 In the Earth-Moon system, there is a point where 
the gravitational forces balance. This point is known as the 
L1 point where the L stands for Lagrange, a famous French 
mathematician. Assume that the mass of the Moon is = that 
of the Earth. 


a) At what point, on a line between the Earth and the 
Moon, is the gravitational force exerted on an object by the 
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Earth exactly balanced by the gravitational force exerted on 
the object by the Moon? 

b) Is this point one of stable or unstable equilibrium? 

c) Calculate the ratio of the force of gravity due to the Sun, 
acting on an object at this point, to the force of gravity due 
to Earth and, separately, to the force of gravity due to the 
Moon. 


e°12.67 Consider a particle on 
the surface of the Earth, at 
a position with an angle 
of latitude of A = 30.0° N 
as shown in the figure. 
Find (a) the magnitude, 
and (b) the direction 

of the effective gravita- 
tional force acting on the 
particle, taking into con- 
sideration the rotation of the 
Earth. (c) What angle A gives rise to 

the maximum deviation of the gravitational acceleration? 


°12.68 An asteroid is discovered to have a tiny moon that 
orbits it in a circular path at a distance of 100. km and with 
a period of 40.0 h. The asteroid is roughly spherical (unusual 
for such a small body) with a radius of 20.0 km. 


a) Find the acceleration of gravity at the surface of the 
asteroid. 


b) Find the escape velocity from the asteroid. 


e12.69 a) By what percentage does the gravitational poten- 
tial energy of the Earth change between perihelion and aph- 
elion? (Assume the Earth’s potential energy would be zero if 
it is moved to a very large distance away from the Sun.) 


b) By what percentage does the kinetic energy of the Earth 
change between perihelion and aphelion? 


212.70 A planet with a mass of 7.00- 10” kg is in a circular 
orbit around a star with a mass of 2.00- 10°° kg. The planet 
has an orbital radius of 3.00-10!° m. 


a) What is the linear orbital velocity of the planet? 
b) What is the period of the planet’s orbit? 
c) What is the total mechanical energy of the planet? 


°12.71 The astronomical unit (AU, equal to the mean 
radius of the Earth’s orbit) is 1.4960- 10™ m, and a year 

is 3.1557-10’ s. Newton's gravitational constant is G = 
6.6743 - 10 ''m*kg"'s’. Calculate the mass of the Sun in 
kilograms. (Recalling or looking up the mass of the Sun 
does not constitute a solution to this problem.) 


e12.72 The distances from the Sun at perihelion and aph- 
elion for Pluto are 4410- 10° km and 7360- 10° km, respec- 
tively. What is the ratio of Pluto's orbital speed around the 
Sun at perihelion to that at aphelion? 


12.73 The weight of a star is usually balanced by two 
forces: the gravitational force, acting inward, and the force 
created by nuclear reactions, acting outward. Over a long 
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period of time, the force due to nuclear reactions gets weak- 
er, causing the gravitational collapse of the star and crush- 
ing atoms out of existence. Under such extreme conditions, 
protons and electrons are squeezed to form neutrons, giving 
birth to a neutron star. Neutron stars are massively heavy—a 
teaspoon of the substance of a neutron star would weigh 100 
million metric tons on the Earth. 


a) Consider a neutron star whose mass is twice the mass 

of the Sun and whose radius is 10.0 km. If it rotates with a 
period of 1.00 s, what is the speed of a point on the Equator 
of this star? Compare this speed with the speed of a point on 
the Earth’s Equator. 

b) What is the value of g at the surface of this star? 


c) Compare the weight of a 1.00-kg mass on the Earth with 
its weight on the neutron star. 

d) Ifa satellite is to circle 10.0 km above the surface of sucha 
neutron star, how many revolutions per minute will it make? 
e) What is the radius of the geostationary orbit for this 
neutron star? 


ee12.74 You have been sent in a small spacecraft to rendez- 
vous with a space station that is in a circular orbit of radius 
2.5000- 10* km from the Earth’s center. Due to a mishan- 
dling of units by a technician, you find yourself in the same 
orbit as the station but exactly halfway around the orbit 


from it! You do not apply forward thrust in an attempt to 
chase the station; that would be fatal folly. Instead, you apply 
a brief braking force against the direction of your motion, 
to put you into an elliptical orbit, whose highest point is 
your present position, and whose period is half that of your 
present orbit. Thus, you will return to your present posi- 
tion when the space station has come halfway around the 
circle to meet you. Is the minimum radius from the Earth’s 
center—the low point—of your new elliptical orbit greater 
than the radius of the Earth (6370 km), or have you botched 
your last physics problem? 


ee12.75 If you and the space station are initially in low 
Earth orbit—say, with a radius of 6720 km, approximately 
that of the orbit of the International Space Station—the 
maneuver of Problem 12.74 will fail unpleasantly. Keep- 
ing in mind that the life-support capabilities of your small 
spacecraft are limited and so time is of the essence, can you 
perform a similar maneuver that will enable you to ren- 
dezvous with the station? Find the radius and period of the 
transfer orbit you should use. 


ee12.76 A satellite is placed between the Earth and the 
Moon, along a straight line that connects their centers of 
mass. The satellite has an orbital period around the Earth 
that is the same as that of the Moon, 27.3 days. How far 
away from the Earth should this satellite be placed? 
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NASA computer simulation of airflow streamlines from the 
propulsion systems of a Harrier jet in flight. The colors of the streamlines indicate 
the time elapsed since the exhaust was emitted. 


WHAT 
13.1 


13.2 
13.3 


13.4 


13.5 


13.6 


13.7 


13.8 


WHAT 
EXAM 


WE WILL LEARN 


Atoms and the Composition 
of Matter 
States of Matter 
Tension, Compression, and Shear 
Elasticity of Solids 
Stress and Strain 
Example 13.1 Wall Mount for a 
Flat-Panel TV 
Solved Problem 13.1 Stretched Wire 
Pressure 
Pressure-Depth Relationship 
Example 13.2 Submarine 
Gauge Pressure and Barometers 
Barometric Altitude Relation 
for Gases 
Example 13.3 Air Pressure on 
Mount Everest 
Pascal's Principle 
Archimedes’ Principle 
Buoyant Force 
Example 13.4 Floating Iceberg 
Example 13.5 A Hot-Air Balloon 
Determination of Density 
Example 13.6 Finding the Density 
of an Object 
Ideal Fluid Motion 
Bernoulli’s Equation 
Applications of Bernoulli’s Equation 
Example 13.7 Spray Bottle 
Solved Problem 13.2 Venturi Tube 
Draining a Tank 
Example 13.8 Draining a Bottle 
Viscosity 
Example 13.9 Hypodermic Needle 
Turbulence and Research Frontiers 
in Fluid Flow 


WE HAVE LEARNED/ 
STUDY GUIDE 


Problem-Solving Practice 
Solved Problem 13.3 Finding the 
Density of an Unknown Liquid 
Solved Problem 13.4 Diving Bell 
Multiple-Choice Questions 
Questions 
Problems 


418 


418 
420 
421 
421 
421 


423 
423 
425 
425 
426 
426 


427 


428 
428 
430 
430 
431 
432 
432 


432 
434 
434 
436 
438 
439 
440 
441 
442 
443 


444 


445 
446 


446 
448 
449 
450 
450 


417 


418 


Chapter 13 Solids and Fluids 


WHAT WE WILL LEARN 


The atom is the basic building block of macroscopic 
matter. 


The diameter of an atom is approximately 107’? m. 
Matter can exist as a gas, a liquid, or a solid. 


e A gas is a system in which the atoms move freely 
through space. 


e A liquid is a system in which the atoms move freely 
but form a nearly incompressible substance. 


e A solid defines its own size and shape. 
Solids are nearly incompressible. 


Various forms of pressure, such as stretching, 
compression, and shearing, can deform solids. These 
deformations can be expressed in terms of linear 


relationships between the applied pressure and the 
resulting deformation. 


Pressure is force per unit area. 


The pressure of the Earth's atmosphere can be measured 
using a mercury barometer or a similar instrument. 


The pressure of gas can be measured using a mercury 
manometer. 


Pascal’s Principle states that pressure applied to a 
confined fluid is transmitted to all parts of the fluid. 


Archimedes’s Principle states that the buoyant force 
on an object in a fluid is equal to the weight of the 
fluid displaced by the object. 


Bernoulli’s Principle states that the faster a fluid 
flows, the less pressure it exerts on its boundary. 


The flow of air around a moving airplane is of great interest to airplane designers, builders, 
and users. However, the characteristics of moving fluids are not easy to describe math- 
ematically. Often, scale models of new planes are built and placed in a wind tunnel to see 
how the air flows around them. In recent years, computer models have been developed that 
can show airflow and vortices in dramatic detail. Figure 13.1 illustrates airflow around a 
vertical-takeoff jet plane. The Boeing 777 was the first aircraft to be modeled entirely in the 
computer, without wind tunnel tests. Fluid dynamics is currently a major area of research, 
with applications to all areas of physics from astronomy to nuclear research. 

So far, we have studied motion of idealized objects, ignoring factors such as the materi- 
als they are made of and the behavior of these materials in response to the forces exerted 
on them. We have usually ignored air resistance and other factors involving the medium 
through which an object moves. This chapter considers some of these factors, presenting an 
overview of the physical characteristics of solids, liquids, and gases. 


13.1 Atoms and the Composition of Matter 


During the evolution of physics, scientists have explored ever smaller dimensions, looking 
deeper into matter in order to examine its elementary building blocks. This general way of 
learning more about a system by studying its subsystems is called reductionism and has proven 
a fruitful guiding principle during the last four or five centuries of scientific advancements. 

Today, we know that atoms are the elementary building blocks of matter, although they 
themselves are composite particles. The substructure of atoms, however, can be resolved 
only with accelerators and other tools of modern nuclear and particle physics. For the pur- 
poses of this chapter, it is reasonable to view atoms as the elementary building blocks. In 
fact, the word atom comes from the Greek atomos, which means “indivisible” The diameter 
of an atom is about 10™° m = 0.1 nm. This distance is often called an angstrom A. 

The simplest atom is hydrogen, composed of a proton and an electron. Hydrogen is the 
most abundant element in the universe. The next most abundant element is helium. Helium 
has two protons and two neutrons in its nucleus, along with two electrons surrounding 
the nucleus. Another common atom is oxygen, with eight protons and eight electrons, as 
well as (usually) eight neutrons. The heaviest naturally occurring atom is uranium, with 92 
protons, 92 electrons, and usually 146 neutrons. So far, 117 different elements have been 
recognized and classified in the periodic table of the elements. 

Essentially all of the hydrogen in the universe, along with some helium, was produced 
in the Big Bang about 13.7 billion years ago. Heavier elements, up to iron, were and still 
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AN 


(a) 


are produced in stars. Elements with more protons and neutrons than iron (gold, mercury, 
lead, and so forth) are thought to have been produced by supernova explosions. Most of the 
atoms of the elements on Earth were produced more than 5 billion years ago, probably in a 
supernova explosion, and have been recycled ever since. Even our bodies are composed of 
atoms from the ashes of a dying star. (The production and recycling of the elements will be 
covered in detail in Chapters 39 and 40.) 

Consider the number of atoms in 12 g of the most common isotope of carbon, '’C, 
where 12 represents the atomic mass number—that is, the total number of protons (six) 
plus neutrons (six) in the carbon nucleus. This number of atoms has been measured to be 
6.022- 10”, which is called Avogadro’s number, N;: 


N, =6.022:10”. 


To get a feeling for how much carbon corresponds to N, atoms, consider two forms of 
carbon: diamond and graphite. Diamonds are composed of carbon atoms arranged in a 
crystal lattice, whereas the carbon atoms in graphite are arranged in two-dimensional layers 
(Figure 13.2). In the diamond structure, carbon atoms are bonded in an interlocking lattice, 
which makes diamond very hard and transparent to light. In graphite, carbon atoms are 
arranged in layers that can slide over one another, making graphite soft and slippery. It does 
not reflect light, but appears black instead. Graphite is used in pencils and for lubrication. 

The density of diamond is 3.51 g/cm’, and the density of graphite is 2.20 g/cm’. Dia- 
monds are often classified in terms of their mass in carats, where 1 carat = 200 mg. A 12-g 
diamond would have N, atoms, a mass of 60 carats, and a volume of about 3.4 cm’, about 
1.5 times bigger than the Hope Diamond. A typical wedding ring might have a 1-carat dia- 
mond containing approximately 10” carbon atoms. 

New structures composed entirely of carbon atoms have been produced; these include 
fullerenes and carbon nanotubes. Fullerenes are composed of sixty carbon atoms arranged 
ina truncated icosahedron, a shape like a soccer ball, as illustrated in Figure 13.3a. The 1996 
Nobel Prize in Chemistry was awarded to Robert Curl, Harold Kroto, and Richard Smalley 
for their discovery of fullerenes. Fullerenes are also called buckyballs and were named after 
Buckminster Fuller (1895-1983), who invented the geodesic dome, whose geometry resem- 
bles that of the fullerenes. Figure 13.3b shows the structure of a carbon nanotube, consisting 
of interlocking hexagons of carbon atoms. A carbon nanotube can be thought of as a layer 
of graphite (Figure 13.2c) rolled up into a tube. Fullerenes and carbon nanotubes are early 
products of an emerging area of research termed nanotechnology, referring to the size of the 
objects under investigation. New materials constructed using nanotechnology may revo- 
lutionize materials science. For example, fullerene crystals are harder than diamonds, and 
fibers composed of carbon nanotubes are lightweight and stronger than steel. 

One mole (mol) of a substance contains N, = 6.022 - 10” atoms or molecules. Because the 
masses of a proton and a neutron are about equal and the mass of either is far greater than that 
of an electron, the mass of 1 mol of a substance in grams is given by the atomic mass number. 
Thus, 1 mol of ?C has a mass of 12 g, and 1 mol of “He has a mass of 4 g. The periodic table 
of the elements lists the atomic mass number for each element. This atomic mass number is 


FIGURE 13.3 Nanostructures consisting of arrangements of carbon atoms: (a) fullerene, or bucky- 
ball; (b) carbon nanotube. 
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FIGURE 13.2 Diamonds and 
graphite are composed of carbon atoms. 
(a) Structure of diamond consisting of 
carbon atoms bonded in a tetrahedral 
arrangement. (b) Diamonds. (c) Struc- 
ture of graphite comprised of parallel 
layers of hexagonal structures. (d) A 
pencil showing the graphite lead. 
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13.1 Self-Test Opportunity 


How many molecules of water are 
in a half-liter bottle of water? The 
mass of 1 mol of water is 18.02 g. 


13.2 Self-Test Opportunity 


One mole of any gas occupies 

a volume of 22.4 L at standard 
temperature and pressure (STP are 
T=0 °C and p = 1 atm.) What are 
the densities of hydrogen gas and 
helium gas? 


equal to the number of protons and neutrons contained in the nucleus of the atom; it is not an 
integer because it takes into account the natural isotopic abundances. (Isotopes of an element 
have varying numbers of neutrons in the nucleus. If a carbon nucleus has seven neutrons, it is 
the '°C isotope.) For molecules, the molar mass is obtained by adding the mass numbers of all 
atoms in the molecule. Thus, 1 mol of water, 'H,'°O, has a mass of 18.02 g. (It is not exactly 
18 g, because 0.2% of oxygen atoms are the isotope '*O.) 

Atoms are electrically neutral. They have the same number of positively charged protons 
as negatively charged electrons. The chemical properties of an atom are determined by its elec- 
tronic structure. This structure allows bonding of certain atoms with other atoms to form mol- 
ecules. For example, water is a molecule containing two hydrogen atoms and one oxygen atom. 
The electronic structures of atoms and molecules determine a substance’s macroscopic proper- 
ties, such as whether it exists as a gas, liquid, or solid at a given temperature and pressure. 


13.2 States of Matter 


(c) 


FIGURE 13.4 (a) A cubical con- 
tainer filled with a gas; (b) the same 
container partially filled with a liquid; 
(c) a solid, which does not need a 
container. 


A gas is a system in which each atom or molecule moves through space as a free particle. 
Occasionally, an atom or molecule collides with another atom or molecule or with the wall 
of the container. A gas can be treated as a fluid because it can flow and exert pressure on the 
walls of its container. A gas is compressible, which means that the volume of the container 
can be changed and the gas will still fill the volume, although the pressure it exerts on the 
walls of the container will change. 

In contrast to gases, most liquids are nearly incompressible. If a gas is placed in a con- 
tainer, it will expand to fill the container (Figure 13.4a). When a liquid is placed in a con- 
tainer, it fills only the volume corresponding to its initial volume (Figure 13.4b). If the volume 
of the liquid is less than the volume of the container, the container is only partially filled. 

A solid does not require a container but instead defines its own shape (Figure 13.4c). 
Like liquids, solids are nearly incompressible. However, solids can be compressed and 
deformed slightly. 

The categorization of matter into solids, liquids, and gases does not cover the entire range 
of possibilities. Clearly, which state a certain substance is in depends on its temperature. Water, 
for example, can be ice (solid), water (liquid), or steam (gas). The same condition holds true 
for practically all other substances. However, there are states of matter that do not fit into the 
solid/liquid/gas classification. Matter in stars, for example, is not in any of those three states. 
Instead, it forms a plasma, a system of ionized atoms. On Earth, many beaches are made of 
sand, a prime example of granular medium. The grains of granular media are solids, but their 
macroscopic characteristics can be closer to those of liquids (Figure 13.5). For instance, sand 
can flow like a liquid. Glasses seem to be solids at first glance, because they do not change their 
shape. However, there is also some justification to the view that glass is a type of liquid with 


(a) (b) 


FIGURE 13.5 (a) Pouring liquid silver (a solid metal at room temperature); (b) pouring sand 
(a granular medium). 
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an extremely high viscosity. For the purposes of a classification of matter into states, a glass is 
neither a solid nor a liquid, but a separate state of matter. Foams and gels are yet other states of 
matter, which are currently receiving a lot of interest from researchers. In a foam, the material 
forms thin membranes around enclosed bubbles of gas of different sizes; thus, some foams are 
very rigid while having a very low mass density. 

Less than two decades ago, the existence of a new form of matter called Bose-Einstein con- 
densates was experimentally verified. An understanding of this new state of matter requires 
some basic concepts of quantum physics. However, in basic terms, at very low tempera- 
tures, a gas of certain kinds of atoms can assume an ordered state in which all of the atoms 
tend to have the same energy and momentum, very similar to the way that light assumes an 
ordered state in a laser (see Chapter 38). 

Finally, the matter in our bodies and in most other biological organisms does not fit 
into any of these classifications. Biological tissue consists predominantly of water, yet it is 
able to keep or change its shape, depending on the environmental boundary conditions. 


13.3 Tension, Compression, and Shear 


Let’s examine how solids respond to external forces. 


Elasticity of Solids 


Many solids are composed of atoms arranged in a three-dimensional crystal lattice in which 
the atoms have a well-defined equilibrium distance from their neighbors. Atoms in a solid 
are held in place by interatomic forces that can be modeled as springs. The lattice is very 
rigid, which implies that the imaginary springs are very stiff. Macroscopic solid objects such 
as wrenches and spoons are composed of atoms arranged in such a rigid lattice. However, 
other solid objects, such as rubber balls, are composed of atoms arranged in long chains 
rather than in a well-defined lattice. Depending on their atomic or molecular structure, 
solids can be extremely rigid or more easily deformable. 

All rigid objects are somewhat elastic, even though they do not appear to be. Compres- 
sion, pulling, or twisting can deform a rigid object. If a rigid object is deformed a small 
amount, it will return to its original size and shape when the deforming force is removed. If 
a rigid object is deformed past a point called its elastic limit, it will not return to its original 
size and shape but will remain permanently deformed. If a rigid object is deformed too far 
beyond its elastic limit, it will break. 


Stress and Strain 


Deformations of solids are usually classified into three types: stretching (or tension), compres- 
sion, and shear. Examples of stretching, compression, and shear are shown in Figure 13.6. 
What these three deformations have in common is that a stress, or deforming force per unit 
area, produces a strain, or unit deformation. Stretching, or tension, is associated with tensile 
stress. Compression can be produced by hydrostatic stress. Shear is produced by shearing 
stress, sometimes also called deviatory stress. When a shear force is applied, planes of material 
parallel to the force and on either side of it remain parallel but shift relative to each other. 

Although stress and strain take different forms for the three types of deformation, they 
are related linearly through a constant called the modulus of elasticity: 


(b) 


stress = modulus of elasticity - strain. (13.1) 


This empirical relationship applies as long as the elastic limit of the material is not exceeded. 
In the case of tension, a force F is applied to opposite ends of an object of length L and 
the object stretches to a new length, L + AL ( Figure 13.7). The stress for stretching or ten- © 
sion is defined as the force, F, per unit area, A, applied to the end of an object. The strain FIGURE 13.6 Three examples of 
is defined as the fractional change in length of the object, AL/L. The relationship between stress and strain: (a) the stretching of 
stress and strain up to the elastic limit is then power lines; (b) the compression of the 
: a Hoover Dam; (c) shearing by scissors. 


—=Y—, 13.2 
a (13.2) 
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Table 13.1 


Some Typical 
Values of 


Young's Modulus 
Young’s Modulus 
Material (10° N/m?) 
Aluminum 70 
Bone 10-20 
Concrete 30-60 
(compression) 
Diamond 1000-1200 
Glass 70 
Polystyrene 3 
Rubber 0.01-0.1 
Steel 200 
Titanium 100-120 
Tungsten 400 
Wood 10-15 


Table 13.2 


Material 


Air 
Aluminum 
Basalt rock 
Gasoline 
Granite rock 
Mercury 
Steel 

Water 


Some Typical 
Values of the 
Bulk Modulus 


Bulk Modulus 
(10° N/m?) 
0.000142 

76 

50-80 

15 

10-50 

2815 

160 

22 


(a) 


FIGURE 13.8 Compression of an object by fluid pressure; 
(a) object before compression; (b) object after compression. 


E 


a 


L+AL | 


(a) (b) 
FIGURE 13.7 Tension applied to opposite ends of an object by a pulling force. (a) Object before 
force is applied. (b) Object after force is applied. Note: Tension can also be applied by pushing, with a 
resulting negative change in length (not shown). 


where Y is called Young’s modulus and depends only on the type of material and not on its 
size or shape . Some typical values of Young’s modulus are given in Table 13.1. 

Linear compression can be treated in a manner similar to stretching for most materi- 
als, within the elastic limits. However, many materials have different breaking points for 
stretching and compression. The most notable example is concrete, which resists compres- 
sion much better than stretching, which is why steel rods are added to it in places where 
greater tolerance of stretching is required. A steel rod resists stretching much better than 
compression, under which it can buckle. 

The stress related to volume compression is caused by a force per unit area applied to 
the entire surface area of an object for example, one submerged in a liquid (Figure 13.8). 
The resulting strain is the fractional change in the volume of the object, AV/V. The modulus 
of elasticity in this case is the bulk modulus, B. We can thus write the equation relating 
stress and strain for volume compression as 

F „AV 


Z =B. 


ri v (13.3) 


Some typical values of the bulk modulus are given in Table 13.2. Note the extremely large 
jump in the bulk modulus from air, which is a gas and can be compressed rather easily, to 
liquids such as gasoline and water. Solids such as rocks and metals have values for the bulk 
modulus that are higher than those of liquids by a factor between 5 and 100. 

In the case of shearing, the stress is again a force per unit area. However, for shearing, 
the force is parallel to the area rather than perpendicular to it (Figure 13.9). For shearing, 
stress is given by the force per unit area, F/A, exerted on the end of the object. The resulting 
strain is given by the fractional deflection of the object, Ax/L. The stress is related to the 
strain through the shear modulus, G: 

F_ „Ax 


L-G”, 


z L (13.4) 


Some typical values of the shear modulus are given in Table 13.3. 


(a) (b) 
(b) FIGURE 13.9 Shearing of an object caused by a force parallel to the 


area of the end of the object. (a) Object before shear force is applied. 
(b) Object after shear force is applied. 
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EXAMPLE 13.1 | Wall Mount for a Flat-Panel TV 


You've just bought a new flat-panel TV (Figure 13.10) and want to mount it on the wall 
with four bolts, each with a diameter each of 0.50 cm. You cannot mount the TV flush 
against the wall but have to leave a 10.0-cm gap between wall and TV for air circulation. 


PROBLEM 1 
If the mass of your new TV is 42.8 kg, what is the shear stress on the bolts? 


SOLUTION 1 
The combined cross-sectional area of the bolts is 
ad 2 -5 2 
A=4 = mT (0.005 m) =7.85-10” mî. 


One force acting on the bolts is È, the force of gravity on the TV, exterted at one end of 
each bolt. This force is balanced by a force due to the wall, acting on the other end of the 
bolts. This wall force holds the TV in place; thus, it has exactly the same magnitude as 
the force of gravity but points in the opposite direction. Therefore, the force entering into 
equation 13.4 for the stress is 


F = mg =(42.8 kg)(9.81 m/s”) = 420 N. 
Thus, we obtain the shear stress on the bolts: 


F_ 420N 
A 785-10° m 


5 =5.35-10° N/m’. 


PROBLEM 2 
The shear modulus of the steel used in the bolts is 9.0-10'° N/m’. What is the resulting 
vertical deflection of the bolts? 


SOLUTION 2 
Solving equation 13.4 for the deflection, Ax, we find 
Ax =|£|4 = (6.35-10° N/m?) "1 ™ o 5.94.10 m. 
G 9.0-10'° N/m? 


Even though the shear stress is more than 5 million N/m’, the resulting sag of your flat- 
panel TV is only about 0.006 mm, a distance that is undetectable with the naked eye. 


SOLVED PROBLEM 13.1 (Stretched Wire 
p 


PROBLEM 
A 1.50-m-long steel wire with a diameter of 0.400 mm is hanging vertically. A spotlight of 
mass m = 1.50 kg is attached to the wire and released. How much does the wire stretch? 


SOLUTION 


THINK 

From the diameter of the wire, we can get its cross-sectional area. The weight of the spot- 
light provides a downward force. The stress on the wire is the weight divided by the cross- 
sectional area. The strain is the change in the length of the wire divided by its original 
length. The stress and strain are related through Young’s modulus for steel. 


SKETCH 


Figure 13.11 shows the wire before and after the spotlight is attached. 
Continued— 


423 


EGOR kJ Some Typical 


Values of the 
Shear Modulus 


Shear Modulus 


Material (10° N/m?) 
Aluminum 25 

Copper 45 

Glass 26 
Polyethylene 0.12 
Rubber 0.0003 
Titanium 41 

Steel 80-90 


FIGURE 13.10 Forces acting on a 
wall mount for a flat-panel TV. 


E 


(a) 


m 


(b) 


FIGURE 13.11 A wire (a) before and 
(b) after a spotlight is attached to it. 
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Yield point 


P pal Fracture 
roportiona point 


limit 


FIA 


AL/L 
FIGURE 13.12 A typical stress- 


strain diagram for a ductile metal under 
tension showing the proportional limit, 
the yield point, and the fracture point. 


iE) RAD Breaking Stress 
for Common 
Materials 


Breaking Stress 
(10° N/m?) 


Material 


Aluminum 455 


Brass 550 
Copper 220 
Steel 400 
Bone 130 


Note that these values are approximate. 


RESEARCH 
The cross-sectional area of the wire, A, can be calculated from the diameter, d, of the wire: 
2 2 
A= aH ao (i) 
2 4 
The force on the wire is the weight of the searchlight, 
F=meg. (ii) 
We can relate the stress and the strain on the wire through Young’s modulus, Y, for steel: 
Toya (iii) 
A L 


where AL is the change in the length of the wire and L is its original length. 


SIMPLIFY 
We can combine equations (i), (ii), and (iii) to get 


Solving for the change in the wire’s length, we obtain 
_ 4mgL 


AL ; 
Yrd 


CALCULATE 


Putting in the numerical values gives us 


_4mglL  4-1.50 kg- (9.81 m/s”)-1.50 m 


AL 


~ = 0.00087824 m. 
Yad (200-10” N/m? }7r(0.400-10 m) 


ROUND 
We report our result to three significant figures: 


AL =0.000878 m =0.878 mm. 


DOUBLE-CHECK 

An easy and important first check of a result is to confirm that the units are right. The 
change in length, which we have calculated, has the units of millimeters, which makes 
sense. Next, we examine the magnitude: The wire stretches just less than 1 mm compared 
with its original length of 1.50 m. This stretch is less than 0.1%, which seems reason- 
able. Any time a steel wire experiences noticeable stretch, breaking the wire becomes a 
concern. This is not the case here, which gives us some confidence that our result is of 
approximately the right order of magnitude. 


— co — —— 


As noted earlier, the stress applied to an object is proportional to the strain as long as the 
elastic limit of the material is not exceeded. Figure 13.12 shows a typical stress-strain diagram 
for a ductile (easily drawn into a wire) metal under tension. Up to the proportional limit, the 
ductile metal responds linearly to stress. If the stress is removed, the material will return to 
its original length. If stress is applied past the proportional limit, the material will continue 
to lengthen until it reaches its yield point. If stress is applied between the proportional limit 
and the fracture point and then is removed, the material will not return to its original length 
but will be permanently deformed. The yield point is the point where the stress causes sudden 
deformation without any increase in force as can be seen from the flattening of the curve (see 
Figure 13.12). Additional stress will continue to stretch the material until it reaches its fracture 
point, where it breaks. This breaking stress is also called the ultimate stress, or in the case of 
tension, the tensile strength. Some approximate breaking stresses are given in Table 13.4. 


13.4 Pressure 425 


13.4 | Pressure 


This section examines the properties of liquids and gases, together termed fluids. The prop- 
erties of stress and strain, discussed in section 13.3, are most useful when studying solids, 
because substances that flow, such as liquids and gases, offer little resistance to shear or 
tension. In this section, we consider the properties of fluids at rest. Later in this chapter, we 
will discuss the properties of fluids in motion. 

The pressure, p, is the force per unit area: 


(13.5) 


Pressure is a scalar quantity. The SI unit of pressure is N/m’, which has been named the 


pascal, abbreviated Pa: 


ite 
2 


lm 
The average pressure of the Earth’s atmosphere at sea level, 1 atm, is a commonly used non- 
SI unit that is expressed in other units as follows: 


1 atm =1.01-10° Pa =760 torr =14.7 lb/in’. 


Gauges used to measure how much air has been removed from a vessel are often cali- 
brated in torr, a unit named after the Italian physicist Evangelista Torricelli (1608-1647). 
Automobile tire pressures in the United States are often measured in pounds per square 
inch (lb/in?, or psi). 


Pressure-Depth Relationship 


Consider a tank of water open to the Earth’s atmosphere, and imagine a cube of the water 
inside of it (shown in pink in Figure 13.13). Assume that the top surface of the cube is 
horizontal and at a depth of y, and that the bottom surface of the cube is horizontal and 
at a depth of y,. The other sides of the cube are oriented vertically. The water pressure 
acting on the cube produces forces. However, by Newton’s First Law, there must be no net 
force acting on this stationary cube of water. The forces acting on the vertical sides of the 
cube clearly cancel out. The vertical forces acting on the bottom and top sides of the cube 
must also add to zero: 


E -F -mg=0, (13.6) 


where F; is the force downward on the top of the cube, F, is the force upward on the bottom 
of the cube, and mg is the weight of the cube of water. The pressure at depth y, is p,, and the 
pressure at depth y, is p,. We can write the forces at these depths in terms of the pressures, 
assuming that the area of the top and bottom surfaces of the cube is A: 


R=paA 
B= ppd. 
We can also express the mass, m, of the water in terms of the density of water, p, assumed 


constant and the volume, V, of the cube, m = pV. Substituting for F}, F» and m in equation 
13.6 gives 


pA- pA-pVg=0. 
Rearranging this equation and substituting A(y, - y,) for V, we get 
PA= pA + pA(y - y2)8- 


Dividing out the area yields an expression for the pressure as a function of depth in a liquid 
of uniform density p: 


Po=Pt+ pg(y-y2)- (13.7) 


A common problem involves the pressure as a function of depth below the surface of 
a liquid. Starting with equation 13.7, we can define the pressure at the surface of the liquid 


13.1 In-Class Exercise —, 


Suppose you pump the air out of 

a paint can, covered by a lid. The 
paint can is cylindrical, 22.4 cm 
tall and with a diameter of 16.0 
cm. How much force does the 
atmosphere exert on the lid of the 


evacuated paint can? 
a) 9.81 N c) 2030 N 


b) 511 N d) 8120 N 


-13 Cube of water in a 


FIGURE 13 


tank of water. 
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FIGURE 13.14 Three connected 
columns—the fluid rises to the same 
height in each. 


FIGURE 13.15 Submarine surfacing. 


13.2 In-Class Exercise —, 


| A steel sphere with a diameter of 
0.250 m is submerged in the ocean 
at a depth of 500.0 m. What is the 
percentage change in the volume 
of the sphere? The bulk modulus of 
steel is 160 - 10° Pa. 


a) 0.0031% d) 0.55% 
b) 0.045% e) 1.5% 


c) 0.33% 


FIGURE 13.16 A mercury barometer 


measures atmospheric pressure po. 


(y, = 0) to be py and the pressure at a given depth h (y, = -h) to be p. These assumptions 
lead to the equation 


P=Po+pgh (13.8) 


for the pressure at a given depth of a liquid with uniform density p. 

Note that in deriving equation 13.8, we made use of the fact that the density of the fluid 
does not change as a function of depth. This assumption of incompressibility is essential for 
obtaining this result. Later in this section, relaxing this incompressibility requirement will 
lead to a different formula relating height and pressure for gases. Further, it is important 
to note that equation 13.8 specifies the pressure in a liquid at a vertical depth of h, without 
any dependence on horizontal position. Thus, the equation holds regardless of the shape of 
the vessel containing the liquid. Figure 13.14, for example, shows three connected columns 
containing a fluid. You can see that the fluid reaches the same height in each column, inde- 
pendent of the shape or cross-sectional area; this occurs because the bottoms are intercon- 
nected and thus have the same pressure. 


EXAMPLE 13.2 | Submarine 


A US. Navy submarine of the Los Angeles class is 110 m long and has a hull 
diameter of 10 m (Figure 13.15). Assume that the submarine has a flat top with an 
area of A = 1100 m° and that the density of seawater is 1024 kg/m’. 


PROBLEM 
What is the total force pushing down on the top of this submarine at a diving 
depth of 250 m? 


SOLUTION 

The pressure inside the submarine is normal atmospheric pressure, py. According to 
equation 13.8, the pressure at a depth of 250 m is given by p = pọ + pgh. Therefore, 
the pressure difference between the inside and the outside of the submarine is 


Ap = pgh = (1024 kg/m? )(9.81 m/s” )(250 m) =2.51-10° N/m? = 2.51 MPa, 


or approximately 25 atm. 
Multiplying the area times the pressure gives the total force, according to equation 
13.5. Thus, we find a total force of 


F = ApA =(2.51-10° N/m’)(1100 m?) =2.8-10° N. 


This number is astonishingly large and corresponds to the weight of a mass of ~280,000 
metric tons! J 


Gauge Pressure and Barometers 


The pressure p in equation 13.8 is an absolute pressure, which means it includes the 
pressure of the liquid as well as the pressure of the air above it. The difference between 
an absolute pressure and the atmospheric air pressure is called a gauge pressure. For 
example, a gauge used to measure the air pressure in a tire is calibrated so that the 
atmospheric pressure reads zero. When connected to the tire’s compressed air, the gauge 
measures the additional pressure present in the tire. In equation 13.8, the gauge pressure 
is pgh. 

A simple device used to measure atmospheric pressure is the mercury barometer 
(Figure 13.16). You can construct a mercury barometer by taking a long glass tube, closed 
at one end, filling it with mercury, and inverting it with the open end in a dish of mercury. 
The space above the mercury is a vacuum and thus has zero pressure. The difference in 
height between the top of the mercury in the tube and the top of the mercury in the dish, h, 


can be related to the atmospheric pressure, po using equation 13.7 with p, = p, + pg(y; - y2), 
Y2- yi =h, pr =0, and p; = po: 
Po = pgh. 


Note that the measurement of atmospheric pressure using a mercury barometer depends 
on the local value of g. Atmospheric pressure is often expressed in millimeters of mercury 
(mmHg), corresponding to the height difference h. The torr is equivalent to 1 mmHg, so 
standard atmospheric pressure is 760 torr, or 29.92 in of mercury (101.325 kPa). 

An open-tube manometer measures the gauge pressure of a gas. It consists of a 
U-shaped tube partially filled with a liquid such as mercury (Figure 13.17). The closed end 
of the manometer is connected to a vessel containing the gas whose gauge pressure, Pe is 
being measured, and the other end is open and thus experiences atmospheric pressure, po. 
Using equation 13.7 with y, = 0, pı = po, y2 = —h, and p, = p, where p is the absolute pres- 
sure of the gas in the vessel, we obtain p = py + pgh, the pressure-depth relationship derived 
earlier. The gauge pressure of the gas in the vessel is then 


Pg =P- Po = pgh. (13.9) 


Note that gauge pressure can be positive or negative. The gauge pressure of the air in an 
inflated automobile tire is positive. The gauge pressure at the end of a straw being used by a 
person drinking a milkshake is negative. 


Barometric Altitude Relation for Gases 

In deriving equation 13.8, we made use of the incompressibility of liquids. However, if the 
fluid is a gas, we cannot make this assumption. Let’s start again with a thin layer of fluid in 
a column of the fluid. The pressure difference between the top and bottom surfaces is the 
negative of the weight of the thin layer of fluid divided by its area: 


F__mg__ pVg__ p(AhA)g 
AAA A 


Ap=- =- pgAh. (13.10) 
The negative sign reflects the fact that the pressure decreases with increasing altitude (h), 
since the weight of the fluid column above the layer will be reduced. So far, nothing is dif- 
ferent from the derivation for the incompressible fluid. However, for compressible fluids, 
the density is proportional to the pressure: 


PEP (13.11) 
Po Po 
Strictly speaking, this relationship is true only for an ideal gas at constant temperature, as 
we will see in Chapter 19. However, if we combine equations 13.10 and 13.11, we obtain 


Ap __8Po p, 

Ah Po 
Taking the limit as Ah — 0, we have 

CE 

dh Po 


This is an example of a differential equation. We need to find a function whose derivative is 
proportional to the function itself, which leads us to an exponential function: 


ph) = ppe”, (13.12) 


It is easy to convince yourself that equation 13.12 is indeed a solution to the preced- 
ing differential equation by simply taking the derivative with respect to h. Equation 13.12 
is sometimes called the barometric pressure formula, and it relates the pressure to the 
altitude in gases. It applies only as long as the temperature does not change as a function of 
altitude and as long as the gravitational acceleration can be assumed to be constant. (We will 
consider the effect of temperature change when we discuss the Ideal Gas Law in Chapter 19.) 
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>< 


Po 


FIGURE 13.17 An open-tube ma- 
nometer measures the gauge pressure 
of a gas. 
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FIGURE 13.18 Comparison of value 
for air density plotted from equation 
13.13 (blue line) with actual data for 
the atmosphere (red dots). 
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We can obtain a formula for the air density, p, as a function of altitude by combining 
equations 13.11 and 13.12: 


p(h) = ppe”, (13.13) 


Even though results obtained with this equation are only an approximation, they match 
actual atmospheric data fairly closely, as shown in Figure 13.18, where p(h) was plotted with 
g = 9.81 m/s’, py = 1.01-10° Pa, the air pressure at sea level (h = 0), and pọ = 1.229 kg/m’, 
the air density at sea level. As you can see, the agreement is very close up to the top of the 
stratosphere, approximately 50 km above ground. 


EXAMPLE 13.3 | Air Pressure on Mount Everest 


As climbers approach the peak of Earth’s highest mountain, Mount Everest, they usually 
have to wear breathing equipment. The reason for this is that the air pressure is very low, 
too low for climbers’ lungs, which are usually accustomed to near sea-level conditions. 


PROBLEM 
What is the air pressure at the top of Mount Everest (Figure 13.19)? 


re 


SOLUTION 

This is a situation where we can use the barometric pressure formula (equa- 
tion 13.12). We first note the constants: pọ = 1.01-10° Pa, the sea-level air 
pressure, and p, = 1.229 kg/m’, the air density at sea level. Then we find the 
inverse of the constant part of the exponent in equation 13.12: 


Po _ 1.01-10° Pa 
Pg (1.229 kg/m?)(9.81 m/s?) 


=8377 m. 


We can then rewrite equation 13.12 as 


a pth) = pe”! 7 m) 


FIGURE 13.19 Mount Everest is Earth's highest 


peak, at 8850 m (29,035 ft). 


13.3 In-Class Exercise E 


If you descend into a mine shaft 
below sea level, the air pressure 


a) decreases linearly. 
b) decreases exponentially. 
c) increases linearly. 


d) increases exponentially. 


The height of Mount Everest is 8850 m. Therefore, we obtain 
p(8850 m) = ppe 80/877 = 0,348 py = 35 kPa. 


The calculated air pressure at the top of Mount Everest is only 35% of the air pressure at 
sea level. (The actual pressure is slightly lower, mainly because of temperature effects.) 


You do not have to travel to the top of Mount Everest to appreciate the change in air 
pressure with altitude. You have probably experienced your ears “popping” while driving in 
the mountains. This physiological effect of feeling pressure on the eardrums results because 
of a lag in your body’s adjusting the internal pressure to the change in external pressure due 
to the rapid change in altitude. 


Pascal's Principle 


If pressure is exerted on a part of an incompressible fluid, that pressure will be transmitted to 
all parts of the fluid without loss. This is Pascal’s Principle, which can be stated as follows: 


When a change in pressure occurs at any point in a confined fluid, an equal change 
in pressure occurs at every point in the fluid. 


Pascal's Principle is the basis for many modern hydraulic devices, such as automobile brakes, 
large earth-moving machines, and car lifts. 

Pascal's Principle can be demonstrated by taking a cylinder partially filled with water, 
placing a piston on top of the column of water, and placing a weight on top of the piston 


(Figure 13.20). The air pressure and the weight exert a pressure, p,, on top of the column of 
water. The pressure, p, at depth h is given by 


P= pi + pgh. 


Because water can be considered incompressible, if a second weight is added on top of the 
piston, the change in pressure, Ap, at depth h is due solely to the change in the pressure, 
Ap, on top of the water. The density of the water does not change and the depth does not 
change, so we can write 


Ap = Ap,- 


This result does not depend on hA, so it must hold for all positions in the liquid. 

Now consider two connected pistons in cylinders filled with oil, as shown in Figure 13.21. 
One piston has area A;„ and the other piston has area A „up with A;n < Aout A force, F,» is exerted 
on the first piston, producing a change in pressure in the oil. This change in pressure is trans- 
mitted to all points in the oil, including points adjacent to the second piston. We can write 


Ap- fa = Fu, 
Ain Aout 
or 
Aou 
Eut = Fn Te (13.14) 


Because Aout is larger than A,,, Fout is larger than Fin. Thus, the force applied to the first 
piston is magnified. This phenomenon is the basis of hydraulic devices that produce large 
output forces with small input forces. 

The amount of work done on the first piston is the same as the amount of work done by 
the second piston. To calculate the work done, we need to calculate the distance over which the 
forces act. For both pistons, the volume, V, of incompressible oil that is moved is the same: 


V =h Ain = Mout A 


out* “out > 


where h,,, is the distance the first piston moves and h,,, is the distance the second piston 
moves. We can see that 


(13.15) 


which means that the second piston moves a smaller distance than the first piston because 
Ain < Aout: We can find the work done by using the fact that work is force times distance and 
using equations 13.14 and 13.15: 
A; A 
Aout = fis out |= F 


out 


h 


W= Fahin = out’ 
A: 


1n 


Thus, this hydraulic device transmits a larger force over a smaller distance. However, no 
additional work is done. 


F, 


out? Aout 
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FIGURE 13.20 Cylinder partially 
filled with water, with a piston placed 
on top of the water and a weight 
placed on the piston. 


13.4 In-Class Exercise —, 


A car with a mass of 1600 kg is 
supported by a hydraulic car lift, 

as illustrated in Figure 13.21. The 
large piston supporting the car has 
a diameter of 25.0 cm. The small 
piston has a diameter of 1.25 cm. 
How much force must be exterted on 
the small piston to support the car? 


a) 1.43 N d) 23.1 N 
b) 5.22 N e) 39.2 N 
c) 10.2 N 
K J 


FIGURE 13.21 Application of Pas- 
cal’s Principle in a hydraulic lift. (The 
scale of the lift relative to the car is 
greatly out of proportion in order to 
show the essential details clearly.) 
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13.5 Archimedes’ Principle 


FIGURE 13.22 The weight of a steel 
cube submerged in water is larger than 
the buoyant force acting on the cube. 


(b) 


FIGURE 13.23 A ship ina lock: 
(a) low position; (b) high position. 


Archimedes (287-212 BC) of Syracuse, Sicily, was one of the greatest mathematicians of all 
time. The king, Hiero of Syracuse, ordered a new crown made and gave the goldsmith the 
exact amount of gold needed to create the crown. When the crown was finished, it had the 
correct weight, but Hiero suspected that the goldsmith had used some silver in the crown 
to replace the more valuable gold. Hiero could not prove this and went to Archimedes for 
help. According to legend, the answer occurred to Archimedes as he was about to take a 
bath and noticed the water level rising and his apparent weight diminishing when he got 
into the bathtub. He then ran naked through the streets of Syracuse to the palace, shouting 
“Eureka!” (Greek for “I have found it!”) Using his discovery, he was able to demonstrate 
the silver-for-gold switch and thus prove the theft committed by the goldsmith. Later in 
this section, we'll examine Archimedes’ method for solving this problem, after considering 
buoyant force and fluid displacement. 


Buoyant Force 


Figure 13.13, shows a cube of water within a larger volume of water. The weight of the cube 
of water is supported by the force resulting from the pressure difference between the top 
and bottom surfaces of the cube, as given by equation 13.6, which we can rewrite as 


F,-K=mg=f,, (13.16) 


where Fp is defined as the buoyant force acting on the cube of water. For the case of the 
cube of water, the buoyant force is equal to the weight of the water. In general, the buoyant 
force acting on a submerged object is given by the weight of the fluid displaced, 


h = meg. 


Now suppose the cube of water is replaced with a cube of steel (Figure 13.22). Because 
the steel cube has the same volume and is at the same depth as the cube of water, the buoy- 
ant force remains the same. However, the steel cube weighs more than the cube of water, so 
a net y-component of force acts on the steel cube, given by 


Fret,y = Fy - Mea ¥ <0. 


This net downward force causes the steel cube to sink. 

If the cube of water is replaced by a cube of wood, the weight of the cube of wood is less 
than that of the cube of water, so the net force will be upward. The wooden cube will rise 
toward the surface. If an object that is less dense than water is placed in water, it will float. 
An object of mass M object Will sink in water until the weight of the displaced water equals the 
weight of the object: 


objec 


k =Me §= Mobject§- 


A floating body displaces its own weight of fluid. This statement is true, independent of 
the amount of fluid present. To make this clearer, Figure 13.23 shows a ship in a lock. Part 
(a) shows the ship in the low position, and part (b) in the high position. In both positions, 
the ship floats, with the same fraction of the ship below the water level. What matters for 
the buoyant force is not the total amount of the water in the lock (light blue in the figure), 
but the amount of water displaced by the underwater portion of the ship (hatched blue and 
brown in the figure). Clearly, in Figure 13.23a, there is much less water left in the lock 
than the volume that has been displaced by the ship. The only thing that matters is the 
weight of the water that would be where the ship is, not the weight of the water still in the 
lock. (In fact, with a container of the right shape, even a single gallon of water could be 
“enough to float a battleship.) 

If an object that has a higher density than water is placed under water, it will expe- 
rience an upward buoyant force that is less than its weight. Its apparent weight is then 
given by 


Actual weight - buoyant force = apparent weight. (13.17) 


EXAMPLE 13.4 | Floating Iceberg 


P 
Icebergs, such as the one shown in Figure 13.24a, pose grave dangers for ocean-going 
ships. Many ships, the Titanic most famously, have sunk after collisions with icebergs. The 
trouble is that a large fraction of an icebergs volume is hidden below the waterline and 
thus practically invisible to sailors, as illustrated in Figure 13.24b. 


(a) 


PROBLEM 
What fraction of the volume of an iceberg floating in seawater is visible above the surface? 


SOLUTION 
Let V, be the total volume of the iceberg and V, be the volume of the iceberg that is sub- 
merged. The fraction, f, above water is then 

poWeeV 


=1-—, 


V, V; 


Because the iceberg is floating, the submerged volume must displace a volume of sea- 
water that has the same weight as the entire iceberg. The mass of the iceberg, m, can be 
calculated from the volume of the iceberg and the density of ice, Pie = 0.917 g/cm*. The 
mass of the displaced seawater can be calculated from the submerged volume and the 
known density of seawater, Peawater = 1-024 g/cm°. We equate the two weights: 
Pice Vtg =P seawater aS > 
or 
Pice Vt = Pseawater Vs $ 
We can rearrange this equation to get 
V = Pice 
V; Pseawater 


We can now find the fraction above water: 


_ 0.917 g/cm? 


Jai ai Pice =1 5 
1.024 g/cm 


V: P seawater 


=0.104, 


or about 10%. Figure 13.24b shows an iceberg with approximately 10% of its volume 
above the waterline. 


An interesting experiment on buoyancy can be performed as follows. You pour water 
(with red food coloring) into a container (Figure 13.25a) and put a swimmer into it (Figure 
13.25b). The swimmer is 90% submerged, so its average density is 90% of that of water, like 
the iceberg in Example 13.4. Next, you pour paint thinner on top of the water. Paint thinner 
does not mix with water and has a density equal to 80% of that of water. Thus, it rests on top 
of the water. If you put the swimmer into a container of paint thinner, the swimmer would 
sink to the bottom. So, what happens when you pour the paint thinner on top of the water 
with the swimmer in it? Will the swimmer rise, stay at the same level, or sink? 
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FIGURE 13.24 (a) An iceberg float- 
ing in the ocean. (b) Illustration show- 
ing the fraction of the volume of the 

iceberg above and below the waterline. 


a 
(a) (b) (c) 


FIGURE 13.25 Buoyancy experiment 
with two liquids: (a) water with red 

dye; (b) a swimmer placed in the water; 
(c) paint thinner added above the water. 
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FIGURE 13.26 Hot-air balloon in 
flight. 


13.3 Self-Test Opportunity 


Suppose the balloon in Example 
13.5 were filled with helium instead 
of hot air. How much weight could 
the helium-filled balloon lift? The 
density of helium is 0.164 kg/m’. 


The answer is shown in Figure 13.25c: The swimmer rises. Why? In the two liquids, 
two buoyant forces are present—one from the fraction of the swimmer’s volume submerged 
in water, and the other from the fraction of the swimmer’s volume submerged in the paint 
thinner. Therefore, to generate the same buoyant force, less of the volume of the swimmer 
needs to be submerged in the water when paint thinner is also present than when air and 
not paint thinner lies on top of the water. 


EXAMPLE 13.5 [A Hot-Air Balloon 


A typical hot-air balloon has a volume of 2200 m°. The density of air at a temperature of 
20 °C is 1.205 kg/m’. The density of the hot air inside the balloon at a temperature of 100 °C 
is 0.946 kg/m’. 


PROBLEM 
How much weight can the hot-air balloon shown in Figure 13.26 lift (counting the bal- 
loon itself)? 


SOLUTION 
The weight of the air at 20 °C that the balloon displaces is equal to the buoyant force: 


Fy = Pro V8. 
The weight of the hot air inside the balloon is 
Walloon = P100 V8- 
The weight that can be lifted is 
W =R — Waattoon = P20 V8 = Pioo V8 
= Vg (px - Po) = (2200 m? )(9.81 m/s” )(1.205 kg/m? -0.946 kg/m’) 
=5590 N. 


Note that this weight must include the balloon envelope, the basket, and the fuel, as well 
as any payload such as the pilot and passengers. 


Determination of Density 


Let’s return to Archimedes’ method of figuring out if the king’s new crown was pure gold or 
a mixture of silver and gold. Since the density of gold is 19.3 g/cm’ and the density of silver 
is only 10.5 g/cm’, Archimedes needed to measure the density of the crown to find out 
what fraction of it was gold and what fraction was silver. However, how could he measure 
the density? He needed to submerge the crown in water and determine its volume from the 
rise in the water level. Weighing the crown gave him the mass, and dividing the mass by the 
volume yielded the density, the answer the king wanted. 


EXAMPLE 13.6 | Finding the Density of an Object 


The method shown in Figure 13.27 can be use to determine the density of an object 
just by weighing, without the need to measure water levels. This method is usually more 
precise and thus is preferred. We first weigh a beaker containing water (with green food 
coloring added) whose density is assumed to be 1000 kg/m’, as shown in part (a). The 
mass of the beaker and water is determined to be my = 0.437 kg. In part (b) we submerge 
a metal ball, suspended by a string, in the water, being careful not to let the ball touch the 
bottom of the beaker. The new total mass of this arrangement is determined in part (c) as 
m, = 0.458 kg. Finally, in part (d) we let the ball rest on the bottom of the beaker, without 
pulling on the string. Now the mass is determined to be m, = 0.596 kg. 


PROBLEM 
What is the density of the metal ball? 


SOLUTION 

Figure 13.28 shows free-body diagrams for the different parts of Figure 13.27. The 
leftmost diagram shows the ball suspended from the string in static equilibrium, with 
its weight -m,gy, balanced by the string tension, T. The diagram second from the left 
in Figure 13.28 corresponds to Figure 13.27a and shows the only forces acting on the 
water-filled container, which are its weight, -m,gy, and the normal force, mog. The 
value of my was determined as the result of the first measurement. The diagram third 
from the left in Figure 13.28 corresponds to parts (b) and (c) in Figure 13.27 and 
shows the free-body diagram of the submerged ball as well as the free-body diagram 
of the container; it illustrates the effect of the buoyant force, F, on the ball and on the 
liquid-filled container. Note that the ball experiences an upward buoyant force and 
thus the container must experience a force of equal magnitude and opposite direction 
(downward), or -Ę, according to Newton's Third Law. The normal force required to 
keep the container in equilibrium in this situation is, m,gy. The rightmost free-body 
diagram in Figure 13.28 corresponds to part (d) of Figure 13.27 and shows the normal 
force as mygy. 


(a) (b) and (c) (d) 
FIGURE 13.28 Free-body diagrams for the different parts of the experiment. 


The combined mass of water and beaker, mọ, was determined in part (a) of the method 
illustrated in Figure 13.28. In part (c), we measured in addition the mass of the water 
displaced by the (as yet unknown) volume V of the metal ball. The mass of the displaced 
water is m, = PwV and the total mass measured in part (c) is 


m =M + Py Vp- (i) 


Finally, the mass measured in part (d) is the combined mass of the ball, the beaker, and the 
water. For the mass of the ball, we can again use the product of the density and the volume: 


m, =m + my, =mo+ PbVp. (ii) 
Combining equations (i) and (ii), we have 


mM -Mo _ PbVb _ Ph 
mM = Mo Pw Vo Pw 


As you can see, the volume of the ball has canceled out, and we can obtain the density of 
the ball from the known density of water and our three measurements, mo, m,, and m: 


_M,-M, _ 0.596 - 0.437 


(1000 kg/m?) = 7570 kg/m’. 


Peo hy” 0,458 —0.437 
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(d) 
FIGURE 13.27 Method for determin- 
ing the density of a metal object. 
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(a) (b) 


FIGURE 13.29 (a) Laminar flow of the Firehole River at Yellowstone; (b) transi- change with time. A gently flowing river displays lam- 
tion from laminar to turbulent flow in rising smoke; (c) turbulent flow at the inar flow (Figure 13.29a). Water in a waterfall exhibits 


Upper Falls on the Yellowstone River. 


/ Fluid element 
hy 

Wf 
Wiis 
FIGURE 13.30 Streamlines of a 


fluid in laminar flow. 


FIGURE 13.31 Blowing air through 
the gap between two soft-drink cans. 


13.5 In-Class Exercise 


Suppose we use the same setup as in Example 13.6 and a ball of the same size, but half as dense: 
P = 3785 kg/m*. The measurement of m, (ball is held by a string so that it is under water, but not 
touching the bottom of the beaker) will yield 


a) a lower value. b) the same value. c) a higher value. 
The mass measurement of m, (ball is resting at the bottom of the beaker) will yield 


a) a lower value. b) the same value. c) a higher value. 


We have been examining the behavior of fluids at rest 
but now turn to fluids in motion. The motion of real-life 
fluids is complicated and difficult to describe. Numeri- 
cal techniques and computers are often required to 
calculate the quantities related to fluid motion. In this 
section, we consider ideal fluids that can be treated more 
simply and still yield important and relevant results. To 
be considered ideal, a fluid must exhibit flow that is 
laminar, incompressible, nonviscous, and irrotational. 
Laminar flow means that the velocity of the mov- 
ing fluid relative to a fixed point in space does not 
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nonlaminar flow, or turbulent flow (Figure 13.29c). 

Rising smoke exemplifies a transition from laminar to 
turbulent flow (Figure 13.29b). The warm smoke initially displays laminar flow as it rises. 
As the smoke continues to rise, its speed increases until turbulent flow sets in. 

Incompressible flow means that the density of the liquid does not change as the liquid 
flows. A nonviscous fluid flows completely freely. Some liquids that do not flow freely are 
pancake syrup and lava. The viscosity of a fluid has an effect analogous to friction. An object 
moving in a nonviscous liquid experiences no friction-like force, but the same object mov- 
ing in a viscous liquid is subject to a drag force due to viscosity, a force similar to friction. 
A flowing viscous fluid loses kinetic energy of motion to thermal energy. We assume that 
ideal fluids do not lose energy as they flow. 

Irrotational flow means that no part of the fluid rotates about its own center of mass. 
Rotational motion of a small part of the fluid would mean that the rotating part had rota- 
tional energy, which is assumed not to occur in ideal fluids. 

Laminar flow can be described in terms of streamlines (Figure 13.30). A streamline 
represents the path that a small element of the fluid takes over time. The velocity, v, of the 
small element is always tangent to the streamline. Note that streamlines never cross; if they 
did, the velocity of flow at the crossing point would have two values. 


Bernoulli’s Equation 


What provides the lift that allows an airplane to fly through the air? To understand this 
phenomenon, you can do a simple demonstration with two empty soft-drink cans and five 
drinking straws. Place each empty can on two straws, with a gap of approximately 1 cm 
between them, as shown in Figure 13.31. In this arrangement, the cans are able to make 
lateral movements relatively easily. Now, using the fifth straw, blow air through the gap 
between the cans. What happens? (This question will be answered later in the section.) 

To begin our studies of fluid motion, let us first introduce the equation of continuity. 
Consider an ideal fluid flowing with speed v in a container or pipe with cross-sectional area 
A (Figure 13.32). Then AV is the volume of fluid that flows through the pipe during time 
At and is given by 

AV = AAx = AvAt. 


We can write the volume of fluid passing a given point in the pipe per unit time as 


Now consider an ideal fluid flowing in a pipe that has a cross-sectional area that changes 
(Figure 13.33). The fluid is initially flowing with speed v, through a part of the pipe with 
cross-sectional area A,. Downstream, the fluid flows with speed v, in a part of the pipe with 
cross-sectional area A,. The volume of ideal fluid that enters this section of the pipe per unit 
time must equal the volume of ideal fluid exiting the pipe per unit time because the fluid 
is incompressible and the pipe has no leaks. We can express the volume flowing in the first 
part of the pipe per unit time as 

AV 


— =A 
At 11 


and the volume flowing in the second part of the pipe per unit time as 


— = Avy. 
a l2 
The volume of fluid passing any point in the pipe per unit time must be the same in all parts 
of the pipe, or else fluid would somehow be created or destroyed. Thus, we have 


AV, = Av. (13.18) 


This equation is called the equation of continuity. 
We can express equation 13.18 as a constant volume flow rate, Ry: 


Ry = Av. 


Assuming an ideal fluid whose density does not change, we can also express a constant mass 
flow rate, Rp: 
Rm = pAv. 


The SI unit for mass flow rate is kilograms per second (kg/s). 

Let’s now consider what happens to the pressure in an ideal fluid flowing through a pipe 
at a steady rate (Figure 13.34). We start by applying conservation of energy to the ideal fluid 
flowing between the lower part and the upper part of the pipe. In the lower left part of the 
pipe, the flowing fluid of constant density, p, is characterized by pressure p,, speed v,, and 
elevation y,. The same fluid flows through the transition region and into the upper right part 
of the pipe. Here the fluid is characterized by pressure p,, speed v,, and elevation y,. We will 
show that the relationship between the pressures and velocities in this situation is given by 


Pitpgnttov = pa + pgy,+4tpr. (13.19) 
Another way of stating this relationship is 
p+pgy ++ pv’ =constant. (13.20) 


This equation is Bernoullis Equation. If there is no flow, v = 0 and equa- 


; ; ; ; y 
tion 13.20 is equivalent to equation 13.8. A 
One major consequence of Bernoulli’s Equation becomes evident if 
y = 0, which means that, at constant elevation, r 
2 
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13.6 In-Class Exercise —~ 


Another demonstration is done by 
holding two sheets of paper parallel 
to each other at a separation of 
approximately an inch and blowing 
air between them. What do you 
expect the motion of the sheets of 
paper will be? 


a) They will move away from each 
other. 


b) The will remain at approximately 
the same separation. 


c) They will move toward each 
other. 


> 


x x + Ax 


FIGURE 13.32 Ideal fluid flowing 
through a pipe with a constant cross- 
sectional area. 


x 


FIGURE 13.33 Ideal fluid flowing 
through a pipe with a changing cross- 
sectional area. 


p+ 1p? = constant. (13.21) 


From equation 13.21, we can see that if the velocity of a moving fluid is 
increased, the pressure must decrease. The decrease of the pressure trans- 
verse to the fluid flow has many practical applications, including the mea- Pp 
surement of the flow rate of a fluid and the creation of a partial vacuum. 


Vaig 
Derivation 13.1 develops Bernoullis Equation mathematically. The ! 


only two conditions that enter into this derivation are the law of conser- “1 
vation of energy and the equation of continuity, which simply restates the 
basic fact that the number of atoms in the ideal fluid is conserved. 


X2 


FIGURE 13.34 Ideal fluid flowing through a pipe with 
changing cross-sectional area and elevation. 


>x 
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DERIVATION 13.1 | Bernoulli’s Equation 


The net work done on the system, W, is equal to the change in kinetic energy, AK, of the 
fluid flowing between the initial and final cross sections of the pipe in Figure 13.34: 


W=AK. (i) 

The change in kinetic energy is given by 
AK= + Amv; - + Amy , (ii) 
where Am is the amount of mass entering the lower part of the pipe and exiting the upper 


part of the pipe in time At. The flow of mass per unit time is the density of the fluid times 
the change in volume per unit time: 


am 
At” At’ 
Thus, we can rewrite equation (ii) as 
AK = LpAVv (v3 - v). 
The work done by gravity on the flowing fluid is given by 
W, =- Amg( y- 71) (iii) 


where the negative sign arises because negative work is being done by gravity on the fluid 
when y, > y,. We can also rewrite equation (iii) in terms of the volume flow AV and the 
density of the fluid: 


W, =- pAVg( y3 - 71). 
The work done by a force, F, acting over a distance, Ax, is given by W = FAx, which in this 
case we can express as 
W =FAx=(pA)Ax=pAV, 
because the force arises from the pressure in the fluid. We can then express the work done 


on the fluid by the pressure forcing the fluid to flow into the pipe as p, AV and the work 
done on the exiting fluid as -p,AV, giving the work done as a result of pressure, 


W, =(P - pa )AV. 


PAV is positive because it arises from fluid to the left of flow exerting force on fluid enter- 
ing the pipe. p,AV is negative because it arises from fluid to the right of flow exerting a 
force on fluid exiting the pipe. Using equation (i) and W = W, + W,, we get 


(p-p )AV-pAVg( y,- y)=tpAv v} 2), 
which we can simplify to 
Pi + pan +4 pry = P, + psy, ++pv3. 


This is Bernoulli’s Equation. 


Applications of Bernoulli’s Equation 


Now that we have derived Bernoullis Equation, we can return to the demonstration of 
Figure 13.31. If you performed this demonstration, you found that the two soft-drink cans 
move closer to each other. This is the opposite of what most people expect, which is that 
blowing air in the gap will force the cans apart. Bernoullis Equation explains this surpris- 
ing result. Since p + +pv° = constant, the large speed with which the air is moving between 
the cans causes the pressure to decrease. Thus, the air pressure between the cans is smaller 


than the air pressure on other parts of the cans, causing the cans to be pushed toward each 
other. This is the Bernoulli effect. Another way to show the same effect is to hold two sheets 
of paper parallel to each other about an inch apart and then blow air between them: The 
sheets are pushed together. 

Truck drivers know about this effect. When two 18-wheelers with the typical rectan- 
gular box trailers drive in lanes next to each other at high speed, the drivers have to pay 
attention not to come too close to each other, because the Bernoulli effect can then push the 
trailers toward each other. 

Race car designers also make use of the Bernoulli effect. The biggest limitation on the 
acceleration of a race car is the maximum friction force between the tires and the road. 
This friction force, in turn, is proportional to the normal force. The normal force can be 
increased by increasing the car’s mass, but this defeats the purpose, because a larger mass 
means a smaller acceleration, according to Newton’s Second Law. A much more efficient 
way to increase the normal force is to develop a large pressure difference between the upper 
and lower surfaces of the car. According to Bernoullis Equation, this can be accomplished 
by causing the air to move faster across the bottom of the car than across the top. (Another 
way to accomplish this would be to use a wing to deflect the air up and thus create a down- 
ward force. However, wings have been ruled out in Formula 1 racing.) 

Let’s reconsider the question of what causes an airplane to fly. Figure 13.35 
shows the forces acting on an airplane flying with constant velocity and at con- 
stant altitude. The thrust, F, is generated by the jet engines taking in air from the 
front and expeling it out the back. This force is directed toward the front of the 
plane. The drag force, F, due to air resistance (discussed in Chapter 4) is directed 
toward the rear of the plane. At constant velocity, these two forces cancel: F = F. 
The forces acting in the vertical direction are the weight, E and the lift, F which 
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is provided almost exclusively by the wings. If the plane flies at constant altitude, FIGURE 13.35 Forces acting on an airplane in 


these two forces cancel as well: Rk. Since a fully loaded and fueled Boeing flight. 
747 typically has a mass of 350 metric tons, its weight is 3.4 MN. Thus, the lift 

provided by the wings to keep the airplane flying must be very large. By comparison, the 
maximum thrust produced by all four engines on a 747 is 0.9 MN. 

The most commonly held notion of what generates the lift that allows a plane to stay 
airborne is shown in Figure 13.36a: The wing moves through the air and forces the air 
streamlines that move above it onto a longer path. Thus, the air above the wing needs to 
move at a higher speed in order to reconnect with the air that moves below the wing. Ber- 
noulli’s Equation then implies that the pressure on the top side of the wing is lower than 
that on the bottom side. Since the combined surface area of the two wings of a Boeing 747 is 
511. m’, a pressure difference of Ap = F/A = (3.4 MN)/(511. m°) = 6.6 kPa (0.66% of the 
atmospheric pressure at sea level) between the bottom and top of the wings would be 
required for this notion to work out quantitatively. 

An alternative physical interpretation is shown in Figure 13.36b. In this view, air mol- 
ecules are deflected downward by the lower side of the wing, and according to Newton's 
Third Law, the wing then experiences an upward force that provides the lift. In order for this 
idea to work, the bottom of the wing has to have some nonzero angle (the angle of attack) 
relative to the horizontal. (To attain this position, the nose of the aircraft points slightly 
upward, so the engine thrust also contributes to the lift. Alternatively, the angle of attack can 
also be realized by changing the angle of the flaps on the wings.) 

Both of these simple ideas contain elements of the truth, and the effects contribute to the 
lift to different degrees, depending on the type of aircraft and the flight phase. The Newtonian 
effect is more important during takeoff and landing, and during all flight phases for fighter 
planes (which have a smaller wing area). However, in general, air does not act as an ideal incom- 
pressible fluid as it streams around an airplane's wing. It is compressed at the front edge of the 
wing and decompressed at its back edge. This compression-decompression effect is stronger on 
the top surface than on the bottom surface, creating a higher net pressure on the bottom of the 
wing and providing the lift. The design of aircraft wings is still under intense study, and ongoing 
research seeks to develop new wing designs that can yield higher fuel efficiency and stability. 

We can apply similar considerations to the flight of a curveball in baseball. Curve- 
balls have a sideward spin, and if a left-handed pitcher gives a strong clockwise rotation (as 


(b) 
FIGURE 13.36 Two extreme views 
of the process that creates lift on the 


wing of an airplane: (a) the Bernoulli 
effect; (b) Newton’s Third Law. 
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FIGURE 13.37 Top view of clock- 
wise spinning baseball moving from the 
bottom of the page to the top of the 
page: (a) interpretation using Newton's 
Third Law; (b) explanation involving a 
boundary layer. 


FIGURE 13.38 Spray bottle for 
dispensing liquids in the form of a fine 
mist. 


seen from above), the ball will deviate to the right relative to a straight line (as seen by the 
pitcher). In Figure 13.37, the relative velocity between the air and a point on the left surface 
of the ball is larger than the relative velocity between the air and a point on the right surface. 
Application of Bernoullis Equation might cause us to expect the pressure to be lower on the 
left side of the ball than on the right, thus causing the ball to move left. 

The interpretation using Newton's Third Law (Figure 13.37a) comes closer to explain- 
ing correctly why a clockwise spinning baseball experiences a clockwise deflection. The figure 
shows a top view of a clockwise spinning baseball, moving from the bottom of the page to the 
top, with the air molecules that the ball encounters represented by red arrows. As the air mol- 
ecules collide with the surface of the ball, those on the side where the surface is rotating toward 
them (left side in Figure 13.37a) receive a stronger sideways hit, or impulse, than those on the 
other side. By Newton's Third Law, the net recoil force on the baseball thus deflects the baseball 
in the same direction as its rotation. While the Newtonian explanation gets the direction of the 
effect right, it is not quite the correct explanation, because the oncoming air molecules do not 
reach the surface of the baseball undisturbed, as is required for this model to work. 

Just like the lift of an airplane, the phenomenon of a curveball has a more complex 
explanation. A rotating sphere moving through air drags a boundary layer of air along with 
its surface. The air molecules that encounter this boundary layer get dragged along to some 
extent. This causes the air molecules on the right side of the ball in Figure 13.37b to be 
accelerated and those on the left side to be slowed down. The differentially higher speed of 
air on the right side implies a lower pressure due to the Bernoulli effect and thus causes a 
deflection to the right. This is known as the Magnus effect. 

In tennis, topspin causes the ball to dip faster than a ball hit without spin; backspin 
causes the ball to sail longer. Both kinds of effect occur for the same reason as we just noted 
for the curveball in baseball. Golfers also use backspin to make their drives carry longer. A 
well driven golf ball will have backspin of approximately 4000 rpm. Sidespin in golf causes 
draws or hooks and fades or slices, depending on the severity and direction of the spin. 
Incidentally, the dimples on a golf ball are essential for its flight characteristics; they cause 
turbulence around the golf ball and thus reduce the air resistance. Even the best profession- 
als would not be able to hit a golf ball without dimples more than 200 m. 


EXAMPLE 13.7 | Spray Bottle 


PROBLEM 

If you squeeze the handle of a spray bottle (Figure 13.38), you cause air to flow horizontally 
across the opening of a tube that extends down into the liquid almost to the bottom of the 
bottle. If the air is moving at 50.0 m/s, what is the pressure difference between the top of 
the tube and the atmosphere? Assume that the density of air is p = 1.20 kg/m’. 


SOLUTION 
Before you squeeze the handle, the airflow speed is vj = 0. Using Bernoulli’s Equation for 
a negligible height difference (equation 13.21), we find 


2 2 
p+ Zev = po +4 pv. 

Solving this equation for the pressure difference, p - po, under the condition that vp = 0, 

we arrive at 


[1.20 kg/m’ )(50.0 m/s) 
2 


P- Py =-i pv’ =- = -1500 Pa. 
Therefore, we see that the pressure is lowered by 1.50 kPa, causing the liquid to be pushed 
upward and broken up into small droplets in the air stream, to form a mist. 

The same principle is used in old-fashioned carburetors, which mix the fuel with air 
in older cars. (In newer cars, the carburetor has been replaced by fuel injectors.) 


SOLVED PROBLEM 13.2 (Venturi Tube 
_—E——EEE 


PROBLEM 

On some light aircraft, a device called a Venturi tube is used to create a pressure difference 
that can be used to drive gyroscope-based instruments for navigation. The Venturi tube is 
mounted on the outside of the fuselage in an area of free airflow. Suppose a Venturi tube has 
a circular opening with a diameter of 10.0 cm, narrowing down to a circular opening with a 
diameter of 2.50 cm, and then opening back up to the original diameter of 10.0 cm. What is 
the pressure difference between the 10-cm opening and the narrowest region of the Venturi 
tube, assuming that the aircraft is flying at a constant speed of 38.0 m/s at a low altitude 
where the density of air can be assumed that at sea level (p = 1.30 kg/m? ) at 5 °C? 


SOLUTION 


THINK 

The equation of continuity (equation 13.18) tells us that the product of the area and the 
velocity of the flow through the Venturi tube is constant. We can then relate the area of the 
opening, the area of the narrowest region, the velocity of the air entering the Venturi tube, 
and the velocity of the air in the narrowest region of the tube. Using Bernoulli's Equation, we 
can then relate the pressure at the opening to the pressure in the narrowest region. 


SKETCH 
A Venturi tube is sketched in Figure 13.39. 


RESEARCH 
The equation of continuity is 
Av = 4v. 


Bernoullis Equation tells us that 
Atte =h taa 


SIMPLIFY 
The pressure difference between the opening of the Venturi tube and the narrowest area is 
found by rearranging the Bernoulli Equation: 


2 2 2 2 
P -P =Ap=30 -4p =4p(v3-v2). 


Solving the equation of continuity for v, and substituting that result into the rearranged 
Bernoulli Equation gives us the pressure difference, Ap: 


ee: A 
Ap=1p(⁄3-v?]=}p “zl 


A 2 1 2 
y| -vl=1py 
Ay l 1 {=> PM 
Since both areas are circular, we have A, = mr; and A, = 715, and thus (A,/A,)” = (arj/a15)" = 
(r,/r,)*, which leads to 


4 
> 

Ap=1pv | -1). 
2 


CALCULATE 


Putting in the numerical values gives us 
Ap=1(1.30 kg/m’ |(38.0 m/s} [eea 


4 
-1|=239343.0 Pa, 
2.5/2 cm | 


where we have used p = 1.30 kg/m’ as the density of air. 
ROUND 
We report our result to three significant figures: 

Ap = 239. kPa. 


Continued— 
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FIGURE 13.39 A Venturi tube with air flowing through it. 
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DOUBLE-CHECK 

The pressure difference between the interior of the airplane and the narrowest part of the 
Venturi tube is 239 kPa, or more than twice normal atmospheric pressure. Connecting a hose 
between the narrowest part of the tube and the interior of the plane thus allows for a steady 
stream of air through the tube, which can be used to drive a rapidly rotating gyroscope. 


| 


Draining a Tank 


Let’s analyze another simple experiment. A large container with a small hole at the bot- 
tom is filled with water and measurements are made of how long it takes to drain. Figure 
13.40 illustrates this experiment. We can analyze this process quantitatively and arrive at a 
description of the height of the fluid column as a function of time. Since the bottle is open 
at the top, the atmospheric pressure is the same at the upper surface of the fluid column as 
it is at the small hole. We thus obtain from Bernoulli’s Equation (equation 13.19) 


psy ++ pv =pgy, ++ pv}. 
Canceling out the density and reordering the terms, we obtain 
v2 -i = 2g(y ~ Y2)=2gh, 


where h = y; - y2 is the height of the fluid column. We obtained this same result in Chapter 2 
for a particle in free fall! Thus, the streaming of an ideal fluid under the influence of gravity 
proceeds in the same way as free fall of a point particle. 

The equation of continuity (equation 13.18) relates the two speeds, v, and v», to each 
other via the ratio of their corresponding cross-sectional areas: A,v, = A,v>. Thus, we find 
the speed with which the fluid flows from the container as a function of the height of the 
fluid column above the hole: 


A2 
y =n 2 0g = = le = 
1 Aj 
2_ 2gh 2Aig 
2 2 2 2 
j4 AA 
2 
Ai 


If A, is small compared to Aj, this result simplifies to 


v, =4]2gh. (13.22) 


The speed with which the fluid streams from the container is sometimes called the speed of 
efflux, and equation 13.22 is often called Torricelli’s Theorem. 

How does the height of the fluid column change as a function of time? To answer this, 
we note that the speed v, is the negative of the time derivative of the height of the fluid col- 
umn, h: v, = -dh/dt, since the height decreases with time. From the equation of continuity, 
we then find 


dh 
Av sel =A,,/2gh=> 


Z =--2 J2gh. (13.23) 


FIGURE 13.40 Draining a bottle of water through a small hole at the base. 


Because equation 13.23 relates the height to its derivative, it is a differential equation. Its 
solution is 


h(t) =h -42 ae Patt + Ei (13.24) 


Aap 
2 
2 Ar 


where hy is the initial height of the fluid colomn. You can convince yourself that equation 
13.24 is really the solution by taking its derivative and inserting it into equation 13.23. The 
derivative is 


dh A, AS 
on eh, +e At. 
dt, 8o oe 


The point in time at which this derivative reaches zero is the time at which the draining 
process has finished: 


=0>f = . (13.25) 


If you substitute this expression for t into equation 13.24, you see that t; is also the time at 
which the height of the fluid column reaches zero, which is as expected. Because, according 
to equation 13.23, the time derivative of the height is proportional to the square root of the 
height, the height has to be zero when the derivative is zero. 

Equation 13.25 also tells us that the time it takes to drain a cylindrical container is 
proportional to the cross-sectional area of the container and inversely proportional to the 
area of the hole the liquid is draining through. However, the time is also proportional to the 
square root of the initial height of the fluid. Thus, if two containers hold the same volume 
of liquid and drain through holes of the same size, the container that is taller and with a 
smaller cross-sectional area will drain faster. 

Finally, keep in mind that equation 13.25 holds only for an ideal fluid in a container 
with constant cross-sectional area as a function of height and when the cross-sectional area 
of the hole is small compared to that of the container. 


EXAMPLE 13.8 | Draining a Bottle 


Figure 13.40 shows a large cylindrical bottle of cross-sectional area A, = 0.100 m°. The 
liquid (water with red food coloring) drained through a small hole of radius 7.40 mm, 
or of area A, = 1.72- 10 m°. The frames in the figure represent times at 15-s intervals. 
The initial height of the fluid column above the hole was hy = 0.300 m. 


PROBLEM 
How long did it take to drain this bottle? 


SOLUTION 
We can simply use equation 13.25 and insert the given values: 


=A 2h _ 0.100 m? [20.300 m) igg 
A,V 8 172-104 m? \ 9.81 m/s” 


While the solution to this problem is straightforward, it is instructive to plot the height as 
a function of time, using equation 13.24, and compare the plot to the experimental data. 
In Figure 13.40, the level of the hole is marked with a dashed horizontal line, and the 
height of the fluid column in each frame is marked with a green dot. Figure 13.41 shows 
the comparison between the calculated solution (the red line) and the data obtained from 
the experiment. You can see that the agreement is well within the measurement uncer- 
tainty, represented by the size of the green dots. 
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0 15 30 45 60 75 90 105 
t (s) 
FIGURE 13.41 Height of fluid col- 
umn as a function of time: Green dots 
are observed data points; the red line is 
the calculated solution. 


13.7 In-Class Exercise 


If the bottle and initial fluid level 
remain the same as in Example 13.8 
but the diameter of the hole is 
halved, the time required to drain 
all the fluid will be approximately 


a) 36 s. d) 288 s. 
b) 72s. e) 578 s. 
c) 144s. 
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13.7 | Viscosity 


If you have ever drifted in a boat on a gentle river, you may have noticed that your boat 


_ moved faster in the middle of the river than very close to the banks. Why would this hap- 
< pen? If the water in the river were an ideal fluid in laminar motion, it should make no dif- 
m ference how far away from shore you are. However, water is not quite an ideal fluid. Instead, 
— it has some degree of “stickiness; called viscosity. For water, the viscosity is quite low; for 
A heavy motor oil, it is significantly higher, and it is even higher yet for substances like honey, 
which flow very slowly. Viscosity causes the fluid streamlines at the surface of a river to par- 
(a) tially stick to the boundary and neighboring streamlines to partially stick to one another. 
The velocity profile for the streamlines in viscous flow in a tube is sketched in Figure 
13.42b. The profile is parabolic, with the velocity approaching zero at the walls and reaching 
a > its maximum value in the center. This flow is still laminar, with the streamlines all flowing 
== parallel to one another. 
— How is the viscosity of a fluid measured? The standard procedure is to use two paral- 
—o lel plates of area A and fill the gap of width h between them with the fluid. Then one of the 
—>> plates is dragged across the other and the force F that is required to do so is measured. The 
> resulting velocity profile of the fluid flow is linear (Figure 13.43). The viscosity, n, is defined 
(b) as the ratio of the force per unit area divided by the velocity difference between the top and 
FIGURE 13.42 Velocity profiles in bottom plates over the distance between the plates: 
a cylindrical tube: (a) nonviscous ideal _FIA Fh 13.26 
fluid flow; (b) viscous flow. tea ee (13.26) 


The unit of viscosity represents pressure (force per unit area) multiplied by time, or 
> F pascal seconds (Pa s). This unit is also called a poiseuille (PI). (Care must be taken to 
E > avoid confusing this SI unit with the cgi unit poise (P), because 1 P = 0.1 Pa s.) 

It is important to realize that the viscosity of any fluid depends strongly 
on temperature. You can see an example of this temperature dependence in the 
kitchen. If you store olive oil in the refrigerator and then pour it from the bottle, 

j you can see how slowly it flows. Heat the same olive oil in a pan, and it flows 
almost as readily as water. Temperature dependence is of great concern for motor 
oils, and the goal is to have a small temperature dependence. Table 13.5 lists some 
typical viscosity values for different fluids. All values are those at room tempera- 
ture (20 °C = 68 °F) except that of blood, whose value is given for the physiologically rel- 
evant temperature of human body temperature (37 °C = 98.6 °F). Incidentally, the viscosity 
of blood increases by about 20% during a humans lifetime, and the average value for men is 
slightly higher than that for women (4.7 - 107° Pa s vs. 4.3 - 10° Pas). 

The viscosity of a fluid is important in determining how much fluid can flow through 
a pipe of given radius r and length ¢. Gotthilf Heinrich Ludwig Hagen (in 1839) and Jean 
Louis Marie Poiseuille (in 1840) found independently that R,, the volume of fluid that can 
flow per unit time, is 


A= 
| z 
h y 
FIGURE 13.43 Measuring the viscosity of a 
liquid with two parallel plates. 


7 


4 
R -T Ap 


, 13.27 
rer, ( ) 


IESG EET Some Typical Values of Viscosity at Room Temperature 


Material Viscosity (Pa s) 
Air 1.8-10° 
Alcohol (ethanol) Li io” 

Blood (at body temperature) 4-10° 

Honey 10 

Mercury STO 

Motor oil (SAE10 to SAE40) 0.06 to 0.7 
Olive oil 0.08 


Water 1.0-10° 
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Here Ap is the pressure difference between the two ends of the pipe. As expected, the flow is 
inversely proportional to the viscosity and the length of the pipe. Most significantly, though, 
it is proportional to the fourth power of the radius of the pipe. If we consider a blood vessel 
as a pipe, this relationship helps us understand the problem associated with clogging of the 
arteries. If cholesterol-induced deposits reduce the diameter of a blood vessel by 50%, then 
the blood flow through the vessel is reduced to 1/2* = 1/16 or 6.25% of the original rate—a 
reduction of 93.75%. 


EXAMPLE 13.9 | Hypodermic Needle 


For many people, the scariest part of a visit to the doctor is an injection. Learning about 


the fluid mechanics of the hypodermic needle (Figure 13.44) won't change that, but is liga: 


interesting nonetheless. hu 


Pee 


PROBLEM 1 g 
If 2.0 cm? of water is to be pushed out of a 1.0-cm-diameter syringe through a 3.5-cm- FIGURE 13.44 A hypodermic needle 
long 15 gauge needle (interior needle diameter = 1.37 mm) in 0.4 s, what force must be illustrates fluid flow with viscosity. 
applied to the plunger of the syringe? 


SOLUTION 1 

The Hagen-Poiseuille Law (equation 13.27) relates fluid flow to the pressure difference 
causing the flow. We can solve that equation for the pressure difference, Ap, between the 
tip of the needle and the end that is connected to the syringe: 

_ 8yfR, 


4 
Tr 


Ap 
The viscosity of water can be obtained from Table 13.5: ņ = 1.0- 10° Pa s. The flow rate, 
R, is just the ratio of volume to time: 


_ AV _ 2.0-10° m? 
“ At 0.4 s 


R =5.0-10° m’s. 
The geometric dimensions of the syringe are specified in the problem statement, so 
we obtain 
8(1.0-10 Pa s)(0.035 m)(5.0-10% m%s) 
Ap= = 2020 Pa. 


4 
iz 05(137-10° m} 


Because pressure is force per unit area, we can obtain the required force by multiplying 
the pressure difference we just calculated by the appropriate area. What is this area? The 
required force is provided by pushing on the plunger, so we use the area of the plunger: 


A=TR = 7|0.5(0.01 m) =7.8-10° m?. 


Thus, the force required to push out 2.0 cm? of water in 0.4 s is only 
F = AAp =(7.8-10° m?)(2020 Pa)=0.16 N. 


PROBLEM 2 
What is the speed with which the water emerges from the needle of the syringe? 


SOLUTION 2 

We saw in Section 13.6 that the speed of fluid flow is related to the volume rate of flow by 
R, = Ay where A is the cross-sectional area—in this case, the area of the needle tip whose 
the diameter is 1.37 mm. Solving this equation for the speed, we find 


_R 5.0-10°° m’/s 


Y= 


E 3.4 m/s. 
zlo.s(1.37-10° m} 


Continued— 
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DISCUSSION 

If you have ever pushed the plunger of a syringe, you know it takes more force than 0.16 N. 
(A force of 0.16 N is equivalent to the weight of a cheap ballpoint pen.) What gives rise 
to the higher force requirement? Remember that the plunger has to provide a tight seal 
with the wall of the syringe. Thus, the main effort in pushing the plunger results from 
overcoming the friction force between the syringe wall and the plunger. It would be an 
altogether different story, though, if the syringe were filled with honey. Note also that the 
15 gauge needle used in this example is larger than the needle typically use, to make an 
injection, which is a 24 or 25 gauge needle. 


13.8 Turbulence and Research Frontiers in Fluid Flow 


FIGURE 13.45 Extreme turbulent flow—a 
tornado is a vortex. 


In laminar flow, the streamlines of a fluid follow smooth paths. In contrast, for a 
fluid in turbulent flow, vortices form, detach, and propagate (Figure 13.45). We have 
already seen that ideal laminar flow or viscous laminar flow transitions into turbulent 
flow when the velocity of flow exceeds a certain value. This transition is clearly illus- 
trated in Figure 13.29b, which shows how rising cigarette smoke undergoes a transi- 
tion from laminar to turbulent flow. What is the criterion that determines whether 
flow is laminar or turbulent? 

The answer lies in the Reynolds number, Re, which is the ratio of the typical 
inertial force to the viscous force and thus is a pure dimensionless number. The iner- 
tial force has to be proportional to the density, p, and the typical velocity of the fluid, 
v, because F = dp/dt, according to Newton’s Second Law. The viscous force is propor- 
tional to the viscosity, n, and inversely proportional to the characteristic length scale, 
L, over which the flow varies. For flow through a pipe with a circular cross section, 
this length scale is the diameter of the pipe, L = 2r. Thus, the formula for calculating 
the Reynolds number is 
_ ØL 

n 


Re (13.28) 


As a rule of thumb, a Reynolds number less than 2000 means laminar flow, and 
one higher than 4000 means turbulent flow. For Reynolds numbers between 2000 
and 4000, the character of the flow depends on many fine details of the exact 
configuration. Engineers try hard to avoid this interval because of this essential 
unpredictability. 

The true power of the Reynolds number lies in the fact that fluid flows in sys- 


tems with the same geometry and the same Reynolds number behave similarly. This 
allows engineers to reduce typical length scales or velocity scales, build scale models of 
boats or airplanes, and test their performance in water tanks or wind tunnels of relatively 
modest scale (Figure 13.46). 


Rather than scale models, modern research on fluid flow and turbulence relies on 


computer models (Figure 13.1). Hydrodynamic modeling is employed for studying appli- 
cations of an incredible variety of physical systems, such as the performance and aero- 


FIGURE 13.46 (a) Wind-tunnel 
testing of a scale model of a wing. 
(b) Scale model of fighter jet with 
interchangeable parts for wind-tunnel 
testing. 


dynamics of cars, airplanes, rockets, and boats. However, hydrodynamic 
modeling is also utilized in studying the collisions of atomic nuclei at the 
highest energies attainable in modern accelerators and in the modeling 
of supernova explosions (Figure 13.47). In 2005, an experimental group 
working at the Relativistic Heavy Ion Collider in Brookhaven, New York, 
discovered that gold nuclei show the characteristics of a perfect nonviscous 
fluid when they smash into each other at the highest attainable energies. 
(One of the authors (Westfall) had the privilege to announce this discov- 
ery at the 2006 annual meeting of the American Physical Society.) Excit- 
ing research results on fluid motion will continue to emerge over the next 
decades, as this is one of the most interesting interdisciplinary areas in the 
physical sciences. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= One mole of a material has N, = 6.022 - 10” atoms or a 
molecules. The mass of 1 mol of a material in grams is 
given by the sum of the atomic mass numbers of the 
atoms that make up the material. 


= Fora solid, stress = modulus: strain, where stress is force 
per unit area and strain is a unit deformation. There are 
three types of stress and strain, each with its own modulus: ® 
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FIGURE 13.47 Hydrodynamic modeling of the col- 

lapse of a supernova core. The arrows indicate the flow 
directions of the fluid elements, and the color indicates 
the temperature. 


The buoyant force on an object immersed in a fluid is 
equal to the weight of the fluid displaced: Fẹ = mgg. 


m An ideal fluid is assumed to exhibit laminar flow, incom- 
pressible flow, nonviscous flow, and irrotational flow. 


= The flow of an ideal gas follows streamlines. 


The equation of continuity for a flowing ideal fluid 


relates the velocity and area of the fluid flowing through 


e Tension or linear compression leads to a positive or 


L 
negative change in length: Te Me where Y is 


a container or pipe: A,v, = Aj. 


= Bernoullis Equation relates the pressure, height, and 


Youngs modulus. 


e Volume compression leads to a change in volume: 


p=B = , Where B is the bulk modulus. 


Shear leads to bending: Z- G as, where G is the shear 


modulus. 


F 
Pressure is defined as force per unit area: p = re 


The absolute pressure, p, at a depth, h, in a liquid with 
density, p, and pressure, po, on the surface of the liquid is 
P = Po + pgh. 

Gauge pressure is the difference in pressure between the gas 
in a container and the pressure of the Earth's atmosphere. 


Pascal's Principle states that when a change in pressure 
occurs at any point in a confined incompressible fluid, 


an equal change in pressure occurs at every point in the 
fluid. 


velocity of an ideal fluid flowing through a container or 
pipe: p + pgy + tpv’ = constant. 


For viscous fluids, the viscosity, n, is the ratio of the 
force per unit area to the velocity difference per unit 
FIA Fh 


Av/h AAv’ 


For viscous fluids, the volume flow rate through a 
cylindrical pipe of radius r and length £ is given by: 


4 
adi Ap , where Ap is the pressure difference 


length: n= 


y 
between the two ends of the pipe. 
The Reynolds number determines the ratio of inertial 
vL 
force to viscous force and is defined as Re = ade where 


v is the average fluid velocity and L is the aE 
length scale over which the flow changes. A Reynolds 
number less than 2000 means laminar flow, and one 
greater than 4000 means turbulent flow. 
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KEY TERMS 


atoms, p. 418 

Avogadros number, 
p. 419 

gas, p. 420 

fluid, p. 420 

liquid, p. 420 

solid, p. 420 

elastic limit, p. 421 

stress, p. 421 

strain, p. 421 


stretching/tension, p. 421 
compression, p. 421 
shear, p. 421 
modulus of elasticity, 

p. 421 
Young’s modulus, p. 422 
bulk modulus, p. 422 
shear modulus, p. 422 
pressure, p. 425 
pascal, p. 425 


absolute pressure, p. 426 
gauge pressure, p. 426 
barometer, p. 426 
manometer, p. 427 
barometric pressure 
formula, p. 427 
Pascal’s Principle, p. 428 
buoyant force, p. 430 
laminar flow, p. 434 
turbulent flow, p. 434 


incompressible flow, p. 434 
nonviscous fluid, p. 434 
irrotational flow, p. 434 
equation of continuity, 

p. 435 
Bernoulli's Equation, 

p. 435 
speed of efflux, p. 440 
viscosity, p. 442 
Reynolds number, p. 444 


NEW SYMBOLS AND EQUATIONS 


N, = 6.022. 10” atoms, Avogadros number 
Stress = modulus - strain, stress-strain relationship 
P = Po + pgh, absolute pressure 
Fp = mg, buoyant force 


Av, = Av, continuity equation 


p + pgy + +pv’ = constant, Bernoulli’s Equation 


F/A Fh ; s 
N= =——, viscosity 
Av/h AAv 
4 
v= irap , volume flow rate 
8nl 
pvL 


Re =——, Reynolds number 
n 


ANSWERS TO SELF-TEST OPPORTUNITIES 


13.1 The volume of the water in the bottle is 500 cm’. 
The density of water is 1 g/cm°. Thus, the bottle 
contains 500 g of water. The mass of 1 mol of water 
is 18.02 g, so n = (500 g)/(18.02 g/mol) = 27.7 mol. 
Thus, N = n- N, = 27.7(6.02 - 10” mol`’) = 1.67- 10” 
molecules. 


PROBLEM-SOLVING PRACTICE 


| Problem-Solving Guidelines: Solids and Fluids 

1. The three types of stress all have the same relationship with 
strain: The ratio of stress to strain equals a constant for the 
material, which can be Youngs modulus, the bulk modulus, 
or the shear modulus. Be sure you understand what kind of 
stress is acting in a particular situation. 

2. Remember that the buoyant force is exerted by a fluid on 
an object floating or submerged in it. The net force depends 
on the density of the object as well as the density of the fluid; 


13.2 py =—-8— =0.089 g/L =0.089 kg/m’ 


24L 


Pre = E = 0.18 g/L = 0.18 kos? 


~ 22.4 L 


13.3 W =F, - Waaoon = Pro VE - Pte VE 


= Vg ( Pi — Proo ) = (2200 m*)(9.81 m/s? J(1.205 kg/m? — 0.164 kg, 
= 22,500 N, or 5050 Iby. 


you will often need to calculate mass and volume separately 
and take their ratio to obtain a value for the density. 


3. Bernoullis Equation is derived from the conservation of 
energy, and the main problem-solving guidelines for energy 
problems apply to flow problems as well. In particular, be sure 
to clearly identify where point 1 and point 2 are located for 
applying Bernoullis Equation and to list known values for 
pressure, height, and velocity of the fluid at each point. 


SOLVED PROBLEM 13.3 | Finding the Density of an Unknown Liquid | 


PROBLEM 


A solid aluminum sphere (density = 2700. kg/m’) is suspended in air from a scale (Figure 
13.48a). The scale reads 13.06 N. The sphere is then submerged in a liquid with unknown 
density (Figure 13.48b). The scale then reads 8.706 N. What is the density of the liquid? 


SOLUTION 


THINK 

From Newton's Third Law, the buoyant force exerted by the unknown liquid on the alu- 
minum sphere is the difference between the scale reading when the sphere is suspended 
in air and the scale reading when the sphere is submerged in the liquid. 


SKETCH 


Free-body diagrams of the sphere in each situation are shown in Figure 13.49. 
RESEARCH 
The buoyant force, Fẹ, exerted by the unknown liquid is 

Fg =mg, (i) 
where the mass of the displaced liquid, m, can be expressed in terms of the volume of the 
sphere, V, and the density of the liquid, py: 

m= pV. (ii) 
We can obtain the buoyant force exerted by the unknown liquid by subtracting the mea- 


sured weight of the sphere when it is submerged in the unknown liquid, F,,,, from the 
measured weight when it is suspended in air, F,;,: 


Fg = Fair ~ sub’ (ii) 
The mass of the sphere can be obtained from its weight in air: 
Fair =M,g. (iv) 


Using the known density of aluminum, p4p we can express the volume of the aluminum 
sphere as 


S, (v) 


SIMPLIFY 
We can combine equations (i), (ii), and (iii) to get 


Fg =mg= piVg = Fy, = Fup. (vi) 


We can use equations (iv) and (v) to get an expression for the volume of the sphere in 
terms of known quantities: 


Px Pa PAS 


Substituting this expression for V into equation (vi) gives us 


Fii p 
pPiVg =P = g= Fair l = Fy, - F 
PAS PA 


sub* 


Now, we solve for the density of the unknown liquid: 


(Fair ~ ub) i 
F. 


ar 


P\= PA 


CALCULATE 
Putting in the numerical values gives us the density of the unknown liquid: 


13.06 N - 8.706 N 
13.06 N 


air =F 
P1Z PA ae) =(2700. kg/m’) 


air 


(F , 
=900.138 kg/m”. 


ROUND 
We report our result to four significant figures: 


pı =900.1 kg/m’. Continued— 
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FIGURE 13.48 (a) An aluminum 
sphere suspended in air. (b) The alumi- 
num sphere submerged in an unknown 
liquid. 


FIGURE 13.49 Free-body diagrams 
for the sphere (a) suspended in air and 
(b) submerged in the liquid. 
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FIGURE 13.50 Diving bell sub- 
merged in Lake Michigan. 


DOUBLE-CHECK 
The calculated density of the unknown liquid is 90% of the density of water. Many liquids 
have such densities, so our answer seems reasonable. 


SOLVED PROBLEM 13.4 (Diving Bell \ 


PROBLEM 

A diving bell with interior air pressure equal to atmospheric pressure is submerged in Lake 
Michigan at a depth of 185 m. The diving bell has a flat, transparent, circular viewing port 
with a diameter of 20.0 cm. What is the magnitude of the net force on the viewing port? 


SOLUTION 


THINK 
The pressure on the viewing port depends on the depth of the diving bell. The pressure on 
the port is the total force divided by the area of the port. 


SKETCH 
A sketch of the diving bell submerged in Lake Michigan is presented in Figure 13.50. 


RESEARCH 
The pressure p at a depth h is given by 

P= Po + pgh, 
where p is the density of water and pọ is the atmospheric pressure at the surface of Lake 
Michigan. The pressure inside the diving bell is atmospheric pressure. Therefore, the 
pressure difference between the outside and the inside of the viewing port is 


P=pgh. (i) 
We can obtain the net force, F, on the viewing port using the definition of pressure: 
F as 
=, 11 
pa (i) 


where A is the area of the viewing port. 


SIMPLIFY 

We can combine equations (i) and (ii) to get 

F 

A > 

which we can solve for the net force on the viewing port: 
F=pghA. 


P=pgh= 


CALCULATE 
Putting in the numerical values gives us the net force on the viewing port: 


2 
F = pghA =(1000 kg/m? )(9.81 m/s? )(185 mj “(220 m?|=57015.2 N. 


ROUND 
We report our result to three significant figures: 


F=5.70-10' N. 
DOUBLE-CHECK 


The net force of 5.70-10* N corresponds to 12,800 Ib. This viewing port would have to be 
constructed of very thick glass or quartz. In addition, the size of such a viewing port is limited, 


which is why the problem specified a relatively small diameter of 20 cm (approximately 8 in). 


MULTIPLE-CHOICE QUESTIONS 


| 13.1 Salt water has a greater density than freshwater. A boat 
floats in both freshwater and salt water. The buoyant force on 
the boat in salt water is that in freshwater. 


a) equal to b) smaller than c) larger than 


13.2 You fill a tall glass with ice and then add water to the 
level of the glass’s rim, so some fraction of the ice floats above 
the rim. When the ice melts, what happens to the water level? 
(Neglect evaporation, and assume that the ice and water 
remain at 0 °C during the melting process.) 

a) The water overflows the rim. 

b) The water level drops below the rim. 

c) The water level stays at the top of the rim. 

d) It depends on the difference in density between water and ice. 
13.3 The figure shows four identical open-top tanks filled to 
the brim with water and sitting on a scale. Balls float in tanks (2) 
and (3), but an object sinks to the bottom in tank (4). Which of 
the following correctly ranks the weights shown on the scales? 


Ji i 


a) (1) < (2) < (3) < (4) c) (1) < (2) = (3) = (4) 

b) (1) < (2) = (3) < (4) d) (1) = (2) = (3) < (4) 
13.4 You are in a boat filled with large rocks in the middle 
of a small pond. You begin to drop the rocks into the water. 
What happens to the water level of the pond? 


a) It rises. 
b) It falls. 
c) It doesn't change. 


d) It rises momentarily and then 
falls when the rocks hit bottom. 

e) There is not enough information 
to say. 


13.5 Rank in order, from largest to smallest, the magnitudes 
of the forces F,, F,, and F; required for balancing the masses 
shown in the figure. 

600 kg 600 kg 600 kg 


i F; 


500kg 500kg 500kg 


Fi 


13.6 In a horizontal water pipe that narrows to a smaller 
radius, the velocity of the water in the section with the 
smaller radius will be larger. What happens to the pressure? 
a) The pressure will be the same in both the wider and 
narrower sections of the pipe. 

b) The pressure will be higher in the narrower section of the 
pipe. 


c) The pressure will be higher in the wider section of the pipe. 


d) Itis impossible to tell. 


Multiple-Choice Questions 449 


Closing walls of 
trash compactor 


13.7 In one of the Star 
Wars “© movies, four of 
the heroes are trapped 
in a trash compactor ——————— 
on the Death Star. 

The compactor’s walls 
begin to close in, and 
the heroes need to pick 
an object from the 
trash to place 

between the closing 
walls to stop them. 

All the objects are the 
same length and have 

a circular cross section, 
but their diameters 
and compositions are 
different. Assume that 
each object is oriented 
horizontally and does not bend. They have the time and 
strength to hold up only one object between the walls. Which 
of the objects shown in the figure will work best—that is, will 
withstand the greatest force per unit of compression? 


(a) 10-cm-diameter steel rod | 


(b) 15-cm-diameter aluminum rod 


(c) 30-cm-diameter wooden rod 


(d) 17-cm-diameter glass rod* 


13.8 Many altimeters determine altitude changes by 
measuring changes in the air pressure. An altimeter that is 
designed to be able to detect altitude changes of 100 m near 
sea level should be able to detect pressure changes of 

a) approximately 1 Pa. d) approximately 1 kPa. 
b) approximately 10 Pa. e) approximately 10 kPa. 


c) approximately 100 Pa. 
13.9 Which of the following assumptions is not made in the 
derivation of Bernoulli’s Equation? 

a) Streamlines do not cross. 
b) There is negligible 
viscosity. 


c) There is negligible friction. 
d) There is no turbulence. 
e) There is negligible gravity. 
13.10 A beaker is filled with water to the rim. Gently placing a 
plastic toy duck in the beaker causes some of the water to spill 
out. The weight of the beaker with the duck floating in it is 

a) greater than the weight before adding the duck. 

b) less than the weight before adding the duck. 

c) the same as the weight before adding the duck. 

d) greater or less than the weight before the duck was 
added, depending on the weight of the duck. 


13.11 A piece of cork (density = 
0.33 g/cm”) with a mass of 10 g 
is held in place under water by a 


string, as shown in the figure. What T 
is the tension, T, in the string? 

a) 0.10 N c) 0.30 N e) 200 N 
b) 0.20 N d) 100 N f) 300 N 


450 Chapter 13 Solids and Fluids 


QUESTIONS 


| 13.12 You know from experience that if a car you are riding 
in suddenly stops, heavy objects in the rear of the car move 
toward the front. Why does a helium-filled balloon in such a 
situation move, instead, toward the rear of the car? 


13.13 A piece of 
paper is folded 


poets a 


opened up and placed on a flat table so that it “peaks” up in 
the middle as shown in the figure. If you blow air between the 
paper and the table, will the paper move up or down? Explain. 


13.14 In what direction does a force due to water flowing 
from a showerhead act on a shower curtain, inward toward 
the shower or outward? Explain. 


13.15 Point out and discuss any flaws in the following 
statement: The hydraulic car lift is a device that operates 

on the basis of Pascal’ Principle. Such a device can produce 
large output forces with small input forces. Thus, with a 
small amount of work done by the input force, a much larger 
amount of work is produced by the output force, and the 
heavy weight of a car can be lifted. 


13.16 Given two springs of identical size and shape, one made 
of steel and the other made of aluminum, which has the higher 
spring constant? Why? Does the difference depend more on 
the shear modulus or the bulk modulus of the material? 


13.17 One material has a higher density than another. Are 
the individual atoms or molecules of the first material nec- 
essarily more massive than those of the second? 


PROBLEMS 


| A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Sections 13.1 and 13.2 


13.23 Air consists of molecules of several types, with an 
average molar mass of 28.95 g. An adult who inhales 0.50 L 
of air at sea level takes in about how many molecules? 


e13.24 Ordinary table salt (NaCl) consists of sodium and 
chloride ions arranged in a face-centered cubic crystal lattice. 
That is, a sodium chloride crystal consists of cubic unit cells 
with a sodium ion on each corner and at the center of each 
face, and a chloride ion at the center of the cube and at the 
midpoint of each edge. The density of sodium chloride is 
2.165-10° kg/m’. Calculate the spacing between adjacent 
sodium and chloride ions in the crystal. 


Section 13.3 


13.25 A 20-kg chandelier is suspended from the ceiling by 
four vertical steel wires. Each wire has an unloaded length of 
1 mand a diameter of 2 mm, and each bears an equal load. 
When the chandelier is hung, how far do the wires stretch? 


13.18 Analytic balances are calibrated to give correct 
mass values for such items as steel objects of density p, = 
8000.00 kg/m’. The calibration compensates for the buoyant 
force arising because the measurements are made in air, of 
density p, = 1.205 kg/m*. What compensation must be made 
to measure the masses of objects of a different material, of 
density p? Does the buoyant force of air matter? 


13.19 If you turn on the faucet in the bathroom sink, you 
will observe that the stream seems to narrow from the point 
at which it leaves the spigot to the point at which it hits the 
bottom of the sink. Why does this occur? 


13.20 In many problems involving application of New- 

ton’s Second Law to the motion of solid objects, friction is 
neglected for the sake of making the solution easier. The 
counterpart of friction between solids is viscosity of liquids. 
Do problems involving fluid flow become simpler if viscosity 
is neglected? Explain. 


13.21 You have two identical silver spheres and two un- 
known fluids, A and B. You place one sphere in fluid A, and 
it sinks; you place the other sphere in fluid B, and it floats. 
What can you conclude about the buoyant force of fluid A 
versus that of fluid B? 


13.22 Water flows from a circular faucet opening of radius ro, 
directed vertically downward, at speed vp. As the stream of water 
falls, it narrows. Find an expression for the radius of the stream 
as a function of distance fallen, r(y), where y is measured down- 
ward from the opening. Neglect the eventual breakup of the 
stream into droplets, and any resistance due to drag or viscosity. 


13.26 Find the minimum diameter of a 50.0-m-long nylon 
string that will stretch no more than 1.00 cm when a load 
of 70.0 kg is suspended from its lower end. Assume that 

Virion = 3-51 -10° N/m’. 


nylon 
13.27 A 2.0-m-long steel wire in a musical instrument has 
a radius of 0.03 mm. When the wire is under a tension of 
90 N, how much does its length change? 


e13.28 A rod of length L is attached to a wall. The load on 
the rod increases linearly (as shown by the arrows in the 
figure) from zero 

at the leftend to wall 
W newtons per 

unit length at the 
right end. Find 

the shear force at 


a) the right end, c) the left end. 


e13.29 Challenger Deep in the Marianas Trench of the Pacific 
Ocean is the deepest known spot in the Earth’s oceans, at 
10.922 km below sea level. Taking density of seawater at atmo- 
spheric pressure (py = 101.3 kPa) to be 1024 kg/m’ and its bulk 
modulus to be B(p) = By + 6.67(p - po), with By = 2.19- 10° Pa, 


b) the center, and 


calculate the pressure and the density of the seawater at the 
bottom of Challenger Deep. Disregard variations in water tem- 
perature and salinity with depth. Is it a good approximation to 
treat the density of seawater as essentially constant? 


Section 13.4 


13.30 How much force is the air exerting on the front cover of 
your textbook? What mass has a weight equivalent to this force? 


13.31 Blood pressure is usually reported in millimeters of 
mercury (mmHg) or the height of a column of mercury 
producing the same pressure value. Typical values for an adult 
human are 130/80; the first value is the systolic pressure, during 
the contraction of the ventricles of the heart, and the second 

is the diastolic pressure, during the contraction of the auricles 
of the heart. The head of an adult male giraffe is 6.0 m above 
the ground; the giraffe’s heart is 2.0 m above the ground. What 
is the minimum systolic pressure (in mmHg) required at the 
heart to drive blood to the head (neglect the additional pressure 
required to overcome the effects of viscosity)? The density of 
giraffe blood is 1.00 g/cm’, and that of mercury is 13.6 g/cm’. 


13.32 A scuba diver must decompress after a deep dive to 
allow excess nitrogen to exit safely from his bloodstream. 
The length of time required for decompression depends on 
the total change in pressure that the diver experienced. Find 
this total change in pressure for a diver who starts at a depth 
of d = 20.0 m in the ocean (density of seawater = 1024 kg/m’) 
and then travels aboard a small plane (with an unpressurized 
cabin) that rises to an altitude of h = 5000. m above sea level. 


¢13.33 A child loses his balloon, which rises slowly into the 
sky. If the balloon is 20.0 cm in diameter when the child loses 
it, what is its diameter at an altitude of (a) 1000. m, (b) 2000. m, 
and (c) 5000. m? Assume that the balloon is very flexible and 
so surface tension can be neglected. 


e13.34 The atmosphere of Mars exerts a pressure of only 
600. Pa on the surface and has a density of only 0.0200 kg/m’. 


a) What is the thickness of the Martian atmosphere, 
assuming the boundary between atmosphere and outer space 
to be the point where atmospheric pressure drops to 0.0100% 
of its value at surface level? 

b) What is the atmospheric pressure at the bottom of Mars’s 
Hellas Planitia canyon, at a depth of 7.00 km? 


c) What is the atmospheric pressure at the top of Mars’s 
Olympus Mons volcano, at a height of 27.0 km? 

d) Compare the relative change in air pressure, Ap/p, 
between these two points on Mars and between the 
equivalent extremes on Earth—the Dead Sea shore, at 400. m 
below sea level, and Mount Everest, at an altitude of 8850 m. 


e13.35 The air density at the top of Mount Everest (Mgyerest = 
8850 m) is 35.00% of the air density at sea level. If the air 
pressure at the top of Mount McKinley in Alaska is 47.74% 
of the air pressure at sea level, calculate the height of Mount 
McKinley, using only the information given here. 


°13.36 A sealed vertical cylinder of radius R and height 
h = 0.60 m is initially filled halfway with water, and the upper 
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half is filled with air. The air is initially at standard atmospheric 
pressure, pọ = 1.01-10° Pa. A small valve at the bottom of the 
cylinder is opened, and water flows out of the cylinder until 

the reduced pressure of the air in the upper part of the cylinder 
prevents any further water from escaping. By what distance is the 
depth of the water lowered? (Assume that the temperature of wa- 
ter and air do not change and that no air leaks into the cylinder.) 


ee13.37 A square pool with 100.-m-long sides is created in a 
concrete parking lot. The walls are concrete 50.0 cm thick and 
have a density of 2.50 g/cm’. The coefficient of static friction 
between the walls and the parking lot is 0.450. What is the 
maximum possible depth of the pool? 


ee13.38 The calculation of atmospheric pressure at the sum- 
mit of Mount Everest carried out in Example 13.3 used the 
model known as the isothermal atmosphere, in which gas 
pressure is proportional to density: p = yp, with y constant. 
Consider a spherical cloud of gas supporting itself under its 
own gravitation and following this model. 


a) Write the equation of hydrostatic equilibrium for the cloud, 
in terms of the gas density as a function of radius, p(r). 

b) Show that p(r) = A/r is a solution of this equation, for an 
appropriate choice of constant A. Explain why this solution is 
not suitable as a model of a star. 


Section 13.5 


13.39 A racquetball with a diameter of 5.6 cm and a mass of 
42 g is cut in half to make a boat for American pennies made 
after 1982. The mass and volume of an American penny made 
after 1982 are 2.5 g and 0.36 cm. How many pennies can be 
placed in the racquetball boat without sinking it? 


13.40 A supertanker filled with oil has a total mass of 
10.2- 10° kg. If the dimensions of the ship are those of a 
rectangular box 250. m long, 80.0 m wide, and 80.0 m high, 
determine how far the bottom of the ship is below sea level 
(Psea = 1020 kg/m”). 


13.41 A box with a volume V = 0.0500 m° lies at the bottom 
of a lake whose water has a density of 1.00-10° kg/m*. How 
much force is required to lift the box, if the mass of the box 
is (a) 1000. kg, (b) 100. kg, and (c) 55.0 kg? 


13.42 A man of mass 64 kg and density 970 kg/m’ stands 

in a shallow pool with 32% of the volume of his body below 
water. Calculate the normal force the bottom of the pool exerts 
on his feet. 


13.43 A block of cherry wood that is 20.0 cm long, 10.0 cm 
wide, and 2.00 cm thick has a density of 800. kg/m°. What is 
the volume of a piece of iron that, if glued to the bottom of 
the block makes the block float in water with its top just at the 
surface of the water? The density of iron is 7860 kg/ mî, and 
the density of water is 1000. kg/m’. 

°13.44 The average density of the human body is 985 kg/m’, 
and the typical density of seawater is about 1020 kg/m’. 

a) Draw a free-body diagram of a human body floating in 
seawater and determine what percentage of the body’s volume 
is submerged. 
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b) The average density of the human body, after maximum 
inhalation of air, changes to 945 kg/m’. As a person floating 
in seawater inhales and exhales slowly, what percentage of 
his volume moves up out of and down into the water? 

c) The Dead Sea (a saltwater lake between Israel and 
Jordan) is the world’s saltiest large body of water. Its average 
salt content is more than six times that of typical seawater, 
which explains why there is no plant and animal life in it. 
Two-thirds of the volume of the body of a person floating in 
the Dead Sea is observed to be submerged. Determine the 
density (in kg/m’) of the seawater in the Dead Sea. 


13.45 A tourist of mass 60.0 kg notices a chest with a short 
chain attached to it at the bottom of the ocean. Imagining the 
riches it could contain, he decides to dive for the chest. He 
inhales fully, thus setting his average body density to 

945 kg/m’, jumps into the ocean (with saltwater density = 

1020 kg/m’), grabs the chain, and tries to pull the chest to 

the surface. Unfortunately, the chest is too heavy and will not 
move. Assume that the man does not touch the bottom. 


a) Draw the man’s free-body diagram, and determine the 
tension on the chain. 

b) What mass (in kg) has a weight that is equivalent to the 
tension force in part (a)? 

c) After realizing he cannot free the chest, the tourist 
releases the chain. What is his upward acceleration 
(assuming that he simply allows the buoyant force to lift him 
up to the surface)? 


13.46 A very large balloon with mass M = 10.0 kg is 
inflated to a volume of 20.0 m? using a gas of density Peas = 
0.20 kg/m*. What is the maximum mass m that can be tied to 
the balloon using a 2.00 kg piece of rope without the balloon 
falling to the ground? (Assume that the density of air is 

1.30 kg/m’ and that the volume of the gas is equal to the 
volume of the inflated balloon). 


e13.47 The Hindenburg, the German zeppelin that caught 
fire in 1937 while docking in Lakehurst, New Jersey, was a 
rigid duralumin-frame balloon filled with 2.000- 10° m? of 
hydrogen. The Hindenburgs useful lift (beyond the weight 
of the zeppelin structure itself) is reported to have been 
1.099- 10° N (or 247,000 Ib). Use p,;, = 1.205 kg/m’, py = 
0.08988 kg/m? and pye = 0.1786 kg/m’. 


a) Calculate the weight of the zeppelin structure (without 
the hydrogen gas). 

b) Compare the useful lift of the (highly flammable) 
hydrogen-filled Hindenburg with the useful lift the 
Hindenburg would have had had it been filled with (non- 
flammable) helium, as originally planned. 


ee13.48 Brass weights are used to weigh an aluminum object 
on an analytical balance. The weighing is done one time in dry 
air and another time in humid air, with a water vapor pres- 
sure of P, = 2.00-10° Pa. The total atmospheric pressure 

(P = 1.00-10° Pa) and the temperature (T = 20.0 °C) are the same 
in both cases. What should the mass of the object be to be able to 
notice a difference in the balance readings, provided the balances 


sensitivity is mọ = 0.100 mg? (The density of aluminum is 
Pa = 2.70-10° kg/m’; the density of brass is pp = 8.50- 10° kg/m”.) 


Section 13.6 


13.49 A fountain sends water to a height of 100. m. What is 
the difference between the pressure of the water just before 
it is released upward and the atmospheric pressure? 


13.50 Water enters a horizontal pipe with a rectangular 
cross section at a speed of 1.00 m/s. The width of the pipe 
remains constant but the height decreases. Twenty meters 
from the entrance, the height is half of what it is at the en- 
trance. If the water pressure at the entrance is 3000. Pa, what 
is the pressure 20.0 m downstream? 


e13.51 Water at room tem- | 
perature flows with a constant fg 
speed of 8.00 m/s through a 
nozzle with a square cross 
section, as shown in the 
figure. Water enters the 
nozzle at point A andexits 
the nozzle at point B. The 
lengths of the sides of the square cross section at A and B are 
50.0 cm and 20.0 cm, respectively. 


a) What is the volume flow rate at the exit? 

b) What is the acceleration at the exit? The length of the 
nozzle is 2.00 m. 

c) If the volume flow rate through the nozzle is increased to 
6.00 m*/s, what is the acceleration of the fluid at the exit? 
e13.52 Water is flowing in a pipe as depict- 
ed in the figure. What pressure is indicated 
on the upper pressure gauge? 


ms 
3.00 cm 
100. kPa —+ 


¢13.53 An open-topped tank completely filled with water 
has a release valve near its bottom. The valve is 1.0 m below 
the water surface. Water is released from the valve to power 
a turbine, which generates electricity. The area of the top of 
the tank, Ay is 10 times the cross-sectional area, Ay, of the 
valve opening. Calculate the speed of the water as it exits the 
valve. Neglect fric- Ay = 10A, 

tion and viscosity. In 
addition, calculate 

the speed of a drop of 
water released from 
rest at h = 1.0 m when 
it reaches the elevation 
of the valve. Compare 
the two speeds. 


Drop of water spilling 
over side 


Turbine 


he 
F 


filled with water and sits on the 

ground, as shown in the figure. 4 

Water squirts from a hole at a 

height y above the ground and iN 7 
has a range R. For two y values, 
0 and H, R is zero. Determine 
the value of y for which the range will be a maximum. 


13.54 A tank of height H is if 


an 


ee13.55 A water-powered Pı Po 
backup sump pump uses 
tap water at a pressure 

of 3.00 atm (p; = 3Patm = 
3.03- 10° Pa) to pump water 
out of a well, as shown in 
the figure (Pwen =p atm) This 
system allows water to be 
pumped out of a basement 
sump well when the electric 
pump stops working during 

an electrical power outage. Using water to pump water may 
sound strange at first, but these pumps are quite efficient, 
typically pumping out 2.00 L of well water for every 1.00 L of 
pressurized tap water. The supply water moves to the right in 
a large pipe with cross-sectional area A, at a speed v, = 2.05 m/s. 
The water then flows into a pipe of smaller diameter with a 
cross-sectional area that is ten times smaller (A, = A,/10). 


> 
Discharge 
outlet 


Well water 


a) What is the speed v, of the water in the smaller pipe, 
with area A,? 

b) What is the pressure p, of the water in the smaller pipe, 
with area A,? 

c) The pump is designed so that the vertical pipe, with 
cross-sectional area A;, that leads to the well water also has 
a pressure of p, at its top. What is the maximum height, 

h, of the column of water that the pump can support (and 
therefore act on) in the vertical pipe? 


Section 13.7 


13.56 A basketball of circumference 75.5 cm and mass 
598 g is forced to the bottom of a swimming pool and then 
released. After initially accelerating upward, it rises at a 
constant velocity. 


a) Calculate the buoyant force on the basketball. 


b) Calculate the drag force the basketball experiences while 
it is moving upward at constant velocity. 


°13.57 The cylindrical container shown in the figure has a 
radius of 1.00 m and contains motor oil with a viscosity of 
0.300 Pa s and a density of 670. kg m”. Oil flows out of the 
20.0 cm long, 0.200 cm diameter tube at the bottom of the 
container. How much oil flows out of the tube in a period of 
10.0 s if the 
container is 
originally 
filled to a 
height of 
0.500 m? 


s 
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Additional Problems 


13.58 Estimate the atmospheric pressure inside Hurricane 
Rita. The wind speed was 290 km/h. 


13.59 The following data are obtained for a car: The tire 
pressure is measured as 28.0 psi, and the width and length of 
contact surface of each tire are 7.50 in and 8.75 in, respec- 
tively. What is the approximate weight of the car? 


13.60 Calculate the ratio of the lifting powers of helium 
(He) gas and hydrogen (H,) gas under identical circum- 
stances. Assume that the molar mass of air is 29.5 g/mol. 


13.61 Water is poured into a large barrel whose height is 
2.0 m and which has a cylindrical, 3.0-cm-diameter cork 
stuck into the side at a height of 0.50 m above the ground. 
As the water level in the barrel just reaches maximum 
height, the cork flies out of the barrel. 


a) What was the magnitude of the static friction force 
between the barrel and the cork? 

b) Ifthe barrel were filled with seawater, would the cork 
have flown out before the barrels full capacity was reached? 


13.62 Ina hydraulic lift, the maximum gauge pressure is 
17.00 atm. If the diameter of the output line is 22.5 cm, what 
is the heaviest vehicle that can be lifted? 


13.63 A water pipe narrows from a radius of r; = 5.00 cm 
to a radius of r, = 2.00 cm. If the speed of the water in the 
wider part of the pipe is 2.00 m/s, what is the speed of the 
water in the narrower part? 


13.64 Donald Duck and his nephews manage to sink Uncle 
Scrooge’s yacht (m = 4500 kg), which is made of steel 

(p = 7800 kg/m’). In typical comic-book fashion, they decide 
to raise the yacht by filling it with ping-pong balls. A ping- 
pong ball has a mass of 2.7 g and a volume of 3.35 -10° m°. 
a) What is the buoyant force on one ping-pong ball in water? 
b) How many balls are required to float the ship? 


13.65 A wooden block floating in seawater has two thirds 
of its volume submerged. When the block is placed in min- 
eral oil, 80.0% of its volume is submerged. Find the density 
of the (a) wooden block, and (b) the mineral oil. 


13.66 An approximately round tendon that has an average 
diameter of 8.5 mm and is 15 cm long is found to stretch 
3.7 mm when acted on by a force of 13.4 N. Calculate 
Young’s modulus for the tendon. 


e13.67 The Jovian moon Europa may have oceans (covered 
by ice, which can be ignored). What would the pressure be 
1.00 km below the surface of a Europan ocean? The surface 
gravity of Europa is 13.5% that of the Earth's. 


°13.68 Two balls of the same volume are released inside a tank 
filled with water as shown in the figure. The densities of balls 

A and B are 0.90 g/cm’ and 0.80 g/cm’. 
Find the acceleration of (a) ball A, and 
of (b) ball B. (c) Which ball wins the 
race to the top? 


454 Chapter 13 Solids and Fluids 


°13.69 An airplane is moving through the air at a velocity 
v = 200. m/s. Streamlines just over the top of the wing are 
compressed to 80.0% of their original area, and those under 
the wing are not compressed at all. 

a) Determine the velocity of the air just over the wing. 

b) Find the difference in the pressure between the air just 
over the wing, P, and that under the wing, P’. 

c) Find the net upward force on both wings due to the 
pressure difference, if the area of the wing is 40.0 m? and the 
density of the air is 1.30 kg/m’. 


°13.70 A cylindrical buoy 
with hemispherical ends is 
dropped in seawater of 
density 1027 kg/m’, as shown 
in the figure. The mass of the 
buoy is 75.0 kg, the radius of 
the cylinder and the hemi- 
spherical caps is R = 0.200 m, 
and the length of the cylindri- 
cal center section of the buoy 
is L = 0.600 m. The lower part 
of the buoy is weighted so that 
the buoy is upright in the water as shown in the figure. In 
calm water, how high (distance h) will the top of the buoy 
be above the waterline? 


°13.71 Water of density 998.2 kg/m’ is moving at negligible 
speed under a pressure of 101.3 kPa but is then accelerated 
to high speed by the blades of a spinning propeller. The 
vapor pressure of the water at the initial temperature of 
20.0 °C is 2.3388 kPa. At what flow speed will the water 
begin to boil? This effect, known as cavitation, limits the 
performance of propellers in water. 


>< 


e13.72 An astronaut wishes to p=0~4) 
measure the atmospheric pressure on 
Mars using a mercury barometer like 
that shown in the figure. The calibra- 
tion of the barometer is the standard 


calibration for Earth: 760 mmHg 


corresponds to a pressure due to Earth’s atmosphere, 1 atm 
or 101.325 kPa. How does the barometer need to be recali- 
brated for use in the atmosphere of Mars—by what factor 
does the barometer’s scale need to be “stretched”? In her 
handy table of planetary masses and radii, the astronaut finds 
that Mars has an average radius of 3.37 - 10° m and a mass of 
6.42: 10” kg. 


e13.73 In many locations, such as Lake Washington in Seattle, 
floating bridges are preferable to conventional bridges. Such a 
bridge can be constructed out of concrete pontoons, which are 
essentially concrete boxes filled with air, Styrofoam, or another 
extremely low-density material. Suppose a floating bridge 
pontoon is constructed out of concrete and Styrofoam, 
which have densities of 2200 kg/m? and 50.0 kg/m’. What 
must the volume ratio of concrete to Styrofoam be if the 
pontoon is to float with 35.0% of its overall volume above 
water? 


°13.74 A 1.0-g balloon is filled with helium gas. When a 
mass of 4.0 g is attached to the balloon, the combined mass 
hangs in static equilibrium in midair. Assuming that the bal- 
loon is spherical, what is its diameter? 


¢13.75 A large water tank has an inlet pipe and an outlet 
pipe. The inlet pipe has a diameter of 2.00 cm and is 1.00 m 
above the bottom of the tank. The outlet pipe has a diameter 
of 5.00 cm and is 6.00 m above the bottom of the tank. A 
volume of 0.300 m° of water enters the tank every minute at 
a gauge pressure of 1.00 atm. 


a) What is the velocity of the water in the outlet pipe? 
b) What is the gauge pressure in the outlet pipe? 


°13.76 Two spheres of the same diameter (in air), one 
made of a lead alloy the other one made of steel are sub- 
merged at a depth h = 2000. m below the surface of the 
ocean. The ratio of the volumes of the two spheres at this 
depth is Vstee(h)/Vreaa(h) = 1.001206. Knowing the den- 
sity of ocean water p = 1024 kg/m’ and the bulk modulus 
of steel, Bgteeı = 160 - 10° N/m”, calculate the bulk modulus of 
the lead alloy used in the sphere. 


PART 3 OSCILLATIONS AND WAVES 


Oscillations 


FIGURE 14.1 Harmonic oscillations used for keeping time. (a) Multiple-exposure 
picture of an old-fashioned pendulum clock. (b) The world’s smallest atomic clock 
from the National Institute of Standards and Technology, in which cesium atoms 
perform 9.2 billion oscillations each second. The clock is the size of a grain of rice 
and is accurate to 1 part in 10 billion—or off by less than 1 s over a period of 300 yr. 
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Chapter 14 Oscillations 


WHAT WE WILL LEARN 
- 


The spring force leads to a sinusoidal oscillation in 
time referred to as simple harmonic motion. 


A similar force law and time oscillation can be found 


Periodic external driving of an oscillator leads to 
sinusoidal motion at the driving frequency, with a 
maximum amplitude close to the resonant angular 


for a pendulum swinging through small angles. speed. 


= Plotting the motion of oscillators in terms of the 
velocity and position shows that the motion of 
undamped oscillators follows an ellipse and that of 
damped oscillators spirals in. 


= Oscillations can be represented as a projection 
of circular motion onto one of the two Cartesian 
coordinate axes. 


= In the presence of damping, oscillations slow down 
exponentially over time. Depending on the strength 
of the damping, it is possible that no oscillations will 
occur. 


= A damped and driven oscillator can exhibit chaotic 
motion in which the trajectory in time depends 
sensitively on the initial conditions. 


Even when an object appears to be perfectly at rest, its atoms and molecules are rapidly 
vibrating. Sometimes these vibrations can be put to use; for example, the atoms in a quartz 
crystal vibrate with a very steady frequency if the crystal is subjected to a periodic electric 
field. This vibration is used to keep track of time in modern quartz-crystal clocks and wrist 
watches. Vibrations of cesium atoms are used in atomic clocks (Figure 14.1). 

In this chapter, we examine the nature of oscillatory motion. Most of the situations 
well consider involve springs or pendulums, but these are just the simplest examples of 
oscillators. Later in the book, we will study other kinds of vibrating systems, which can be 
modeled as a spring or a pendulum for the purpose of analyzing the motion. In this chapter, 
we also investigate the concept of resonance, which is an important property of all oscillat- 
ing systems, from the atomic level to bridges and skyscrapers. Chapters 15 and 16 will apply 
the concepts of oscillations to analyze the nature of waves and sound. 


14.1 Simple Harmonic Motion 


Repetitive motion, usually called periodic motion, is important in science, engineering, 
and daily life. Common examples of objects in periodic motion are windshield wipers on a 
car and the pendulum on a grandfather clock. However, periodic motion is also involved in 
the alternating current that powers the electronic grid of modern cities, atomic vibrations 
in molecules, and your own heartbeat and circulatory system. 

Simple harmonic motion is a particular type of repetitive motion, which is displayed 
by a pendulum or by a massive object on a spring. Chapter 5 introduced the spring force, 
which is described by Hooke’s Law: The spring force is proportional to the displacement of 
the spring from equilibrium. The spring force is a restoring force, always pointing toward 
the equilibrium position, and is thus opposite in direction to the displacement vector: 


F, =-kx. 


x 


The proportionality constant k is called the spring constant. 

We have encountered the spring force repeatedly in other chapters. The main reason 
why forces that depend linearly on displacement are so important in many branches of 
physics was emphasized in Section 6.4, where we saw that for a system at equilibrium, a 
small displacement from the equilibrium position results in a springlike force with linear 
dependence on the displacement from the equilibrium position. 

Now let’s consider the situation in which an object of mass m is attached to a spring that 
is then stretched or compressed out of its equilibrium position. When the object is released, 
it oscillates back and forth. This motion is called simple harmonic motion (SHM), and it 
occurs whenever the restoring force is proportional to the displacement. (As we just noted, 
a linear restoring force is present in all systems close to a stable equilibrium point, so simple 
harmonic motion is seen in many physical systems.) Figure 14.2 shows frames of a video- 
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FIGURE 14.2 Consecutive video 
images of a weight hanging from a 
spring undergoing simple harmonic mo- 
tion. A coordinate system and graph of 
the position as a function of time are 
superimposed on the images. 


tape of the vertical oscillation of a weight on a spring. A vertical x-axis is superimposed, and 
a horizontal axis that represents time, with each frame 0.06 s from the neighboring ones. 
The red curve running through this sequence is a sine function. 

With the insight gained from Figure 14.2, we can describe this type of motion math- 
ematically. We start with the force law for the spring force, F, = -kx, and use Newton's 
Second Law, F, = ma, to obtain 


ma=-—kx. 


We know that acceleration is the second time derivative of the position: a = d°x/dt’. Substituting 
this expression for a into the preceding equation obtained with Newton’s Second Law gives us 


2 
mo =-kx, 
dt 
or 
2 
ax Kio (14.1) 
d? m 


Equation 14.1 includes both the position, x, and its second derivative with respect to time. 
Both are functions of the time, t. This type of equation is called a differential equation. The 
solution to this particular differential equation is the mathematical description of simple 
harmonic motion. 

From the curve in Figure 14.2, we can see that the solution to the differential equation 
should be a sine or a cosine function. Let’s see if the following will work: 


x= Asin(wot). 
The constants A and wọ are called the amplitude of the oscillation and its angular speed, 
respectively. The amplitude is the maximum displacement away from the equilibrium 
position, as you learned in Chapter 5. This sinusoidal function works for any value of the 
amplitude, A. However, the amplitude cannot be arbitrarily large or the spring will be over- 


stretched. On the other hand, we'll see that not all values of wọ produce a solution. 
Taking the second derivative of the trial sine function results in 


x= Asin(apf) > 


= = «A .cos( wot) => 


a =- oA sin(wt). 
t 


Inserting this result and the sinusoidal expression for x into equation 14.1 yields 


2 
a+ Ey =- w Asin( wot) + ta sin(wot] =0. 


This condition is fulfilled if w% = k/m, or 


k 
sE 
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14.1 Self-Test Opportunity 


Show that x(t) = A sin(wot + 8) is a 
solution to equation 14.1. 


14.2 Self-Test Opportunity 


Show that A sin(wot + 8%) = 

B sin(wot) + C cos(wot), where the 
relationships between the constants 
are given in equations 14.4 and 14.5. 


FIGURE 14.3 A weight attached to 
a spring, with the initial position and 
velocity vectors shown. 


We have thus found a valid solution to the differential equation (equation 14.1). In 
the same way, we can show that the cosine function leads to a solution as well, also with 
arbitrary amplitude and with the same angular speed. Thus, the complete solution for 
constants B and C is 


x(t)=Bsin( wot) + Ccos{ wt), with wo -f (14.2) 
m 
The units of wọ are radians per second (rad/s). When applying equation 14.2, wot must be 


expressed in radians, not degrees. 
Here is another useful form of equation 14.2: 


x(t)=Asin( t+), with oak, (14.3) 
m 
This form allows you to see more readily that the motion is sinusoidal. Instead of having two 


amplitudes for the sine and cosine functions, equation 14.3 has one amplitude, A, and a phase 
angle, 0). These two constants are related to the constants B and C of equation 14.2 via 


A=V¥B+C (14.4) 


= tan” [<I (14.5) 


and 


Initial Conditions 


How do we determine the values to use for the constants B and C, the amplitudes of the 
sine and cosine functions in equation 14.2? The answer is that we need two pieces of 
information, usually given in the form of the initial position, x) = x(t = 0), and initial 
velocity, vo = v(t = 0) = (dx/dt)|,_9, as in the following example. 


EXAMPLE 14.1 | Initial Conditions 


PROBLEM 1 

A spring with spring constant k = 56.0 N/m has a lead weight of mass 1.00 kg attached to 
its end (Figure 14.3). The weight is pulled +5.5 cm from its equilibrium position and then 
pushed so that it receives an initial velocity of -0.32 m/s. What is the equation of motion 
for the resulting oscillation? 


SOLUTION 1 
The general equation of motion for this situation is equation 14.2 for simple harmonic 


motion: 
x(t)=Bsin(aot)-+Ccos(wpt), with w =A 
m 


From the data given in the problem statement, we can calculate the angular speed: 


E - f£- 560 N/m _ 9 yg <1 
"Vm VY 100kg ` > 


Now we must determine the values of the constants B and C. 
We take the first derivative of the general equation of motion: 


x(t)=B sin(wot} + Ccos(wgt) 


=>v(t)= @Bcos{ wot} -0C sin( wt}. 


At time t = 0, sin(0)= 0 and cos(0) = 1, so these equations reduce to 


We were given the initial conditions for the position, x) = 0.055 m, and velocity, vg = 
-0.32 m/s. Thus, we find that C = x) = 0.055 m and B = -0.043 m. 


PROBLEM 2 
What is the amplitude of this oscillation? What is the phase angle? 


SOLUTION 2 
With the values of the constants B and C, we can calculate the amplitude, A, from equa- 
tion 14.4: 


A=\B+C = (oss m) +(0.055 m} =0.070 m. 


Therefore, the amplitude of this oscillation is 7.0 cm. Note that, as a consequence of the 
nonzero initial velocity, the amplitude is not 5.5 cm, the value of the initial elongation of 
the spring. 

The phase angle is found by straightforward application of equation 14.5: 


6 = tan" els tan! Saa 0.907 rad. 
B 0.043 


Expressed in degrees, this phase angle is 0 = -52.0°. 


Position, Velocity, and Acceleration 


Let's look again at the relationships of position, velocity, and acceleration. In a form that describes 
oscillatory motion in terms of amplitude, A, and a phase angle determined by 6), they are 


x(t)=Asin( pt +4) 
v(t)= wA cos( wot + 6) (14.6) 
a(t) =~ w Asin( aot +6). 


Here the velocity and acceleration are obtained from the position vector by taking suc- 
cessive time derivatives. These equations suggest that the velocity and acceleration vectors 
have the same phase angle as the position vector, determined by 6), but they have an addi- 
tional phase angle of 77/2 (for the velocity) and 7 (for the acceleration), which correspond 
to the phase difference between the sine and cosine functions and between the sine and the 
negative sine functions, respectively. 

The position, velocity, and acceleration, as given by equations 14.6, are plotted in Fig- 
ure 14.4, with œ = 1.25 s"' and 0, = -0.5 rad. Indicated in Figure 14.4 is the phase angle, 
as well as the three amplitudes of the oscillations: A is the amplitude of the oscillation of 
the position vector, wA (or 1.25A, in this case) is the amplitude of the oscillation of the 
velocity vector, and wA [or (1.25)*A here] is the amplitude of the oscillation of the accelera- 
tion vector. You can see that whenever the position vector passes through zero, the value of 
the velocity vector is at a maximum or a minimum, and vice versa. You can also observe 
that the acceleration (just like the force) is always in the opposite direction to the position 
vector. When the position passes through zero, so does the acceleration. 

Figure 14.5 shows a block connected to a spring and undergoing simple harmonic 
motion by sliding on a frictionless surface. The velocity and acceleration vectors of the block 
at eight different positions are shown. In Figure 14.5a, the block is released from x = A. The 
block accelerates to the left as indicated. The block has reached x = A/ /2 in Figure 14.5b. 
At this point, the velocity of the block and the acceleration of the block are directed toward 
the left. In Figure 14.5c, the block has reached the equilibrium position. The block at this 
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FIGURE 14.4 Graphs of position, velocity, 
and acceleration for simple harmonic motion 
as a function of time. 
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FIGURE 14.5 A block ona spring 
undergoing simple harmonic motion. 
The velocity and acceleration vectors 
are shown at different points in the 
oscillation: (a) x = A; (b) x = AWV2; 

(c) x= 0; (d) x = -AWN2; (e) x = -A; 
(f) x = -AAV2; (g) x = 0; (h) x= AA2. 


14.1 In-Class Exercise —, 


A spring with k = 12.0 N/m has a 
weight of mass 3.00 kg attached to 
its end. The weight is pulled +10.0 
cm from its equilibrium position 
and released from rest. What is the 
velocity of the weight as it passes 
the equilibrium position? 


a) -0.125 m/s d) +0.500 m/s 

b) +0.750 m/s e) -0.633 m/s 

c) -0.200 m/s 
ey 


A Mey 


je e NS 


position has zero acceleration and its maximum velocity to the left. The block continues 
through the equilibrium position of the spring and begins to slow down. In Figure 14.5d, 
the block is located at x = -A/-/2. The acceleration of the block is now directed toward 
the right, although the block is still moving to the left. The block reaches x = -A in Figure 
14.5e. At this position, the velocity of the block is zero, and the acceleration of the block is 
directed toward the right. In Figure 14.5f, the block is again located at x = -A/ V2, but now 
the velocity of the block and the acceleration are directed toward the right. The block again 
reaches the equilibrium position in Figure 14.5g with its velocity vector pointing to the 
right. The block continues through the equilibrium position and reaches x = AIN2 in Figure 
14.5h, where the velocity is still toward the right but the acceleration is now toward the left. 
The block returns to its original configuration in Figure 14.5a, and the cycle continues. 


Period and Frequency 


As you know, the sine and cosine functions are periodic, with a period of 27. The position, 
velocity, and acceleration for the oscillations of simple harmonic motion are described by 
a sine or cosine function, and adding a multiple of 27 to the argument of such a function 
does not change its value: 
2T 
w tt} |. 
@ 


(To obtain the right-hand side of this equation, we rewrote the expression in the middle by 
multiplying and dividing 27 by w and then factoring out the common factor w.) We have 
dropped the index 0 on w, because we are deriving a universal relationship that is valid for 
all angular speeds, not just for the particular situation of a mass on a spring. 

The time interval over which a sinusoidal function repeats itself is the period, denoted 
by T. From the preceding equation for the periodicity of the sine function, we can see that 


sin(wt) = sin(27 + wt) = sin 


pet, 
w 


(14.7) 


because sin(wt) = sin[w(T' + t)]. The same argument works for the cosine function. In other 
words, replacing t by t +T yields the same position, velocity, and acceleration vectors, as 
demanded by the definition of the period of simple harmonic motion. 


The inverse of the period is the frequency, f: 
1 
22 14.8 
f T (14.8) 


where f is the number of complete oscillations per unit time. For example, if T = 0.2 s, then 5 
oscillations occur in 1 s, and f= 1/T = 1/(0.2 s) = 5.0 s™ = 5.0 Hz. Substituting for T from equation 
14.7 into equation 14.8 yields an expression for the angular speed in terms of the frequency: 


1 1 w 
f T 2alw 2m 
or 
w=27f. (14.9) 
For a mass on a spring, we have the following for the period and the frequency: 
pe ta -27 f” (14.10) 
Wo Jk im k 
and 
ga a ko (14.11) 


27 2m\m 


Interestingly, the period does not depend on the amplitude of the motion. 
Figure 14.6 illustrates the effect of changing the values of the variables affecting the 
simple harmonic motion ofan object on a spring. The simple harmonic motion is described 


by equation 14.3 with 6) = 0: 
| 
A 
m 


From Figure 14.6a, you can see that increasing the mass, m, increases the period of the oscil- 
lations. Figure 14.6b shows that increasing the spring constant, k, decreases the period of 
the oscillations. Figure 14.6c reinforces the earlier conclusion that increasing the amplitude, 
A, does not change the period of the oscillations. 


x = Asin 


EXAMPLE 14.2 | Tunnel through the Moon 


Suppose we could drill a tunnel straight through the center of the Moon, from one side to the 
other. (The facts that the Moon has no atmosphere and that it is composed of solid rock make 
this scenario slightly less fantastic than drilling a tunnel through the center of Earth.) 


PROBLEM 
If we released a steel ball of mass 5.0 kg from rest at one end of this tunnel, what would 
its motion be like? 


SOLUTION 
From Chapter 12, the magnitude of the gravitational force inside a spherical mass dis- 
tribution of constant density is F, = mgr/R, where r is the distance from the center of the 
Earth and R is the radius of the Earth, with r < R. This force points toward the center of 
the Earth, that is, in the direction opposite to the displacement. In other words, the gravi- 
tational force inside a homogeneous spherical mass distribution follows Hooke’s Law, 
F(x) = -kx, with a “spring constant” of k = mg/R, where g is the gravitational acceleration 
experienced at the surface. 

First, we need to calculate the gravitational acceleration at the surface on the Moon. 
Since the mass of the Moon is 7.35: 107” kg (1.2% of the mass of Earth) and its radius is 
1.735-10° m (27% of the radius of Earth), we find (see Chapter 12): 


GMy, (667-10 mikg ts) (7.35-10 kg) 


=1.63 m/s’. 
R? e N2 
M (1.735-10 m) 


Continued— 
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Increase 
m 


(c) 


FIGURE 14.6 The effect on the 
simple harmonic motion of an object 
connected to a spring resulting from in- 
creasing (a) the mass, m; (b) the spring 
constant, k; and (c) the amplitude, A. 
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The acceleration due to gravity at the Moon’s surface is approximately a sixth of what it is 
on the surface of the Earth. 
The appropriate equation of motion is equation 14.2: 
x(t) = Bsin(cot)+ Ccos(wgt). 


Releasing the ball from the surface of the Moon at time t = 0 implies that x(0) = Ry = B 
sin(0) + C cos(0), or C = Ry. To determine the other initial condition, we use the velocity 
equation from Example 14.1: v(t) = wB cos(wot) - wC sin(wot). The ball was released 
from rest, so v(0) = 0 = wB cos (0) - wC sin(0) = wB, giving us B = 0. Thus, the equation 
of motion in this case becomes 

x(t) = Rm cos(wot). 


The angular speed of the oscillation is 


k 1. : 
Wy =,| = | =| - a =9,69-104 s. 
m \Rm Y1.735-10° m 


Note that the mass of the steel ball turns out to be irrelevant. The period of the oscillation is 


T= A 6485 s. 
Mo 
The steel ball would arrive at the surface on the other side of the Moon 3242 s after it was 
released, and then oscillate back. Passing through the entire Moon in a little less than an 
hour would characterize an extremely efficient mode of transportation, especially since 
no power supply would be needed. 
The velocity of the steel ball during its oscillation would be 


v(1)= Z=- wR sin( wt) 


The maximum velocity would be reached as the ball crosses the center of the Moon and 
would have the numerical value 


Vmax = Rng -(9.69-10" s? )(1.735 -10° m) =1680 m/s =3760 mph. 


If the tunnel were big enough, the same motion could be achieved by a vehicle holding 
one or more people, providing a very efficient means of transportation to the other side of 
the Moon, without the need for propulsion. During the entire journey, the people inside 
the vehicle would feel absolute weightlessness, because they would experience no sup- 
porting force from the vehicle! In fact, it would not even be necessary to use a vehicle to 
make this trip—wearing a space suit, you could just jump into the tunnel. 


SOLVED PROBLEM 14.1 | Block on a Spring 


PROBLEM 

A 1.55-kg block sliding on a frictionless horizontal plane is connected to a horizontal 
spring with spring constant k = 2.55 N/m. The block is pulled to the right a distance 
d= 5.75 cm and released from rest. What is the block’s velocity 1.50 s after it is released? 


SOLUTION 
THINK 


The block will undergo simple harmonic motion. We can use the given initial conditions 
to determine the parameters of the motion. With those parameters, we can calculate the 
velocity of the block at the specified time. 


SKETCH 
Figure 14.7 shows the block attached to a spring and displaced a distance d 
from the equilibrium position. 


RESEARCH 
The first initial condition is that at t = 0, the position is x = d. Thus, we can write 


x(t=0)=d=Asin|(c -0)+4]= Asing. (i) 


We have one equation with two unknowns. To get a second equation, we use 
the second initial condition: at t = 0, the velocity is zero. This leads to 


v(t =0) =0 = wA cos [o -0)+ b | = wÁ cosh. 
We now have two equations and two unknowns. 


SIMPLIFY 


6, = 77/2. Substituting this result into equation (i) gives us 


d= asing Asin T-a. 


Thus, we can write the velocity as a function of time as 


v(t) = wd cos wot + =| =- wdsin(wot). 


Since the angular speed is given by wọ = yk/m, we obtain 


v(t)=- fea ol |} 
m m 
CALCULATE 
Putting in the numerical values gives us 
2.55 N/m (1 50 s) 
L55kg `` 


2. 
v(t=1.50 s)=- 223 Nnt less (0.0575 m) sin 
1.55 kg 
We report our result to three significant figures: 


ROUND 
v=-0.0692 m/s =- 6.92 cm/s. 


DOUBLE-CHECK 


it seems reasonable. 


14.1 Simple Harmonic Motion 463 


mu 
NN L 


H >x 


FIGURE 14.7 A block attached to a spring 
and displaced a distance d from the equilibrium 
position. 


(ii) 


We can simplify equation (ii) to obtain cos 6, = 0, from which we get the phase angle, 


=-—0.06920005 m/s. 


As usual, it is a good idea to verify that the answer has appropriate units. This is the 
case here, because m/s is a velocity unit. The maximum speed that the block can attain 
is v = wd = 7.38 cm/s. The magnitude of our result is less than that maximum speed, so 


Relationship of Simple Harmonic Motion to Circular Motion 


In Chapter 9, we analyzed circular motion with constant angular velocity, w, along 
a path with constant radius, r. We saw that the x- and y-coordinates of such motion 
are given by the equations x(t) = r cos (wt + 0) and y(t) = r sin (wt + 6). Figure 14.8a 
shows how the vector f(t) performs circular motion with constant angular velocity as a 
function of time with an initial angle of 0, = 0. The red arc segment shows the path of 
the tip of this radius vector. Figure 14.8b shows the projection of the radius vector onto 
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FIGURE 14.9 The position vector, 
linear velocity vector, and acceleration 
vector for circular motion. 


FIGURE 14.8 Projections of the 

x- and y-coordinates as a function of 
time for a position vector with constant 
length, rotating with constant angular 
velocity. 


the y-coordinate. You can clearly see that the motion of the y-component of the radius 
vector traces out a sine function. The motion of the x-component as a function of time 
is shown in Figure 14.8c, and it traces out a cosine function. These two projections 
of circular motion of constant angular velocity exhibit simple harmonic oscillations. 
This observation makes it clear that the frequency, angular speed, and period defined 
here for oscillatory motion are identical to the quantities introduced in Chapter 9 for 
circular motion. 

In Figure 14.8, the position vector, f (t), originates at (x,y) = (0,0) and rotates with angular 
velocity w. In Chapter 9, we saw that for circular motion the linear velocity, v(t), is tangent 
to the circle and the linear acceleration, a(t), always points toward the center of the circle. 
The vectors v(t) and a(t) can be moved so that they originate at (x,y) = (0,0), as shown in 
Figure 14.9. Thus, Figure 14.9 shows that, for circular motion, the three vectors F (t), v(t), and 
a(t) rotate together with angular velocity w. The linear velocity vector is always 90° out of 
phase with the position vector, and the linear acceleration vector is always 180° out of phase 
with the position vector. The projections of the linear velocity and linear acceleration vec- 
tors on the x- and y-axes correspond to the velocity and acceleration of an object undergo- 
ing simple harmonic motion. 


14.2 Pendulum Motion 


We are all familiar with another common oscillating system: the pendulum. In its ideal form, a 
pendulum consists of a thin string attached to a massive object that swings back and forth. The 
string is assumed to be massless, that is, of such small mass that the mass can be neglected. This 
assumption is, by the way, a very good approximation to the situation of a person on a swing. 

Let’s determine the equation of motion for any pendulum-like object. Shown in Figure 
14.10 is a ball at the end of a rope of length £ at an angle 6 relative to the vertical. For small 
angles 0, the differential equation for the motion of the pendulum (which is derived in 
Derivation 14.1) is 


—+26=0. (14.12) 


Equation 14.12 has the solution 


A(t) = Bsin(wot)-+Ccos(wot), with o = n i 


(14.13) 


DERIVATION 14.1 / Pendulum Motion 


The displacement, s, of the pendulum in Figure 14.10 is measured along the circumference 
of a circle with radius ¢. This displacement can be obtained from the length of the string 
and the angle: s = 0. Because the length does not change with time, we can write the sec- 
ond derivative of the displacement as 


ds _ P(O) _ 2o 
d? d? de 


The next task is to find the angular acceleration, d°0/dt”, as a function of time. To do this, 
we need to determine the force that causes the acceleration. Two forces act on the ball: the 
force of gravity, E , acting downward, and the force of the tension, T, acting along the rope. 
Since the rope stays taut and does not stretch, the tension must compensate the compo- 
nent of the gravitational force along the rope: T = mg cos 6. The vector sum of the forces 
gives a net force of magnitude Fae = mg sin 0, directed as shown in Figure 14.10. The net 
force is always in the direction opposite to the displacement, s. 
Using Faet = ma, we then obtain 


K . 
m— =~ mg sin 0 => 
dt 


d’s ; 
—=-gsin0d=> 
dt’ 
2 
4 a + gsin@d=0=> 
dt” 
2 
AO E sing =0. 
d? £ 
This equation is difficult to solve without using the small-angle approximation, sin ~ 0 
(in radians). Doing so yields the desired differential equation 14.12. Figure 14.11 shows 
that the small-angle approximation introduces little error for 0 < 0.5 rad (approximately 
30°). For these small angles, the motion of a pendulum is approximately simple harmonic 
motion because the restoring force is approximately proportional to 0. 

To solve equation 14.12, we could go through exactly the same steps that led to the so- 
lution of the differential equation for the spring. However, since equations 14.1 and 14.12 
are identical in form, we simply take the solution for spring motion and perform the ap- 
propriate substitutions: The angle 0 takes the place of x, and g/¢ takes the place of k/m. In 
this manner we arrive at our solution without deriving our previous result a second time. 


Period and Frequency of a Pendulum 
The period and frequency of a pendulum are related to the angular speed just as for a mass 
on a spring, but with the angular speed given by wọ =4 g : 


-22-an [A 
Wo 8 


(14.14) 


(14.15) 
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(a) (b) (c) 
FIGURE 14.10 A pendulum (a) with 


the force vectors due to gravity and 
string tension and (b) with the net 
force vector. (c) Vector construction of 
the net force. 


0 I I I Ly 
0 0.2 0.4 0.6 0.8 


0 (rad) 
FIGURE 14.11 Graph indicating the 
error incurred using the small-angle 
approximation, sin@ = 0, where @ is 
measured in radians. 


14.2 In-Class Exercise 


A pendulum is released from an 
angle of 6.0° relative to the vertical 
and performs simple harmonic oscil- 
lations with period T. If the initial 
angle is doubled, to 12.0°, the 
pendulum will oscillate with period 


a) 7/2. d) Ver. 
b) 1⁄2. e) 2T. 
c) 7. 
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FIGURE 14.12 Video sequence of the oscillation of two pendulums whose lengths have the ratio 4:1. 


14.3 Self-Test Opportunity 


You have a pendulum that has the 
period T on Earth. You take this pen- 
dulum to the Moon. What is the pe- 
riod of this pendulum on the Moon 
in terms of its period on Earth? 


eS 4 
FIGURE 14.13 Restricted pendulum. 


14.3 In-Class Exercise _) 


A grandfather clock keeps time 
using a pendulum consisting of 

a light rod connected to a small 
heavy mass. What should the length 
of the rod be for the period of the 
oscillations to be 1.00 s? 


a) 0.0150 m d) 0.439 m 
b) 0.145 m e) 0.750 m 
c) 0.248 m 
NS J 


Thus, the solution of the equation of motion for the pendulum leads to harmonic 
motion, just as for the case of a mass on a spring. However, for the pendulum— unlike the 
spring—the frequency is independent of the mass of the oscillating object. This result means 
that two otherwise identical pendulums with different mass have the same period. The only 
way to change the period of a pendulum—other than by taking it to another planet or the 
Moon, where the gravitational acceleration is different—is by varying its length. (Of course, 
the gravitational acceleration also has small variations on Earth, for example, depending on 
altitude; so a pendulum’s period is not exactly the same everywhere on Earth.) 

To shorten the period of a pendulum by a factor of 2 requires shortening the length of 
the string by a factor of 4. This effect is illustrated in Figure 14.12, which shows the motion 
of two pendulums, with one four times longer than the other. In this sequence, the shorter 
pendulum completes two oscillations in the same time in which the longer pendulum com- 
pletes one. 


EXAMPLE 14.3 | Restricted Pendulum 


PROBLEM 

A pendulum of length 45.3 cm is hanging from the ceiling. Its motion is restricted by a 
peg that is sticking out of the wall 26.6 cm directly below the pivot point (Figure 14.13). 
What is the period of oscillation? (Note that specifying the mass is not necessary.) 


SOLUTION 

We must solve this problem separately for motion on the left side and on the right side 
of the peg. On the left side, the pendulum oscillates with its full length, 4; = 45.3 cm. On 
the right side, the pendulum oscillates with a reduced length, ¢, = 45.3 cm - 26.6 cm = 
18.7 cm. On each side, it performs exactly + of a full oscillation. Thus, the overall period 
of the pendulum is + of the sum of the two periods calculated with the different lengths: 


1 2m| |L l4 T 
iS al [e+ [| ee 


- 0.53 m + V0.187 m| 


9.81 m/s? 


=1.11 s. 


14.3 Work and Energy in Harmonic Oscillations 


The concepts of work and kinetic energy were introduced in Chapter 5. In Chapter 6, we 
found the potential energy due to the spring force. In this section, we analyze the energies 
associated with motion of a mass on a spring. Then we'll see that almost all those results are 
applicable to a pendulum as well, but that we need to correct for the small-angle approxima- 
tion used in solving the differential equation for pendulum motion. 
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Mass on a Spring 


In Chapter 6, we did not have the equation for the displacement as a function of time at our 
disposal. However, we derived the potential energy stored in a spring, U,, as 


lg 
U, =1kx’, 


where k is the spring constant and x is the displacement from the equilibrium position. We 
also saw that the total mechanical energy of a mass on a spring undergoing oscillations of 
amplitude, A, is given by 
E=1k4?° 
kA". 


Conservation of total mechanical energy means that this expression gives the value of the 
energy for any point in the oscillation. Using the law of energy conservation, we can write 


Lp A? =l my +1 ky? 
kA amv +5 kx’. 


Then we can solve for the velocity as a function of the position: 


v= f(a? — 22), (14.16) 
m 


The functions v(t) and x(t) given in equations 14.6 describe the oscillation over time of a 
mass on a spring. We can use these functions to verify the relationship between position 
and velocity expressed in equation 14.16, which we obtained from energy conservation. In 
this way, we can directly test whether this new result is consistent with what we found previ- 
ously. First, we evaluate A” - x”: 


A’ -xX = A’- A’ sin’ (wot + M) 
=A’ h - sin? (coot + b )| 
= A’ cos (coot + 6). 


Multiplying both sides by w = k/m, we obtain 


Ela - x) = ky cos” (wot + 6) =v, 
m m 

By taking the square root of both sides of this equation, we obtain the same equation for the 
velocity that we got by applying energy considerations, equation 14.16. 

Figure 14.14 illustrates the oscillations of the kinetic and potential energies as a func- 
tion of time for a mass oscillating on a spring. As you can see, even though 
the potential and kinetic energies oscillate in time, their sum—the total 
mechanical energy—is constant. The kinetic energy always reaches its 
maximum wherever the displacement passes through zero, and the poten- 
tial energy reaches its maximum for maximum elongation of the spring 
from the equilibrium position. 

The position, velocity, and acceleration vectors at several positions for a 
block on a spring undergoing simple harmonic motion were shown in Figure 
14.5. Figure 14.15 reproduces that figure but also shows the potential and 
kinetic energies (U and K) at each position. In Figure 14.15a, the block is 
released from rest at position x = A. At this point, all the energy in the system 
exists in the form of potential energy stored in the spring, and the block has 
no kinetic energy. The block then accelerates to the left. At x = A/ J2, shown 
in Figure 14.15b, the potential energy stored in the spring and the kinetic 
energy of the block are equal. In Figure 14.15c, the block reaches the equilib- 
rium position of the spring, x = 0, at which point the potential energy stored (b) 
in the spring is zero and the block has its maximum kinetic energy. The block FIGURE 14.14 Harmonic oscillation of a mass on a 
continues moving, through the equilibrium position and in Figure 14.15d, it spring: (a) displacement asa function of time (same as 
is located at x = —A/2. Again the potential energy in the spring and kinetic figure 14.2); (b) potential and kinetic energies as a func- 
energy of the block are equal. In Figure 14.15e, the block is located atx =-A, tion of time on the same time scale. 


E= U(t) + K(t) 
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FIGURE 14.15 Position, velocity, 

and acceleration vectors for a mass on 
a spring (as in Figure 14.5), with the 

potential and kinetic energies at each 
position. 


-A 0 A 


where the potential energy stored in the spring is at its maximum and the kinetic energy of the 
block is zero. The block has returned to x = -A/V/2 in Figure 14.15f, and the potential energy in 
the spring is again equal to the kinetic energy of the block. In Figure 14.15g, the block is located 
at x = 0, where the potential energy in the spring is zero and the kinetic energy of the block is at 
its maximum. The block continues through that equilibrium position and reaches x = A/V2 in 
Figure 14.15h, and again the potential energy in the spring is equal to the kinetic energy of the 
block. The block returns to its original position in Figure 14.15a. 


Energy of a Pendulum 


In Section 14.2, we saw that the time dependence of the deflection angle of a pendulum is 
A(t) = @ cos 


zero, O(t = 0) = Q are known. We can then find the linear velocity at each point in time by taking 
the derivative, d6/dt = w, and multiplying this angular velocity by the radius of the circle, £: 


do(t) f | 


v= —— =- gl sin 
dt 
Because sina =/1-cos’ æ, we can insert the expression for the deflection angle as a func- 
tion of time into this equation for the velocity and obtain the speed of the pendulum as a 


function of the angle: 
ballin 
=| Jee 1- cos? Je 


2 
=|, Jet ae 


b= (6-6. 


( gil t), if the initial conditions of maximum deflection and zero speed at time 


sin 


(14.17) 
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What is the energy of the pendulum? At time zero, the pendulum has only gravitational 
potential energy. We can assign the potential energy a value of zero at the lowest point of the 
arc. From Figure 14.16, the potential energy at maximum deflection, 6, is 


E=K+U=0+U =mg/(1-cos®). 


This also gives the value of the total mechanical energy, because by definition the pendulum 
has zero kinetic energy at the point of maximum deflection, just as a spring does. For any 
other deflection, the energy is the sum of kinetic and potential energies: 


E =mg0(1-cos0)++mv’. 


Combining the preceding two equations for E (because the total energy is conserved) 
leads to 


mge(1 -cos 6) = mge(1 cos o) +5 m’ => 


mgl (cos 0- cos 6) = im. 
Solving this equation for the speed (absolute value of the velocity), we obtain 
|= 2g0(cos@-cosé). (14.18) 


Equation 14.18 is the exact expression for the speed of the pendulum at any angle 
6, which we obtained quite straightforwardly and without the need to solve a differential 
equation. This equation, however, does not match equation 14.17, which we obtained from 
the solution of a differential equation. However, remember that we used the small-angle 
approximation earlier for solving a differential equation. For small angles, we can approxi- 
mate cos@ = 1 - 46° +..., and so equation 14.17 is a special case of equation 14.18. Our 
derivation of equation 14.18 using energy considerations did not make use of the small- 
angle approximation, and thus this equation is valid for all deflection angles. However, the 
differences between the values obtained with the two equations are quite small, as you can 
see from Figure 14.17. 


EXAMPLE 14.4 { Speed on a Trapeze 


PROBLEM 

A circus trapeze artist starts her motion on the trapeze from rest with the rope at an angle 
of 45° relative to the vertical. The rope has a length of 5.00 m. What is her speed at the 
lowest point in her trajectory? 


SOLUTION 
The initial condition is 6) = 45° = 77/4 rad. We are interested in finding v(6 = 0). Applying 
conservation of energy, we use equation 14.18: 


v(8) =, /2¢¢(cosd -cos6). 


Inserting the numbers, we obtain 


z] = lost m/s?)(5.00 m)(1— yt =5,36 mis. 


With the small-angle approximation, for comparison, we get v(m 4) =O gl =5.50 m/s. 
This is close to the exact result, but for many applications it is not sufficiently precise. 


£ cos 0 


€ (1—cos 8) 


FIGURE 14.16 Geometry of a 


pendulum. 


v(0)(m/s) 
A 


3L — Small angle 
— Exact 


4 6 12 12 6 4 


FIGURE 14.17 Comparison of 

the speeds of a pendulum (of length 

1 m) as a function of the deflection 
angle, calculated with the small-angle 
approximation (red curves) and the 
exact formula based on conservation of 
energy (blue curves). The three sets of 
curves represent initial angles of 15°, 
30°, and 45° (from inside to outside). 
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14.4 Damped Harmonic Motion 


Springs and pendulums do not go on oscillating forever; after some time interval, they come 
to rest. Thus, some force must be present that slows them down. This speed-diminishing 
effect is called damping. An example is shown in Figure 14.18, which shows a mass on a 
spring oscillating in water, which provides resistance to the motion of the mass and damps 
it. The center of the mass follows the red curve superimposed on the video frames in Figure 
14.18b. The red curve is the product of a plot of simple harmonic motion (orange curve) 
and an exponentially falling function (yellow curve). 

In order to quantify the effects of damping, we need to consider the damping force. 
As we have just seen, a force like the spring force, F,, which depends linearly on posi- 
tion, does not accomplish damping. However, a force that depends on velocity does. For 
speeds that are not too large, the damping is given by a drag force of the form F, = —bv, 
where b is a constant, known as the damping constant, and v = dx/dt is the velocity. With 
this damping force, F,, we can write the differential equation describing damped har- 
monic motion: 


ma=F, +K 
2 
Ze can 
dt? dt 
2 
dx bide ky ig (14.19) 


The solution of this equation depends on how large the damping force is relative to the lin- 
ear restoring force responsible for the harmonic motion. This ratio establishes three general 
cases: small damping, large damping, and the intermediate case. 


Small Damping 


For small values of the damping constant b (“small” will be specified below), the solution 
of equation 14.19 is 
x (t) = Be" cos(w' t) Cet sin(o' t). (14.20) 


The coefficients B and C are determined by the initial conditions, that is, the position, x, 
and velocity, vp, at time t = 0: 
Vo + Xp, 
B=x) and C=———. 


w 


The angular speeds in this solution are given by 


indo 


nanny 
vm 


ia 


= 


FIGURE 14.18 Example of damped harmonic motion: mass on a spring oscillating in water. (a) 
Initial conditions. (b) Video frames showing the motion of the mass after it is released. 


This solution is valid for all values of the damping constant, b, for which the argument of the 
square root that determines w' remains positive: 


b<2Vmk. (14.21) 


This is the condition for small damping, also known as underdamping. 


DERIVATION 14.2 | Small Damping 


We can show that equation 14.20 satisfies the differential equation for damped harmonic 
motion (equation 14.19) in the limit of small damping. We'll start with an assumed solu- 
tion, which mathematicians call an Ansatz (the German word for “attempt”). In order to 
derive the result from the Ansatz, no further knowledge of differential equation is needed; 
all that is required is taking derivatives. 


Ansatz: 
x(t) =Be cos(w't) 


> ae w,Be °" cos(w't) -w'Be sin(w't) 
PLL 
We insert these expressions into equation 14.19: 
o- (0 ij 


dt 
Fs [uk (0f Be cos(ot)+20,0'Be™ sin(a) 
t 


Be” cos(w't) + 2w,o' Be sin(w't) 


b 


F -w Be “”" cos(w't) -w Be” sin(w't) | 


we -(w) aren 


a a Be” cos(w't)+ 


This equation can hold for all times t only if the coefficients in front of the sine and the 
cosine functions are zero. We thus have two conditions: 


b b 
2w,w' w =0> w, = 
k m Y 2m 
and 
2 2b k 
ws, -(«) a a 


To simplify the second condition, we use the first condition, w, = b/(2m), and the expres- 
sion for the angular speed we obtained earlier for simple harmonic motion, wọ =Vk/m. 
We then obtain for the second condition: 


2 


i 32 2 ' 2 
-(a') -w + Wo |=0> @ = 4/09 - Wy. 


We could go through the same steps to show that Ce “sin (w't) is also a valid solution and 
could further show that these two solutions are the only possible solutions (but we will 
skip these demonstrations). 


14.4 Damped Harmonic Motion 
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x(t) (cm) 


FIGURE 14.19 Position versus 
time for a weakly damped harmonic 
oscillator. 


t(s) 


In the derivations in this chapter that involve differential equations we have proceeded 
in the same manner. This method is a general approach to the solution of problems involv- 
ing differential equations: Choose a trial solution, and then adjust parameters and make 
other changes based on the results obtained by inserting the trial solution into the differ- 
ential equation. 

Just as for the case of undamped motion, we can also write the solution in terms of one 
amplitude, A, and a phase shift determined by 0, instead of using the coefficients B and C 
for the sine and cosine functions as in equation 14.20: 


x(t)= Ae“ sin(w't +4). (14.22) 


Now let’s look at a plot of equation 14.20, which describes weakly damped harmonic 
motion (Figure 14.19). The sine and cosine functions describe the oscillating behavior. Their 
combination results in another sine function, with a phase shift. The exponential functions 
that multiply them can be thought of as reducing the amplitude in time. Thus, the oscillations 
show exponentially decaying amplitude. The angular speed, w', of the oscillation is reduced 
relative to the angular speed of oscillation without damping, wọ. The graph in Figure 14.19 
was generated with k =11.00 N/m, m =1.800 kg, and b = 0.500 kg/s. These parameters result 
in an angular speed w' = 2.468 s™, compared to an angular speed wy = 2.472 s™ for the case 
without damping. The amplitude is A = 5 cm, and 6 = 1.6. The dark blue curve is the plot of 
the function, and the two light blue curves show the exponential envelope, within which the 
amplitude is reduced as a function of time. 


EXAMPLE 14.5 | Bungee Jumping 


A bridge over a deep valley is ideal for bungee jumping. The first part of a bungee jump 
consists of a free fall of the same length as the unstretched rope. Suppose the height of the 
bridge is 50 m. A 30-m-long bungee rope is used and is stretched 5 m by the weight of a 
70-kg person. Thus, the equilibrium length of the bungee rope is 35 m. This bungee rope 
has been found to have a damping angular speed of 0.3 s~}. 


PROBLEM 
Describe the vertical motion of the bungee jumper as a function of time. 


SOLUTION 
From the top of the bridge, the jumper experiences free fall for the first 30 m of her de- 
scent, shown by the red part of the trajectory in Figure 14.20. Once she falls the length 


of the rope, 30 m, she reaches a velocity of vy = - 4/2g/ = -24.26 m/s. This part of the 


trajectory takes time t = ./2¢/ g = 2.47 s. 

She then enters a damped oscillation y(t) about the 
equilibrium position, y, = 50 m - 35 m= 15 m, with the 
initial displacement yọ = 5m. We can calculate the an- 
gular speed of her vertical motion from knowing that 
the rope is stretched by 5 m due to the 70-kg mass and 
using mg = k(5 m): 


| 2 
w= jE- g _ |98 m/s -145l 
m Ly-£ 5m 


-1 : ' 
Because w, = 0.3 s~ , was specified, we have w' = Jog- w, = 


1.367 s '. The bungee jumper oscillates according to equa- 


6 
t(s) tion 14.20, with coefficients B = yọ = 5 m and C = (vo + 


FIGURE 14.20 Idealized vertical motion as a function of time of a Yo @,)/@' = -16.65 m/s. This motion is represented by the 


bungee jump. 


green part of the curve in Figure 14.20. 


DISCUSSION 

The approximation of damped harmonic motion for the final part of this bungee 
jump is not quite accurate. If you examine Figure 14.20 carefully, you see that the 
jumper rises above 20 m for approximately 1 s, starting at approximately 5.5 s. Dur- 
ing this interval, the bungee cord is not stretched and so this part of the motion is 
not sinusoidal. Instead, the bungee jumper is again in free-fall motion. However, 
for the present qualitative discussion, the approximation of damped harmonic mo- 
tion is acceptable. If you plan to bungee jump (strongly discouraged in light of past 
fatalities!), you should always test the setup first with an object of weight equal to or 
greater than yours. 


Large Damping 

What happens when the condition for small damping, b<2Vmk , is no longer fulfilled? 
The argument of the square root that determines w' will be smaller than zero, and so the 
Ansatz we used for small damping does not work any more. The solution of the differential 
equation for damped harmonic oscillations (equation 14.19) for the case where b > 2vimk ; 
a situation called overdamping, is 


[ola + coli laos} , forb> 2Vmk, 


x(t)=Be | (14.23) 
with the amplitudes given by 
Xow; + Vo 


Xo + i 
2 be 2 2 2. bos? 2 
Wy -w0 w, -00 


Again, we have for the angular speeds 


b k 
w, =—, Wy =,/—. 
2m m 
The coefficients B and C are determined by the initial conditions. 

The solution given by equation 14.23 has no oscillations but instead consists of two 
exponential terms. The term with the argument —@,t + o, - w, t governs the long-time 
behavior of the system because it decays more slowly than the other term. 

An example of the motion of an overdamped oscillator is graphed in Figure 14.21. 
The graph was generated for k = 1.0 N/m, m = 1.0 kg, and b = 3.0 kg/s, such that 
b (= 3.0 kg/s) >24/mk (= 2 kg/s). These parameters result in an angular speed of w, = 1.5 S, 
compared to an angular speed of wọ = 1.0 s' for the case without damping. The initial 
displacement was x) = 5.0 cm, and the system was assumed to be released from rest. The 
displacement goes to zero without any oscillations. 

The coefficients B and C can have opposite signs, so the value of x determined from 
equation 14.23 can change sign one time at most. Physically, this sign change corresponds 
to the situation in which the oscillator receives a large initial velocity toward the equi- 
librium position. In that case, the oscillator can overshoot the equilibrium position and 
approach it from the other side. 


Critical Damping 
Because we have already covered the solutions of equation 14.19 for b<2 mk and 
b>2Vmk, you might be tempted to think that we can obtain the solution for b=2.mk 


via some limit process or some interpolation between the two solutions. This case, however, 
is not quite so straightforward, and we have to employ a slightly different Ansatz. The solu- 


tion for the case where b=2./mk, the solution known as critical damping, is given by 
x(t)=Be °"+1Ce", forb=2Vmk, (14.24) 
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x (cm) 


0 2 4 6 8 10 12 14 
t (s) 
FIGURE 14.21 Position versus time 


for an overdamped oscillator. 
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x (cm) 


0 2 4 6 8 10 12 14 
t (s) 
FIGURE 14.22 The displacement 
of a critically damped oscillator versus 
time. The gray line reproduces the curve 
for the overdamped oscillator from 
Figure 14.21. 
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FIGURE 14.23 Position versus time 
for underdamped motion (green line), 
overdamped motion (red line), and 
critically damped motion (blue line). 


where the amplitude coefficients have the values 


B=X%, C=V% +Xq,. 


The angular speed in this solution is still w, = b/2m. 
Let’s look at an example in which the coefficients B and C are determined from the 
initial conditions for the damped harmonic motion. 


EXAMPLE 14.6 { Damped Harmonic Motion 


PROBLEM 

A spring with the spring constant k =1.00 N/m has an object of mass m = 1.00 kg attached 
to it, which moves in a medium with damping constant b = 2.00 kg/s. The object is released 
from rest at x = +5 cm from the equilibrium position. Where will it be after 1.75 s? 


SOLUTION 
First, we have to decide which of the three types of damping applies in this situation. To 


find out, we calculate 2Vmk =2,/(1 kg)(1 N/m) =2 kg/s, which happens to be exactly equal 
to the value that was given for the damping constant, b. Therefore, this motion is critically 
damped. We can also calculate the damping angular speed: w, = b/2m = 1.00 ie 

The problem statement gives the initial conditions: x) = +5 cm and vy = 0. We de- 
termine the constants B and C from these initial conditions (expressions for these con- 
stants). We use equation 14.24 for critical damping: 

x(t)=Be “Y’ + tce 
= x(0) = Be +0-Ce° =B. 


Next, we take the time derivative: 
d - 7 
v= = =- w,Be eee C(1- w,tye oyt 
=v(0)=-0,Be* +c|i-(0, 0)’ =-0,B8+C. 
According to the problem statement, vo = 0, which yields C = w,B, and xp = +5 cm, which 
determines B. We have already calculated w, = 1.00 s'. Thus, we have 


x(t) = (5 cm)(1 + w,t)e 
= (5 cm)(1 +(1.00s7 i) g (00s) 


-wt 


We now calculate the position of the mass after 1.75 s: 
x(1.75 s)=(5 cm)(1+1.75)e™” =2.39 cm. 


Figure 14.22 shows a plot of the displacement of this critically damped oscillator as a func- 
tion of time. It also includes the curve from Figure 14.21 for the overdamped oscillator, 
which has the same mass and spring constant but a larger damping constant, b = 3.0 kg/s. 
Note that the critically damped oscillator reaches zero displacement more quickly than 
the overdamped oscillator does. 


To compare underdamped, overdamped, and critically damped motion, Figure 14.23 
graphs position against angular speed times time for each type of motion. In all three cases, 
the oscillator started from rest at time t = 0. The green line represents the underdamped 
case; you can see that oscillation continues. The red line reflects large damping above the 
critical value, and the blue line reflects critical damping. 

An engineering solution providing a damped oscillation that returns as fast as pos- 
sible to the equilibrium position and has no oscillations needs to use the condition of 


critical damping. Examples of such an application are the shock absorbers in cars, 
motorcycles (Figure 14.24), and bicycles. For maximum performance, they need to 
work at the critical damping limit or just slightly below. As they get worn, the damp- 
ing effect becomes weaker, and the shock absorbers provide only small damping. This 
results in a “bouncing” sensation for riders and indicates that it is time to change the 
vehicle’s shock absorbers. 


Energy Loss in Damped Oscillations 
Damped oscillations are the result of the velocity-dependent (and thus nonconservative) 
damping force, F, = -bv, and are described by the differential equation (compare to equa- 
tion 14.19) 

dx dx 


+ 2a, + wex =0, (14.25) 
dt ° 


where wy) =Vk/m (k is the spring constant and m is the mass) is the angular speed of 
the harmonic oscillation without damping and w, = b/2m is the damping angular speed. 
The nonconservative damping force must result in a loss of total mechanical energy. We'll 
examine the energy loss for small damping only, because this case is by far of the greatest 
technological importance. However, large and critical damping can be treated in an analo- 
gous manner. 

For small damping, we saw that the displacement as a function of time can be written 
in terms of a single sinusoidal function with a phase shift (compare to equation 14.22): 


x(t)= Ae“ sin(w't+ 4). (14.26) 


This solution can be understood as a sinusoidal oscillation in time with angular speed 


w' =o- o, and with exponentially decreasing amplitude. 

We know that the damping force is nonconservative, and so we can be sure that 
mechanical energy is lost over time. Since the energy of harmonic oscillation is propor- 
tional to the square of the amplitude, E = +kA’, we might be led to conclude that the energy 
decreases smoothly and exponentially for a damped oscillation. However, this is not quite 
the case, which we can demonstrate as follows. 

First, we can find the velocity as a function of time by taking the time derivative of 
equation 14.26: 

v(t) =w'Ae ” cos(w't+ 6) -w,Ae *" sin(w't+ 6). 

Next, we know the potential energy stored in the spring as a function of time, U = +kx (t), 
as well as the kinetic energy due to the motion of the mass, K = 4mv’(t). We can plot these 
energies and the displacement and velocity as functions of time, as shown in the graphs in 
Figure 14.25, where k = 11.00 N/m, m =1.800 kg, and b = 0.500 kg/s. These parameters result 
in an angular speed of w' = 2.468 s ', compared to an angular speed of wy = 2.472 s™ for the 
case without damping, and a damping angular speed of w, = 0.139 s'. The amplitude is 
A =5 cm, and 6 = 1.6. 

Figure 14.25 shows that the total energy does not decrease in a smooth exponen- 
tial way but instead declines in a stepwise fashion. This energy loss can be represented 
in a straightforward way by writing an expression for the power, that is, the rate of 
energy loss: 


dE 


=-by’ =vE,. 
dt y 


Thus, the rate of energy loss is largest wherever the velocity has the largest absolute value, 
which happens as the mass passes through the equilibrium position. When the mass 
reaches the points where the velocity is zero and it is about to reverse direction, all energy 
is potential energy and there is no energy loss at these points. 
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FIGURE 14.24 Shock absorbers on 
the front wheel of a motorcycle. 


14.4 Self-Test Opportunity 


Consider a pendulum whose motion 
is underdamped by a term given by 
the product of a damping constant, 
a, and the speed of the mov- 

ing mass. Making the small-angle 
approximation, we can write the 
differential equation 


By analogy with a mass on a spring, 
give expressions for the angular 
speeds characterizing this angular 
motion: w,, w', and wg. 


14.4 In-Class Exercise — 


An automobile with a mass of 
1640 kg is lifted into the air. When 
the car is lifted, the suspension 
spring on each wheel lengthens by 
30.0 cm. What damping constant 
is required for the shock absorber 
on each wheel to produce critical 
damping? 
a) 101 kg/s d) 2310 kg/s 
b) 234 kg/s e) 4690 kg/s 


c) 1230 kg/s 
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FIGURE 14.25 (a) Potential energy 
(red), kinetic energy (green), and 

total energy (blue). (b) Displacement 
(red) and velocity (green) for a weakly 
damped harmonic oscillator. The five 
thin vertical lines mark one complete 
oscillation period, T. 


t(s) 


t(s) 
0 


DERIVATION 14.3 | Energy Loss 


We can derive the formula for the energy loss in damped oscillation by taking the time 
derivatives of the expressions for kinetic and potential energies: 


2 d{l 2 dv dx 
sal —| —kx* |=mv —+kx —. 
rite eae | rae 


db dK, aU_ aft 
dt dt dt dt 


Now we use v = dx/dt and factor out the common factor, m dx/dt: 


dE_ dx dx dx_ dx|d’x k 
=m kx — =m x]. 
dt dt dt dt dt | de m 
Now we can use w4 = k/m to obtain 


dx 2 
ae WX |. 
t 


dE dx 


u a G) 


We can reorder equation 14.25 by moving the damping term to the right-hand side: 
d dx__ b dx 
Gy =- : 
dt mdt 


Because the left-hand side of this differential equation is equal to the term inside the pa- 
rentheses in equation (i) for the rate of energy loss, we obtain 


2 
dE _ ae a] sa 


x 2 
2 + wx =-2 


m 
dt dt| m dt dt 


The damping force is F, = —bv, and so we have shown that the rate of energy loss is indeed 
dE/dt = vF}. 


Practical applications require consideration of the quality of the oscillator, Q, which 
specifies the ratio of total energy, E, to the energy loss, AE, over one complete oscillation 
period, T: 


Q (14.27) 


2 
[Az 
In the limit of zero damping, the oscillator experiences no energy loss, and Q — œ. In the 
limit of small damping, the quality of the oscillator can be approximated by 
Qx 2, (14.28) 
2w, 
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Combining these two results provides a handy formula for the energy loss during a com- 
plete oscillation period of weakly damped motion: 


4 TW, 


|Az| = ee =E (14.29) 


wo 

For the harmonic oscillation graphed in Figure 14.25, equation 14.28 results in Q = 2.472 s™*/ 
2(0.139) s™ = 8.89. Substituting this value of Q into equation 14.29 gives an energy loss of 
|AE | =0.71E during each oscillation period. We can compare this to the exact result for Figure 
14.25 by measuring the energy at the beginning and end of the interval indicated in the figure. 
We find for the energy difference divided by the average energy a value of 0.68, in fairly good 
agreement with the value of 0.71 obtained by using the approximation of equation 14.28. 


14.5 Forced Harmonic Motion and Resonance 


If you are pushing someone sitting on a swing, you give the person periodic pushes, with the 
general goal of making him or her swing higher—that is, of increasing the amplitude of the oscil- 
lation. This situation is an example of forced harmonic motion. Periodically forced or driven 
oscillations arise in many kinds of problems in various areas of physics, including mechanics, 
acoustics, optics, and electromagnetism. To represent the periodic driving force, we use 


F(t) = Fycos( at), (14.30) 
where F, and w, are constants. 
To analyze forced harmonic motion, we start by considering the case of no damping. 
Using the driving force, F(t), the differential equation for this situation is 
d 
make Bi cos( cyt) => 
t 


2 
F 

ae E piyi cos( yt) =0. 

d? m m 


The solution to this differential equation is 
x(t) = Bsin(af) + Ccos( wot) + Aq cos( at). 


The coefficients B and C for the part of the motion that oscillates with the intrinsic angular 
speed, wy) =Vk/m, can be determined from the initial conditions. However, much more 
interesting is the part of the motion that oscillates with the driving angular speed. It can be 
shown that the amplitude of this forced oscillation is given by 


m{ w -w ) 

Thus, the closer the driving angular speed, wa is to the intrinsic angular speed, wo, the larger 
the amplitude becomes. In the situation of pushing a person on a swing, this amplification 
is apparent. You can increase the amplitude of the swing’s motion only when you push at 
approximately the same frequency with which the swing is already oscillating. If you push 
with that frequency, the person on the swing will go higher and higher. 

If the driving angular speed is exactly equal to the intrinsic angular speed of the oscilla- 
tor, the equation Ay = E,/|m(w¢ - «3)| predicts that the amplitude will grow infinitely big. In 
real life, this infinite growth does not occur. Some damping is always present in the system. 
In the presence of damping, the differential equation to solve becomes 

dx bda k A 


+ —X cos| w,t)=0. 14,31 
de mdt m m ( at) ( ) 


This equation has the steady-state solution 


x(t)=A,cos(«,t-6,), (14.32) 
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FIGURE 14.26 The amplitude of 
forced oscillations as a function of the 
angular speed of the driving force. The 
three curves represent different damp- 
ing angular speeds: w, = 0.3 s™ (red 
curve), w, = 0.5 s™* (green curve), and 
w, = 0.7 s™" (blue curve). 
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FIGURE 14.27 Phase shift as a 


function of driving angular speed with 


[ee] 


the same parameters as in Figure 14.26. 


The three curves represent different 
damping angular speeds: w, = 0.3 s 
(red curve), w, = 0.5 s™ (green curve), 
and w, = 0.7 s™ (blue curve). 
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where x oscillates at the driving angular speed and the amplitude is 


(14.33) 


As you can see, the amplitude given by equation 14.33 cannot be infinite, because even 
at wa = wọ it still has a finite value, Fy/(2mw w,), which is also approximately its maximum. 
The driving frequency corresponding to the maximum amplitude can be calculated by tak- 
ing the derivative of A, with respect to wa setting that derivative equal to 0, and solving for 


wa which gives the result that A, is maximum when aq = , lag - 2w. Note that for w, & wo, 
wa = Wo. The shape of the curve of the amplitude A,, as a function of the driving angular 
speed, wg, is called a resonance shape, and it is characteristic of all resonance phenomena. 


When a, = 4/4 - 2a, , the driving angular speed is called the resonant angular speed; A, 
is close to a maximum at this angular speed. In Figure 14.26, A, is plotted from equation 
14.33 for w = 3s | and three values of the damping angular speed, w,. As the damping gets 
weaker, the resonance shape becomes sharper. You can see that in every case, the amplitude 
curve reaches its maximum at a value of w, slightly below wọ = 3 s™. 

The phase angle 6, in equation 14.32 depends on the driving angular speed as well as 
on the damping and intrinsic angular speeds: 


(14.34) 


The phase shift as a function of the driving angular speed is graphed in Figure 14.27 with 
the same parameters used in Figure 14.26. You can see that for small driving angular speeds, 
the forced oscillation follows the driving in phase. As the driving angular speed increases, 
the phase difference begins to grow and reaches 77/2 at wg = wọ. For driving angular speeds 
much larger than the resonant angular speed, the phase shift approaches m. The lower the 
damping angular speed, w,, the steeper the transition from 0 to 7 phase shift becomes. 

A practical note is in order at this point: The solution presented in equation 14.32 
is usually only reached after some time. The full solution for the differential equation for 
damped and driven oscillation (equation 14.31) is given by a combination of equations 
14.20 and 14.32. During the transition time, the effect of the particular initial conditions 
given to the system is damped out, and the solution given by equation 14.32 is approached 
asymptotically. 

Figure 14.28 shows motion of a system that is driven with a driving angular speed 
of w4 = 1.2 sand an acceleration of F/m = 0.6 m/s”. The system has an intrinsic angular 
speed of wy = 2.2 s'' and a damping angular speed of w, = 0.4 s™ and starts at xp = 0 with 
a positive initial velocity. The unforced motion of the system follows equation 14.20 and is 
shown by the green dashed curve. The motion according to equation 14.32 is shown in red. 
The full solution (blue curve) is the sum of the two. After some 


=22s"1 
a“ i Safa S complicated-looking oscillations, during which the initial con- 
d: sja! ditions are damped out, the full solution approaches the simple 
sa F/m = 0.6 m/s? harmonic motion given by equation 14.32. 


0.2 


x(t) (m) 


Driving mechanical systems to resonance has important 
technical consequences, not all of them desirable. Most wor- 
risome are resonance frequencies in architectural structures. 


—0.2 


—0.4 


Builders have to be very careful, for example, not to construct 
high-rises in such a way that earthquakes can drive them into 
oscillations near resonance. Perhaps the most infamous example 
of a structure that was destroyed by a resonance phenomenon 


FIGURE 14.28 Position as a function of time for damped and 
driven harmonic oscillation: The red curve plots equation 14.32, and 
the green dashed curve shows the motion with damping (from equation 
14.20). The blue curve is the sum of the red and green curves, giving 
the complete picture. 


was the Tacoma Narrows Bridge, known as “Galloping Gertie,” 
in the state of Washington. It collapsed on November 7, 1940, 
only a few months after construction was finished (Figure 14.29). 
A 40-mph wind was able to drive the oscillations of the bridge 
into resonance, and catastrophic mechanical failure occurred. 
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14.5 In-Class Exercise 


The system of Figure 14.28 is driven at four different driving angular speeds, and position versus 
time for all four cases is plotted in the figures. Which of the four cases is closest to resonance? 


FIGURE 14.29 Collapse of the mid- 
section of the Tacoma Narrows Bridge 
on November 7, 1940. 


Columns of soldiers marching across a bridge are often told to fall out of lockstep to avoid 
creating a resonance due to the periodic stomping of their feet. However, a large number of 
walkers can get locked into phase through a feedback mechanism. On June 12, 2000, the Lon- 
don Millennium Bridge on the Thames River had to be closed after only three days of opera- 
tion, because 2000 pedestrians walking over the bridge drove it into resonance and earned 
it the nickname “wobbly bridge.” The lateral swaying of the bridge was such that it provided 
feedback and locked the pedestrians into a stepping rhythm that amplified the oscillations. 


14.6 | Phase Space 


We will return repeatedly to the physics of oscillations during the course of this book. As 
mentioned earlier, the reason for this emphasis is that many systems have restoring forces that 
drive them back to equilibrium if they are nudged only a small distance from equilibrium. 
Many problem situations in physics can therefore be modeled in terms of a pendulum or a 
spring. Before we leave the topic of oscillations for now, let’s consider one more interesting 
way of displaying the motion of oscillating systems. Instead of plotting displacement, velocity, 
or acceleration as a function of time, we can plot velocity versus displacement. A display of 
velocity versus displacement is called a phase space. Looking at physical motion in this way 
provides interesting insights. 


Let's start with a harmonic oscillation with- v re s) 
out damping. Plotting an oscillation with time 8+ 
dependence given by x(t) = Asin(wt), ampli- 6+ 


tude of A = 4 cm, and angular speed w = 0.7 s`} 
in a phase space gives an ellipse, the red curve 
in Figure 14.30. Other values of the amplitude, 
between 3 and 7 in steps of 1, yield different 
ellipses, shown in blue in Figure 14.30. 
Consider another example: Figure 14.31 
shows a plot in a phase space of the motion ofa 
weakly damped oscillator (with k = 11 N/m, 
m =1.8 kg, b = 0.5 kg/s, A =5 cm, and 6) = 1.6), 
the same oscillator whose position was plotted FIGURE 14.30 Velocity versus displace- FIGURE 14.31 Velocity versus displace- 
in Figure 14.19 as a function of time. You can ment for different amplitudes of simple ment for a damped oscillator. 
see the starting point of the oscillatory motion, harmonic motion. 


+» x (cm) 


—6+ 


—gt 
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at x(t = 0) = (5 cm)sin(1.6)e° and v(t = 0) = -1.05 cm/s. The trajectory in the phase space 
spirals inward toward the point (0,0). It looks as though the trajectory is attracted to that 
point. If the oscillation had different initial conditions, the plot would have spiraled inward 
to the same point, but on a different trajectory. A point to which all trajectories eventually 
converge is called a point attractor. 


14.7 | Chaos 


FIGURE 14.32 Deflection angle as a 
function of time for a driven pendulum 
with three different initial conditions: 
The red line resulted from an initial 
angle of zero. The green line resulted 
from an initial angle of 10° rad. The 
blue line resulted from an initial angle 
of 10° rad. 


One field of research in physics has emerged only since the advent of computers. This field 
of nonlinear dynamics, including those of chaos, has yielded interesting and relevant 
results during the last decade. If we look hard enough and under certain conditions, we can 
discover signs of chaotic motion even in the oscillators we have been dealing with in this 
chapter. In Chapter 7, we looked at chaos and billiards, noting the sensitivity of a system's 
motion to initial conditions; here we continue this examination in greater detail. 

When we analyzed the motion of a pendulum, we used the small-angle approxima- 
tion (Section 14.2). However, suppose we want to study large deflection angles. We can 
do this by using a pendulum whose string has been replaced with a thin solid rod. Such 
a pendulum can move through more than 180°, even through a full 360°. In this case, the 
approximation sin 0 ~ 0 does not work, and the sine function must be included in the dif- 
ferential equation. Ifa periodic external driving force as well as damping is present for this 
pendulum, we cannot solve the equation of motion in an analytic fashion. However, we can 
use numerical integration procedures with a computer to obtain the solution. The solution 
depends on the given initial conditions. Based on what you have learned so far about oscil- 
lators, you might expect that similar initial conditions give similar patterns of motion over 
time. However, for some combinations of driving angular speed and amplitude, damping 
constant, and pendulum length, this expectation is not borne out. 

Figure 14.32 shows plots of the pendulum’s deflection angle as a function of time using 
the same equation of motion and the same value for the initial velocity. However, for the red 
curve, the initial angle is exactly zero radians. For the green curve, the initial angle is 10~° 
rad. You can see that these two curves stay close to one another for a few oscillations, but 
then rapidly diverge. If the initial angle is 10” rad (blue curve), the curves do not stay close 
for much longer. Since the blue curve starts 100 times closer to the red curve, it might be 
expected to stay close to the red curve longer in time by a factor of 100. This is not the case. 
This behavior is called sensitive dependence on initial conditions. If a system is sensitively 
dependent on the initial conditions, a long-term prediction of its motion is impossible. This 
sensitivity is one of the hallmarks of chaotic motion. 

Precise long-range weather forecasts are impossible for reasons of sensitive dependence 
on initial conditions. With the advent of computers in the 1950s, meteorologists thought 
they would be able to describe the future weather accurately if only they generated enough 
measurements of all the relevant variables—such as temperature and wind direction—at as 
many points as possible across the country. However, by the 1960s, it had become obvious 
that the basic differential equations for air masses moving in the atmosphere show sensitive 
dependence on initial conditions. Thus, the dream of precise long-range weather forecast- 
ing was ended. 
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WHAT WE HAVE LEARNED | 


= An object acting under Hooke’s Law, F = -kx, 
undergoes simple harmonic motion, with a restoring 
force that acts in the opposite direction to the 
displacement from equilibrium. 


= The equation of motion for a mass on a spring (with 
no damping) is x(t) = Bsin (wot) + C cos (wt), where 
wg =Vk/m, or, alternatively, x(t) = Asin (wot + 6) 
= The equation of motion for a pendulum (with no 
damping) is 0(t) = Bsin (wt) + C cos (wot) with 
Wy) = V gle . 
= Velocity and acceleration for simple harmonic 
oscillations: 
x(t)=Asin(wot +6) 
> v(t) =WA cos( gt + 6) 
> a(t) =- wp Asin( apt + 6). 
= The period of an oscillation is T = 277/w. 


= The frequency of an oscillation is f= 1/T = w/27, or 
w=2Tf. 
= The equation of motion for a mass on a 


spring with small damping (b <24 mk | is 


x(t)=Be °” cos(w't) Ce sin(w't), with 


Wy =b/2m, w'=kim-(b/2m) = Jo -0, 


and w =Vk/m. 


KEY TERMS 


periodic motion, p. 456 
simple harmonic motion 
(SHM), p. 456 
amplitude, p. 457 
angular speed, p. 457 


period, p. 460 
frequency, p. 461 
pendulum, p. 464 
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overdamping, p. 473 


NEW SYMBOLS AND EQUATIONS 


| k 
w  =,{/—, angular speed of simple harmonic motion 
m 


x(t) = Bsin (wot) + C cos (wot), displacement function of 
oscillation 


T= om period of oscillation 
w 


f= L, frequency of oscillation 


critical damping, p. 473 
quality, p. 476 
forced harmonic motion, 


resonance shape, p. 478 
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EXAM STUDY GUIDE 


The equation of motion for a mass on a 
spring with large damping (b >24 mk is 


ate «0 -{0-Joj-08 
+Ce ' 


The equation of motion for a mass on a spring with 
critical damping e = 2vimk is x(t) = (B + tC) a 


AO- Te 


For a damped harmonic oscillator, the rate of energy 
loss is dE/dt = -bv = vE 


The quality of an oscillator is related to the energy loss 
during one complete oscillation period, Q=27E / |AE l. 


If a periodic external driving force, F(t) = F4 cos (wat), 
is applied to an oscillating system, the equation of 
motion becomes (after some transient time) 

x(t) = A„cos(wat - 6,), with amplitude 


fy 
A,= 


. The graph of this 


2 
mfo = ok) + Aaja, 
amplitude displays a resonance shape in which the 
amplitude is a maximum when the driving angular 
speed approximately equals the intrinsic angular speed 
(wj = w). 


A phase space displays a plot of the velocity of an object 
versus its position. Simple harmonic motion yields an 
ellipse in such a phase space. A plot of damped harmonic 
motion spirals in toward the point attractor at (0,0). 


With the right choice of parameters, a damped and 
driven rod pendulum can show chaotic motion which 
is sensitively dependent on the initial conditions. In this 
case, the system's long-term behavior is not predictable. 


resonant angular speed, 

p. 478 
phase space, p. 479 
nonlinear dynamics, p. 480 
chaos, p. 480 


p. 477 


Wy = T , angular speed for a pendulum 


b=24mk, damping constant for critical damping 


Q 


= eee , quality of an oscillator 


JAE 
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ANSWERS TO SELF-TEST OPPORTUNITIES 


2 
14.1 sa + LM =0. Use the trial function 
m 


x(t)=A sin(wt + 6) and take derivatives: 


=~ Aw, cos( aot +6); 


d 
ai = - Aw, sin cot + 6). 
dt 
Now insert back into the differential equation with 
Wy = Lae 
m 


—Awssin(@, t + 09) + Awssin(wot + 0o) = 0. 
14.2 Use the trig identity sin(@ + B) = sin(a) cos(B) + 
cos(a) sin(8) 
A sin(Wot + 09) = A sin(wot) cos(0o) + A cos(wot) sin(Ao) 
A sin(@ot + 89) = (A cos(8p)) sin(@ot) + (A sin(0,)) cos(@ot) = 
B sin(@ot) + C cos(aoft) 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 

1. In oscillatory motion, some quantities are characteristic of 
the motion: position, x; velocity, v; acceleration, a; energy, E; 
phase angle, 0); amplitude, A; and maximum velocity, Vmax 
Other quantities are characteristic ofthe particular system: mass, 
m; spring constant, k; pendulum length, 4; period, T; frequency, 
frand angular frequency, w. It is helpful to list the quantities you 
are looking for to solve a problem and the quantities you know 
or need to determine to find those unknowns. 


B = A cos(6,) 

C= A sin(0) 

square and add these two equations 

B? + C? = A’sin?()) + A°cos*(0,) = A°(sin™ (0o) + cos?(0,)) = A? 
A= VB+C’. 


Now divide these same two equations 


Cz Asin() = tan(6,) 
B Acos(6) ° 
% san [S] 

B 


2 
14.3 Toon =, | SET = ae a “T =2A5T. 
§Moon 1.63 m/s 


14.4 o=Ssay=/8; w= o-o. 


2. Some motion starts out as motion along a line, sometimes 
with constant acceleration (for example, free fall), and then 
changes to oscillatory motion. In such cases, you need to 
identify where or when the change in motion takes place and 
which equations you need to use for each kind of motion. 


3. In problems involving damping, it is essential to first 
determine whether the system is weakly damped, critically 
damped, or overdamped, because the form of the equation of 
motion you should use depends on this. 


SOLVED PROBLEM 14.2 (Determining the Damping Constant 


PROBLEM 


A 1.75-kg block is connected to a vertical spring with spring constant k = 3.50 N/m. The 
block is pulled upward a distance d = 7.50 cm and released from rest. After 113 complete 
oscillations, the amplitude of the oscillation is half the original amplitude. The damping 
of the block’s motion is proportional to the speed. What is the damping constant, b? 


SOLUTION 
THINK 


e Saar i T o 
2 emcees. ---- 
L (a) (b) 


FIGURE 14.33 Position of the oscillat- 
ing block at (a) t = 0 and (b) t = 1137. 


SKETCH 


Because the block executes 113 oscillations and the amplitude decreases by a factor 
of 2, we know we are dealing with small damping. After an integral number of oscil- 
lations, the cosine term will be 1 and the sine term will be zero in equation 14.20. 
Knowing that the amplitude has decreased by a factor of 2 after 113 oscillations, we 
can get an expression for w, in terms of the time required to complete 113 oscilla- 
tions, from which we can obtain the damping constant. 


Figure 14.33 shows the position of the block at t = 0 and at t =113T) where T is the 
period of oscillation. 


Problem-Solving Practice 


RESEARCH 
Because we know that we are dealing with small damping, we can apply equation 14.20: 


x(t) = Be” cos(w't) + Ce" sin(o't). 


At t = 0, we know that x = x, and so B = xy. After 113 complete oscillations, the cosine 
term will be 1, the sine term will be zero, and x = x)/2. Thus, we can write 


7 = leon a}+o, (i) 


where T = 277/w' is the period of oscillation. We can express equation (i) as 


-w,|113{2n/0)] 


0.5=e (ii) 


Taking the natural logarithm of both sides of equation (ii) gives us 
n327] 
w 


Remembering that w' =, w - w, , where wọ =Vk/m (k is the spring constant and m is 
the mass), we can write 


1n0.5=- Wy 


ln0.5 o o Gii) 
113(27) @' Je? a 
Y 
We can square equation (iii) to obtain 
5 2 
Wy In0.5 (iv) 
o-a | 113(27) 


SIMPLIFY 
In order to save a little effort in writing the constants on the right-hand side of equation 


(iv), we use the abbreviation 
2 
2 ln 0.5 
c =|-———| . 
113(277) 


2 


Then we can write 


o =o -żle 
Y Vo Y 


oe 
wy = a 
l+c 


Remembering that w, = b/2m, we can write an expression for the damping constant, b: 


ae ee 
= WC - WC. 


We can now solve for wy 


Substituting wg = Vk/m , we obtain 
2 2 
bam [ms = | 
1+ +e 
CALCULATE 


We first put in the numerical values to find c’: 
2 


=9,53091-10°. 


Continued— 


2 | In 0.5 
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FIGURE 14.34 A physical pendulum 
consisting of a thin rod swinging from 
one end. 


We can now calculate the damping constant: 


(1.75 kg)(3.50 N/m)(9.53091 10-7) 
=2 = 0.00483226 kg/s. 
1+9.53091-10°7 


ROUND 
We report our result to three significant figures: 


b=4.83-10° kg/s. 


DOUBLE-CHECK 
We can check that the calculated damping constant is consistent with small damping by 


verifying that b < ymk: 
4.83-10° kg/s < ,|(1.75 kg)(3.50 N/m) = 2.47 kg/s. 


Thus, the damping constant is consistent with small damping. 


| 


SOLVED PROBLEM 14.3 (Oscillation of a Thin Rod 
A 


PROBLEM 

A long, thin rod swings about a frictionless pivot at one end. The rod has a mass of 2.50 
kg and a length of 1.25 m. The bottom of the rod is pulled to the right until the rod makes 
an angle 0 = 20.0° with respect to the vertical. The rod is then released from rest and oscil- 
lates in simple harmonic motion. What is the period of this motion? 


SOLUTION 


THINK 

We cannot apply the standard analysis to the motion of this pendulum because we must 
take into account the moment of inertia of the thin rod. This type of pendulum is called a 
physical pendulum. We can relate the torque due to the weight of the rod and acting at its 
center of gravity to the angular acceleration. From this relationship, we can get a differential 
equation that has a form similar to that of the equation we derived for a simple pendulum. 
By analogy to the simple pendulum, we can find the period of the oscillating thin rod. 


SKETCH 
Figure 14.34 shows the oscillating thin rod. 


RESEARCH 
Looking at Figure 14.34, we can see that the weight, mg, of the thin rod acts as a force 
producing a torque of magnitude 7, given by 


T=Ia=-megrsin#, (i) 
where I is the moment of inertia, a is the resulting angular acceleration, r is the moment 
arm, and 0 is the angle between the force and the moment arm. The problem states that 


the initial angular displacement is 20°, so we can use the small-angle approximation, sin 
0 = 0. We can then rewrite equation (i) as 


Ia+mgr0=0. 


We now replace the angular acceleration with the second derivative of the angular dis- 
placement and divide through by the moment of inertia, which gives us 


This differential equation has the same form as equation 14.12; therefore, we can write 


its solution as 
6(t)=Bsin(wpt)+Ccos(wot), with o=, a 


r 


| 


SIMPLIFY 
We can write the period of oscillation of the thin rod: 
ei ae 
wg mgr 
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Multiple-Choice Questions 


This result holds in general for the period of a physical pendulum that has moment of 
inertia I and whose center of gravity is a distance r from the pivot point. In this case, 


r= ł/2 and I = im’, so we have 


im? 
T=27 = =27 cee 
mg(¢/2) 3g 
CALCULATE 


Putting in the numerical values gives us 


2(1.25 m) 


+ = 1.83128 s. 
3(9.81 m/s) 


ROUND 
We report our result to three significant figures: 


T =1.83 s. 
DOUBLE-CHECK 


If the mass m of the rod were concentrated at a point a distance ¢ from the pivot point, it 


would be a simple pendulum and the period would be 


aan [4224 s. 
& 


The period of the thin rod is less than this value, which is reasonable because the mass 

of the thin rod is spread out over its length rather than being concentrated at the end. 
As a second check, we start with T =27,/I/mgr and substitute the expression for the 

moment of inertia of a point mass moving around a point at a distance r away: I = mr. 


Taking r = /, we get 


2 
T=27 da nan 
\ mgt g 


which is the result for the period of a simple pendulum. 


MULTIPLE-CHOICE QUESTIONS 


14.1 Two children are on adjacent playground swings of the 
same height. They are given pushes by an adult and then left to 
swing. Assuming that each child on a swing can be treated as a 
simple pendulum and that friction is negligible, which child takes 
the longer time for one complete swing (has a longer period)? 

a) the bigger child d) the child given the 

b) the lighter child biggest push 

c) neither child 


14.2 Identical blocks oscillate on the end of a vertical spring, 
one on Farth and one on the Moon. Where is the period of 
the oscillations greater? 

a) on Earth 

b) on the Moon 

c) same on both Earth and 
Moon 


d) cannot be determined 
from the information given 


14.3 A mass that can oscillate without friction on a 
horizontal surface is attached to a horizontal spring that is 
pulled to the right 10.0 cm and is released from rest. The 
period of oscillation for the mass is 5.60 s. What is the speed 
of the mass at t = 2.50 s? 


a) -2.61-10m/s c) -3.71-10`'m/s 
b) -3.71-10°m/s d) -2.01 -10~m/s 
14.4 The spring constant for a spring-mass system undergoing 
simple harmonic motion is doubled. If the total energy remains 


unchanged, what will happen to the maximum amplitude of 
the oscillation? Assume that the system is underdamped. 


d) It will be multiplied by 


/ V2. 


a) It will remain unchanged. 
b) It will be multiplied by 2. 
c) It will be multiplied by +. 
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14.5 With the right choice of parameters, a damped and 
driven physical pendulum can show chaotic motion, which 

is sensitively dependent on the initial conditions. Which 
statement about such a pendulum is true? 

a) Its long-term behavior can be predicted. 

b) Its long-term behavior is not predictable. 

c) Its long-term behavior is like that of a simple pendulum of 
equivalent length. 

d) Its long-term behavior is like that of a conical pendulum. 
e) None of the above is true. 

14.6 A spring is hanging from the ceiling with a mass 
attached to it. The mass is pulled downward, causing it to 
oscillate vertically with simple harmonic motion. Which of 
the following will increase the frequency of oscillation? 

a) adding a second, identical spring with one end attached to 
the mass and the other to the ceiling 

b) adding a second, identical spring with one end attached to 
the mass and the other to the floor 

c) increasing the mass 

d) adding both springs, as described in (a) and (b) 

14.7 A child of mass M is swinging on a swing of length 

L to a maximum deflection angle of 0. A man of mass 4M 

is swinging on a similar swing of length L to a maximum 
angle of 26. Each swing can be treated as a simple pendulum 
undergoing simple harmonic motion. If the period for the 
child’s motion is T, then the period for the man’s motion is 

a) T b) 2T. c) T/2. d) T/4. 


14.8 Object A is four times heavier than object B. Each object is 


attached to a spring, and the springs have equal spring constants. 


The two objects are then pulled from their equilibrium positions 
and released from rest. What is the ratio of the periods of the 
two oscillators if the amplitude of A is half that of B? 


a) Ta: Tp = 1:4 c) TaT = 2:1 
b) Ty:Tg =4:1 d). Ty:Tp = 1:2 
QUESTIONS 


| 14.12 You sit in your SUV in a traffic jam. Out of boredom, 
you rock your body from side to side and then sit still. You 
notice that your SUV continues rocking for about 2 s and 
makes three side-to-side oscillations, before subsiding. You 
estimate that the amplitude of the SUV’s motion must be 
less than 5% of the amplitude of your initial rocking. Know- 
ing that your SUV has a mass of 2200 kg (including the gas, 
your stuff, and yourself), what can you say about the effec- 
tive spring constant and damping of your SUV’s suspension? 


14.13 An astronaut, taking his first flight on a space shuttle, 
brings along his favorite miniature grandfather clock. At 
launch, the clock and his digital wristwatch are synchronized, 
and the grandfather clock is pointed in the direction of the 
shuttles nose. During the boost phase, the shuttle has an 
upward acceleration whose magnitude is several times the 
value of the gravitational acceleration at the Earth’s surface. 


14.9 Rank the amas harmonic oscillators shown in the 
figure in order by their intrinsic 


VAAN frequencies, from highest to lowest. 
a BW All the springs have identical 
VAAN spring constants, and all the blocks 
have identical masses. 
WAMA N wW N WW \ 
(b) 
VU 
(c) þe W AAN \ 
(d) puwa NAY 


R 
(e) Wil 


14.10 A pendulum is suspended from the ceiling of an 
elevator. When the elevator is at rest, the period of the 
pendulum is T. The elevator accelerates upward, and the 
period of the pendulum is then 


a) still T. b) less than T. 


14.11 A 36-kg mass is placed on a horizontal frictionless 
surface and then connected to walls by two springs with 
spring constants k, = 3 N/m and k, = 4 N/m, as shown in 
the figure. What is the period of oscillation for the 36-kg 
mass if it is displaced slightly to one side? 


c) greater than T. 


a) lls d) 20s i k ta ky 
b) 14s e) 32s TU Vue 
c) 17s f) 38s TSE 


As the shuttle reaches a constant cruising speed after comple- 
tion of the boost phase, the astronaut compares his grandfa- 
ther clock’s time to that of his watch. Are the timepieces still 
synchronized? If not, which is ahead of the other? Explain. 


14.14 A small cylinder of mass m can slide without friction 
on a shaft that is attached to a turntable, as shown in the fig- 
peek ure. The shaft also passes through the coils 
of a spring with spring constant k, which is 
attached to the turntable at one end, and to 
the cylinder at the other end. The equilib- 
Ç 7 rium length of the spring (unstretched and 
uncompressed) 
matches the radius 
of the turntable; 
thus, when the 
turntable is not 


rotating, the cylinder is at equilibrium at the center of the 
turntable. The cylinder is given a small initial displacement 
and, at the same time, the turntable is set into uniform circu- 
lar motion with angular speed w. Calculate the period of the 
oscillations performed by the cylinder. Discuss the result. 


14.15 A door closer ona 
door allows the door to close 
by itself, as shown in the fig- 
ure. The door closer consists 
ofa return spring attached to 
an oil-filled damping piston. 
As the spring pulls the piston 
to the right, teeth on the pis- 
ton rod engage a gear, which 
rotates and causes the door 
to close. Should the system 
be underdamped, critically 
damped, or overdamped for 
the best performance (where 
the door closes quickly 
without slamming into the 


frame)? 


PROBLEMS 


Gear that rotates 


as piston moves 
Piston rod 


Piston in oil spring 


Returning 


Problems 487 


14.16 When the amplitude of the oscillation of a mass on a 
stretched string is increased, why doesrtt the period of oscil- 
lation also increase? 


14.17 Mass-spring systems and pendulum systems can 
both be used in mechanical timing devices. What are the 
advantages of using one type of system rather than the other 
in a device designed to generate reproducible time measure- 
ments over an extended period of time? 


14.18 You have a linear (following Hookes Law) spring with 
an unknown spring constant, a standard mass, and a timer. 
Explain carefully how you could most practically use these to 
measure masses in the absence of gravity. Be as quantitative as 
you can. Regard the mass of the spring as negligible. 


14.19 Pendulum A has a bob of mass m hung from a string 
of length L; pendulum B is identical to A except its bob has 
mass 2m. Compare the frequencies of small oscillations of 
the two pendulums. 


14.20 A sharp spike in a plotted curve of frequency can be 
represented as a sum of sinusoidal functions of all possible 
frequencies, with equal amplitudes. A bell struck with a 
hammer rings at its natural frequency, that is, the frequency 
at which it vibrates as a free oscillator. Explain why, as 
clearly and concisely as you can. 


P 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 14.1 


14.21 A mass m = 5.00 kg is suspended from a spring 
and oscillates according to the equation of motion 
x(t) = 0.5 cos(5t + 7/4). What is the spring constant? 


14.22 Determine the 
frequency of oscillation 
of a 200.-g block that is 
connected by a spring 
to a wall and sliding on 
a frictionless surface 
for the three conditions 


shown in the figure. 


kı = 1000. N/m 


m = 0.200 kg 
MY yy 


(a) 


ky = 1500. N/m 


m = 0.200 kg 


(b) 


k; = 1000.N/m k, = 1500. N/m 


m = 0.200 kg | 
WANN AMAA YY 


°14.23 A mass of 10.0 kg is hanging by a steel wire 1.00 m 
long and 1.00 mm in diameter. If the mass is pulled down 
slightly and released, what will be the frequency of the result- 
ing oscillations? Youngs modulus for steel is 2.0-10'' N/m’. 


°14.24 A 100.-g block hangs from a spring with k = 5.00 N/m. 
At t= 0 s, the block is 20.0 cm below the equilibrium posi- 
tion and moving upward with a speed of 200. cm/s. What is 
the block’s speed when the displacement from equilibrium 
is 30.0 cm? 


°14.25 A block of wood of mass 55.0 g floats in a swimming 
pool, oscillating up and down in simple harmonic motion 
with a frequency of 3.00 Hz. 


a) What is the value of the effective spring constant of the 
water? 

b) A partially filled water bottle of almost the same size and 
shape as the block of wood but with mass 250. g is placed on 
the water’s surface. At what frequency will the bottle bob up 
and down? 


¢14.26 When a mass is attached to a vertical spring, the 
spring is stretched a distance d. The mass is then pulled 
down from this position and released. It undergoes 50.0 
oscillations in 30.0 s. What was the distance d? ` 


14.27 A cube of density p, floats in a liquid 

of density p,as shown in the figure. At rest, an f= 
amount h of the cube’ height is submerged in Co} 
liquid. If the cube is pushed down, it bobs up 

and down like a spring and oscillates about its 
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equilibrium position. Show that the frequency of its oscilla- 


tions is given by f =(2)" Jgn. 

14.28 A U-shaped glass tube with a uniform 

cross-sectional area, A, is partly filled with fluid 5 
of density p. Increased pressure is applied to one 

of the arms resulting in a difference in eleva- 

tion of L between the two arms of the tube, as 

shown in the figure. The increased pressure is 

then removed, and the fluid oscillates in the tube. Determine 
the period of the oscillations of the fluid column. (You have to 
determine what the known quantities are.) 


•14.29 The figure shows a mass m, = 20.0 g resting on top of a 
mass m, = 20.0 g which is attached to a spring with k = 10.0 N/m. 
The coefficient of static friction between the two masses is 0.600. 
The masses are oscillating with simple harmonic motion 

on a frictionless surface. What is 

the maximum amplitude the oscil- 

lation can have without mı 

m, slipping off m,? j 


‘soso oes 
ee14,30 Consider two identical oscillators, each with spring 
constant k and mass m, in simple harmonic motion. One 
oscillator is started with initial conditions x, and vg the other 
starts with slightly different conditions, x) + 6x and vy + dv. 

a) Find the difference in the oscillators’ positions, x,(f) - x,(t), 
for all t. 

b) This difference is bounded; that is, there exists a constant C, 
independent of time, for which Ix (t)-x, Q) <C holds for 

all ¢. Find an expression for C. What is the best bound, that 

is, the smallest value of C that works? (Note: An important 
characteristic of chaotic systems is exponential sensitivity 

to initial conditions; the difference in position of two such 
systems with slightly different initial conditions grows 
exponentially with time. You have just shown that an oscillator 
in simple harmonic motion is not a chaotic system.) 


Section 14.2 

14.31 What is the period of a simple pendulum that is 1.00 m 
long in each situation? 

a) in the physics lab 

b) in an elevator accelerating at 2.10 m/s” upward 

c) in an elevator accelerating 2.10 m/s? downward 

d) in an elevator that is in free fall 


14.32 Suppose a simple pendulum is used to measure the 
acceleration due to gravity at various points on the Earth. If g 
varies by 0.16% over the various locations where it is sampled, 
what is the corresponding variation in the period of the 
pendulum? Assume that the length of the pendulum does not 
change from one site to another. 


°14.33 A 1.00-kg mass is connected to a 2.00-kg 

mass by a massless rod 30.0 cm long, as shown in the P 
figure. A hole is then drilled in the rod 10.0 cm away 

from the 1.00-kg mass, and the rod and masses are 

free to rotate about this pivot point, P Calculate the 

period of oscillation for the masses if they are dis- 

placed slightly from the stable equilibrium position. 


14,34 A torsional pendulum is a vertically suspended wire 
with a mass attached to one end that is free to rotate. The 
wire resists twisting as well as elongation and compression, 
so it is subject to a rotational equivalent of Hooke’s Law: 7 = 
-k6. Use this information to find the frequency of a torsional 
pendulum. 

¢14.35 A physical pendulum consists of a uniform rod of 
mass M and length L. The pendulum is pivoted at a point that 
is a distance x from the center of the rod, so the period for 
oscillation of the pendulum depends on x: T(x). 

a) What value of x gives the maximum value for T? 

b) What value of x gives the minimum value for T? 

°14.36 Shown in the figure are four different pendulums: 
(a) a rod has a mass M and a length L; (b) a rod has a mass 2M 
and a length L; (c) a 


mass Mis attachedto =~ 
a massless string of a 
length L; and (d) a mass 
: M, 2M, 
M is attached to a mass- L ae 
less string of length +L. 
Find the period of each . 
pendulum when it is ww 
(a) (b) (c) 


pulled 20° to the right 
and then released. 


(d) 


°14.37 A grandfather clock uses a physical pendulum to 
keep time. The pendulum consists of a uniform thin rod of 
mass M and length L that is pivoted freely about one end, 
with a solid sphere of the same mass, M, and a radius of L/2 
centered about the free end of the rod. 


a) Obtain an expression for the moment of inertia of the 
pendulum about its pivot point as a function of M and L. 

b) Obtain an expression for the period of the pendulum for 
small oscillations. 

c) Determine the length L that gives a period of T = 2.0 s. 


14.38 A standard CD has a diameter of 12 cm, and a hole 
that is centered on the axis of symmetry and has a diameter of 
1.5 cm. The CD’s thickness is 2.0 mm. If a (very thin) pin 
extending through the hole of 
the CD suspends it in a vertical 
orientation, as shown in the fig- 
ure, the CD may oscillate about 
an axis parallel to the pin, rock- 
ing back and forth. Calculate 
the oscillation frequency. 


Axis of rotation 


i 


Side view 


Front view 


Section 14.3 

14.39 A massive object of m = 5.00 kg oscillates with simple 
harmonic motion. Its position as a function of time varies 
according to the equation x(t) = 2sin([7/2]t + 77/6). 

a) What is the position, velocity, and acceleration of the object 
at t= 0 s? 

b) What is the kinetic energy of the object as a function of time? 
c) At which time after t = 0 s is the kinetic energy first at a 
maximum? 


14.40 The mass m 
shown in the figure is 
displaced a distance 
x to the right from its 
equilibrium position. 


a) What is the net force acting on the mass, and what is the 
effective spring constant? 

b) Ifk, = 100. N/m and k, = 200. N/m, what will the 
frequency of the oscillation be when the mass is released? 
c) Ifx=0.100 m, what is the total energy of the mass- 
spring system after the mass is released, and what is the 
maximum velocity of the mass? 


14.41 A 2.0-kg mass attached to a spring is displaced 8.0 cm 
from the equilibrium position. It is released and then oscil- 
lates with a frequency of 4.0 Hz. 


a) What is the energy of the motion when the mass passes 
through the equilibrium position? 

b) What is the speed of the mass when it is 2.0 cm from the 
equilibrium position? 

°14.42 A Foucault pendulum is designed to demonstrate 
the effect of the Earth’s rotation. A Foucault pendulum dis- 
played in a museum is typically quite long, making the effect 
easier to see. Consider a Foucault pendulum of length 15 m 
with a 110-kg brass bob. It is set to swing with an amplitude 
of 3.5°. 


a) What is the period of the pendulum? 
b) What is the maximum kinetic energy of the pendulum? 
c) What is the maximum speed of the pendulum? 


ee14.43 A mass, m, = 8.00 kg, is at rest on a frictionless 
horizontal surface and connected to a wall by a spring with 
k = 70.0 N/m, as shown in the figure. A second mass, 

m, = 5.00 kg, is moving to the right at vọ = 17.0 m/s. The 
two masses collide and stick together. 

a) What is the maximum compression of the spring? 

b) How long will 
it take after the 
collision to reach 
this maximum 
compression? 


0014.44 A mass M = 0.460 kg moves with an initial speed 

v = 3.20 m/s ona level frictionless air track. The mass is 
initially a distance D = 0.250 m away from a spring with k = 
840 N/m, which is mounted rigidly at one end of the air 
track. The mass compresses the spring a maximum distance 
d, before reversing direction. After bouncing off the spring, 
the mass travels with the same speed v, but in the opposite 
direction. 


‘ 


SH 


a) Determine the maximum distance that the spring is 
compressed. 

b) Find the total elapsed time until the mass returns to its 
starting point. (Hint: The mass undergoes a partial cycle of 
simple harmonic motion while in contact with the spring.) 
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ee14.45 The relative motion of two atoms in a molecule can 
be described as the motion of a single body of mass m moving 
in one dimension, with potential energy U(r) = A/r’* - B/r’, 
where r is the separation between the atoms and A and B are 
positive constants. 


a) Find the equilibrium separation, ro, of the atoms, in terms 
of the constants A and B. 

b) If moved slightly, the atoms will oscillate about their 
equilibrium separation. Find the angular frequency of this 
oscillation, in terms of A, B, and m. 


Section 14.4 


14.46 A 3.00-kg mass attached to a spring with k =140. N/m 
is oscillating in a vat of oil, which damps the oscillations. 


a) If the damping constant of the oil is b =10.0 kg/s, how long 
will it take the amplitude of the oscillations to decrease to 
1.00% of its original value? 

b) What should the damping constant be to reduce the 
amplitude of the oscillations by 99.0% in 1.00 s? 


14.47 A vertical spring with a spring constant of 2.00 N/m has 
a 0.30-kg mass attached to it, and the mass moves in a medium 
with a damping constant of 0.025 kg/s. The mass is released 
from rest at a position 5.0 cm from the equilibrium position. 
How long will it take for the amplitude to decrease to 2.5 m? 


14.48 A mass of 0.404 kg is attached to a spring with a 
spring constant of 206.9 N/m. Its oscillation is damped, with 
damping constant b = 14.5 kg/s. What is the frequency of this 
damped oscillation? 


¢14.49 Cars have shock absorbers to damp the oscillations that 
would otherwise occur when the springs that attach the wheels 
to the car’s frame are compressed or stretched. Ideally, the shock 
absorbers provide critical damping. If the shock absorbers fail, 
they provide less damping, resulting in an underdamped mo- 
tion. You can perform a simple test of your shock absorbers by 
pushing down on one corner of your car and then quickly releas- 
ing it. If this results in an up-and-down oscillation of the car, you 
know that your shock absorbers need changing. The spring on 
each wheel of a car has a spring constant of 4005 N/m, and the 
car has a mass of 851 kg, equally distributed over all four wheels. 
Its shock absorbers have gone bad and provide only 60.7% 

of the damping they were initially designed to provide. What 
will the period of the underdamped oscillation of this car be 
if the pushing-down shock absorber test is performed? 


14.50 Ina lab, a student measures the unstretched length 
of a spring as 11.2 cm. When a 100.0-g mass is hung from 
the spring, its length is 20.7 cm. The mass-spring system is 
set into oscillatory motion, and the student observes that the 
amplitude of the oscillation decreases by about a factor of 2 
after five complete cycles. 

a) Calculate the period of oscillation for this system, 
assuming no damping. 

b) Ifthe student can measure the period to the nearest 0.05 s, 
will she be able to detect the difference between the period 
with no damping and the period with damping? 
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°14.51 An 80.0-kg bungee jumper is enjoying an afternoon 
of jumps. The jumper’s first oscillation has an amplitude of 
10.0 m and a period of 5.00 s. Treating the bungee cord as a 
spring with no damping, calculate each of the following: 

a) the spring constant of the bungee cord, 

b) the bungee jumper’s maximum speed during the 
oscillation, and 

c) the time for the amplitude to decrease to 2.00 m (with 


air resistance providing the damping of the oscillations at 
7.50 kg/s). 


ee14,52 A small mass, m = 50.0 g, is attached to the end of 
a massless rod that is hanging from the ceiling and is free to 
swing. The rod has length L = 1.00 m. The rod is displaced 
10.0° from the vertical and released at time t = 0. Neglect 

air resistance. What is the period of the rod’s oscillation? 
Now suppose the entire system is immersed in a fluid with 

a small damping constant, b = 0.0100 kg/s, and the rod is 
again released from an initial displacement angle of 10.0°. 
What is the time for the amplitude of the oscillation to re- 
duce to 5.00°? Assume that the damping is small. Also note 
that since the amplitude of the oscillation is small and all the 
mass of the pendulum is at the end of the rod, the motion of 
the mass can be treated as strictly linear, and you can use the 
substitution R0@(t) = x(t), where R =1.0 m is the length of the 
pendulum rod. 


Section 14.5 


14.53 A 3.0-kg mass is vibrating on a spring. It has a 
resonant angular speed of 2.4 rad/s and a damping angular 
speed of 0.14 rad/s. If the driving force is 2.0 N, find the 
maximum amplitude if the driving angular speed is 

(a) 1.2 rad/s, (b) 2.4 rad/s, and (c) 4.8 rad/s. 


°14.54 A mass of 0.404 kg is attached to a spring with a 
spring constant of 204.7 N/m and hangs at rest. The spring 
hangs from a piston. The piston then moves up and down, 
driven by a force given by (29.4 N) cos [(17.1 Hz)t]. 


a) What is the maximum displacement from its equilibrium 
position that the mass can reach? 

b) What is the maximum speed that the mass can attain in 
this motion? 


ee14.55 A mass, M =1.6 kg, is attached to a wall by a spring 
with k = 578 N/m. The mass slides on a frictionless floor. 
The spring and mass are immersed in a fluid with a damping 
constant of 6.4 kg/s. A horizontal force, F(t) = Fy cos (wat), 
where F4 = 52 N, is applied to the mass through a knob, caus- 
ing the mass to oscillate back and forth. Neglect the mass of 
the spring and of the knob and rod. At approximately what 
frequency will the amplitude of the mass’s oscillation be 
greatest, and what is the maximum amplitude? If the driving 
frequency is reduced slightly (but the driving amplitude re- 
mains the same), at what frequency will the amplitude of the 


mass’s oscillation be ; k F(t) 
half of the maximum erud 
amplitude? ad Knob 


Additional Problems 


14.56 When the displacement of a mass on a spring is half 
of the amplitude of its oscillation, what fraction of the mass’s 
energy is kinetic energy? 


14.57 A mass m is attached to a spring with a spring con- 
stant of k and set into simple harmonic motion. When the 
mass has half of its maximum kinetic energy, how far away 
from its equilibrium position is it, expressed as a fraction of 
its maximum displacement? 


14.58 Ifyou kick a harmonic oscillator sharply, you impart 
to it an initial velocity but no initial displacement. For a 
weakly damped oscillator with mass m, spring constant k, 
and damping force F, = —by, find x(t), if the total impulse 
delivered by the kick is Jp. 


14.59 A mass m = 1.00 kg in a spring-mass system with k = 
1.00 N/m is observed to be moving to the right, past its equi- 
librium position with a speed of 1.00 m/s at time t = 0. 


a) Ignoring all damping, determine the equation of 
motion. 

b) Suppose the initial conditions are such that at time t = 0, 
the mass is at x = 0.500 m and moving to the right with a 
speed of 1.00 m/s. Determine the new equation of motion. 
Assume the same spring constant and mass. 


14.60 The motion of a block-spring system is described by 
x(t) = Asin(wt). Find øw, if the potential energy equals the 
kinetic energy at t = 1.00 s. 


14.61 A hydrogen gas molecule can be thought of as a 
pair of protons bound together by a spring. If the mass 

of a proton is 1.7- 10” kg, and the period of oscillation is 
8.0- 107" s, what is the effective spring constant for the bond 
in a hydrogen molecule? 


14.62 A shock absorber that provides critical damping with 
w, = 72.4 Hz is compressed by 6.41 cm. How far from the 
equilibrium position is it after 0.0247 s? 


14.63 Imagine you are an astronaut who has landed on 
another planet and wants to determine the free-fall accelera- 
tion on that planet. In one of the experiments you decide to 
conduct, you use a pendulum 0.50 m long and find that the 
period of oscillation for this pendulum is 1.50 s. What is the 
acceleration due to gravity on that planet? 


14.64 A horizontal tree branch is directly above another 
horizontal tree branch. The elevation of the higher branch 
is 9.65 m above the ground, and the elevation of the lower 
branch is 5.99 m above the ground. Some children decide 
to use the two branches to hold a tire swing. One end 

of the tire swing’s rope is tied to the higher tree branch 

so that the bottom of the tire swing is 0.47 m above the 
ground. This swing is thus a restricted pendulum. Start- 
ing with the complete length of the rope at an initial angle 
of 14.2° with respect to the vertical, how long does it take 
a child of mass 29.9 kg to complete one swing back and 
forth? 


¢14.65 Two pendulums of identical length of 1.000 m are 
suspended from the ceiling and begin swinging at the same 
time. One is at Manila, in the Philippines, where g = 9.784 m/s’, 
and the other is at Oslo, Norway, where g = 9.819 m/s’. After 
how many oscillations of the Manila pendulum will the 

two pendulums be in phase again? How long will it take for 
them to be in phase again? 


14.66 Two springs, each with k =125 N/m, are hung verti- 
cally, and 1.00-kg masses are attached to their ends. One 
spring is pulled down 5.00 cm and released at t = 0; the other 
is pulled down 4.00 cm and released at t = 0.300 s. Find the 
phase difference, in degrees, between the oscillations of the 
two masses and the equations for the vertical displacements 
of the masses, taking upward to be the positive direction. 


14.67 A piston that has a small toy car sitting on it is un- 
dergoing simple harmonic motion vertically, with amplitude 
of 5.00 cm, as shown in the figure. When the frequency of 
oscillation is low, the 


car stays on the piston. 6=e> 


However, when the i 

frequency is increased 

sufficiently, the car i 
leaves the piston. 

What is the maximum 

frequency at which 


the car will remain in 
place on the piston? 


•14.68 The period of a pendulum is 0.24 s on Earth. The 
period of the same pendulum is found to be 0.48 s on planet 
X, whose mass is equal to that of Earth. (a) Calculate the 
gravitational acceleration at the surface of planet X. (b) Find 
the radius of planet X in terms of that of Earth. 


14.69 A grandfather clock uses a pendulum and a weight. 
The pendulum has a period of 2.00 s, and the mass of the 
bob is 250. g. The weight slowly falls, providing the energy 
to overcome the damping of the pendulum due to friction. 
The weight has a mass of 1.00 kg, and it moves down 25.0 cm 
every day. Find Q for this clock. Assume that the amplitude 
of the oscillation of the pendulum is 10.0°. 


14.70 A cylindrical can of diameter 10.0 cm contains some 
ballast so that it floats vertically in water. The mass of can 
and ballast is 800.0 g, and the density of water is 1.00 g/cm’. 
The can is lifted 1.00 cm from its equilibrium position 
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and released at t = 0. Find its vertical displacement from 
equilibrium as a function of time. Determine the period of 
the motion. Ignore the damping effect due to the viscosity 
of the water. 


14.71 The period of oscillation of an object in a frictionless 
tunnel running through the center of the Moon is T = 277/a 
= 6485 s, as shown in Example 14.2. What is the period of 
oscillation of an object in a similar tunnel through the Earth 
(Ry = 6.37-10° m; Ry = 1.74- 10° m; Mẹ = 5.98- 10” kg; 

My = 7.36- 10” kg)? 


14.72 The motion of a planet in a circular orbit about a star 
obeys the equations of simple harmonic motion. If the orbit is 
observed edge-on, so the planet’s motion appears to be one- 
dimensional, the analogy is quite direct: The motion of the 
planet looks just like the motion of an object on a spring. 


a) Use Kepler’s Third Law of planetary motion to determine 
the “spring constant” for a planet in circular orbit around a 
star with period T. 

b) When the planet is at the extremes of its motion 
observed edge-on, the analogous “spring” is extended to its 
largest displacement. Using the “spring” analogy, determine 
the orbital velocity of the planet. 


ee14.73 An object in simple harmonic motion is isochro- 
nous, meaning that the period of its oscillations is indepen- 
dent of their amplitude. (Contrary to a common assertion, 
the operation of a pendulum clock is not based on this prin- 
ciple. A pendulum clock operates at fixed, finite amplitude. 
The gearing of the clock compensates for the anharmonic- 
ity of the pendulum.) Consider an oscillator of mass m in 
one-dimensional motion, with a restoring force F(x) = -cx’, 
where x is the displacement from equilibrium and c is a con- 
stant with appropriate units. The motion of this oscillator is 
periodic but not isochronous. 


a) Write an expression for the period of the undamped 
oscillations of this oscillator. If your expression involves an 
integral, it should be a definite integral. You do not need to 
evaluate the expression. 

b) Using the expression of part (a), determine the 
dependence of the period of oscillation on the amplitude. 

c) Generalize the results of parts (a) and (b) to an oscillator 
of mass m in one-dimensional motion with a restoring 
force corresponding to the potential energy U(x) = y|x ý a, 
where æ is any positive value and y is a constant. 
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FIGURE 15.1 Surfer riding a huge wave in Australia. 
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Waves are disturbances (or excitations) that 
propagate through space or some medium as a 
function of time. A wave can be understood as 
a series of individual oscillators coupled to their 
nearest neighbors. 


Waves can be either longitudinal or transverse. 


The wave equation governs the general motion of waves. 


Waves transport energy across distances; however, 
even though a wave is propagated by vibrating atoms 
in a medium, it does not generally transport matter 


The superposition principle states a key property of 
waves: Two waveforms can be added to form another 
one. 


Waves can interfere with each other constructively or 
destructively. Under certain conditions, interference 
patterns form and can be analyzed. 


A standing wave can be formed by superposition of 
two traveling waves. 


Boundary conditions on strings determine the 
possible wavelengths and frequencies of standing 


with it. waves. 


When most people hear the word waves, the first thing they think of is ocean waves. Every- 
body has seen pictures of surfers riding enormous ocean waves in Hawaii or Australia (Figure 
15.1), or of the towering waves created by a fierce storm on the open sea. These walls of water 
are certainly waves, and so are gentle breakers that wash onto a beach. However, waves are 
far more widespread than disturbances in water. Light and sound are both waves, and wave 
motion is involved in earthquakes and tsunamis as well as radio and television broadcasts. In 
fact, later in this book, we'll see that the smallest, most fundamental particles of matter share 
many properties with waves. In a sense, we are all made of waves as much as particles. 

In this chapter, we examine the properties and behavior of waves, building directly on 
Chapter 14’s coverage of oscillations. We'll return to the subject of wave motion when we 
study light and when we consider quantum mechanics and atomic structure. Whole areas 
of physics are devoted to wave studies; for example, optics is the science of light waves 
and acoustics is the study of sound waves (see Chapter 16). Waves are also of fundamental 
importance in astronomy and in electronics. The concepts in this chapter are just the first 
steps toward understanding a large part of the physical world around us. 


15.1 Wave Motion 


If you throw a stone in a still pond, it creates circular ripples that travel along the surface of the 
water, radially outward (Figure 15.2). Ifan object is floating on the surface of the pond (a stick, 
a leaf, or a rubber duck), you can observe that the object moves up and down as the ripples 
move outward underneath it but does not move noticeably outward with the waves. 

If you tie a rope to a wall, hold one end and stretch the rope out, and then rapidly move 
your arm up and down, this motion will create a wave crest that travels down the rope, as 
illustrated in Figure 15.3. Again this wave moves, but the material that the wave travels 
through (the rope) moves up and down but otherwise remains in place. 

These two examples illustrate a major characteristic of waves: A wave is an excitation 
that propagates through space or some medium as a function of time but does not generally 
transport matter along with it. In this fundamental way, wave motion is completely differ- 
ent from the motion we have studied so far. Electromagnetic and gravitational waves do not 
need a medium in which to propagate; they can move through empty space. Other waves do 
propagate in a medium; for example, sound waves can travel through a gas (air) or a liquid 
(water) or a solid (steel rails), but not through a vacuum. 

Many other examples of waves surround us in everyday life, most of them with oscil- 
lations that are too small for us to observe. Light is an electromagnetic wave, as are the 
radio waves that FM and AM radios receive and the waves that carry TV signals into our 
houses—either through coaxial cables or through the air via broadcasts from antenna tow- 
ers or geostationary satellites. We'll focus on electromagnetic waves in Chapter 31 (after we 
have studied electricity and magnetism in Chapters 21 through 30). 


FIGURE 15.2 Circular ripples on the 
surface of water. 
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(b) 


(c) -= 


(d) -N 


In this chapter, we study the motion of waves through media. 
Mechanical vibrations fall in this category, as do sound waves, earthquake 
waves, and water waves. Since sound is such an important part of human 
communication, Chapter 16 is devoted exclusively to it. 

The stadium wave—called simply “the wave”—is a part of most major 
sports events: Spectators stand up and raise their arms as soon as they see 
their neighbor doing it, and then they sit down again. Thus, the wave travels 
around the stadium, but each spectator stays in place. How fast does this 


FIGURE 15.3 A rope held by a hand at one end and wave travel? Suppose that each person has a time delay comparable to his or 
attached firmly to a wall at the other end. (a) The end of her reaction time, 0.1 s, before imitating the adjacent spectator and getting 


the rope is moved up and down by moving the hand. In (b), 
(c), and (d), a wave travels along the rope toward the wall. 


up from the seat. Typically, seats are approximately 0.6 m (2 ft) wide. This 
means that the wave travels 0.6 m in 0.1 s. From simple kinematics, we know 
that this corresponds to a velocity of v = Ax/dt = (0.6 m)/(0.1s) = 6 m/s. 


Since a typical football stadium is an oval with a circumference of approximately 400 m, we 
can estimate that it takes about 1 min for “the wave” to make it around the stadium once. This 
rather crude estimate is approximately right, within a factor of 2. Empirically, we find that “the 
wave” moves with a speed of approximately 12 m/s. The reason for this higher speed is that 
people anticipate the arrival of the wave and jump up when they see the person two or three 
seats ahead of them jump up. 


15.2 Coupled Oscillators 


FIGURE 15.4 Series of identical rods coupled to 
their nearest neighbors by springs. The numbers on 

the frames indicate the time sequence. Each pair of 
frames is separated by a time interval of 0.133 s. 


Let’s begin our quantitative discussion of waves by examining a series of coupled 
oscillators—for example, a string of identical massive objects coupled by identical 
springs. One physical realization is shown in Figure 15.4, where a series of identical 
metal rods is held in place by a central horizontal bar. The rods can pivot freely about 
their centers and are connected to their nearest neighbors by identical springs. When 
the first rod is pushed, this excitation is transmitted from each rod to its neighbor, 
and the pulse generated in this way travels down the row of rods. Each rod is an 
oscillator and moves back and forth in the plane of the paper. This setup represents 
a longitudinal coupling between the oscillators, in the sense that the direction of 
motion and the direction of coupling to the nearest neighbors are the same. 

A physical realization of a transverse coupling is shown in Figure 15.5. In part 
(a) of the figure, all rods are attached to a tension strip in their horizontal equilib- 
rium position; in part (b), rod i is deflected from the horizontal by an angle 6;. A 
deflection of this kind has two effects: First, the tension strip provides a restoring 
force that tries to pull rod i back to the equilibrium position. Second, since the 
tension strip is now twisted on both sides of rod i, the deflection of that rod at an 
angle 0; creates a force that acts to deflect rods i-1 and i+1 toward 6;. If those rods 
are allowed to move freely, they will be deflected in that direction, and each rod in 
turn will generate a force acting on its two nearest neighbors. 

Figure 15.6 shows a side view of the arrangement of parallel rods in Figure 
15.5. Each circle represents the end of a rod, and the motion of this circle can be 
characterized by a coordinate y;. Then y; is related to the deflection angle, 0; via 
y; ==! sin 0, where lis the length of the rod. The line connecting the circles repre- 


sents the edge of the tension strip. In Figure 15.6a, all rods are in equilibrium, which implies 
that all deflections are zero. In Figure 15.6b, rod i is experiencing a deflection, the same as 
is depicted in Figure 15.5b. The force acting on rod i due to the tension in the strip is a type 


FIGURE 15.5 Parallel rods sup- 

ported by a tension strip as a model 
for transversely coupled oscillators: 
(a) initial position, all rods parallel; 
(b) rod 7 is deflected by an angle 6). 
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of spring force given by F; = -ky, where the effective spring constant is determined from 
the properties of the tension strip. Finally, in Figure 15.6c, all rods are allowed to move. The 
net force acting on rod i is then the sum of the forces exerted on it by rods i+1 and i-1, as 
mediated by the tension strip connecting the rods. These forces depend on the difference 
between the y-coordinates at the beginning and the end of the section of tension strip that 
connects the three rods: 


F, =-k(y; - Yiz) 
and 
E =-k(y; - Yi). 
Thus, the net force acting on rod i is the sum of these two forces: 
E=F, +E =-k(y;- Yaa) -kyi - Ya) =k - 2H + Yia). 
From Newton's Second Law, F = ma, we then find the acceleration, a, of rod i: 


ma; =K(y,4,-2y; + Yia). (15.1) 


With initial conditions for the position and velocity of each oscillator, we could solve 
the resulting set of equations on a computer. However, we can actually derive a wave equa- 
tion using equation 15.1, and we'll do so in Section 15.4. 


Transverse and Longitudinal Waves 


We need to emphasize an essential difference between the two systems of 
coupled oscillators shown in Figure 15.4 and Figure 15.5. In the first case, 
the oscillators are allowed to move only in the direction of their nearest 
neighbors, whereas in the second case, the oscillators are restricted to mov- 
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FIGURE 15.6 Side views of coupled 
rods of Figure 15.5: (a) equilibrium po- 
sition; (b) one rod is deflected; (c) all 
rods are allowed to move and become 
deflected. 


(a) 


ing in a direction perpendicular to the direction of their nearest neighbors ® © 
(Figure 15.7). In general, a wave that propagates along the direction in and TI Danning Xo 


which the oscillators move is called a longitudinal wave. In Chapter 16, 
we'll see that sound waves are prototypical longitudinal waves. A wave that 
moves in a direction perpendicular to the direction in which the individ- 
ual oscillators move is called a transverse wave. Light waves are transverse 
waves, as we will discuss in Chapter 31 on electromagnetic waves. 

Seismic waves created by earthquakes exist as longitudinal (or com- 
pression) waves and as transverse waves. These waves can travel along the 
surface of the Earth as well as through the Earth and be detected far from the epicenter of 
the earthquake. The study of seismic waves has revealed detailed information about the 
composition of the interior of the Earth, as we'll see in Example 15.2. 


right. 


(b) 


FIGURE 15.7 Representations of (a) longitudinal wave 
and (b) transverse wave propagating horizontally to the 


15.3 Mathematical Description of Waves 


So far, we have examined single wave pulses, such as the stadium wave and the wave that 
results from pushing once on a chain of coupled oscillators. A much more common class of 
wave phenomena involves a periodic excitation—in particular, a sinusoidal excitation. In 
the chain of oscillators of Figure 15.4 or Figure 15.5, a continuous wave can be generated 
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FIGURE 15.8 Sinusoidal wave: 

(a) the wave as a function of space and 
time coordinates; (b) dependence of 
the wave on time at position x = 0; 

(c) dependence of the wave on position 
at time t = 0 (blue curve) and at a later 
time t = 1.5 s (gray dashed curve). 
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FIGURE 15.9 View of the xt-plane 
of Figure 15.8 showing the relationship 
of the wave velocity to the period and 
the wavelength. 
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by moving the first rod back and forth periodically. This sinusoidal oscillation also travels 
down the chain of oscillators, just like a single wave pulse. 


Period, Wavelength, Velocity 


Figure 15.8a shows the result of a sinusoidal excitation as a function of both time and the 
horizontal coordinate, in the limit where a very large number of coupled oscillators are very 
close to each other—that is, in the continuum limit. First, let's examine this wave along the 
time axis for x = 0. This projection is shown in Figure 15.8b, which is a plot of the sinusoidal 
oscillation of the first oscillator in the chain: 


y(x =0,t)=Asin(wt+ 6))=Asin(27 ft + 4), (15.2) 


where w is the angular frequency (or angular velocity), fis the frequency, A is the amplitude 
of the oscillation, and 6) gives the phase shift. (The values used in Figure 15.8 are A = 2.0 cm, 
w = 0.2 s~, and 6 = 0.5.) As for all oscillators, the period T is defined as the time interval 
between two successive maxima and is related to the frequency by 


pe 


f 
Figure 15.8c shows that for any given time, t, the dependence on the horizontal coordinate, 
x, of the oscillations is also sinusoidal. This dependence is shown for t = 0 (blue curve) and 
t = 1.5 s (gray dashed curve). The distance in space between two consecutive maxima is 
defined as the wavelength, A. 

As you can see in Figure 15.8a, diagonal lines of equal height describe the wave motion 
in the xt-plane. These lines are called wave fronts. What is most important to realize about 
the wave motion depicted in Figure 15.8 and wave motion in general is that during one 
period, any given wave front advances by one wavelength. 

Figure 15.9 presents the light purple triangle shown on the top surface of the wave in 
Figure 15.8a in the xt-plane to further illustrate the relationship among the wave velocity, 
the period, and the wavelength. Now you can see that the speed of propagation of the wave 
is in general given by 

v=—, 
T 
or, using the relationship between period and frequency, T = 1/f by 


v=Af. (15.3) 
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This relationship among wavelength, frequency, and velocity holds for all types of waves 
and is one of the most important results in this chapter. 


Sinusoidal Waveform, Wave Number, and Phase 


How do we obtain a mathematical description of a sinusoidal wave as a function of space 
and time? We start with the motion of the oscillator at x = 0 (see equation 15.2), and real- 
ize that it takes a time t = x/v for the excitation to move a distance x. Thus, we can simply 
replace t in equation 15.2 by t - x/v to find the displacement y(x,t) away from the equilib- 
rium position as a function of space and time: 


y(x,t)= Asin 


oft = z + Oo 
v 
We can then use equation 15.3 for the wave velocity, v = Af, and obtain 


y(x,t)= Asin + Op 


anflt-= 


2afx 
Af 
27, 27 | 


= Asin| — t -—x + 0y 
T A 


= Asin| 2 +4] 


Similar to w = 277/T; the expression for the wave number, K, is 


27 
=—. 15.4 
x (15.4) 
Substituting w and x into the above expression for y(t) then yields the descriptive function 
we want: 


y(x,t)= Asin (wt - Kx + 0o). (15.5) 


A sinusoidal waveform of this kind is almost universally applicable when there is only one 
spatial dimension in which the wave can propagate. Later in this chapter, we'll generalize 
this waveform to more than one spatial coordinate. 

We can also start with a given sinusoidal waveform at some point in space and ask 
where this waveform will be at a later time. From this perspective, we can write the expres- 
sion for the waveform as a function of space and time as 


y(x,t) = Asin (Kx -ot + po). (15.6) 
Equations 15.5 and 15.6 are equivalent to each other, because sin (-x) = -sin (x) = sin (a + x). 
The phase shift, po in equation 15.6 is related to the phase angle, 6), in equation 15.5 via 
Po = T - h. We'll use equation 15.6, which is the more common form, from here on. 

The argument of the sine function in equation 15.6 is called the wave’s phase, @: 


h=kx-at+ do. (15.7) 


In considering more than one wave simultaneously, the relationship of the phases of the 
waves plays an essential role in the analysis. Later in this chapter, we'll return to this point. 

Finally, using k = 27r/A and w = 277/T, we can rewrite the equation for the velocity of 
the wave front (15.3) in terms of the wave number and the angular frequency: 


v=—. (15.8) 


K 

The angular frequency, œw, counts the number of oscillations in each time interval of 
2T s: w = 277/T, where T is the period. Similarly, the wave number, x, counts the number 
of wavelengths, A, that fit into a distance of 27 m: K = 277/A. For example, x = 0.33 cm” in 
the plot of Figure 15.8. 


15.1 Self-Test Opportunity 


You are sitting in a boat in the 
middle of Lake Michigan. The water 
waves hitting the boat are travel- 
ing at 3.0 m/s and the crests are 
7.5 m apart. What is the frequency 
with which the wave crests strike 
the boat? 


15.2 Self-Test Opportunity 


The figure shows a plot at t = 0 of a 
wave of the form y(x,t) = A sin (kx - 
wt + hp). Determine the amplitude, 
A, the wave number, x, and the 
phase shift, pọ, of the wave. 


y (cm) 


A traveling wave at the instant 
when t = 0. 
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15.4 Derivation of the Wave Equation 


In this section, we derive a general equation of motion for waves, called simply the wave 
equation: 


32 j 32 
E ga nan, (15.9) 
IX 


where y(x,t) is the displacement from the equilibrium position as a function of a single 
space coordinate, x, and a time coordinate, t, and v is the speed of propagation of the wave. 
This wave equation describes all undamped wave motion in one dimension. 


DERIVATION 15.1 | Wave Equation 


Ax Figure 15.10 reproduces Figure 15.6c. The x-axis, pointing in the 
== . . . . . . 
4 Xj x; ae z conventional horizontal direction and to the right, is (as usual) per- 
>x  pendicular to the y-axis, along which the motion of each individual 
Yii oscillator occurs. The horizontal distance between neighboring os- 
Jea A cillators is Ax. The displacements of the oscillators, given by y(x,t), 
FIGURE 15.10 Side views of coupled rods where all rods are then functions of time and of position along the x-axis, with 


are allowed to deflect. 


y; = y(Xpt). The acceleration is defined as the second derivative of the 
position vector, y(x,t), with respect to time. Since the position vector 
depends on more than one variable in this case (time as well as the 
horizontal coordinate), we need to use a partial derivative to express 
this relationship: 

2 


ə f 
a=— (x,t). (i) 
ot 
If we go back to the original definition of the derivative as the limit of the ratio of differ- 
ences, we can approximate a partial derivative with respect to the x-coordinate as 


d Ay Visi Jj 
st)= = ; 
ox ynt) Ax Ax 


We can then approximate the second derivative as 


aj] (Yi -y) (Yi - Yia) 
xj Ax Ax _ Vint -2y; + Via 
Ax (Ax 


Both the right-hand side of this equation and the right-hand side of equation 15.1 contain 
Yi+ı- 2y; + ¥;_ 1. Thus, we can combine these two equations: 


3? 
(x,t)= 
EL 


2 
ma; = k(Ax Ý Ten. 
x 


Substituting the second partial derivative of position with respect to time from equation 
(i) for the acceleration, we find 


a 4° 
m (x,t) =k(Ax) (x,t). 
ar T 


Finally, we divide by the mass of the oscillator and obtain 


ə? k 
(x,t)-—( 
ar’ i 


a? E 
Ax) y(x,t)=0. (ii) 
m ax? 
This equation relating the second partial derivatives with respect to time and position is 
a form of the wave equation. The ratio of the spring constant to the mass of the oscilla- 
tor is equal to the square of the angular frequency, as we saw in Chapter 14. This is also 
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the angular frequency of the traveling wave. Thus, the product of the angular frequency, 
w, times the horizontal displacement, Ax, is the velocity of the wave (how fast the wave 
moves in space), 


Sy =W (Ax? =v’. (iii) 
m 
Thus, equation (ii) becomes the wave equation given by equation 15.9: 


2: 4 3? 
—y(x,t)- v" — 
a dx? 


y(x,t)=0. 


In the limit where the oscillators get very close to one another—that is, as Ax — 0—the 
solution to the wave equation 15.9 provides the exact solution to the difference equation 
15.1. Equation 15.9 is of general importance, and its applicability far exceeds the problem 
of coupled oscillators. The basic form given in equation 15.9 holds for the propagation of 
sound waves, light waves, or waves on a string. The difference in physical systems exhibit- 
ing wave motion manifests itself only in the way v, the speed of propagation of the wave, 
is calculated. 

In mathematical terms, equation 15.9 is a partial differential equation. As you may 
know, some semester-long courses are entirely devoted to partial differential equations, and 
you will encounter many more partial differential equations if you major in the physical sci- 
ences or engineering. However, this wave equation will be the only partial differential equa- 
tion that you'll encounter in this book, and it will be sufficient to treat the partial derivatives 
just like conventional derivatives of functions in one variable. 


Solutions of the Wave Equation 

In Section 15.3, we developed equation 15.6, describing a sinusoidal waveform. Let’s see if 
this is a solution of the general wave equation 15.9. To do this, we have to take the partial 
derivatives of equation 15.6 with respect to the x-coordinate and with respect to time: 


Syst) 7 2 (Asin( x - wt + $0)] = - Awcos( Kx -wt + po) 


2 ynt)= 2 (-Awcos(x -at+ $o) =- Aw sin(xx -ot + po) 


Syst) = (A sin( xx -ot+ $o) = Axcos( «x -ot + $o) 


2 yet) 2 Arecos{ x -ot + $0)] GÄR aand 


Inserting these partial derivatives into equation 15.9, we find 
a? 20 
xz U(x,t)- vo — y(x,t)= 
or” ax? 
Aw? sin(xx -wt + to)| -v An? sin( xx -wt+ e)| = 
~Asin(xx- ot + bo}{ 0” -vê )=0. (15.10) 


Thus, we see that the function given by equation 15.6 is a solution of the wave equation 15.9, 
provided that w° - v’k’ = 0. However, we already know from equation 15.8 that this is the 
case, so we have established that equation 15.6 is truly a solution of the wave equation. 

Is there a larger class of solutions that includes the one we have already found? Yes, 
any arbitrary, continuously differentiable function Y with an argument containing the 
same linear combination of x and t as in equation 15.6, kx - wt, is a solution to the wave 
equation. The constants w, K, and ¢, can have arbitrary values. However, the convention 
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generally followed is that the angular frequency and the wave number are both positive 
numbers. Thus, there are two general solutions to the wave equation: 


Y(kx - wt + bo) for a wave moving in the positive x-direction (15.11) 
and 
Y(kx + wt + dy )for a wave moving in the negative x-direction. (15.12) 


This result is perhaps more obvious if we write these functions in terms of arguments that 
involve the wave speed, v = w/k. We then see that Y(x - vt + p/k) is a solution for an arbi- 
trary waveform moving in the positive x-direction and Y(x + vt + ¢o/k) is a solution for a 
waveform moving in the negative x-direction. 

As previously stated, the functional form of Y does not matter at all. We can see this 
by looking at the chain rule for differentiation, df(g(x))/dx = (df/dg)(dg/dx). The partial 
derivatives in space and time contain the common factor df/dg, which cancels out in the 
same way that the sine function factored out in equation 15.10. Thus, the derivatives of the 
function g = kx + wt + dy always lead to the same condition, w° - v’k’ = 0, as applied to the 
solution for the sinusoidal waveform. 


Waves on a String 


String instruments form a large class of musical instruments. Guitars (Figure 15.11), cellos, 
violins, mandolins, harps, and others fall into this category. These instruments produce 
musical sounds when vibrations are induced on their strings. 

Suppose a string has a mass M and a length L. In order to find the wave speed, v, on 
this string, we can think of it as composed of many small individual segments of length Ax 
and mass m, where 


m= = pAx. 
Here the linear mass density, u, of the string is its mass per unit length (assumed to be 
constant): M 


=T: 


We can then treat the motion of a wave on a string as that of coupled oscillators. The restor- 
ing force is provided by the string tension, T = kAx. Substituting from m = Ax into the 
equation for the wave velocity for coupled oscillator systems, k(Ax)?/m = v [equation (iii) 
in Derivation 15.1] after solving for v, we find the wave velocity on a string: 


y= Ease | k s E (15.13) 
m pAx H H 


Note that the letter T is used to represent both the string tension and the oscillation period, 
in accordance with common convention. Make sure you understand which quantity applies 
to a given situation. 

What does equation 15.13 imply? There are two immediate consequences. First, increas- 
ing the linear mass density of the string (that is, using a heavier string) reduces the wave veloc- 
ity on the string. Second, increasing the string tension (for example, by tightening the tuning 
knobs at the top of the electric guitar shown in Figure 15.11) increases the wave velocity. If you 
play a string instrument, you know that tightening the tension increases the pitch of the sound 
produced by a string. We'll return to the relationship of tension to sound later in this chapter. 


(a) 


FIGURE 15.11 (a) Typical electric guitar used by a rock band. (b) World’s smallest guitar, produced 


in 2004 in the Cornell NanoScale Science and Technology Facility. It is smaller than the guitar in part 
1 


(a) by a factor of 10° and has a length of 10 um, approximately + of the width of a human hair. 
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EXAMPLE 15.1 | Elevator Cable 


An elevator repairman (mass = 73 kg) sits on top of an elevator cabin of mass 655 kg 
inside a shaft in a skyscraper. A 61-m-long steel cable of mass 38 kg suspends the cabin. 
The man sends a signal to his colleague at the top of the elevator shaft by tapping the cable 
with his hammer. 


PROBLEM 
How long will it take for the wave pulse generated by the hammer to travel up the cable? 


SOLUTION 
The cable is under tension from the combined weight of the elevator cabin and the 
repairman: 

T =mg =(73 kg + 655 kg)(9.81 m/s”) =7142 N. 


The linear mass density of the steel cable is 
M _ 38kg 
=— =—— = = 0.623 kg/m. 
E L 6lm j 


Therefore, according to equation 15.13, the wave speed on this cable is 


v - Ea m/s. 
H 


To travel up the 61-m-long cable, the pulse needs a time of 


L 
pee n yer 
v 107m/s 


DISCUSSION 

This solution implies that the string tension is the same everywhere in the cable. Is this 
true? Not quite! We cannot really neglect the weight of the cable itself in determining the 
tension. The speed we calculated is correct for the lowest point of the cable, where it at- 
taches to the cabin. However, the tension at the upper end of the cable also has to include 
the complete weight of the cable. There the tension is 


T =mg =(73 kg +655 kg + 38 kg)(9.81 m/s”) =7514 N, 


which yields a wave speed of 110 m/s, about 3% greater than what we calculated. If we had 
to take this effect into account, we would have to calculate how the wave speed depends 
on the height and then perform the proper integration. However, since the maximum 
correction is 3%, we can assume that the average correction is about 1.5%, use an average 
wave speed of 108.6 m/s, and obtain a signal propagation time of 0.56 s. Thus, taking the 
mass of the cable into account changes the result by only 0.01 s. 


Reflection of Waves 


What happens when a wave traveling on a string encounters a boundary? The end of a 
string tied to a support on the wall can be considered a boundary. In Figure 15.3, a wave 
was initiated on a rope by moving one end of the rope up and down. The wave then traveled 
along the rope. When the wave reaches the end of the rope that is tied to a fixed support 
on the wall, the wave reflects as shown in Figure 15.12. Because the end of the rope is fixed, 
the reflected wave has its phase shifted by 180° and returns in the opposite direction with a 
negative height. The amplitude of the wave at the fixed end point is zero. 

If the end of the rope is attached via a frictionless movable connection, such as the one 
shown in Figure 15.13, the wave is reflected with no change in phase, and the returning 
wave has a positive amplitude. The maximum amplitude of the wave at the movable end 
point is twice the initial amplitude of the wave. 
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FIGURE 15.12 A rope held by a hand at one end and attached FIGURE 15.13 A rope held by a hand at one end and attached with a 
firmly to a wall at the other end. (a) The end of the rope is moved up frictionless movable connection to a wall at the other end. (a) The end of 
and down. In (b), (c), and (d), a wave travels along the rope toward the the rope is moved up and down. In (b), (c), and (d), a wave travels along 
right. In (e), (f), and (g), the wave travels along the rope toward the the rope toward the right. In (e), (f), and (g), the wave travels along the 
left after reflecting from the fixed end point at the wall. rope toward the left after reflecting from the movable end point. 


In Chapter 34, we'll see that a light wave can be reflected at a boundary between two 
optical media with or without a phase change, depending on the properties of the two opti- 
cal media. 


15.5 Waves in Two- and Three-Dimensional Spaces 


FIGURE 15.14 Waves spreading 
radially outward from a point source 
(a light bulb, in this case). The inner 
and outer surfaces of each concentric 
colored band are 1 wavelength apart. 


So far, we have only described one-dimensional waves, those moving on a string and on 
a linear chain of coupled oscillators. However, waves on the surface of water, like those in 
Figure 15.2, spread in a two-dimensional space—the plane of the water surface. A light bulb 
and a loudspeaker also emit waves, and these waves spread in three-dimensions. Thus, a 
more complete mathematical description of wave motion is needed. A completely general 
treatment exceeds the scope of this text, but we can examine two special cases that cover 
most of the important wave phenomena that occur in nature. 


Spherical Waves 


If you examine Figure 15.2 and Figure 15.14, you see waves generated from one point and 
spreading as concentric circles. The mathematical idealization of waves emitted from point 
sources describes the waves as moving outward in concentric circles in two spatial dimen- 
sions or in concentric spheres in three spatial dimensions. Sinusoidal waveforms that spread 
in this way are described mathematically by 


y(F,t)= A(r)sin(«r- wt + by). (15.14) 


Here F is the position vector (in two or three dimensions), and r= F| is its absolute value. 
You can convince yourself that this function indeed describes waveforms in concentric circles 
(in two dimensions) or spheres (in three dimensions) if you remember that the circumfer- 
ence of a circle or surface of a sphere has a constant distance to the origin and thus r has a 
constant value. A constant value of r at some time t implies a constant phase, @ = kr - wt + 
po. Since all of the points on a given circle or on the surface of a given sphere have the same 
phase, they have the same state of oscillation. Therefore, equation 15.14 indeed describes 
circular or spherical waves. 

A waveform described by equation 15.14 does not have a constant amplitude, A, but 
one that depends on the radial distance to the origin of the wave (Figure 15.15). When we 
talk about energy transport by waves in Section 15.6, it will become clear that radial depen- 
dence of the amplitude is necessary for two- and three-dimensional waves and that the 
amplitude has to be a monotonically decreasing function of the distance from the source. 
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We'll use energy conservation to find out exactly how the amplitude 
varies with distance, but for now we'll use A(r) = C/r (where C is a 
constant) for a three-dimensional spherical wave. For such a wave, 
equation 15.14 becomes 


yt) = “sin (rot + oy). (15.15) 
r 


Plane Waves 


Spherical waves originating from a point source can be approximated 
as plane waves at points that are very far away from the source. As 
shown in Figure 15.16, plane waves are waves for which the surfaces 
of constant phase are planes. For example, the light coming from the 
Sun is in the form of plane waves when it hits the Earth. Why can 
we use the plane-wave approximation? If we calculate the curvature 
of a sphere as a function of its radius and let that radius approach infinity, the curvature 
approaches zero. This means that any surface segment of this sphere locally looks like a 
plane. For example, the Earth is basically a sphere, but it is so large that locally the surface 
looks like a plane to us. 
For a mathematical description of a plane wave, we can use the same functional form 
as for a one-dimensional wave: 
y@F,t)=Asin(Kx- at + ġo), (15.16) 


coordinates. 


where the x-axis is locally defined as the axis perpendicular to the plane of the wave. You 
may wonder why equation 15.16 again includes a constant amplitude. The answer is that 
very far away from the origin, A/r varies very slowly as a function of r, so using a constant 
amplitude gives the same degree of approximation as approximating the curvature of a 
sphere as zero. For a perfectly flat planar wave, the amplitude is indeed constant. 


Surface Waves 


On December 26, 2004, an earthquake of magnitude 9.0 under the Indian Ocean off the 
coast of Sumatra triggered a tsunami (a Japanese word meaning “harbor wave”). This tsu- 
nami caused incredible destruction in the Aceh province of Indonesia, and it also raced 
across the Indian Ocean with the speed of a jetliner and caused many casualties in India 
and Sri Lanka. A computer simulation of the propagation of the tsunami is shown in Figure 
15.17. What is the physical basis of the motion of a tsunami? 


EX 


FIGURE 15.15 A spherical wave as a function of two spatial 


FIGURE 15.16 Plane waves. Each 
parallel plane represents a surface of 
constant phase. Adjacent planes are 
two wavelengths apart. 


FIGURE 15.17 A computer simula- 
tion of the propagation of the tsunami 
near Sumatra that occurred on Decem- 
ber 26, 2004. The four frames cover a 
time period of several hours. 
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15.1 In-Class Exercise > 


On a golf course, your ball is right 
at the edge of a 120.0-m-diameter 
circular water hazard that is 1.00 m 
deep. Instead of hitting over the 
hazard as planned, you hit your 
ball exactly into the middle of it. 
How long does it take for the water 
wave created by your golf ball to 
arrive at your feet? 


When an underwater earthquake occurs, the seafloor is often locally displaced and 
shifted upward as two plates of the Earth’s crust move over each other. Thus, the water in the 
ocean is displaced, causing a pressure wave. This is one of the rare instances of a wave that 
carries matter (in this case, water) along with it; water does crash on the shore. However, 
the water reaching shore did not originate at the site of the earthquake, so no long-distance 
transportation of water takes place in a tsunami. We'll consider pressure waves in more 
detail in Chapter 16. For now, you only need to know that the pressure waves in the ocean 
have very long wavelengths, up to 100 km or even more. Since this wavelength is much 
larger than the typical depth of the ocean, which is approximately 4 km, the pressure waves 
resulting from earthquakes cannot spread spherically, but only as surface waves. For these 
surface waves, the local wave speed is not constant, but depends on the depth of the ocean: 


Vsurface = Jed, 


where g = 9.81 m/s’ is the acceleration due to gravity and d is the depth of the ocean, in 
meters. For a depth of 4000 m, this results in a wave speed of 200 m/s, or approximately 450 
mph, as fast as a jetliner. However, when the leading edge of a tsunami reaches the shallow 
coastal waters, the wave speed decreases according to equation 15.17. This causes a pileup, 
as water farther out in the ocean still has a larger speed and catches up with the water that 
forms the leading edge of the tsunami. Thus, a tsunami wave crest has a height on the order 
of only a foot in the open ocean and can pass unnoticed under ships, while near shore it 
creates a wall of water up to 100 ft high that sweeps away everything in its path. 


(15.17) 


Seismic Waves 


Earthquakes also generate waves that travel through the Earth. Two kinds of seismic waves 
generated by earthquakes are compression waves and transverse waves. Seismic compres- 
sion waves are often called P (or primary) waves, and seismic transverse waves are often 
termed S (or secondary) waves. P waves can travel in solids and liquids, but S waves can 
travel only in solids. Liquids such as molten iron cannot sustain S waves. 

The Earth has a variable composition as a function of distance from the center, as shown 
in Figure 15.18a. At the center of the Earth is an inner core composed mainly of solid iron. 
Next comes the outer core, which is composed mostly of molten iron. The inner and outer 
mantles are composed of lighter elements and exist in a solid, plastic state. The crust is hard 
and brittle. Most of the mass of the Earth is concentrated in the mantle. 


Crust 


a) 19.2 s d) 67.1 s 
b) 34.7 s e) 89.3 s 
c) 56.1 s 

Earthquake 


(a) (b) 


FIGURE 15.18 (a) The composition of the interior of the Earth. An earthquake takes place, creating S waves. The S waves can travel in the 
crust, the upper mantle, and the lower mantle but cannot travel in the molten outer core. (b) No S waves are observed at points around the Earth at 
angles greater than @ from the earthquake because the S waves cannot transit the molten outer core. 
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Seismic waves travel from the epicenter of the earthquake through the Earth and can 
be detected on the surface far away. Seismic compression (P) waves can traverse the entire 
volume of the Earth, while seismic transverse (S) waves cannot penetrate the molten core. 
Thus, the core limits the extent of observation for S waves, as illustrated in Figure 15.18. 


EXAMPLE 15.2 | Measuring the Size of the Earth’s Molten Core 


Scientists have observed that the maximum angle around the surface of the Earth where S 
waves from an earthquake are observed is 0 = 105° (see Figure 15.18b). This effect is due 
to the fact that S waves cannot travel in the Earth’s outer core because molten iron cannot 
support shear forces. The radius of the Earth is 6370 km. 


PROBLEM 
What is the radius of the molten core of the Earth? 


SOLUTION 
Looking at Figure 15.18b, we see that we can relate the radius of the molten core, Reores 
the radius of the Earth, Rgatn, and the maximum angle of observation of S waves at the 


surface of the Earth: 
cos 9) _ Reore : 
2) Rearth 


We can then solve for the radius of the molten core: 


o 


0 1 
R oore = Rganth ca? =(6370 kn} = | 3880 km. 
Note that this result is only approximate. Seismic transverse waves do not travel in ex- 
actly straight lines because of variations in density as a function of depth in the Earth. 
However, the calculated result is reasonably close to the measured value, R..,. = 3480 km, 
which has been obtained by combining several different methods. 


Earthquakes are not the only source of seismic waves. Such waves can also be generated 
through the underground use of explosives such as dynamite or TNT or even nuclear bombs. 
Thus, the monitoring of seismic waves is used to verify nuclear test bans and nonproliferation 
of nuclear weapons. Other means of generating seismic waves are thumper-trucks, which lift 
a large mass approximately 3 m off the ground and drop it, air guns, plasma sound sources, 
and hydraulic or electromechanical shakers. Why would anyone want to generate seismic 
waves? The waves can be used similar to the way S waves were used in Example 15.2 to look 
for underground deposits of different density. This basic technique of reflection seismology is 
widely utilized in oil and gas exploration and is thus of great current research interest. 


15.6 Energy, Power, and Intensity of Waves 


Section 15.1 pointed out that waves do not generally transport matter. However, they do 
transport energy, and in this section, we will determine how much. 


Energy of a Wave 


In Chapter 14, we saw that the energy of a mass oscillating on a spring is proportional to 
the spring constant and to the square of the oscillation amplitude: E = +kA*. Since we can 
envision a wave as the oscillations of many coupled oscillators, each small volume of the 
medium through which the wave passes has this energy per oscillator. Using (again) k/m = 
w’, or k = ma”, the energy of the wave is 


E=1meA(r)} , (15.18) 
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FIGURE 15.19 Inverse square law 
for the intensities of a spherical wave at 
two different distances from the source. 


FIGURE 15.20 The intensity of a 
wave at a distance ris I. At a distance 
of 2r, the intensity is I/4. At a distance 
of 3r, the intensity is I/9. 


15.3 Self-Test Opportunity 


The intensity of electromagnetic 
waves from the Sun at the Earth is 
approximately 1400 W/m’. What 

is the intensity of electromagnetic 
waves from the Sun at Mars? The 
distance of the Earth from the Sun is 
149.6 - 10° km, and the distance from 
Mars to the Sun is 227.9 - 10° km. 


where the amplitude of the wave has a radial dependence, as explained in the general dis- 
cussion of waves in two and three dimensions. We see that the energy of a wave is propor- 
tional to the square of the amplitude and the square of the frequency. 

If the wave moves through an elastic medium, the mass, m, that appears in equation 
15.18 can be expressed as m = pV, where p is the density and V is the volume through which 
the wave passes. This volume is the product of the cross-sectional area, A, (the area per- 
pendicular to the velocity vector of the wave), that the wave passes through and the distance 
that the wave travels in time t, or l = vt. (Note: The symbol A, indicates the area, whereas 
the symbol A, without the subscript |, is used for the wave amplitude!) Thus, we find for 
the energy in this case 
2 


E=1pVa|A(r)| =1pA, lo? | Al) =4pA, vto? |A) (15.19) 


2 2 


If the wave is a spherical wave radiating outward from a point source and if no energy 
is lost to damping, we can determine the radial dependence of the amplitude from equa- 
tion 15.19. In such a case the energy is a constant at a fixed value of r, as are the density of 
the medium, the angular frequency, and the wave velocity. Equation 15.19 then yields the 
condition A | [A(r)]? = constant. For a spherical wave in three dimensions, the area through 
which the wave passes is the surface of a sphere, as shown in Figure 15.14. Thus, in this case, 
A, =4rr°, and we obtain r° [A(r)]? = constant > A(r) œ 1/r. This is exactly the result for the 
radial dependence of the amplitude that was used in equation 15.15. 

If the wave is spreading strictly in a two-dimensional space, as is true of surface waves 
on water, then the cross-sectional area is proportional to the circumference of a circle and is 
thus proportional to r, not r°. In this case, we obtain for the radial dependence of the wave 
amplitude r[A(r)]* = constant = A(r) « ir. 


Power and Intensity of a Wave 


In Chapter 5, we saw that the average power is the rate of energy transfer per time. With the 
energy contained in a wave as given by equation 15.19, we then have 
=_E 2 
P=—=5pAvo" [AM . (15.20) 
Since all quantities on the right-hand side of equation 15.20 are independent of time, the 
power radiated by a wave is constant in time. 
The intensity, I, of a wave is defined as the power radiated per unit cross-sectional area: 


P 


f= 
A, 


Substituting for P from equation 15.20 into this definition leads to 
2 
I=1pva" [A(r)| (15.21) 


As you can see from this result, the intensity depends on the square of the amplitude, and 
so the radial dependence of the intensity is due to the dependence of the amplitude on the 
radial distance from the point of propagation. For a spherical wave in three dimensions, 


A(r) x 1/r, and thus 


rel, 
r 


Thus, for two points that are at distances of r, and r, from the point of propagation of a spheri- 
cal wave, the intensities I, = I(r,) and I, = I(r.) measured at these two locations are related via 


2. 
afz] À (15.22) 


as shown in Figure 15.19. 

Figure 15.20 illustrates the dependence of the intensity of a wave on the distance from 
the source. If the intensity of a wave at a distance r is I, then the intensity of the wave at a 
distance of 2r is I/4. You can see why this relationship is true in Figure 15.20 because the 
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same amount of power is passing through an area four times the size of A,. Similarly, at 
a distance of 3r, the intensity is I/9 because the same amount of power is passing through 
nine times the area. 


SOLVED PROBLEM 15.1 ( Power Transmitted by a Wave on a String 
tl 


PROBLEM 

The transverse displacement from equilibrium of a particular stretched string as a func- 
tion of position and time is given by y(x,t) = (0.130 m) cos [(9.00 m')x + (72.0 s™')t]. The 
linear mass density of the string is 0.00677 kg/m. What is the average power transmitted 
by the string? 


SOLUTION 


THINK 

We start with equation 15.20 for the average power transmitted by a wave. We can extract 
the amplitude, A(r), the wave number, x, and the angular frequency, w, from the given 
function y(x,t) by comparing it with the solution to the wave equation for a wave travel- 
ing in the negative x-direction (compare equation 15.6). The product pA , is given by the 
linear mass density, y. 


SKETCH 


15.2 In-Class Exercise 


The intensity of electromagnetic 
waves from the Sun at the Earth 
is 1400 W/m’. How much total 
power does the Sun generate? The 
distance from the Earth to the Sun 
is 149.6 - 10° km. 


a) 1.21- 10° W d) 2.11- 10 W 
b) 2.43 - 10% W e) 9.11 - 10° W 
c) 3.94 - 10 W 


A K w 
Figure 15.21 identifies the relevant factors of the wave function. y(t) = (0.130 m)cos((9.00 metos 40) 
RESEARCH FIGURE 15.21 The wave function with 
The power transmitted by a wave is given by equation 15.20: the relevant factors identified. 


P= + pA vo" [Aw : 


For a wave moving on an elastic string, the product of the density, p, and the cross- 
sectional area, A |, can be written as 


m m m 
A, =—A, = A, =—= k, 
PAL IOF A M 


V 


where u = m/L is the linear mass density of the string. For a wave moving on an elastic 
string, A(r) is constant, and so we can express the transmitted power as 


P= 1 uvo [AM 


We can use equation 15.8 to obtain the speed of the wave: 
w 
v=—. 
K 


SIMPLIFY 

From the wave function specified in the problem statement, we see that A(r) = 0.130 m, 
K =9.00 m4, and w = 72.0 s™!. By convention, w is a positive number, and the specified wave 
function represents a wave traveling in the negative x-direction. We can then calculate v: 


-1 
gos AN g m/s. 
K 9.00m” 
CALCULATE 
Putting the numerical values into equation 15.20, we get 
= 2 a% 2 
P =1 uvo? [A(r)] =+(0.00677 kg/m) (8.00 m/s)(72.0 s ') (0.130 m) 
=2.37247 W. 


ROUND 
We report our result to three significant figures: 


P =2.37 W. 


Continued— 
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DOUBLE-CHECK 

To double-check our answer, let’s assume that the energy of the wave corresponds to the 
energy of an object whose mass is equal to the mass of a one wavelength-long section 
of string. This object is moving in the negative x-direction at the speed of the traveling 
wave. The power is then the energy transmitted in one period. From the values for x and 
w extracted from the given wave function, we get the wavelength and the period: 


Ke -0.698 m 
K 

T =27 - 0.0873 s 
w 


We can write the kinetic energy as 
K=1(pa)v? =0.151 J. 


The power is then 
K _ 0151) _, 


“T 0.0873 s 


This result is similar to our result for the power transmitted along the string. Thus, our 
answer seems to be reasonable. 


73 W. 


15.7 Superposition Principle and Interference 


Wave equations like equation 15.9 have a very important property: They are linear. What 
does this mean? If you find two different solutions, y, (x,t) and y,(x,t), to a linear differential 
equation, then any linear combination of those solutions, such as 


y(x,t)=ay,(x,t)+by,(x,t), (15.23) 


where a and b are arbitrary constants, is also a solution to the same linear differential equa- 
tion. You can see this linear property in the differential equation, because it contains the 
function y(x t) to the first power only [there is no term containing y(x,t)* or 4/ y(x,t) or any 
other power of the function]. 

In physical terms, the linear property means that wave solutions can be added, sub- 
tracted, or combined in any other linear combination, and the result is again a wave solu- 
tion. This physical property is the mathematical basis of the superposition principle: 


Two or more wave solutions can be added, resulting in another wave solution. 
y(x,t) = yy(x,t)+ yo(x,t). (15.24) 


Equation 15.24 is a special case of equation 15.23 with a = b = 1. Let’s look at an example of 
the superposition of two wave pulses with different amplitudes and different velocities. 


EXAMPLE 15.3 | Superposition of Wave Pulses 


Two wave pulses, y,(x,t)= Ae? and y,(x,t)= Aye tty, with A, = 1.7A, and v, = 
1.67, are at some distance from each other. Because of their mathematical form, these are 
called Gaussian wave packets. We assume that the two waves are of the same type, such 
as waves on a rope. 


PROBLEM 
What is the amplitude of the resulting wave at maximum overlap of the two pulses, and 
at what time does this occur? 
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SOLUTION 

Both of these Gaussian wave packets are of the functional form y(x,t) = Y(x + vt) and are 
therefore valid solutions of the one-dimensional wave equation 15.9. Thus, the superposition 
principle (equation 15.23) holds, and we can simply add the two wave functions to obtain 
the function for the resulting wave. The two Gaussian wave packets have maximum overlap 
when their centers are at the same position in coordinate space. The center of a Gaussian 
wave packet is at the location where the exponent has a value of zero. As you can see from the 
given functions, both wave packets will be centered at x = 0 at time t = 0, which is the answer 
to the question as to when the maximum overlap occurs. The amplitude at maximum overlap 
is simply A = A, + A, = 2.7A, (because A, = 1.7A,, as specified in the problem statement). 


DISCUSSION A IN von 


It is instructive to look at plots illustrating these waves and their superposition. The two 

Gaussian wave packets start at time t = -3, in units of the width of a wave packet divided by a Ae 
the speed v,, and propagate. Figure 15.22a is a three-dimensional plot of the wave function INA 

y(x t) = y,(x,t) + y(x t) as a function of coordinate x and time t. The velocity vectors V, and A 

V, are shown. Figure 15.22b shows coordinate space plots of the waves at different points in t 

time. The blue curve represents y, (x,t), the red curve represents y,(x,t), and the black curve AN 


is their sum. At the middle point in time, the two wave packets achieve maximum overlap. 


vi => DA V2 
What is essential to remember from the superposition principle is that waves can penetrate x = 

each other without changing their frequency, amplitude, speed, or direction. Modern commu- (b) 
nications technology is absolutely dependent on this fact. In any city, several TV and radio 

i A i ro nO FIGURE 15.22 Superposition of 
stations broadcast their signals at different frequencies; there are also cell phone and satellite two Gaussian wave- packets: (a) three 
TV transmissions, as well as light waves and sound waves. All of these waves have to be able to dimensional representation; (b) coordi- 
penetrate each other without changing, or everyday communication would be impossible. nate space plots for different times. 


Interference of Waves 


Interference is one consequence of the superposition principle. If waves pass through each 
other, their displacements simply add, according to equation 15.24. Interesting cases arise 
when the wavelengths and frequencies of the two waves are the same, or at least close to 
each other. Here we'll look at the case of two waves with identical wavelengths and frequen- 
cies. The case of waves whose frequencies are close to each other will be discussed in Chap- 
ter 16 on sound, when we discuss beats. 

First, lets consider two one-dimensional waves with identical amplitude, A, wave num- 


ber, k, and angular frequency, w. The phase shift ¢, is set at zero for wave 1 but 
allowed to vary for wave 2. The sum of the waveforms is then AAA o=0 
y(x,t)= Asin(Kx - wt)+ A sin(Kx - wt + do). (15.25) 
For Q, = 0, the two sine functions in equation 15.25 have identical arguments, so AAAA RE 
the sum is simply y(x,t) = 2A sin («x - wt). In this situation, the two waves add to i 
the maximum extent possible, which is called constructive interference. 
If we shift the argument of a sine or cosine function by 7, we obtain the nega- ee 
tive of that function: sin (0 + 77) = - sin 0. For this reason, the two terms in equa- of NS NS ™ on 27 
tion 15.25 add up to exactly zero when œ = m. This situation is called destructive Do 
interference. The interference patterns for these two values of po, along with three es 3 
others, are shown in Figure 15.23 for t = 0. RAAEN LANN TANN P= aT 
Interesting interference patterns are obtained with two identical spherical waves 
whose sources are some distance from each other. Figure 15.24 shows the schematic 
interference pattern for two identical waves with x = 1 m™ and the same values of œ XOI2IDOOK* bo=m 
and A. One of the waves was shifted by Ax to the right and the other by -Ax to the FIGURE 15.23 Interference of one-dimensional 
left. The figure shows ten different values of Ax, which should give you a good idea Waves as a function of their relative phase shifts 
of how the interference pattern develops as a function of the separation of the cen- at t = 0. At later times, the patterns move rigidly 


ters of the waves. If you have ever dropped two stones at a time into a pond, you will to the right. Wave 1 is red, wave 2 is blue, and 
recognize these interference patterns as similar to the surface ripples that resulted. black is the sum of the two waves. 
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FIGURE 15.24 Schematic interfer- 
ence patterns of two identical two- 
dimensional periodic waves shifted a 


distance Ax to either side of the origin, 


where the unit of Ax is meters. White 
and black circles mark minima and 
maxima; gray indicates points where 
the sum of the waves equals zero. 


MM  K GNN Z 
a WY] Y 


15.8 Standing Waves and Resonance 


A special type of superposition occurs for two traveling waves if they are identical except for 
opposite signs for w: y,(x%,t) = A sin (kx + wt), y,(x,t) = A sin (kx - wt). Let's first look at the 
mathematical result of this superposition (after which we'll gain physical insight): 


y(x,t)= y(x,t)+ y (x,t) 
= Asin(kx + wt)+ Asin(Kx - wt) => 


y(x,t)=2Asin(Kx)cos(at). (15.26) 


In the last step to obtain equation 15.26, we used the trigonometric addition formula, 
sin (a + B) = sina cosß + cosa sin £. Thus, for the superposition of two traveling waves 
with the same amplitude, same wave number, and same speed but opposite direction of 
propagation, the dependence on the spatial coordinate and the dependence on the time 
separate (or factorize) into a function of just x times a function of just t. The result of this 
superposition is a wave that has nodes (where y = 0) and antinodes (where y can reach its 
maximum value) at particular points along the x-axis. Each antinode is located midway 
between neighboring nodes. 

This superposition is much easier to visualize in graphical form. Figure 15.25a 
shows a wave given by y,(x,t) = Asin (kx + wt), and Figure 15.25b shows a wave 
given by y,(x,t) = Asin (Kx - wt). Figure 15.25c shows the addition of the two 
waves. In all three plots, the waveform is shown as a function of the x-coordinate. 
Each plot also shows the wave at 11 different instants in time, with a time difference 


y(x t) v. 
p à t JO. of 77/10 between times as if viewing a time-lapse photograph. To compare the same 
b) WY f NG a. instants of time in each plot, the curves are color-coded starting from red and pro- 


gressing through orange to yellow. You can see that the traveling waves move toward. 
the left and the right, respectively, but the wave resulting from their superposition 
oscillates in place, with the nodes and the antinodes remaining at fixed locations on 


the x-axis. This interference wave is known as a standing wave and results from the 
factorization of the time dependence and the spatial dependence in equation 15.26. 
The two traveling waves are always out of phase at the nodes. 


FIGURE 15.25 (a) and (b) Two traveling The nodes of a standing wave always have zero amplitude. According to equa- 


waves with velocity vectors in opposite directions. 
(c) Superposition of the two waves results in a 


standing wave. 


tion 15.18, the energy contained in a wave is proportional to the square of the 
amplitude. Thus, no energy is transported across a node by a standing wave. Wave 
energy gets trapped between the nodes of a standing wave and remains localized 
there. Also note that even though a standing wave is not moving, the relationship 
between wavelength, frequency, and wave speed, v = Af, still holds. Here, v is the 
speed of the two traveling waves, which make up the standing wave. 


Standing Waves on a String 


The basis for the creation of musical sounds by string instruments is the generation of 
standing waves on strings that are put under tension. Section 15.4 discussed how the veloc- 
ity of a wave on a string depends on the string tension and the linear mass density of the 
string (see equation 15.13). In this section, we discuss the basic physics of one-dimensional 
standing waves. 
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Antinode 


Antinode Node Antinode 


sa 


Let’s start with a demonstration. Shown in 
Figure 15.26 is a string tied to an anchor on the =) { F = | h 
left side and to a piston on the right. The piston 
oscillates up and down, in sinusoidal fashion, with (b) l — Lift 
a variable frequency, f The up-and-down motion 
of the piston has only a very small amplitude, 
so we can consider the string to be fixed at both © { -i 2fo 
ends. The frequency of the piston’s oscillation is 
varied, and at a certain frequency, fo, the string (a) eS Node Antinode Node islstl: = 3 fy 
develops a large-amplitude motion with a central 
antinode (Figure 15.26a). Clearly, this excitation FIGURE 15.26 Generation of standing waves on a string. 
of the string produces a standing wave. This is a 
resonant excitation of the string in the sense that the amplitude gets large only 
at a well-defined resonance frequency. If the frequency of the piston’s motion 
is increased by 10%, as shown in Figure 15.26b, this resonant oscillation of the 
string vanishes. Lowering the piston’s frequency by 10% has the same effect. 
Increasing the frequency to twice the value of fọ results in another resonant 
excitation, one that has a single node in the center and antinodes at + and + of 
the length of the string (Figure 15.26c). Increasing the frequency to triple the 
value of f results in a standing wave with two nodes and three antinodes (Figure 
15.26d). The continuation of this series is clear: A frequency of nf) will result in a 
standing wave with n antinodes and n -1 nodes (plus the two nodes at both ends 
of the string), which are equally spaced along the length of the string. 
Figure 15.27 shows that the condition for a standing wave is that an inte- 
ger multiple, n, of half wavelengths fits exactly into the length of the string L. 
We give these special wavelengths the index n and write 


JAS, i PA 
2 


Solving for the wavelengths, we obtain 


2L ; 
A 5, n=1,2,3,... (15.27) J 
n nA y IA | Oe 


FIGURE 15.27 Lowest five standing-wave excita- 
tions of a string. 


The index n on the wavelength (or frequency) indicates the harmonic. That is, 
n= 1 identifies the first harmonic (also called the fundamental frequency), n = 2 
labels the second harmonic, n = 3 the third, and so on. 

As mentioned before, v = Af still holds for a standing wave. Using this 
relationship, we can find the resonance frequencies of a string from equation 15.27: 


ey 15.3 In-Class Exercise 
fy=—=n—, n=l,2,3,... 
A, 2L A string of a given length is 
clamped at both ends and given a 
Finally, using equation 15.13 for the wave velocity on a string with linear mass density u certain tension. Which of the fol- 
under tension T, v=4/ T/m , we have lowing statements about a standing 
wave on this string is true? 
v JT T 


In 


=—=n =n : (15.28) : 
2 a) The higher the frequency of a 
An 21 aL standing wave on the string, the 


Equation 15.28 reveals several interesting facts about the construction of string instru- closer togetherare the modes; 


ments. First, the longer the string, the lower the resonance frequencies. This is the basic rea- b) For any frequency of the 

son why a cello, which produces lower notes, is longer than a violin. Second, the resonance standing wave, the nodes are 
frequencies are proportional to the square root of the tension on the string. If an instrument’s always the same distance apart. 
frequency is too low (it sounds “flat”), you need to increase the tension. Third, the higher the c) For a standing wave on a string 
linear mass density, u, of the string, the lower the frequency. “Fatter” strings produce bass at a given tension, only one 
notes. Fourth, the second harmonic is twice as high as the fundamental frequency, the third is frequency is ever possible. 

three times as high, and so on. When we discuss sound in Chapter 16, we'll see that this fact is d) The lower the frequency of a 
the basis of the definition of the octave. For now, you can see that you can produce the second standing wave on the string, the 
harmonic on the same string that is used for the first harmonic by putting a finger on the exact closer together are the nodes. 


middle of the string and thus forcing a node to be located there. \ 
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15.4 In-Class Exercise a 


A guitar string is 0.750 m long and 
has a mass of 5.00 g. The string is 
tuned to E (660 Hz) when it vibrates 
at its fundamental frequency. What is 
the required tension on the string? 


a) 2.90-10°N d) 8.11 - 10° N 
b) 4.84 - 10° N e) 1.23-10°N 
c) 6.53 - 10° N 
L J 


EXAMPLE 15.4 | Tuning a Piano 


A piano tuner’s job is to make sure that all keys on the instrument produce the proper 
tones. On one piano, the string for the middle-A key is under a tension of 2900 N and has 
a mass of 0.006000 kg and a length of 0.6300 m. 


PROBLEM 
By what fraction does the tuner have to change the tension on this string in order to ob- 
tain the proper frequency of 440.0 Hz? 


SOLUTION 
First, we calculate the fandamental frequency (or first harmonic), using n = 1 in equation 
15.28 and the given tension, length, and mass: 


f= n =438 Hz. 
4(0.6300 m)(0.006000 kg) 


This frequency is off by 2 Hz, or too low by 0.5%, so the tension has to be increased. The 
proper tension can be found by solving equation 15.28 for T and then using the funda- 
mental frequency of 440.0 Hz, the proper frequency for middle A: 


2 
f,=n 2 =n 3 =>T=4Lm a ; 
4P (mIL) 4Lm 


n 
Inserting the numbers, we find 


T =4(0.6300 m)(0.006000 kg)(440.0 Hz) =2927 N. 


The tension needs to be increased by 27 N, which is 0.93% of 2900 N. The piano tuner 
needs to increase the tension on the string by 0.93% for it to produce the proper 
middle-A frequency. 


DISCUSSION 
We could also have found the required change in the tension by arguing in the following 
way: The frequency is proportional to the square root of the tension, and y1- x ~1-+x 
for small x. Since a 0.5% change in the frequency is needed, the tension has to be changed 
by twice that amount, or 1%. 

By the way, a piano tuner can detect a frequency that is off by 2 Hz easily, by listening 
for beats, which we'll discuss in Chapter 16. 


15.4 Self-Test Opportunity 


Researchers at the Cornell 
NanoScale Science and Technol- 
ogy Facility, where the guitar 
in Figure 15.11b was built, 
have also made an even smaller 
guitar string, from a single car- 
bon nanotube only 1 to 4 nm in 
diameter. It is suspended over 
a trench of width W = 1.5 pm. 
In their 2004 paper in Nature, 
the Cornell researchers reported 
a resonance frequency of the 
carbon nanotube at 55 MHz. 
What is the speed of a wave on 
this carbon nanotube? 
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(b) (c) 
FIGURE 15.28 Standing-wave nodal patterns on a square plate driven at frequencies of (a) 348 Hz, (b) 409 Hz, and (c) 508 Hz. 


Standing waves can also be created in two- and three-dimensions. While we will not 
treat these cases in any mathematical detail, it is interesting to see the wave patterns that 
can emerge. To visualize standing wave patterns on two-dimensional sheets, the sheets are 
driven with a tunable oscillator from below and salt grains are scattered evenly on top. The 
salt grains gather at the wave nodes, where they do not receive large kicks from the oscillator 
below. Figure 15.28 shows the result for a square plate driven at three different frequencies. 
You can see that the standing waves have nodal lines, which have different shapes at differ- 
ent frequencies. We wont discuss these nodal lines in quantitative detail, but it is important 
to realize that the higher the frequency, the closer the nodal lines are to each other. This is 
in complete analogy to the case of a one-dimensional standing wave on a string. 


15.5 In-Class Exercise 


The circular plate shown in the figure is driven at three different frequencies. From examining the 
three parts, rank the three frequencies from lowest to highest. 


(a) (b) (c) 


15.9 Research on Waves 


This chapter gives only a brief overview of wave phenomena. All physics majors and most 
engineering majors will take another complete course on waves that goes into more detail. 
Several other chapters in this book deal with waves. Chapter 16 is devoted to the longitu- 
dinal pressure waves called sound waves. Chapter 31 focuses on electromagnetic waves, 
Chapter 34 examines wave optics, and Chapter 36 explores a wave description of matter. 
This wave character of matter led directly to the development of quantum mechanics, the 
basis for most of modern physics, including nanoscience and nanotechnology. 

Scientists and engineers continue to discover new aspects of wave physics, from funda- 
mental concepts to applications. On the applied side, engineers are studying ways to guide 
microwaves through different geometries with the aid of finite element methods (which are 
computational methods that break a large object into a large number of small objects) and 
very time-intensive computer programs. If these geometries are not spatially symmetric—that 
is, if they are not exactly round or exactly rectangular—some surprising results can occur. For 
example, physicists can study quantum chaos with the aid of microwaves that are sent into a 
metal cavity in the shape of a stadium (a shape that has semicircles at both ends, connected 
by straight sections). Figure 15.29 shows such a stadium geometry, not for microwaves but 
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FIGURE 15.29 Iron atoms on a copper surface form 
a stadium-shaped cavity in which physicists can study 


electron matter waves. 


FIGURE 15.30 (a) Aerial view of 
the Livingston site of LIGO (Laser Inter- 
ferometer Gravitational-Wave Observa- 
tory); (b) visualization of a gravita- 
tional wave; (c) a scientist adjusts the 
interferometer; (d) map of LIGO. 


for a physical system—a collection of individual iron atoms arranged on a cop- 
per surface by using a scanning tunneling microscope. The wave ripples in the 
interior of the stadium are standing electron matter waves. 

On the most advanced level of investigation, particle theorists and math- 
ematicians have come up with new classes of theories called string theories. 
The mathematics of string theories exceeds the scope of this book. However, 
it is interesting to note that string theorists obtain their physical insights from 
considering systems similar to those we have considered in this chapter—in 
particular, standing waves on a string. We'll touch on this subject again in 
Chapter 39 on particle physics. 

Perhaps one of the most interesting experimental investigations into 
wave physics is the search for gravitational waves. Gravitational waves were 
predicted by Einstein’s theory of general relativity (see Chapter 35) but are 
very weak and hard to detect unless generated by an extremely massive 
object. Astrophysicists have postulated that some astronomical objects emit 
gravitational waves of such great intensity that they should be observable on 
Earth. Indirect evidence of the existence of such gravitational waves has come 
from the study of orbital frequencies of neutron star pairs, since the decrease of measured 
rotational energy in the pair can be explained by the radiation of gravitational waves. How- 
ever, no direct observation of gravitational waves has yet been made. Groups of American 
and international physicists have constructed or are in the process of constructing sev- 
eral gravitational wave detectors, such as LIGO (Laser Interferometer Gravitational-Wave 
Observatory). These detectors all work by using the principle of interference of light waves, 
which we will cover in more detail in Chapter 34. The basic idea is to suspend in a vacuum 
by very thin wires several heavy test masses with mirrored sides, placed at the ends of two 
perpendicular arms of the instrument. As a gravitational wave passes by, it should cause 
alternating stretching and compressing of space, which will be out of phase for the two 
arms and should be observable as minute movements of the mirrors. In principle, bounc- 
ing a laser light off the mirrors and then recombining the beams would reveal interference 
of light due to the motion, detectable as an interference pattern. These gravitational wave 
detectors require very long tunnels for the lasers. LIGO consists of two observatories, one 
in Hanford, Washington, and the other in Livingston, Louisiana (see Figure 15.30), with a 
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distance of 3002 km between them. Each observatory has two tunnels, each 4 km long, 
arranged in an L shape. These experiments push the envelope of what is technically pos- 
sible and measurable. For example, the expected movement of the test masses due to a 
gravitational wave is on the order of only 10-'® m, which is smaller than the diameter of 
a hydrogen atom by a factor of 100 million, or 10°. Measuring a deflection that small is 
a huge technological challenge. 

Other laboratories in Europe (Virgo and GEO-600) and Japan (TAMA) are also 
trying to measure the effect of gravitational waves. Plans also exist for a space-based 
gravitational wave observatory, named LISA (Laser Interferometer Space Antenna), 
which will consist of three spacecraft arranged in an equilateral triangle with side length 
5-10° km. Scientists have recently used supercomputers to simulate gravitational waves 
emitted from the collision of two massive black holes, as illustrated in Figure 15.31 in 
a calculation done by a group from NASA. Such waves might be intense enough to be 


detected on Earth. FIGURE 15.31 Supercomputer simula- 
tion of the collision of two massive black 
holes, creating gravitational waves that may 
be observable. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= The wave equation describes the displacement y(x,t) = The energy contained in a wave is E = 4pVw[A(r)]* = 
from the equilibrium position for any wave motion: 1 (A Do lAl]? = + p(A vto? [AC], where A, is 
2 2 2) 2 > 
Za y(x,t)-v? a y(x,t)=0. the perpendicular cross-sectional area through which 
ot the wave passes. 
= For any wave, v is the wave velocity, À is the wavelength, = The power transmitted by a wave is P= Be oii pA vo? 


and fis the frequency, and they are related by v = Af. 
z 2 Í 4 7 f [A(r)]’, and its intensity is I = + pv COR 
= The wave number is defined as K = 277/A, just as the 


angular frequency is related to the period by w = 277/T. = Fora spherical three-dimensional wave, the intensity 


is inversely proportional to the square of the distance 
= Any function of the form Y(Kx - wt +o) or Y(Kx + to the source. 


wt + do) is a solution to the wave equation. The first 
function describes a wave traveling to the right, and the 
second function describes a wave traveling to the left. 


= The wave speed on a string is v = 4 T/w , where u = m/L 
is the linear mass density of the string and T is the 
string tension. 


= ‘The superposition principle holds for waves: Adding 
two solutions of the wave equation results in another 
valid solution. 


= Waves can interfere in space and time, constructively 
or destructively, depending on their relative phases. 


= Adding two traveling waves that are identical except 
for having velocity vectors that point in opposite 
directions yields a standing wave such as y(x,t) = 
2A sin (kx) cos (wt), for which the dependence on 
space and time factorizes. 


= A one-dimensional sinusoidal wave is given by y(x,t) = 
Asin (kx - wt + Po), where the argument of the sine 
function is the phase of the wave and A is the wave 
amplitude. 


= A three-dimensional spherical wave is described | l 
= The resonance frequencies (or harmonics) for waves 


on a string are given by f, = ven vr , forn= 


An Lal 
1, 2, 3, .... The index n indicates the harmonic (for 
example, n = 4 corresponds to the fourth harmonic). 


by y(7,t)= ans sin(«r -at+ $o) and a plane wave is 
r 


described by y(r, t) = Asin (kx - wt + dp). 


KEY TERMS 

[ wave, p. 493 wave front, p. 496 plane wave, p. 503 antinodes, p. 510 
longitudinal wave, p. 495 wave number, p. 497 constructive interference, p. 509 standing wave, p. 510 
transverse wave, p. 495 phase, p. 497 destructive interference, p. 509 resonance frequency, p. 511 


wavelength, p. 496 wave equation, p. 498 nodes, p. 510 harmonic, p. 511 
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NEW SYMBOLS AND EQUATIONS 


creer. ti 
— Ksk jek — XxX,t)=U, wave equa 10n 
ae? m 


v=Af velocity, wavelength, and frequency of a wave 
K = 277/X, wave number 


v=./T/p , speed of a wave on a string 


y(x,t) = A sin (Kx - wt + bo), one-dimensional traveling wave 
y(x,t) = 2A sin (kx) cos (wt), one-dimensional standing wave 


v 


mea 
" A Din te 


, resonance frequencies of a wave on a string 


ANSWERS TO SELF-TEST OPPORTUNITIES 


| 15.1 f= 0.40 Hz. 
15.2 A =10 cm, K = 0.31 cm", dy = 0.30. 


PROBLEM-SOLVING PRACTICE 


15.3 

2 
f 
In (t 


2 6 2 
m=i K 2 (1400 wm | Mes = 603.3 W/m”. 
h 


M 227.9-10° km 
15.4 Lowest resonance frequency: fi = v= 
à 2L 


Wave speed: v = 2Lf, = 2(1.5- 10°° m)(5.5- 107 s7!) = 165 m/s. 


Í robiem- Soiving Guidelines 
1. Ifa wave fits the description ofa one-dimensional traveling 
wave, you can write a mathematical equation describing it if 
you know the amplitude, A, of the motion and any two of these 
three quantities: velocity, v, wavelength, A, and frequency, f. 
(Alternatively, you need to know two of the three quantities 
velocity, vy, wave number, x, and angular frequency, w.) 


SOLVED PROBLEM 15.2 (Traveling Wave 
FT 


PROBLEM 


2. If a wave is a one-dimensional standing wave on a string, 
its resonance frequencies are determined by the length, L, 
of the string and the speed, v, of the component waves. The 
speed of the wave, in turn, is determined by the tension, T, in 
the string and the linear mass density, u, of the string. 


A wave on a string is given by the function 


y(x.t) =(0.00200 m)sin|[78.8 m")x +(346 aa 


What is the wavelength of this wave? What is its period? What is its velocity? 


SOLUTION 
THINK 


From the given wave function, we can identify the wave number and the angular fre- 
quency, from which we can extract the wavelength and period. We can then calculate 
the velocity of the traveling wave from the ratio of the angular frequency to the wave 


number. 


SKETCH 


Figure 15.32 shows plots of the wave function at t = 0 (part a) and at x = 0 (part b). 


y (cm) 
y (cm) 


RESEARCH 


>t (s) 
2 


Looking at the wave function given in the problem statement, y(x,t) =(0.00200 m) 


sin|(788 m! Je + (346 s je} and comparing it with the solution to the wave equation for a 


wave traveling in the negative x-direction (see equation 15.6), 
y(x.t) = Asin(«x + wt + $o) 
we see that k = 78.8 m™! and w = 346 s™!. 
SIMPLIFY 
We can obtain the wavelength from the wave number, 
EN 
K 
and the period from the angular frequency, 
peT, 
w 


We can then calculate the velocity of the wave from 


w 
v=—. 
K 
CALCULATE 
Putting in the numerical values, we get the wavelength and the period: 
j=—2™ _ = 0.079736 m 
78.8 m 

and 

27 

T= T =0.018159 s. 
346 s 
We now calculate the velocity of the traveling wave: 
=i 
y=—*68__ _ 430086 m/s. 
78.8 m 

ROUND 
We report our results to three significant figures: 

A =0.0797 m 

T =0.0182 s 

v=4.39 m/s. 


DOUBLE-CHECK 


To double-check our result for the wavelength, we look at Figure 15.32a. We can see that 
the wavelength (the distance required to complete one oscillation) is approximately 0.08 m, 
in agreement with our result. Looking at Figure 15.32b, we can see that the period (the 
time required to complete one oscillation) is approximately 0.018 s, also in agreement 


with our result. 


t= 
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FIGURE 15.32 (a) The wave func- 
tion at t = 0. (b) The wave function as 
a function of time at x = 0. 
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SOLVED PROBLEM 15.3 | Standing Wave on a String 
PROBLEM 
A mechanical driver is used to set up a standing wave on an elastic string, as shown in 
Figure 15.33a. Tension is put on the string by running it over a frictionless pulley and 
hanging a metal block from it (Figure 15.33b). The length of the string from the top of 
the pulley to the driver is 1.25 m, and the linear mass density of the string is 5.00 g/m. The 
frequency of the driver is 45.0 Hz. What is the mass of the metal block? 


SOLUTION 


THINK 

The weight of the metal block is equal to the tension placed on the elastic string. We can 
see from Figure 15.33a that the string is vibrating at its third harmonic because three 
antinodes are visible. We can thus use equation 15.28 to relate the tension on the string, 
the harmonic, the linear mass density of the string, and the frequency. Once we have de- 
termined the tension on the string, we can calculate the mass of the metal block. 


SKETCH 

Figure 15.33b shows the elastic string under tension due to a metal block hanging from 
it. The mechanical driver sets up a standing wave on the string. Here L is the length of the 
string from the pulley to the wave driver, m is the linear mass density of the string, and m 
is the mass of the metal block. Figure 15.33c shows the free-body diagram of the hanging 
metal block, where T is the tension on the string and mg is the weight of the metal block. 


FIGURE 15.33 (a) A standing 
wave on an elastic string driven by — maT al 
a mechanical driver. (b) The string is 


put under tension by a hanging mass. (a) 
(c) Free-body diagram for the hanging 


block. 
E L >| f- 


5- r 


(b) (c) 


RESEARCH 
A standing wave with harmonic n and frequency f, on an elastic string of length L and 
linear mass density u satisfies equation 15.28: 


fi=n] 4 : 
4D yp 


From the free-body diagram in Figure 15.33c, and because the metal block does not move, we 
can write 


T -mg =0. 
Therefore, the tension on the string is T = mg. 


SIMPLIFY 
We solve equation 15.28 for the tension on the string: 


2 
T=4P H h 
n 
Substituting mg for T and rearranging terms, we obtain 


m= 2) 
gla) 
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CALCULATE 
Putting in the numerical values, we get 
„| 2.) _ 0.00500 kg/m [202s m)(45.0 Hz) | 
gl n 9.81 m/s” 3 
= 0.716743 kg. 
ROUND 
We report our result to three significant figures: 


m=0.717 kg. 
DOUBLE-CHECK 


As a double-check of our result, we use the fact that a half-liter bottle of water has a mass 
of about 0.5 kg. Even a light string could support this mass without breaking. Thus, our 


answer seems reasonable. 


ale 


MULTIPLE-CHOICE QUESTIONS 


15.1 Fans at a local football stadium are so excited that their 
team is winning that they start “the wave” in celebration. 
Which of the following four statements is (are) true? 

I. This wave is a traveling wave. 

II. This wave is a transverse wave. 

II. This wave is a longitudinal wave. 

IV. This wave is a combination of a longitudinal wave and a 
transverse wave. 

a) Iand II c) MI only 
b) I only d) I and IV 
15.2 You wish to decrease the speed of a wave traveling on 
a string to half its current value by changing the tension in 
the string. By what factor must you decrease the tension in 
the string? 

a) 1 ¢) 2 e) none of the 
b) v2 d) 4 above 

15.3 Suppose that the tension is doubled for a string on 
which a standing wave is propagated. How will the velocity 
of the standing wave change? 

a) It will double. c) It will be multiplied by V2. 
b) It will quadruple. d) It will be multiplied by 5. 


e) I and II 


15.4 Which of the following transverse waves has the 
greatest power? 

a) a wave with velocity v, amplitude A, and frequency f 
b) a wave of velocity v, amplitude 2A, and frequency f/2 
c) a wave of velocity 2v, amplitude A/2, and frequency f 
d) a wave of velocity 2v, amplitude A, and frequency f/2 
e) a wave of velocity v, amplitude A/2, and frequency 2f 
15.5 The speed of light waves in air is greater than the 


speed of sound in air by about a factor of a million. Given 
a sound wave and a light wave of the same wavelength, 


both traveling through air, which statement about their 
frequencies is true? 

a) The frequency of the sound wave will be about a million 
times greater than that of the light wave. 

b) The frequency of the sound wave will be about a 
thousand times greater than that of the light wave. 

c) The frequency of the light wave will be about a thousand 
times greater than that of the sound wave. 

d) The frequency of the light wave will be about a million 
times greater than that of the sound wave. 

e) There is insufficient information to determine the 
relationship between the two frequencies. 

15.6 A string is made to oscillate, and a standing wave with 
three antinodes is created. If the tension in the string is 
increased by a factor of 4, 

a) the number of antinodes increases. 

b) the number of antinodes remains the same. 

c) the number of antinodes decreases. 

d) the number of antinodes will equal the number of nodes. 


15.7 The different colors of light we perceive are a result 

of the varying frequencies (and wavelengths) of the 
electromagnetic radiation. Infrared radiation has lower 
frequencies than does visible light, and ultraviolet radiation 
has higher frequencies than visible light does. The primary 
colors are red (R), yellow (Y), and blue (B). Order these 
colors by their wavelength, shortest to longest. 

a) B, Y, R b) BRY œ) RYB d) R, B, Y 
15.8 If transverse waves on a string travel with a velocity 
of 50 m/s when the string is under a tension of 20 N, what 
tension on the string is required for the waves to travel with 
a velocity of 30 m/s? 
a) 7.2N 

b) 12N 


c) 33N 
d) 40N 


e) 45N 
f) 56N 
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QUESTIONS 


15.9 You and a friend are holding the two ends of a Slinky 
stretched out between you. How would you move your end 
of the Slinky to create (a) transverse waves or (b) longitudi- 
nal waves? 


15.10 A steel cable consists of two sections with different 
cross-sectional areas, A, and A,. A sinusoidal traveling wave is 
sent down this cable from the thin end of the cable. What hap- 
pens to the wave on encountering the A,/A, boundary? How 
do the speed, frequency and wavelength of the wave change? 


15.11 Noise results from the superposition of a very large 
number of sound waves of various frequencies (usually in a 
continuous spectrum), amplitudes, and phases. Can inter- 
ference arise with noise produced by two sources? 


15.12 The 1/R* dependency for intensity can be thought of 
to be due to the fact that the same power is being spread out 
over the surface of a larger and larger sphere. What happens 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Sections 15.1 through 15.3 


15.17 One of the main things allowing humans to deter- 
mine whether a sound is coming from the left or the right 
is the fact that the sound will reach one ear before the other. 
Given that the speed of sound in air is 343 m/s and that hu- 
man ears are typically 20.0 cm apart, what is the maximum 
time resolution for human hearing that allows sounds com- 
ing from the left to be distinguished from sounds coming 
from the right? Why is it impossible for a diver to be able to 
tell from which direction the sound of a motor boat is com- 
ing? The speed of sound in water is 1.50-10° m/s. 


15.18 Hiking in the mountains, you shout “hey; wait 2.00 s and 
shout again. What is the distance between the sound waves you 
cause? If you hear the first echo after 5.00 s, what is the distance 
between you and the point where your voice hit a mountain? 


15.19 The displacement from equilibrium caused by a wave 
on a string is given by y(x,t) = (-0.00200 m) sin [(40.0 m')x - 
(800. s"')t]. For this wave, what are the (a) amplitude, 

(b) number of waves in 1.00 m, (c) number of complete 
cycles in 1.00 s, (d) wavelength, and (e) speed? 


e15.20 A traveling wave propagating on a string is de- 
scribed by the following equation: 


y(x,t) = (5.00 mm)sin( (157.08 m™)x -(314.16 s% )t + 0.7854) 
a) Determine the minimum separation, AX min» between two 


points on the string that oscillate in perfect opposition of 
phases (move in opposite directions at all times). 


to the intensity of a sound wave inside an enclosed space, 
say a long hallway? 


15.13 If two traveling waves have the same wavelength, 
frequency, and amplitude and are added appropriately, 
the result is a standing wave. Is it possible to combine two 
standing waves in some way to give a traveling wave? 


15.14 A ping-pong ball is floating in the middle of a lake 
and waves begin to propagate on the surface. Can you think 
of a situation in which the ball remains stationary? Can you 
think of a situation involving a single wave on the lake in 
which the ball remains stationary? 


15.15 Why do circular water waves on the surface of a pond 
decrease in amplitude as they travel away from the source? 


15.16 Consider a monochromatic wave on a string, with 
amplitude A and wavelength À, traveling in one direction. 
Find the relationship between the maximum speed of any 
portion of string, v,,,,, and the wave speed, v. 


max? 


b) Determine the separation, Ax,,, between two points 

A and B on the string, if point B oscillates with a phase 
difference of 0.7854 rad compared to point A. 

c) Find the number of crests of the wave that pass through 
point A in a time interval At = 10.0 s and the number of 
troughs that pass through point B in the same interval. 

d) At what point along its trajectory should a linear 

driver connected to one end of the string at x = 0 start its 
oscillation to generate this sinusoidal traveling wave on the 
string? 

ee15.21 Consider a linear array of n masses, each equal 

to m, connected by n + 1 springs, all massless and having 
spring constant k, with the outer ends of the first and last 
springs fixed. The masses can move without friction in the 
linear dimension of the array. 


a) Write the equations of motion for the masses. 


b) Configurations of motion for which all parts of a system 
oscillate with the same angular frequency are called normal 
modes of the system; the corresponding angular frequencies 
are the system's normal-mode angular frequencies. Find the 
normal-mode angular frequencies of this array. 


Section 15.4 


15.22 Show that the function D = A In (x + vt) is a solution 
of the wave equation (equation 15.9). 


15.23 A wave travels along a string in the positive x-direction 
at 30.0 m/s. The frequency of the wave is 50.0 Hz. At 

x = 0 and t = 0, the wave velocity is 2.50 m/s and the vertical 
displacement is y = 4.00 mm. Write the function y(x,f) for the 
wave. 


15.24 A wave on a string has a wave function given by 
y(x,t) = (0.0200 m)sin|(6.35 m")x + (263 st 


a) What is the amplitude of the wave? 

b) What is the period of the wave? 

c) What is the wavelength of the wave? 

d) What is the speed of the wave? 

e) In which direction does the wave travel? 


°15.25 A sinusoidal wave traveling in the positive x-direction 
has a wavelength of 12 cm, a frequency of 10.0 Hz, and an 
amplitude of 10.0 cm. The part of the wave that is at the 
origin at t = 0 has a vertical displacement of 5.00 cm. For 
this wave, determine the 


a) wave number, d) speed, 


b) period, e) phase angle, and 


c) angular frequency, f) equation of motion. 


e15.26 A mass m hangs on a string that is connected to the 
ceiling. You pluck the string just above the mass, and a wave 
pulse travels up to the ceiling, reflects off the ceiling, and 
travels back to the mass. Compare the round-trip time for 
this wave pulse to that of a similar wave pulse on the same 
string if the attached mass is increased to 3.00 m. (Assume 
that the string does not stretch in either case and the contri- 
bution of the mass of the string to the tension is negligible.) 


°15.27 Point A in the figure is 
30.0 cm below the ceiling. De- 


130.02 


; l ` 
termine how much longer it will Wire 1 gooi r/ Wire 2 
take for a wave pulse to travel | 
i P Point A — 
along wire 1 than along wire 2. 
e15.28 A particular steel guitar {a 


string has mass per unit length 
of 1.93 g/m. 


a) Ifthe tension on this string is 62.2 N, what is the wave 
speed on the string? 

b) For the wave speed to be increased by 1.0%, how much 
should the tension be changed? 


15.29 Bob is talking to Alice using a tin can telephone, 
which consists of two steel cans connected by a 20.0-m-long 
taut steel wire (see the figure). The wire has a linear density 
of 6.13 g/m, and the tension on the wire is 25.0 N. The sound 
waves leave Bob’s mouth, are collected by the can on the left, 
and then create vibrations in the wire, which travel to Alice's 
can and are transformed back into sound waves in air. Alice 
hears both the sound waves that have traveled through the 
wire (wave 1) and those that have traveled through the air 
(wave 2), bypassing the wire. Do these two kinds of waves 
reach her at the same time? If not, which wave arrives sooner 
and by how much? The speed of sound in air is 343 m/s. 


Steel Steel 
w am > Wave 1 gan d 
) We Wave 2 Wire Gama) k 


< > 


20.0 m 


Bob Alice 
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°¢15.30 A wire of uniform linear mass density hangs from 
the ceiling. It takes 1.00 s for a wave pulse to travel the 
length of the wire. How long is the wire? 


ee15.31 a) Starting from the general wave equation 
(equation 15.9), prove through direct derivation that 

the Gaussian wave packet described by the equation 
y(x,t)= (5.00m)e OMS is indeed a traveling wave (that it 
satisfies the differential wave equation). 

b) Ifx is specified in meters and t in seconds, determine 
the speed of this wave. On a single graph, plot this wave as a 
function of x at t= 0, t = 1.00 s, t = 2.00 s, and t= 3.00 s. 

c) More generally, prove that any function f(x,f) that 
depends on x and t through a combined variable x + vt is 

a solution of the wave equation, irrespective of the specific 
form of the function f 


Section 15.5 


°15.32 Suppose the slope of a beach underneath the ocean 
is 12.0 cm of dropoff for every 1.00 m of horizontal distance. 
A wave is moving inland, slowing down as it enters shal- 
lower water. What is its acceleration when it is 10.0 m from 
the shoreline? 


°15.33 An earthquake generates three kinds of waves: 
surface waves (L waves), which are the slowest and weakest; 
shear (S) waves, which are transverse waves and carry most 
of the energy; and pressure (P) waves, which are longitudi- 
nal waves and travel the fastest. The speed of P waves is ap- 
proximately 7.0 km/s, and that of S waves is about 4.0 km/s. 
Animals seem to feel the P waves. If a dog senses the arrival 
of P waves and starts barking 30.0 s before an earthquake is 
felt by humans, approximately how far is the dog from the 
earthquake’s epicenter? 


Section 15.6 


15.34 A string with a mass of 30.0 g and a length of 2.00 m 
is stretched under a tension of 70.0 N. How much power 
must be supplied to the string to generate a traveling wave 
that has a frequency of 50.0 Hz and an amplitude of 4.00 cm? 


15.35 A string with linear mass density of 0.100 kg/m is un- 
der a tension of 100. N. How much power must be supplied to 
the string to generate a sinusoidal wave of amplitude 2.00 cm 
and frequency 120. Hz? 


°15.36 A sinusoidal wave on a string is described by the 
equation y = (0.100 m) sin (0.75x - 40t), where x and y are 
in meters and t is in seconds. If the linear mass density of 
the string is 10 g/m, determine (a) the phase constant, 

(b) the phase of the wave at x = 2.00 cm and t = 0.100 s, 
(c) the speed of the wave, (d) the wavelength, (e) the fre- 
quency, and (f) the power transmitted by the wave. 


Sections 15.7 and 15.8 


15.37 In an acoustics experiment, a piano string with a mass 
of 5.00 g and a length of 70.0 cm is held under tension by run- 
ning the string over a frictionless pulley and hanging a 250.-kg 
weight from it. The whole system is placed in an elevator. 
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a) What is the fundamental frequency of oscillation for the 
string when the elevator is at rest? 

b) With what acceleration and in what direction (up or 
down) should the elevator move for the string to produce the 
proper frequency of 440. Hz, corresponding to middle A? 


15.38 A string is 35.0 cm long and has a mass per unit length 
of 5.51- 10 kg/m. What tension must be applied to the string 
so that it vibrates at the fundamental frequency of 660 Hz? 


15.39 A 2.00-m-long string of mass 10.0 g is clamped at both 
ends. The tension in the string is 150 N. 

a) What is the speed of a wave on this string? 

b) The string is plucked so that it oscillates. What is the 
wavelength and frequency of the resulting wave if it produces 
a standing wave with two antinodes? 


15.40 Write the equation for a standing wave that has three 
antinodes of amplitude 2.00 cm on a 3.00-m-long string that is 
fixed at both ends and vibrates 15.0 times a second. The time 

t = 0 is chosen to be an instant when the string is flat. If a wave 
pulse were propagated along this string, how fast would it travel? 


°15.41 A 3.00-m-long string, fixed at both ends, has a mass 
of 6.00 g. If you want to set up a standing wave in this string 
having a frequency of 300. Hz and three antinodes, what ten- 
sion should you put the string under? 


e15.42 A cowboy walks at a pace of about two steps per 
second, holding a glass of diameter 10.0 cm that contains 
milk. The milk sloshes higher and higher in the glass until it 
eventually starts to spill over the top. Determine the maxi- 
mum speed of the waves in the milk. 


e15.43 Students in a lab produce standing waves 

on stretched strings connected to vibration genera- 

tors. One such wave is described by the wave function 
y(x,t) =(2.00 cm)sin| (20.0 m” )x|cos (150. s’y, where y 
is the transverse displacement of the string, x is the position 
along the string, and t is time. Rewrite this wave function in 
the form for a right-moving and a left-moving wave: y(x,t) = 
f(x - vt)+ g(x +vt); that is, find the functions f and g and the 
speed, v. 

e15.44 An array of wave emitters, as shown in the figure, 
emits a wave of wavelength A that is to be detected at a 
distance L directly above the rightmost emitter. The distance 
between adjacent wave emitters is d. 

a) Show that when L > d, the wave from the nth emitter 
(counting from right to left with n = 0 being 

the rightmost emitter) has to travel an extra 

distance of As = n? (d’/2L). 

b) IfA = @’/2L, will the interference at the 

detector be constructive or destructive? I>>d LL 
c) IfA =d’/2L= 10° mand L = 1.00-10° m, 
what is d, the distance between adjacent emitters? 


ko od 
n=4 n=3 n=1 


= = n=2 n=0 


e 
A 


ee15.45 A small ball floats in the center of a circular pool that 
has a radius of 5.00 m. Three wave generators are placed at the 
edge of the pool, separated by 120.°. The first wave generator 
operates at a frequency of 2.00 Hz. The second wave generator 
operates at a frequency of 3.00 Hz. The third wave generator op- 
erates at a frequency of 4.00 Hz. If the speed of each water wave 
is 5.00 m/s, and the amplitude of the waves is the same, sketch 
the height of the ball as a function of time from t= 0 to t = 2.00 s, 
assuming that the water surface is at zero height. Assume that 
all the wave generators impart a phase shift of zero. How would 
your answer change if one of the wave generators was moved to 
a different location at the edge of the pool? 


e°15.46 A string with linear mass density u = 0.0250 kg/m 
under a tension of T = 250. N is oriented in the x-direction. Two 
transverse waves of equal amplitude and with a phase angle of 
zero (at t = 0) but with different frequencies (w = 3000. rad/s 
and w/3 = 1000. rad/s) are created in the string by an oscillator 
located at x = 0. The resulting waves, which travel in the positive 
x-direction, are reflected at a distant point, so there is a similar 
pair of waves traveling in the negative x-direction. Find the 
values of x at which the first two nodes in the standing wave are 
produced by these four waves. 


ee15.47 The equation for a standing wave on a string with 
mass density m is y(x,t) = 2A cos (wt) sin (Kx). Show that the 
average kinetic energy and potential energy over time for this 
wave per unit length are given by K,,.(x) = ww” A? sin? kx and 
Unye(X) = T(kA)? (cos? kx). 


Additional Problems 


15.48 A sinusoidal wave traveling on a string is moving in 

the positive x-direction. The wave has a wavelength of 4 m, a 
frequency of 50.0 Hz, and an amplitude of 3.00 cm. What is the 
wave function for this wave? 


15.49 A guitar string with a mass of 10.0 g is 1.00 m long and 
attached to the guitar at two points separated by 65.0 cm. 


a) What is the frequency of the first harmonic of this string 
when it is placed under a tension of 81.0 N? 

b) Ifthe guitar string is replaced by a heavier one that has a 
mass of 16.0 g and is 1.00 m long, what is the frequency of the 
replacement string’s first harmonic? 


15.50 Write the equation for a sinusoidal wave propagating in the 
negative x-direction with a speed of 120. m/s, if a particle in the 
medium in which the wave is moving is observed to swing back 
and forth through a 6.00-cm range in 4.00 s. Assume that t = 0 is 
taken to be the instant when the particle is at y = 0 and that the 
particle moves in the positive y-direction immediately after t = 0. 


15.51 Shown in the figure is a plot of the displacement, y, due 
a sinusoidal wave traveling along a string as a function of time, 
t. What are the (a) period, y(t) 
(b) maximum speed, and A 


10 cm F 
(c) maximum acceleration 
of this wave perpendicular 
to the direction that the j i os 


wave is traveling? 


15.52 A 50.0-cm-long wire with a mass of 10.0 g is under 
a tension of 50.0 N. Both ends of the wire are held rigidly 
while it is plucked. 


a) What is the speed of the waves on the wire? 
b) What is the fundamental frequency of the standing wave? 
c) What is the frequency of the third harmonic? 


15.53 What is the wave speed along a brass wire with a 
radius of 0.500 mm stretched at a tension of 125 N? The 
density of brass is 8.60- 10° kg/m’. 


15.54 Two steel wires are stretched under the same tension. 
The first wire has a diameter of 0.500 mm, and the second 
wire has a diameter of 1.00 mm. If the speed of waves travel- 
ing along the first wire is 50.0 m/s, what is the speed of waves 
traveling along the second wire? 


15.55 The middle-C key (key 52) on a piano corresponds to 
a fundamental frequency of about 262 Hz, and the soprano- 
C key (key 64) corresponds to a fundamental frequency of 
1046.5 Hz. If the strings used for both keys are identical in 
density and length, determine the ratio of the tensions in the 
two strings. 


15.56 A sinusoidal wave travels along a stretched string. A 
point along the string has a maximum velocity of 1.00 m/s 
and a maximum displacement of 2.00 cm. What is the maxi- 
mum acceleration at that point? 


e15.57 As shown in the figure, a sinusoidal wave travels 
to the right at a speed of v, along string 1, which has linear 
mass density m. This wave has frequency f, and wavelength 
À, Since string 1 is attached to string 2 (which has linear 
mass density m, = 3u), the first wave will excite a new wave 
in string 2, which will also move to the right. What is the 
frequency, f, of the wave produced in string 2? What is the 
speed, v,, of the wave produced in string 2? What is the 
wavelength, 5, of the wave produced in string 2? Write all 
answers in terms of f}, vp and À}. 
. _ String 1 yy 


. \ > 
My fi \ y à 


7 Hy = 34 


Ja, | 


e15.58 The tension in a 2.7-m-long, 1.0-cm-diameter steel 
cable (p = 7800 kg/m’) is 840 N. What is the fundamental 
frequency of vibration of the cable? 


String 2 


015.59 A wave traveling on a string has the equation of mo- 
tion y(x,t) = 0.02 sin (5.00x - 8.002). 

a) Calculate the wavelength and the frequency of the wave. 
b) Calculate its velocity. 

c) Ifthe linear mass density of the string is u = 0.10 kg/m, 
what is the tension on the string? 

°15.60 Calvin sloshes back and forth in his bathtub, produc- 
ing a standing wave. What is the frequency of such a wave if 
the bathtub is 150. cm long and 80.0 cm wide and contains 
water that is 38.0 cm deep? 


Problems 523 


°15.61 Consider a guitar string stretching 80.0 cm between 
its anchored ends. The string is tuned to play middle C, with 
a frequency of 256 Hz, when oscillating in its fundamental 
mode, that is, with one antinode between the ends. If the 
string is displaced 2.00 mm at its midpoint and released to 
produce this note, what are the wave speed, v, and the maxi- 
mum speed, V naw of the midpoint of the string? 


15.62 The largest tension that can be sustained by a stretched 
string of linear mass density u, even in principle, is given by 
T= ue, where c is the speed of light in vacuum. (This is an 
enormous value. The breaking tensions of all ordinary materi- 
als are about 12 orders of magnitude less than this.) 


a) What is the speed of a traveling wave on a string under 
such tension? 

b) Ifa 1.000-m-long guitar string, stretched between 
anchored ends, were made of this hypothetical material, 
what frequency would its first harmonic have? 

c) If that guitar string were plucked at its midpoint and 
given a displacement of 2.00 mm there to produce the 
fundamental frequency, what would be the maximum speed 
attained by the midpoint of the string? 


°15.63 A rubber band of mass 0.21 g is stretched between 
two fingers, putting it under a tension of 2.8 N. The overall 
stretched length of the band is 21.3 cm. One side of the 
band is plucked, setting up a vibration in 8.7 cm of the 
band’s stretched length. What is the lowest frequency of 
vibration that can be set up on this part of the rubber band? 
Assume that the band stretches uniformly. 


15.64 Two waves traveling in opposite directions along a 
string fixed at both ends create a standing wave described 
by y(x t) = 1.00. 10°* sin (25x) cos (12008). The string has a 
linear mass density of 0.01 kg/m, and the tension in the string 
is supplied by a mass hanging from one end. If the string 
vibrates in its third harmonic, calculate (a) the length of the 
string, (b) the velocity of the waves, and (c) the mass of the 
hanging mass. 

15.65 A sinusoidal transverse wave of wavelength 20.0 cm 
and frequency 500. Hz travels along a string in the positive 
z-direction. The wave oscillations take place in the xz-plane 
and have an amplitude of 3.00 cm. At time t = 0, the dis- 
placement of the string at x = 0 is z = 3.00 cm. 

a) A photo of the wave is taken at t = 0. Make a simple 
sketch (including axes) of the string at this time. 

b) Determine the speed of the wave. 

c) Determine the wave’s wave number. 

d) Ifthe linear mass density of the string is 30.0 g/m, what 
is the tension in the string? 

e) Determine the function D(z,t) that describes the 
displacement x that is produced in the string by this wave. 
ee15.66 A heavy cable of total mass M and length L = 5.0 m 
has one end attached to a rigid support and the other end 
hanging free. A small transverse displacement is initiated 
at the bottom of the cable. How long does it take for the 
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WHAT WE WILL LEARN 


16.1 Longitudinal Pressure Waves 525 


Sound consists of longitudinal pressure waves and 
needs a medium in which to propagate. 


The speed of sound in solids is usually higher than in 
liquids, and that in liquids is higher than in gases. 


The speed of sound in air depends on the 
temperature; it is approximately 343 m/s at normal 
atmospheric pressure and a temperature of 20 °C. 


The intensity of sound detectable by the human ear 
spans a large range and is usually expressed on a 
logarithmic scale in terms of decibels (dB). 


Interference of sound waves in time produces beats, 
which occur with a specific beat frequency. 


The Doppler effect is the shift in the observed 
frequency of a sound due to the fact that the source 
moves (is approaching or receding) relative to the 
observer. 


If a sound source moves with a speed greater than 
that of sound, a shock wave, or Mach cone, develops. 


Standing waves in open or closed pipes can be 
generated only at discrete wavelengths. 


= Sound waves from two or more sources can interfere 
in space and time, resulting in destructive or 
constructive interference. 


Recognizing sounds is one of the most important ways in which we learn about the world 
around us. As we'll see in this chapter, human hearing is very sensitive and can distinguish 
a wide range of frequencies and degrees of loudness. However, although interpreting sound 
probably developed in animals from earliest times, as it warned of predators or provided help 
in hunting prey, sound has also been a powerful source of cultural ritual and entertainment for 
humans (Figure 16.1). Music has been part of human life for as long as society has existed. 

Sound is a type of wave, so this chapter’s study of sound builds directly on the concepts 
about waves presented in Chapter 15. Some characteristics of sound waves also pertain to 
light waves and will be useful when we study those waves in later chapters. This chapter 
also examines sources of musical sounds and applications of sound in a wide range of other 
areas, from medicine to geography. 


16.1 Longitudinal Pressure Waves 


Sound is a pressure variation that propagates through some medium. In air, the pressure 
variation causes abnormal motion of air molecules in the direction of propagation; thus, a 
sound wave is longitudinal. When we hear a sound, our eardrums are set in vibration by the 
air next to them. If this air has a pressure variation that repeats with a certain frequency, the 
eardrums vibrate at this frequency. 

Sound requires a medium for propagation. If the air is pumped out of a glass jar that 
contains a ringing bell, the sound ceases as the air is evacuated from the jar, even though 
the hammer clearly still hits the bell. Thus, sound waves originate from a source, or emit- 
ter, and need a medium to travel through. In spite of movie scenes that include a huge roar 
when a spaceship flies by or when a star or planet explodes, interstellar space is a silent place 
because it is a vacuum. 

Figure 16.2 shows a continuous pressure wave composed of alternating variations of air 
pressure—a pressure excess (compression) followed by a pressure reduction (rarefaction). 
Plotting these variations along an x-axis for various times, as in Figure 16.2, allows us to 
deduce the wave speed. 

Although sound has to propagate through a medium, that medium does not have to 
be air. When you are under water, you can still hear sounds, so you know that sound also 
propagates through liquids. In addition, you may have put your ear to a train track to obtain 
advance information on an approaching train (not recommended, by the way, because the 
train may be closer than you think). Thus, you know that sound propagates through solids. 
In fact, sound propagates faster and with less loss through metals than through air. If this 
were not so, putting your ear to the train track would be pointless. 


Compression Rarefaction 


x 


FIGURE 16.2 Propagation of a lon- 
gitudinal pressure wave along an x-axis 
as a function of time. 
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FIGURE 16.3 You see fireworks before 
you hear their explosive sounds. 


FIGURE 16.4 Piston compressing a 
fluid. 


Sound Velocity 


When you watch fireworks on the Fourth of July, you see the explosions of the rock- 
ets before you hear the sounds (Figure 16.3). The reason is that the light emitted 
from the explosions reaches your eyes almost instantaneously, because the speed of 
light is approximately 300,000 km/s. However, the speed of sound is much slower, 
and so the sound waves from the explosions reach you some time after the light 
waves have already arrived. 

How fast does sound propagate—in other words, what is the speed of sound? For 
a wave on a string, we saw in the Chapter 15 that the wave speed is v=4/T/u, where 


T is the string tension (a force) and wp is the linear mass density of the string. From 
this equation, you can think of v as the square root of the ratio of the restoring force 
to the inertial response. If the wave propagates through a three-dimensional medium 
instead of a one-dimensional string, the inertial response originates from the density 
of the medium, p. Chapter 13 discussed the elasticity of solids, and introduced the 
elastic modulus known as Young’s modulus, Y. This modulus determines the frac- 
tional change in length of a thin rod as a function of the force per unit area applied to 
the rod. Analysis reveals that Young’s modulus is the appropriate force term for a wave 
propagating along a thin solid rod; so we obtain 


v= f— (16.1) 


for the speed of sound in a thin solid rod. 

The speed of sound in fluids—both liquids and gases—is similarly related to the 
bulk modulus, B, defined in Chapter 13, as determining a material’s volume change in 
response to external pressure. Thus, the speed of sound in a gas or liquid is given by, 


v= |—. (16.2) 
p 


Although, these dimensional arguments show that the speed of sound is proportional 
to the square root of the modulus divided by the appropriate density, a more fundamental 
analysis such as that in the following derivation shows that the proportionality constants 
have a value of exactly 1 in equations 16.1 and 16.2. 


DERIVATION 16.1 | Speed of Sound 


Suppose a fluid is contained in a cylinder, with a movable piston on one end (Figure 16.4). 
If this piston moves with speed v, into the fluid, it will compress the fluid element in front 
of it. This fluid element, in turn, will move as a result of the pressure change; its leading 
edge will move with the speed of sound, v, which, by definition, is the speed of the pressure 
waves in the medium. 

Pushing the piston into the fluid with a force, Ẹ causes a pressure change, p = F/A in 
the fluid (see Chapter 13), where A is the cross-sectional area of the cylinder and also of 
the piston. The force exerted on the fluid element of mass m causes an acceleration given 
by Av/At: 


Av Vp F m” 
m p=—= ; 
At At A AAt 


Because the mass is the density of the fluid times its volume, m = pV, and the volume is that 
of the cylinder of base area A and length |, we can find the mass of the fluid element: 


_MYp _ pAl Vp _ ply 


ae nai 
PS Pert ae AAM At 


Since this fluid element responds to the compression by moving with speed v during the 
time interval At, the length of the fluid element that has experienced the pressure wave is 
l = vAt, which finally yields the pressure difference: 


_ ply, plvAt)vy _ : 
he ye © 


From the definition of the bulk modulus (see Chapter 13), p = BA V/V. We can combine 
this expression for the pressure and that obtained in equation (i): 


AV 

= pw, =B——. ii 
P= pw, =B- (ii) 
Again, the volume of the moving fluid, V; that has experienced the pressure wave is pro- 
portional to v since V = Al = AvAt. In addition, the volume change in the fluid caused by 
pushing the piston into the cylinder is AV = Av, At. Thus, the ratio AV/V is equivalent to 
V/v, the ratio of the piston’s speed to the speed of sound. Inserting this result into equation 
(ii) yields 


AVY 
vv, =B——=B2> 
ee V v 
pv’ =B> 
B 
v=,|—. 
Pp 


As you can see, the speed with which the piston is pushed into the fluid cancels out. There- 
fore, it does not matter what the speed of the excitation is; the sound always propagates 
with the same speed in the medium. 


Equations 16.1 and 16.2 both state that the speed of sound in a given state of mat- 
ter (gas, liquid, or solid) is inversely proportional to the square root of the density, which 
means that in two different gases, the speed of sound is higher in the one with the lower 
density. However, the values of Youngs modulus for solids are much larger than the values 
of the bulk modulus for liquids, which are larger than those for gases. This difference is 
more important than the density dependence. From equations 16.1 and 16.2, it then follows 
that for the speeds of sound in solids, liquids, and gases, 


Vsolid > Viiquid > Vegas : (16.3) 


Representative values for the speed of sound in different materials under standard condi- 
tions of pressure (1 atm) and temperature (20 °C ) are listed in Table 16.1. 

We are most interested in the speed of sound in air, because this is the most important 
medium for sound propagation in everyday life. At normal atmospheric pressure and 20 °C, 
this speed of sound is 


Var = 343 m/s. (16.4) 


Knowing the speed of sound in air explains the 5-second rule for thunderstorms: 
If 5 s or less pass between the instant you see a lightning strike (Figure 16.5) and the 
instant you hear the thunder, the lightning strike is 1 mi or less away. Since sound trav- 
els approximately 340 m/s, it travels 1700 m, or approximately 1 mi, in 5 s. The speed 
of light is approximately 1 million times greater than the speed of sound, so the visual 
perception of the lightning strike occurs with essentially no delay. Countries that use 
the metric system have a 3-second rule: A 3-s delay between lightning and thunder 
correspond to 1 km of distance to the lightning strike (Figure 16.6). 

The speed of sound in air depends (weakly) on the air temperature, T. The fol- 
lowing linear dependence is obtained experimentally: 


v(T) =(331+0.6T/°C) m/s. (16.5) 
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16.1 In-Class Exercise 


You are in the middle of a concert 
hall that is 120.0 m deep. What is 
the time difference between the ar- 
rival of the sound directly from the 
orchestra at your position and the 
arrival of the sound reflected from 
the back of the concert hall? 


a) 0.010 s d) 0.35 s 
b) 0.056 s e) 0.77 s 
c) 0.11s 


FIGURE 16.5 The 5-second rule for light- 
ning strikes is due to the difference in speed 
between light and sound. 


528 Chapter 16 Sound 


t (s) 


FIGURE 16.6 Distance x to the 
source (lightning strike) of the sound 
as a function of the time delay t in 
hearing the sound (thunder). 


Speed of Sound in Some Common Substances 


Substance Speed of Sound (m/s) 
Gases Krypton 220 
Carbon Dioxide 260 
Air 343 
Helium 960 
Hydrogen 1280 
Liquids Methanol 1143 
Mercury 1451 
Water 1480 
Seawater 1520 
Solids Lead 2160 
Concrete 3200 
Hardwood 4000 
Steel 5800 
Aluminum 6400 
Diamond 12,000 


EXAMPLE 16.1 / Football Cheers 


A student’s apartment is located exactly 3.75 km from the football stadium. He is watching 
the game live on TV and sees the home team score a touchdown. According to his clock, 
11.2 s pass after he hears the roar of the crowd on TV until he hears it again from outside. 


PROBLEM 
What is the temperature at game time? 


SOLUTION 

The TV signal moves with the speed of light and thus arrives at the student’s TV at es- 
sentially the same instant as the action is happening in the stadium. Thus, the delay in the 
arrival of the roar at the student's apartment can be attributed entirely to the finite speed 
of sound. We find this speed of sound from the given data: 


Ax 3750m 
(eee 


= = = 334.8 m/s. 
At 11.2s 


Using equation 16.5, we find the temperature at game time: 


p= 2TH 9-331 og _ 3348-331 so _ 38 oc _ 64 0c 
0.6 0.6 0.6 


DISCUSSION 

A word of caution is in order: Several uncertainties are inherent in this result. First, if we 
redid the calculation for a time delay of 11.1 s, we would find the temperature to be 11.4 °C, 
or 5 °C higher than what we found using 11.2 s as the delay. Second, if 0.1 s makes such a 
big difference in the determined temperature, we need to ask if the TV signal really gets 
to the student’s apartment instantaneously. The answer is no. If the student watches satel- 
lite TV, it takes about 0.2 s for the signal to make it up to the geostationary satellite and 
back down to the student’s dish. In addition, short intentional delays are often inserted in 
TV broadcasts. Thus, our calculation is not very useful for practical purposes. 
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Sound Reflection 


You can measure the distance to a distant large object by measuring the time between pro- 
ducing a short, loud sound and hearing that sound again after it has traveled to the object, 
reflected off the object, and returned to you. For example, if you were standing in Yosemite 
Valley and shouted in the direction of the flat face of Half Dome, 1.0 km away, the sound of 
your voice would carry across the valley, reflect off Half Dome, and return to you, making 
a round trip of 2.0 km. The speed of the sound of your voice is 343 m/s, so the time delay 
between shouting and hearing your reflected shout would be t = (2000 m)/(343 m/s) = 5.8 s, 
a time interval that you could easily measure with a wristwatch. 

This principle is used in ultrasound imaging for medical diagnostic purposes. Ultra- FIGURE 16.7 An image of a fetus 
sound waves have a frequency much higher than a human can hear, between 2 and 15 MHz. Produced by the reflection of ultra- 
The frequency is chosen to provide detailed images and to penetrate deeply into human Soundwaves. 
tissue. When the ultrasound waves encounter a change in density of the tissue, some of 
them are reflected back. By measuring the time the ultrasound waves take to travel from 
the emitter to the receiver and recording how much of the emission is reflected as well as 
the direction of the original waves, an image can be formed. The average value of the speed 
of ultrasound waves used for imaging human tissue is 1540 m/s. The time for these ultra- 
sound waves to travel 2.5 cm and return is t = (0.050 m)/(1540 m/s) = 32 us, and the time to 
travel 10.0 cm and return is 130 us. Thus, the ultrasound device needs to be able to measure 
accurately times in the range from 30 to 130 ys. A typical image of a fetus produced by 
ultrasound imaging is shown in Figure 16.7. 

Bats and dolphins navigate using sound reflection (Figure 16.8). They emit sound 
waves in a frequency range from 14,000 Hz to well over 100,000 Hz in a specific direction 
and determine information about their surroundings from the reflected sound. This pro- 
cess of echolocation allows bats to navigate in darkness. 


FIGURE 16.8 Bat flying in darkness, 


relying on echolocation for navigation. 


16.2 Sound Intensity 


In Chapter 15, the intensity of a wave was defined as the power per unit area. We saw that for 
spherical waves the intensity falls as the second power of the distance to the source, I « r’, 


giving the ratio 

2 

HG) | (16.6) 
Ie) (aj 


This relationship also holds for sound waves. Since the intensity is the power per unit area, 
its physical units are watts per square meter (W/m_”). 

Sound waves that can be detected by the human ear have a very large range of intensi- 
ties, from whispers as low as 10"'” W/m? to the output of a jet engine or a rock band at close 
distance, which can reach 1 W/m”. The oscillations in pressure for even the loudest sounds, 
at the pain threshold of 10 W/m’, are on the order of only tens of micropascals (uPa). 
Normal atmospheric air pressure, by comparison, is 10° Pa. Thus, you can see that the air 
pressure varies by only 1 part in 10 billion, even for the loudest sounds. And the variation is 
several orders of magnitude less for the quietest sounds you can hear. This might give you a 
new appreciation for the capabilities of your ears. 

Since human ears can register sounds over many orders of magnitude of intensity, a loga- 
rithmic scale is used to measure sound intensities. The unit of this scale is the bel (B), named 
for Alexander Graham Bell, but much more commonly used is the decibel (dB): 1 dB = 0.1 bel. 
The Greek letter 8 symbolizes the sound level measured on this decibel scale and is defined as 


B=10log as (16.7) 
h 
Here I, = 10`? W/m’, which corresponds approximately to the minimum intensity that a 
human ear can hear. The notation “log” refers to the base-10 logarithm. (See Appendix A 
for a refresher on logarithms.) Thus, a sound intensity 1000 times the reference intensity, I, 
gives B = 10log 1000 dB = 10-3 dB = 30 GB. This sound level corresponds to a whisper not 
very far from your ear (Table 16.2). 
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16.1 Self-Test Opportunity 


You hear a sound with level 80.0 dB, 
and you are located 10.0 m from 

the sound source. What is the power 
being emitted by the sound source? 


Levels of Common Sounds 


Sound Sound Level (dB) 
Quietest sound heard 0 
Background sound in library 30 

Golf course 40-50 
Street traffic 60-70 
Train at railroad crossing 90 

Dance club 110 
Jackhammer 120 

Jet taking off from aircraft carrier 130-150 


Relative Intensity and Dynamic Range 


The relative sound level, AB, is the difference between two sound levels: 
AB=B,-B, 


=10log = 10log h 

h 1 
=10(log I, -log I, )-10(log I, -log Ip) 
=10logI, -10log I, 


Aß=101og2. (16.8) 
1 


The dynamic range is a measure of the relative sound levels of the loudest and the quietest 
sounds produced by a source. The dynamic range of a compact disc is approximately 90 dB, 
whereas the range was about 70 dB for vinyl records. (Vinyl records, 8-tracks, and audiocas- 
settes are all old technologies that you may find in your parents’ or grandparents house.) 
Manufacturers list the dynamic range for all high-end loudspeakers and headphones as 
well. In general, the higher the dynamic range, the better the sound quality. However, the 
price usually increases with the dynamic range. 


SOLVED PROBLEM 16.1 ( Relative Sound Levels at a Rock Concert _ 
A 


Two friends attend a rock concert and bring along a sound meter. With this device, one 
of the friends measures a sound level of 6, = 105.0 dB, whereas the other, who sits 4 rows 
(2.8 m) closer to the stage, measures B, = 108.0 dB. 


PROBLEM 

How far away are the two friends from the loudspeakers on stage? 
SOLUTION 
THINK 


We express the intensities at the two seats using equation 16.6 
and the relative sound levels at the two seats using equation 16.8. 


(2 ez 5o l By We can combine these two equations to obtain an expression 
r] ? for relative sound levels at the two seats. Knowing the distance 
Pd between the two seats, we can then calculate the distance of the 
| „, Seats to the loudspeakers on the stage. 


FIGURE 16.9 The relative distances, r, and ry, of the two friends SKETCH 


from the loudspeakers at a concert. 


Figure 16.9 shows the relative positions of the two friends. 


16.2 Sound Intensity 


RESEARCH 

The distance of the first friend from the loudspeakers is r}, and the distance of the second 
friend from the loudspeakers is r,. The intensity of the sound at r, is I, and the intensity 
of the sound at r, is I,. The sound level at r, is 6), and the sound level at r, is B,. We can 
express the two intensities in terms of the two distances using equation 16.6: 


I r i 
a|n ; 
: B () 


We can then use equation 16.8 to relate the sound levels at r; and r, to the sound intensities: 


B,-B,=10log 2. (ii) 
L 
Combining equations (i) and (ii), we get 
2 
Ba- B= aB =101og 2 -20102 (iii) 
12 12 


The relative sound level, AB, is specified in the problem and we know that 
r =r;- 2.8 m. 
Thus, we can solve for the distance r, and then obtain r3. 


SIMPLIFY 
Substituting the relationship between the two distances into equation (iii) gives us 


y 
AB =201 L => 
i oe = 


1028/2 -e ri 
r,-2.8m 


(r,-2.8 m)10°°° = 710°? — (2.8 m)10°F? =r, => 


(2.8 m)10*#° 
= 
1088/20 _4 


CALCULATE 
Putting in the numerical values, we obtain the distance of the first friend from the 


loudspeakers: 
(2 8 m)10°°8° dB-105.0 dB)/20 


= 9.58726 m. 


r= 
100080 4B-105.0 4B)/20 _ 4 


The distance of the second friend is: 
r, = (9.58726 m)-(2.8 m) = 6.78726 m. 
ROUND 
We report our results to two significant figures: 
r,=9.6m and r,=6.8 m. 
DOUBLE-CHECK 


To double-check, we substitute our results for the distances back into equation (iii) to 
verify that we get the specified sound level difference: 


9.6 m 
6.8 m 


AB =(108.0 dB) - (105.0 dB) = 3.0 dB = 20 |- 3.0 dB. 


Therefore, our answer seems reasonable, or at least consistent with what was originally 
stated in the problem. 


ng 
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FIGURE 16.10 Frequency depen- 
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dence of the human hearing threshold. 


The red curve represents a typical 
teenager; the blue curve represents 
someone of retirement age. 


FIGURE 16.11 A Navy launch officer ducks under the 
wing of an F/A-18F being launched off the USS John C. 

Stennis. Ear protection is required in this environment of 
high-intensity sound. 


16.2 In-Class Exercise 


A teenager is using a new cell phone 
ring tone with a frequency of 17 kHz. 
The hearing threshold for a typical 
teenager at this frequency is 30 dB, 
and that for an adult might be 
100 dB. Thus, the teenager's cell 
phone ring is audible only to teen- 
agers and not to adults at distances 
of several meters. How close would 
an adult need to be to the cell 
phone to hear it ring if the teenager 


can hear it at a distance of 10.0 m? 
a) 0.32 cm d) 25 cm 
b) 4.5 cm e) 3.0m 


c) 8.9 cm 


Limits of Human Hearing 


Human ears can detect sound waves with frequencies between approximately 20 Hz and 
20,000 Hz. (Dogs, by the way, can detect even higher frequencies of sound.) As mentioned 
earlier, the threshold of human hearing was used as the anchor for the decibel scale. How- 
ever, the ability of the human ear to detect sound depends strongly on the frequency. Fig- 
ure 16.10 is a graph of this dependence of the human hearing threshold on the frequency 
of the sound. In addition to a dependence on frequency, the hearing threshold also has a 
strong dependence on age. The red curve in Figure 16.10 represents the values for a typical 
teenager, and the blue curve those for a person at retirement age. Teenagers have no trouble 
hearing frequencies of 10,000 Hz, but most retirees cannot hear them at all. One example 
of such a high-pitched sound is the buzzing of cicadas in the summer, which many older 
people cannot hear anymore. 

The sounds that we can hear best have frequencies around 1000 Hz. When you listen to 
music, the spectrum of sound typically extends over the entire range of human hearing. This 
occurs because musical instruments produce a characteristic mixture of the base frequencies 
of the notes played and several overtones at higher frequencies. If you play 
music on a stereo system and turn down the volume, you reduce the sound 
intensity in all frequency ranges approximately uniformly. Depending on 
how far down you turn the volume, you can approach sound intensities in 
the very high and very low frequencies that are very close to or below your 
hearing threshold. As a result, the music sounds flat. In order to correct for 
this perceived narrowing of the spectrum of the sound, many stereo systems 
have a loudness switch, which artificially enhances the power output of the 
very low and very high frequencies relative to the rest of the spectrum, giv- 
ing the music a fuller sound at low volume settings. 

A sound level above 130 dB will cause pain, and sound levels above 
150 dB can rupture an eardrum. In addition, long-term exposure to sound 
levels above 120 dB causes loss of sensitivity of the human ear. For this 
reason, it is advisable to avoid very loud music played over long times. In 
addition, where loud noises are part of the work environment, for exam- 
ple, on the deck of an aircraft carrier (Figure 16.11), it is necessary to wear 
ear protection to avoid ear damage. 


EXAMPLE 16.2 | Wavelength Range of Human Hearing 


The range of frequencies for sounds that the human ear can detect corresponds to a range 
of wavelengths. 


PROBLEM 
What is the range of wavelengths for the sounds to which the human ear is sensitive? 


SOLUTION 
The range of frequencies the ear can detect is 20-20,000 Hz. At room temperature, the 
speed of sound is 343 m/s. Wavelength, speed, and frequency are related by 


Sie, 
if => F 


For the lowest detectable frequency, we then obtain 
ov _ 343 m/s _ 
maX fin 20Hz 


Since the highest detectable frequency is 1000 times the lowest, the shortest wavelength 
of audible sound is 0.001 times the value we just calculated: À nin = 0.017 m. 


À 17 m 
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16.3 Sound Interference 


Like all three-dimensional waves, sound waves from two or more sources can interfere 
in space and time. Let’s first consider spatial interference of sound waves emitted by two 
coherent sources—that is, two sources that produce sound waves that have the same fre- 
quency and are in phase. 

Figure 16.12 shows two loudspeakers emitting identical sinusoidal pressure fluctua- 
tions in phase. The circular arcs represent the maxima of the sound waves at some given 
instant in time. The horizontal line to the right of each speaker anchors a sine curve to show 
that an arc occurs wherever the sine has a maximum. The distance between neighboring 
arcs emanating from one source is exactly one wavelength, A. You can clearly see that the 
arcs from the different loudspeakers intersect. Examples of such intersections are points 
A and C. If you count the maxima, you see that both A and C are exactly 8A away from the 
lower loudspeaker, while A is 5A away from the upper speaker and C is 6A away. Thus, the 
path length difference, Ar = r, - r, is an integer multiple of the wavelength. This relation- 
ship is a general condition for constructive interference at a given spatial point: 


Ar=nd, foralln=0,+1,+2,+3,... (constructive interference). (16.9) 


Approximately halfway between points A and C in Figure 16.12 is point B. Just as for the 
other two points, the distance between B and the lower speaker is 8A. However, this point is 
5.5\ away from the upper speaker. As a result, at point B, the maximum of the sound wave 
from the lower speaker falls on a minimum of the sound wave from the upper speaker, 
and they cancel out. This means that destructive interference occurs at this point. You have 
probably already noticed that the path length difference is an odd number of half wave- 
lengths. This is the general condition for destructive interference: 


Ar=(n+-)A, for alln =0,+1,42,+3,... (destructive interference). (16.10) 


In fact, all points of constructive interference fall on lines, shown in green in Figure 
16.13. These lines are approximately straight lines at sufficient distance from the sources, 
although they are actually hyperbolas. Lines of destructive interference are shown in red in 
Figure 16.13. These lines of constructive and destructive interference remain constant in 
time because the path length difference remains the same at any fixed point. If your ear were 


FIGURE 16.12 Interference of two identical sets of sinusoidal FIGURE 16.13 Interference of identical sinusoidal sound waves 
sound waves. from two sources, with the lines of constructive interference indicated 
in green and the lines of destructive interference in red. 
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positioned on any of the red lines, you would hear nothing of the sound emitted from both 
speakers; the two sound sources would cancel each other out (assuming an ideal situation 
where there are no sound reflections). 

Why do we not detect these dead zones due to the lines of detstructive interference in 
front of our stereo speakers when we listen to music at home? The answer is that these lines 
of interference depend on the wavelength and thus on the frequency. Sounds of different 
frequencies cancel each other out and add up maximally along different lines. Any note 
played by any instrument has a rich mixture of different frequencies; so, even if one particu- 
lar frequency cancels, we can still hear all or most of the rest. Generally, we do not detect 
what is missing. In addition, all objects in a room scatter and reflect the sound emitted from 
stereo speakers to some degree, which makes detection of a dead zone even less likely. How- 
ever, for pure sinusoidal tones, the existence of dead zones can be easily detected by ear. 


Beats 


It is also possible to have interference of two waves in time. To consider this effect, sup- 
pose an observer is located at some arbitrary point, x), in space, and two sound waves with 
slightly different frequencies and the same amplitude are emitted: 


y,(xp.t) = Asin(K, x) + @,t+ b) = Asin(w,t+¢,) 
y (xq t)=Asin(K, x) + wot + b,)=Asin(w,t+¢y). 
To obtain the right-hand side of each equation, we used the fact that the product of the 
wave number and the position is a constant for a given point in space and then just added 
that constant to the phase shift, which in this case is also a constant. We wrote these wave 
functions as one-dimensional waves, but the outcome is the same in three dimensions. For 
the next step, we simply set the two phase constants, h, and @,, to zero, because they only 
cause a phase shift, but otherwise have no essential role. Therefore, the two time-dependent 
oscillations that form the starting waves are 
yi (Xt) = Asin(@,t) 
¥(X,t)=Asin(w,f). 
If we do this experiment using two angular frequencies, w, and w, that are close to each other, 
we can hear a sound that oscillates in volume as a function of time. Why does this happen? 


In order to answer this question, we add the two sine waves. To add two sine functions, 
we can use an addition theorem for trigonometric functions: 


sina+ sin B= 2cos|4(a-B)|sin| (a+ B)|. 
Thus, we obtain for the two sine waves 


(Xo t)=M(Xot)+ yo (Xt) 
= Asin(w,t)+ Asin(w,t) 


= 2Acos|+(, - w,)t| sin|+(o, + w,)t| 
It is more common to write this result in terms of frequencies instead of angular speeds: 
I(xot)=2Acos| 2r tf - fe] sin] 271 (f + Ae]. (16.11) 


The term >(f, + f2) is simply the average of the two individual frequencies: 


F= +h). (16.12) 


The factor 2A cos(27r+(f, - f,)t) in equation 16.11 can be thought of as a slowly varying 
amplitude of a rapidly varying function sin(27+(f, + fa)t) when | fi- f,| is small. 

When the cosine term has a maximum or minimum value (+1 or -1), a beat occurs; 
fı -fis the beat frequency: 


f=|fi- Al (16.13) 


(Q) 


Two questions now arise: First, what happened to the factor + in the cosine function of 
equation 16.11, and second, why is the beat frequency defined in terms of an absolute value? 
Use of the absolute value ensures that the beat frequency is positive, independent of which 
of the two frequencies is larger. For the cosine function, use of the absolute value does not mat- 
ter at all, because cos|a| = cosa@ = cos(-a). For the answer to why there is no factor +, take a 
look at Figure 16.14: Part (a) plots two sinusoidal tones as a function of time; part (b) shows 
the addition of the two functions, with the dashed envelope given +2A cos (27+(f, - f,)2). 
You can see that the amplitude of the addition of the two functions reaches a maximum 
twice for a given complete oscillation of the cosine function. This is perhaps more appar- 
ent from Figure 16.14c, the plot of the square of the function (equation 16.11), which is 
proportional to the sound intensity. Thus, the beat frequency, the frequency at which the 
volume oscillates up and down, is properly defined as shown in equation 16.13, omitting 
the factor +. 

For example, striking two bars on a xylophone—one that emits at the proper fre- 
quency for middle A, 440 Hz, and another that emits a frequency of 438 Hz—will pro- 
duce two discernable volume oscillations per second. This is because the beat frequency 
is fy = [440 Hz - 438 Hz] = 2 Hz, and the period of oscillation of the volume is therefore 
T, = 1/f = 4 s. From this example, you can understand how useful beats can be in tuning 
one musical instrument relative to another. 


Active Noise Cancellation 


We all know that noise can be muffled or attenuated and that some materials do this better 
than others. For example, if noise bothers you at night, you can use your pillow to cover 
your ears. Construction workers and other workers who have to spend extended periods in 
very loud environments wear ear-protecting headphones. Such ear protection reduces the 
amplitude of all sounds. 

Ifyou want to reduce background noise while listening to music, a technique to accom- 
plish this is based on the principle of active noise cancellation, which relies on sound 
interference. An external sinusoidal sound wave arrives at the headphone and is recorded 
by a microphone (Figure 16.15). A processor inverts the phase of this sound wave and sends 
out the sound wave with the same frequency and amplitude, but opposite phase. The two 
sine waves add up (superposition principle), interfere destructively, and cancel out com- 
pletely. At the same time, the speaker inside the headphones emits the music you want to 
hear, and the result is a listening experience that is free of background noise. 

In practice, background noise never consists of a pure sinusoidal sound wave. Instead, 
many sounds of many different frequencies are mixed. In particular, the presense of high- 
frequency sounds constitutes a problem for active noise cancellation. However, this method 
works very well for periodic low-frequency sounds, such as the engine noise from airliners. 
Another application is in some luxury automobiles, where active noise cancellation tech- 
niques reduce wind and tire noise. 


16.3 Sound Interference 535 


FIGURE 16.14 Beats of two sinu- 
soidal tones. (a) The blue and red sine 
curves have frequencies that differ by 
10%; (b) addition of the two curves; 

(c) square of the sum of the functions. 


FIGURE 16.15 Active noise cancel- 


lation. 
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16.4 Doppler Effect 


We've all had the experience when a train approaching a railroad 
crossing sounds its warning horn and then, as it moves past our posi- 
tion, the sound pitch changes from a higher frequency to a lower one. 
This change in frequency is called the Doppler effect. 

In order to gain a qualitative understanding of the Doppler effect, 
consider Figure 16.16. In part (a), the leftmost column, a stationary 
sound source emits spherical waves that travel outward. The time evo- 
lution of these radial waves is depicted at six equally spaced points in 
time, from top to bottom. The maxima of the five sine waves radiate 
outward as circles, color coded in each frame from yellow to red. 

When the source moves, the same sound waves are emitted 
from different points in space. However, from each of these points, 
the maxima again travel outward as circles, as shown in parts (b) and 
(c) Figure 16.16. The only difference between these two columns is 
the speed with which the source of the sound waves moves from left 
to right. In each case, you can see a “crowding” of the sound waves 
in front of the emitter, on the right side of it in this context. This 
crowding is greater with higher source velocity and is the entire key 
to understanding the Doppler effect. An observer located to the right 
of the source—that is to say, with the source moving toward him 
or her—experiences more wave fronts per unit time and thus hears 
a higher frequency. An observer located to the left of the moving 
source, with the source moving away from him or her, experiences 
fewer wave fronts per unit time and thus hears a reduced frequency. 

Quantitatively, the observed frequency, f,, is given as 


=f [tee | (16.14) 
Vso 


und = 


(a) (b) (c) (d) 
FIGURE 16.16 The Doppler effect for sound waves emitted 
at six equally spaced points in time: (a) stationary source; 

(b) source moving to the right; (c) source moving faster to the right; 
(d) source moving to the right faster than the speed of sound. 


where f is the frequency of the sound as emitted by the source, and 
Veound ANd Veource are the speeds of the sound and of the source, respec- 
tively. The upper sign (+) applies when the source moves away from 
the observer, and the lower sign (-) applies when the source moves 
toward the observer. 

The Doppler effect also occurs if the source is stationary and the observer moves. In 
this case, the observed frequency is given by 


f, = i Vsound + Vobserver | = sh F Vobserver | (16.15) 
Vsound Vsound 


The upper sign (-) applies when the observer moves away from the source, and the lower 
sign (+) applies when the observer moves toward the source. 

In each case, moving source or moving observer, the observed frequency is lower than 
the source frequency when observer and source are moving away from each other and is 
higher than the source frequency when they are moving toward each other. 


DERIVATION 16.2 | Doppler Shift 


Let's begin with an observer at rest and a sound source moving toward the observer. If the 
sound source is at rest and emits a sound with frequency f then the wavelength is A = V.una/f 
which is also the distance between two successive wave crests. If the sound source moves 


toward the observer with speed v.ou;ce then the distance between two successive crests as 
perceived by the observer is reduced to 


= Vsound ~ Ysource 


ro 
f 


Using the relationship between wavelength, frequency, and (fixed!) speed of sound, 


Vsound = Af we find the frequency of the sound as detected by the observer: 
f, = — = i Vsound | 
o Vsound ~ Vsource 


This result proves equation 16.14 with the minus sign in the denominator. The plus sign is 
obtained by reversing the sign of the source velocity vector. 

You may want to try the derivation for the case in which the observer is moving as 
an exercise. 


16.3 In-Class Exercise 


Consider the case of a stationary observer and a source moving with constant velocity (less than 

the speed of sound) and emitting a sound of frequency f. If the source moves toward the observer, 
equation 16.14 predicts a higher observed frequency, f,. If the source moves away from the observer, 
a lower observed frequency, f_, results. Let's call the difference between the higher frequency and the 
original frequency A, and the difference between the original frequency and the lower frequency 
A: A, =f,- fand A_ =f- f.. Which statement about the frequency differences is correct? 


a) A, > AL c) A, < AL e) It depends on the source 


velocity, v. 


b) A, =A_ d) It depends on the original frequency, f. 


16.4 In-Class Exercise 


Now consider the case of a stationary source emitting a sound of frequency f and an observer mov- 
ing with constant velocity (less than the speed of sound). If the observer moves toward the source, 
equation 16.15 predicts a higher observed frequency, f,. If the observer moves away from the source, 
a lower observed frequency, f_, results. Let’s call the difference between the higher frequency and the 
original frequency A, and the difference between the original frequency and the lower frequency A_: 
A,=f,-fand A_ =f -f.. Which statement about the frequency differences is correct? 


a) A, > A c) A, < AL e) It depends on the source 


velocity, v. 


b) A, =A_ d) It depends on the original frequency, f. 


Finally, what happens if both the source and the observer move? The answer is that the 
expressions for the Doppler effect for moving source and moving observer simply combine, 
and the observed frequency is given by 


f Z i Vsound + Vobserver | Vsound 
o 
Vso 


Vsound und E Vsource 


| = i Vsound + Vobserver | (16.16) 
Vsound £ Vsource 


Here the upper signs in the numerator and the denominator apply when observer or source 
is moving away from the other, and the lower signs apply when observer or source is mov- 
ing toward the other. 


16.6 In-Class Exercise 


Suppose a source emitting a sound with frequency f moves to the right (in the positive x-direction) 
with a speed of 30 m/s. An observer is located to the right of the source and also moves to the 
right (in the positive x-direction) with a speed of 50 m/s. Which of the following is the correct 
expression for the observed frequency, f,? 


a) f - seei a 


Vsound ~ 30 m/s 


c) f -ss +50 m/s 


Vsound ~ 30 m/s 


b) f -s| Vsound ~ 50 nA) 


V: da +50 m/s 
f, = f| “sun 
Vsound + 30 m/s d) Jo 


Vsound +30 m/s 
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16.5 In-Class Exercise 


Suppose a source emitting a sound 
with frequency f moves to the right 
(in the positive x-direction) with 

a speed of 30 m/s. An observer is 
located to the right of the source 
and also moves to the right (in the 
positive x-direction) with a speed 
of 50 m/s. The observed frequency, 
fo, will be the original 


frequency, f. 
a) lower than c) higher than 


b) the same as 
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Doppler Effect in Two- and Three-Dimensional Space 


So far, our discussion of the Doppler effect has assumed that the 
source (or observer) moves with constant velocity ona straight 
line, which passes right through the location of the observer 
(or source). However, if you are waiting at a railroad crossing, 
for example, a train does not pass directly through your loca- 
tion but has a perpendicular distance of closest approach, b, 
as shown in Figure 16.17. In this situation, what you hear is 
not an instantaneous switch from the higher frequency of the 
approaching train to the lower frequency of the receding train 
that equation 16.14 implies, but instead a gradual and smooth 
change from the higher to the lower frequency. 
FIGURE 16.17 Doppler effect in a two-dimensional space—a car at To obtain a quantitative expression of the Doppler effect 
a railroad crossing. for this case, we let t = 0 to be the instant when the train is clos- 
est to the car, that is, as it crosses the road. For t < 0, the train 
is then moving toward the observer, and for t >0, it is moving away from the observer. The 
origin of the spatial coordinate system is chosen as the location of the observer, the driver of 


the car. Then the distance of the train to the origin is given by r(t)=b? + vt’, where v is 
the (constant) speed of the train (see Figure 16.17). The angle 6 between the train’s velocity 
vector and the direction from which the sound is emitted relative to the car is given by 


vt wt 
r(t) h +r 
The velocity of the sound source as observed in the car as a function of time is the projec- 


tion of the trains velocity vector onto the radial direction: 


vt 


Ve +r 
We can now substitute for V ource in equation 16.14 and obtain 


Vsound Vsound 
-(t)= s P , (16.17) 
f f Vsound + Vsource (t) f vt 


Vsound + haye F PP 


In equation 16.17, the source velocity is negative for t < 0, corresponding to an approaching 
source, while the source velocity is positive for t > 0, corresponding to a receding source. 


cos 6(t) = 


Veource (E) = v cos A(t) = 


16.2 Self-Test Opportunity 


Show that the time derivative The formula of equation 16.17 may look complicated, but it is actually a smoothly vary- 
of the function determining ing function, as shown in Figure 16.18. Assume that the moving train emits a sound of fre- 
the observed frequency (equa- quency f= 440 Hz and that the sound speed is 343 m/s. Figure 16.18a shows three plots of the 
tion 16-47) at a © i6 given ly frequency observed by a stationary observer in a car 10 m from the railroad crossing when a 
dol __ IV i train moving at 20, 30, and 40 m/s passes through. Figure 16.18b shows plots of the frequen- 
dt lizo  bYsound cies observed by three stationary observers in cars parked at distances of 10, 40, and 70 m 


from the railroad crossing as a train passes at a speed of 40 m/s. These three curves converge 


FIGURE 16.18 Time dependence of f (Hz) f, (Hz) 
the frequency observed by a stationary Pe mace a gA 
observer: (a) source velocities of 20 m/s, = 

(a) Source veloci myg 5004 b=10m 500+ 


30 m/s, and 40 m/s and distance of 
closest approach of 10 m; (b) source 
velocity of 40 m/s and distances of 

closest approach of 10 m, 40 m, and 
70 m. 
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FIGURE 16.19 Demonstration of the Doppler effect. 


toward the asymptotic frequencies of f = 498 Hz for the approaching train and f = 394 Hz 
for the receding train, which are the values predicted by equation 16.14. However, the closer 
the observer is to the railroad crossing, the more sudden the transition from the higher 
frequency to the lower one becomes. 

It is fairly easy to set up a demonstration of the Doppler effect. Just drive down a road 
at constant speed, continuously honking your horn, and have a friend videotape you. Then 
you can analyze the video clip with a frequency analyzer and see how the frequencies of the 
car horn change as you pass by the camera. In Figure 16.19, the car drove along a country 
highway with a speed of 26.5 m/s and passed by the camera at a closest distance of 14.0 m. 
The six dominant frequencies of the car’s horn, given by f = n(441 Hz), n = 1, 2,..., 6, are 
clearly visible in this figure as the narrow red bands representing high decibel values, and 
you can see the frequency shift as the car passes by. The superimposed dashed gray lines are 
the results of the calculations using equation 16.17 with a distance of closest approach b = 
14.0 m and a source speed V,ource = 26.5 m/s. You can see that they are in complete agree- 
ment with the experimental measurements. 


Applications of the Doppler Effect 


In Section 16.1, we examined the application of ultrasound waves to the imaging of human 
tissues. The Doppler effect for ultrasound waves can be used to measure the speed of blood 
flowing in an artery, which can be an important diagnostic tool for cardiac disease. An 
example of the measurement of blood flow in the carotid artery is shown in Figure 16.20. 
This kind of measurement is implemented by transmitting ultrasound waves toward the 
flowing blood. The ultrasound waves reflect off the moving blood cells back toward the 
ultrasound device, where they are detected. 


EXAMPLE 16.3 / Doppler Ultrasound Measurement of Blood Flow 


PROBLEM 
What is the typical frequency change for ultrasound waves reflecting off blood flowing 
in an artery? 


SOLUTION 
Ultrasound waves have a typical frequency of f = 2.0 MHz. In an artery, blood flows with a 
speed of Vblood = 1.0 m/s. The speed of ultrasound waves in human tissue is V.oynq = 1540 m/s. 


Continued— 
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16.3 Self-Test Opportunity 


Derive a formula similar to equa- 
tion 16.17 for an observer moving 
on a straight line and passing a 
stationary source at some nonzero 
closest approach distance. 


FIGURE 16.20 Doppler ultrasound 
image of blood flowing in the carotid 
artery. Red and blue indicate the speed 
of the blood flow. 
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The blood cells can be thought of as moving observers for the ultrasound waves. Thus, if 
a blood cell is moving toward the source of the ultrasound, the frequency observed by the 
blood cell, fi, is given by equation 16.15 with a plus sign 


. G) 


Vsound 


f = fli» Vblood 


The reflected ultrasound waves with frequency f, constitute a moving source. The sta- 
tionary Doppler ultrasound device will then observe reflected ultrasound waves with a 
frequency, f, given by equation 16.14 with a minus sign 


v, i 
h= [su | (ii) 
Vsound ~ Vblood 


Thus, the frequency observed by the Doppler ultrasound device is obtained by combining 
equations (i) and (ii) 


A = sh ait Vblood | Vsound | 


Vsound ound ~ Yblood 


Note that this equation is just a special case of equation 16.16, the expression for the Dop- 
pler effect with a moving source and a moving observer; here the speed of the observer 
and that of the source are both that of the blood cell. Putting in the numbers gives us 


ge (2.0 MHz) 1+ 1.0 m/s 1540 m/s 
1540 m/s || 1540 m/s—1.0 m/s 


| = 2.0026 MHz. 


The frequency difference, Af is then 
Af = f, - f =2.6 kHz. 


This frequency change is the maximum observed when the blood is flowing as a result of 
a heart pulse. Between heart pulses, the blood slows down and almost stops. Combining 
the original ultrasound waves with frequency f and the reflected ultrasound waves with 
frequency f, yields a beat frequency, fpea = f2 - f, which varies from 2.6 kHz to zero as the 
heart pulses. These frequencies can be perceived by human ears, which means the beat 
frequency can simply be amplified and heard as a pulse monitor. This Doppler ultrasound 
effect is the basis of fetal heart probes. 

Note that this example assumes that the blood is flowing directly toward the Doppler 
ultrasound device. In general, there is an angle between the direction of the transmitted 
ultrasound waves and the direction of the blood flow, which decreases the frequency 
change. Doppler ultrasound devices take this angle into account using information on 
the orientation of the artery. 


The Doppler radar that you hear about on TV weather reports uses the Doppler effect 
for electromagnetic waves. Moving raindrops change the reflected radar waves to different fre- 
quencies and thus are detected by the Doppler radar. (However, the Doppler shift for elec- 
tromagnetic waves such as radar is governed by a different formula than is used for sound. 
Electromagnetic waves will be discussed in Chapter 31.) Doppler radar is also used to detect 
rotation (and possible tornados) in a thunderstorm by finding regions with motion both 
toward and away from the observer. Another common use of the Doppler effect is radar speed 
detectors employed by police forces around the world. And similar techniques are used by 
astronomers to measure red shifts of galaxies (more on this topic in Chapter 35 on relativity). 


Mach Cone 


We have yet to examine Figure 16.16d. In this column, the source speed exceeds the speed 
of sound. As you can see, in this case the origin of a subsequent wave crest lies outside the 
circle formed by the previous wave crest. 


Figure 16.21a shows the successive wave crests emitted by a source whose speed is 
greater than the speed of sound, called a supersonic source. You can see that all of these 
circles have a common tangent line that make an angle 0w called the Mach angle, with 
the direction of the velocity vector (in this case, the horizontal). This accumulation of wave 
fronts produces a large, abrupt, conical-shaped wave called a shock wave, or Mach cone. 
The Mach angle of the cone is given by 


Vsource 


On main" (eus) (16.18) 


This formula is valid only for source speeds that exceed the speed of sound, and in the limit 
where the source speed is equal to the speed of sound, 6, approaches 90°. The greater the 
source speed, the smaller is the Mach angle. 


DERIVATION 16.3 { Mach Angle 


The derivation of equation 16.18 is quite straightforward if we examine Figure 16.21b, 
which shows the circle of the wave crest that was formed at some initial time, t = 0, but is 
now at a later time, At. The radius of this circle at time At is v,,,,,gAt and is shown by the 
blue straight line. Note that the radius makes a 90° angle with the tangent line, indicated in 
black. However, during the same time, At, the source has moved a distance v ourceAt, which 
is indicated by the red line in the figure. The red, blue, and black lines in the figure form a 
right triangle. Then, by definition of the sine function, the sine of the Mach angle, Oy» is 


Veound At 


sin y = 
M At 


Vsource 


Canceling out the common factor At and taking the inverse sine on both sides of this 
equation yields equation 16.18, as desired. 


Interestingly, shock waves can be detected in all kinds of physical systems 
involving all kinds of waves. For example, surface waves on shallow water have 
relatively low wave speeds, as discussed in Chapter 15. Therefore, motorboats 
can create shock waves relatively easily by moving across the water surface at 
high speeds. From these triangular bow waves, you can determine the speed of 
the surface waves on a lake, if you know the speed of the boat. 

The speed of sound in atomic nuclei is approximately a third of the speed 
of light. Since particle accelerators can collide nuclei at speeds very close to 
the speed of light, shock waves should be created even in this environment. 
Some computer simulations have shown that this effect is present in colli- 
sions of atomic nuclei at very high energies, but definite experimental proof 
has been difficult to obtain. Several nuclear physics laboratories around the 
world are actively investigating this phenomenon. 

Finally, it would seem unlikely that shock waves involving light could be 
observed, since the speed of light in vacuum is the maximum speed possible 
in nature, and thus the source velocity cannot exceed the speed of light in vac- 
uum. When the Russian physicist Pavel Cherenkov (also sometimes spelled 
Čerenkov) proposed in the 1960s that this effect did occur, it was dismissed 
as impossible. However, so-called Cherenkov radiation (Figure 16.22) can be 
emitted when a source such as a high-energy proton or electron moving at 
close to the speed of light enters a medium, like water, where the speed of 
light is significantly lower. Then the source does move faster than the speed of 
light in that medium, and a Mach cone can form. Modern particle detectors 
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(a) 


\ \ Vgoubce dh ` 


FIGURE 16.21 (a) The Mach cone, 


or shock wave. (b) Geometry for Deriva- 
tion 16.3. 


make use of this Cherenkov radiation; measuring the emission angle allows FIGURE 16.22 Cherenkov radiation (bluish glow) 
the velocity of the particle that emitted the radiation to be calculated. from the core of a nuclear reactor. 
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a 


FIGURE 16.23 The supersonic 
Concorde jetliner taking off. Regular 
commercial service on the Concorde 
began in 1976 and ended in 2003. 


16.7 In-Class Exercise —, 


What is the maximum cruise speed 
of the Concorde at 60,000 ft? 


a) 665 mph d) 2130 mph 
b) 834 mph e) 3450 mph 
c) 1350 mph 


EXAMPLE 16.4 | The Concorde 


The speed of a supersonic aircraft is often given as a Mach number, M. A speed of Mach 1 
(M = 1) means that the aircraft is traveling at the speed of sound. A speed of Mach 2 (M = 2) 
means that the aircraft is traveling at twice the speed of sound. The Concorde supersonic 
airliner (Figure 16.23) cruised at 60,000 feet, where the speed of sound is 295 m/s (661 mph). 
The maximum cruise speed of the Concorde was Mach 2.04 (M = 2.04). 


PROBLEM 
At this speed, what was the angle of the Mach cone produced by the Concorde? 


SOLUTION 
The angle of the Mach cone is given by equation 16.18: 


L onl} Ysound 
Oy, = sin [s] 
Vsource 


The speed of the source in this case is that of the Concorde, which is traveling at a speed of 
Mv, = 2.04, 


v, sound 7 sound * 


source ~~ 


Thus, we can write the Mach angle as 
E 1} 1 
ays Ysound jaf } 


For the Concorde, we then have 


Oy =sin 0512 rad =29.4°. 
2.04 


16.5 Resonance and Music 


Basically all musical instruments rely on the excitation of resonances to generate sound 
waves of discrete, reproducible, and predetermined frequencies. No discussion of sound 
could possibly be complete without a discussion of musical tones. 


Tones 


Which frequencies correspond to which musical tones? The answer to this question is not 
simple and has changed over time. The current tonal scale dates back to 1722, the year of 
publication of Johann Sebastian Bach’s work Das wohltemperierte Klavier (The Well-Tempered 
Clavier). Let’s review these accepted values. 

The tones associated with the white keys of the piano are called A, B, C, D, E, F, and 
G. The C closest to the left end of the keyboard is designated C1. The note below it, oddly 
enough, is BO. Thus the sequence of tones for the white keys, from left to right, on a piano 
is AO, BO, C1, D1, El, F1, G1, Al, B1, C2, D2, ... , A7, B7, C8. The scale is anchored with 
middle A (A4) at precisely 440 Hz. The next higher A (A5) is an octave higher, which means 
that it has exactly twice the frequency, or 880 Hz. 

Between these two As are 11 halftones: A-sharp/B-flat, B, C, C-sharp/D-flat, D, D-sharp/ 
E-flat, E, F, F-sharp/G-flat, G, and G-sharp/A-flat. Ever since the work of J. S. Bach, these 11 
halftones divide the octave into exactly 12 equal intervals, all of which differ by the same fac- 
tor, a factor that will give the number 2 when multiplied with itself 12 times. This factor is: 
2" = 1.0595. The frequencies of all the tones can be found through successive multiplication 
with this factor. For example, D (D5) is 5 steps up from middle A: (1.0595°)(440 Hz) = 587.4 Hz. 
Frequencies of notes in other octaves are found by multiplication or division by a factor of 2. 
For example, the next higher D (D6) has a frequency of 2(587.4 Hz) = 1174.9 Hz. 


EGE Frequency Ranges for Classifications of Human Singers 


Classification Lowest Note Highest Note 
Bass E2 (82 Hz) G4 (392 Hz) 
Baritone A2 (110 Hz) A4 (440 Hz) 
Tenor D3 (147 Hz) B4 (494 Hz) 
Alto G3 (196 Hz) F5 (698 Hz) 
Soprano C4 (262 Hz) C6 (1046 Hz) 


Human voices have classifications based on the average ranges shown in 
Table 16.3. Thus, basically all songs sung by humans exhibit a range of fre- 
quencies of one order of magnitude, between 100 and 1000 Hz. No human 
voice and practically no musical instrument generates a pure single-frequency 
tone. Instead, musical tones have a rich admixture of overtones that gives each 
instrument and each human voice its own characteristics. For string instru- 
ments, the hollow wooden body of the instrument, which serves to amplify the 
sound of the strings, influences this admixture. 

The touch-tone phones that have almost completely replaced dial phones 
in the United States rely on sounds of preassigned frequencies. For each key that 
you press on the phone, two relatively pure tones are generated. Figure 16.24 
shows the arrangement of these tones. Each key in a given row sets off the tone 
displayed to its right, and each key in a column triggers the tone displayed under 
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it. If you press the 2 key, for example, the frequencies 697 Hz and 1336 Hz are FIGURE 16.24 The frequencies generated by 
produced. the keys of a touch-tone phone. 


Half-Open and Open Pipes 


We discussed standing waves on strings in Chapter 15. These waves form the basis for the 
sounds produced by all string instruments. It is important to remember that standing waves 
can be excited on strings only at discrete resonance frequencies. Most percussion instru- 
ments, like drums, also work on the principle of exciting discrete resonances. However, the 
waveforms produced by these instruments are typically two-dimensional and are much 
more complicated than those produced on strings. 

Wind instruments use half-open or open pipes to generate sounds. A half-open pipe is a 
pipe that is open at only one end and closed at the other end (such as a clarinet or trumpet); 
an open pipe is open on both ends (such as a flute). You know that you can generate a sound 
by blowing air over the opening of a bottle, as shown in Figure 16.25. You may remember that 
the sound’s pitch is higher if the bottle is fuller. Also, an empty liter bottle produces a lower 
sound than an empty half-liter bottle, like the one used in Figure 16.25. A bottle is only an 
approximation (because of its noncylindrical shape) for a half-open pipe. The air molecules at 
the bottom of such a pipe are in contact with the wall and thus do not vibrate. Therefore, the 
closed end of the pipe establishes a node in the sound wave. The other end of the pipe is open, 
and the air molecules can vibrate freely. Blowing air over the end of the pipe creates a resonant 
sound wave that has an antinode at the open end of the pipe and a node at the closed end. 

Figure 16.26a shows some of the possible standing waves in a half-open pipe. In the 
top pipe is the standing wave with the largest wavelength, for which the first antinode coin- 
cides with the length of the pipe. Since the distance between a node and the first antinode 
is a fourth of a wavelength, this resonance condition corresponds to L = +A, where L is the 
length of the pipe.The middle and bottom pipes in Figure 16.26a have standing waves with 
smaller possible wavelengths, for which the second or third antinodes fall on the pipe open- 
ing, and L = =A and L = A, respectively. In general, the condition for a resonant standing 
wave in a half-open pipe is thus 


2n-1 


bs A, for n=1,2,3,... 


FIGURE 16.25 Exciting a resonant 
sound from an approximation of a half- 
open pipe. 
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16.4 Self-Test Opportunity 


Estimate the fundamental frequen- 
cy of the resonant sound induced 
by blowing on the open end of a 
half-liter bottle, as illustrated in 
Figure 16.25. 


16.8 In-Class Exercise —, 


The half-Lliter bottle in Figure 
16.25 contains air above the 
liquid. How would the frequency 
change if the air in the bottle 
were replaced with krypton gas? 
(Hint: Table 16.1 may help.) 


a) It would be lower. 
b) It would stay the same. 
c) It would be higher. 


(a) (b) 


FIGURE 16.26 (a) Standing waves in a half-open pipe; (b) standing waves in an open pipe. The red 
lines represent the sound amplitude at various times. 


Solving this equation for the possible wavelengths results in 
i 4L 
2n-1 


, for n=1,2,3,.... (16.19) 
Using v = Af, we obtain the possible frequencies: 
th =(2n-1) 77; for n=1,2,3,..., (16.20) 


where n correspondes to the number of nodes. 
Figure 16.26b displays the possible standing waves in an open pipe. In this case, there 
are antinodes at both ends of the pipe, and the condition for a resonant standing wave is 


ie"). HA. 
2 


This relationship results in wavelengths and frequencies of 


2L 

A =, n=1,2,3,.. (16.21) 
n 

fon, n=1,2,3 (16.22) 

n OL’ pH yA nee . 


where again n is the number of nodes. 

For both half-open and open pipes, the fundamental frequency is obtained with n = 1. 
For a half-open pipe, the first harmonic (n = 2) is three times as high as the fundamental 
frequency. However, for an open pipe, the first harmonic (n = 2) is twice as high as the fun- 
damental frequency, or one octave higher. 


EXAMPLE 16.5 | A Pipe Organ 


IN 


Church organs operate on the prin- 
ciple of creating standing waves in 
pipes. If you have ever been in an old 
cathedral, you have very likely seen an 
impressive collection of organ pipes 
(Figure 16.27). 


PROBLEM 

If you wanted to build an organ whose 
fundamental frequencies cover the 
frequency range of a piano, from AO 
to C8, what is the range of lengths of 
the pipes you would need to use? FIGURE 16.27 Pipes of a church organ. 
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SOLUTION 

The frequencies for AO and C8 are fx) = 27.5 Hz, fog = 4186 Hz. According to equations 
16.20 and 16.22, the fundamental frequencies for a half-open pipe and an open pipe are 
v 


v 
Pi haltopëi =— and Jopa = OL’ 


4L 


This means that the open pipes have to be twice as long as the corresponding half-open 
pipes for the same frequency. The lengths of the half-open pipes needed for the highest 
and lowest frequencies are 


v 343 m/s 


Ling = = =0.0205 m 
half-open.C8 4f 16,744 Hz 
v 343 m/s 
Lre = = =3.118 m. 
half-open,A0 4 im 110 Hz 


COMMENT 

Real organ pipes can indeed be as long as 10 ft. The part that produces the standing wave 
can be as short as 0.5 in; however, the base of a pipe is approximately 0.5 ft in length, so 
the shortest pipes typically observed in a church organ are at least that long. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= Sound is a longitudinal pressure wave that requires a = Asa result of the Doppler effect, the frequency of sound 
medium in which to propagate. from a moving source as perceived by a stationary 
= The speed of sound in air at normal pressure and observer is f = f Ysound , where fis the 
temperature (1 atm, 20 °C) is 343 m/s. Vsound =Œ Vsource 
frequency of the sound as emitted by the source and 
a In general, the speed of sound in a solid is given by Veound ANd V, urce are the speeds of sound and of the 
v=,/Y/p, and that in a liquid or a gas is given by v =,/B/p. source, respectively. The upper sign (+) applies when the 


source moves away from the observer, and the lower sign 


= A logarithmic scale is used to measure sound (-) applies when the source moves toward the observer. 


intensities. The unit of this scale is the decibel (dB). 
The sound level, b: in this decibel scale is defined as Ê The source of sound can be stationary while the observer 


B= 10log = where Tis the intensity of the sound waves moves. In this case, the observed frequency of the sound 


0 
and h = 10? W/m’, which corresponds approximately Pera Vead 
to the minimum intensity that a human ear can hear. Here the upper sign (-) applies when the observer 
moves away from the source, and the lower sign (+) 
applies when the observer moves toward the source. 


is given by JF = f Vsound + Vobserver_|_ if 1F Vobserver | 


= Sound waves emitted by two coherent sources 
constructively interfere if the path length difference 


is Ar = nd; for all n = 0, +1, £2, +3, ... and will = The Mach angle of the shock wave formed by a sound 
destructively interfere if the path length difference is : : : V 
MEPE a +1, 42, +3, source moving at supersonic speeds is 6, = sin aan ; 
= Two sine waves with equal amplitudes and slightly = The relationship between the length of a half-open pipe 
different frequencies produce beats with a beat and the wavelengths of possible standing waves inside 
frequency of f, = lf -h |. itis L= A, for n=1, 2,...; for open pipes, the 


relationship is L = ZA forn= L 2a a 


KEY TERMS 
sound, p. 525 beats, p. 534 Doppler effect, p. 536 Mach angle, p. 541 
decibel, p. 529 active noise cancellation, supersonic source, p. 541 shock wave (or Mach 


coherent sources, p. 533 p. 535 cone), p. 541 
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NEW SYMBOLS AND EQUATIONS 


Vsound Speed of sound 


B=10log = sound level in decibels 
0 


hlf- 


, beat frequency 


Veources Speed with which sound source is moving 
Vobserven Speed with which the observer is moving 


f, sound frequency detected by observer 


V, 


aly. 
Oy, = sin” — , Mach angle of shock wave 
source 


ANSWERS TO SELF-TEST OPPORTUNITIES 


16.1 B= 0log ==> I=h (102) 
0 
P=IA= (4m?) =h [10% (amr?) 
P =47(10°? W/m? J10 (10.0 m} =0.126 W. 


Vv, 


16.2 f (t)=f smd 
Vsound + 2 
P47 
Pyt v 
7 2 2,2 ! 
wo, (Cre EA 
dt soun 2 
242 
+ a 
Py? 
Ly 
df(t) ve? ? 
F a = FVsound = -f 
dt t=0 (voud | bV ound 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 

1. Be sure you're familiar with the properties of logarithms to 
solve problems involving the intensity of sound. In particular, 
remember that log (A/B) = log A - log B and that log x" = n 
log x. 

2. Situations involving the Doppler effect can be tricky. 
Sometimes you need to break the path of the sound wave into 
segments and treat each segment separately, depending on 


2 
vt 
16.3 Vobserver (É) a pues nm ee 


f(t) = f Vsound F Vobserver (t) 


Vsound 


vt 
V, 


sound ~~ 7. 
2 242 
POR: yb +v't , 


Vsound 


v 
16.4 f,=(2n-1)— 
h=V 


v 343 m/s 
f = 


4L (0.215 m) 
estimate 400 Hz. 


=399 Hz 


whether motion of the source or motion of the observer is 
occurring. Often a sketch is useful to identify which expression 
for the Doppler effect pertains to which part of the situation. 


3. You don't need to memorize formulas for the harmonic 
frequencies of open pipes or half-open pipes. Instead, remember 
that the closed end of a pipe is the location of a node and the 
open end ofa pipe is the location of an antinode. Then you can 
reconstruct the standing waves from that point. 


SOLVED PROBLEM 16.2 { Doppler Shift for a Moving Observer 


PROBLEM 

A person in a parked car sounds the horn. The frequency of the horn’s sound is 290.0 Hz. 
A driver in an approaching car measures the frequency of the sound coming from the 
parked car to be 316.0 Hz. What is the speed of the approaching car? 


Problem-Solving Practice 


SOLUTION 


THINK 
The frequency of the sound measured in the approaching car has been Doppler shifted. 
Knowing the emitted frequency, f, the observed frequency, f, and the speed of sound, 


Veoung We can calculate the speed of the approaching car. 


SKETCH 
Figure 16.28 shows the vehicle containing the observer moving toward the stationary 
sound-emitting vehicle. 


nity Vobserver 
SSS 


FIGURE 16.28 A vehicle approaching another that is sounding its horn. 


RESEARCH 
The frequency measured by a moving observer, f,, resulting from a sound of frequency 
f being emitted by a stationary source is given by 


Vsound 


f= pli tam) (i) 


where Vobserver iS the speed with which the observer approaches the sound-emitting 
source and Youna is the speed of sound in air. 


SIMPLIFY 
We can rearrange equation (i) to obtain 


ds -l= Vobserver . 
f Vsound 


From this equation, we can solve for the speed of the moving observer: 


- h 
Vobserver 7 Ysound [4 ae 1 ‘ 


f 


CALCULATE 


Putting in the numerical values, we get 


16.0 H 
Vapsever =(343 m/s)| ŽEL EE _ 1 | = 30.7517 m/s. 
290.0 Hz 
ROUND 
We report our result to three significant figures: 
Vobserver = 30.8 m/s. 


DOUBLE-CHECK 

A useful first check is that the units work out correctly. Units of meters per second, 
which we obtained for our answer, are certainly appropriate for a speed. Next, we 
can check the order of magnitude. A speed of 30.8 m/s (68.9 mph) is reasonable for 
a car. 


t 


547 


548 


Chapter 16 Sound 


SOLVED PROBLEM 16.3 { Standing Wave in a Pipe 


PROBLEM 
A standing sound wave is set up in a pipe of length 0.410 m (Figure 16.29) containing air 
at normal pressure and temperature. What is the frequency of this sound? 


Soe 


FIGURE 16.29 A standing sound wave in a pipe. 


SOLUTION 


THINK 

First, we recognize that the standing sound wave shown in Figure 16.29 corresponds to 
one in a pipe that is closed on the left end and open on the right end. Thus, we are deal- 
ing with a standing wave in a half-open pipe. Four nodes are visible. Combining these 
observations and knowing the speed of sound, we can calculate the frequency of the 
standing wave. 


SKETCH 


The standing wave with the pipe drawn in and the nodes marked is shown in Figure 16.30. 


k L= 0.410 m j 


Node 1 Node 2 Node 3 Node 4 
FIGURE 16.30 A standing sound wave with four nodes in a half-open pipe. 


RESEARCH 
The frequency of this standing wave in a half-open pipe is given by 


f, =(2n-) 7 (i) 


where n = 4 is the number of nodes. The speed of sound in air is v = 343 m/s, and the 
length of the pipe is L = 0.410 m. 


SIMPLIFY 
For n = 4, we can write equation (i) for the frequency of the standing wave as 
v 7 
f =(2(4-1) i 
CALCULATE 
Putting in the numerical values, we get 
7(343 m/s) 
| ees 


= = 1464.02 Hz. 
4(0.410 m) 


ROUND 
We report our result to three significant figures: 


f =1460 Hz. 
DOUBLE-CHECK 


This frequency is well within the range of human hearing and just above the range of 
frequencies produced by the human voice. Therefore, our answer seems reasonable. 
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SOLVED PROBLEM 16.4 {Doppler Shift of Reflected Ambulance — 
f Siren 


PROBLEM 

An ambulance has picked up an injured rock climber and is heading directly away from the 
canyon wall (where the climber was injured) at a speed of 31.3 m/s (70 mph). The ambu- 
lance’s siren has a frequency of 400.0 Hz. After the ambulance turns off its siren, the injured 
rock climber can hear the reflected sound from the canyon wall for a few seconds. The ve- 
locity of sound in air is V,44nq = 343 m/s. What is the frequency of the reflected sound from 
the ambulance’s siren as heard by the injured rock climber in the ambulance? 


SOLUTION 
THINK 


The ambulance can be considered to be a moving source with speed v mbulance emitting a 
sound with frequency f. The frequency, fı, of the siren at the fixed wall of the canyon can 
be calculated using the sound velocity, v,,.,,g- The canyon wall reflects the sound of the 
siren back toward the moving ambulance. The climber in the ambulance can be thought 
of as a moving observer of the reflected sound of the siren. Combining the two Doppler 
shifts gives the frequency, f,, of the reflected siren as heard on the moving ambulance. 


SKETCH 

Figure 16.31 shows the ambulance moving away from the 
canyon wall with speed v mbulance While emitting a sound 
from its siren of frequency f. 


RESEARCH 

The frequency, fi, of the sound measured by a station- 
ary observer standing at the canyon wall resulting from 
the sound of frequency f emitted by the ambulance’s siren 
moving with speed V mbulance İS given by equation 16.14: 


"r (ia 


( a, Tne 


FIGURE 16.31 An ambulance moves away from a canyon wall with its 
siren operating. 


> G) 


Vsound 


fas] 


Vsound + Vambulance 


where the plus sign is applicable because the ambulance is moving away from the sta- 
tionary observer. The sound is reflected from the canyon wall back toward the moving 
ambulance. Now the injured rock climber in the ambulance is a moving observer. We can 
calculate the frequency observed by the rock climber, f,, using equation 16.15: 


h = if = Vambulance | (ii) 


Vsound 


where the minus sign is used because the observer is moving away from the source. 
SIMPLIFY 
We can combine equations (i) and (ii) to obtain 


ans 


Vsound 


l- Vambulance 


Vsound 


Vsound + Vambulance 


You can see that this result is a special case of equation 16.16, where the speeds of ob- 
server and source are both the speed of the ambulance and both observer and source are 
moving away from each other. 


CALCULATE 


Putting in the numerical values, we get 


343 m/s fi- 31.3 m/s 


=(400 Hz 
hal | 343 m/s + 31.3 m/s 343 m/s 


| = 333.1018 Hz. 


Continued— 
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ROUND 


We report the result to three significant figures: 


DOUBLE-CHECK 


f, =333 Hz. 


The frequency of the reflected sound observed by the injured rock climber is approxi- 
mately 20% lower than the original frequency of the ambulance’s siren. The speed of 
the ambulance is about 10% of the speed of sound. The two Doppler shifts, one for the 
sound emitted from the moving ambulance and one for the reflected sound observed in 
the moving ambulance, should each shift the frequency by approximately 10%. So the 
observed frequency seems reasonable. 


See 


MULTIPLE-CHOICE QUESTIONS 


| 16.1 You stand on the curb waiting to cross a street. Suddenly 
you hear the sound of a horn from a car approaching you at a 
constant speed. You hear a frequency of 80 Hz. After the car 
passes by, you hear a frequency of 72 Hz. At what speed was 
the car traveling? 
a) 17m/s c) 19 m/s 
b) 18 m/s d) 20 m/s 


16.2 A sound level of 50 decibels is 

a) 2.5 times as intense as a sound of 20 decibels. 

b) 6.25 times as intense as a sound of 20 decibels. 

c) 10 times as intense as a sound of 20 decibels. 

d) 100 times as intense as a sound of 20 decibels. 

e) 1000 times as intense as a sound of 20 decibels. 

16.3 A police car is moving in your direction, constantly 
accelerating, with its siren on. As it gets closer, the sound 
you hear will 


a) stay at the same 
frequency. 


c) increase in frequency. 
d) More information is 


b) drop in frequency. needed. 


16.4 You are creating a sound wave by shaking a paddle 
in a liquid medium. How can you increase the speed of the 
resulting sound wave? 

a) You shake the paddle harder to give the medium more 
kinetic energy. 

b) You vibrate the paddle more rapidly to increase the 
frequency of the wave. 

c) You create a resonance with a faster-moving wave in air. 
d) All of these will work. 

e) None of these will work. 

f) Only (a) and (b) will work. 

g) Only (a) and (c) will work. 

h) Only (b) and (c) will work. 

16.5 Standing on the sidewalk, you listen to the horn of a 
passing car. As the car passes, the frequency of the sound 
changes from high to low in a continuous manner; that is, 


there is no abrupt change in the perceived frequency. This 
occurs because 

a) the pitch of the sound of the horn changes continuously. 
b) the intensity of the observed sound changes 
continuously. 

c) you are not standing directly in the path of the moving car. 
d) of all of the above reasons. 

16.6 A sound meter placed 3 m from a speaker registers a 
sound level of 80 dB. If the volume on the speaker is then 
turned down so that the power is reduced by a factor of 25, 
what will the sound meter read? 
a) 3.2 dB c) 32 dB 
b) 11dB d) 55 dB 


16.7 What has the greatest effect on the speed of sound in air? 


e) 66dB 


d) pressure of the 
atmosphere 


a) temperature of the air 
b) frequency of the sound 
c) wavelength of the sound 


16.8 A driver sits in her car at a railroad crossing. Three 
trains go by at different (constant) speeds, each emitting 

the same sound. Bored, the driver makes a recording of the 
sounds. Later, at home, she plots the frequency as a function 
of time on her computer, resulting in the plots shown in the 
figure. Which of the three trains had the highest speed? 

a) the one represented 
by the solid line 


b) the one represented ş 
by the dashed line 


c) the one represented 
by the dotted line 


d) impossible to tell t 


16.9 Three physics faculty members sit in three different 
cars at a railroad crossing. Three trains go by at different 
(constant) speeds, each emitting the same sound. Each 
faculty member uses a cell phone to record the sound of a 
different train. On the next day, during a faculty meeting, 
they plot the frequency as a function of time on a computer, 


resulting in the plots shown in the figure. Which of the three 
trains had the highest speed? 

a) the one represented 
by the solid line 


b) the one represented 
by the dashed line 


c) the one represented 
by the dotted line 


d) impossible to tell 


QUESTIONS 


16.11 A (somewhat risky) way of telling if a train that cannot 
be seen or heard is approaching is by placing your ear on the 
rail. Explain why this works. 


16.12 A classic demonstration of the physics of sound 
involves an alarm clock in a bell vacuum jar. The demonstra- 
tion starts with air in the vacuum jar at normal atmospheric 
pressure and then the jar is evacuated to lower and lower 
pressures. Describe the expected outcome. 


16.13 You are sitting near the back of a twin-engine com- 
mercial jet, which has the engines mounted on the fuselage 
near the tail. The nominal rotation speed for the turbofan 

in each engine is 5200 revolutions per minute, which is also 
the frequency of the dominant sound emitted by the engine. 
What audio clue would suggest that the engines are not per- 
fectly synchronized and that the turbofan in one of them is 
rotating approximately 1% faster than that in the other? How 
would you measure this effect if you had only your wristwatch 
(could measure time intervals only in seconds)? To hear this 
effect, go to http://qbx6.Itu.edu/s_schneider/physlets/main/ 
beats.shtml. This simulation works best with integer natural 
frequencies, so round your frequencies to the ones place. 


16.14 You determine the direction from which a sound is 
coming by subconsciously judging the difference in time it 
takes to reach the right and left ears. Sound directly in front 
(or back) of you arrives at both ears at the same time; sound 
from your left arrives at your left ear before your right ear. 
What happens to this ability to determine the location of a 
sound if you are underwater? Will sounds appear to be located 
more in front or more to the side of where they actually are? 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One e and two ee 
indicate increasing level of problem difficulty. 


Section 16.1 


16.21 Standing on a sidewalk, you notice that you are 
halfway between a clock tower and a large building. When 
the clock strikes the hour, you hear an echo of the bell 0.500 s 
after hearing it directly from the tower. How far apart are 
the clock tower and the building? 
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16.10 In Question 16.9, which of the three faculty members 
was closest to the train tracks? 


a) the one who recorded the sound represented by the solid 
line 

b) the one who recorded the sound represented by the 
dashed line 

c) the one who recorded the sound represented by the 
dotted line 


d) impossible to tell 


16.15 Ona windy day, a child standing outside a school 
hears the school bell. If the wind is blowing toward the child 
from the direction of the bell, will it alter the frequency, the 
wavelength, or the velocity of the sound heard by the child? 


16.16 A police siren contains at least two frequencies, pro- 
ducing the wavering sound (beats). Explain how the siren 
sound changes as a police car approaches, passes, and moves 
away from a pedestrian. 


16.17 The Moon has no atmosphere. Is it possible to gener- 
ate sound waves on the Moon? 


16.18 When two pure tones with similar frequencies com- 
bine to produce beats, the result is a train of wave packets. 
That is, the sinusoidal waves are partially localized into 
packets. Suppose two sinusoidal waves of equal amplitude 
A, traveling in the same direction, have wave numbers « and 
« + Ax and angular frequencies w and w + Aa, respectively. 
Let Ax be the length of a wave packet, that is, the distance 
between two nodes of the envelope of the combined sine 
functions. What is the value of the product AxAk? 


16.19 As you walk down the street, a convertible drives by 
on the other side of the street. You hear the deep bass speak- 
ers in the car thumping out a groovy but annoyingly loud 
beat. Estimate the intensity of the sound you perceive, and 
then calculate the minimum intensity that the poor ears of 
the convertible’s driver and passengers are subject to. 


16.20 If you blow air across the mouth of an empty soda 
bottle, you hear a tone. Why is it that if you put some water 
in the bottle, the pitch of the tone increases? 


16.22 Two farmers are standing on opposite sides of a very 
large empty field that is 510 m across. One farmer yells out 
some instructions, and 1.5 s pass until the sound reaches the 
other farmer. What is the temperature of the air? 


16.23 The density of a sample of air is 1.205 kg/m’ , and the 
bulk modulus is 1.42- 10° N/m”. 

a) Find the speed of sound in the air sample. 

b) Find the temperature of the air sample. 
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¢16.24 You drop a stone down a well that is 9.50 m deep. 
How long is it before you hear the splash? The speed of 
sound in air is 343 m/s. 


16.25 Electromagnetic radiation (light) consists of waves. 
More than a century ago, scientists thought that light, like 
other waves, required a medium (called the ether) to sup- 
port its transmission. Glass, having a typical mass density 
of p = 2500 kg/m’, also supports the transmission of light. 
What would the elastic modulus of glass have to be to support 
the transmission of light waves at a speed of v = 2.0-10° m/s? 
Compare this to the actual elastic modulus of window glass, 
which is 5-10'° N/m’. 


Section 16.2 


16.26 Compare the intensity of sound at the pain level, 120 dB, 
with that at the whisper level, 20 dB. 


16.27 The sound level in decibels is typically expressed 
as B = 10log(J/I)), but since sound is a pressure wave, the 
sound level can be expressed in terms of a pressure differ- 
ence. Intensity depends on the amplitude squared, so the 
expression is 8 = 20log (P/P ), where P, is the smallest 
pressure difference noticeable by the ear: Py = 2.00-10~ Pa. 
A loud rock concert has a sound level of 110. dB, find the 
amplitude of the pressure wave generated by this concert. 


16.28 Ata state championship high school football game, 
the intensity level of the shout of a single person in the 
stands at the center of the field is about 50 dB. What would 
be the intensity level at the center of the field if all 10,000 
fans at the game shouted from roughly the same distance 
away from that center point? 


¢16.29 Two people are talking at a distance of 3.0 m 
from where you are, and you measure the sound intensity 
as 1.1-10°’ W/m”. Another student is 4.0 m away from 
the talkers. What sound intensity does the other student 
measure? 


¢16.30 An excited child in a campground lets out a yell. Her 
parent, 1.2 m away, hears it as a 90.0-dB sound. A climber 
sits 850 m away from the child, on top of a nearby moun- 
tain. How loud does the yell sound to the climber? 


¢16.31 While enjoyable, rock concerts can damage people's 
hearing. In the front row at a rock concert, 5.00 m from the 
speaker system, the sound intensity is 145.0 dB. How far 
back would you have to sit for the sound intensity to drop 
below the recommended safe level of 90.0 dB? 


Section 16.3 


16.32 Two sources, A and B, emit a sound of a certain 
wavelength. The sound emitted from both sources is de- 
tected at a point away from the sources. The sound from 
source A is a distance d from the observation point, whereas 
the sound from source B has to travel a distance of 3A. What 
is the largest value of the wavelength, in terms of d, for the 
maximum sound intensity to be detected at the observation 
point? If d = 10.0 m and the speed of sound is 340 m/s, what 
is the frequency of the emitted sound? 


16.33 A college student is at a concert and really wants to 
hear the music, so she sits between two in-phase loudspeak- 
ers, which point toward each other and are 50.0 m apart. 
The speakers emit sound at a frequency of 490. Hz. At the 
midpoint between the speakers, there will be constructive 
interference, and the music will be at its loudest. At what 
distance closest to the midpoint could she also sit to experi- 
ence the loudest sound? 


16.34 A string of a violin produces 2 beats per second when 
sounded along with a standard fork of frequency 400. Hz. 
The beat frequency increases when the string is tightened. 


a) What was the frequency of the violin at first? 
b) What should be done to tune the violin? 


16.35 You are 

standing against 

a wall opposite 

two speakers that 3.00 m 
are separated by 

3.00 m, as shown 

in the figure. The 

two speakers begin 
emitting a 343-Hz 

tone in phase. Where along the far wall should you stand 

so that the sound from the speakers is as soft as possible? 

Be specific; how far away from a spot centered between the 
speakers will you be? The far wall is 120. m from the wall 
that has the speakers. (Assume the walls are good absorbers, 
and therefore, the contribution of reflections to the per- 
ceived sound is negligible.) 


120. m ——————_—__> 


°16.36 You are playing a note that has a fundamental 
frequency of 400. Hz on a guitar string of length 50.0 cm. 
At the same time, your friend plays a fundamental note on 
an open organ pipe, and 4 beats per seconds are heard. The 
mass per unit length of the string is 2.00 g/m. Assume the 
velocity of sound is 343 m/s. 
a) What are the possible frequencies of the open organ pipe? 
b) When the guitar string is tightened, the beat frequency 
decreases. Find the original tension in the string. 
c) What is the length of the organ pipe? 
°16.37 Two 100.0-W speakers, A and B, are separated by 
a distance D = 3.6 m. The speakers emit in-phase sound 

i 


Speaker A , =18m 


D=3.6m 


Speaker B > -Y yg = —18m 
kk L=450m >| 


waves at a frequency f = 10,000.0 Hz. Point P; is located at 
x, = 4.50 mand y; = 0 m; point P, is located at x, = 4.50 m 
and y, = —Ay. Neglecting speaker B, what is the intensity, I, 
(in W/m”), of the sound at point P, due to speaker A? As- 
sume that the sound from the speaker is emitted uniformly 
in all directions. What is this intensity in terms of decibels 
(sound level, 641)? When both speakers are turned on, there 
is a maximum in their combined intensities at P}. As one 
moves toward P,, this intensity reaches a single minimum 
and then becomes maximized again at P,. How far is P, 
from P,, that is, what is Ay? You may assume that 

L > Ay and that D > Ay, which will allow you to simplify 


the algebra by using Va+b ~ a"? 


Section 16.4 


16.38 A policeman with a very good ear and a good un- 
derstanding of the Doppler effect stands on the shoulder 

of a freeway assisting a crew in a 40-mph work zone. He 
notices a car approaching that is honking its horn. As the 
car gets closer, the policeman hears the sound of the horn as 
a distinct B4 tone (494 Hz). The instant the car passes by, he 
hears the sound as a distinct A4 tone (440 Hz). He imme- 
diately jumps on his motorcycle, stops the car, and gives the 
motorist a speeding ticket. Explain his reasoning. 


when a >b. 


Iq! 


16.39 A meteorite hits the surface of the ocean at a speed 
of 8800 m/s. What are the shock wave angles it produces 
(a) in the air just before hitting the ocean surface, and (b) in 
the ocean just after entering? Assume the speed of sound in 
air and in water is 343 m/s and 1560 m/s, respectively. 


16.40 A train whistle emits a sound at a frequency f= 3000. Hz 
when stationary. You are standing near the tracks when the 
train goes by at a speed of v = 30.0 m/s. What is the magni- 
tude of the change in the frequency (|Af]) of the whistle as the 
train passes? (Assume that the speed of sound is v = 343 m/s.) 


°16.41 You are driving along a highway at 30.0 m/s when 
you hear a siren. You look in the rear-view mirror and see 
a police car approaching you from behind with a constant 
speed. The frequency of the siren that you hear is 1300 Hz. 
Right after the police car passes you, the frequency of the 
siren that you hear is 1280 Hz. 

a) How fast was the police car moving? 

b) You are so nervous after the police car passes you that 
you pull off the road and stop. Then you hear another siren, 
this time from an ambulance approaching from behind. 
The frequency of its siren that you hear is 1400 Hz. Once 
it passes, the frequency is 1200 Hz. What is the actual 
frequency of the ambulance’ siren? 


°16.42 A bat flying toward a wall at a speed of 7.0 m/s emits 
an ultrasound wave with a frequency of 30.0 kHz. What 
frequency does the reflected wave have when it reaches the 
flying bat? 

16.43 A plane flies at Mach 1.30, and its shock wave 
reaches a man on the ground 50.0 s after the plane passes 
directly overhead. 
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a) What is the Mach angle? 
b) What is the altitude of the plane? 
°16.44 You are traveling in a car toward a hill at a speed of 


40.0 mph. The car’s horn emits sound waves of frequency 
250 Hz, which move with a speed of 340 m/s. 

a) Determine the frequency with which the waves strike 
the hill. 

b) What is the frequency of the reflected sound waves you hear? 
c) What is the beat frequency produced by the direct and the 
reflected sounds at your ears? 


¢16.45 A car is parked at a railroad crossing. A train 
passes, and the driver of the car records the time depen- 
dence of the frequency of the sound emitted by the train, as 
shown in the figure. 


9505 


of 2 3 

t (s) 

a) What is the frequency heard by someone riding on the train? 

b) How fast is the train moving? 

c) How far away from the train tracks is the driver of the 
fv 

“by 


t=0 sound 


car? | Hint: dh 
dt 


ee16.46 Many towns have tornado sirens, large elevated 
sirens used to warn locals of imminent tornados. In one 
small town, a siren is elevated 100. m off the ground. A car is 
being driven at 100. km/h directly away from this siren while 
it is emitting a 440.-Hz sound. What is the frequency of the 
sound heard by the driver as a function of the distance from 
the siren at which he starts? Plot this frequency as a function 
of the car’s position up to 1000. m. Explain this plot in terms 
of the Doppler effect. 


Section 16.5 

16.47 A standing wave in a pipe with both ends open has 
a frequency of 440 Hz. The next higher harmonic has a fre- 
quency of 660 Hz. 

a) Determine the fundamental frequency. 

b) How long is the pipe? 

16.48 A bugle can be represented by a cylindrical pipe of 
length L = 1.35 m. Since the ends are open, the standing 
waves produced in the bugle have antinodes at the open 


ok L=135m f 
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ends, where the air molecules move back and forth the 
most. Calculate the longest three wavelengths of stand- 

ing waves inside the bugle. Also calculate the three lowest 
frequencies and the three longest wavelengths of the sound 
that is produced in the air around the bugle. 


16.49 A soprano sings the note C6 (1046 Hz) across the 
mouth of a soda bottle. To excite a fundamental frequency in 
the soda bottle equal to this note, describe how far the top of 
the liquid must be below the top of the bottle. 


16.50 A thin aluminum rod of length L = 2.00 m is clamped 
at its center. The speed of sound in aluminum is 5000. m/s. 
Find the lowest resonance frequency for vibrations in this rod. 


°16.51 Find the resonance frequency of the ear canal. Treat 
it as a half-open pipe of diameter 8.0 mm and length 25 mm. 
Assume that the temperature inside the ear canal is body 
temperature (37 °C). 


¢16.52 A half-open pipe is constructed to produce a fun- 
damental frequency of 262 Hz when the air temperature is 
22°C. It is used in an overheated building when the tem- 
perature is 35 °C. Neglecting thermal expansion in the pipe, 
what frequency will be heard? 


Additional Problems 


16.53 Acar horn emits a sound of frequency 400.0 Hz. The 
car is traveling at 20.0 m/s toward a stationary pedestrian 
when the driver sounds the horn. What frequency does the 
pedestrian hear? 


16.54 An observer stands between two sound sources. 
Source A is moving away from the observer, and source B is 
moving toward the observer. Both sources emit sound of the 
same frequency. If both sources are moving with a speed, 
Vsound/2> What is the ratio of the frequencies detected by the 
observer? 


16.55 An F16 jet takes off from the deck of an aircraft 
carrier. A diver 1.00 km away from the ship is floating in 
the water with one ear below the surface and one ear above 
the surface. How much time elapses between the time he 
initially hears the jet’s engines in one ear and the time he 
initially hears them in the other ear? 


16.56 A train has a horn that produces a sound with a fre- 
quency of 311 Hz. Suppose you are standing next to a track 
when the train, horn blaring, approaches you at a speed of 
22.3 m/s. By how much will the frequency of the sound you 
hear shift as the train passes you? 


16.57 You have embarked on a project to build a five-pipe 
wind chime. The notes you have selected for your open 
pipes are presented in the table. 


Note Frequency (Hz) Length (m) 
G4 392 
A4 440 
B4 494 
F5 698 
C6 1046 


Calculate the length for each of the five pipes to achieve the 
desired frequency, and complete the table. 


16.58 Two trains are traveling toward each other in still air 
at 25.0 m/s relative to the ground. One train is blowing a 
whistle at 300. Hz. The speed of sound is 343 m/s. 


a) What frequency is heard by a man on the ground facing 
the whistle-blowing train? 


b) What frequency is heard by a man on the other train? 


°16.59 Ata distance of 20.0 m from a sound source, the in- 
tensity of the sound is 60.0 dB. What is the intensity (in dB) 
at a point 2.00 m from the source? Assume that the sound 
radiates equally in all directions from the source. 


°16.60 Two vehicles carrying speakers that produce a tone 
of frequency 1000.0 Hz are moving directly toward each 
other. Vehicle A is moving at 10.00 m/s and vehicle B is 
moving at 20.00 m/s. Assume the speed of sound in air is 
343.0 m/s, and find the frequencies that the driver of each 
vehicle hears. 


°16.61 You are standing between two speakers that are 
separated by 80.0 m. Both speakers are playing a pure tone 
of 286 Hz. You begin running directly toward one of the 
speakers, and you measure a beat frequency of 10.0 Hz. 
How fast are you running? 


°16.62 Ina sound interference experiment, two identical 
loudspeakers are placed 4.00 m apart, facing in a direction 
perpendicular to the line that connects them. A micro- 
phone attached to a carrier sliding on a rail picks up the 
sound from the speakers at a distance of 400. m, as shown 
in the figure. The two speakers are driven in phase by the 
same signal generator at a frequency of 3400. Hz. Assume 
that the speed of sound in air is 340. m/s. 

a) At what point(s) on the rail should the microphone 

be located for the sound reaching it to have maximum 
intensity? 

b) At what point(s) should it be located for the sound 
reaching it to be zero? 

c) What is the separation between two points of maximum 
intensity? 

d) What is the separation between two points of zero intensity? 
e) How would things change if the two loudspeakers 
produced sounds of the same frequency but different 
intensities? 
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°16.63 A car traveling at 25 m/s honks its horn as it directly 
approaches the side of a large building. The horn produces 

a long sustained note of frequency fọ = 230 Hz. The sound is 
reflected off the building back to the car’s driver. The sound 
wave from the original note and that reflected off the build- 
ing combine to create a beat frequency. What is the beat 
frequency that the driver hears (which tells him that he had 
better hit the brakes!)? 
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16.64 Two identical half-open pipes each have a funda- 
mental frequency of 500. Hz. What percentage change in the 
length of one of the pipes will cause a beat frequency of 10.0 Hz 
when they are sounded simultaneously? 


16.65 A source traveling to the right at a speed of 10.00 m/s 
emits a sound wave at a frequency of 100.0 Hz. The sound 
wave bounces off of a reflector, which is traveling to the left 
at a speed of 5.00 m/s. What is the frequency of the reflected 
sound wave detected by a listener back at the source? 


°16.66 In asuspense-thriller movie, two submarines, X and 
Y, approach each other, traveling at 10.0 m/s and 15.0 m/s, 
respectively. Submarine X “pings” submarine Y by sending a 
sonar wave of frequency 2000.0 Hz. Assume that the sound 
travels at 1500.0 m/s in the water. 


a) Determine the frequency of the sonar wave detected by 
submarine Y. 
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b) What is the frequency detected by submarine X for the 
sonar wave reflected off submarine Y? 

c) Suppose the submarines barely miss each other and 
begin to move away from each other. What frequency does 
submarine Y detect from the pings sent by X? How much is 
the Doppler shift? 


e°16.67 Consider a sound wave (that is, a longitudinal 
displacement wave) in an elastic medium with Young’s 
modulus Y (solid) or bulk modulus B (fluid) and unper- 
turbed density pọ. Suppose this wave is described by the 
wave function 6x(x,t), where ôx denotes the displacement 
of a point in the medium from its equilibrium position, x is 
position along the path of the wave, and t is time. The wave 
can also be regarded as a pressure wave, described by wave 
function dp(x,t), where dp denotes the change of pressure in 
the medium from its equilibrium value. 


a) Find the relationship between dp(x,t) and ôx(x,t), in 
general. 

b) Ifthe displacement wave is a pure sinusoidal function, 
with amplitude A, wave number x, and angular frequency w, 
given by dx(x,t) = A cos (Kx - wt), what is the corresponding 
pressure wave function, 5p(x,t)? What is the amplitude of 
the pressure wave? 


ee16.68 Consider the sound wave of Problem 16.67. 


a) Find the intensity, I, of the general wave, in terms of the 
wave functions 5x(x,f) and dp(x,t). 

b) Find the intensity of the sinusoidal wave of part (b), in 
terms of the displacement and amplitude of the pressure 
wave. 


16.69 Using the results of Problems 16.67 and 16.68, deter- 
mine the displacement and amplitude of the pressure wave 
corresponding to a pure tone of frequency f = 1.000 kHz in 
air (density = 1.20 kg/m’, speed of sound 343. m/s), at the 
threshold of hearing (8 = 0.00 dB) and at the threshold of 
pain (£ = 120. dB). 
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17.1 Definition of Temperature 557 


WHAT WE WILL LEARN 


Temperature is measured using any of several 
different physical properties of certain materials. 


The Fahrenheit temperature scale sets the 
temperature of the freezing point of water at 32 °F 
and that of the boiling point of water at 212 °F. 


The Celsius temperature scale sets the temperature 
of the freezing point of water at 0 °C and that of the 
boiling point of water at 100 °C. 


The Kelvin temperature scale is defined in terms of an 
absolute zero temperature, or the lowest temperature 


Heating a long, thin metal rod causes its length to 
increase linearly with the temperature, measured in K. 


Heating a liquid generally causes its volume to 
increase linearly with the temperature, measured 

in K. 

The Earth's average surface temperature was 14.4 °C in 


2005 and increased by 1 °C in the preceding 155 years. 


Analysis of the cosmic microwave background 
radiation shows the temperature of the universe to be 
PMI PIS NG 


at which any object could theoretically exist. In the 
Kelvin temperature scale, the freezing point of water 
is 273.15 K, and the boiling point of water is 373.15 K. 


The Pleiades star cluster, shown in Figure 17.1, can be seen with the naked eye and was known 
to the ancient Greeks. What they could not know is that these stars exhibit some of the high- 
est temperatures that occur in nature. Surface temperatures of these stars range from 4,000 
to 10,000 °C, depending on size and other factors. However, interior temperatures can reach 
over 10 million °C, hot enough to vaporize any substance. On the other end of the tempera- 
ture range, space itself, far from any stars, registers a temperature of roughly -270 °C. 

This chapter begins our study of thermodynamics, including the concepts of tempera- 
ture, heat, and entropy. In its widest sense, thermodynamics is the physics of energy and 
energy transfer—how energy is stored, how it is transformed from one kind to another, and 
how it can be made available to do work. We'll examine energy at the atomic and molecular 
level as well as at the macroscopic level of engines and machines. 

This chapter looks at temperature—how it is defined and measured and how changes 
in temperature can affect objects. We'll consider various scales with which to quantify tem- 
perature as well as the ranges of temperatures observed in nature and in the lab. 

In practical terms, it is almost impossible to describe temperature without also dis- 
cussing heat, which is the subject of Chapter 18. Be sure you keep in mind the differences 
between these concepts as you study the next few chapters. 


17.1 Definition of Temperature 


Temperature is a concept we all understand from experience. We hear weather forecasters 
tell us that the temperature will be 72 °F today. We hear doctors tell us that our body tem- 
perature is 98.6 °F. When we touch an object, we can tell whether it is hot or cold. If we put 
a hot object in contact with a cold object, the hot object will cool off and the cold object will 
warm up. If we measure the temperatures of the two objects after some time has passed, 
they will be equal. The two objects are then in thermal equilibrium. 

Heat is the transfer of a type of energy. This energy, sometimes called thermal energy, 
is in the form of random motion of the atoms and molecules making up the matter being 
studied. Chapter 18 will quantify the concept of heat as thermal energy that is transferred 
because of a temperature difference. 

The temperature of an object is related to the tendency of the object to transfer heat 
to or from its surroundings. Heat will transfer from the object to its surroundings if the 
object’s temperature is higher than that of its surroundings. Heat will transfer to the object 
if its temperature is less than its surroundings. Note that cold is simply the absence of heat; 
there is no such thing as a flow of “coldness” between an object and its surroundings. If an 
object feels cold to your touch, this is simply a consequence of heat being transferred from 
your fingers to the object. (This is the macroscopic definition of temperature; we'll see in 
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Ice water 
0°C 


(a) 


Boiling water 
100 °C 


(b) 


FIGURE 17.2 A hollow aluminum 
sphere fitted with a pressure gauge 

and filled with nitrogen gas. (a) The 
container is held at 0 °C by placing it 
in ice water. (b) The container is held 
at 100 °C by placing it in boiling water. 


Chapter 19 that on a microscopic level, temperature is proportional to the kinetic energy of 
random motion of particles.) 

Measuring temperature relies on the fact that if two objects are in thermal equilibrium 
with a third object, they are in thermal equilibrium with each other. This third object could 
be a thermometer, which measures temperature. This idea, often called the Zeroth Law of 
Thermodynamics, defines the concept of temperature and underlies the ability to measure 
temperature. That is, in order to find out if two objects have the same temperature, you do 
not need to bring them into thermal contact and monitor whether thermal energy transfers 
(which may be hard or even impossible in some instances). Instead, you can use a ther- 
mometer and measure each object’s temperature separately; if your readings are the same, 
you know that the objects have the same temperature. 

Temperature measurements can be taken using any of several common scales. Let's 
examine these. 


Temperature Scales 


Fahrenheit Scale 


Several systems have been proposed and used to quantify temperature; the most widely 
used are the Fahrenheit, Celsius, and Kelvin scales. The Fahrenheit temperature scale was 
proposed in 1724 by Gabriel Fahrenheit, a German-born scientist living in Amsterdam. 
Fahrenheit also invented the mercury-expansion thermometer. The Fahrenheit scale went 
through several iterations. Fahrenheit finally defined the unit of the Fahrenheit scale (°F) 
by fixing 0 °F for the temperature of an ice-salt bath, 32 °F for the freezing point of water, 
and 96 °F for the temperature of the human body as measured under the arm. Later, other 
scientists defined the boiling point of water as 212 °F. This temperature scale is used widely 
in the United States. 


Celsius Scale 

Anders Celsius, a Swedish astronomer, proposed the Celsius temperature scale, often 
called the centigrade scale, in 1742. Several iterations of this scale resulted in the Celsius 
scale unit (°C) being determined by setting the freezing point of water at 0 °C and the boil- 
ing point of water at 100 °C (at normal atmospheric pressure). This temperature scale is 
used worldwide, except in the United States. 


Kelvin Scale 

In 1848, William Thomson (Lord Kelvin), a British physicist, proposed another tempera- 
ture scale, which is now called the Kelvin temperature scale. This scale is based on the 
existence of absolute zero, the minimum possible temperature. 

The behavior of the pressure of gases at fixed volume as a function of temperature was 
studied, and the observed behavior was extrapolated to zero pressure to establish this absolute 
zero temperature. To see how this works, suppose we have a fixed volume of nitrogen gas in 
a hollow spherical aluminum container connected to a pressure gauge (Figure 17.2). There 
is enough nitrogen gas in the container that when the container is immersed in an ice-water 
bath, the pressure gauge reads 0.200 atm. We then place the container in boiling water. The 
pressure gauge now reads 0.273 atm. Therefore, the pressure has increased while the volume 
has stayed constant. Suppose we repeat this procedure with different starting pressures. Figure 
17.3 summarizes the results, with four solid lines representing the different starting pressures. 
You can see that the pressure of the gas goes down as the temperature decreases. Conversely, 
lowering the pressure of the gas must lower its temperature. Theoretically, the lowest tempera- 
ture of the gas can be determined by extrapolating the measured behavior until the pressure 
becomes zero. The dashed lines in Figure 17.3 shows the extrapolations. 

The relationship among pressure, volume, and temperature for gas is the focus of Chap- 
ter 19. However, for now, you only need to understand the following observation: The data 
from the four sets of measurements starting at different initial pressures extrapolate to the 
same temperature at zero pressure. This temperature is called absolute zero and corresponds 
to -273.15 °C. When researchers attempt to lower the temperature of real nitrogen gas to 
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very low temperatures, the linear relationship breaks down because the gaseous nitrogen 
liquefies, bringing subsequent interactions between the nitrogen molecules. In addition, 
different gases show slightly different behavior at very low temperatures. However, for low 
pressures and relatively high temperatures, this general result stands. 

Absolute zero is the lowest temperature at which matter could theoretically exist. 
(Experimentally, it is impossible to reach absolute zero, just as it is impossible to build a per- 
petual motion machine.) We'll see in Chapter 19 that temperature corresponds to motion 
at the atomic and molecular level, so making an object reach absolute zero would imply 
that all motion in the atoms and molecules of the object ceases. However, in Chapters 36 
and 37, we'll see that some motion of this type is required by quantum mechanics. This is 
sometimes called the Third Law of Thermodynamics, and means that absolute zero is 
never actually attainable. 

Kelvin used the size of the Celsius degree (°C) as the size of the unit of his tempera- 
ture scale, now called the kelvin (K). On the Kelvin scale, the freezing point of water 
is 273.15 K and the boiling point of water is 373.15 K. This temperature scale is used 
in many scientific calculations, as we'll see in the next few chapters. Because of these 
considerations, the kelvin is the standard SI unit for temperature. To achieve greater 
consistency, scientists have proposed defining the kelvin in terms of other fundamen- 
tal constants, rather than in terms of the properties of water. These new definitions are 
scheduled to take effect by the year 2011. 
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FIGURE 17.3 Solid lines: Pressures 
of a gas measured at fixed volume 

and different temperatures. Each line 
represents an experiment starting at 

a different initial pressure. Dashed 
lines: Extrapolation of the pressure of 
nitrogen gas in a fixed volume as the 
temperature is lowered. 


17.1 In-Class Exercise —, 


Which of the following tempera- 
tures is the coldest? 


a) 10 °C 
b) 10 °F 


c) 10 K 


17.2 In-Class Exercise — 


Which of the following tempera- 


tures is the warmest? 
a) 300 °C c) 300 K 


b) 300 °F 


17.2 Temperature Ranges 


Temperature measurements span a huge range (shown in Figure 17.4, using a logarith- 
mic scale), from the highest measured temperatures (2- 10” K), observed in relativistic 
heavy ion collisions (RHIC), to the lowest measured temperatures (1-107'° K), observed 
in spin systems of rhodium atoms. The temperature in the center of the Sun is estimated 
to be 15- 10° K, and at the surface of the Sun, it has been measured to be 5780 K. The low- 
est measured air temperature on the Earth’s surface is 183.9 K (-89.2 °C) in Antarctica; 
the highest measured air temperature on the Earth’s surface is 330.8 K (57.7 °C) in the 
Sahara desert in Libya. You can see from Figure 17.4 that the observed temperature range 
on the surface of the Earth covers only a very small fraction of the range of observed 
temperatures. The cosmic microwave background radiation left over from the Big Bang 
13.7 billion years ago has a temperature of 2.73 K (which is the temperature of “empty” 
intergalactic space), an observation that will be explained in more detail in later chap- 
ters. From Figure 17.4, you can see that temperatures attained in relativistic heavy ion 
collisions are 300 million times higher than the surface temperature of the Sun and that 
temperatures of atoms measured in ion traps are more than a billion times lower than the 
temperature of intergalactic space. 
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FIGURE 17.4 Range of observed temperatures, plotted on a logarithmic scale. 
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FIGURE 17.5 Representative temperatures, expressed in the three common temperature scales. 


Figure 17.5 shows some representative temperatures above absolute zero and below 
400 K, expressed in the Fahrenheit, Celsius, and Kelvin scales. This temperature range is 


shown on a linear scale. 


In the following formulas for converting between the various temperature scales, the 
Fahrenheit temperature is Tp, measured in °F; the Celsius temperature is Tę, measured in 


°C; and the Kelvin temperature is T,, measured in K. 
Fahrenheit to Celsius: 
5 
Te =—| Tp -32 °F). 
c= 5 (Tr -32 °F) 


Celsius to Fahrenheit: 


Tp=2T e432 °C 
17.1 Self-Test Opportunity Celsius to Kelvin: 
At what temperature do the Fahr- Tk = Te + 273.15 °C. 


enheit and Celsius scales have the 


i Kelvin to Celsius: 
same numerical value? 


To= - 273.15 K. 


(17.1) 


(17.2) 


(17.3) 


(17.4) 


The mean human body temperature taken orally is 36.8 °C, which corresponds to 98.2 °F. 
The often quoted mean oral temperature of 98.6 °F corresponds to a 19th-century measure- 
ment of 37 °C. This temperature is highlighted on the oral mercury thermometer in Figure 
17.6. The difference between 98.6 °F and 98.2 °F thus corresponds to the error due to round- 
ing the Celsius scale measurement of human body temperature to two digits. Table 17.1 lists 
human body temperature and other representative temperatures, expressed in the three 
temperature scales. 


EXAMPLE 17.1 { Room Temperature 


Room temperature is often quoted as 72.0 °F. 


PROBLEM 


What is room temperature in the Celsius and Kelvin scales? 


SOLUTION 
Using equation 17.1, we can convert room temperature from degrees Fahrenheit to de- 
grees Celsius: 


N-S o o = o 
To = 5(72 °F -32 °F)=22.2 °C. 
Using equation 17.3, we can then express room temperature in kelvins as 


Tk =22 °C + 273.15 °C =295. K. 


Research at the Low-Temperature Frontier 

How are very low temperatures attained in a lab? Researchers start by taking advantage 
of the properties of gases related to their pressure, volume, and temperature (again, 
Chapter 19 will go into these properties in much greater depth). In addition, phase 
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EGS PA Various Temperatures, Expressed in the Three Most Commonly Used Temperature Scales 


Fahrenheit (°F) Celsius (°C) Kelvin (K) 
Absolute zero -459.67 -273.15 0 
Water freezing point 32 0 2725 
Water boiling point 2 100 3735 
Typical human body temperature 98.2 36.8 310 
Lowest measured air temperature =) = 184 
Highest measured air temperature 136 57.8 331 
Lowest temperature ever measured in a lab -459.67 -273.15 ROON 
Highest temperature ever measured in a lab 3.6- 10” 210" 2.10" 
Cosmic background microwave radiation -454.76 -270.42 273 
Liquid nitrogen boiling point =l -196 Vi 
Liquid helium boiling point -452 -269 4.2 
Temperature at the surface of the Sun 11,000 6,000 6,300 
Temperature at the center of the Sun 27-10° 15-10° 15-10° 
Average temperature of the surface of the Earth 59 15 288 
Temperature at the center of the Earth 12,000 6,700 7,000 
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FIGURE 17.7 (a) A commercial 
dilution refrigerator. (b) Interior of the 
dilution refrigerator with the >He/*He 
mixture container (mixer) and the *He 
removal container (still). 


FIGURE 17.8 A laser-cooling device 
for cooling trapped sodium atoms. 


changes (discussed in Chapter 18) from liquid to gas and back to liquid are crucial in 
producing low temperatures in the lab. For now, all you need to know is that when a 
liquid evaporates, the energy required to change the liquid to a gas is taken from the 
liquid—therefore, the liquid cools. For example, air is liquefied through a multistep pro- 
cess in which the air is compressed and cooled by removing the heat produced in the 
compression stage. Then, the fact that different gases have different temperatures at which 
they liquefy allows liquid nitrogen and liquid oxygen to be separated. At normal atmo- 
spheric pressure, liquid nitrogen has a boiling point of 77 K, while liquid oxygen has a 
boiling point of 90 K. Liquid nitrogen has many applications, not the least of which is in 
classroom lecture demonstrations. 

Even lower temperatures are achieved using the compression process, with liquid 
nitrogen extracting the heat as helium is compressed. Liquid helium boils at 4.2 K. Starting 
with liquid helium and reducing the pressure so that it evaporates, researchers can cool the 
remaining liquid down to about 1.2 K. For the isotope helium-3 (*He), a temperature as low 
as 0.3 K can be reached with this evaporative-cooling technique. 

To reach still lower temperatures, researchers use an apparatus called a dilution refrigera- 
tor (see Figure 17.7). A dilution refrigerator uses two isotopes of helium: He (two protons 
and one neutron) and “He (two protons and two neutrons). (Isotopes are discussed in Chap- 
ter 40 on nuclear physics.) When the temperature of a mixture of liquid *He and liquid “He 
is reduced below 0.7 K, the two gases separate into a *He-poor phase and a “He-poor phase. 
Energy is required to move *He atoms into the *He-poor phase. If the atoms can be forced to 
cross the boundary between the two phases, the mixture can be cooled in a way similar to 
evaporative cooling. A dilution refrigerator can cool to temperatures around 10 mK, and the 
best commercial models can reach 2 mK. 

Still lower temperatures can be reached with a gas of atoms confined to a trap. To attain 
these temperatures, researchers use techniques such as laser cooling. Laser cooling takes 
advantage of the electronic structure of certain atoms. (Atoms, transitions between their 
electron energy levels, and lasers will be covered in detail in Chapter 38.) Transitions 
between specific electron energy levels in an atom can cause photons with a wavelength 
close to visible light to be emitted. The inverse process can also occur, in which the atoms 
absorb photons. (Light absorption and emission are explained in Chapters 36 through 38.) 
To cool atoms using laser cooling, researchers use a laser that emits light with a very specific 
wavelength that is longer than the wavelength of light emitted during an atomic transition. 
Thus, any atom moving toward the laser experiences a slightly shorter wavelength due to 
the Doppler effect (see Chapter 16 and Chapter 31), while any atom moving away from the 
laser experiences a longer wavelength. Atoms moving toward the laser absorb photons, 
but atoms moving away from the laser are not affected. Atoms that absorb photons re-emit 
them in random directions, effectively cooling the atoms. Temperatures approaching 10° K 
have been achieved using this method (Figure 17.8). Steven Chu, Claude Cohen-Tannoudji, 
and William D. Phillips were awarded the 1997 Nobel Prize in Physics for their work with 
laser cooling. 

The coldest temperatures achieved in a lab have been accomplished using a technique 
called adiabatic nuclear demagnetization. The sample, typically a piece of rhodium metal, is 
first cooled using a dilution refrigerator. A strong magnetic field is then applied. (Magnetic 
fields will be discussed in Chapters 27 and 28.) A small amount of heat is produced in the 
rhodium metal, which is removed by the dilution refrigerator. Then the magnetic field is 
slowly turned off. As the magnetic field is reduced, the rhodium metal cools further, reach- 
ing temperatures as low as 10° K. 


Research at the High-Temperature Frontier 


How are high temperatures attained in the lab? The most common methods are by burning 
fuels or by creating explosions. For example, the yellow part of a candle flame has a tem- 
perature of 1470 K. 

The ITER fusion reactor to be constructed in Cadarache, France, by 2016 (Figure 
17.9) is designed to fuse the hydrogen isotopes deuterium (H) and tritium (H) to yield 
helium (*He) plus a neutron, releasing energy. This process of nuclear fusion (to be 


discussed in Chapter 40) is similar to the process that the Sun uses to 
fuse hydrogen into helium and thereby produce energy. In the Sun, the 
huge gravitational force compresses and heats the hydrogen nuclei to pro- 
duce fusion. In ITER, magnetic confinement will be used to hold ionized 
hydrogen in the form of a plasma. A plasma is a state of matter in which 
electrons and nuclei move separately. A plasma cannot be contained in 
a physical container, because it is so hot that any contact with it would 
vaporize the container. In the fusion reactor, plasma is heated by flowing 
a current through it. In addition, the plasma is compressed and further 
heated by the applied magnetic field. At high temperatures, up to 9.9.10’ K, 
and densities, ITER will produce usable energy from the fusion of hydro- 
gen into helium. 

It is possible to achieve even higher temperatures in particle accel- 
erators. The highest temperature has been reached by colliding gold nuclei 
accelerated by the Relativistic Heavy Ion Collider at Brookhaven National 
Laboratory and by the Large Hadron Collider at the European CERN lab- 
oratory. When two gold nuclei collide, a very hot system with a tempera- 
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FIGURE 17.9 Cutaway drawing of the central core of 
ITER, the plasma fusion reactor to be built in France by 


ane ; ; a the year 2016. For size comparison, a person is shown 
ture of 2-10“ K is created; this system is also very small (~107 “m) and standing at the bottom. 


exists for very short periods of time (~10 s). 


17.3 Measuring Temperature 


How are temperatures measured? A device that measures temperature is called a thermom- 
eter. Any thermometer that can be calibrated directly by using a physical property is called a 
primary thermometer. A primary thermometer does not need calibration to external standard 
temperatures. An example of a primary thermometer is one based on the speed of sound in a 
gas. A secondary thermometer is one that requires external calibration to standard temperature 
references. Often, secondary thermometers are more sensitive than primary thermometers. 

A common thermometer is the mercury-expansion thermometer, which is a second- 
ary thermometer. This type of thermometer takes advantage of the thermal expansion of 
mercury (discussed in Section 17.4). Other types of thermometers include bimetallic, ther- 
mocouple, chemoluminescence, and thermistor thermometers. It is also possible to mea- 
sure the temperature of a system by studying the distribution of the speeds of the molecules 
inside the constituent material. 

To measure the temperature of an object or a system using a thermometer, the ther- 
mometer must be placed in thermal contact with the object or system. (Thermal contact 
is physical contact that allows relatively fast transfer of heat.) Heat will then transfer to or 
from the object or system to or from the thermometer, until they have the same tempera- 
ture. A good thermometer should require as little thermal energy transfer as possible to 
reach thermal equilibrium, so the temperature measurement does not significantly change 
the objects temperature. The thermometer should also be easily calibrated so that anyone 
making the same measurement will get the same temperature. 

Calibrating a thermometer requires reproducible conditions. It is difficult to reproduce 
the freezing point of water exactly, so scientists use a condition called the triple point of water. 
Solid ice, liquid water, and gaseous water vapor can coexist at only one temperature and pres- 
sure. By international agreement, the temperature of the triple point of water has been assigned 
the temperature 273.16 K (and a pressure of 611.73 Pa) for the calibration of thermometers. 


17.2 Self-Test Opportunity 


You have an uncalibrated thermom- 
eter, which is intended to be used to 
measure air temperatures. How would 
you calibrate the thermometer? 


17.4 Thermal Expansion 


Most of us are familiar in some way with thermal expansion. Perhaps you know that you 
can loosen a metal lid on a glass jar by heating the lid. You may have seen that bridge spans 
contain gaps in the roadway to allow for the expansion of sections of the bridge in warm 
weather. Or you may have observed that power lines sag in warm weather. 

The thermal expansion of liquids and solids can be put to practical use. Bimetallic strips, 
which are often used in room thermostats, meat thermometers, and thermal protection devices 
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EIGA PAN The Linear 


Expansion Coefficients of 
Some Common Materials 


Material a(10° °C) 
Aluminum 22 
Brass 19 
Concrete l5 
Copper 17 
Diamond 1 
Gold 14 
Lead 29 
Plate glass 9 
Rubber 77 
Steel 13 
Tungsten 4.5 


FIGURE 17.11 The Mackinac Bridge 
across the Straits of Mackinac in Michi- 
gan is the third-longest suspension 


bridge in the United States. 


(a) 
FIGURE 17.12 Finger joints between road segments: (a) open and the expansion of the suspended parts of the roadway 


(b) closed. 
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FIGURE 17.10 Thermal expansion of a rod with initial length L. (The thermally expanded rod at the 
bottom has been shifted so that the left edges coincide.) 


in electrical equipment, take advantage of linear thermal expansion. (A bimetallic strip 
consists of two thin long strips of different metals, which are welded together.) A mercury 
thermometer uses volume expansion to provide precise measurements of temperature. 
Thermal expansion can occur as linear expansion, area expansion, or volume expansion; all 
three classifications describe the same phenomena. 


Linear Expansion 


Let’s consider a metal rod of length L (Figure 17.10). If we raise the temperature of the rod by 
AT = Tinali — Tinitiap the length of the rod increases by the amount AL = Lena — Linitiap given by 


AL=aLAT, (17.5) 


where a is the linear expansion coefficient of the metal from which the rod is constructed 
and the temperature difference is expressed in degrees Celsius or kelvins. The linear expan- 
sion coefficient is a constant for a given material within normal temperature ranges. Some 
typical linear expansion coefficients are listed in Table 17.2. 


EXAMPLE 17.2 | Thermal Expansion of the Mackinac Bridge 


The main span of the Mackinac Bridge (Figure 17.11) has a length of 1158 m. The bridge 
is built of steel. Assume that the lowest possible temperature experienced by the bridge is 
-50 °C and the highest possible temperature is 50 °C. 


PROBLEM 
How much room must be made available for thermal expansion of the center span of the 
Mackinac Bridge? 


SOLUTION 
The linear expansion coefficient of steel is œ = 13-10°° °C™, Thus, the total linear expan- 
sion of the center span of the bridge that must be allowed for is given by 


AL=aLAT = (13-10 ec” )(1158 m)|50 °C-(-50 °C)]=1.5 m. 


DISCUSSION 

A change in length of 1.5 m is fairly large. How is this 
length change accommodated in practice? (Obviously, 
we cannot have gaps in the road surface.) The answer 
lies in expansion joints, which are metal connectors be- 
tween bridge segments whose parts can move relative 
to each other. A popular type of expansion joint is the 
finger joint (see Figure 17.12). The Mackinac Bridge has 
(b) two large finger joints at the towers to accommodate 


and eleven smaller finger joints and five sliding joints 
across the main span of the bridge. 
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From Table 17.2, you can see that various materials, such as brass and steel, have differ- 17.3 In-Class Exercise 
ent linear expansion coefficients. This makes them useful in bimetallic strips. The following A concrete section of a bridge has 
solved problem considers the result of heating a bimetallic strip. a length of 10.0 m at 10.0 °C. By 


how much does the length of the 
concrete section increase if its tem- 


SOLVED PROBLEM 17.1 | Bimetallic Strip perature increases to 40.0 °C? 
p 
0.025 d) 0.22 
A straight bimetallic strip consists of a steel strip and a brass strip, each 1.25 cm wide and a) or ) m 
30.5 cm long, welded together (see Figure 17.13a). Each strip is t = 0.500 mm thick. The b) 0.051 cm e) 0.45 cm 
bimetallic strip is heated uniformly along its length, as shown in Figure 17.13c. (It doesn’t c) 0.075 cm 


matter that the flame is on the right; the heating is uniform throughout the strip. If the 
flame were on the left, the strip would bend in the same direction!) The strip curves such 
that the radius of curvature is R = 36.9 cm. 


FIGURE 17.13 A bimetallic strip. 
(a) The bimetallic strip at room tem- 
perature. (b) The bimetallic strip as it 
begins to be heated by a gas torch (on 
the right edge of the frame). (c) The 
bimetallic strip heated to a uniform 


= temperature over its full length. 
— 
(a) (b) (c) 
PROBLEM 
What is the temperature of the bimetallic strip after it is heated? 
SOLUTION 
THINK 


The bimetal strip is constructed from two materials, steel and brass, that have 
different linear expansion coefficients, listed in Table 17.2. As the temperature 
of the bimetallic strip increases, the brass expands more than the steel does, so 
the strip curves toward the steel side. When the bimetallic strip is heated uni- 
formly, both the steel and brass strips lay along the arc of a circle, with the brass 
strip on the outside and the steel strip on the inside. The ends of the bimetallic 
strip subtend the same angle, measured from the center of the circle. The arc 
length of each metal strip then equals the length of the bimetallic strip at room 
temperature plus the length due to linear thermal expansion. Equating the angle 
subtended by the steel strip to the angle subtended by the brass strip allows the 
temperature to be calculated. 


SKETCH 
Figure 17.14 shows the bimetallic strip after it is heated. The angle subtended by the 
two ends of the strip is 0, and the radius of the inner strip is r}. A portion of a circle 


with radius r, = 36.9 cm is superimposed on the curved strip. FIGURE 17.14 The bimetallic strip after it 
is heated, showing the angle subtended by the 
RESEARCH two ends of the strip. 


The arc length, s,, of the heated steel strip is sı = 7,0, where r, is the radius of the 

circle along which the steel strip lies, and 6 is the angle subtended by the steel strip. 

Also, the arc length, s», of the heated brass strip is s, = r30, where r, is the radius of 
Continued— 
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the circle along which the brass strip lies and 6 is the same angle as that subtended by the 
steel strip. The two radii differ by the thickness, t, of the steel strip: 


n=r+tet=r,-r. (i) 

We can equate the expressions that are equal to the angle subtended by the two strips: 
The arc length, s,, of the steel strip after it is heated is given by 

s,=s+As, =s+a,sAT =s(1+ a, AT), 
where s is the original length of the bimetallic strip. The factor a is the linear expansion 
coefficient of steel from Table 17.2, and AT is the temperature difference between room 
temperature and the final temperature of the bimetallic strip. Correspondingly, the arc 
length, s», of the brass strip after being heated is given by 

5,=s+As,=s+a,sAT =s(1+a,AT), 
where a, is the linear expansion coefficient of brass given in Table 17.2. 
SIMPLIFY 


We can substitute the expressions for the arc lengths of the two strips after heating, sı and 
S» into equation (ii) to get 


s(lt+a@,AT)_ s+ AT) 
" f2 
Dividing both sides of this equation by the common factor s and multiplying by rır, gives 
ry +1,a@, AT =r +r AT. 
We can rearrange this equation and gather common terms to obtain 
1-1 =7,0,AT -rœ AT. 
Solving this equation for the temperature difference gives 
Aye, 
Ta -r20 
Using the relationship between the two radii from equation (i) leads to 
AT =——+__ (iii) 


rfa, - a) -ta 
CALCULATE 
From Table 17.2, the linear expansion coefficient for steel is œ} = 13-10% °C7, and the linear 
expansion coefficient for brass is œ, = 19-10% °C7, Inserting the numerical values gives us 


.500-107° 
AT = pone ae =296:5°C. 


(0.369 m)(19-10° °C _13.10° ec )-(0.500-10° m)(13-10% t) 


ROUND 
Taking room temperature to be 20 °C and reporting our result to two significant figures 
gives us the temperature of the bimetal strip after heating: 


T =20 °C + AT =250 °C. 
DOUBLE-CHECK 


First, we check that the magnitude of the calculated temperature is reasonable. Our an- 
swer of 250 °C is well below the melting points of brass (900 °C) and steel (1450 °C), 
which is important because Figure 17.13c shows that the strip does not melt. Our answer 
is also significantly above room temperature, which is important because Figure 17.13a 
shows that the bimetal strip is straight at room temperature. 


We can further check that the steel and brass strips do subtend the same angle. The 
angle subtended by the steel strip is 


s,_ 30.5 cm +(30.5 cm)(13-10% °C- )(226.5 °C) 


0 = 
fi 36.9 cm 


= 0.829 rads = 47.5°. 


The angle subtended by the brass strip is 


s, _ 305 em+(305 cm)(19-10" °C? )(226.5 °C) 


0 = 
ty 36.9 cm +0.05 cm 


= 0.829 rads = 47.5°. 


Note that because the thickness of the strips is small compared with the radius of the 
circle, we can rewrite equation (iii) as 
-3 
EEE ee 0.500-10° m 
n(az-a1) (0.369 m)(19-10% °C -13-10 °c} 


=226 °C, 


which agrees within rounding error with our calculated result. Thus, our answer seems 
reasonable. 


bey 


Area Expansion 


The effect of a change in temperature on the area of an object is analogous to using a copy 
machine to enlarge or reduce a picture. Each dimension of the object will change linearly with 
the change in temperature. Quantitatively, for a square object with side L (Figure 17.15), the 
area is given by A = L’. Taking the differential ofboth sides of this equation, we get dA = 2L dL. 
If we make the approximations that AA = dA and AL = dL, we can write AA = 2LAL. Using 
equation 17.5, we then obtain 


AA=2L(aLAT)=20AAT. (17.6) 


Although a square was used to derive equation 17.6, it holds for a change in area of any shape. 


KE 

k ia E 

E a a 

F < F 

~ aE 

ae <a 

E ae 

NE ie E 

QE $ E 

H L E 

ES: 

E Ef: 

= WE 

e Se y E 
< L = Linitial , < Lénal = Linitial + AL=L+AL 


FIGURE 17.15 Thermal expansion of a square plate with side L. 


SOLVED PROBLEM 17.2 | Expansion of a Plate with a Hole in It 


A brass plate has a hole in it (Figure 17.16a); the hole has a diameter d = 2.54 cm. The hole 
is too small to allow a brass sphere to pass through (Figure 17.6b). However, when the plate 
is heated from 20.0 °C to 220.0 °C, the brass sphere passes through the hole in the plate. 


Continued— 
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17.4 In-Class Exercise —, 


Suppose the bimetallic strip in 
Figure 17.13 were made of aluminum 
on the right side and copper on the 
left side. Which way would the strip 
bend if it were heated in the same 
way as shown in the figure? (Consult 
Table 17.2 for the linear expansion 
coefficients of the two metals.) 


a) It would bend to the right. 
b) It would stay straight. 


c) It would bend to the left. 
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FIGURE 17.16 (a) The plate be- 
fore it is heated. (b) A brass sphere 
will not pass through the hole in 
the unheated plate. (c) The plate is 
heated. (d) The same brass sphere 
passes through the hole in the 
heated brass plate. 


(a) (b) (c) (d) 


PROBLEM 
How much does the area of the hole in the brass plate increase as a result of heating? 


SOLUTION 


THINK 

The area of the brass plate increases as the temperature of the plate increases. Corre- 
spondingly, the area of the hole in the plate also increases. We can calculate the increase 
in the area of the hole using equation 17.6. 


SKETCH 
Figure 17.17a shows the brass plate before it is heated, and Figure 17.17b shows the plate 
after it is heated. 


(a) (b) 


FIGURE 17.17 The thermal expansion of a plate with a hole in it: (a) before heating; (b) after 
heating. 


RESEARCH 

The area of the plate increases as the temperature increases, as given by equation 17.6. 
The area of the hole will increase proportionally. This increase in the area of the hole 
might seem surprising. However, you can convince yourself that the area of the hole will 
increase when the plate undergoes thermal expansion by looking at Figure 17.17. The 
plate with a hole at T = 20 °C is shown in part (a). The same plate scaled up by 5% in all 
dimensions is shown in part (b). The dashed circle in the hole in the plate in (b) is the 
same size as the hole in the original plate. Clearly, the hole in (b) is larger than the hole 
in (a). The area of the hole at T = 20.0 °C is A = mR?. Equation 17.6 gives the change in 
the area of the hole: 


AA =20AAT, 


where a is the linear expansion coefficient for brass and AT is the change in temperature 
of the brass plate. 


SIMPLIFY 
Using A = mR? in equation 17.6, we have the change in the area of the hole 


AA= 2a(7R’)AT. 


Remembering that R = d/2, we get 


CALCULATE 


From Table 17.2, the linear expansion coefficient of brass is œ = 19-10% °C"'. Thus, the 


change in the area of the hole is 


(19 -10% c7 )(0.0254 m) (220.0 °C -20.0 °C) 


=3,.85098-10°° m’. 


2 
ROUND 
We report our result to two significant figures: 
AA=39-10° m’. 


DOUBLE-CHECK 
From everyday experience with objects that are heated and cooled, we know that the rela- 
tive changes in area are not very big. Since the original area of the hole is A = md’/4 = 
70.0254 m)*/4 = 5.07-10°* m’, we obtain for the fractional change AA/A = (3.9- 10% m’)/ 
(5.07 -104 mô) = 7.7- 10°, or less than 0.8%. Thus, the magnitude of our answer seems in 
line with physical intuition. 

The change in radius of the hole as the temperature increases is given by 


AR=aRAT =(19-10° enjem 


(200 °C)=4.83-10° m. 
For that change in radius, the increase in the area of the hole is 


48-10” m)=3.85-10% m?, 


AA = A( mR?) =27RAR =24| 0254 


which agrees within rounding error with our result. Thus, our answer seems reasonable. 


—————————————————————— 


Volume Expansion 

Now let’s consider the change in volume of an object with a change in temperature. For a 
cube with side L, the volume is given by V = L°. Taking the differential of both sides of this 
equation, we get dV = 3LdL. Making the approximations that AV = dV and AL = dL, we can 
write AV = 3LAL. Then, using equation 17.5, we obtain 


AV =3P (aLAT)=3aVAT. (17.7) 
Because the change in volume with a change in temperature is often of interest, it is conve- 
nient to define the volume expansion coefficient: 
B=3a. (17.8) 
Thus, we can rewrite equation 17.7 as 
AV = BVAT. (17.9) 


Although a cube was used to derive equation 17.9, it can be generally applied to a change in 
the volume of any shape. Some typical volume expansion coefficients are listed in Table 17.3. 

Equation 17.9 applies to the thermal expansion of most solids and liquids. However, 
it does not describe the thermal expansion of water. Between 0 °C and about 4 °C, water 
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IF) OEFA Volume 


Expansion Coefficient for 
Some Common Liquids 


Material BOREC) 
Mercury 181 
Gasoline 950 
Kerosene 990 
Ethyl alcohol 1120 
Water (1 °C) -47.8 
Water (4°C) 0 
Water (7 °C) 45.3 
Water (10 °C) 87.5 
Water (15 °C) 151 
Water (20 °C) 207 
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17.5 In-Class Exercise 


You have a metal cube, which you 
heat. After heating, the area of one 
of the cube’s surfaces has increased 
by 0.02%. Which statement about 
the volume of the cube after heat- 
ing is correct? 


a) It has decreased by 0.02%. 
b) It has increased by 0.02%. 


) 

) 

c) It has increased by 0.01%. 

d) It has increased by 0.03%. 
) 


e) Not enough information is given 
to determine the volume change. 


A 
1003 } 
1002 } 
«a, 
g 
2 
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V min at T = 3.98 °C 
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0 5 10 15 20 25 
V decreases as T increases TCC) 


FIGURE 17.18 The dependence of the volume of 1 kg of water on temperature. 


contracts as the temperature increases (Figure 17.18). Water with a temperature above 4 °C 
is denser than water with a temperature just below 4 °C. This property of water has a dra- 
matic effect on the way a lake freezes in the winter. As the air temperature drops from warm 
summer to cold winter temperatures, the water in a lake cools from the surface down. The 
cooler, denser water sinks to the bottom of the lake. However, as the temperature of the 
water on the surface falls below 4 °C, the downward motion ceases, and the cooler water 
remains at the surface of the lake, with the denser, warmer water below. The top layer even- 
tually cools to 0 °C and then freezes. Ice is less dense than water, so the ice floats on the 
water. This newly formed layer of ice acts as insulation, which slows the freezing of the 
rest of the water in the lake. If water had the same thermal expansion properties as other 
common materials, instead of freezing from the top down, the lake would freeze from the 
bottom up, with warmer water remaining at the surface of the lake and cooler water sinking 
to the bottom. This would mean that lakes would freeze solid more often, and any forms of 
life in them that could not exist in ice would not survive the winter. 

In addition, you can see from Figure 17.18 that the volume of a given amount of water 
never depends linearly on the temperature. However, the linear dependence of the volume 
of water on temperature can be approximated by considering a small temperature interval. 
The slope of the volume/temperature curve is AV/AT, so we can extract an effective volume 
expansion coefficient for small temperature changes. For example, the volume expansion 
coefficient for water at six different temperatures is given in Table 17.3; note that at 1 °C, 
B = -47.8 -10% °C, which means that the volume of water will decrease as the temperature 
is increased. 


EXAMPLE 17.3 | Thermal Expansion of Gasoline 


You pull your car into a gas station on a hot summer day, when the air temperature is 
40 °C. You fill your empty 55-L gas tank with gasoline that comes from an underground 
storage tank where the temperature is 12 °C. After paying for the gas, you decide to walk 
to the restaurant next door and have lunch. Two hours later, you come back to your car 
and discover that gasoline has spilled out of the gas tank onto the ground. 


PROBLEM 
How much gasoline has spilled? 


SOLUTION 

We know the following: The temperature of the gasoline you put in the tank starts out at 
12 °C. The gasoline warms up to the outside air temperature of 40 °C. The volume expan- 
sion coefficient of gasoline is 950- 10% °C. 
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While you were gone, the temperature of the gasoline changed from 12 °C to 40 °C. 
Using equation 17.9, we can find the change in volume of the gasoline as the temperature 
increases: 

AV =BVAT = (950-105 ec" )(s5 L)(40 °C-12°C)=1.5 L. 


Thus, the volume of the gasoline increases by 1.5 liter as the temperature of the gasoline is 
raised from 12 °C to 40 °C. The gas tank was full when the temperature of the gasoline was 
12 °C, so this excess volume spills out of the tank onto the ground. 


b 


17.5 Surface Temperature of the Earth 


A report on daily surface temperatures is part of every weather report in newspapers and 
TV and radio newscasts. It is clear that it is usually colder at night than during the day, 
colder in the winter than in the summer, and hotter close to the Equator than near the 
poles. A current topic of intense discussion is whether the temperature of Earth is rising. A 
conclusive answer to this question requires data giving appropriate averages. The first aver- 
age that is useful is over time. Figure 17.19 is a plot of the surface temperature of the Earth, 
time-averaged over one month (June 1992). 

The time-averaged values of the temperature over the entire surface of Earth are 
obtained by systematically taking temperature measurements over the surface of the Earth, 
including the oceans. These measurements are then corrected for any systematic biases, 
such as the fact that many temperature-measuring stations are located in populated areas 
and many sparsely populated areas have few temperature measurements. After all of the 
corrections are taken into account, the result is the average surface temperature of Earth in 
a given year. The current year-round average surface temperature of Earth is approximately 
287.5 K (14.4 °C). In Figure 17.20, this average global temperature is plotted for the years 
1880 to 2005. You can see that since around 1900, the temperature seems to be increasing 
with time, indicating global warming. The blue horizontal line in the graph represents the 
average global temperature for the 20th century, 13.9 °C. 

Several models predict that the average global surface temperature of Earth will con- 
tinue to increase. Although the magnitude of the increase in average global temperature 
over the past 155 years is around 1 °C, which does not seem like a large increase, combined 
with predicted future increases, it is sufficient to cause observable effects, such as the raising 
of ocean water levels, the disappearance of the Arctic ice cover in summers, climate shifts, 
and increased severity of storms and droughts around the world. 

Figure 17.21 shows a record of the difference between the current average annual sur- 
face temperature in Antarctica and the average annual surface temperature over the last 
420,000 years, which was determined from ice cores. Note that past tem- 
peratures were evaluated from measurements of carbon dioxide in the ice 
cores, that their values may be somewhat model-dependent, and that the 


l > 
1880 1900 1920 1940 1960 1980 2000 


== = = Tear 
-63°C  —13°C 37°C 
FIGURE 17.20 Annual average global surface temperature from 
June 1992 


1880 to 2005 as measured by thermometers on land and in the 
FIGURE 17.19 Time-averaged surface temperature of the Earth in June ocean (red histogram). The blue horizontal line represents the aver- 
1992. The colors represent a range of temperatures from -63 °C to +37 °C. age global temperature for the 20th century, 13.9 °C. 
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AT (°C) 


10 H L L 1 Ly 
410° 3410? 210 110° 0 


Year before current 


FIGURE 17.21 Average annual surface 
temperature of Antarctica in the past, extracted 
from carbon dioxide content of ice cores, rela- 
tive to the present value. 


resulting temperature differences may be significantly larger than the corresponding 
global temperature differences. Several distinct periods are apparent in Figure 17.21. 
An interval of time when the temperature difference is around -7 °C corresponds to a 
period in which ice sheets covered parts of North America and Europe and is termed 
a glacial period. The last glacial period ended about 10,000 years ago. The warmer 
periods between glacial periods, called interglacial periods, correspond to temperature 
differences of around zero. In Figure 17.21, four glacial periods are visible, going back 
400,000 years. Attempts have been made to relate these temperature differences to 
differences in the heat received from the Sun due to variations in the Earth’s orbit and 
the orientation of its rotational axis known as the Milankovitch Hypothesis. However, 
these variations cannot account for all of the observed temperature differences. 

The current warm, interglacial period began about 10,000 years ago and seems 
to be slightly cooler than previous interglacial periods. Previous interglacial periods 
have lasted from 10,000 to 25,000 years. However, human activities, such as the burn- 
ing of fossil fuels and the resulting greenhouse effect (more on this in Chapter 18), 
are influencing the average global temperature. Models predict that the effect of these 
activities will be to warm the Earth, at least for the next several hundred years. 

One effect of the warming of Earth’s surface is a rise in sea level. Sea level has 
risen 120 m since the peak of the last glacial period, about 20,000 years ago, as a 
result of the melting of the glaciers that covered large areas of land. The melting of 


17.3 Self-Test Opportunity large amounts of ice resting on solid ground is the largest potential contributor to a further 
rise in sea level. For example, if all the ice in Antarctica melted, sea level would rise 61 m. 


Identify the years corresponding to 
glacial and interglacial periods in 
Figure 17.21. 


If all the ice in Greenland melted, the rise in sea level would be 7 m. However, it would 
take several centuries for these large deposits of ice to melt completely, even if pessimistic 
predictions of climate models are correct. The rise in sea level due to thermal expansion 


is small compared with that due to the melting of large glaciers. The current rate of the rise 
in sea level is 2.8 mm/yr, as measured by the TOPEX/Poseidon satellite. 


EXAMPLE 17.4 J Rise in Sea Level Due to Thermal Expansion of Water 


Water temperature T (°C) 


0 1 2 3 4 
Water depth d (km) 


FIGURE 17.22 Average ocean water tempera- 
ture as a function of depth below the surface. 


The rise in the level of the Earth’s oceans is of current concern. Oceans cov- 
er 3.6-10° km’, slightly more than 70% of Earth’s surface area. The average 
ocean depth is 3700 m. The surface ocean temperature varies widely, between 
35 °C in the summer in the Persian Gulf and -2 °C in the Arctic and Antarctic 
regions. However, even if the ocean surface temperature exceeds 20 °C, the water 
temperature rapidly falls off as a function of depth and reaches 4 °C at a depth 
of 1000 m (Figure 17.22). The global average temperature of all seawater is 
approximately 3 °C. Table 17.3 lists a volume expansion coefficient of zero 
for water at a temperature of 4 °C. Thus, it is safe to assume that the volume 
of ocean water changes very little at a depth greater than 1000 m. For the top 
1000 m of ocean water, let’s assume a global average temperature of 10.0 °C 
and calculate the effect of thermal expansion. 


PROBLEM 
By how much would sea level change, solely as a result of the thermal expansion 
of water, if the water temperature of all the oceans increased by AT =1.0 °C? 


SOLUTION 
The volume expansion coefficient of water at 10.0 °C is B = 87.5- 10°° °C"! (from Table 17.3), 
and the volume change of the oceans is given by equation 17.9, AV = BVAT, or 


= = BAT. (i) 


We can express the total surface area of the oceans as A = (0.7)477R’, where R is the radius 
of Earth and the factor 0.7 reflects the fact that about 70% of the surface of the sphere is 
covered by water. We assume that the surface area of the oceans increases only minutely 
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from the water moving up the shores and neglect the change in surface area due to this 
effect. Then, essentially all of the change of the oceans’ volume will result from the change 
in the depth, and we can write 
AV Ad-A_ Ad 
V dA d` 


(ii) 
Combining equations (i) and (ii), we obtain an expression for the change in depth: 


= = BAT > Ad = BdAT. 


Inserting the numerical values, d = 1000 m, AT = 1.0 °C, and B = 87.5 - 10% °C", we obtain 
Ad =(1000 m)(87.5-10° °C')(1.0 °C) =9 cm. 


So, for every increase of the average ocean temperature by 1 °C, the sea level will rise by 
9 cm (almost 4 in). This rise is smaller than the anticipated rise due to the melting of the ice 
cover on Greenland or Antarctica but will contribute to the problem of coastal flooding. 


17.6 Temperature of the Universe 


In 1965, while working on an early radio telescope, Arno Penzias and Robert Wilson dis- 
covered the cosmic microwave background radiation. They detected “noise, or “static, 
that seemed to come from all directions in the sky. Penzias and Wilson figured out what 
was producing this noise (which earned them the 1978 Nobel Prize): It was electromagnetic 
radiation left over from the Big Bang, which occurred 13.7 billion years ago. (We'll discuss 
electromagnetic radiation in Chapter 31.) It is astonishing to realize that an “echo” of the Big 
Bang still reverberates in “empty” intergalactic space after such a long time. The wavelength 
of the cosmic background radiation is similar to the wavelength of the electromagnetic radia- 
tion used in a microwave oven. An analysis of the distribution of wavelengths of this radiation 
led to the deduction that the background temperature of the universe is 2.725 K (exactly how 
this analysis was done is described in Chapter 36 on quantum physics). George Gamov had 
already predicted a cosmic background temperature of 2.7 K in 1948, when it was not clear 
at all yet that the Big Bang was a scientifically established fact. 

In 2001, the Wilkinson Microwave Anisotropy Probe (WMAP) satellite measured vari- 
ations in the background temperature of the universe. This mission followed the successful 
Cosmic Background Explorer (COBE) satellite, launched in 1989, which resulted in the 
2006 Nobel Prize for Physics being awarded to John Mather and George Smoot. The COBE 
and WMAP missions found that the cosmic microwave background radiation was very 
uniform in all directions, but small differences in the temperature were superimposed on 
the smooth background. The WMAP results for the background temperature in all direc- 
tions are shown in Figure 17.23. The effects of the Milky Way galaxy have been subtracted. 
You can see that the variation in the background temperature in the universe is very small, 
since +200 wK/2.725 K = +7.3- 10”. From interpretation of these results and other obser- 
vations, scientists deduced that the age of the universe is 13.7 billion years, with a margin 
of error of less than 1%. In addition, scientists were able to deduce that the universe is 


Galactic North Pole FIGURE 17.23 The temperature 

of the cosmic microwave background 
radiation everywhere in the universe. 
The colors represent a range of tem- 
peratures from 200 uK below to 200 uK 
above the average temperature of the 
cosmic microwave background radia- 
tion, which has an average temperature 
of 2.725 K. 
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composed of 4% ordinary matter, 23% dark matter, and 73% dark energy. Dark matter is 
matter that exerts an observable gravitational pull but seems to be invisible, as discussed 
in Chapter 12. Dark energy seems to be causing the expansion of the universe to speed up. 
(Chapter 39, on particle physics and cosmology, covers these phenomena in detail.) Both 
dark matter and dark energy are under intense current investigation, and understanding of 
them should improve in the next decade. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= ‘The three commonly used temperature scales are the = ‘The conversion from °C to °F is given by 
Fahrenheit scale, the Celsius scale, and the Kelvin scale. Tp=<Tc + 32°C. 

= The Fahrenheit scale is used only in the United States = ‘The conversion from °C to K is given by 
and defines the freezing point of water as 32 °F and lee liegt 2/3:15 °@. 


a point of water as 212i = The conversion from K to °C is given by 


= The Celsius scale defines the freezing point of water as To= uk 273.15 


0 °C and the boiling point of water as 100 °C. mpi Theltange in lenpihpAmcnaman ee oileneit a. 


= The Kelvin scale defines 0 K as absolute zero and the the temperature changes by AT is given by AL = aLAT, 
freezing point of water as 273.15 K. The size of the where a is the linear expansion coefficient. 


kelvin and the Celsius degree are the same. = The chahgts A oe Mec vith volume Y 


= The conversion from °F to °C is given by as the temperature changes by AT is given by AV = VAT, 
To = (Tr - 32 °F). where £ is the volume expansion coefficient. 
KEY TERMS 
thermal equilibrium, Zeroth Law of Thermodynamics, absolute zero, p. 558 linear expansion coefficient, 
p. 557 p. 558 Third Law of Thermodynamics, p. 564 

heat, p. 557 Fahrenheit temperature scale, p. 559 volume expansion coefficient, 
thermal energy, p. 557 p. 558 kelvin, p. 559 p. 569 
temperature, p. 557 Celsius temperature scale, p.558 thermal expansion, p. 563 cosmic microwave background 
thermometer, p. 558 Kelvin temperature scale, p. 558 radiation, p. 573 


NEW SYMBOLS 


T, temperature a, linear expansion coefficient B, volume expansion coefficient 


ANSWERS TO SELF-TEST OPPORTUNITIES 


17.1 Take T = Tp = Te, and solve for T : 17.3 The glacial periods are in years ago: 
Pair ya 12,000 to 120,000 
150,000 to 230,000 
-4T =32 
250,000 to 310,000 
Dero 330,000 to 400,000. 


17.2 Use an ice-and-water mixture, which is at 0 °C, and 


boiling water, which is at 100 °C. Take the measurements The interglacial periods are in years ago: 


and mark the corresponding places on the uncalibrated 0 to 12,000 

thermometer. 110,000 to 130,000 
230,000 to 250,000 
310,000 to 330,000 


400,000 to 410,000. 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 

1. Be consistent in your use of Celsius, Kelvin, or Fahrenheit 
temperatures. For calculating a temperature change, a Celsius 
degree is equal to a kelvin. If you need to find a temperature 
value, however, remember which temperature scale is asked for. 
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2. Thermal expansion has an effect similar to enlarging a 
photograph: All parts of the picture get expanded in the 
same way. Remember that a hole in an object expands with 
increasing temperature just as the object itselfdoes. Sometimes 
you can simplify a problem involving volume expansion to 
one dimension and then use linear expansion coefficients. Be 
alert for these kinds of situations. 


SOLVED PROBLEM 17.3 (Linear Expansion of a Steel Bar and a 
Se 


Brass Bar 


At 20.0 °C, a steel bar is 3.0000 m long and a brass bar is 2.9970 m long. 


PROBLEM 
At what temperature will the two bars be the same length? 


SOLUTION 
THINK 


The coefficient of linear expansion for steel is less than that for brass. Thus, as the two bars 
are heated, the brass bar will expand more. To obtain the temperature at which the two bars 
have the same length, we equate the expressions for the final lengths of the bars, given in 
terms of the initial lengths, the expansion coefficients, and the temperature increase. 


SKETCH 
Figure 17.24 shows the two bars before and after heating. 


T = 20.0°C T = 20.0°C + AT 


The length of the steel bar before heating is L, its change in length is AL, and Steel 


the linear expansion coefficient of steel is a, = 13 -10% °C’. The length of the brass 
bar before heating is Lẹ its change in length is AL,, and the linear expansion coef- 
ficient of brass is œ, = 19-10°° °C"!. The change in temperature is AT. 


RESEARCH 
The change in length of the steel bar is given by 


AL,=a,L,AT. 
The change in length of the brass bar is given by 
AL, =a, LAT. 
When the two bars have the same length, 
L,+ AL, = L, + AL. 


SIMPLIFY 
We can combine the preceding three equations to obtain 


L, + a,L,AT = Ly + a LAT. 


Rearranging and solving for the temperature difference, we get 


a,L,AT = a,L,AT = Ly = L, > 


CALCULATE 


Putting in the numerical values gives 


ieee (2.9970 m)-(3.0000 m) 


L, = 3.0000 m 
a, = 13-10°°°Ct 


Brass 
L, = 2.9970 m 
ap = 19:10 °C 

(a) (b) 
FIGURE 17.24 A steel bar and a brass bar: 
(a) before heating; (b) after heating. 


=167.1961 °C. 


(13-10° eC )(3.0000 m)-(19-10° *C1}(2.9970 m) 


Continued— 
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ROUND 


We report our result to three significant figures: 


DOUBLE-CHECK 


T = 20.0 °C + 167.1961 °C =187. °C. 


To double-check our result, we calculate the final length of both bars. For the steel bar, we have 


L,(1+@,AT)=(3.0000 m)[1-+ (13-10 C7 )(167.1961 °c) =3,00652 m. 


For the brass bar, we have 


L,(1+a,A7) =(2.9970 m| m (19 10% °C )(167.1961 °c) =3,00652 m. 


Thus, our answer seems reasonable. 


ey 


MULTIPLE-CHOICE QUESTIONS 


| 17.1 Two mercury-expansion thermometers have identical 
reservoirs and cylindrical tubes made of the same glass but 
of different diameters. Which of the two thermometers can 
be graduated to a better resolution? 
a) The thermometer with the smaller diameter tube will 
have better resolution. 
b) The thermometer with the larger diameter tube will have 
better resolution. 
c) The diameter of the tube is irrelevant; it is only the 
volume expansion coefficient of mercury that matters. 
d) Not enough information is given to tell. 
17.2. For a class demonstration, your physics instructor 
uniformly heats a bimetallic strip that is held in a horizontal 
orientation. As a result, the bimetallic strip bends upward. This 
tells you that the coefficient of linear thermal expansion for 
metal T, on the top is that of metal B, on the bottom. 

c) equal to 


a) smaller than b) larger than 


17.3 Two solid objects, A and B, are in contact. In which 
case will thermal energy transfer from A to B? 

a) A is at 20 °C, and B is at 27 °C. 

b) A isat 15 °C, and B is at 15 °C. 

c) Ais at 0 °C, and B is at -10 °C. 

17.4 Which of the following bimetallic strips will exhibit 


the greatest sensitivity to temperature changes? That is, 


which one will bend the most as temperature increases? 
a) copper and steel d) aluminum and brass 
b) steel and aluminum e) copper and brass 


c) copper and aluminum 


QUESTIONS 
| 17.10 A common way of opening a tight lid on a glass jar 
is to place it under warm water. The thermal expansion of 
the metal lid is greater than that of the glass jar; thus, the 
space between the two expands and it is easier to open the 
jar. Will this work for a metal lid on a container of the same 


kind of metal? 


17.5 The background temperature of the universe is 


a) 6000 K. c) 3K. e) OK. 
b) 288K. d) 2.73 K. 

17.6 Which air temperature feels coldest? 

a) -40 °C c) 233K 

b) -40 °F d) All three are equal. 


17.7 At what temperature do the Celsius and Fahrenheit 
temperature scales have the same numeric value? 

a) -40 degrees 
b) 0 degrees 


17.8 The city of Yellowknife in the Northwest Territories of 
Canada is on the shore of Great Slave Lake. The average high 
in July is 21 °C and the average low in January is -31 °C. 
Great Slave Lake has a volume of 2090 km’ and is the 
deepest lake in North America, with a depth of 614 m. What 
is the temperature of the water at the bottom of Great Slave 
Lake in January? 


a) -31°C c) 0°C 
b) -10°C d) 4°C 
17.9 Which object has the higher temperature after being 


left outside for an entire winter night: a metal door knob or 
a rug? 


c) 40 degrees 
d) 100 degrees 


e) 32°C 


a) The metal door knob has the higher temperature. 
b) The rug has the higher temperature. 

c) Both have the same temperature. 

d) It depends on the outside temperature. 


17.11 Would it be possible to have a temperature scale de- 
fined in such a way that the hotter an object or system got, the 
lower (less positive or more negative) its temperature was? 


17.12 The solar corona has a temperature of about 1-10° K. 
However, a spaceship flying in the corona will not be burned 
up. Why is this? 


17.13 Explain why it might be difficult to weld aluminum 
to steel or to weld any two unlike metals together. 


17.14 Two solid objects are made of different materials. 
Their volumes and volume expansion coefficients are V, 

and V, and 6; and B,, respectively. It is observed that dur- 
ing a temperature change of AT, the volume of each object 
changes by the same amount. If V, = 2V, what is the ratio of 
the volume expansion coefficients? 


17.15 Some textbooks use the unit K~! rather than °C! for 
values of the linear expansion coefficient; see Table 17.2. 
How will the numerical values of the coefficient differ if 
expressed in K7!? 


17.16 You are outside on a hot day, with the air temperature 
at T Your sports drink is at a temperature T, in a sealed plas- 
tic bottle. There are a few remaining ice cubes in the sports 
drink, which are at a temperature T, but they are melting fast. 


a) Write an inequality expressing the relationship among 
the three temperatures. 

b) Give reasonable values for the three temperatures in 
degrees Celsius. 


17.17 The Rankine temperature scale is an absolute tem- 
perature scale that uses Fahrenheit degrees; that is, tem- 
peratures are measured in Fahrenheit degrees, starting at 
absolute zero. Find the relationships between temperature 
values on the Rankine scale and those on the Fahrenheit, 
Kelvin, and Celsius scales. 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One e and two ee 
indicate increasing level of problem difficulty. 


Sections 17.1 and 17.2 

17.22 Express each of the following temperatures in degrees 
Celsius and in kelvins. 

a) -19°F b) 98.6 °F c) 52°F 

17.23 One thermometer is calibrated in degrees Celsius, 
and another in degrees Fahrenheit. At what temperature is 
the reading on the thermometer calibrated in degrees Cel- 
sius three times the reading on the other thermometer? 


17.24 During the summer of 2007, temperatures as high 

as 47 °C were recorded in Southern Europe. The highest 
temperature ever recorded in the United States was 134 °F 
(at Death Valley, California, in 1913). What is the difference 
between these two temperatures, in degrees Celsius? 

17.25 The lowest air temperature recorded on Earth is -129 °F 
in Antarctica. Convert this temperature to the Celsius scale. 


17.26 What air temperature will feel twice as warm as 0 °F? 


17.27 A piece of dry ice (solid carbon dioxide) sitting in a 
classroom has a temperature of approximately -79 °C. 

a) What is this temperature in kelvins? 

b) What is this temperature in degrees Fahrenheit? 
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17.18 The Zeroth Law of Thermodynamics forms the basis 
for the definition of temperature with regard to thermal en- 
ergy. But the concept of temperature is used in other areas of 
physics. In a system with energy levels, such as electrons in an 
atom or protons in a magnetic field, the population of a level 
with energy E is proportional to the factor eF" where Tis 
the absolute temperature of the system and kp = 1.381 - 10” J/K 
is Boltzmann's constant. In a two-level system with the levels’ 
energies differing by AE, the ratio of the populations of the 
higher-energy and lower-energy levels is Pyigh/Ptow = em 
Such a system can have an infinite or even negative absolute 
temperature. Explain the meaning of such temperatures. 


17.19 Suppose a bimetallic strip is constructed of two 
strips of metals with linear expansion coefficients a, and a), 
where a, > Q. 


a) If the temperature of the bimetallic strip is reduced by 
AT, what way will the strip bend (toward the side made of 
metal 1 or the side made of metal 2)? Briefly explain. 


b) Ifthe temperature is increased by AT, which way will the 
strip bend? 


17.20 For food storage, what is the advantage of placing a 
metal lid on a glass jar? (Hint: Why does running the metal 
lid under hot water for a minute help you open such a jar?) 


17.21 A solid cylinder and a cylindrical shell, of identical 
radius and length and made of the same material, experi- 
ence the same temperature increase AT. Which of the two 
will expand to a larger outer radius? 


17.28 In 1742, the Swedish astronomer Anders Celsius pro- 
posed a temperature scale on which water boils at 0.00 degrees 
and freezes at 100. degrees. In 1745, after the death of Cel- 
sius, Carolus Linnaeus (another Swedish scientist) reversed 
those standards, yielding the scale that is most commonly 
used today. Find room temperature (77.0 °F) on Celsius’s 
original temperature scale. 


17.29 At what temperature do the Kelvin and Fahrenheit 
scales have the same numeric value? 


Section 17.4 


17.30 How does the density of copper that is just above its 
melting temperature of 1356 K compare to that of copper at 
room temperature? 


17.31 The density of steel is 7800.0 kg/m’ at 20.0 °C. Find 
the density at 100.0 °C. 


17.32 Two cubes with sides of 
length 100.0 mm fit in a space 
that is 201.0 mm wide, as shown 
in the figure. One cube is made 
of aluminum, and the other is 
made of brass. What temperature increase is required for 
the cubes to completely fill the gap? 


Aluminum 


17.33 A brass piston ring is to be fitted onto a piston 
by first heating up the ring and then slipping it over the 
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piston. The piston ring has an inner diameter of 10.00 cm 
and an outer diameter of 10.20 cm. The piston has an outer 
diameter of 10.10 cm, and a groove for the piston ring has 
an outer diameter of 10.00 cm. To what temperature must 
the piston ring be heated so that it will slip onto the piston? 


17.34 An aluminum sphere of radius 10.0 cm is heated 
from 100.0 °F to 200.0 °F. Find (a) the volume change and 
(b) the radius change. 


17.35 Steel rails for a train track are laid in a region subject 
to extremes of temperature. The distance from one juncture 
to the next is 5.2000 m, and the cross-sectional area of the 
rails is 60. cm7. If the rails touch each other without buckling 
at the maximum temperature, 50. °C, how much space will 
there be between the rails at -10. °C? 


17.36 Even though steel has a relatively low linear expan- 
sion coefficient (@ ee] = 13 - 10%% °C ~'), the expansion of steel 
railroad tracks can potentially create significant problems 
on very hot summer days. To accommodate for the thermal 
expansion, a gap is left between consecutive sections of 

the track. If each section is 25.0 m long at 20.0 °C and the 
gap between sections is 10.0 mm wide, what is the highest 
temperature the tracks can take before the expansion creates 
compressive forces between sections? 


17.37 A medical device used for handling tissue samples 
has two metal screws, one 20.0 cm long and made from brass 
(ay, = 18.9-10°° °C) and the other 30.0 cm long and made 
from aluminum (a, = 23.0-10°°°C"'). A gap of 1.00 mm 
exists between the ends of the screws at 22.0 °C. At what 
temperature will the two screws touch? 


17.38 You are designing a precision mercury thermometer 
based on the thermal expansion of mercury (£ = 1.8- 104°C’), 
which causes the mercury to expand up a thin capillary as the 
temperature increases. The equation for the change in volume 
of the mercury as a function of temperature is AV = BV,AT, 
where V, is the initial volume of the mercury and AV is the 
change in volume due to a change in temperature, AT. In 
response to a temperature change of 1.0 °C, the column 

of mercury in your precision thermometer should move 

a distance D = 1.0 cm up a cylindrical capillary of radius 

r = 0.10 mm. Determine the initial volume of mercury that 
allows this change. Then find the radius of a spherical bulb that 
contains this volume of mercury. 


°17.39 Ona hot summer day, a cubical swimming pool is 
filled to within 1.0 cm of the top with water at 21 °C. When 
the water warms to 37 °C, the pool overflows. What is the 
depth of the pool? 


°17.40 A steel rod of length 1.0 m is welded to the end of an 
aluminum rod of length 2.0 m (lengths measured at 22 °C). 
The combination rod is then heated to 200. °C. What is the 
change in length of the combination rod at 200. °C? 


e17.41 A clock based on a simple pendulum is situated 
outdoors in Anchorage, Alaska. The pendulum consists of a 
mass of 1.00 kg that is hanging from a thin brass rod that is 
2.000 m long. The clock is calibrated perfectly during a sum- 


mer day with an average temperature of 25.0 °C. During the 
winter, when the average temperature over one 24-h period 
is -20.0 °C, find the time elapsed for that period according 
to the simple pendulum clock. 


e17.42 Ina thermometer manufacturing plant, a type of 
mercury thermometer is built at room temperature (20 °C) 
to measure temperatures in the 20 °C to 70 °C range, with a 
1-cm’ spherical reservoir at the bottom and a 0.5-mm inner 
diameter expansion tube. The wall thickness of the reservoir 
and tube is negligible, and the 20 °C mark is at the junction 
between the spherical reservoir and the tube. The tubes and 
reservoirs are made of fused silica, a transparent glass form 
of SiO, that has a very low linear expansion coefficient (a = 
0.4- 10% °C”’). By mistake, the material used for one batch 
of thermometers was quartz, a transparent crystalline form 
of SiO, with a much higher linear expansion coefficient 

(a = 12.3-10°° °C’). Will the manufacturer have to scrap 
the batch, or will the thermometers work fine, within the 
expected uncertainty of 5% in reading the temperature? The 
volume expansion coefficient of mercury is 8 = 181-10°°°C”. 


e17.43 The ends of the two rods shown in the figure are 
separated by 5.0 mm at 25 °C. The left-hand rod is brass 
and 1.0 m long; the right-hand rod is steel and 1 m long. As- 
suming that the outside ends of both rods rest firmly against 
rigid supports, at what temperature will the ends of the rods 
that face each other just touch? 


5.0 mm >| < 


°17.44 The figure y Pivot 
shows a temperature- 
compensated pendu- 
lum in which lead 
and steel rods are 
arranged so that the 
pendulum’s length 

is unaffected by 
changes in the tem- 
perature. Determine 
the length L of the 
two lead bars. 


Lead bars - 
of length L 


| PT IR Steel bars of 
jia length 50.0 cm 


Bob 


e17.45 Consider a bimetallic strip consisting of a 0.50-mm- 
thick brass upper strip welded to a 0.50-mm-thick steel 
lower strip. When the temperature of the bimetallic strip is 
increased by 20. K, the unattached tip deflects by 3.0 mm 
from its original straight position, as shown in the figure. 
What is the length of the strip at its original position? 


— O Å- 
3.0 Ja 
4 
e17.46 Thermal expansion seems like a small effect, but it can 
engender tremendous, often damaging, forces. For example, 
steel has a linear expansion coefficient of a = 1.2- 10° °C 


and a bulk modulus of B = 160 GPa. Calculate the pressure 
engendered in steel by a 1.0 °C temperature increase. 


°17.47 At room temperature, an iron horseshoe, when 
dunked into a cylindrical tank of water (radius of 10.0 cm) 
causes the water level to rise 0.25 cm above the level without 
the horseshoe in the tank. When heated in the blacksmith’s 
stove from room temperature to a temperature of 7.00- 10° K, 
worked into its final shape, and then dunked back into the 
water, how much does the water level rise above the “no 
horseshoe” level (ignore any water that evaporates as the 
horseshoe enters the water)? Note: The linear expansion 
coefficient for iron is roughly that of steel: 11-10°° °C’. 


e17.48 A clock has an aluminum pendulum with a period 
of 1.000 s at 20.0 °C. Suppose the clock is moved to a loca- 
tion where the average temperature is 30.0 °C. Determine 
(a) the new period of the clock’s pendulum and (b) how 
much time the clock will lose or gain in 1 week. 


°17.49 Using techniques similar to those that were originally 
developed for miniaturized semiconductor electronics, sci- 
entists and engineers are creating Micro-Electro-Mechanical 
Systems (MEMS). An example is an electrothermal actuator 
that is driven by heating its different parts using an electri- 
cal current. The device is used to position 125-um-diameter 
optical fibers with submicron resolution and consists of 
thin and thick silicon arms connected in the shape of a U, 

as shown in the figure. The arms are not attached to the 


No current, both beams at 20 °C 


Fixed Electrical current 3.0-10! wm 
— 


contact 


im 

40 V 45 

| T 45 um T 
Fixed Thick arm 1304 


Thin arm 


Tip 
motion 


contact 


<<— 
Electrical current 
< 1800 wm > 


Human hair 


substrate under the device but are j T 
free to move, whereas the electri- gat FAU 
cal contacts (marked + and - in the 

figure) are attached to the substrate and cannot move. The 
thin arm is 3.0-10' um wide, and the thick arm is 130 pm 
wide. Both arms are 1800 wm long. Electrical current flows 
through the arms, causing them to heat up. Although the 
same current flows through both arms, the thin arm has a 
greater electrical resistance than the thick arm and therefore 
dissipates more electrical power and gets substantially hot- 
ter. When current is made to flow through the beams, the 
thin beam reaches a temperature of 4.0 -10° °C, and the thick 
beam reaches a temperature of 2.0- 10° °C. Assume that the 
temperature in each beam is constant along the entire length 
of that beam (strictly speaking, this is not the case) and that 
the two arms remain parallel and bend only in the plane of 
the paper at higher temperatures. How much and in which 
direction will the tip move? The linear expansion coefficient 
for silicon is 3.2-10°° °C. 


e17.50 Another MEMS device, used for the same purpose 
as the one in Problem 17.49, has a different design. This 


Electrical current 
— _ = 4 
Fixed Fixed 


contact 
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electrothermal actuator consists of a thin V-shaped silicon 
beam, as shown in the figure. The beam is not attached to the 
substrate under the device but is free to move, whereas the 
electrical contacts (marked + and - in the figure) are attached 
to the substrate and cannot move. The beam spans a gap 
between the electrical contacts that is 1800 um wide, and the 
two halves of the beam slant up from horizontal by 0.10 rad. 
Electrical current flows through the beam, causing it to heat 
up. When current is made to flow across the beam, the beam 
reaches a temperature of 500. °C. Assume that the tempera- 
ture is constant along the entire length of the beam (strictly 
speaking, this is not the case). How much and in which 
direction will the tip move? The 
linear expansion coefficient for 
silicon is 3.2-10°° °C, 


Human hair 


TD Eo- 


Tip motion 


30 um 


mn ý = 


tL 
0.10 rad when contact 
beam at 20 °C 
< 1800 pm 5 
40 V 


°17.51 The volume of 1.00 kg of liquid water over the tem- 
perature range from 0.00 °C to 50.0 °C fits reasonably well 
to the polynomial function V = 1.00016 - (4.52- 10°)T + 
(5.68 - 10%) T”, where the volume is measured in cubic me- 
ters and T is the temperature in degrees Celsius. 


a) Use this information to calculate the volume expansion 
coefficient for liquid water as a function of temperature. 


b) Evaluate your expression at 20.0 °C, and compare the 
value to that listed in Table 17.3. 


ee17.52 a) Suppose a bimetallic strip is constructed of cop- 
per and steel strips of thickness 1.0 mm and length 25 mm, 
and the temperature of the strip is reduced by 5.0 K. Deter- 
mine the radius of curvature of the cooled strip (the radius 
of curvature of the interface between the two strips). 


b) Ifthe strip is 25 mm long, how far is the maximum 
deviation of the strip from the straight orientation? 


Additional Problems 

17.53 A copper cube of side length 40. cm is heated from 
20. °C to 120 °C. What is the change in the volume of the cube? 
The linear expansion coefficient of copper is 17-10°° °C. 
17.54 When a 50.0-m-long metal pipe is heated from 10.0 °C 
to 40.0 °C, it lengthens by 2.85 cm. 

a) Determine the linear expansion coefficient. 

b) What type of metal is the pipe made of? 

17.55 Ona cool morning, with the temperature at 15.0 °C, a 
painter fills a 5.00-gal aluminum container to the brim with 
turpentine. When the temperature reaches 27.0 °C, how much 
fluid spills out of the container? The volume expansion coef- 
ficient for this brand of turpentine is 9.00- 10 °C’. 
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17.56 A building having a steel infrastructure is 6.00-10* m 
high on a day when the temperature is 0.00 °C. How much 
taller is the building on a day when the temperature is 45.0 °C? 
The linear expansion coefficient of steel is 1.30- 107° °C". 


17.57 In order to create a tight fit between two metal parts, 
machinists sometimes make the interior part larger than the 
hole into which it will fit and then either cool the interior 
part or heat the exterior part until they fit together. Suppose 
an aluminum rod with diameter D, (at 2.0- 10! °C) is to be fit 
into a hole in a brass plate that has a diameter D, = 10.000 mm 
(at 2.0-10! °C). The machinists can cool the rod to 77.0 K by 
immersing it in liquid nitrogen. What is the largest possible 
diameter that the rod can have at 


2.0-10' °C and just fit 

into the hole if 

the rod is cooled Ly 000 mm 
to 77.0 K and the TN 
brass plate is left 

at 2.0-10' °C? The linear 
expansion coefficients for aluminum 
and brass are 22- 10% °C"! and 19-10°° °C", respectively. 


17.58 A military vehicle is fueled with gasoline in the 
United States, preparatory to being shipped overseas. Its fuel 
tank has a capacity of 213 L. When it is fueled, the tempera- 
ture is 57 °F. At its destination, it may be required to operate 
in temperatures as high as 120 °F. What is the maximum 
volume of gasoline that should be put in its tank? 


17.59 A mercury thermometer contains 8.0 mL of mercury. 
If the tube of the thermometer has a cross-sectional area of 
1.0 mm’, what should the spacing between the °C marks be? 


17.60 A 14-gal container is filled with gasoline. Neglect 
the change in volume of the container and find how many 
gallons are lost if the temperature increases by 27 °F. The 
volume expansion coefficient of gasoline is 9.6- 10 °C’. 


17.61 A highway of concrete slabs is to be built in the Libyan 
desert, where the highest air temperature recorded is 57.8 °C. 
The temperature is 20.0 °C during construction of the 
highway. The slabs are measured to be 12.0 m long at this 
temperature. How wide should the expansion cracks between 
the slabs be (at 20.0 °C) in order to prevent buckling at the 
highest temperatures? 


17.62 An aluminum vessel with a volume capacity of 
500. cm’ is filled with water to the brim at 20. °C. The ves- 
sel and contents are heated to 50. °C. During the heating 
process, will the water spill over the top, will there be more 
room for water to be added, or will the water level remain 
the same? Calculate the volume of water that will spill over 
or that could be added if either is the case. 


17.63 By how much does the temperature of a given mass 
of kerosene need to change in order for its volume to in- 
crease by 1.0%? 


17.64 A plastic-epoxy sheet has uniform holes of radius 
1.99 cm. The holes are intended to allow solid ball bear- 
ings with an outer radius of 2.00 cm to just go through. 


Over what temperature rise must the plastic-epoxy sheet be 
heated so that the ball bearings will go through the holes? 
The linear expansion coefficient of plastic-epoxy is about 
Ie ath ay Oa 


e17.65 A uniform brass disk of radius R and mass M with 
a moment of inertia I about its cylindrical axis of symmetry 
is at a temperature T = 20. °C. Determine the fractional 
change in its moment of inertia if it is heated to a tempera- 
ture of 100. °C. 


e17.66 A 25.01-mm-diameter brass ball sits at room tem- 
perature on a 25.00-mm-diameter hole made in an alu- 
minum plate. The ball and plate are heated uniformly in a 
furnace, so both are at the same temperature at all times. At 
what temperature will the ball fall through the plate? 


e17.67 Ina pickup basketball game, your friend cracked one 
of his teeth in a collision with another player while attempting 
to make a basket. To correct the problem, his dentist placed a 
steel band of initial internal diameter 4.4 mm, and a cross- 
sectional area of width 3.5 mm, and thickness 0.45 mm on 
the tooth. Before placing the band on the tooth, he heated 
the band to 70. °C. What will be the tension in the band 
once it cools down to the temperature in your friend’s 
mouth (37 °C)? 


e17.68 Your physics teacher assigned a thermometer- 
building project. He gave you a glass tube with an inside 
diameter of 1.00 mm and a receptacle at one end. He also 
gave you 8.63 cm’ of mercury to pour into the tube, which 
filled the receptacle and some of the tube. You are to add 
marks indicating degrees Celsius on the glass tube. At what 
increments should the marks be put on? You know the vol- 
ume expansion coefficient of mercury is 1.82-10* °C". 


°17.69 You are building a device for monitoring ultracold en- 
vironments. Because the device will be used in environments 
where its temperature will change by 200. °C in 3.00 s, it must 
have the ability to withstand thermal shock (rapid tempera- 
ture changes). The volume of the device is 5.00- 10° mî, and 
if the volume changes by 1.00- 10°’ m’ in a time interval of 
5.00 s, the device will crack and be rendered useless. What is 
the maximum volume expansion coefficient that the mate- 
rial you use to build the device can have? 


°17.70 A steel rod of length 1.0000 m and cross-sectional 

area 5.00-10* m’ is placed snugly against two immobile end 
points. The rod is initially placed when the temperature is 0 °C. 
Find the stress in the rod when the temperature rises to 40.0 °C. 
e17.71 A brass bugle can be thought of as a tube that is 
open on both ends (the actual physics is complicated by the 
interaction of the bugler’s mouth and the mouthpiece and the 
bell at the end). The overall length if the bugle is stretched out 
is 183.0 cm (at 20.0 °C). A bugle is played on a hot summer 
day (41.0 °C). Find the fundamental frequency if 

a) only the change in air temperature is considered, 

b) only the change in the length of the bugle is considered, and 
c) both effects in parts (a) and (b) are taken into account. 
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582 Chapter 18 Heat and the First Law of Thermodynamics 


WHAT WE WILL LEARN 


= Heat is thermal energy that transfers between a 
system and its environment or between two systems, 


= The First Law of Thermodynamics states that 
the change in internal energy of a closed system 
is equal to the thermal energy absorbed by the 
system minus the work done by the system. 


= Adding thermal energy to an object increases 
its temperature. This temperature increase is 
proportional to the heat capacity, C, of the object. 


= The thermal energy added to an object of mass 
m is equal to the product of the specific heat 
of the object, c, and m, and the temperature 
increase of the object. 


as a result of a temperature difference between them. 


If thermal energy is added to a solid object, its temperature 


increases until it reaches the melting point. If thermal 
energy then continues to be added, the temperature of the 
object remains the same until the entire object melts to a 
liquid. The heat required to melt an object at its melting 
point, divided by its mass, is the latent heat of fusion. 


If thermal energy is added to a liquid, its temperature 
increases until it reaches the boiling point. If thermal 
energy then continues to be added, the temperature of the 
liquid remains the same until all of the liquid vaporizes to 
a gas. The heat required to vaporize a liquid at its boiling 
point, divided by its mass, is the latent heat of vaporization. 


The three main modes of transferring thermal energy are 
conduction, convection, and radiation. 


Earth’s weather is driven by thermal energy in the atmosphere. The equatorial regions 
receive more of the Sun’s radiation than the polar regions do; so warm air moves north and 
south from the Equator toward the poles to distribute the thermal energy more evenly. This 
transfer of thermal energy, called convection, sets up wind currents around the world, car- 
rying clouds and rain as well as air. In extreme cases, rising warm air and sinking cooler air 
form dramatic storms, like the thunderstorm shown in Figure 18.1. Circular storms—tor- 
nados and hurricanes—are also driven by the violent collision of warm air with cooler air. 

This chapter examines the nature of heat and the mechanisms of thermal energy trans- 
fer. Heat is a form of energy that is transferred into or out of a system. Thus, heat is governed 
by a more general form of the law of conservation of energy, known as the First Law of 
Thermodynamics. We'll focus on this law in this chapter, along with some of its applications 
to thermodynamic processes and to changes in heat and temperature. 

Heat is essential to life processes; no life could exist on Earth without heat from the Sun 
or from the Earth’s interior. However, heat can also cause problems with the operation of 
electrical circuits, motors, and other mechanical devices. Every branch of science and engi- 
neering has to deal with heat in one way or another, and thus the concepts in this chapter 
are important for all areas of research, design, and development. 


18.1 Definition of Heat 


Heat is one of the most common forms of energy in the universe, and we all experience it 
every day. Yet many people have misconceptions about heat that often cause confusion. For 
instance, a burning object such as a candle flame does not “have” heat that it emits when it 
becomes hot enough. Instead, the candle flame transmits energy, in the form of heat, to the 
air around it. To clarify these ideas, we need to start with clear and precise definitions of 
heat and the units used to measure it. 

If you pour cold water into a glass and then put the glass on the kitchen table, the water will 
slowly warm until it reaches the temperature of the air in the room. Similarly, if you pour hot 
water into a glass and place it on the kitchen table, the water will slowly cool until it reaches the 
temperature of the air in the room. The warming or cooling takes place rapidly at first and then 
more slowly as the water comes into thermal equilibrium with the air in the kitchen. At ther- 
mal equilibrium, the water, the glass, and the air in the room are all at the same temperature. 

The water in the glass is a system with temperature T, and the air in the kitchen is an 
environment with temperature T,. If T,#T,, then the temperature of the system changes 
until it is equal to the temperature of the environment. A system can be simple or com- 
plicated; it is just any object or collection of objects we wish to examine. The difference 
between the environment and the system is that the environment is large compared to the 


system. The temperature of the system affects the environment, T 
but we'll assume that the environment is so large that any changes Energy 
in its temperature are imperceptible. 

The change in temperature of the system is due to a trans- 
fer of energy between the system and its environment. This type 
of energy is thermal energy, an internal energy related to the 
motion of the atoms, molecules, and electrons that make up the 
system or the environment. Thermal energy in the process of (a) 


T,>T,>Q>0 
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T, = T,>Q=0 T, < T,>Q<0 


(b) (c) 


being transferred from one body to another is called heat andis FIGURE 18.2 (a) A system embedded in an environment that has 
symbolized by Q. If thermal energy is transferred into a system, a higher temperature. (b) A system embedded in an environment that 


then Q > 0 (Figure 18.2a). That is, the system gains thermal energy 
when it receives heat from its environment. If thermal energy is 
transferred from the system to its environment, then Q < 0 (Fig- 
ure 18.2c). If the system and its environment have the same temperature (Figure 18.2b), then 
Q=0. Thermal energy flow causes a system to gain or lose thermal energy. 


Definition 

Heat, Q, is the energy transferred between a system and its environment (or between 
two systems) because of a temperature difference between them. When energy flows 
into the system, Q > 0; when energy flows out of the system, Q < 0. 


has the same temperature. 
that has a lower temperature. 


(c) A system embedded in an environment 


18.2 Mechanical Equivalent of Heat 


Recall from Chapter 5 that energy can also be transferred between a system and its environ- 
ment as work done by a force acting on a system or by a system. The concepts of heat and 
work, discussed in Section 18.3, can be defined in terms of the transfer of energy to or from 
a system. We can refer to the internal energy of a system, but not to the heat contained in 
a system. If we observe hot water in a glass, we do not know whether thermal energy was 
transferred to the water or work was done on the water. 

Heat is transferred energy and can be quantified using the SI unit of energy, the joule. 
Originally, heat was measured in terms of its ability to raise the temperature of water. The 
calorie (cal) was defined as the amount of heat required to raise the temperature of 1 gram 
of water by 1 °C. Another common measure of heat, still used in the United States, is the 
British thermal unit (BTU), defined as the amount of heat required to raise the temperature 
of 1 pound of water by 1 °F. However, the change in temperature of water as a function of 
the amount of thermal energy transferred to it depends on the original temperature of the 
water. Reproducible definitions of the calorie and the British thermal unit required that the 
measurements be made at a specified starting temperature. 

In a classic experiment performed in 1843, the English physicist James Prescott Joule 
showed that the mechanical energy of an object could be converted into thermal energy. The 
apparatus Joule used consisted of a large mass supported by a rope that was run over a pulley 
and wound around an axle (Figure 18.3). As the mass descended, the unwinding rope turned 
a pair of large paddles in a container of water. Joule showed that the rise in temperature of 
the water was directly related to the mechanical work done by the falling object. Thus, Joule 
demonstrated that mechanical work could be turned into thermal energy, and he obtained a 
relationship between the calorie and the joule (the energy unit named in his honor). 

The modern definition of the calorie is based on the joule. The calorie is defined to be 
exactly 4.186 J, with no reference to the change in temperature of water. The following are 
some conversion factors for energy units: 


1 cal = 4.186 J 

1 BTU=1055 J 
LkWh = 3.60-10° J 
1 kWh = 3412 BTU. 


(18.1) 


FIGURE 18.3 Apparatus for Joule’s 
experiment to determine the mechani- 
cal equivalent of heat. 
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The energy content of food is usually expressed in terms of calories. A food calorie, often 
called a Calorie or a kilocalorie, is not equal to the calorie just defined; a food calorie is equivalent 
to 1000 cal. The cost of electrical energy is usually stated in cents per kilowatt-hour (kWh). 


EXAMPLE 18.1 | Energy Content of a Candy Bar 


PROBLEM 
The label of a candy bar states that it has 275 Calories. What is the energy content of this 
candy bar in joules? 


SOLUTION 
Food calories are kilocalories and 1 kcal = 4186 J. The candy bar has 275 kcal or 
275 keal| 286] | =1.15-10° J, 
1kcal 


DISCUSSION 

Note that this energy is enough to raise a small truck with a weight of 22.2 kN (mass of 
5000 lb) a distance of 52 m. A 73-kg (160-Ib) person would have to walk an hour at 1.6 m/s 
(3.5 mph) to burn off the calories from consuming this candy bar. 


18.3 Heat and Work 


Thermal reservoir 


(a) 


Thermal reservoir 


(b) 


FIGURE 18.4 A gas-filled cylinder 
with a piston. The gas is in thermal 
contact with an infinite thermal 
reservoir. (a) An external force pushes 
on the piston, creating a pressure 

in the gas. (b) The external force is 
removed, allowing the gas to push the 
piston out. 


Let’s look at how energy can be transferred as heat or work between a system and its envi- 
ronment. We'll consider a system consisting of a gas-filled cylinder with a piston (Figure 
18.4). The gas in the cylinder is described by a temperature T, a pressure p, and a volume 
V. We assume that the side wall of the cylinder does not allow heat to penetrate it. The gas 
is in thermal contact with an infinite thermal reservoir, which is an object so large that its 
temperature does not change even though it experiences thermal energy flow into it or out 
of it. (Real thermal reservoirs include the ocean, the atmosphere, and the Earth itself.) This 
reservoir also has temperature T. In Figure 18.4a, an external force, É, pushes on the pis- 
ton. The gas then pushes back with a force, F, given by the pressure of the gas, p, times the 
area, A, of the piston: F = pA (see Chapter 13). 

To describe the behavior of this system, we consider the change from an initial state speci- 
fied by pressure p, volume V, and temperature T, and a final state specified by pressure pp 
volume V; and temperature T; Imagine changes made slowly so that the gas remains close to 
equilibrium, allowing measurements of p, V, and T. The progression from the initial state to the 
final state is a thermodynamic process. During this process, thermal energy may be trans- 
ferred into the system (positive heat), or it may be transferred out of the system (negative heat). 

When the external force is removed (Figure 18.4b), the gas in the cylinder pushes the 
piston out a distance dr. The work done by the system in this process is 


dW =F-d? =(pA)(dr)=p(Adr)= pav, 


where dV = Adr is the change in the volume of the system. Thus, the work done by the sys- 
tem in going from the initial configuration to the final configuration is given by 


w= f dW = f pav. (18.2) 


Note that during this change in volume, the pressure may also change. To evaluate this inte- 
gral, we need to know the relationship between pressure and volume for the process. For 
example, if the pressure remains constant, we obtain 


v v 
W= f pav= pf dV = (Ve - vi) (for constant pressure). (18.3) 
v v 


Equation 18.3 indicates that, for constant pressure, a negative change in the volume cor- 
responds to negative work done by the system. 

Figure 18.5 shows graphs of pressure versus volume, sometimes called pV-diagrams. 
The three parts of the figure show different paths, or ways to change the pressure and vol- 
ume of a system from an initial condition to a final condition. Figure 18.5a illustrates a 
process that starts at an initial point i and proceeds to a final point fin such a way that the 
pressure decreases as the volume increases. The work done by the system is given by equa- 
tion 18.2. The integral can be represented by the area under the curve, shown by the green 
shading in Figure 18.5a. In this case, the work done by the system is positive because the 
volume of the system increases. 

Figure 18.5b illustrates a process that starts at an initial point i and proceeds to a final point 
through an intermediate point m. The first step involves increasing the volume of the system 
while holding the pressure constant. One way to complete this step is to increase the tempera- 
ture of the system as the volume increases, maintaining a constant pressure. The second step 
consists of decreasing the pressure while holding the volume constant. One way to accomplish 
this task is to lower the temperature by taking thermal energy away from the system. Again, the 
work done by the system can be represented by the area under the curve, shown by the green 
shading in Figure 18.5b. The work done by the system is positive because the volume of the 
system increases. However, the work done by the system originates only in the first step. In the 
second step, the system does no work because the volume does not change. 

Figure 18.5c illustrates another process that starts at an initial point i and proceeds to a 
final point f through an intermediate point m. The first step involves decreasing the pressure 
of the system while holding the volume constant. The second step consists of increasing the 
volume while holding the pressure constant. Again, the work done by the system can be rep- 
resented by the area under the curve, shown by the green shading in Figure 18.5c. The work 
done by the system is again positive because the volume of the system increases. However, 
the work done by the system originates only in the second step. In the first step, the system 
does no work because the volume does not change. The net work done in this process is less 
than the work done by the process in Figure 18.5b, as the green area is smaller. The thermal 
energy absorbed must also be less because the initial and final states are the same in these 
two processes, so the change in internal energy is the same. (This connection between work, 
heat, and the change in internal energy is discussed in more detail in Section 18.4.) 

Thus, the work done by a system and the thermal energy transferred to the system 
depend on the manner in which the system moves from an initial point to a final point in a 
pV-diagram. This type of process is thus referred to as a path-dependent process. 

The pV-diagrams in Figure 18.6 reverse the processes shown in Figure 18.5 by starting 
at the final points in Figure 18.5 and proceeding along the same path to the initial points. In 
each of these cases, the area under the curve represents the negative of the work done by the 
system in moving from an initial point i to a final point f. In all three cases, the work done 
by the system is negative because the volume of the system decreases. 

Suppose a process starts at some initial point on a pV-diagram, follows some path, and 
returns to the original point. A path that returns to its starting point is called a closed path. 
Two examples of closed paths are illustrated in Figure 18.7. In Figure 18.7a, a process starts at 
an initial point i and proceeds to an intermediate point m; the volume is increased while the 
pressure is held constant. From m, the path goes to intermediate point m; the volume is held 


Ww<o0 


FIGURE 18.6 The paths of three processes in pV-diagrams. These are the reverse of the processes 
shown in Figure 18.5. 
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U 
V 
(c) 
FIGURE 18.5 The paths of three 


different processes in pV-diagrams. 

(a) A process in which the pressure de- 
creases as the volume increases. 

(b) A two-step process in which the 
first step consists of increasing the 
volume while keeping the pressure 
constant and the second step consists 
of decreasing the pressure while hold- 
ing the volume constant. (c) Another 
two-step process, in which the first 
step consists of keeping the volume 
constant and decreasing the pressure 
and the second step consists of holding 
the pressure constant while increas- 
ing the volume. In all three cases, the 
green area below the curve represents 
the work done during the process. 
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FIGURE 18.7 Two closed-path 
processes in pV-diagrams. 


18.1 Self-Test Opportunity 


Consider the process shown in the 
pv-diagram. The path goes from 
point 7 to point f and back to 
point 7. Is the work done by the 
system negative, zero, or positive? 


P 


i 


ii 


i f, mı if, m3 


(a) (b) 


constant while the pressure decreases. From point m,, the path goes to intermediate point m,, 
with the pressure constant and the volume decreasing. Finally, the process moves from point 
mz, to the final point, f, which is the same as the initial point, i. The area under the path from i 
to m, represents positive work done by the system (the volume increases), while the area under 
the path from m, to m, represents negative work done on the system (volume decreases). The 
addition of the positive and the negative work yields net positive work being done by the sys- 
tem, as depicted by the area of the green rectangle in Figure 18.7a. In this case, heat is positive. 

Figure 18.7b shows the same path on a pV-diagram as in Figure 18.7a, but the process 
occurs in the opposite direction. The area under the path from intermediate point m, to 
intermediate point m, corresponds to positive work done by the system. The area under the 
path from intermediate point m, to final point f corresponds to negative work done on the 
system. The net work done by the system in this case is negative, and its magnitude is repre- 
sented by the area of the orange rectangle in Figure 18.7b. In this case, the heat is negative. 

The amount of work done by the system and the thermal energy absorbed by the sys- 
tem depend on the path taken on a pV-diagram, as well as on the direction in which the 
path is taken. 


\ 


FIGURE 18.8 A weightlifter com- 
petes in the 2008 Olympic Games. 


18.4 First Law of Thermodynamics 


A closed system is a system into or out of which thermal energy can be transferred but 
from which no constituents can escape and to which no additional constituents are added. 
Combining several of the concepts already covered in this chapter allows us to express the 
change in internal energy of a closed system in terms of heat and work as 


AE int = Einst ~ Eini =Q-W.- (18.4) 


This equation is known as the First Law of Thermodynamics. It can be stated as follows: 


The change in the internal energy of a closed system is equal to the heat acquired by the 
system minus the work done by the system. 


In other words, energy is conserved. Heat and work can be transformed into internal 
energy, but no energy is lost. Note that here the work is done by the system, not done on the 
system. Essentially, the First Law of Thermodynamics extends the conservation of energy 
(first encountered in Chapter 6) beyond mechanical energy to include heat as well as work. 
(In other contexts, such as chemical reactions, work is defined as the work done on the 
system, which leads to a different sign convention for the work. The sign convention can 
be assigned in either way, as long as it is consistent.) Note also that the change in internal 
energy is path-independent, while changes in heat and work are path-dependent. 


EXAMPLE 18.2 i Weightlifter 


PROBLEM 
A weightlifter snatches a barbell with mass m = 180.0 kg and moves it a distance h = 1.25 m 
vertically, as illustrated in Figure 18.8. If we consider the weightlifter to be a thermodynam- 
ic system, how much heat must he give off if his internal energy decreases by 4000.0 J? 
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SOLUTION 
We start with the First Law of Thermodynamics (equation 18.4): 
AE nt =Q-W. 
The work is the mechanical work done on the weight by the weightlifter: 
W =mgh. 
The heat is then given by 


Q= AE; +W = AE; + mgh =- 4000 J + (180.0 kg)(9.81 m/s?)(1.25 m) 
=~1790 J = -0.428 kcal. 


The weightlifter cannot turn internal energy into useful work without giving off heat. 
Note that the decrease in internal energy of the weightlifter is less than 1 food calorie: 
(4000 J)/(4186 J/kcal) = 0.956 kcal. The heat output is only 0.428 kcal. This seemingly 
small amount of internal energy and heat associated with the large effort required to lift 
the weight is analogous to the amount of exercise required to burn off the calories in a 
candy bar (see Example 18.1). 


EXAMPLE 18.3 | Truck Sliding to a Stop 


PROBLEM 
The brakes of a moving truck with a mass m = 3000.0 kg lock up. The truck skids to a stop 
on a horizontal road surface in a distance L = 83.2 m. The coefficient of kinetic friction 
between the truck tires and the surface of the road is u, = 0.600. What happens to the 
internal energy of the truck? 


SOLUTION 
The First Law of Thermodynamics (equation 18.4) relates the internal energy, the heat, 
and the work done on the system: 

AE; =Q-W. 


In this case, no thermal energy is transferred to or from the truck because the process of 
sliding to a complete stop is sufficiently fast, so that there is no time to transfer thermal en- 
ergy in appreciable quantity. Thus, Q = 0. Work is done by the force of kinetic friction, Fẹ to 
slow and stop the truck. The magnitude of the work done on the truck is (see Chapter 5) 


W=FL=u,mgL, 


where mg is the normal force exerted on the road by the truck. Because the work is done 
on the truck, it is negative, and we have 


AE int = 0- (-u.mgL) = bymgL. 
Putting in the numerical values gives 


AE nx = (0.600)(3000.0 kg)(9.81 m/s?) (83.2 m)=1.47 MJ. 


This increase in internal energy can warm the truck’s tires. Chapter 6 discussed conserva- 
tion of energy for conservative and nonconservative forces. Here we see that energy is 
conserved because mechanical work can be converted to internal energy. 


DISCUSSION 
Note that we have assumed that the truck is a closed system. However, when the truck be- 
gins to skid, the tires may leave skid marks on the road, removing matter and energy from 


Continued— 
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the system. The assumption that no thermal energy is transferred to or from the truck in 
this process is also not exactly valid. In addition, the internal energy of the road surface 
will also increase as a result of the friction between the tires and the road, taking some 
of the total energy available. So, the 1.47 MJ added to the internal energy of the truck 
should be considered an upper limit. However, the basic lesson from this example is that 
the mechanical energy lost due to the action of nonconservative forces is transformed to 
internal energy of parts or all of the system, and the total energy is conserved. 


18.5 First Law for Special Processes 


The First Law of Thermodynamics—that is, the basic conservation of energy—holds for 
all kinds of processes with a closed system, but energy can be transformed and thermal 
energy transported in some special ways in which only a single or a few of the variables that 
characterize the state of the system change. Some special processes, which occur often in 
physical situations, can be described using the First Law of Thermodynamics. These special 
processes are also usually the only ones for which we can compute numerical values for 
heat and work. For this reason, they will be discussed several times in the following chap- 
ters. Keep in mind that these processes are simplifications or idealizations, but they often 
approximate real-world situations fairly closely. 


Adiabatic Processes 


An adiabatic process is one in which no heat flows when the state of a system changes. This 
can happen, for example, if a process occurs quickly and there is not enough time for heat to 
be exchanged. Adiabatic processes are common because many physical processes do occur 
quickly enough that no thermal energy transfer takes place. For adiabatic processes, Q = 0 
in equation 18.4, so 


AE;=-W (foran adiabatic process). (18.5) 


Another situation in which an adiabatic process can occur is if the system is thermally 
isolated from its environment while pressure and volume changes occur. An example is 
compressing a gas in an insulated container or pumping air into a bicycle tire using a 
manual tire pump. The change in the internal energy of the gas is due only to the work 
done on the gas. 


Constant-Volume Processes 


Processes that occur at constant volume are called isochoric processes. For a process in which 
the volume is held constant, the system can do no work, so W = 0 in equation 18.4, giving 


AE,.=Q (fora process at constant volume). (18.6) 


An example of a constant-volume process is warming a gas in a rigid, closed container that 
is in contact with other bodies. No work can be done because the volume of the gas cannot 
change. The change in the internal energy of the gas occurs because of heat flowing into or 
out of the gas as a result of contact between the container and the other bodies. Cooking 
food in a pressure cooker is an isochoric process. 


Closed-Path Processes 


In a closed-path process, the system returns to the same state at which it started. Regard- 
less of how the system reached that point, the internal energy must be the same as at the 
start, so AE;,, = 0 in equation 18.4. This gives 


Q=W (fora closed-path process). (18.7) 


Thus, the net work done by a system during a closed-path process is equal to the thermal 
energy transferred into the system. Such cyclical processes form the basis of many kinds of 
heat engines (discussed in Chapter 20). 
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Free Expansion 


If the thermally insulated (so Q = 0) container for a gas suddenly increases in size, the gas 
will expand to fill the new volume. During this free expansion, the system does no work 
and no heat is absorbed. That is, W = 0 and Q = 0, and equation 18.4 becomes 


AE;,,=0 (for free expansion of a gas). (18.8) 


To illustrate this situation, consider a box with a barrier in the center (Figure 18.9). 
A gas is confined in the left half of the box. When the barrier between the two halves is 
removed, the gas fills the new volume. However, the gas performs no work. This last state- 
ment requires a bit of explanation: In its free expansion, the gas does not move a piston or 
any other material device; thus, it does no work on anything. During the expansion, the gas 
particles move freely until they encounter the walls of the expanded container. The gas is 
not in equilibrium while it is expanding. For this system, we can plot the initial state and the 
final state on a pV-diagram, but not the intermediate state. 


Constant-Pressure Processes (b) 


Constant-pressure processes are called isobaric processes. Such processes are common in the FIGURE 18.9 (a) A gas is confined 
study of the specific heat of gases. In an isobaric process, the volume can change, allowing the half the nee : (o) The 
system to do work. Since the pressure is kept constant, W = p(V; - V,) = pAV, according to ee 


removed, and the gas expands to fill 
equation 18.3. Thus, equation 18.4 can be written as follows: the volume. ERRAR 


AE;,,=Q-pAV (fora process at constant pressure). (18.9) 


An example of an isobaric process is the slow warming of a gas in a cylinder fitted with 
a frictionless piston, which can move to keep the pressure constant. The path of an isobaric 
process on a pV-diagram is a horizontal straight line. If the system moves in the positive- 
volume direction, the system is expanding. If the system moves in the negative-volume 
direction, the system is contracting. Cooking food in an open saucepan is another example 
of an isobaric process. 


Constant-Temperature Processes 


Constant-temperature processes are called isothermal processes. The temperature of the 
system is held constant through contact with an external thermal reservoir. Isothermal pro- 
cesses take place slowly enough that heat can be exchanged with the external reservoir to 
maintain a constant temperature. For example, heat can flow from a warm reservoir to the 
system, allowing the system to do work. The path of an isothermal process in a pV-diagram 
is called an isotherm. As we'll see in Chapter 19, the product of the pressure and the vol- 
ume is constant for an ideal gas undergoing an isothermal process, giving the isotherm the 
form of a hyperbola. In addition, as we'll see in Chapter 20, isothermal processes play an 
important part in the analysis of devices that produce useful work from sources of heat. 


18.6 Specific Heats of Solids and Fluids 


Suppose a block of aluminum is at room temperature. If heat, Q, is then transferred to the 
block, the temperature of the block goes up proportionally to the amount of heat. The pro- 
portionality constant between the temperature difference and the heat is the heat capacity, 
C, of an object. Thus, 

Q=CAT, (18.10) 


where AT is the change in temperature. 

The term heat capacity does not imply that an object contains a certain amount of heat. 
Rather, it tells how much heat is required to raise the temperature of the object by a given 
amount. The SI units for heat capacity are joules per kelvin (J/K). 

The temperature change of an object due to heat can be described by the specific heat, 
c, which is defined as the heat capacity per unit mass, m: 


c=—. (18.11) 
m 
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LE) (EE) Specific Heats for Selected Substances 
Specific Heat, c 


Material kJ/(kg K) cal/(g K) 
Lead 0.129 0.0308 
Copper 0.386 0.0922 
Steel 0.448 0.107 
Aluminum 0.900 0.215 
Glass 0.840 0.20 

Ice 2.06 0.500 
Water 4.19 1.00 
Steam 2.01 0.48 


With this definition, the relationship between temperature change and heat can be written as 
Q=cmAT. (18.12) 


The SI units for the specific heat are J/(kg K). In practical applications, specific heat is 
also often in cal/(g K). The units J/(kg K) and J/(kg °C) can be used interchangeably for 
specific heat since it is defined in terms of AT. The specific heats of various materials are 
given in Table 18.1. 

Note that specific heat and heat capacity are usually measured in two ways. For most 
substances, they are measured under constant pressure (as in Table 18.1) and denoted by 
c, and C,. However, for fluids (gases and liquids), the specific heat and heat capacity can 
also be measured at constant volume and denoted by cy and Cy. In general, measurements 
under constant pressure produce larger values, because mechanical work has to be per- 
formed in the process, and the difference is particularly large for gases. We'll discuss this in 
greater detail in Chapter 19. 

The specific heat of a substance can also be defined in terms of the number of moles 
of a material, rather than its mass. This type of specific heat is called the molar specific heat, 
and is also discussed in Chapter 19. 

The effect of differences in specific heats of substances can be observed readily at the 
seashore, where the sun transfers energy to the land and to the water roughly equally during 
the day. The specific heat of the land is about five times lower than the specific heat of the 
water. Thus, the land warms up more quickly than the water, and it warms the air above it 
more than the water warms the air above it. This temperature difference creates an onshore 
breeze during the day. The high specific heat of water helps to moderate climates around 
oceans and large lakes. 


EXAMPLE 18.4 l Energy Required to Warm Water 


PROBLEM 

You have 2.00 L of water at a temperature of 20.0 °C. How much energy is required to 
raise the temperature of that water to 95.0 °C? Assuming you use electricity to warm the 
water, how much will it cost at 10.0 cents per kilowatt-hour? 


SOLUTION 
The mass of 1.00 L of water is 1.00 kg. From Table 18.1, Cwater = 4-19 kJ/(kg K). Therefore, 
the energy required to warm 2.00 kg of water from 20.0 °C to 95.0 °C is 


Q = CwaterM water AT =[4.19 IJ/( kg K)](2.00 kg)(95.0 °C -20.0 °C) 
= 629,000 J. 
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Using the conversion factor for converting joules to kilowatt-hours (equation 18.1), we 
calculate the cost of warming the water as 


Cost =(629,000 J j en f 1kWh 


=1.75 cents. 
1kWh_}|3.60-10° | 


Calorimetry 


A calorimeter is a device used to study internal energy changes by measuring thermal 
energy transfers. The thermal energy transfer and internal energy change may result from 
a chemical reaction, a physical change, or differences in temperature and specific heat. A 
simple calorimeter consists of an insulated container and a thermometer. For simple mea- 
surements, a Styrofoam cup and an ordinary alcohol thermometer will do. We'll assume 
that no heat is lost or gained in the calorimeter or the thermometer. 

When two materials with different temperatures and specific heats are placed in a calo- 
rimeter, heat will flow from the warmer substance to the cooler substance until the tempera- 
tures of the two substances are the same. No heat will flow into or out of the calorimeter. The 
heat lost by the warmer substance will be equal to the heat gained by the cooler substance. 

A substance such as water with a high specific heat, c = 4.19 kJ/(kg K), requires more heat 
to raise its temperature by the same amount than does a substance with a low specific heat, like 
steel, with c = 0.488 kJ/(kg K). Solved Problem 18.1 illustrates the concepts of calorimetry. 


SOLVED PROBLEM 18.1 | Water and Lead 
p 

PROBLEM 

A metalsmith pours 3.00 kg of lead shot (which is the material used to fill shotgun shells) 

at a temperature of 94.7 °C into 1.00 kg of water at 27.5 °C in an insulated container, 

which acts as a calorimeter. What is the final temperature of the mixture? 


SOLUTION 


THINK 

The lead shot will give up heat and the water will absorb heat until both are at the same 
temperature. (Something that may not occur to you is that lead shot has a melting tem- 
perature, but it is significantly above 94.7 °C; so we do not have to deal with a phase 
change in this situation. The water will stay liquid, and the lead shot will stay solid. Sec- 
tion 18.7 addresses situations involving phase changes.) 


SKETCH 
Figure 18.10 shows the problem situation before and after the lead shot is added to the 
water. 


RESEARCH 

The heat lost by the lead shot, Qieag» to its environment is given by Qheag = Meadllead( T- Tead)» 
where Cieaq is the specific heat of lead, Mmieaq is the mass of the lead shot, Tieaq is the original 
temperature of the lead shot, and T is the final equilibrium temperature. 

The heat gained by the water, Qwaten is given by Qwater = MwaterCwater( T — T water)» Where 
Cwater is the specific heat of water, Mwater is the mass of the water, and Twater is the original 
temperature of the water. 

The sum of the heat lost by the lead shot and the heat gained by the water is zero, 
because the process took place in an insulated container and because the total energy is 
conserved, a consequence of the First Law of Thermodynamics. So we can write 


Quead T Qwater =0= MreadCtcad( T 7 Tiead ) T M water water (T E T ater ) $ 


Continued— 


18.1 In-Class Exercise 


How much energy is needed to raise 
the temperature of a copper block 
with a mass of 3.00 kg from 25.0 °C 
to 125 °C? 


a) 116 kJ d) 576 KJ 
b) 278 kJ e) 761 KJ 
c) 421 kJ 

Tread Tater T 


(a) (b) 
FIGURE 18.10 Lead shot and water 
(a) before and (b) after the lead shot is 
added to the water. 
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SIMPLIFY 
We multiply through on both sides and reorder so that all of the terms containing the 
unknown temperature are on the left side of the equation: 


Mead ead Tiead T M waterCwater Tater = M Water “water T4 MieadClead T. 
We can solve this equation for T by dividing both sides by MjeadClead + Mwater“water: 


T= Mead ead Tread +m water “water Traiter 
Mead ead aT M water Cwater 


CALCULATE 
Putting in the numerical values gives 
et (3.00 kg)|0.129 1J/(kg K)|(94.7 °C) + (1.00 kg)|4.19 kJ/(kg K)|(27.5 °C) 
(3.00 kg)|0.129 KJ/(kg K)|+ (1.00 kg)|4.19 kJ/(kg K)| 
=33.182 °C. 
ROUND 


We report our result to three significant figures: 


T =33.2 °C. 


DOUBLE-CHECK 

The final temperature of the mixture of lead shot and water is only 5.7 °C higher than the 
original temperature of the water. The masses of the lead shot and water differ by a factor 
of 3, but the specific heat of lead is much lower than the specific heat of water. Thus, it 
is reasonable that the lead had a large change in temperature and the water had a small 
change in temperature. To double-check, we calculate the heat lost by the lead, 

Qiead = MeadCtead( T — Tieaa = (3.00 kg)[0.129 KJ/(kg K)|(33.2 °C -94.7 °C) 
=-23.8 kj, 


and compare the result to the heat gained by the water, 


Qwater = Mwater Cwater (T y Teaia) = (1.00 kg) [4.19 kJ/(kg K)|(33.2 °C ii 27.5 °C) 
= 23.9 kJ. 


These results add up to 0 within rounding error, as required. 


18.7 Latent Heat and Phase Transitions 


As noted in Chapter 13, the three common states of matter (sometimes also called phases) 
are solid, liquid, and gas. We have been considering objects for which the change in tempera- 
ture is proportional to the amount of heat that is added. This linear relationship between heat 
and temperature is, strictly speaking, an approximation, but it has high accuracy for solids 
and liquids. For a gas, adding heat will raise the temperature but may also change the pressure 
or volume, depending on whether and how the gas is contained. Substances can have different 
specific heats depending on whether they are in a solid, liquid, or gaseous state. 

If enough heat is added to a solid, it melts into a liquid. If enough heat is added to a 
liquid, it vaporizes into a gas. These are examples of phase changes, or phase transitions 
(Figure 18.11). During a phase change, the temperature of an object remains constant. The 
heat that is required to melt a solid, divided by its mass, is called the latent heat of fusion, 
Lyasion: Melting changes a substance from a solid to a liquid. The heat that is required to 
vaporize a liquid, divided by its mass, is called the latent heat of vaporization, L,aporization: 
Vaporizing changes a substance from a liquid to a gas. 

The temperature at which a solid melts to a liquid is the melting point, T meting The 
temperature at which a liquid vaporizes to a gas is the boiling point, Tpoiling The relationship 
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between the mass of an object at its melting point and the heat needed to change the object 
from a solid to a liquid is given by 


Q = ML fusion (for T= Toeg) (18.13) 


Similarly, the relationship between an object at its boiling point and the heat needed to 
change the object from a liquid to a gas is given by 


Q = ML vaporization (for T= Trotting ) (18.14) 


The SI units for latent heats of fusion and vaporization are joules per kilogram (J/kg); units 
of calories per gram (cal/g) are also often used. The latent heat of fusion for a given sub- 
stance is different from the latent heat of vaporization for that substance. Representative 
values for melting point, latent heat of fusion, boiling point, and latent heat of vaporization 
are listed in Table 18.2. 

It is also possible for a substance to change directly from a solid to a gas. This process is 
called sublimation. For example, sublimation occurs when dry ice, which is solid (frozen) 
carbon dioxide, changes directly to gaseous carbon dioxide without passing through the 
liquid state. When a comet approaches the Sun, some of its frozen carbon dioxide subli- 
mates, helping to produce the comet's visible tail. 

If we continue to heat a gas, it will become ionized, which means that some or all of the 
electrons in the atoms of the gas are removed. An ionized gas and its free electrons form a 
state of matter called a plasma. Plasmas are very common in the universe; in fact, as much 
as 99% of the mass of the Solar System exists in the form of a plasma. The dusty cloud of gas 
known as the Omega/Swan Nebula (M17), shown in Figure 18.12, is also a plasma. 


Table 18.2 
Melting Latent Heat of Boiling Latent Heat of 
Point Fusion, Leusion Point Vaporization, Lyaporization 

Material (K) (kJ/kg) (cal/g) (K) (kJ/kg) (cal/g) 
Hydrogen 13.8 58.6 14.0 20.3 452 108 
Ethyl Alcohol 156 104 24.9 351 858 205 
Mercury 234 11.3 270 630 293 70.0 
Water Pfs) 334 WA BW) 2260 539 
Aluminum 932 396 94.5 2740 10,500 2500 


Copper 1359 205 49.0 2840 4730 1130 


FIGURE 18.11 Phase changes in- 
volving three states of water, which are 
simultaneously present in this picture 
taken at Yellowstone National Park. 


FIGURE 18.12 Image of the 
Omega/Swan Nebula (M17), taken by 
the Hubble Space Telescope, shows an 
immense region of gas ionized by radia- 
tion from young stars. 
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18.2 In-Class Exercise 


How much energy is needed to 
melt a copper block with a mass 
of 3.00 kg that is initially at a 
temperature of 1359 K? 


a) 101 kJ d) 615 kJ 
b) 221 kJ e) 792 kJ 
c) 390 kJ 


As mentioned in Chapter 13, there are other states of matter besides solid, liquid, gas, 
and plasma. For example, matter in a granular state has specific properties that differentiate 
it from the four major states of matter. Matter can also exist as a Bose-Einstein condensate in 
which individual atoms become indistinguishable, under very specific conditions at very low 
temperatures,, as we'll see in Chapter 36 on quantum mechanics. American physicists Eric 
Cornell and Carl Wieman, along with German physicist Wolfgang Ketterle, were awarded the 
Nobel Prize in Physics in 2001 for their studies of a Bose-Einstein condensate. 

Cooling an object means reducing the internal energy of the object. As thermal energy 
is removed from a substance in the gaseous state, the temperature of the gas decreases, in 
relation to the specific heat of the gas, until the gas begins to condense into a liquid. This 
change takes place at a temperature called the condensation point, which is the same tem- 
perature as the boiling point of the substance. To convert all the gas to liquid requires the 
removal of an amount of heat corresponding to the latent heat of vaporization times the 
mass of the gas. If thermal energy continues to be removed, the temperature of the liquid 
will go down, as determined by the specific heat of the liquid, until the temperature reaches 
the freezing point, which is the same temperature as the melting point of the substance. To 
convert all of the liquid to a solid requires removing an amount of heat corresponding to the 
latent heat of fusion times the mass. If heat then continues to be removed from the solid, its 
temperature will decrease in relation to the specific heat of the solid. 


EXAMPLE 18.5 | Warming Ice to Water and Water to Steam 


PROBLEM 
How much heat, Q, is required to convert 0.500 kg of ice (frozen water) at a temperature 
of -30 °C to steam at 140 °C? 


SOLUTION 

We solve this problem in steps, with each step corresponding to either a rise in temperature 
or a phase change. We first calculate how much heat is required to raise the temperature of 
the ice from -30 °C to 0 °C. The specific heat of ice is 2.06 kJ/(kg K), so the heat required is 


Q; =cmAT =| 2.06 kJ/(kg K)|(0.500 kg)(30 K)=30.9 KJ. 


We continue to add heat to the ice until it melts. The temperature remains at 0 °C until 
all the ice is melted. The latent heat of fusion for ice is 334 kJ/kg, so the heat required to 
melt all of the ice is 


Q, = ML gion = (334 KI/kg) (0.500 kg) =167 KJ. 


Once all the ice has melted to water, we continue to add heat until the water reaches the 
boiling point, at 100 °C. The required heat for this step is 


Q; =cmAT =|4.19 kj/(kg K)|(0.500 kg)(100 K) = 209.5 KJ. 
We continue to add heat to the water until it vaporizes. The heat required for vaporization is 
Qy = ML vaporization = (2260 KJ/kg)(0.500 kg) = 1130 KJ. 


We now warm the steam and raise its temperature from 100 °C to 140 °C. The heat neces- 
sary for this step is 


Q; =cmAT = [2.01 kJ/(kg K)|(0.500 kg)(40 K) = 40.2 KJ. 


Thus, the total heat required is 
Q =Q; +Q; +Q; +Q, +Q; 
=30.9 kJ +167 kJ + 209.5 kJ +1130 kJ + 40.2 kJ =1580 kJ. 


Figure 18.13 shows a graph of the temperature of the water as a function of the heat 
added. In region (a), the temperature of the ice increases from -30 °C to 0 °C. In region 
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FIGURE 18.13 Plot of temperature versus heat added to change 0.500 kg of ice starting at a 
temperature of -30 °C to steam at 140 °C. 


(b), the ice melts to water while the temperature remains at 0 °C. In region (c), the water 
warms from 0 °C to 100 °C. In region (d), the water boils and changes to steam while the 
temperature remains at 100 °C. In region (e), the temperature of the steam increases from 
100 °C to 140 °C. 

Note that almost two thirds of the total heat in this entire process of warming the 
sample from -30 °C to 140 °C has to be spent to convert the liquid water to steam in the 
process of vaporizing. 


EXAMPLE 18.6 { Work Done Vaporizing Water 


Suppose 10.0 g of water at a temperature of 100.0 °C is in an insulated cylinder equipped 
with a piston to maintain a constant pressure of p = 101.3 kPa. Enough heat is added to 
the water to vaporize it to steam at a temperature of 100.0 °C. The volume of the water is 
Vater = 10.0 cm’, and the volume of the steam is V.jeam = 16,900 cm’. 


We steam 7 


PROBLEM 
What is the work done by the water as it vaporizes? What is the change in internal energy 
of the water? 


SOLUTION 
This process is carried out at a constant pressure. The work done by the vaporizing water 
is given by equation 18.3: 


Vj Vj 
w= pdv=p | AV = P( Veteam ~ Vwater )- 
v v 


Putting in the numerical values gives the work done by the water as it increases in volume 
at a constant pressure: 


w =(101.3-10" Pa](16,900-10-° m? ~10.0-10° m°)=1710 J. 


The change in the internal energy of the water is given by the First Law of Thermodynam- 
ics (equation 18.4) 
AE int =Q-W. 


Continued— 


18.3 In-Class Exercise 


You have a block of ice of mass 

m at a temperature of -3 °Cina 
thermally insulated container and 
you add the same mass m of liquid 
water at a temperature of 6 °C and 
let the mixture come to equilib- 
rium. What is the temperature of 
the mixture? 


a) -3 °C d) +4.5 °C 
b) 0 °C e) +6 °C 
c) +3 °C 
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In this case, the thermal energy transferred is the heat required to vaporize the water. 
From Table 18.2, the latent heat of vaporization of water is L = 2260 kJ/kg. Thus, 
the thermal energy transferred to the water is 


vaporization 


Q= ML vaporization = (10.0 107 kg](2.260 -10° J/kg] = 22,600 J. 


The change in the internal energy of the water is then 
AE; = 22,600 J-1710 J = 20,900 J. 


Most of the added energy remains in the water as increased internal energy. This internal 
energy is related to the phase change of water to steam. The energy is used to overcome 
the attractive forces between the water molecules in the liquid state in converting them 
to the gaseous state. 


18.8 Modes of Thermal Energy Transfer 


MERE \ 


FIGURE 18.14 A campfire illus- 
trates the three main modes of thermal 
energy transfer: conduction, convec- 
tion, and radiation. 


hie 


(a) 


FIGURE 18.15 (a) A bar with 

cross-sectional area A and length L. (b) 
The bar is placed between two thermal 
reservoirs with temperatures T, and To. 


The three main modes of thermal energy transfer are conduction, convection, and radia- 
tion. All three are illustrated by the campfire shown in Figure 18.14. Radiation is the trans- 
fer of thermal energy via electromagnetic waves. You can feel heat radiating from a campfire 
when you sit near it. Convection involves the physical movement of a substance (such as 
water or air) from thermal contact with one system to thermal contact with another system. 
The moving substance carries internal energy. You can see the thermal energy rising in the 
form of flames and hot air above the flames in the campfire. Conduction involves the trans- 
fer of thermal energy within an object (such as thermal energy transfer along a fire poker 
whose tip is hot) or the transfer of heat between two (or more) objects in thermal contact. 
Heat is conducted through a substance by the vibration of atoms and molecules and by 
motion of electrons. The water and food in the pots on the campfire are heated by conduc- 
tion. The pots themselves are warmed by convection and radiation. 


Conduction 


Consider a bar of material with cross-sectional area A and length L (Figure 18.15a). This bar 
is put in physical contact with a thermal reservoir at a hotter temperature, T, and a thermal 
reservoir at colder temperature T., which means T, > T, (Figure 18.15b). Heat then flows 
from the reservoir at higher temperature to the reservoir at lower temperature. The thermal 
energy transferred per unit time, P na by the bar connecting the two heat reservoirs has 
been found to be given by 


t L 


P. 


coni 


(18.15) 


where k is the thermal conductivity of the material of the bar. The SI units of thermal con- 
ductivity are W/(m K). Some typical values of thermal conductivity are listed in Table 18.3. 
We can rearrange equation 18.15: 


Ban aA ka tk, (18.16) 
t L/k R 
where the thermal resistance, R, of the bar is defined to be 
L 
R=—. 18.17 
i ( ) 


The SI units of R are m? K/W. A higher R value means a lower rate of thermal energy trans- 
fer. A good insulator has a high R value. In the United States, thermal resistance is often 
specified by an R factor, which has the units ft? °F h/BTU. A common insulating material 
marked with an R factor of R-30 is shown in Figure 18.16. To convert an R factor value from 
ft? °F h/BTU to m? K/W, divide the R factor by 5.678. 
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Fiberglas Insulation for Thermal 


Attics 
Flat Ceilings” 


FIGURE 18.16 (a) A common insulating material with an R factor of R-30. (b) Insulation being 
installed in an attic. 


EXAMPLE 18.7 | Roof Insulation 


Suppose you insulate above the ceiling of a room with an insulation material having an R 
factor of R-30. The room is 5.00 m by 5.00 m. The temperature inside the room is 21.0 °C, 
and the temperature above the insulation is 40.0 °C. 


PROBLEM 
How much heat enters the room through the ceiling in a day if the room is maintained at 
a temperature of 21.0 °C? 


SOLUTION 
We solve equation 18.16 for the heat: 
h-r 
= At», 
3 R 


Putting in the numerical values, we obtain (1 day has 86400 s): 


313K—294K 


=7.77-10° J. 
(30/5.678) m? K/W 


Q =(5.00 m-5.00 m)(86400 s) 


SOLVED PROBLEM 18.2 | Cost of Warming a House in Winter 


You build a small house with four rooms (Figure 18.17a). 
Each room is 10.0 ft by 10.0 ft, and the ceiling is 8.00 ft 
high. The exterior walls are insulated with a material with 
an R factor of R-19, and the floor and ceiling are insulated 
with a material with an R factor of R-30. During the win- 
ter, the average temperature inside the house is 20.0 °C, 
and the average temperature outside the house is 0.00 °C. 
You warm the house for 6 months in winter using elec- 10.0 ft 
tricity that costs 9.5 cents per kilowatt-hour. 10.0 ft 


ia 


PROBLEM 
How much do you pay to warm your house for the winter? 


(a) 


Continued— ceiling of the house. 


10.0 gre 100 ~l 


lable 13.3 J 


Material k[W/(m K)] 


Copper 386 
Aluminum 220 
Concrete 0.8 
Glass 0.8 
Rubber 0.16 
Wood 0.16 


18.2 Self-Test Opportunity 


Show that the conversion factor 
for changing from ft? °F h/BTU to 
m? K/W is 5.678. 


20. 


k 20.0 ft J 


(b) 


FIGURE 18.17 (a) An insulated four-room house. (b) One wall and the 
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SOLUTION 


THINK 

Using equation 18.16, we can calculate the total heat lost over 6 months through the walls 
(R-19) and the floor and ceiling (R-30). We can then calculate how much it will cost to 
add this amount of heat to the house. 


SKETCH 
The dimensions of one wall and the ceiling are shown in Figure 18.17b. 


RESEARCH 

Each of the four exterior walls, as shown in Figure 18.17b, has an area of Awar: The ceiling 
has an area of Aceiling Shown in Figure 18.17b. The floor and ceiling have the same area. 
The thermal resistance of the walls is given by R-19; the thermal resistance of the floor 
and ceiling is given by R-30. Thus, the thermal resistance of the walls in SI units is 


2 K/W =3.346 m? K/W, 
5.678 


Rwall = 
and the thermal resistance of the floor and ceiling is 


0 K/W =5.283 m? K/W. 
5.678 


ceiling = 
SIMPLIFY 
We can calculate the heat lost per unit time using equation 18.16, taking the total area of 
the walls to be four times the area of one wall and the total area of the floor and ceiling as 


twice the area of the ceiling: 


= Z A 
Q AA Th L + 2A citing Th K =2(T, -T.) 2Awal | ceiling 7 
i wall ceiling wall Reiling 
CALCULATE 


The area of each exterior wall is Aa = (8.00 ft) (20.0 ft) = 160.0 ft? = 14.864 m’. The area 
of the ceiling is A = (20.0 ft)(20.0 ft) = 400.0 ft? = 37.161 m”. The number of seconds 
in 6 months is 


t = (6 months )(30 days/month)(24 h/day)(3600 s/h) = 1.5552-10” s. 


ceiling 


The amount of heat lost in 6 months is then 


Q= 2t(T, > T.) 2A wall i Aceiling 


wall Reiling 


2 
2(14.864m ) p 37.161 m2 


= 2(1.5552 -107 s)(293 K-273 K) A o 
3.346 m? K/W 5.283 m? K/W 


=9.9027 -10° J. 


Calculating the total cost for 6 months of electricity for warming, we get 


cnt | S208 | 1kWh 


(9.9027- 10° J) =$261.32125. 
1kWh }| 3.60-10° J 


ROUND 
Since the input data were given to two significant figures, we report our result to two 
significant figures as well: 


Cost = $260. 


(However, rounding down the amount on a bill is not acceptable to the utility company, 
and you would have to pay $261.32.) 
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DOUBLE-CHECK 


To double-check, let’s use the R values the way a contractor in the United States might 
do it. The total area of the walls is 4(160 ft’) and the total area of the floor and ceiling is 
2(400 ft’). The heat lost per hour through the walls is 


20(5) = =1213 BTU/h. 


(160 8 | a 


The heat lost through the ceiling and floor is 


20(2) 8 
—_/ _ = 960 BTU/h. 
30 ft? °F h/BTU 


The total heat lost in 6 months (4320 h) is 
Q =(4320 h)(1213+ 960) BTU/h 
= 9,387,360 BTU. 


S -2( 400 ft) 


The cost is then 


(9,387,360 BTU) = $261.37. 


cot =| 2 | 1kWh 


1kW h || 3412 BTU 


This is close to our answer and seems reasonable. 

Note that the cost of warming the small house for the winter seems small compared 
with real-world experience. The reduction arises because the house has no doors or win- 
dows and is well insulated. 


a EY 


Thermal insulation is a key component of spacecraft that have to reenter the Earth’s atmo- 
sphere. The reentry process creates thermal energy from friction with the air molecules. Due 
to the high speed, a shock wave forms in front of the spacecraft, which deflects most of the 
thermal energy created in the process. However, excellent thermal insulation is still required to 
prevent this heat from being conducted to the frame of the spacecraft, which is basically made 
of aluminum and cannot stand temperatures significantly higher than 180 °C. The thermal pro- 
tection system has to be of very low mass, like all parts of a spacecraft, and be able to protect the 
spacecraft from very high temperatures, up to 1650 °C. In the spacecraft for Apollo missions, in 
which astronauts performed the Moon landings in the late 1960s and 1970s, and in planetary 
probes like the Mars Rover, the heat protection is simply an ablative heat shield, which burns 
off during entry into the atmosphere. For a reusable spacecraft like the Space Shuttle, such a 
shield is not an option, because it would require prohibitively expensive maintenance after each 
trip. The nose and wing edges of the Space Shuttle are instead covered with reinforced carbon, 
able to withstand the high reentry temperatures. The underside of the Space Shuttle is covered 
with passive heat protection, consisting of over 20,000 ceramic tiles made of 10% silica fibers 
and 90% empty space. They are such good thermal insulators that after being warmed to a 
temperature of 1260 °C (which is the maximum temperature the underside of the Space Shuttle 
encounters during reentry), they can be held by unprotected hands (see Figure 18.18). 


Convection 


If you hold your hand above a burning candle, you can feel the thermal energy transferred from 
the flame. The warmed air is less dense than the surrounding air and rises. The rising air carries 
thermal energy upward from the candle flame. This type of thermal energy transfer is called 
convection. Figure 18.19 shows a candle flame on Earth and on the orbiting Space Shuttle. You 
can see that the thermal energy travels upward from the candle burning on Earth but expands 
almost spherically from the candle aboard the Space Shuttle. The air in the Space Shuttle (actu- 
ally in a small container on the Space Shuttle) has the same density in all directions, so the 
warmed air does not have a preferential direction in which to travel. The bottom of the flame 
on the candle aboard the Space Shuffle is extinguished because the wick carries thermal energy 


FIGURE 18.18 White-hot (1260 °C) 
ceramic tile used for the thermal pro- 
tection system of the Space Shuttle is 
held by an unprotected hand. 
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(a) (b) 


FIGURE 18.19 Candle flames under 
(a) terrestrial conditions and (b) micro- 
gravity conditions. 


FIGURE 18.20 A satellite image taken by the NASA TERRA satellite on May 5, 2001, shows the tem- 
perature of the water in the North Atlantic Ocean. The false colors represent the temperature range of the 
water. The warm Gulf Stream is visible as red and the East Coast of the United States is shown in black. 


away. (In addition to convection involving a large-scale flow of mass, convection can occur via 
individual particles in a process called diffusion, which is not covered in this chapter.) 

Most houses and office buildings in the United States have forced-air heating; that is, 
warm air is blown through heating ducts into rooms. This is an excellent example of ther- 
mal energy transfer via convection. The same air ducts are used in the summer for cooling 
the same structures by blowing cooler air through the ducts and into the rooms, which is 
another example of convective thermal energy transfer. (But, of course, then the heat has 
the opposite sign, because the temperature in the room is lowered.) 

Large amounts of energy are transferred by convection in the Earth’s atmosphere and in 
the oceans. For example, the Gulf Stream carries warm water from the Gulf of Mexico north- 
ward through the Straits of Florida, and up the east coast of the United States. The warmer tem- 
perature of the water in the Gulf Stream is revealed in the NASA satellite image in Figure 18.20. 
The Gulf Stream has a temperature around 20 °C as it flows with a speed of approximately 
2 m/s up the east coast of the United States into the North Atlantic. The Gulf Stream then 
splits. One part continues to flow toward Britain and Western Europe, while the other part 
turns south along the African coast. The average temperature of Britain and Western Europe is 
approximately 5 °C higher than it would be without the thermal energy carried by the warmer 
waters of the Gulf Stream. 

Some climate models predict that global warming may possibly threaten the Gulf Stream 
because of the melting of ice at the North Pole. The extra freshwater from the melting polar ice 
cap reduces the salinity of the water at the northern end of the Gulf Stream, which interferes 
with the mechanism that allows the cooled water from the Gulf Stream to sink and return to 
the south. Paradoxically, global warming could make Northern Europe colder. 


SOLVED PROBLEM 18.3 | Gulf Stream 


Let’s assume that a rectangular pipe of water 100 km wide and 500 m deep can approxi- 
mate the Gulf Stream. The water in this pipe is moving with a speed of 2.0 m/s. The tem- 
perature of the water is 5.0 °C warmer than the surrounding water. 


PROBLEM 
Estimate how much power the Gulf Stream is transporting to the North Atlantic Ocean. 


SOLUTION 


THINK 

We can calculate the volume flow rate by taking the product of the speed of the flow and 
the cross-sectional area of the pipe. Using the density of water, we can then calculate the 
mass flow rate. Using the specific heat of water and the temperature difference between 
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the Gulf Stream water and the surrounding water, we can calculate the power transported 
by the Gulf Stream to the North Atlantic. 


SKETCH 
Figure 18.21 shows the idealized Gulf Stream flowing to Boston e 
the northeast in the North Atlantic. 


New York så 
RESEARCH Philadelphia o 


Washinggon y% 
eý 


We assume that the Gulf Stream has a rectangular cross 
section of width w =100 km and depth d = 500 m. The 
area of the Gulf Stream flow is then 


A=wd. 
The speed of the flow of the Gulf Stream is assumed to 


be v = 2.0 m/s. The volume flow rate is given by 
Ry =VvA. 


The density of seawater is p = 1025 kg/m*. We can ex- 
press the mass flow rate as 


R,, = pRy. FIGURE 18.21 Idealized Gulf Stream flowing in the North Atlantic along 
The specific heat of water is c = 4186 J/(kg K). The heat the eastern coastline of the United States. 
required to raise the temperature of a mass m by AT is 
given by 
Q=cmAT. 
The power carried by the Gulf Stream is equal to the heat per unit time: 
Q_,_cmAT 
t 


=P =cR,,AT. 


(Note: The capital P symbolizes power; do not confuse this with the lowercase p used for 
the pressure.) 


SIMPLIFY 
The power carried by the Gulf Stream is given by 
P=cR,,AT =cpRyAT =cpvwdAT. 
CALCULATE 
The temperature difference is AT = 5 °C = 5 K. Putting in the numerical values gives 


P=(4186 J/(kg K)|(1025 kg/m’ |(2.0 m/s)(100- 10° m}(500 m)(5.0 K) 


= 2.1453-10'° W. 
ROUND 
We report our result to two significant figures: 


P=2.1-10'° W =2.1 PW (1 PW =1 petawatt =10'° W). 


DOUBLE-CHECK 

To double-check this result, let’s calculate how much power is incident on the Earth from 
the Sun. This total power is given by the cross-sectional area of Earth times the power 
incident on Earth per unit area: 


2 
Pau =7(6.4-10° m) (1400 W/m?) =180 PW. 


Let’s calculate how much of this power could be absorbed by the Gulf of Mexico. The 
intensity of sunlight at a distance from the Sun corresponding to the radius of Earth's 
orbit around the Sun is S = 1400 W/m”. We can estimate the area of the Gulf of Mexico as 
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1.0-10°km?*= 1.0: 10” m°. If the water of the Gulf of Mexico absorbed all the energy inci- 
dent from the Sun for half of each day, then the power available from the Gulf would be 


P= 


(10. 10? m? {1400 W/m?) 


=7.0-10“ W =0.7 PW, 


which is less than our estimate of the power transported by the Gulf Stream. Thus, more of 
i . the Atlantic Ocean must be involved in providing energy for the Gulf Stream than just the 
18.3 Self-Test Opportunity Gulf of Mexico. In fact, the Gulf Stream gets its energy from a large fraction of the Atlantic 


2 


List some other convection phe- Ocean. The Gulf Stream is part of a network of currents flowing in the Earth’s oceans, in- 
nomena encountered in everyday duced by prevailing winds, temperature differences, and the Earth’s topology and rotation. 
life. 

Radiation 


Radiant barrier 


Exterior 
bricks 


Roof shingles ae 


Roof trusses 


os 


Radiation occurs via the transmission of electromagnetic waves. (In Chapter 31, we'll see 
how electromagnetic waves carry energy; for now, you can just accept this as an empirical 
fact.) Further, unlike mechanical and sound waves (covered in Chapters 15 and 16), these 
waves need no medium to support them. Thus, electromagnetic waves can carry energy 
from one site to another without any matter having to be present between the two sites. One 
example of the transport of energy via electromagnetic radiation occurs during cell phone 
conversation; a cell phone acts as both a transmitter of radiation to the nearest cell tower 
and a receiver of radiation originating from that tower. 

Allobjects emit electromagnetic radiation. The temperature of the object determines the 
radiated power of the object, Padiatea Which is given by the Stefan-Boltzmann equation: 


Pradiated =oeA T > ( 18. 18) 


where ø = 5.67 - 10 W/K*m’ is called the Stefan-Boltzmann constant, € is the emissivity, 
which has no units, and A is the surface (radiating) area. The temperature in equation 18.18 
must be in kelvins, and it is assumed to be constant. The emissivity 
varies between 0 and 1, with 1 being the emissivity of an idealized 
object called a blackbody. A blackbody radiates 100% of its energy 
and absorbs 100% of any radiation incident on it. Although some 
real-world objects are close to being a blackbody, no perfect black- 
bodies exist; thus, the emissivity is always less than 1. 

The earlier subsection on conduction discussed how the 
insulating ability of various materials is quantified by the R value. 
The heat loss of a house in winter or the heat gain in summer 
depends not only on conduction but also on radiation. New 
building techniques have aimed at increasing the efficiency of 
house insulation by using radiant barriers. A radiant barrier is a 
layer of material that effectively reflects electromagnetic waves, 
especially infrared radiation (which is the radiation we usually 
feel as warmth). The use of radiant barriers in house insulation is 
illustrated in Figure 18.22. 


a) — Wall trusses A radiant barrier is constructed of a reflective substance, usu- 


ally aluminum. A typical commercial radiant barrier is shown in 
Figure 18.23. Its material is aluminum-coated polyolefin, which 
reflects 97% of infrared radiation. Tests by Oak Ridge National 
Laboratory of houses in Florida with and without radiant barriers 


FIGURE 18.22 A schematic drawing of the corner of a house, 
showing part of the roof, part of the ceiling, and part of a wall. The 
roof consists of an outer layer of shingles, a radiant barrier, and 
trusses supporting the roof. The ceiling consists of ceiling trusses 
supporting insulation with an R factor of R-30. The wall consists of 
exterior bricks, a radiant barrier, insulation with an R factor of R-19, 
and supporting wall trusses. 


have shown that summer heat gains of ceilings with R-19 insula- 
tion can be reduced by 16% to 42%, resulting in the reduction of 
air-conditioning costs by as much as 17%. 

The house illustrated in Figure 18.22 is designed to prevent 
heat from entering or leaving by conduction through its insulat- 
ing layers, which have high R factors. The radiant barriers block 
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heat from entering the house in the form of radiation. Unfortunately, this type of barrier 
also prevents the house from being warmed by the Sun in the winter. Heat gain or loss by 
convection is reduced by the dead space between the ceiling and the roof. Thus, the house 
is designed to reduce heat gain or loss by any of the three modes of thermal energy transfer: 
conduction, convection, or radiation. 


EXAMPLE 18.8 | Earth as a Blackbody 


Suppose that the Earth absorbed 100% of the incident energy from the Sun and then 
radiated all the energy back into space, just as a blackbody would. 


PROBLEM 
What would the temperature of the surface of Earth be? 


SOLUTION 

The intensity of sunlight arriving at the Earth is approximately S =1400 W/m”. The Earth 
absorbs energy as a disk with the radius of the Earth, R, whereas it radiates energy from 
its entire surface. At equilibrium, the energy absorbed equals the energy emitted: 


(s)(aR’) = (o)(a)(4aR° a 


Solving for the temperature, we get 


1400 W/m? 
4(5.67)(10-* Wik‘m’} 


= 280 K. 


This simple calculation gives a result close to the actual value of the average temperature 
of the surface of the Earth, which is about 288 K. 


~ _ _ 


Global Warming 
The difference between the temperature calculated for Earth as a blackbody in Example 18.8 
and the actual temperature of the Earth’s surface is partly due to the Earth’s atmosphere, as 
illustrated in Figure 18.24. 

Clouds in the Earth’s atmosphere reflect 20% and absorb 19% of the Sun’s energy. The 
atmosphere reflects 6% of the Sun’s energy, and 4% is reflected by the surface of the Earth. 
The Earth’s atmosphere transmits 51% of the energy from the Sun to the surface of the 


6% reflected by 
atmosphere 


=A 19% absorbed by clouds 


Infrared radiation 
from warm Earth trapped 51% absorbed by 4% reflected by 
by greenhouse gases Earth's surface 


« 


Earth’s surface 


ELR a 

EE à , ESETA 
FIGURE 18.23 One type of radiant 
barrier material, ARMA foil, produced by 
Energy Efficient Solutions. 


FIGURE 18.24 The Earth's atmo- 
sphere strongly affects the amount of 
energy absorbed by the Earth from the 
Sun. 
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FIGURE 18.25 (a) A NASA scientist 
with his arm inside a black plastic bag, 
illuminated with visible light. (b) The 
same NASA scientist photographed 

with an infrared camera. The scientist 
radiated infrared radiation that passed 
through the black plastic bag. 
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Earth. This solar energy is absorbed by the surface of the Earth and warms it, causing the sur- 
face to give off infrared radiation. Certain gases in the atmosphere—notably water vapor and 
carbon dioxide, in addition to other gases—absorb some of this infrared radiation, thereby 
trapping a fraction of the energy that would otherwise be radiated back into space. This trap- 
ping of thermal energy is called the greenhouse effect. The greenhouse effect keeps the Earth 
warmer than it would otherwise be and minimizes day-to-night temperature variations. 

The two photographs in Figure 18.25 illustrate how radiation of different wavelengths 
can penetrate materials differently. In Figure 18.25a, a NASA scientist has his arm inside a 
black plastic bag. The camera was sensitive to visible light, and his arm is not visible inside 
the bag. In Figure 18.25b, the same person was photographed with the lights off, using a 
camera sensitive to infrared radiation. The human body emits infrared radiation because 
its metabolism produces heat. This radiation passes through the black plastic that blocks 
visible light and the previously concealed arm is visible. 

The burning of fossil fuels and other human activities have increased the amount of 
carbon dioxide in the Earth’s atmosphere and increase the surface temperature by trap- 
ping infrared radiation that would otherwise be emitted into space. The concentration of 
carbon dioxide in the Earth’s atmosphere as a function of time is graphed in Figure 18.26. 
In Figure 18.26a, the concentration of carbon dioxide in the Earth’s atmosphere is shown 
for the years 1832 through 2004. The concentration of carbon dioxide has been increas- 
ing for the past 150 years from around 284 ppmv (parts per million by volume) in 1832 
to 377 ppmv in 2004. 

Figure 18.26b shows the concentration of carbon dioxide in the air for the past 420,000 
years. Visible in this plot, are glacial periods with relatively low carbon dioxide concen- 
trations around 200 ppmv and interglacial periods with relatively high carbon dioxide 
concentrations around 275 ppmv. The combination of the direct measurements of the last 
50 years and the inferred concentrations from the ice cores indicates that the present-day 
concentration of carbon dioxide in the atmosphere is higher than at any time in the past 
420,000 years. Some researchers estimate that the current concentration of carbon dioxide 
is at its highest level in the past 20 million years. Models of the composition of the Earth's 
atmosphere based on current trends predict that the concentration of carbon dioxide will 
continue to increase in the next 100 years. This increase in the atmospheric concentration 
of carbon dioxide contributes to the observed global warming described in Chapter 17. 

Worldwide, governments are reacting to these observations and predictions in many 
ways, including the Kyoto Protocol, which went into effect in 2005. In the Kyoto Protocol, sign- 
ing nations agreed to make substantial cuts in their greenhouse gas emissions by the year 2012. 
However, several emerging nations were not required to reduce their greenhouse emissions. 
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FIGURE 18.26 Concentration of carbon dioxide (CO,) in the Earth's atmosphere in parts per million by volume (ppmv). (a) Concentration of car- 
bon dioxide in the atmosphere from 1832 to 2004. The measurements from 1832 to 1978 were done using ice cores in Antarctica and the measure- 
ments from 1959 to 2004 were carried out in the atmosphere at Mauna Loa in Hawaii. (b) Carbon dioxide concentrations for the past 420,000 years, 
extracted from ice cores in Antarctica. 


18.4 In-Class Exercise 


Indicate whether each of the following statements is true (T) or false (F). 


1. A cold object will not radiate energy. 3. When the Celsius temperature doubles, 


the Fahrenheit temperature also doubles. 
2. When heat is added to a system, the a P 


temperature must rise. 4. The temperature of the melting point 


is the same as the temperature of the 
freezing point. 


Heat in Computers 


Thinking about thermal energy transfer may not bring your computer to mind right 
away. But cooling a computer is a major engineering problem. A typical desktop com- 
puter consumes between 100 and 150 W of electrical power, and a laptop uses between 
25 and 70 W. As a general guideline, the higher the computer chips frequency, the higher 
the power consumption. Most of this electrical power is converted into thermal energy and 
has to be removed from the computer. To accomplish this, computers have passive heat 
sinks, which consist of pieces of metal with large surface areas attached to the parts of the 
computer in need of cooling, mainly CPU and graphics chips (Figure 18.27). Passive heat 
sinks apply conduction to move the thermal energy away from the computer parts and then 
radiation to transfer the thermal energy to the surrounding air. An active heat sink includes 
a small fan to move more air past the metal surfaces to increase the thermal energy transfer. 
Of course, the fan also consumes electrical power and thus reduces the charge period of the 
battery in laptop computers. 

While it may be only a slight annoyance to have a laptop computer warming your lap, 
cooling large computer clusters in data centers is very expensive. If a server farm contains 
10,000 individual CPUs, its electrical power consumption is on the order of 1 MW, most of 
which is transformed to heat that has to be removed by very large air-conditioning systems. 
Thus, more efficient computer components, from power supplies to CPU chips, and more 
efficient cooling methods are currently the focus of much research. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= Heat is energy transferred between a system and its n 
environment or between two systems because of a 
temperature difference between them. 
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FIGURE 18.27 Active and passive 
heat sink technology mounted on a 
computer CPU. 


In an adiabatic free expansion, Q = W = AE,,,, = 0. 


a Ifheat, Q, is added to an object, its change in 


temperature, AT, is given by AT =—, where C is the 


= A calorie is defined in terms of the joule: 1 cal = 4.186 J. 


= The work done by a system in going from 2 
an initial volume V; to a final volume V; is 


heat capacity of the object. 


If heat, Q, is added to an object with mass m, its 
change in temperature, AT, is given by AT = A 


Ve 
w= faw=f pdv. 
V; 


The First Law of Thermodynamics states that the 
change in internal energy of an isolated system is 
equal to the heat flowing into a system minus the work 
done by the system, or AE,,,, = Q - W. The First Law of 
Thermodynamics states that energy in a closed system 
is conserved. 


An adiabatic process is one in which Q = 0. 
In a constant-volume process, W = 0. 


In a closed-loop process, Q = W. 


where c is the specific heat of the object. 


The energy required to melt a solid to a liquid, divided 
by its mass, is the latent heat of fusion, Lfusion During 
the melting process, the temperature of the system 
remains at the melting point, T = T melting 


The energy required to vaporize a liquid to a gas, 
divided by its mass, is the latent heat of vaporization, 
Lyaporization: During the vaporization process, the 
temperature of the system remains at the boiling 
point, T= neti 
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= Ifa bar of cross-sectional area A is placed between a 
thermal reservoir with temperature T, and a thermal 
reservoir with temperature T., where T, > T, the rate 


of heat through the bar is Pona = 


Q 


|, Ti 
t 


A——+, where 
R 


R is the thermal resistance of the bar. 


KEY TERMS 


system, p. 582 

environment, p. 582 

thermal energy, p. 583 

heat, p. 583 

calorie, p. 583 

thermodynamic process, 
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pV-diagram, p. 585 

path-dependent process, 
p. 585 

closed path, p. 585 

closed system, p. 586 


First Law of 
Thermodynamics, p. 586 
adiabatic process, p. 588 
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= The radiated power from an object with 
temperature T and surface area A is given by the 
Stefan-Boltzmann equation: P,adiatea = CEAT*, where 
o = 5.67 - 10 W/K m’ is the Stefan-Boltzmann 
constant and e is the emissivity. 
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Stefan-Boltzmann 
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NEW SYMBOLS AND EQUATIONS 


Q, heat 


AE; = Q- W, change in internal energy of a system, First 
Law of Thermodynamics 


C, heat capacity in J/K 
c, specific heat in J/(kg K) 


k, thermal conductivity of a material in W/(m K) 


ANSWERS TO SELF-TEST OPPORTUNITIES 


18.1 The work is negative. 
18.2 


2 
1m? K)| (3.281) ft? || 2 °F (1 wss)(1055 J) 1h 
1W m? 1K || 1J J{1BTU |{ 3600 s 
2 o 
a 
BTU 


PROBLEM-SOLVING PRACTICE 


| Problem-Solving Guidelines 
1. When using the First Law of Thermodynamics, always 
check the signs of work and heat. In this book, work done on a 
system is positive, and work done by a system is negative; heat 
added to a system is positive, and heat given off by a system 


R, thermal resistance of a slab of material in m? K/W 
Lasion latent heat of fusion 


L latent heat of vaporization 


vaporization? 


T netting Melting point of a substance 


Thoiting boiling point of a substance 


18.3 thunderstorms, jet stream, heating water in a pan, heating 
a house 


is negative. Some books define the signs of work and heat 
differently; be sure you know what sign convention applies 
for a particular problem. 

2. Work and heat are path-dependent quantities, but a systems 
change in internal energy is path-independent. Thus, to calculate 


a change in internal energy, you can use any processes that 
start from the same initial position and end at the same final 
position in a pV-diagram. Work and heat may vary, depending 
on the path in the diagram, but their difference, Q - W, will 
remain the same. For these kinds of problems, be sure you 
have a clearly defined system and you know what the initial 
and final conditions are for each step of a process. 


3. For calorimetry problems, conservation of energy demands 
that transfers of energy sum up to zero. In other words, heat 
gained by one system must equal heat lost by the surroundings 
or some other system. This fact sets up the basic equation 
describing any transfer of heat between objects. 
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4. For calculating amounts of heat and corresponding 
temperature changes, remember that specific heat refers to a 
heat change per unit mass of a material, corresponding to a 
temperature change; for an object of known mass, you need 
to use the heat capacity. Also be aware of the possibility of a 
phase change. If a phase change is possible, break up the heat 
transfer process into steps, calculating heat corresponding to 
temperature changes and latent heat corresponding to phase 
changes. Remember that temperature changes are always 
final temperature minus initial temperature. 


5. Be sure to check calorimetry calculations against reality. 
For example, if a final temperature is higher than an initial 
temperature, even though heat was extracted from a system, 
you may have overlooked a phase change. 


SOLVED PROBLEM 18.4 (Thermal Energy Flow through a Copper/ | 


mt Aluminum Bar 
PROBLEM 


A copper (Cu) bar of length L = 90.0 cm and cross-sectional area A = 3.00 cm’ is in ther- 
mal contact at one end with a thermal reservoir at a temperature of 100.0 °C. The other 
end of the copper bar is in thermal contact with an aluminum (Al) bar of the same cross- 
sectional area and a length of 10.0 cm. The other end of the aluminum bar is in thermal 
contact with a thermal reservoir at a temperature of 1.00 °C. What is the thermal energy 
flow through the composite bar? 


SOLUTION 


THINK 
The thermal energy flow depends on the temperature difference between the two ends of 
the bar, the length and cross-sectional area of the bar, and the thermal conductivity of the 
materials. All the heat that flows from the high-temperature end must flow through both 
the copper and aluminum segments. 


SKETCH 


Figure 18.28 is a sketch of the copper/aluminum bar. 


RESEARCH 
We can use equation 18.15 to describe the thermal energy flow through a bar of 
length L and cross-sectional area A: 


Pona =kA 


Sci 


>| 


T, = 100°C To= IC 


FIGURE 18.28 Copper/aluminum bar held 
H-T at 100 °C at one end and 1 °C at the other end. 


c 


We have T, = 100 °C and T, = 1 °C. We identify the temperature at the interface between 
the copper and aluminum segments as T. The thermal energy flow through the copper 
segment is then 
ee t, 
Lou 


The thermal energy flow through the aluminum segment is 


The thermal energy flow through the copper segment must equal the thermal energy flow 
through the aluminum segment, so we have 


(i) 


Continued— 


608 


Chapter 18 Heat and the First Law of Thermodynamics 


SIMPLIFY 
We can solve this equation for T. First we divide through by A and then multiply both 
sides with L,,,L a) 


keulai (Ty -T) =kaLea(T -T.). 
Now we multiply through on both sides and collect all terms with T on one side: 
kcaLaTh — kculaT = ky LouT — kulcie 
Ky LouT + keylaT = keula Th +kaLcu ke 
TK Leu + Keubay) = Keulath + kalou Te 
keulat + kalote 
kcuLa + kala 


T 


Substituting this expression for T into equation (i) gives us the thermal energy flow 
through the copper/aluminum bar. 


CALCULATE 


Putting in the numerical values gives us 
_ koula Th t+ ka lol 
kcuLa + Kalen 
[386 W/(m K)|(0.100 m)(373K) +|220 W/(m K)]|(0.900 m)(274 K) 
~ [386 W/(m K)|(0.100 m)-+ [220 W/(m K)|(0.900 m) 
=290.1513K. 


Putting this result for T into equation (i) gives us the thermal energy flow through the 
copper segment 


T 


Fou T kou A T = 
Lou 
— K -290.1513 K 
=[386 W/(m K)|(3.00-10 m?) 272201313 
0.900 m 

=10.6599 W. 
ROUND 
We report our result to three significant figures: 


Po, =10.7 W. 


DOUBLE-CHECK 
To double-check, let's calculate the thermal energy flow through the aluminum segment: 
T-T, 290.1513 K — 274K 


Phy = by A =[220 W/(m K)|(3.00-10-4 mn?) =10.7 W. 


This agrees with our result for the copper segment. | 


‘es 


MULTIPLE-CHOICE QUESTIONS 


18.1 A 2.0-kg metal object with a temperature of 90 °C heat enters the gas. Assuming that the volume of the gas is 
is submerged in 1.0 kg of water at 20 °C. The water-metal constant, the change in the internal energy of the gas is 
system reaches equilibrium at 32 °C. What is the specific a) 0. b) 1000J. c) -1000J. d) none of the above. 


heat of the metal? 
a) 0.840 kJ/kg K 


c) 0.512 kJ/kg K 


18.3 In the isothermal compression of a gas, the volume 
occupied by the gas is decreasing, but the temperature of the 


b) 0.129 kJ/kg K d) 0.433 kJ/kg K gas remains constant. In order for this to happen, 
18.2 A gas enclosed in a cylinder by means of a piston a) heat must enter the gas. c) no heat exchange should 
that can move without friction is warmed, and 1000 J of b) heat must exit the gas. take place between the gas 


and the surroundings. 


18.4 Which surface should you set a pot on to keep it hotter 
for a longer time? 


a) asmooth glass surface c) asmooth wood surface 


b) a smooth steel surface d) a rough wood surface 


18.5 Assuming the severity of a burn increases as the amount 
of energy put into the skin increases, which of the following 
would cause the most severe burn (assume equal masses)? 


a) water at 90 °C d) aluminum at 100 °C 
b) copper at 110 °C e) lead at 100 °C 
c) steam at 180 °C 


18.6 In which type of process is no work done on a gas? 
a) isothermal c) isobaric 


b) isochoric d) none of the above 


18.7 An aluminum block of mass M y = 2.0 kg and specific 
heat C4, = 910 J/(kg K) is at an initial temperature of 1000 °C 
and is dropped into a bucket of water. The water has mass 
My,0 = 12 kg and specific heat Cy, = 4190 J/(kg K) and 

is at room temperature (25 °C). What is the approximate 
final temperature of the system when it reaches thermal 
equilibrium? (Neglect heat loss out of the system.) 


a) 50°C b) 60°C c) 70°C d) 80°C 


QUESTIONS 


18.11 Estimate the power radiated by an average person. 
(Approximate the human body as a cylindrical blackbody.) 


18.12 Several days after the end of a snowstorm, the roof of 
one house is still completely covered with snow, and another 
house’s roof has no snow cover. Which house is most likely 
better insulated? 


18.13 Why does tile feel so much colder to your feet after a 
bath than a bath rug? Why is this effect more striking when 
your feet are cold? 


18.14 Can you think of a way to make a blackbody, a mate- 
rial that absorbs essentially all of the radiant energy falling 
in it, if you only have a material that reflects half the radiant 
energy that falls on it? 


18.15 In 1883, the volcano on Krakatau Island in the Pacific 
erupted violently in the largest explosion in Earth’s recorded 
history, destroying much of the island in the process. Global 
temperature measurements indicate that this explosion 
reduced the average temperature of Earth by about 1 °C 
during the next two decades. Why? 


18.16 Fire walking is practiced in parts of the world for var- 
ious reasons and is also a tourist attraction at some seaside 
resorts. How can a person walk across hot coals at a tem- 
perature well over 500 °F without burning his or her feet? 


18.17 Why is a dry, fluffy coat a better insulator than the 
same coat when it is wet? 
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18.8 A material has mass density p, volume V, and specific 
heat c. Which of the following is a correct expression for the 
heat exchange that occurs when the material’s temperature 
changes by AT in degrees Celsius? 

a) (pc/V)AT c) (pcV)/AT 

b) (pcV)(AT + 273.15) d) pcVAT 

18.9 Which of the following does not radiate heat? 

d) a device at T = 0.010 K 
e) all of the above 

f) none of the above 


a) ice cube 
b) liquid nitrogen 
c) liquid helium 


18.10 Which of the following statements is (are) true? 


a) When a system does work, its internal energy always 
decreases. 


b) Work done on a system always decreases its internal 
energy. 

c) When a system does work on its surroundings, the sign 
of the work is always positive. 

d) Positive work done on a system is always equal to the 
system's gain in internal energy. 

e) If you push on the piston of a gas-filled cylinder, the 
energy of the gas in the cylinder will increase. 


18.18 It has been proposed that global warming could be 
offset by dispersing large quantities of dust in the upper 
atmosphere. Why would this work, and how? 


18.19 A thermos bottle fitted with a piston is filled with a gas. 
Since the thermos bottle is well insulated, no heat can enter or 
leave it. The piston is pushed in, compressing the gas. 


a) What happens to the pressure of the gas? Does it increase, 
decrease, or stay the same? 

b) What happens to the temperature of the gas? Does it 
increase, decrease, or stay the same? 

c) Do any other properties of the gas change? 


18.20 How would the rate of heat transfer between a ther- 
mal reservoir at a higher temperature and one at a lower 
temperature differ if the reservoirs were in contact with a 
10-cm-long glass rod instead of a 10-m-long aluminum rod 
having an identical cross-sectional area? 


18.21 Why might a hiker prefer a plastic bottle to an 
old-fashioned aluminum canteen for carrying his drinking 
water? 


18.22 A girl has discovered a very old U.S. silver dollar 
and is holding it tightly in her little hands. Suppose that she 
put the silver dollar on the wooden (insulating) surface of 
a table, and then a friend came in from outside and placed 
on top of the silver dollar an equally old penny that she just 
found in the snow, where it had been left all night. Estimate 
the final equilibrium temperature of the system of the two 
coins in thermal contact. 
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PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Sections 18.2 and 18.3 


18.23 You are going to lift an elephant (mass = 5.0- 10° kg) 
over your head (2.0 m vertical displacement). 


a) Calculate the work required to do this. You will lift the 
elephant slowly (no tossing of the elephant allowed!). If you 
want, you can use a pulley system. (As you saw in Chapter 5, 
this does not change the energy required to lift the elephant, 
but it definitely reduces the force required to do so.) 

b) How many doughnuts (250 food calories each) must you 
metabolize to supply the energy for this feat? 

18.24 A gas has an initial volume of 2.00 m’. It is expanded 


to three times its original volume through a process for which 
P =aV’, with a = 4.00 N/m". How much work is done by the 


expanding gas? A 
18.25 How much 3p 
work is done per cycle 
by a gas following the P 2L 
path shown on the oy 
pV-diagram? ee 
0 -a 
0 1 2 3 4 5 
Volume 
(1074 m°) 


Sections 18.4 and 18.5 


18.26 The internal energy of a gas is 500. J. The gas is com- 
pressed adiabatically, and its volume decreases by 100. cm’. If the 
pressure applied on the gas during compression is 3.00 atm, what 
is the internal energy of the gas after the adiabatic compression? 


Section 18.6 

18.27 You have 1.00 cm’ of each of the materials listed in 
Table 18.1, all at room temperature, 22.0 °C. Which material 
has the highest temperature after 1.00 J of thermal energy is 
added to each sample? Which has the lowest temperature? 
What are these temperatures? 


18.28 Suppose you mix 7.00 L of water at 2.00-10' °C with 
3.00 L of water at 32.0 °C; the water is insulated so that no en- 
ergy can flow into it or out of it. (You can achieve this, approxi- 
mately, by mixing the two fluids in a foam cooler of the kind 
used to keep drinks cool for picnics.) The 10.0 L of water will 
come to some final temperature. What is this final temperature? 


18.29 A 25-g piece of aluminum at 85 °C is dropped in 1.0 L 
of water at 1.0- 10* °C, which is in an insulated beaker. As- 
suming that there is negligible heat loss to the surroundings, 
determine the equilibrium temperature of the system. 


18.30 A 12-g lead bullet is shot with a speed of 250 m/s into 
a wooden wall. Assuming that 75% of the kinetic energy is 
absorbed by the bullet as heat (and 25% by the wall), what is 
the final temperature of the bullet? 


18.31 A 1.00-kg block of copper at 80.0 °C is dropped into a 
container with 2.00 L of water at 10.0 °C. Compare the magni- 
tude of the change in energy of the copper to the magnitude of 
the change in energy of the water. Which value is larger? 


18.32 A 1.19-kg aluminum pot contains 2.31 L of water. Both 
pot and water are initially at 19.7 °C. How much heat must 
flow into the pot and the water to bring their temperature up 
to 95.0 °C? Assume that the effect of water evaporation during 
the heating process can be neglected and that the temperature 
remains uniform throughout the pot and the water. 


e18.33 A metal brick found in an excavation was sent to a 
testing lab for nondestructive identification. The lab weighed 
the sample brick and found its mass to be 3.0 kg. The brick 
was heated to a temperature of 3.0- 10? °C and dropped into 
an insulated copper calorimeter of mass 1.5 kg containing 
2.0 kg of water at 2.0-10! °C. The final temperature at equi- 
librium was noted to be 31.7 °C. By calculating the specific 
heat of the sample from this data, can you identify the brick’s 
material? 


+18.34 A 2.0-10° g piece of copper at a temperature of 450 K 
and a 1.0- 10° g piece of aluminum at a temperature of 
2.0-10° K are dropped into an insulated bucket containing 
5.0- 10° g of water at 280 K. What is the equilibrium tempera- 
ture of the mixture? 


ee18.35 When an immersion glass thermometer is used to 
measure the temperature of a liquid, the temperature reading 
will be affected by an error due to heat transfer between the 
liquid and the thermometer. Suppose you want to measure the 
temperature of 6.00 mL of water in a Pyrex glass vial thermally 
insulated from the environment. The empty vial has a mass of 
5.00 g. The thermometer you use is made of Pyrex glass as well 
and has a mass of 15.0 g, of which 4.00 g is the mercury inside 
the thermometer. The thermometer is initially at room tem- 
perature (20.0 °C). You place the thermometer in the water in 
the vial and, after a while, you read an equilibrium temperature 
of 29.0 °C. What was the actual temperature of the water in the 
vial before the temperature was measured? The specific heat ca- 
pacity of Pyrex glass around room temperature is 800. J/(kg K) 
and that of liquid mercury at room temperature is 140. J/(kg K). 


Section 18.7 

18.36 Suppose 400. g of water at 30.0 °C is poured over a 
60.0-g cube of ice with a temperature of -5.00 °C. If all the 
ice melts, what is the final temperature of the water? If all 
of the ice does not melt, how much ice remains when the 
water-ice mixture reaches equilibrium? 


18.37 A person gave off 180 kcal of heat in the evaporation 
of water from the skin in a workout session. How much wa- 
ter did the person lose, assuming that the heat given off was 
used only to evaporate the water? 


18.38 A 1.3-kg block of aluminum at 21 °C is to be melted 
and reshaped. How much heat must flow into the block in 
order to melt it? 


18.39 The latent heat of vaporization of liquid nitrogen is 
about 200. kJ/kg. Suppose you have 1.00 kg of liquid nitrogen 
boiling at 77.0 K. If you supply heat at a constant rate of 10.0 W 
via an electric heater immersed in the liquid nitrogen, how long 
will it take to vaporize all of it? What is the time for 1.00 kg of 
liquid helium, whose heat of vaporization is 20.9 kJ/kg? 


18.40 Suppose 0.010 kg of steam (at 100.00 °C) is added 
to 0.10 kg of water (initially at 19.0 °C). The water is inside 
an aluminum cup of mass 35 g. The cup is inside a perfectly 
insulated calorimetry container that prevents heat flow with 
the outside environment. Find the final temperature of the 
water after equilibrium is reached. 


°18.41 Suppose 1.0- 10° g of molten aluminum at 932 K are 
dropped into 1.00 L of water at room temperature, 22 °C. 


a) How much water will boil away? 

b) How much aluminum will solidify? 

c) What will be the final temperature of the water- 
aluminum system? 

d) Suppose the aluminum were initially at 1150 K. Could 
you still do this problem using just the information given in 
this problem? What would be the result? 


18.42 In one of your rigorous workout sessions, you lost 
150 g of water through evaporation. Assume that the amount 
of work done by your body was 1.80-10° J and that the heat 
required to evaporate the water came from your body. 


a) Find the loss in internal energy of your body, assuming 
the latent heat of vaporization is 2.42 - 10° J/kg. 

b) Determine the minimum number of food calories that 
must be consumed to replace the internal energy lost 

(1 food calorie = 4186 J). 


e°18.43 Knife blades are often made of hardened carbon steel. 
The hardening process is a heat treatment in which the blade is 
first heated to a temperature of 1346 °F and then cooled down 
rapidly by immersing it in a bath of water. To achieve the 
desired hardness, after heating to 1346 °F, a blade needs to be 
brought to a temperature below 5.00- 10° °F. If the blade has a 
mass of 0.500 kg and the water is in an open copper container 
of mass 2.000 kg and sufficiently large volume, what is the 
minimum quantity of water that needs to be in the container 
for this hardening process to be successful? Assume the blade 
is not in direct mechanical (and thus thermal) contact with the 
container, and neglect cooling through radiation into the air. 
Assume no water boils but reaches 100 °C. The heat capacity of 
copper around room temperature is Ceopper = 386 J/(kg K). Use 
the data in the table below for the heat capacity of carbon steel. 


Temperature Range (°C) Heat Capacity (J/kg K) 
150 to 200 519 
200 to 250 536 
250 to 350 553 
350 to 450 595 
450 to 550 662 
550 to 650 754 
650 to 750 846 


Problems 611 


ee18.44 It has been postulated that ethanol “snow” falls near 
the poles of the planets Jupiter, Saturn, Uranus, and Nep- 
tune. If the polar regions of Uranus, defined to be north of 
latitude 75.0° N and south of latitude 75.0° S, experience 
1.00 ft of ethanol snow, what is the minimum amount of en- 
ergy lost to the atmosphere to produce this much snow from 
ethanol vapor? Assume that solid ethanol has a density of 
1.00 g/cm’ and that ethanol snow—which is fluffy like Earth 
snow—is about 90.0% empty space. The specific heat capac- 
ity is 1.30 J/(g K) for ethanol vapor, 2.44 J/(g K) for ethanol 
liquid, and 1.20 J/(g K) for solid ethanol. How much power 
is dissipated if 1.00 ft of ethanol snow falls in one Earth day? 


Section 18.8 


18.45 A 100. mm by 100. mm by 5.00 mm block of ice at 0 °C 
is placed on its flat face on a 10.0-mm-thick metal disk that cov- 
ers a pot of boiling water at normal atmospheric pressure. The 
time needed for the entire ice block to melt is measured to be 
0.400 s. The density of ice is 920. kg/m*. Use the data in Table 
18.3 to determine the metal the disk is most likely made of. 


18.46 A copper sheet of thickness 2.00 mm is bonded to a 
steel sheet of thickness 1.00 mm. The outside surface of the 
copper sheet is held at a temperature of 100.0 °C and the 
steel sheet at 25.0 °C. 


a) Determine the temperature of the copper-steel interface. 


b) How much heat is conducted through 1.00 m°? of the 
combined sheets per second? 


18.47 The Sun is approximately a sphere of radius 6.963- 10° 
km, at a mean distance a = 1.496- 10° km from the Earth. The 
solar constant, the intensity of solar radiation at the outer edge 
of Earth’s atmosphere, is 1370. W/m”. Assuming the Sun radi- 
ates as a blackbody, calculate its surface temperature. 


18.48 An air-cooled motorcycle engine loses a significant 
amount of heat through thermal radiation according to the 
Stefan-Boltzmann equation. Assume that the ambient tem- 
perature is Tọ = 27 °C (300 K). Suppose the engine generates 
15 hp (11 kW) of power and, due to several deep surface fins, 
has a surface area of A = 0.50 m°. A shiny engine has an 
emissivity e = 0.050, whereas an engine that is painted black 
has e = 0.95. Determine the equilibrium temperatures for the 
black engine and the shiny engine. (Assume that radiation is 
the only mode by which heat is dissipated from the engine.) 


18.49 One summer day, you decide to make a popsicle. You 
place a popsicle stick into an 8.00-0z glass of orange juice, 
which is at room temperature (71.0 °F). You then place the 
glass into the freezer which is at -15.0 °F and has a cool- 
ing power of 4.00 - 10° BTU/h. How long does it take your 
popsicle to freeze? 


°18.50 An ice cube at 0 °C measures 10.0 cm on a side. It 
sits on top of a copper block with a square cross section 
10.0 cm on a side and a length of 20.0 cm. The block is par- 
tially immersed in a large pool of water at 90.0 °C. How long 
does it take the ice cube to melt? Assume that only the part 
in contact with the copper liquefies; that is, the cube gets 
shorter as it melts. The density of ice is 0.917 g/cm’. 
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e18.51 A single-pane window is a poor insulator. On a cold 
day, the temperature of the inside surface of the window is 
often much less than the room air temperature. Likewise, 
the outside surface of the window is likely to be much 
warmer than the outdoor air. The actual surface tempera- 
tures are strongly dependent on convection effects. For 
instance, suppose the air temperatures are 21.5 °C inside 
and -3.0 °C outside, the inner surface of the window is at 
8.5 °C, and the outer surface is at 4.1 °C. At what rate will 
heat flow through the window? Take the thickness of the 
window to be 0.32 cm, the height to be 1.2 m, and the width 
to be 1.4 m. 


e18.52 A cryogenic storage container holds liquid helium, 
which boils at 4.2 K. Suppose a student painted the outer 
shell of the container black, turning it into a pseudo- 
blackbody, and that the shell has an effective area of 0.50 m? 
and is at 3.0- 10° K. 


a) Determine the rate of heat loss due to radiation. 


b) What is the rate at which the volume of the liquid helium 
in the container decreases as a result of boiling off? The 
latent heat of vaporization of liquid helium is 20.9 kJ/kg. The 
density of liquid helium is 0.125 kg/L. 


18.53 Mars is 1.52 times farther away from the Sun than 
the Earth is and has a diameter 0.532 times that of the Earth. 


a) What is the intensity of solar radiation (in W/m’) on the 
surface of Mars? 


b) Estimate the temperature on the surface of Mars. 


ee18.54 Two thermal reservoirs are connected by a solid 
copper bar. The bar is 2.00 m long, and the temperatures of 
the reservoirs are 80.0 °C and 20.0 °C. 


a) Suppose the bar has a constant rectangular cross section, 
10.0 cm on a side. What is the rate of heat flow through the bar? 
b) Suppose the bar has a rectangular cross section 

that gradually widens from the colder reservoir to the 

warmer reservoir. The area A is determined by 

A = (0.0100 m? )|1.0+ x/(2.0 m)], where x is the distance 
along the bar from the colder reservoir to the warmer one. 
Find the heat flow and the rate of change of temperature 
with distance at the colder end, at the warmer end, and at 
the middle of the bar. 


e•18.55 The radiation emitted by a blackbody at temperature 
T has a frequency distribution given by the Planck spectrum: 
2h | f 


> 


e-(f)=- -A 
T 2 | eliflkeT _y 


where e7( f) is the energy density of the radiation per unit 
increment of frequency, v (for example, in watts per square 
meter per hertz), h = 6.626- 10% J s is Planck’s constant, 

ky = 1.38: 10”? m? kg s? K” is the Boltzmann constant, 
and c is the speed of light in vacuum. (We'll derive this 
distribution in Chapter 36 as a consequence of the quantum 
hypothesis of light, but here it can reveal something about 
radiation. Remarkably, the most accurately and precisely 


measured example of this energy distribution in nature is the 
cosmic microwave background radiation.) This distribution 
goes to zero in the limits f — 0 and f — œ with a single peak 
in between those limits. As the temperature is increased, the 
energy density at each frequency value increases, and the 
peak shifts to a higher frequency value. 


a) Find the frequency corresponding to the peak of the 
Planck spectrum, as a function of temperature. 

b) Evaluate the peak frequency at temperature T = 6.00-10° K, 
approximately the temperature of the photosphere (surface) 
of the Sun. 

c) Evaluate the peak frequency at temperature T = 2.735 K, 

the temperature of the cosmic background microwave radiation. 


d) Evaluate the peak frequency at temperature T = 300. K, 
which is approximately the surface temperature of Earth. 


Additional Problems 


18.56 How much energy is required to warm 0.30 kg of 
aluminum from 20.0 °C to 100.0 °C? 


18.57 The thermal conductivity of fiberglass batting, which 
is 4.0 in thick, is 8.0-10°° BTU/(ft °F s). What is the R value 
(in ft? °F h/BTU)? 


18.58 Water is an excellent coolant as a result of its very high 
heat capacity. Calculate the amount of heat that is required to 
change the temperature of 10.0 kg of water by 10.0 K. Now 
calculate the kinetic energy of a car with m = 1.00- 10° kg 
moving at a speed of 27.0 m/s (60.0 mph). Compare the two 
quantities. 


18.59 Approximately 95% of the energy developed by 

the filament in a spherical 1.0- 10° W light bulb is dissi- 
pated through the glass bulb. If the thickness of the bulb is 
0.50 mm and its radius is 3.0 cm, calculate the temperature 
difference between the inner and outer surfaces of the bulb. 


18.60 The label on a soft drink states that 12 fl. oz (355 g) 
provides 150 kcal. The drink is cooled to 10.0 °C before it is 
consumed. It then reaches body temperature of 37 °C. Find 
the net energy content of the drink. (Hint: You can treat 

the soft drink as being identical to water in terms of heat 
capacity.) 

18.61 The human body transports heat from the interior 
tissues, at temperature 37.0 °C, to the skin surface, at tempera- 
ture 27.0 °C, at a rate of 100. W. If the skin area is 1.5 m? and 
its thickness is 3.0 mm, what is the effective thermal conduc- 
tivity, K, of skin? 


e18.62 It has been said that sometimes lead bullets melt upon 
impact. Assume that a bullet receives 75% of the work done on 
it by a wall on impact as an increase in internal energy. 


a) What is the minimum speed with which a 15-g lead 
bullet would have to hit a surface (assuming the bullet stops 
completely and all the kinetic energy is absorbed by it) in 
order to begin melting? 

b) What is the minimum impact speed required for the 
bullet to melt completely? 


°18.63 Solar radiation at the Earth’s surface has an intensity 
of about 1.4 kW/m’. Assuming that the Earth and Mars are 
blackbodies, calculate the intensity of sunlight at the surface 
of Mars. 


°18.64 You were lost while hiking outside wearing only a 
bathing suit. 


a) Calculate the power radiated from your body, assuming 
that your body’s surface area is about 2.00 m? and your skin 
temperature is about 33.0 °C. Also, assume that your body 
has an emissivity of 1.00. 

b) Calculate the net radiated power from your body when 
you were inside a shelter at 20.0 °C. 

c) Calculate the net radiated power from your body when 
your skin temperature dropped to 27.0 °C. 


°18.65 A 10.0-g ice cube at -10.0 °C is dropped into 40.0 g 
of water at 30.0 °C. 


a) After enough time has passed to allow the ice cube and 
water to come into equilibrium, what is the temperature of 
the water? 

b) Ifa second ice cube is added, what will the temperature be? 


°18.66 Arthur Clarke wrote an interesting short story called 
“A Slight Case of Sunstroke” Disgruntled football fans came 
to the stadium one day equipped with mirrors and were 
ready to barbecue the referee if he favored one team over the 
other. Imagine the referee to be a cylinder filled with water 

of mass 60.0 kg at 35.0 °C. Also imagine that this cylinder 
absorbs all the light reflected on it from 50,000 mirrors. If the 
heat capacity of water is 4.20- 10° J/ (kg °C), how long will it 
take to raise the temperature of the water to 100. °C? Assume 
that the Sun gives out 1.00- 10° W/m’, the dimensions of each 
mirror are 25.0 cm by 25.0 cm, and the mirrors are held at an 
angle of 45.0°. 


18.67 Ifthe average temperature of the North Atlantic is 12.0 °C 
and the Gulf Stream temperature averages 17.0 °C, estimate the 
net amount of heat the Gulf Stream radiates to the surround- 
ing ocean. Use the details of Solved Problem 18.3 (the length is 
about 8.00- 10° km) and assume that e = 0.930. Don't forget to 
include the heat absorbed by the Gulf Stream. 


°18.68 For a class demonstration, your physics instructor 
pours 1.00 kg of steam at 100.0 °C over 4.00 kg of ice at 0.00 °C 
and allows the system to reach equilibrium. He is then going 
to measure the temperature of the system. While the system 
reaches equilibrium, you are given the latent heats of ice and 
steam and the specific heat of water: Lise = 3.33 - 10° J/kg, 

L steam = 2-26- 10° J/kg, Cwater = 4186 J/(kg °C). You are asked 
to calculate the final equilibrium temperature of the system. 
What value do you find? 


Problems 613 


18.69 Determine the ratio of the heat flow into a six-pack 
of aluminum soda cans to the heat flow into a 2.00-L plastic 
bottle of soda when both are taken out of the same refrig- 
erator, that is, have the same initial temperature difference 
with the air in the room. Assume that each soda can has a 
diameter of 6.00 cm, a height of 12.0 cm, and a thickness 

of 0.100 cm. Use 205 W/(m K) as the thermal conductivity 
of aluminum. Assume that the 2.00-L bottle of soda has a 
diameter of 10.0 cm, a height of 25.0 cm, and a thickness of 
0.100 cm. Use 0.100 W/(mK) as the thermal conductivity of 
plastic. 


18.70 The R factor for housing insulation gives the 
thermal resistance in units of ft” °F h/BTU. A good wall for 
harsh climates, corresponding to about 10.0 in of fiberglass, 
has R = 40.0 ft” °F h/BTU. 

a) Determine the thermal resistance in SI units. 

b) Find the heat flow per square meter through a wall 


that has insulation with an R factor of 40.0, with an outside 
temperature of -22.0 °C and an inside temperature of 23.0 °C. 


°18.71 Suppose you have an attic room measuring 5.0 m by 
5.0 m and maintained at 21 °C when the outside tempera- 
ture is 4.0 °C. 


a) If you used R-19 insulation instead of R-30 insulation, 
how much more heat will exit this room in 1 day? 

b) Ifelectrical energy for heating the room costs 12 cents 
per kilowatt-hour, how much more will it cost you for 
heating for a period of 3 months with the R-19 insulation? 


ee18.72 A thermal window consists of two panes of glass 
separated by an air gap. Each pane of glass is 3.00 mm 

thick, and the air gap is 1.00 cm thick. Window glass has a 
thermal conductivity of 1.00 W/(m K), and air has a thermal 
conductivity of 0.0260 W/(m K). Suppose a thermal window 
separates a room at temperature 20.00 °C from the outside 
at 0.00 °C. 


a) What is the temperature at each of the four air-glass 
interfaces? 

b) At what rate is heat lost from the room, per square meter 
of window? 

c) Suppose the window had no air gap but consisted of a 
single layer of glass 6.00 mm thick. What would the rate 

of heat loss per square meter be then, under the same 
temperature conditions? 

d) Heat conduction through the thermal window could be 
reduced essentially to zero by evacuating the space between 
the glass panes. Why is this not done? 
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19.1 Empirical Gas Laws 


615 


WHAT WE WILL LEARN 


A gas is a substance that, when placed in a container, 
expands to fill the container. 


The physical properties of a gas are pressure, volume, 
temperature, and number of molecules. 


and gases composed of monatomic, diatomic, or 
polyatomic molecules have different specific heats. 


Kinetic theory, describing the motion of the 
constituents of an ideal gas, accounts for its 


macroscopic properties, such as temperature and 


= An ideal gas is one in which the molecules of the gas 
pressure. 


are treated as point particles that do not interact with 
one another. = The temperature of a gas is proportional to the 
average kinetic energy of its molecules. 


= The Ideal Gas Law gives the relationship among 
pressure, volume, temperature, and number of = The distribution of speeds of the molecules of a gas 
molecules of an ideal gas. is described by the Maxwell speed distribution, and 
the distribution of kinetic energies of the molecules 
of a gas is described by the Maxwell kinetic energy 
distribution. 


= The work done by an ideal gas is proportional to the 
change in volume of the gas if the pressure is constant. 


= Dalton’s Law says that the total pressure exerted by 
a mixture of gases is equal to the sum of the partial 
pressures exerted by each gas in the mixture. 


= The mean free path of a molecule in a gas is the 
average distance the molecule travels before 
encountering another molecule. 

= The specific heat of a gas can be calculated for both 
constant-volume and constant-pressure processes, 


Scuba diving (scuba was originally an acronym for “self-contained underwater breathing 
apparatus”) is a popular activity in locations with warm seawater. However, it is also a great 
application of the physics of gases. The scuba diver shown in Figure 19.1 relies on a tank of 
compressed air for breathing underwater. The air is typically kept at a pressure of 200 atm 
(~3000 psi, or ~20 MPa). However, to breathe this air, its pressure must be modified so 
that it is about the same as the pressure surrounding the diver’s body in the water, which 
increases by about 1 atm for every 10 m below the surface (see section 13.4). 

In this chapter, we study the physics of gases. The results are based on an ideal gas, 
which doesnt actually exist, but many real gases behave approximately like an ideal gas in 
many situations. We first examine the properties of gases based on observations, including 
laws first stated by pioneers of hot-air balloon navigation, who had a very practical interest 
in the behavior of gases at high altitudes. Then we gain additional insights from the kinetic 
theory of an ideal gas, which applies mathematical analysis to gas particles under several 
assumed conditions. 

The key properties of gases are the thermodynamic quantities of temperature, pressure, 
and volume, which is why this chapter is with the others on thermodynamics. However, the 
physics of gases has applications to many different areas of science, from astronomy to meteo- 
rology, from chemistry to biology. Many of these concepts will be important in later chapters. 


19.1 Empirical Gas Laws 


Chapter 13 presented an overview of the states of matter. It introduced pressure as a physi- 
cal quantity and stated that a gas is a special case of a fluid. With the concept of temperature, 
introduced in Chapter 17, we can now look at how gases respond to changes in tempera- 
ture, pressure, and volume. The gas laws introduced in this section provide the empirical 
evidence that will lead to the derivation of the Ideal Gas Law in the next section. We'll see 
that all of the empirical gas laws are special cases of the Ideal Gas Law. 

A gas is a substance that expands to fill the container in which it is placed. Thus, the 
volume of a gas is the volume of its container. This chapter uses the term gas molecules to 
refer to the constituents of a gas, although a gas may consist of atoms or molecules or may 
be a combination of atoms and molecules. 
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> 
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FIGURE 19.2 Relationship between 
pressure and volume as expressed by 
Boyle’s Law. 


> 
T 


FIGURE 19.3 Relationship between 
volume and temperature as expressed 
by Charles’s Law. 


In Chapter 17, the temperature of a substance was defined in terms of its tendency to 
give off heat to its surroundings or to absorb heat from its surroundings. The pressure of a 
gas is defined as the force per unit area exerted by the gas molecules on the walls of a con- 
tainer. For many applications, standard temperature and pressure (STP) is defined as 0 °C 
(273.15 K) and 100 kPa. 

Another characteristic of a gas, in addition to volume, temperature, and pressure, is 
the number of gas molecules in the volume of gas in a container. This number is expressed 
in terms of moles: 1 mole of a gas is defined to have 6.022. 10° molecules. This number 
is known as Avogadros number, introduced in Chapter 13 and will be discussed further in 
connection with Avogadro's Law later in this section. 

Several simple relationships exist among the four properties of a gas—pressure, vol- 
ume, temperature, and number of molecules. This section covers four simple gas laws 
that relate these properties. All of these gas laws are named after their discoverers (Boyle, 
Charles, Gay-Lussac, Avogadro) and are empirical—that is, they were found from perform- 
ing a series of measurements and not derived from some more fundamental theory. In the 
next section, we'll combine these four laws to form the Ideal Gas Law, relating all the mac- 
roscopic characteristics of gases. If you understand the Ideal Gas Law, all of the empirical 
gas laws follow immediately. Why not skip them, then? The answer is that these empirical 
gas laws form the basis from which the Ideal Gas Law is derived. 


Boyle’s Law 


The first empirical gas law is Boyle’s Law, which is also known in Europe as Mariotte’s Law. 
English scientist Robert Boyle published this law in 1662; French scientist Edme Mariotte 
published a similar result in 1676. Boyle’s Law states that the product of a gas’s pressure, 
p, and its volume, V, at constant temperature is a constant (Figure 19.2). Mathematically, 
Boyle’s Law is expressed as as pV = constant (at constant temperature). 

Another way to express Boyle’s Law is to state that the product of the pressure, p,, and 
volume, V}, of a gas at time f, is equal to the product of the pressure, p,, and the volume, V,, 
of the same gas at the same temperature at another time, t: 


PiV, =P V) (at constant temperature). (19.1) 


An everyday example of the application of Boyle’s Law is breathing. When you take 
in a breath, your diaphragm expands, and the expansion produces a larger volume in your 
chest cavity. According to Boyle’s Law, the air pressure in your lungs is reduced relative 
to the normal atmospheric pressure around you. The higher pressure outside your body 
then forces air into your lungs to equalize the pressure. To breathe out, your diaphragm 
contracts, reducing the volume of your chest cavity. This reduction in volume produces a 
higher pressure, which forces air out of your lungs. 


Charles’s Law 


The second empirical gas law is Charles’s Law, which states that for a gas kept at constant 
pressure, the volume of the gas, V, divided by its temperature, T, is constant (Figure 19.3). 
The French physicist (and pioneering high-altitude balloonist) Jacques Charles proposed 
this law in 1787. Mathematically, Charles's Law is V/T = constant (at constant pressure). 

Another way to state Charles's Law is to state that the ratio of the temperature, T}, and 
volume, Vj, of a gas at a given time, t}, is equal to the ratio of the temperature, T,, and the 
volume, V,, of the same gas at the same pressure at another time, t,: 


T 
Liens: < Unt (at constant pressure). (19.2) 
ee 


Note that the temperatures must be expressed in kelvins (K). 
Because the density, p, of a given mass, m, of gas is p = m/V, Charles’s Law can also be 
written as pT = constant (at constant pressure). As a corollary to equation 19.2, we then have 


T, 
Pil = p2TIh & Piz = (at constant pressure). (19.3) 
P2 h 
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Gay-Lussac’s Law 


A third empirical gas law is Gay-Lussac’s Law, which states that ratio of the pressure, p, of A 
a gas to its temperature, T, at the same volume is constant (Figure 19.4). This law was pre- 
sented in 1802 by the French chemist Joseph Louis Gay-Lussac (another avid high-altitude 
balloonist, by the way). Mathematically, the Gay-Lussac Law is expressed as p/T = constant 


P 
(at constant volume). 
Another way to express Gay-Lussac’s Law is to state that the ratio of the pressure of a 
gas, p, and its temperature, T}, at a given time, t,, is equal to the ratio of the pressure, p,, and 
the temperature, T,, of the same gas at the same volume at another time, t: = 
T 
Pi. Pa (at constant pressure). (19.4) FIGURE 19.4 ‘och? 
T T .& Relationship between 
ys pressure and temperature as expressed 
Again, the temperatures must be in kelvins (K). in Gay-Lussac’s Law. 


Avogadro's Law 


The fourth empirical gas law deals with the quantity of a gas. Avogadro’s Law states that the 
ratio of the volume of a gas, V, to the number of gas molecules, N, in that volume is constant 
if the pressure and temperature are held constant. This law was introduced in 1811 by the 
Italian chemist Amadeo Avogadro. Mathematically, Avogadro's Law is expressed as V/N = 
constant (at constant pressure and temperature). 

Another way to express Avogadro's Law is to state that the ratio of the volume, V,, and 
the number of molecules, N}, of a gas at a given time, t}, is equal to the ratio of the volume, 
V,, and the number of molecules, N,, of the same gas at the same pressure and temperature 
at another time, t: 


Mi = I (at constant pressure and temperature). (19.5) 
N N, 


It has been found that a volume of 22.4 L (1 L = 10° m®) of a gas at standard tem- 
perature and pressure contains 6.022- 10° molecules. This number of molecules is called 
Avogadro’s number, N,. The currently accepted value for Avogadro's number is 


N, =(6.02214179 + 0.00000030)-10”°. 


One mole of any gas will have Avogadros number of molecules. The number of moles is 
usually symbolized by n. Thus, the number of molecules, N, and the number of moles, n, of 
a gas are related by Avogadro’s number: 


N=nNg. (19.6) 


Therefore, the mass of one mole of a gas is equal to the atomic mass or molecular mass 
of the constituent particles in grams. For example, nitrogen gas consists of molecules com- 
posed of two nitrogen atoms. Each nitrogen atom has an atomic mass number of 14. Thus, 
the nitrogen molecule has a molecular mass of 28, and a 22.4-L volume of nitrogen gas at 
standard temperature and pressure has a mass of 28 g. 


19.2 Ideal Gas Law 


We can combine the empirical gas laws described in Section 19.1 to obtain a more general 
law relating the properties of gases, called the Ideal Gas Law: 


pV=nRT, (19.7) 
where p, V, and T are the pressure, volume, and temperature, respectively, of n moles of a 


gas and R is the universal gas constant. The value of R is determined experimentally and 
is given by 


R=(8.314472 + 0.000015) J/(mol K). 
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The constant R can also be expressed in other units, which changes its numerical value, for 
example, R = 0.08205746 L atm/(mol K). 

The Ideal Gas Law was first stated by the French scientist Benoit Paul Émile Clapeyron 
in 1834. It is the main result of this chapter. 


DERIVATION 19.1 { Ideal Gas Law 


To derive the Ideal Gas Law, we start with one mole of an ideal gas, described by 
a pressure py, a volume Vo, and a temperature Tọ which can be indicated using 
the shorthand notation {pə Vo, To}. (Remember, an ideal gas has no interactions 
among its molecules.) This particular state of the gas is shown on a plot of tem- 
perature versus pressure (a Tp-diagram ) in Figure 19.5. 

Next, the state of the gas is changed by varying its volume and temperature 


{bpb aV paT} while holding the pressure constant. In Figure 19.5, the gas’s state goes from 


P 


> {Po V» To} to {P Vo T,} on the Tp-diagram (red arrow). Using Charles’s Law 
(equation 19.2), we can write 


FIGURE 19.5 Path of the state of a gas in a 


plot of temperature versus pressure (Tp-diagram). Vo z aVo Z V 

The first part of the path takes place at a T E aT) 7 T 

constant pressure and is described by Charles's 

Law. The second part of the path takes place where we have multiplied the numerator and denominator of the ratio Vo/Tp by a 


at constant temperature and is described by 


Boyle’s Law. 


constant, a. We can describe the gas in this new state with 
{Pr Vi T} = {Poa Voa}. (i) 


From this point in the Tp-diagram, the pressure and volume of the gas change while the 
temperature is held constant. In Figure 19.5, the path goes from {p,, Vi Ti} to {P> V» To}, 
as indicated by the blue arrow. Using Boyle's Law (equation 19.1), we can write 


pM= > py = (bpi (BV = pave, 


where the product p, V; is multiplied and divided by a constant, b. Now we can describe 
the state of the gas with 


{PoV D} = {bp b V Ih (ii) 
Combining equations (i) and (ii) gives us 
{P2 V2 T2} = {bpo b aV aT}. 


We can now write the ratio 


-1 
P2Vr _ (b0)(0 av) — PoYo 
i a, i 
This implies that pọ Vọ/T is a constant, which we can call R, the universal gas constant. 
This derivation was done for 1 mole of gas. For n moles of gas, Avogadro's Law says 
that with constant pressure and temperature, the volume of n moles of gas will be equal to 


the number of moles times the volume of one mole of gas. We can rearrange po Vọ/To = R 
and multiply by n to get 


nPoVo = NRT. 
We now write the Ideal Gas Law as pV/T = nR, or, more commonly, as 
pV=nRT, 


where p = po V = nW, and T = To are the pressure, volume, and temperature, respectively, 
of n moles of gas. 


The Ideal Gas Law can also be written in terms of the number of gas molecules instead 
of the number of moles of gas. This is sometimes useful for examining relationships at the 
molecular level of matter. In this form, the Ideal Gas Law is 


pV =NkgT, (19.8) 
where N is the number of atoms or molecules and kg is the Boltzmann constant, given by 
fe 

Na 


The currently accepted value of the Boltzmann constant is 


kp = (1.38106504 + 0.0000024)- 10° J/K. 


The Boltzmann constant is an important fundamental physical constant that often 
arises in relationships based on atomic or molecular behavior. It will be used again later 
in this chapter and again in discussions of solid-state electronics and quantum mechanics. 
You may have noticed by now that the letter k is often used in mathematics and physics to 
denote a constant (the German word for constant is Konstante, which is where the use of 
k originated). However, the Boltzmann constant is of such basic significance that the sub- 
script B is used to distinguish it from other physical constants denoted by k. 

Another way to express the Ideal Gas Law for a constant number of moles of gas is 

PM PV 


> 


T D 


(19.9) 


where p,, Vp and T; are the pressure, volume, and temperature, respectively, 
at time 1 and p,, V,, and T, are the pressure, volume, and temperature, respec- 
tively, at time 2. The advantage of this formulation is that you do not have to 
know the numerical values of the universal gas constant or the Boltzmann con- 
stant to relate the pressures, volumes, and temperatures at two different times. 

It is straightforward to confirm that Boyles Law, Charles's Law, and 
Gay-Lussac’s Law are embodied in the Ideal Gas Law. In Figure 19.6, a three- 
dimensional surface represents the relationship among the pressure, volume, and 
temperature of an ideal gas. Projecting this surface onto the constant-pressure 
axis yields a curve reflecting Charles’s Law. Projecting onto the constant- 
temperature axis yields a curve reflecting Boyle’s Law. Projecting onto the 
constant-volume axis yields a curve reflecting Gay-Lussac’s Law. 

Note that the Ideal Gas Law has been obtained in this discussion by com- 
bining the empirical gas laws. The next section will analyze the behavior of 
ideal gas molecules in a container and thereby provide insight into the micro- 
scopic physical basis for the Ideal Gas Law. Let’s first explore the consequences 
and predictive powers of the Ideal Gas Law with a few illustrative examples. 


Boyle 


EXAMPLE 19.1 { Gas in a Cylinder 


Consider a gas at a pressure of 24.9 kPa in a cylinder with a volume of 0.100 m? and a pis- 
ton. This pressure and volume corresponds to point 1 in Figure 19.7. The pressure of this 
gas has to be decreased to allow a manufacturing process to work efficiently. The piston is 
designed to increase the volume of the cylinder from 0.100 m° to 0.900 m? while keeping 
the temperature constant. 


PROBLEM 
What is the pressure of the gas at a volume of 0.900 m°? 


SOLUTION 
Point 2 in Figure 19.7 represents the pressure of the gas at a volume of 0.900 m°. You can 


see that the pressure decreases as the volume increases. ; 
Continued— 
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19.1 In-Class Exercise 


The pressure inside a scuba tank is 
205 atm at 22.0 °C. Suppose the 
tank is left out in the sun and the 
temperature of the compressed air 
inside the tank rises to 40.0 °C. 
What will the pressure inside the 
tank be? 


a) 205 atm d) 321 atm 
b) 218 atm e) 373 atm 
c) 254 atm 

Charles 


Gay-Lussac 


T 


FIGURE 19.6 The relationship among the Ideal 
Gas Law and Charles’s Law (constant pressure), 
Boyle’s Law (constant temperature), and Gay-Lussac’s 
Law (constant volume). 
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FIGURE 19.7 Plot of pressure 


versus volume for a gas described by 
Boyle’s Law. 
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FIGURE 19.8 The top row shows a 
balloon blown up at room temperature 
and then placed in liquid nitrogen. In 
the bottom row, the cold balloon is 
removed from the liquid nitrogen and 
allowed to warm to room temperature. 
The time between subsequent frames 
in each sequence is 20 s. Note that the 
liquid nitrogen causes a phase change 
in the air inside the balloon, causing 
it to contract more than the Ideal Gas 
Law alone predicts. 


Since the temperature is constant (T; = T,) in this situation, the Ideal Gas Law (in the form in 
equation 19.9), p, V/T; = p,V,/T>, reduces to p, V; = p,V>. (Section 19.1 identified this spe- 
cial case of the Ideal Gas Law as Boyle’s Law.) We can use this to calculate the new pressure: 


PM (249 kPa)(0.100 m’) soe 


P 


V, 0.900 m? 


There are, of course, many applications where the temperature of a gas changes. Exam- 
ple 19.2 considers one. 


EXAMPLE 19.2 | Cooling a Balloon 


nons 
e 


A balloon is blown up at room temperature and then placed in liquid nitrogen (Figure 
19.8). The balloon is allowed to cool to liquid-nitrogen temperature and it shrinks dra- 
matically. The cold balloon is then removed from the liquid nitrogen and allowed to 
warm back to room temperature. The balloon returns to its original volume. 


PROBLEM 
By what factor does the volume of the balloon decrease as the temperature of the air in- 
side the balloon goes from room temperature to the temperature of liquid nitrogen? 


SOLUTION 

The gas inside the balloon is kept at constant pressure (p, = p2), because it is always at at- 
mospheric pressure, which is the pressure outside the balloon. The Ideal Gas Law (equa- 
tion 19.9), p,V,/T, = p,V>/T,, in this case becomes V,/T, = V,/T>. (In Section 19.1, this 
special case of the Ideal Gas Law was identified as Charles’s Law.) Assume room tempera- 
ture is 22 °C or T, = 295 K, and the temperature of liquid nitrogen is T, = 77.2 K. We can 
calculate the fractional change in volume of the balloon: 


vV T, 7728 
V T, 295K 


= 0.262. 


DISCUSSION 

The balloon in Figure 19.8 shrank by much more than the factor calculated from Charles's 
Law. (A ratio of cold volume to warm volume of 25% implies that the radius of the cold 
balloon should be 63% of the radius of the room-temperature balloon.) There are several 
reasons for the smaller than expected size of the cold balloon. First, the water vapor in 
the air in the balloon freezes out as ice particles. Second, some of the oxygen and the 
nitrogen in the air inside the balloon condense into liquids, to which the Ideal Gas Law 
does not apply. 
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Example 19.3 deals with the relationship of air temperature and air pressure. 


EXAMPLE 19.3 | Heat on the Golf Course 


The 2007 PGA Championship was played in August in Oklahoma at the Southern Hills 
Country Club, at the highest average temperature of any major golf championship in histo- 
ry, reaching approximately 101 °F (38.3 °C = 311.5 K). Thus, the air density was lower than 
at cooler temperatures, causing the golf balls to fly farther. The players had to correct for this 
effect, just as they have to allow for longer flights when they play at higher elevations. 


PROBLEM 

The Southern Hills Country Club is at an elevation of 213 m (700 ft) above sea level. At 
what elevation would the Old Course at St. Andrews, Scotland, shown in Figure 19.9, 
have to be located, if the air temperature was 48 °F (8.9 °C = 282.0 K), for the golf balls to 
have the same increase in flight length as at Southern Hills? 


SOLUTION 

First, we calculate how the temperature influences the air density. We can use the rela- 
tionship between the density and temperature for constant pressure, p/p, = T>/T,, equa- 
tion 19.3. Putting in the known values (remember that we need to use kelvins for air 
temperature values), we obtain 


Pı _ D _2820K 
Po L 


FIGURE 19.9 Teeing off at the Old 

Course in St. Andrews, Scotland, at sea 

3115K level and in late winter. At lower eleva- 
tions or lower temperatures, the ball 

In other words, the air at 101 °F has only 90.53% of the density of air at 48 °F, at the same does not carry as far. 

pressure. Now we have to compute the altitude that corresponds to the same density ratio. 

In Section 13.4, we derived a formula that relates the density to the height, 


= 0.9053. 


plh)= pye "8! 


where h is the height above sea level, py is the density of air at sea level, and py is the air pres- 
sure at sea level. The constants in the formula relating density to height can be written as 


Po - 1.01-10° Pa 
Pog (1.229 kgim®)(9.81 m/s?) 


= 8377 m. 


The elevation at Southern Hills is h, = 213 m and the air density is 


ph) Z poe ™ 7 m) 


The air density at the Old Course at an elevation h, would be 


ph) = pp” E7 ™, 


Taking the ratio of these two densities gives 


-h,/(8377 
phy) _ poe”? ™ tt, (8377 m) 


p(h,) peer ç ` 


Setting this ratio equal to the ratio of the densities from the temperature difference gives 
e~m )N(8377 m) — 0.9053. 
Taking the natural log of both sides of this equation leads to 
-(h, -h,)/ (8377 m) =1n(0.9053), 
which can be solved for h,: 
h, = h, - (8377 m)ln(0.9053) = (213 m) - (8377 m)1n(0.9053) = 1046 m. 


Continued— 
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19.2 In-Class Exercise 


Suppose an ideal gas has pressure 
p, volume V, and temperature T. If 
the volume is doubled at constant 


pressure, the gas does work W, - const: 


If instead the volume is doubled at 
constant temperature, the gas does 
work Wr- const: What is the relation- 
ship between these two amounts of 
work done by the gas? 


a) W, = const Í Wr- const 
b) W, = const = Wr = const 
c) W, = const 7 Wr- const 


d) The relationship cannot 
be determined from the 
information given. 


Thus, at the temperature of 101 °F, the course at Southern Hills played as long as the Old 
Course would at an elevation of 1046 m (3432 ft) and a temperature of 48 °F. 


DISCUSSION 

Our solution neglected the effect of the high humidity at Southern Hills, which reduced 
the air density by an additional 2% relative to the density of dry air, causing the course 
to play like one with dry air and a temperature of 48 °F at an altitude over 4000 ft above 
sea level. (The effect of water vapor in the air on the air density is discussed later, in the 
subsection on Dalton’s Law.) 


Work Done by an Ideal Gas at Constant Temperature 


Suppose we have an ideal gas at a constant temperature in a closed container whose volume 
can be changed, such as a cylinder with a piston. This setup allows us to perform an isother- 
mal process, described in Chapter 18. For an isothermal process, the Ideal Gas Law says that 
the pressure is equal to a constant times the inverse of the volume: p = nRT/V. If the volume 
of the container is changed from an initial volume, V,, to a final volume, V; the work done 
by the gas (see Chapter 18) is given by 


Ve 
w= | pay. 
V, 


Substituting the expression for the pressure into this integral gives 


v % dV 
wef pav=(nrr) f RTv. 


which evaluates to 


W =nRT ln Ve 


| (19.10) 


1 


Equation 19.10 indicates that the work done by the gas is positive if V; > V; and is negative 
if Vi< V, 

We can compare this result to those found in Chapter 18 for the work done by the gas 
under other assumptions. For example, if the volume is held constant rather than the tem- 
perature, the gas can do no work: W = 0. If the pressure is held constant, the work done by 
the gas is given by (see Chapter 18) 


Vj v: 
vl, pav=p f dV = p(V; - V;)= pAV. 


Dalton’s Law 


How do ideal gas considerations change, if there is more than one type of gas in a given 
volume, as in the Earth’s atmosphere, for example? Dalton’s Law states that the pressure of a 
gas composed of a homogeneous mixture of different gases is equal to the sum of the partial 
pressure of each of the gases. Partial pressure is defined as the pressure the gas would exert 
if the other gases were not present. Dalton’s Law means that each gas is unaffected by the 
presence of other gases, as long as there is no interaction between the gas molecules. The law 
is named for John Dalton, a British chemist, who published it in 1801. Dalton’s Law gives the 
total pressure, Pio,» exerted by a mixture of m gases, each with partial pressure p; 


Poil = Pit Po + Ps +--+ Pm => Pi (19.11) 


i=l] 


Avogadro's Law can be extended to state that the total number of moles of gas, niota CON- 
tained in a mixture of m gases is equal to the sum of the numbers of moles of each gas, n;: 


m 
Nrotal = Mı FMg +Ng Ho +My = > ni. 
i=l 


Table 19.1 Major Gase: king up the Earth’ tmo phere 
Chemical Symbol 


Gas Percentage by Volume Molecular Mass 
Nitrogen 78.08 N, 28.0 
Oxygen 20.95 o 32.0 
Argon 0.93 Ar 40.0 
Carbon dioxide 0.038 CO; 44.0 
Neon 0.0018 Ne 20.2 
Helium 0.0005 He 4.00 
Methane 0.0002 CHI 16.0 
Krypton 0.0001 Kr 83.8 


Then, the mole fraction, r;, for each gas in a mixture is the number of moles of that gas 
divided by the total number of moles of gas: 


r=- (19.12) 


Ntotal 


m 
The sum of the mole fractions is equal to 1: 5 r =1. Ifthe number of moles of gas increases, 


i=l 
with the temperature constant, the pressure must go up. We can then express each partial 
pressure as 


= = P total 
Pi =f Protal =”; . 
Ntotal 


(19.13) 


This means that the partial pressures in a mixture of gases are simply proportional to the 
mole fractions of those gases present in the mixture. 


Earth’s Atmosphere 

The atmosphere of the Earth has a mass of approximately 5.1-10'* kg (5 quadrillion metric 
tons). It is a mixture of several gases; see Table 19.1. The table lists only the components of dry 
air; in addition, air also contains water vapor (H,O), which makes up approximately 0.25% of 
the entire atmosphere. (This sounds like a small number but equals approximately 10'° kg of 
water, which is about four times the volume of water in all the Great Lakes!) Near the Earth's 
surface, the water content of air ranges from less than 1% to over 3%, depending mainly on 
the air temperature and the availability of liquid water in the vicinity. Water vapor in the air 
decreases the average density of the atmosphere, because the molecular mass of water is 18, 
which is smaller than the molecular or atomic mass of almost all the other atmospheric gases. 
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19.3 In-Class Exercise —, 


What is the mass of 22.4 L of dry 
air at standard temperature and 
pressure? 


a) 14.20 g d) 32.22 g 
b) 28.00 g e) 60.00 g 
c) 28.95 g 
No J 


19.4 In-Class Exercise —, 


What is the oxygen pressure in the 
Earth’s atmosphere at sea level? 


a) 0 d) 4.8 atm 
b) 0.21 atm e) 20.9 atm 
c) 1 atm 


19.3 Equipartition Theorem 


We have been discussing the macroscopic properties of gases, including volume, tempera- 
ture, and pressure. To explain these properties in terms of the constituents of a gas, its 
molecules (or atoms), requires making several assumptions about the behavior of these 
molecules in a container. These assumptions, along with the results derived from them, are 
known as the kinetic theory of an ideal gas. 

Suppose we have a gas in a container of volume V, and the gas fills this container evenly. 
We make the following assumptions: 


= The number of molecules, N, is large, but the molecules themselves are small, so the 
average distance between molecules is large compared to their size. All molecules 
are identical, and each has mass m. 


= The molecules are in constant random motion on straight-line trajectories. They do 
not interact with one another and can be considered point particles. 
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Wall 


> xX 


FIGURE 19.10 Gas molecule with 
mass m and velocity v, bouncing off the 
wall of a container. 


= The molecules have elastic collisions with the walls of the container. 


= The volume, V, of the container is large compared to the size of the molecules. The 
container walls are rigid and stationary. 


The kinetic theory explains how the microscopic properties of the gas molecules give rise to 
the macroscopic observables of pressure, volume, and temperature as related by the Ideal Gas 
Law. For now, we are mainly interested in what the average kinetic energy of the gas molecules 
is and how it relates to the temperature of the gas. This connection is called the equipartition 
theorem. In the next section, we use this theorem to derive expressions for the specific heats 
of gases. We'll then see that the equipartition theorem is intimately connected to the idea of 
degrees of freedom of the motion of the gas molecules. Finally, in Section 19.6, we'll return to 
the kinetic theory, considering the distribution of kinetic energies of the molecules (instead of 
just the average kinetic energy), and discuss the limitations of the concept of an ideal gas. 

First, we obtain the average kinetic energy of the ideal gas by simply averaging the 
kinetic energies of the individual gas molecules: 


N N N 


1 Peet 4 1 Jia] 1 
SD aa “3 SD 57m (19.14) 


i=1 i=1 i=1 


Thus, the root-mean-square speed of the gas molecules, v my is defined as 


(19.15) 


Note that the root-mean-square speed is not the same as the average speed of the gas mol- 
ecules. But it can be considered a suitable average, because it immediately relates to the 
average kinetic energy, as seen in equation 19.14. 

Derivation 19.2 shows how the average kinetic energy of the molecules in an ideal 
gas relates to the temperature of the gas. We'll see that the temperature of the gas is sim- 
ply proportional to the average kinetic energy, with a proportionality constant + times the 
Boltzmann constant: 

Kaye => kel’. (19.16) 


This is the equipartition theorem. Thus, when we measure the temperature of a gas, we are 
determining the average kinetic energy of the molecules of the gas. This relationship is one 
of the key insights of kinetic theory and will be very useful in the rest of this chapter and in 
later chapters. 

Let’s see how to derive the equipartition theorem starting from Newtonian mechanics 
and using the ideal gas law. 


DERIVATION 19.2 { Equipartition Theorem 


The pressure of a gas in a container is determined by the interaction of the gas molecules 
with the walls of the container, that is, by the change in their momentum, a force. The 
pressure of the gas is a consequence of elastic collisions of the gas molecules with the walls 
of the container. When a gas molecule hits a wall, it bounces back with the same kinetic 
energy it had before the collision. We assume that the wall is stationary, and thus the com- 
ponent of the momentum of the gas molecule perpendicular to the surface of the wall is 
reversed in the collision (see Section 7.5). 

Consider a gas molecule with mass m and an x-component of velocity, v,, traveling 
perpendicular to the wall of a container (Figure 19.10). The gas molecule bounces off the 
wall and moves in the opposite direction with velocity -v,. (Remember, we assumed elas- 
tic collisions between molecules and walls.) The change in the x-component of the mo- 
mentum, Ap,, of the gas molecule during the collision with the wall is 


Apy = Pix ~ Pix =(m)(~v,)-(m)(v,) =-2mv,. 


To calculate the time-averaged force exerted by the gas on the wall of the container, we 
need to know not only how much the momentum changes during the collision but also 
how often a collision of a gas molecule with a wall occurs. To get an expression for the time 
between collisions, we assume the container is a cube with side L (Figure 19.11). Then a 
collision like that shown in Figure 19.10 occurs every time the gas molecule makes a com- 
plete trip from one side of the cube to the other and back again. This round trip covers a 
distance 2L. We can express the time interval, At, between collisions with the wall as 


_2L 


Vx 


At 
We know from Newton’s Second Law that the x-component of the force exerted by the wall 
on the gas molecule, Fwar is given by 


Ap, _ —2mv, __ m 
At (2L/v,) L 


Balti at 


where we have used Ap, = -2mv, and At = 2L/v,. 

The x-component of the force exerted by the gas molecule on the wall, F, has the same 
magnitude as Fwar, x but is in the opposite direction; that is, F; = —F\,,),,, Which is a direct 
consequence of Newton's Third Law (see Chapter 4). If there are N gas molecules, we can 


state the total force due to these gas molecules on the wall as 


N 2 N 
mv: i m 3 š 
Fota = ) i a ) Vy ie (i) 


i=l i=l 


This result for the force on the wall located at x = L is independent of the y- and z-components 
of the velocity vectors of the gas molecules. Since the molecules are in random motion, the 
average square of the x-components of the velocity is the same as the average square of the 


N N N 
y-components or the z-components: > v% = ) v= ) vZ. Since v; = vz; + Vii + Vee 
N N i=l i=l i=l 
2 2 oe 
we have ) Vi =i ) v; , or the average square of the x-components of the velocity is + 


i=l i=l 
of the average square of the velocity. This is the reason for the name of the equipartition 
theorem: Each Cartesian velocity component has an equal part, +, of the overall kinetic 
energy. We can use this fact to rewrite equation (i) for the x-component of the force of the 
gas on the wall: 


Repeating this force analysis for the other five walls, or faces of the cube, we find that each 
N 


experiences a force of the same magnitude, given by Fot = oe v?. To find the pressure 
i=l 
exerted by the gas molecules, we divide this force by the area of the wall, A = L’: 


Fot i= i= 2 
_ _ _ v2, 
P A É 3P -2 ' 


where we have used the cube’s volume, V = L’, in the last step. Using equation 19.15 for the 
root-mean-square speed of the gas molecules, we can express the pressure as 


Nm? s P 
p = “3y ` (ii) 
This result holds for each face of the cube, and it can be applied to a volume of any shape. 


Multiplying both sides of equation (ii) by the volume leads to pV = +Nmv? n» and since 


Continued— 
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FIGURE 19.11 A cubical container 
with side length L. Three of the faces 
of the cube are in the xy-, xz-, and 
yz-planes. 
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19.5 In-Class Exercise —, 


The average kinetic energy of 
molecules of an ideal gas doubles if 
the doubles. 


a) temperature 
b) pressure 
c) mass of the gas molecules 


d) volume of the container 


e) none of the above 


the Ideal Gas Law (equation 19.8) states that pV = Nk, T, we have Nk,T = +Nmv? „s. Can- 
celing out the factor of N on both sides leads to 


3kgl = mZ- (iii) 


Since 4mVimg = Kavo the average kinetic energy of a gas molecule, we have arrived at the 
desired result, equation 19.16: 


Note that we can solve 3kyT = mv7n equation (iii) of Derivation 19.2, for the root-mean- 


square speed of the gas molecules: 
Vana = 4] EE. (19.17) 
m 


EXAMPLE 19.4) Average Kinetic Energy of Air Molecules 


Suppose a roomful of air is at a temperature of 22.0 °C. 


PROBLEM 
What is the average kinetic energy of the molecules (and atoms) in the air? 


SOLUTION 
The average kinetic energy of the air molecules is given by equation 19.16: 


Kwe =2 kT = 3(1.38-10 JIK )(273.15 K+ 22.0 K)=6.11-10™ J. 
Often, the average kinetic energy of air molecules is given in electron-volts (eV) rather 
than joules: 
leV 


Ka = (6.1 102! J) —— E __ 00381 ev. 
1.602-10° J 


A useful approximation to remember is that the average kinetic energy of air molecules 
at sea level and room temperature is about 0.04 eV. 


19.4 Specific Heat of an Ideal Gas 


Chapter 18 addressed the specific heat of materials, which we now consider for gases. Gases 
can consist of atoms or molecules, and the internal energy of gases can be expressed in 
terms of their atomic and molecular properties. These relationships lead to the molar spe- 
cific heats of ideal gases. 

Let’s begin with monatomic gases, which are gases in which atoms are not bound 
to other atoms. Monatomic gases include helium, neon, argon, krypton, and xenon (the 
noble gases). We assume that all the internal energy of a monatomic gas is in the form of 
translational kinetic energy. The average translational kinetic energy depends only on the 
temperature, as stated in equation 19.16. 

The internal energy of a monatomic gas is the number of atoms, N, times the average 
translational kinetic energy of one atom in the gas: 


Eim = NKye = N (251). 


The number of atoms of the gas is the number of moles, n, times Avogadro's number, N;: 
N = mN,. Since Nakp = R, we can express the internal energy as 


Eine = SRT. (19.18) 


Equation 19.18 shows that the internal energy of a monatomic gas depends only on the 
temperature of the gas. 


Specific Heat at Constant Volume 

Suppose an ideal monatomic gas at temperature T is held at constant volume. If heat, Q, is 
added to the gas, it has been shown empirically (see Chapter 18) that the temperature of the 
gas changes according to 


Q=nC,AT (at constant volume), 


where Cy is the molar specific heat at constant volume. Because the volume of the gas is 
constant, it can do no work. Thus, we can use the First Law of Thermodynamics (see Chap- 
ter 18) to write 


AE; =Q-W=nC,AT (at constant volume). (19.19) 


Remembering that the internal energy of a monatomic gas depends only on its temperature, 
we use equation 19.18 and obtain 


AE; = SnRAT. 


Combining this result with Q = nC, AT gives nCyAT = =nRAT. Canceling the terms n and 
AT, which appear on both sides, we get an expression for the molar specific heat of an ideal 
monatomic gas at constant volume: 


Cy = SR =12.5 J/(mol K). (19.20) 


This value for the molar specific heat of an ideal monatomic gas agrees well with mea- 
sured values for monatomic gases at standard temperature and pressure. These gases are 
primarily the noble gases. The molar specific heats for diatomic gases (gas molecules with 
two atoms) and polyatomic gases (gas molecules with more than two atoms) are higher 
than the molar specific heats for monatomic gases, as shown in Table 19.2. We'll discuss this 
difference later in this section. 

For any ideal gas, we can use equation 19.18 to write 


Eim =NCyT, (19.21) 


which means that the internal energy of an ideal gas depends only on n, Cy, and T. 


Some Typical Molar Specific Heats Obtained for Different Types 
of Gases 


Gas C,[J/ (mol K)] C, [J/ (mol K)] y=G/¢, 
Helium (He) 125 20.8 1.66 
Neon (Ne) WAS 20.8 1.66 
Argon (Ar) 125 20.8 1.66 
Krypton (Kr) WAS 20.8 1.66 
Hydrogen (H,) 20.4 28.8 1.41 
Nitrogen (N;) 20.7 297 1.41 
Oxygen (O,) 21.0 29.4 1.41 
Carbon dioxide (CO,) 28.2 36.6 1.29 


Methane (CH,) DAS 35.9 1.30 


19.4 Specific Heat of an Ideal Gas 
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19.1 Self-Test Opportunity 


Using the data in Table 19.2, verify 
the relationship given in equation 
19.23 between the molar specific 
heat at constant pressure and the 
molar specific heat at constant 
volume for an ideal gas. 


CH, 


FIGURE 19.12 Rotational degrees 
of freedom for a helium atom (He), a 
nitrogen molecule (N,), and a methane 
molecule (CH,). 


A generalization of equation 19.21, AE,,,, = nCyAT, applies to all gases as long as the 
appropriate molar specific heat is used. According to this equation, the change in internal 
energy of an ideal gas depends only on n, Cy, and the change in temperature, AT. The change 
in internal energy does not depend on any corresponding pressure or volume change. 


Specific Heat at Constant Pressure 


Now let’s consider the situation in which the temperature of an ideal gas is increased while 
the pressure of the gas is held constant. The added heat, Q, has been shown empirically to 
be related to the change in temperature as follows: 


Q= nC, AT (for constant pressure), (19.22) 


where C, is the molar specific heat at constant pressure. The molar specific heat at constant 
pressure is greater than the molar specific heat at constant volume because energy must be 
supplied to do work as well as to increase the temperature. 

To relate the molar specific heat at constant volume to the molar specific heat at con- 
stant pressure, we start with the First Law of Thermodynamics: AE,,,, = Q-W. We substitute 
from equation 19.19 for AE,,, and from equation 19.22 for Q. In Chapter 18, the work, W, 
done when the pressure remains constant was expressed as W = pAV. With these substitu- 


tions into AE; = Q-W, we obtain 
nCy AT =nC, AT - pAV. 


The Ideal Gas Law (equation 19.7) relates the change in volume to the change in tempera- 
ture if the pressure is held constant: pA V = nRAT. Substituting this expression for the work, 
we finally have 


nCy AT =nC, AT —nRAT. 


Every term in this equation contains the common factor nAT. Dividing it out gives the very 
simple relation between the specific heats at constant volume and at constant pressure: 


C, =Cy +R. (19.23) 


Degrees of Freedom 


As you can see in Table 19.2, the relationship Cy = ŻR holds for monatomic gases but not 
for diatomic and polyatomic gases. This failure can be explained in terms of the possible 
degrees of freedom of motion for various types of molecules. 

In general, a degree of freedom is a direction in which something can move. For a 
point particle in three-dimensional space, there are three orthogonal directions, which are 
independent of each other. For a collection of N point particles, there are 3N degrees of 
freedom for translational motion in three-dimensional space. But if the point particles are 
arranged in a solid object, they cannot move independently of each other, and the number 
of degrees of freedom is reduced to the translational degrees of freedom of the center of 
mass of the object (3), plus independent rotations of the object around the center of mass. 
In general, there are three possible independent rotations, giving a total of six degrees of 
freedom, three translational and three rotational. 

Let’s consider three different kinds of gases (Figure 19.12). The first is a monatomic gas, 
such as helium (He). The second is a diatomic gas, represented by nitrogen (N,). The third 
is a polyatomic molecule, for example, methane (CH,). The molecule of the polyatomic gas 
can rotate around all three coordinate axes and thus has three rotational degrees of free- 
dom. The diatomic molecule shown in Figure 19.12 is aligned with the x-axis, and rotation 
about this axis will not yield a different configuration. Therefore, this molecule has only two 
rotational degrees of freedom, shown in the figure as being associated with rotations about 
the y- and z-axes. The monatomic gas consists of spherically symmetrical atoms, which 
have no rotational degrees of freedom. 

The various ways in which the internal energy of an ideal gas can be allocated are speci- 
fied by the principle of equipartition of energy, which states that gas molecules in thermal 
equilibrium have the same average energy associated with each independent degree of freedom 


of their motion. The average energy per degree of freedom is given by +kgT for each gas 
molecule. 

The equipartition theorem (equation 19.16) for gas molecules’ average kinetic energy 
associated with temperature, K,,. = +kgT, is consistent with the equipartition of the mol- 
ecules’ translational kinetic energy among three directions (or three degrees of freedom), x, 
y, and z. The translational kinetic energy has three degrees of freedom, the average kinetic 
energy per translational degree of freedom is +k,T, and the average kinetic energy of the gas 
molecules is given by 3(4kgT) =2kpT. 

Thus, the molar specific heat at constant volume predicted by the kinetic theory for 
monatomic gases by assuming three degrees of freedom for the translational motion is 
consistent with reality. However, the observed molar specific heats at constant volume are 
higher for diatomic gases than for monatomic gases. For polyatomic gases, the observed 
molar specific heats are even higher. 


Specific Heat at Constant Volume for a Diatomic Gas 

The nitrogen molecule in Figure 19.12 is lined up along the x-axis. If we look along the 
x-axis at the molecule, we see a point and thus are not able to discern any rotation around 
the x-axis. However, if we look along the y-axis or the z-axis, we can see that the nitrogen 
molecule can have appreciable rotational motion about either of those axes. Therefore, there 
are two degrees of freedom for rotational kinetic energy of the nitrogen molecule and, by 
extension, all diatomic molecules. Therefore, the average kinetic energy per diatomic mol- 
ecule is (3+2)(4kgT')=SkgT. 

This result implies that calculation of the molar specific heat at constant volume for a 
diatomic gas should be similar to that for a monatomic gas, but with two additional degrees 
of freedom for the average energy. Thus, we modify equation 19.20 to obtain the molar 
specific heat at constant volume for a diatomic gas: 


3+2 5 5 
z R=>R=> [8.31 (mol K)| =20.8 J/(molK). 
Comparing this value to the actual measured molar specific heats at constant volume given in 
Table 19.2 for the diatomic gases hydrogen, nitrogen, and oxygen, we see that this prediction 


from the kinetic theory of ideal gases agrees reasonably well with those measurements. 


Cy 


Specific Heat at Constant Volume for a Polyatomic Gas 


Now lets consider the polyatomic gas, methane (CH,), shown in Figure 19.12. The methane 
molecule is composed of four hydrogen atoms arranged in a tetrahedron, bonded to a car- 
bon atom at the center. Looking along any of the three axes, we can discern rotation of this 
molecule. Thus, this particular molecule and all polyatomic molecules have three degrees 
of freedom related to rotational kinetic energy. 

Thus, calculation of the molar specific heat at constant volume for a polyatomic gas 
should be similar to that for a monatomic gas, but with three additional degrees of freedom 
for the average energy. We modify equation 19.20 to obtain the molar specific heat at con- 
stant volume for a polyatomic gas: 


Cy -HH r=oR=3831 J/(mol K)|=24.9 J/(mol K). 


Comparing this value to the actual measured molar specific heat at constant volume given in 
Table 19.2 for the polyatomic gas methane, we see that the value predicted by the kinetic 
theory of ideal gases is close to, but somewhat lower than, the measured value. 

What accounts for the differences between predicted and actual values of the molar 
specific heats for diatomic and polyatomic molecules is the fact that these molecules can 
have internal degrees of freedom, in addition to translational and rotational degrees of free- 
dom. The atoms of these molecules can oscillate with respect to one another. For example, 
imagine that the two oxygen atoms and one carbon atom of a carbon dioxide molecule are 
connected by springs. The three atoms could oscillate back and forth with respect to each 
other, which corresponds to extra degrees of freedom. The molar specific heat at constant 
volume would then be larger than the 24.9 J/(mol K) predicted for a polyatomic gas. 


19.4 Specific Heat of an Ideal Gas 
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19.6 In-Class Exercise 


The ratio of specific heat at 
constant pressure to specific heat 
at constant volume, C,/Cy, for an 
ideal gas 


a) is always equal to 1. 
b) is always smaller than 1. 
c) is always larger than 1. 


d) can be smaller or larger than 1, 
depending on the degrees of 
freedom of the gas molecules. 


X 


J 


A certain minimum energy is required to excite the motion of internal oscillation 
in molecules. This fact cannot be understood from the viewpoint of classical mechanics; 
Chapters 36 through 38 will provide an understanding of this fact. For now, all you need 
to know is that a threshold effect is observed for vibrational degrees of freedom. In fact, 
the rotational degrees of freedom of diatomic and polyatomic gas molecules also exhibit 
this threshold effect. At low temperatures, the internal energy of the gas may be too low 
to enable the molecules to rotate. However, at standard temperature and pressure, most 
diatomic and polyatomic gases have a molar specific heat at constant volume that is consis- 
tent with their molecules’ translational and rotational degrees of freedom. 


Ratio of Specific Heats 


Finally, it is convenient to take the ratio of the specific heat at constant pressure to that at 
constant volume. This ratio is conventionally denoted by the Greek letter y: 


(19.24) 


Inserting the predicted values for the specific heats of ideal gases with different degrees of 
freedom gives y = C,/Cy = ;R/>R = $ for monatomic gases, y = C,/Cy = [R/ZR = = for 
diatomic gases, and y = C,/Cy = [R/5R = 5 for polyatomic gases. 

Table 19.2 also lists values for y obtained from empirical data. Despite the fact that the 
empirical values of the specific heats for the gases other than the noble gases are not very close 
to the calculated values for an ideal gas, the values of the ratio y are in very good agreement 
with our theoretical expectations. 


19.5 Adiabatic Processes for an Ideal Gas 


As we saw in Chapter 18, an adiabatic process is one in which the state of a system 
changes and no exchange of heat with the surroundings takes place during the change. 
An adiabatic process can occur when the system change occurs quickly. Thus, Q = 0 for 
an adiabatic process. From the First Law of Thermodynamics, we then have AE; w = -W, 
as shown in Chapter 18. 

Let’s explore how the change in volume is related to the change in pressure for an ideal 
gas undergoing such an adiabatic process, that is, a process in the absence of heat transfer. 
The relationship is given by 


pV” =constant (for an adiabatic process), (19.25) 


where y= C,/Cy is the ratio of the specific heat at constant pressure and the specific heat at 
constant volume for the ideal gas. 


DERIVATION 19.3) Pressure and Volume in an Adiabatic Process 


In order to derive the relationship between pressure and volume for an adiabatic process, 
let’s consider small differential changes in the internal energy during such a process: dE;nt = 
-dW. In Chapter 18, we saw that dW = p dV, and therefore for the adiabatic process, we have 


dE; =- pdv. (i) 


However, equation 19.21 says that the internal energy is related in general to the tempera- 
ture: Eint = nCyT. Since we want to calculate dE,,,,, we take the derivative of this equation 
with respect to the temperature: 


dE, =nCy dT. (ii) 
Combining equations (i) and (ii) for dEi» then yields 


-pdV =nC, dT. (iii) 
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We can take the derivative of the Ideal Gas Law (equation 19.7), pV = nRT (with n and 
R constant): 


pdV +V dp=nRdT. (iv) 
Solving equation (iii) for dT and substituting that expression into equation (iv) gives us 


pav 


noy 


pdV+Vdp=nR 


Now we can collect the terms proportional to dV on the left-hand side, giving 
R 
+A |pavevap=0 (v) 
Cy 


Since R = C, - Cy from equation 19.23, we see that 1+R/Cy = 1+(C,-Cy)/Cy = C,/Cy. 
Equation 19.24 represents this ratio of the two specific heats as y. With this, equation (v) 
becomes yp dV+V dp = 0. Dividing both sides by pV lets us finally write 


d dV 
ap AV _ 


Integration then yields 
Inp+ylnV =constant. (vi) 


Using the rules of logarithms, equation (vi) can also be written as ln (pV) = constant. We 
can exponentiate both sides of this equation to get the desired result: 


pV” = constant. 


Another way of stating the relationship between pressure and volume for an adiabatic 
process involving an ideal gas is 


pV =p;V (foran adiabatic process), (19.26) 


where p; and V; are the initial pressure and volume, respectively, and p; and V;are the final 
pressure and volume, respectively. 

Figure 19.13 plots the behavior of a gas during three different processes as a function of 
pressure and volume. The red curve represents an adiabatic process, in which pV” is constant, 
for a monatomic gas with y = =. The other two curves represent isothermal (constant T) pro- 
cesses. One isothermal process occurs at T = 300 K, and the other occurs at T = 400 K. The 
adiabatic process shows a steeper decrease in pressure as a function of volume than the 
isothermal processes. 

We can write an equation relating the temperature and volume of a gas in an adiabatic 
process by combining equation 19.25 and the Ideal Gas Law (equation 19.7): 
nRT 


pv? =|——\V"= (nk)TV™" = constant. 


Assuming the gas is in a closed container, n is constant, and we can rewrite this relationship 
as TV’ ' = constant (for an adiabatic process), or 


T;V =V” (for an adiabatic process), (19.27) 


where T; and V; are the initial temperature and volume, respectively, and T; and V; are the 
final temperature and volume, respectively. 

An adiabatic expansion as described by equation 19.27 occurs when you open a con- 
tainer that holds a cold, carbonated beverage. The carbon dioxide from the carbonation and 
the water vapor make up a gas with a pressure above atmospheric pressure. When this gas 
expands and some comes out of the container’s opening, the system must do work. Because 
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FIGURE 19.13 Plot of the behavior 


of a monatomic gas during three dif- 
ferent processes on a pV-diagram. One 
process is adiabatic (red). The second 
process is isothermal with T = 300 K 
(green). The third process is also iso- 
thermal with T = 400 K (blue). 


19.7 In-Class Exercise 


A monatomic ideal gas occupies 
volume V;, which is then decreased 
to 4V; via an adiabatic process. 
Which relationship is correct for the 
pressures of this gas? 


c) p= ^p; 


d) p= Gy"; 


a) p; = 2p; 


b) p; = $i 


19.8 In-Class Exercise 


A monatomic ideal gas occupies 
volume V;, which is then decreased 
to 4V; via an adiabatic process. 
Which relationship is correct for the 


temperatures of this gas? 
a) T= 2%) Te GT 


b) Tp = 2°77, d) T= (6T, 
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(a) (b) 


the process happens very quickly, no heat can be transferred to the gas; thus, the process 
is adiabatic, and the product of the temperature and the volume raised to the power y-1 
remains constant. The volume of the gas increases, and the temperature must decrease. 
Thus, condensation occurs around the opening of the container. 


SOLVED PROBLEM 19.1 (Bicycle Tire Pump 
eae 


A hand-operated tire pump (Figure 19.14a) is used to inflate a bi- 
cycle tire. The tire pump consists of a cylinder with a piston. The 
tire pump is connected to the tire with a small hose. There is a valve 
V; between the pump and the tire that allows air to enter the tire, but 
not to exit. In addition, there is a valve that allows air to enter the 
pump after the compression stroke is complete and the piston is re- 
tracted to its original position. Figure 19.14b shows the pump and 
tire before the compression stroke. Figure 19.14c shows the pump 

and tire after the compression stroke. 
The inner radius of the cylinder of the pump is r, = 1.00 cm, 
the height of the active volume before the compression stroke is 
h, = 60.0 cm, and the height of the active volume after the compres- 
(o) sion stroke is hy = 10.0 cm. The tire can be considered to be a cylindri- 


FIGURE 19.14 (a) A hand-operated tire pump used to in- cal ring with inner radius r, = 66.0 cm, outer radius r, = 67.5 cm, and 
flate a bicycle tire. (b) The pump and tire before the compres- thickness t = 1.50 cm. The temperature of the air in the pump and tire 
sion stroke. (c) The pump and tire after the compression stroke. before the compression stroke is T; = 295 K. 


FIGURE 19.15 (a) Dimensions of 
the tire pump before the compres- 
sion stroke. (b) Dimensions of the tire 
pump after the compression stroke. (c) 
Dimensions of the bicycle tire. 


PROBLEM 
What is the temperature, Tp of the air after one compression stroke? 


SOLUTION 


THINK 

The volume and temperature of the air before the compression stroke are V; and T;, re- 
spectively, and the volume and temperature of the air after the compression stroke are V; 
and Tp respectively. The compression stroke takes place quickly, so no heat can be trans- 
ferred into or out of the system, and this process can be treated as an adiabatic process. 
The volume of air in the pump decreases when the pump handle is pushed down while 
the volume of air in the tire remains constant. 


SKETCH 


The dimensions of the tire pump and the tire are shown in Figure 19.15. 


(b) (c) 
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RESEARCH 
The volume of air in the tire is 
Viire = i( ar} - ar], 


The volume of air in the pump before the compression stroke is 


V 


a: 
nampa = Trohi. 


The volume of air in the pump after the compression stroke is 


2 
Vpump.f = Troh- 
The initial volume of air in the pump-tire system is V; = V umpi t Vure and the final vol- 


ume of air in the pump-tire system is Vp = V pump,f + Viire We ignore the volume of air in 
the hose between the pump and the tire. 
This process is adiabatic, so we can use equation 19.27 to describe the system before 
and after the compression stroke: 
TV =V. (i) 
SIMPLIFY 
We can solve equation (i) for the final temperature: 


y- r y 
r-r =z]. 
Vet Ue 


We can then insert the expressions for the initial volume and the final volume: 


rohi +a -rr ) m rhi +l -r?) g 
T= arh +t{ ar- art) k rahe +1317 | 
CALCULATE 


Air is mostly diatomic gases (78% N, and 21% O,, see Table 19.1), so we use y = 4, from 
Section 19.4. Putting in the numerical values then gives us 
(7/5)-1 


(0.0100 mÝ (0.600 m) +-(0.0150 m){ (067s m) - (0.660 m’) 


T; =(295 K) - - - 
(0.0100 m} (0.100 m)+ (0.0150 m)|(067 m) -(0.660 m) | 
= 313.162 K. 
ROUND 
We report our result to three significant figures: 


T; =313 K. 


DOUBLE-CHECK 
The ratio of the initial volume of air in the pump-tire system to the final volume is 
Tii 
f 
During the compression stroke, the temperature of the air increases from 295 K to 313 K, 
so the ratio of final temperature to initial temperature is 
T; 313K _ 
T 295K 
which seems reasonable because the final temperature should be equal to the initial tem- 
perature times the ratio of the initial and final volume raised to the power y-1: (1.16) a 
1.16°* = 1.06. If you depress the piston many times in a short period of time, each com- 
pression stroke will increase the temperature of the air in the tire by about 6%. Thus, the 
air in the tire and the pump gets warmer as the tire is inflated. 
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Work Done by an Ideal Gas in an Adiabatic Process 


We can also find the work done by a gas undergoing an adiabatic process from an initial 
state to a final state. In general, the work is given by 


we fpav 


For an adiabatic process, we can use equation 19.25 to write p = cV ” (where c is a constant), 
and the integral determining the work becomes 


v; v; V; 
yy C ha 1 
we f evrdv=c f vav=c = (v -v= 
l-y l-y 
v Vj v 


The constant c has the value c = pV”. Using the Ideal Gas Law in the form p = nRT/V, we have 


c= Sr =nRTV”". 


Now we insert this constant into the expression for the work and use equation 19.27. We 
finally find the work done by a gas undergoing an adiabatic process: 


w= Ehr =i). (19.28) 


19.6 Kinetic Theory of Gases 


19.2 Self-Test Opportunity 


Show explicitly that integrating the 
Maxwell speed distribution from v = 0 
to v = œ yields 1, as required for a 
probability distribution. 


As promised earlier, this section examines some important results from the kinetic theory 
of gases beyond the equipartition theorem of Section 19.3. 


Maxwell Speed Distribution 


Equation 19.17 gives the root-mean-square speed of gas molecules at a given temperature. 
This is the average speed, but what is the distribution of speeds? That is, what is the probability 
that a gas molecule has some given speed between v and v+dv? The speed distribution, called 
the Maxwell speed distribution, or sometimes the Maxwell-Boltzmann speed distribution, is 
given by 


3/2 
f(v) =| = ` ice KT, (19.29) 
B 


The units of the Maxwell speed distribution are (m/s)™. As required for a probability distri- 
bution, integration of this distribution with respect to dv yields 1: f f (v)dv =l. 
0 


A very important feature of probability distributions for observable quantities, like the 
one in equation 19.29 for the molecular speed, is that all kinds of physically meaningful 
averages can be calculated from them by simply multiplying the quantity to be averaged 
by the probability distribution and integrating over the entire range. For example, we can 
obtain the average speed for the Maxwell speed distribution by multiplying the speed, v, by 
the probability distribution, f(v), and integrating this product, vf(v), over all possible values 
of the speed from zero to infinity. The average speed is then given by 


Vave = f vlv)ay aE, 
0 mm 


= 2 
where we used the definite integral f x°e* “dx =a’/2 in performing the integration. 
0 


To find the root-mean-square speed for the Maxwell speed distribution, we first find 


the average speed squared: a 
b S e, 
ave 0 m 


where we employed the definite integral Jf xte hdy=3 Sm . We then take the 
0 


square root: 
Vitis = (? ) = 3kgl x 
\ ave \ m 


As required, this agrees with equation 19.17 for the speed of gas molecules in an ideal gas. 

The most probable speed for the Maxwell speed distribution—that is, the value at 
which f(v) has a maximum—is calculated by taking the derivative of f(v) with respect to v, 
setting that derivative equal to zero, and solving for v, which gives 


DT 
Vinp = ae Ş 


Figure 19.16 shows the Maxwell speed distribution for nitrogen (N,) molecules in air 
at a temperature of 295 K (22 °C), with the most probable speed, the average speed, and 
the root-mean-square speed. You can see in Figure 19.16 that the speeds of the nitrogen 
molecules are distributed around the average speed, Vve However, the distribution is not 
symmetrical around v,,,,. A tail in the distribution extends to high velocities. You can also 
see that the most probable speed corresponds to the maximum of the distribution. 

Figure 19.17 shows the Maxwell speed distribution for nitrogen molecules at four different 
temperatures. As the temperature is increased, the Maxwell speed distribution gets wider. Con- 
sequently, the maximum value of f(v) has to get lower with increasing temperature, because the 
total area under the curve always equals 1, as required for a probability distribution. 

In addition, at a given temperature, the Maxwell 
speed distribution for lighter atoms or molecules is 
wider and has more of a high-speed tail than the distri- E 
bution for heavier atoms or molecules (Figure 19.18). E 
Figure 19.18a shows the Maxwell speed distributions 
for hydrogen and nitrogen molecules plotted on a log- 
arithmic scale at a temperature of 22 °C, which is char- 
acteristic of temperatures found at the surface of the 
Earth. The fact that this curve has no high-speed tail is 
important to the composition of Earth’s atmosphere. 
As we saw in Chapter 12, the escape speed, v,, for any 
object near the surface of the Earth is 11.2 km/s. Thus, E 
any air molecule that has at least this escape speed can ol 
leave Earth’s atmosphere. No gas atoms or molecules i 1009 
are near the escape speed at this temperature. How- 
ever, hydrogen gas is light compared to the other gases 
in the Earth’s atmosphere and tends to move upward. 
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FIGURE 19.16 Maxwell speed 
distribution for nitrogen molecules with 


a temperature of 295 K plotted ona 
linear scale. 
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FIGURE 19.17 Maxwell speed distribution for N, molecules at four different 


FIGURE 19.18 Maxwell speed 
distributions for hydrogen molecules 
and nitrogen molecules in the Earth’s 
atmosphere, plotted on a logarithmic 
scale: (a) at a temperature of 22 °C; 
(b) at a temperature of 1500 °C. 
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FIGURE 19.19 Maxwell kinetic en- 
ergy distribution for nitrogen molecules 


at a temperature of 295 K, plotted on a 
linear scale. 
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FIGURE 19.20 Maxwell kinetic energy 
distribution for nitrogen molecules at 
T = 295 K and T= 1500 K, plotted ona 

logarithmic scale. 


The temperature of Earth's atmosphere depends on the altitude. At an altitude of 100 km above 
the surface, the Earth’s atmosphere starts to become very warm and can reach temperatures of 
1500 °C. This layer of the atmosphere is called the thermosphere. 

Figure 19.18b shows the Maxwell speed distributions for hydrogen and nitrogen mol- 
ecules plotted on a logarithmic scale at a temperature of 1500 °C. We can calculate the 
fraction of hydrogen molecules that will have a speed higher than the escape speed by eval- 
uating the integral for the Maxwell speed distribution from the escape speed to infinity: 


Fraction of H, escaping = f f (v) dv =6-10 * =0.06%. 
v=11.2 km/s 


Only a small fraction of the hydrogen molecules in the thermosphere have speeds above the 
escape speed. The hydrogen molecules with speeds above the escape speed will go out into 
space. The hydrogen molecules remaining behind have the same temperature as the rest of 
the thermosphere, and the speed distribution will reflect this temperature. Thus, over time 
on the geologic scale, most hydrogen molecules in the Earth’s atmosphere rise to the ther- 
mosphere and eventually leave the Earth. 

What about the rest of the atmosphere, which consists mainly of nitrogen and oxygen? 
Essentially no nitrogen molecules have speeds above the escape speed. The ratio of the 
value of the Maxwell speed distribution at the escape speed for nitrogen relative to that for 
hydrogen is fy(11.2 km/s)/fi(11.2 km/s) = 3- 10°. Since the entire atmosphere has a mass 
of 5-10'* kg and contains approximately 10* nitrogen molecules, you can see that virtually 
no nitrogen molecule has a speed above the escape speed. Thus, there is very little hydrogen 
in Earths atmosphere, while nitrogen and heavier gases (oxygen, argon, carbon dioxide, 
neon, and so on) remain in the atmosphere permanently. 


Maxwell Kinetic Energy Distribution 


Just as gas molecules have a distribution of speeds, they also have a distribution of kinetic ener- 
gies. The Maxwell kinetic energy distribution (sometimes called the Maxwell-Boltzmann 
kinetic energy distribution) describes the energy spectra of gas molecules and is given by 


3/2 
s) JK Kher | (19.30) 


ar | kT 


The Maxwell kinetic energy distribution times dK gives the probability of observing a gas 
molecule with a kinetic energy between K and K+dK. Integration of this distribution with 


respect to dK yields 1, f g(K ) dK =1, as required for any probability distribution. The 
0 


unit for the Maxwell kinetic energy distribution is J". 

Figure 19.19 shows the Maxwell kinetic energy distribution for nitrogen molecules 
at a temperature of 295 K. The kinetic energies of the nitrogen molecules are distributed 
around the average kinetic energy. Like the Maxwell speed distribution, the Maxwell 
kinetic energy distribution is not symmetrical around Kwe but has a significant tail at 
high kinetic energies. This high-kinetic-energy tail can carry information about the 
temperature of the gas. 

Figure 19.20 shows the Maxwell kinetic energy distribution for nitrogen mol- 
ecules at two temperatures, T = 295 K and T = 1500 K. The kinetic energy distribu- 
tion at T = 1500 K is much flatter and extends to much higher kinetic energies than the 
kinetic energy distribution at T = 295 K. The high-kinetic-energy tail for T = 295 K in 
Figure 19.20 approaches a simple exponential distribution of kinetic energy with a slope 
of -1/kgT, where T = 295 K, as illustrated by the dashed line. 

Note that the formulations given here for the Maxwell speed distribution and the 
Maxwell kinetic energy distribution do not take the effects of relativity into account. For 
example, the speed distribution extends up to infinite velocities, and no object can travel 
faster than the speed of light (to be discussed in detail in Chapter 35 on relativity). How- 
ever, the relevant velocities for ideal gases are small compared with the speed of light. 
The highest speed shown in Figure 19.18 is v = 1.5-10* m/s (for hydrogen molecules at 


T = 1500 K), which is only 0.005% of the speed of light. The Maxwell speed and kinetic 
energy distributions are also based on the assumption that the molecules of the gas do not 
interact. If the gas molecules interact, then these distributions do not apply. For gas mol- 
ecules moving in the Earth’s atmosphere, the assumption of no interactions is justified, so 
many of the properties of the Earth’s atmosphere can be described using the Maxwell speed 
distribution and the Maxwell kinetic energy distribution. 


EXAMPLE 19.5 | Temperature of the Quark-Gluon Plasma 


Measuring the kinetic energy distribution of the constituents of a gas can reveal the tem- 
perature of the gas. This technique is used in many applications, including the study of 
gases consisting of elementary particles and nuclei. For example, Figure 19.21 shows the 
kinetic energy distributions of antiprotons and pions produced in relativistic heavy ion 
collisions of gold nuclei. (Antiprotons and pions will be discussed extensively in Chapter 
39.) The data were produced by the STAR collaboration and are shown as red dots. Data 
points for low kinetic energies are missing, because the experimental apparatus cannot 
detect those energies. The blue lines represent fits to the data, using equation 19.30 with 
the best-fit value for the temperature, T. Values of kgT = 6.71-107'' J = 417 MeV for the 
antiprotons and kgT = 3.83-10°'' J = 238 MeV for the pions were extracted, meaning that 
the temperatures of the antiprotons and pions are 4.86- 10° K and 2.77- 10° K, respec- 
tively. (These temperatures are several hundred million times higher than the tempera- 
ture at the surface of the Sun!) These observations and others enable researchers to infer 
that a quark-gluon plasma with a temperature of 2- 10” K is created for a very short time 
of approximately 10” s in these collisions. 

Note: The connection between the temperature of the quark-gluon plasma and 
the temperature values extracted from the particle energy distributions is not entirely 
straightforward, because the collisions of the gold nuclei are explosive events. Also, an 
ideal gas is not the correct model. In addition, the kinetic energies in Figure 19.21 were 
determined with the relativistically correct formulation, which will be introduced in 
Chapter 35. Nevertheless, the degree to which the observed kinetic energy distributions 
follow the Maxwell distribution is astounding. 
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FIGURE 19.21 (a) The 3.83-km 
circumference ring of the Relativis- 

tic Heavy Ion Collider at Brookhaven 
National Laboratory. Experimental data 
on the kinetic energy distribution of 
(b) antiprotons and (c) pions produced 
in collisions of gold nuclei. These 
collisions become by far the hottest 
place in the Solar System for the short 
times they exist and produce a state of 
matter, the quark-gluon plasma, which 
existed for a fraction of a second after 
the Big Bang. The blue lines represent 
fits to the kinetic energy distributions 
using equation 19.30. 
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(c) 


FIGURE 19.22 (a) A moving gas 
molecule approaches a stationary gas 
molecule with impact parameter b. 

(b) The cross section for scattering is 
represented by a circle with radius 2r. 
(c) The volume swept out by molecules 
inside the cross-sectional area A in a 
time t if traveling at speed v. 


To end this subsection, let’s consider nuclear fusion in the center of the Sun. This 
nuclear fusion is the source of energy that causes all of the Sun’s radiation and thus makes 
life on Earth possible. The temperature at the center of the Sun is approximately 1.5- 10” K. 
According to equation 19.16, the average kinetic energy of the hydrogen ions in the Sun's 
center is 2k,T = 3.1 - 10 J = 1.9 keV. However, for two hydrogen atoms to undergo nuclear 
fusion, they have to come close enough to each other to overcome their mutual electrostatic 
repulsion. (These topics will be discussed in detail in Chapters 21 on electrostatics and 39 
on nuclear physics.) The minimum energy required to overcome the electrostatic repulsion 
is on the order of 1 MeV, or a few hundred times higher than the average kinetic energy of 
the hydrogen ions in the Sun’s center. Thus, only hydrogen ions on the extreme tail of the 
Maxwell distribution have sufficient energy to participate in fusion reactions. 


Mean Free Path 


One of the assumptions about an ideal gas is that the gas molecules are point particles and 
do not interact with each other. But real gas molecules do have (very small, but nonzero) 
sizes and so have a chance of colliding with each other. Collisions of gas molecules with 
each other produce a scattering effect that causes the motion to be random and the distribu- 
tion of their speeds to become the Maxwell distribution speed very quickly, independently 
of any initial speed distribution given to them. 

How far do real gas molecules travel before they encounter another molecule? This 
distance is the mean free path, A, of molecules in a gas. The mean free path is proportional 
to the temperature and inversely proportional to the pressure of the gas and the cross- 
sectional area of the molecule: 


es (19.31) 


V2(4zr?)p 


DERIVATION 19.4 | Mean Free Path 
To estimate the mean free path, we start with the geometric definition of a cross section 
for scattering. We assume that all the molecules in the gas are spheres with radius r. If two 
molecules touch, they will have an elastic collision, in which total momentum and total 
kinetic energy are conserved (see Chapter 7). Let’s imagine that a moving gas molecule 
encounters another gas molecule at rest, as shown in Figure 19.22a. 

The impact parameter b, as shown in Figure 19.22a, is the perpendicular distance be- 
tween two lines connecting the centers of the two molecules and oriented parallel to the 
direction of the velocity of the moving molecule. The moving molecule will collide with 
the stationary molecule if b < 2r. Thus, the cross section for scattering is given by a circle 
with area 


2 
A= m(2r) =4rr ; 
as illustrated in Figure 19.22b. In a time period t, molecules with the average speed y will 
sweep out a volume 
V=A(vt)= (amr? )(7i) =4ar' vt, 
as shown in Figure 19.22c. Thus, the mean free path, A, is the distance the molecule travels 
divided by the number of molecules it will collide with in that distance. The number of 


molecules that the molecule will encounter is just the volume swept out times the number 
of molecules per unit volume, ny. The mean free path is then 


vw vt B 1 
Vny (40774) ny Cae 


A= 


This result needs to be modified because we assumed that one moving molecule was incident 
on a stationary molecule. In an ideal gas, all the molecules are moving, so we must use the 
relative velocity, v,e between the molecules rather than the average velocity of the molecules. 


It can be shown that v,a = V2; so the volume swept out by the molecules changes to 
V = 4rrv st =4ar° 7 2t. Thus, the expression for the mean free path becomes 
1 


V2(407? ny 


For diffuse gases, we can replace the number of molecules per unit volume with the ideal 
gas value, using equation 19.8: 


A= 


N 
The mean free path for a molecule in a real diffuse gas is then 
A= 1 — kf , 
alare) Perr) 
B 


Now that we have derived the formula for the mean free path, it is instructive to study 
a real case. Let’s look at the most important gas, the Earth’s atmosphere. An ideal gas has an 
“infinitely” long mean free path relative to the spacing between molecules in the gas. How 
closely a real gas approaches the ideal gas is determined by the ratio of the mean free path 
to the intermolecular spacing in the gas. Let’s see how close Earth’s atmosphere is to being 
an ideal gas. 


EXAMPLE 19.6 | Mean Free Path of Air Molecules 


PROBLEM 

What is the mean free path of a gas molecule in air at normal atmospheric pressure of 
101.3 kPa and a temperature of 20.0 °C? Since air is 78.1% nitrogen, we'll assume for the 
sake of simplicity that air is 100% nitrogen. The radius of a nitrogen molecule is about 
0.150 nm. Compare the mean free path to the radius of a nitrogen molecule and to the 
average spacing between the nitrogen molecules. 


SOLUTION 
We can use equation 19.31 to calculate the mean free path: 


(1.38110% J/K)(293.15 K) 


- =9.99.10° m. 
J2 (47)(0.150-10° m) (1013-10 Paj 


The ratio of the mean free path to the molecular radius is then 


A 9.99-10° m 


7 =666. 
r 0.150-10” m 


The volume per particle in an ideal gas can be obtained using equation 19.8: 
u 
N p` 


The average spacing between molecules is then the average volume to the + power: 


g [ac (1381-10 JIK (293.15 K) Ni 


=3.42-10° m. 
N P (101.3-10° Pa] 


Continued— 
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19.9 In-Class Exercise 


The mean free path of a gas 
molecule doubles if the 


doubles. 


b 


d 


) 
) 
) 
) 


a) temperature 


pressure 


c) diameter of the gas molecules 


none of the above 
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Thus, the ratio between the mean free path and the average spacing between molecules is 


9.99.10 m 


The value of this ratio demonstrates that treating air as an ideal gas is a good approxima- 
tion. Figure 19.23 compares the diameter of nitrogen molecules, the average distance 
between molecules, and the mean free path. 


N, molecules 


— Average distance between molecules 


FIGURE 19.23 Scale drawing showing the size of nitrogen molecules, the mean free path of the 
molecules in the gas, and the average distance between molecules. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


The Ideal Gas Law relates the pressure p, the volume 
V, the number of moles n, and the temperature T of 
an ideal gas, pV = nRT, where R = 8.314 J/(mol K) is 
the universal gas constant. (Boyle’s, Charles’s, Gay- 
Lussac’s, and Avogadro's Laws are all special cases of 
the Ideal Gas Law.) 


The Ideal Gas Law can also be expressed as pV = NkpT, 
where N is the number of molecules in the gas and 
kp = 1.381 - 10” J/K is the Boltzmann constant. 


Dalton’s Law states that the total pressure exerted by 
a mixture of gases is equal to the sum of the partial 
pressures of the gases in the mixture: 


Protal = P1 + P2 + P3 +--+ + Pw 


The work done by an ideal gas at constant temperature 
in changing from an initial volume V; to a final 
volume V is given by W = nRT In(V;/V)). 


The equipartition theorem states that the average 
translational kinetic energy of the molecules of a gas is 
proportional to the temperature: Kave = +kgT. 


The root-mean-square speed of the molecules of a 


gas iS Ving = 4/3kpT/m, where m is the mass of each 
molecule. 


The molar specific heat of a gas at constant volume, 
Cy, is defined by Q = nCyAT, where Q is the heat, n is 
the number of moles of gas, and AT is the change in 
temperature of the gas. 


The molar specific heat of a gas at constant pressure, 

Cp is defined by Q = nC, AT, where Q is the heat, n is 
the number of moles of gas, and AT is the change in 

temperature of the gas. 


The molar specific heat of a gas at constant pressure is 
related to the molar specific heat of a gas at constant 
volume by C, = Cy + R. 


The molar specific heat at constant volume is Cy = +R = 
12.5 J/(mol K) for a monatomic gas and Cy = ŻR = 
20.8 J/(mol K) for a diatomic gas. 


For a gas undergoing an adiabatic process, Q = 0, and 
the following relationships hold: pV” = constant and 
TV" = constant, where y = C,/Cy. For monatomic 

a 


gases, y = +; for diatomic gases, y = =. 


The Maxwell speed distribution is given by f(v) = 


3/2 
4n| —" ver! 26T and f(v) dv describes the 
2akpT 


probability that a molecule has a speed between v and 
v+ dy. 


The Maxwell kinetic energy distribution is given by 
3/2 


kh 


the probability that a molecule has a kinetic energy 
between K and K + dK. 


VKe S/S, and g(K) dK describes 


The mean free path, A, of a molecule in an ideal gas is 
kgT 


V2 (4a )p 


given by A= , where r is the radius of the 


molecule. 


KEY TERMS 
gas, p. 615 Ideal Gas Law, p. 617 
mole, p. 616 universal gas constant, p. 617 


Boyle’s Law, p. 616 
Charles’s Law, p. 616 
Gay-Lussac’s Law, p. 617 
Avogadro's Law, p. 617 
Avogadro's number, p. 617 


Boltzmann constant, p. 619 
Dalton’s Law, p. 622 

partial pressure, p. 622 
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NEW SYMBOLS AND EQUATIONS 
N, = (6.02214179 + 0.00000030) - 10°”, Avogadro’s number 

pV = nRT, Ideal Gas Law, for number of moles 

pV = NkgT, Ideal Gas Law, for number of molecules 


R = (8.314472 + 0.000015) J/(mol K), the universal gas 
constant 


kp = (1.38106504 + 0.0000024) - 10” J/K, the Boltzmann 
constant 


kinetic theory of an ideal gas, p. 623 
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equipartition theorem, degree of freedom, p. 628 
p. 624 equipartition of energy, p. 628 
root-mean-square Maxwell speed distribution, 
speed, p. 624 p. 634 
monatomic gas, p.626 Maxwell kinetic energy 
diatomic gas, p. 627 distribution, p. 636 
polyatomic gas, p. 627 mean free path, p. 638 


Kyye = +kpT, average translational kinetic energy of a gas 


molecule 

A, mean free path of a molecule in a gas 

Cy, the molar specific heat of a gas at constant volume 
Cp the molar specific heat of a gas at constant pressure 


y = C,/Cy, ratio of molar specific heats 


ANSWERS TO SELF-TEST OPPORTUNITIES 


| 19.1 Compare C, to (Cy + R) 


Cy C, (Cy+ R) 
Gas [J/(mol K)] | [J/(mol K)] | [J/(mol K)] 
Helium (He) 12.5 20.8 20.8 
Neon (Ne) 12.5 20.8 20.8 
Argon (Ar) 12.5 20.8 20.8 
Krypton (Kr) 12.5 20.8 20.8 
Hydrogen (H3) 21.6 28.8 29.9 
Nitrogen (N,) 20.7 29.1 29.0 
Oxygen (O,) 20.8 29.4 29.1 
Carbon Dioxide (CO,) 28.5 36.9 36.8 
Methane (CH,) 2755: 35.9 35.8 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 

1. It is often useful to list all the known and unknown 
quantities when applying the Ideal Gas Law, to clarify what 
you have and what you're looking for. This step includes 
identifying an initial state and a final state and listing the 
quantities for each state. 

2. If you're dealing with moles of a gas, you need the form 
of the Ideal Gas Law that involves R. If you're dealing with 
numbers of molecules, you need the form involving kp. 


19.2 Use the definite integral Í Leth dy = ta"! : Va ; 
0 


3. Pay close attention to units, which may be given in different 
systems. For temperatures, unit conversion does not just 
involve multiplicative constants; the different temperature 
scales are also offset by additive constants. To be on the safe 
side, temperatures should always be converted to kelvins. Also, 
be sure that the value of R or kg you use is consistent with the 
units you're working with. In addition, remember that molar 
masses are usually given as grams; you might need to convert 
the masses to kilograms. 
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SOLVED PROBLEM 19.2 | Density of Air at STP 
TT I IT 


PROBLEM 
What is the density of air at standard temperature and pressure (STP)? 


SOLUTION 


THINK 

We know that a mole of any gas at STP occupies a volume of 22.4 L. We know the rela- 
tive fractions of the gases that comprise the atmosphere. We can combine Dalton’s Law, 
Avogadro's Law, and the fraction of gases in air to obtain the mass of air contained in 
22.4 L. The density is the mass divided by the volume. 


SKETCH 


This is one of the rare occasions where a sketch is not helpful 


RESEARCH 

We consider only the four gases in Table 19.1 that constitute a significant fraction of the 
atmosphere: nitrogen, oxygen, argon, and carbon dioxide. We know that 1 mole of any 
gas has a mass of M (in grams) in a volume of 22.4 L at STP. From equation 19.12, we 
know that the mass of each gas in 22.4 L will be the fraction by volume times the molecu- 
lar mass, so we have 


Mir =f, Mn, + 1,Mo, + tarMar + %0,Mco, 


and 
— = Mair _ Mhair 
na Vir 22.4 
SIMPLIFY 
The density of air is then 
(0.7808- 28 g)+(0.2095-32 g)+(0.0093- 40 g)-+(0.00038 -44 g) 
ia 224 L i 
CALCULATE 


Calculating the numerical result gives us 


_ 0.0218624 kg + 0.006704 kg + 0.000372 kg + 0.00001672 kg 
22.4:10°° m? 


= 1.29264 kg/m’. 


ROUND 
We report our result to three significant figures: 


Pair = 1.29 kg/m’. 


DOUBLE-CHECK 
We can double check our result by calculating the density of nitrogen gas alone at STP, 
since air is 78.08% nitrogen. The density of nitrogen at STP is 


_ 28.0 g 


z =1.25 g/L =1.25 kg/m’. 
224L 6 kg 


PN, 


This result is close to and slightly lower than our result for the density of air; so our result 
is reasonable. 


I 


Problem-Solving Practice 643 


SOLVED PROBLEM 19.3 | Pressure of a Planetary Nebula 
eT 


PROBLEM 

A planetary nebula is a cloud of mainly hydrogen gas with a density, p, of 1000.0 mol- 
ecules per cubic centimeter (cm*) and a temperature, T, of 10,000 K. An example of a 
planetary nebula, the Ring Nebula, is shown in Figure 19.24. What is the pressure of the 
gas in the nebula? 


SOLUTION 


THINK 

Because of the very low density of the gas in a planetary nebula, the mean free path of the 
gas molecules (see Section 19.6) is extremely long. Therefore, it is a very good approxima- 
tion to treat the nebula as an ideal gas and apply the Ideal Gas Law. We know the density, 
which is the number of gas molecules per unit volume, so we can replace the number 
of molecules in the Ideal Gas Law with the density times the volume of the nebula. The 
volume then cancels out, and we can solve for the pressure of the gas. 


SKETCH oa FIGURE 19.24 The Ring Nebula, as 
A rough sketch of a planetary nebula is shown in Figure 19.25. seen by the Hubble Space Telescope. 
RESEARCH 


The Ideal Gas Law is given by 
pV =Nk,I, (i) 


where p is the pressure, V is the volume, N is the number of molecules of gas, kp is the 
Boltzmann constant, and T is the temperature. The number of molecules, N, is p = 1,000 molecules/em* 


T =.10,000 K 


N =p, (i) 
where p is the number of molecules per unit volume in the nebula. 


SIMPLIFY 
Substituting for N from equation (ii) into (i), we get 


pV = NkgT = pVkgI, 


FIGURE 19.25 An idealized plan- 


etary nebula. 


which we can simplify to get an expression for the pressure of the gas in the nebula: 
p= pkl. 
CALCULATE 


Putting in the numerical values gives us 


lcm? 


10° m? 


1000 molecules 


lcm? 


P= pkgl = 


[paseo J/K |(10,000 K) 


=1,381-10!° Pa. 
ROUND 


We report our result to two significant figures: 
p=14-10" Pa. 


DOUBLE-CHECK 

We can double-check our result by comparing it to the pressure of a good vacuum in a 
lab on Earth, which is Piab = 10” Pa. This pressure is about 1000 times higher than the 
pressure inside a planetary nebula. 


ey 
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MULTIPLE-CHOICE QUESTIONS 


19.1 A system can go from state A 


i to state fas shown in the figure. P 

Which relationship is true? , T 

a) Qa > Qg P ~< 

b) Qa = Qz a 

c) Q4 < Qg 

d) Itis impossible to decide from 2 
the information given. V 


19.2 A tire on a car is inflated to a gauge pressure of 32 1b/in? 
at a temperature of 27 °C. After the car is driven for 30 mi, the 
pressure has increased to 34 Ib/in. What is the temperature 
of the air inside the tire at this point? 

a) 40°C b) 23°C c) 32°C d) 54°C 
19.3 Molar specific heat at constant pressure, C,, is larger 
than molar specific heat at constant volume, Cy, for 

c) all of the above. 

d) none of the above. 


a) amonoatomic ideal gas. 
b) a diatomic atomic gas. 


19.4 An ideal gas may expand from an initial pressure, 

Pi and volume, V, to a final volume, Vp isothermally, 
adiabatically, or isobarically. For which type of process is the 
heat that is added to the gas the largest? (Assume that p;, Vp 
and V;,are the same for each process.) 


d) All the processes 
have the same heat flow. 


a) isothermal process 
b) adiabatic process 
c) isobaric process 


19.5 Which of the following gases has the highest root- 
mean-square speed? 


a) nitrogen at 1 atm and 30 °C 
b) argon at 1 atm and 30 °C 

c) argon at 2 atm and 30 °C 

d) oxygen at 2 atm and 30 °C 
e) nitrogen at 2 atm and 15 °C 


QUESTIONS 


19.11 Hot air is less dense than cold air and therefore expe- 
riences a net buoyant force and rises. Since hot air rises, the 
higher the elevation, the warmer the air should be. There- 
fore, the top of Mount Everest should be very warm. Explain 
why Mount Everest is colder than Death Valley. 


19.12 The Maxwell speed distribution assumes that the gas 
is in equilibrium. Thus, if a gas, all of whose molecules were 
moving at the same speed, were given enough time, they 
would eventually come to satisfy the speed distribution. But 
the kinetic theory derivations in the text assumed that when 
a gas molecule hits the wall of a container, it bounces back 
with the same energy it had before the collision and that gas 
molecules exert no forces on each other. If gas molecules ex- 
change energy neither with the walls of their container nor 


19.6 Two identical containers hold equal masses of gas, 
oxygen in one and nitrogen in the other. The gases are held 
at the same temperature. How does the pressure of the 
oxygen compare to that of the nitrogen? 


a) Po > Pn d) cannot be 
b) Po = Pn determined from the 
c) Pa < Py information given 


19.7 One mole of an ideal gas, at a temperature of 0 °C, is 
confined to a volume of 1.0 L. The pressure of this gas is 
a) 1.0 atm. c) 1/22.4 atm. 

b) 22.4 atm. d) 11.2 atm. 


19.8 One hundred milliliters of liquid nitrogen with a mass 
of 80.7 g is sealed inside a 2-L container. After the liquid 
nitrogen heats up and turns into a gas, what is the pressure 
inside the container? 


a) 0.05 atm d) 9.1 atm 
b) 0.08 atm e) 18 atm 
c) 0.09 atm 


19.9 Consider a box filled with an ideal gas. The box 
undergoes a sudden free expansion from V, to V}. Which of 
the following correctly describes this process? 


a) Work done by the gas during the expansion is equal to 
nRT In (V,/V)). 

b) Heat is added to the box. 

c) Final temperature equals initial temperature times (V,/V)). 
d) The internal energy of the gas remains constant. 


19.10 Compare the average kinetic energy at room 
temperature of a nitrogen molecule to that of a nitrogen 
atom. Which has the larger kinetic energy? 


a) nitrogen atom c) They have the same energy. 


b) nitrogen molecule d) It depends upon the pressure. 


with each other, how can they ever come to equilibrium? Is 
it not true that if they all had the same speed initially, some 
would have to slow down and others speed up, according to 
the Maxwell speed distribution? 


19.13 When you blow hard on your hand, it feels cool, but 
when you breathe softly, it feels warm. Why? 


19.14 Explain why the average velocity of air molecules in a 
closed auditorium is zero but their root-mean-square speed 
or average speed is not zero. 


19.15 Ina diesel engine, the fuel-air mixture is compressed 
rapidly. As a result, the temperature rises to the spontaneous 
combustion temperature for the fuel, causing the fuel to ig- 

nite. How is the temperature rise possible, given the fact that 


the compression occurs so rapidly that there is not enough 
time for a significant amount of heat to flow into or out of 
the fuel-air mixture? 


19.16 A cylinder with a sliding piston contains an ideal gas. 
The cylinder (with the gas inside) is heated by transferring 
the same amount of heat to the system in two different ways: 
(1) The piston is blocked to prevent it from moving. 

(2) The piston is allowed to slide frictionless to the end of 
the cylinder. 

How does the final temperature of the gas under condition 1 
compare to the final temperature of the gas under condition 2? 
Is it possible for the temperatures to be equal? 


19.17 Show that the adiabatic bulk modulus, defined as 
B = -V (dP/dV), for an ideal gas is equal to yP. 


19.18 A monatomic ideal gas expands isothermally from 
{P Vo Ti} to {p,, V» T,}. Then it undergoes an isochoric 
process, which takes it from {p,, V» T,} to {Pp V» Ta}. 
Finally the gas undergoes an isobaric compression, which 
takes it back to {p,, V Ty}. 


a) Use the First Law of Thermodynamics to find Q for each 
of these processes. 


b) Write an expression for total Q in terms of p4, p», Vp and V3. 


19.19 Two atomic gases will react to form a diatomic gas: 
A + B — AB. Suppose you perform this reaction with 1 mole 
each of A and B in a thermally isolated chamber, so no heat 
is exchanged with the environment. Will the temperature of 
the system increase or decrease? 


19.20 A relationship that gives the pressure, p, of a sub- 
stance as a function of its density, p, and temperature, T, is 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 19.1 

19.25 A tire has a gauge pressure of 300. kPa at 15.0 °C. 
What is the gauge pressure at 45.0 °C? Assume that the 
change in volume of the tire is negligible. 


19.26 A tank of compressed helium for inflating balloons 

is advertised as containing helium at a pressure of 2400 psi, 
which, when allowed to expand at atmospheric pressure, 
will occupy a volume of 244 ft’. Assuming no temperature 
change takes place during the expansion, what is the volume 
of the tank in cubic feet? 


°19.27 Before embarking on a car trip from Michigan to 
Florida to escape the winter cold, you inflate the tires of 
your car to a manufacturer-suggested pressure of 33 psi 
while the outside temperature is 25 °F and then make sure 
your valve caps are airtight. You arrive in Florida two days 
later, and the temperature outside is a pleasant 72 °F 
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called an equation of state. For a gas with molar mass M, write 
the Ideal Gas Law as an equation of state. 


19.21 The compression and rarefaction associated with a sound 
wave propogating in a gas are so much faster than the flow of 
heat in the gas that they can be treated as adiabatic processes. 

a) Find the speed of sound, v, in an ideal gas of molar mass M. 
b) In accord with Einstein’s refinement of Newtonian 
mechanics, v, cannot exceed the speed of light in vacuum, c. 
This fact implies a maximum temperature for an ideal gas. 
Find this temperature. 

c) Evaluate the maximum temperature of part (b) for 
monatomic hydrogen gas (H). 

d) What happens to the hydrogen at this maximum 
temperature? 


19.22 The kinetic theory of an ideal gas takes into account 
not only translational motion of atoms or molecules but also, 
for diatomic and polyatomic gases, vibration and rotation. 
Will the temperature increase from a given amount of 

energy being supplied to a monatomic gas differ from the 
temperature increase due to the same amount of energy being 
supplied to a diatomic gas? Explain. 


19.23 In the thermosphere, the layer of Earth’s atmosphere 
extending from an altitude 100 km up to 700 km, the 
temperature can reach about 1500 °C. How would air in that 
layer feel to one’s bare skin? 


19.24 A glass of water at room temperature is left on the 
kitchen counter overnight. In the morning, the amount of 
water in the glass is smaller due to evaporation. The water in 
the glass is below the boiling point, so how is it possible for 
some of the liquid water to have turned into a gas? 


a) What is the new pressure in your tires, in SI units? 

b) Ifyou let air out of the tires to bring the pressure back 
to the recommended 33 psi, what percentage of the original 
mass of air in the tires will you release? 


°19.28 A 1.00-L volume of a gas undergoes first an iso- 
choric process in which its pressure doubles, followed by 
an isothermal process until the original pressure is reached. 
Determine the final volume of the gas. 


e19.29 Suppose you have a pot filled with steam at 100.0 °C 
and at a pressure of 1.00 atm. The pot has a diameter of 

15.0 cm and is 10.0 cm high. The mass of the lid is 0.500 kg. 
How hot do you need to heat the steam to lift the lid off 

the pot? 


Section 19.2 


19.30 A quantity of liquid water comes into equilibrium 
with the air in a closed container, without completely evapo- 
rating, at a temperature of 25.0 °C. How many grams of 
water vapor does a liter of the air contain in this situation? 
The vapor pressure of water at 25.0 °C is 3.1690 kPa. 
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°19.31 Use the equation pT = constant and information 
from Chapter 16 to estimate the speed of sound in air at 
40.0 °C, given that the speed at 0.00 °C is 331 m/s. 


19.32 Suppose 2.00 moles of an ideal gas are enclosed in 

a container of volume 1.00- 10“ m°. The container is then 
placed in a furnace and raised to a temperature of 400. K. 
What is the final pressure of the gas? 


19.33 One 1.00 mol of an ideal gas is held at a constant 
volume of 2.00 L. Find the change in pressure if the tem- 
perature increases by 100. °C. 


19.34 How much heat is added to the system when 2000 J 
of work is performed by an ideal gas in an isothermal pro- 
cess? Give a reason for your answer. 


19.35 Liquid nitrogen, which is used in many physics 
research labs, can present a safety hazard if a large quantity 
evaporates in a confined space. The resulting nitrogen gas 
reduces the oxygen concentration, creating the risk of as- 
phyxiation. Suppose 1.00 L of liquid nitrogen (p = 808 kg/m”) 
evaporates and comes into equilibrium with the air at 

21.0 °C and 101 kPa. How much volume will it occupy? 


¢19.36 Liquid bromine (Br,) is spilled in a laboratory 
accident and evaporates. Assuming the vapor behaves as 
an ideal gas, with a temperature 20.0 °C and a pressure of 
101.0 kPa, find its density. 


e19.37 Two containers 
contain the same gas at 
different temperatures and 
pressures, as indicated in the 
figure. The small container 
has a volume of 1.00 L, and 
the large container has a 2.00 Liters 1.00 Liter 
volume of 2.00 L. The two 600. K 200. K 
containers are then con- 3.00 X 10° Pa 2.00 X 10° Pa 
nected to each other using a thin tube, and the pressure and 
temperature in both containers are allowed to equalize. If the 
final temperature is 300. K, what is the final pressure? Assume 
that the connecting tube has negligible volume and mass. 


°19.38 A sample of gas at p = 1000. Pa, V = 1.00 L, and 
T = 300. K is confined in a cylinder. 


Container 1: Container 2: 


a) Find the new pressure if the volume is reduced to half of 
the original volume at the same temperature. 

b) Ifthe temperature is raised to 400. K 
in the process of part (a), what is the 
new pressure? 

c) If the gas is then heated to 600. K 
from the initial value and the pressure 
of the gas becomes 3000. Pa, what is 
the new volume? 


19.39 A cylinder of cross-sectional 
area 12.0 cm’ is fitted with a piston, 
which is connected to a spring with 
a spring constant of 1000. N/m, as 
shown in the figure. The cylinder is 


filled with 0.00500 mole of a gas. At room temperature 
(23.0 °C), the spring is neither compressed nor stretched. 
How far is the spring compressed if the temperature of the 
gas is raised to 150. °C? 


ee19.40 Air at 1.00 atm is inside a cylinder 20.0 cm in 
radius and 20.0 cm in length that sits on a table. The top 
of the cylinder is sealed with a movable piston. A 20.0-kg 
block is dropped onto the piston. From what height above 
the piston must the block be dropped to compress the 
piston by 1.00 mm? 2.00 mm? 1.00 cm? 


Section 19.3 


19.41 Interstellar space far from any stars is usually filled 
with atomic hydrogen (H) at a density of 1 atom/cm* and a 
very low temperature of 2.73 K. 


a) Determine the pressure in interstellar space. 
b) What is the root-mean-square speed of the atoms? 


c) What would be the edge length of a cube that would 
contain atoms with a total of 1.00 J of energy? 


19.42 a) What is the root-mean-square speed for a collec- 
tion of helium-4 atoms at 300. K? 


b) What is the root-mean-square speed for a collection of 
helium-3 atoms at 300. K? 


19.43 Two isotopes of uranium, *°U and **U, are sepa- 
rated by a gas diffusion process that involves combining 
them with flourine to make the compound UF,. Deter- 
mine the ratio of the root-mean-square speeds of UF, 
molecules for the two isotopes. The masses of **°UF, and 
°°8UF, are 249 amu and 252 amu. 


19.44 The electrons in a metal that produce electric cur- 
rents behave approximately as molecules of an ideal gas. The 
mass of an electron is m, = 9.109-10% kg. If the tempera- 
ture of the metal is 300.0 K, what is the root-mean-square 
speed of the electrons? 


219.45 Ina period of 6.00 s, 9.00 - 10” nitrogen molecules 
strike a section of a wall with an area of 2.00 cm’. If the mol- 
ecules move with a speed of 400.0 m/s and strike the wall 
head on in elastic collisions, what is the pressure exerted on 
the wall? (The mass of one N, molecule is 4.68- 10” kg.) 


e19.46 Assuming the pressure remains constant, at what 
temperature is the root-mean-square speed of a helium 
atom equal to the root-mean-square speed of an air mol- 
ecule at STP? 


Section 19.4 

19.47 Two copper cylinders, immersed in a water tank 

at 50.0 °C contain helium and nitrogen, respectively. The 
helium-filled cylinder has a volume twice as large as the 
nitrogen-filled cylinder. 

a) Calculate the average kinetic energy of a helium mol- 
ecule and the average kinetic energy of a nitrogen molecule. 
b) Determine the molar specific heat at constant volume 
(Cy) and at constant pressure (C,) for the two gases. 

c) Find y for the two gases. 


19.48 At room temperature, identical gas cylinders con- 
tain 10 moles of nitrogen gas and argon gas, respectively. 
Determine the ratio of energies stored in the two systems. 
Assume ideal gas behavior. 


19.49 Calculate the change in internal energy of 1.00 mole of 
a diatomic ideal gas that starts at room temperature (293 K) 
when its temperature is increased by 2.00 K. 


19.50 Treating air as an ideal gas of diatomic molecules, 
calculate how much heat is required to raise the temperature 
of the air in an 8.00 m by 10.0 m by 3.00 m room from 
20.0 °C to 22.0 °C at 101 kPa. Neglect the change in the 
number of moles of air in the room. 


°19.51 What is the approximate energy required to raise 
the temperature of 1.00 L of air by 100. °C? The volume is 
held constant. 


°19.52 You are designing an experiment that requires a 

gas with y = 1.60. However, from your physics lectures, you 
remember that no gas has such a y value. However, you also 
remember that mixing monatomic and diatomic gases can 
yield a gas with such a y value. Determine the fraction of di- 
atomic molecules a mixture has to have to obtain this value. 


Section 19.5 


19.53 Suppose 15.0 L of an ideal monatomic gas at a pres- 
sure of 1.50- 10° kPa is expanded adiabatically (no heat 
transfer) until the volume is doubled. 


a) What is the pressure of the gas at the new volume? 


b) Ifthe initial temperature of the gas was 300. K, what is its 
final temperature after the expansion? 


19.54 A diesel engine works at a high compression ratio to 
compress air until it reaches a temperature high enough to 
ignite the diesel fuel. Suppose the compression ratio (ratio 
of volumes) of a specific diesel engine is 20 to 1. If air enters 
a cylinder at 1.00 atm and is compressed adiabatically, the 
compressed air reaches a pressure of 66.0 atm. Assuming 
that the air enters the engine at room temperature (25.0 °C) 
and that the air can be treated as an ideal gas, find the tem- 
perature of the compressed air. 


19.55 Air in a diesel engine cylinder is quickly com- 
pressed from an initial temperature of 20.0 °C, an initial 
pressure of 1.00 atm, and an initial volume of 600. cm’ to 
a final volume of 45.0 cm’. Assuming the air to be an ideal 
diatomic gas, find the final temperature and pressure. 


19.56 6.00 liters of a monatomic ideal gas, originally at 
400. K and a pressure of 3.00 atm (called state 1), undergo 
the following processes: 

1— 2. isothermal expansion to V, = 4V, 

2—3 isobaric compression 

3— 1 adiabatic compression to its original state 

Find the pressure, volume, and temperature of the gas in 
states 2 and 3. How many moles of the gas are there? 
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19.57 How much work is done by the gas during each of 
the three processes in Problem 19.56 and how much heat 
flows into the gas in each process? 


019.58 Two geometrically identical cylinders of inner diam- 
eter 5.0 cm, one made of copper and the other of Teflon, are 
immersed in a large-volume water tank at room temperature 
(20 °C), as shown in the figure. A frictionless Teflon piston with 
a rod and platter attached is placed in each cylinder. The mass of 
the piston-rod-platter assembly is 0.50 kg, and the cylinders are 
filled with helium gas so that initially both pistons are at equilib- 
rium at 20.0 cm from the bottom of their respective cylinders. 


a) A5.0-kg lead block is slowly placed on each platter, and the 
piston is slowly lowered until it reaches its final equilibrium 


state. Calculate the final = 
l [ 


height of each piston 
(as measured from the 
bottom of its respective 
cylinder). 
b) Ifthe two lead 
blocks are dropped 
suddenly on the 

platters, how will the 

final heights of the two 

pistons compare? 

ee19.59 Chapter 13 examined the variation of pressure 
with altitude in the Earth’s atmosphere, assuming constant 
temperature—a model known as the isothermal atmo- 
sphere. A better approximation is to treat the pressure 
variations with altitude as adiabatic. Assume that air can 
be treated as a diatomic ideal gas with effective molar mass 
Mir = 28.97 g/mol. 

a) Find the air pressure and temperature of the atmosphere 
as functions of altitude. Let the pressure at sea level be 

Po = 101.0 kPa and the temperature at sea level be 20.0 °C. 
b) Determine the altitude at which the air pressure 

and density are half their sea-level values. What is the 
temperature at this altitude, in this model? 


c) Compare these results with the isothermal model of 
Chapter 13. 


Section 19.6 


19.60 Consider nitrogen gas, N,, at 20.0 °C. What is the 
root-mean-square speed of the nitrogen molecules? What 

is the most probable speed? What percentage of nitrogen 
molecules have a speed within 1.00 m/s of the most probable 
speed? (Hint: Assume the probability of neon atoms having 
speeds between 200.00 m/s and 202.00 m/s is constant.) 


19.61 As noted in the text, the speed distribution of mol- 
ecules in the Earth's atmosphere has a significant impact on 
its composition. 

a) What is the average speed of a nitrogen molecule in 

the atmosphere, at a temperature of 18.0 °C and a (partial) 
pressure of 78.8 kPa? 

b) What is the average speed of a hydrogen molecule at the 
same temperature and pressure? 
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19.62 A sealed container contains 1.00 mole of neon gas 
at STP. Estimate the number of neon atoms having speeds 
in the range from 200.00 m/s to 202.00 m/s. (Hint: Assume 
the probability of neon atoms having speeds between 
200.00 m/s and 202.00 m/s is constant.) 


e19.63 For a room at 21.0 °C and 1.00 atm, write an expres- 
sion for the fraction of air molecules having speeds greater 
than the speed of sound, according to the Maxwell speed 
distribution. What is the average speed of each molecule? 
What is the root-mean-square speed? Assume that the air 
consists of uniform particles with a mass of 15.0 amu. 


e°19.64 Ifa space shuttle is struck by a meteor, producing a 
circular hole 1.0 cm in diameter in the window, how long does 
it take before the pressure inside the cabin is reduced to half 
of its original value? Assume that the cabin of the shuttle is a 
cube with edges measuring 5.00 m with a constant tempera- 
ture of 21 °C at 1.0 atm and that the air inside consists of uni- 
form diatomic molecules each with a mass of 15 amu. (Hint: 
What fraction of the molecules are moving in the correct 
direction to exit through the hole, and what is their average 
speed? Derive an expression for the rate at which molecules 
exit the hole as a function of pressure, and thus of dp/dt.) 


Additional Problems 


19.65 1.00 mol of molecular nitrogen gas expands in volume 
very quickly, so no heat is exchanged with the environment 
during the process. If the volume increases from 1.00 L to 
1.50 L, determine the work done on the environment if the 
gas’s temperature dropped from 22.0 °C to 18.0 °C. Assume 
ideal gas behavior. 


19.66 Calculate the root-mean-square speed of air mole- 
cules at room temperature (22.0 °C) from the kinetic theory 
of an ideal gas. 


19.67 At Party City, you purchase a helium-filled balloon 
with a diameter of 40.0 cm at 20.0 °C and at 1.00 atm. 


a) How many helium atoms are inside the balloon? 
b) What is the average kinetic energy of the atoms? 
c) What is the root-mean-square speed of the atoms? 


19.68 What is the total mass of all the oxygen molecules in 
a cubic meter of air at normal temperature (25 °C) and pres- 
sure (1.01- 10° Pa)? Note that air is about 21% (by volume) 
oxygen (molecular O,), with the remainder being primarily 
nitrogen (molecular N,). 


19.69 The tires of a 3.0-10°-lb car are filled to a gauge pres- 
sure (pressure added to atmospheric pressure) of 32 Ib/in? 
while the car is on a lift at a repair shop. The car is then 
lowered to the ground. 


a) Assuming that the internal volume of the tires does not 
change appreciably as a result of contact with the ground, 
give the absolute pressure in the tires in pascals when the 
car is on the ground. 

b) What is the total contact area between the tires and the 
ground? 


19.70 A gas expands at constant pressure from 3.00 L at 
15.0 °C until the volume is 4.00 L. What is the final tempera- 
ture of the gas? 


19.71 An ideal gas has a density of 0.0899 g/L at 20.00 °C 
and 101.325 kPa. Identify the gas. 


19.72 A tank of a gas consisting of 30.0% O, and 70.0% Ar 
has a volume of 1.00 m’*. It is moved from storage at 20.0 °C to 
the outside on a sunny day. Initially, the pressure gauge reads 
1000. psi. After several hours, the pressure reading is 1500. psi. 
What is the temperature of the gas in the tank at this time? 


19.73 Suppose 5.0 moles of an ideal monatomic gas expand 
at a constant temperature of 22 °C from an initial volume of 
2.0 m’ to 8.0 m°. 


a) How much work is done by the gas? 
b) What is the final pressure of the gas? 


19.74 Suppose 0.0400 mole of an ideal monatomic gas has a 
pressure of 1.00 atm at 273 K and is then cooled at constant 
pressure until its volume is halved. What is the amount of 
work done by the gas? 


°19.75 A 2.00-L bottle contains 1.00 mole of sodium 
bicarbonate and 1.00 mole of acetic acid. These combine to 
produce 1.00 mole of carbon dioxide gas, along with water 
and sodium acetate. If the bottle is tightly sealed before the 
reaction occurs, what is the pressure inside the bottle when 
the reaction has completed? 


e19.76 A cylindrical chamber with a radius of 3.5 cm 
contains 0.12 mole of an ideal gas. It is fitted with a 450-g 
piston that rests on top, enclosing a space of height 7.5 cm. 
As the cylinder is cooled by 15 °C, how far below the initial 
position does the piston end up? 


e19.77 Find the most probable kinetic energy for a molecule 
of a gas at temperature T = 300. K. In what way does this 
value depend on the identity of the gas? 


°19.78 A closed auditorium of volume 2.50-10* m° is filled 
with 2000 people at the beginning of a show, and the air 

in the space is at a temperature of 293 K and a pressure of 
1.013- 10° Pa. If there were no ventilation, by how much 
would the temperature of the air rise during the 2.00-h show 
if each person metabolizes at a rate of 70.0 W? 


e19.79 Ata temperature of 295. K, the vapor pressure of 
pentane (C;H),) is 60.7 kPa. Suppose 1.000 g of gaseous 
pentane is contained in a cylinder with diathermal (ther- 
mally conducting) walls and a piston to vary the volume. 
The initial volume is 1.000 L, and the piston is moved in 
slowly, keeping the temperature at 295 K. At what volume 
will the first drop of liquid pentane appear? 

19.80 Helium gas fills in a well-insulated cylinder fit- 
ted with a piston at 22.0 °C and at 1.00 atm. The piston is 
moved very slowly (adiabatic expansion) so that the volume 
increases to four times its original volume. 

a) What is the final pressure? 

b) What is the final temperature of the gas? 
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Chapter 20 The Second Law of Thermodynamics 


WHAT WE WILL LEARN 


rc 
= Reversible thermodynamic processes are idealized in a thermodynamic cycle, returning to its original 
processes in which a system can move from one state periodically. 
h dynamic state to another and back again, while 3 ‘ 
: ae 4 op ee a No heat engine can have an efficiency of 100%. The 
remaining close to thermodynamic equilibrium. : 
Second Law of Thermodynamics places fundamental 
= Many processes are irreversible; for example, the limitations on the efficiency of a heat engine. 

i f ken coffee cup lying on the floor i : Pp $ 
amg ee ; Refrigerators and air conditioners are heat engines 
cannot spontaneously reassemble back into the cup. : 

; À that operate in reverse. 
Practically all real-world thermodynamics processes 
are irreversible. The entropy of a system is a measure of how far from 
: equilibrium the system is. 
= Mechanical energy can be converted to thermal q ue 
energy, and thermal energy can be converted to The Second Law of Thermodynamics says that the 
mechanical energy. entropy of a closed system can never decrease. 
= A heat engine is a device that converts thermal The entropy of a system can be related to the 
energy into mechanical energy. This engine operates microscopic states of the constituents of the system. 
X 


The early studies of thermodynamics were motivated by the desire of scientists and engi- 
neers to discover the governing principles of engines and machines so that they could design 
more efficient and powerful ones. The steam engine could be used to power early locomotives 
and ships; however, overheated steam boilers could explode and cause damage and fatalities. 
Today, steam locomotives and ships are used primarily on scenic routes for tourists. 

The principles that affect the efficiency of heat engines apply to all engines, from steam 
locomotives (Figure 20.1a) to jet engines. The Thrust SSC (supersonic car) shown in Figure 
20.1b, used two powerful jet engines to set a land speed record of 763 mph in October 1997. 
However, for all its speed and power, it still produces more waste heat than usable energy, 
which is true of most engines. 

In this chapter, we examine heat engines in theory and in practice. Their operation is 
governed by the Second Law of Thermodynamics—one of the most far-reaching and power- 
ful statements in all of science. There are several different ways to express this law, including 
one involving a concept called entropy. The ideas discussed in this chapter have applications to 
practically all areas of science, including information processing, biology, and astronomy. 


20.1 Reversible and Irreversible Processes 


kk > — > 
40°C 10° 
(a) 
kL > i > 
0°C 0°C 0°C 


FIGURE 20.2 Two thermodynamic processes: 
(a) An irreversible process in which a disk of ice 
at a temperature of 0 °C is placed inside a metal 
can at a temperature of 40 °C. (b) A reversible 
process in which a disk of ice at a temperature 
of 0 °C is placed inside a metal can at a tem- 


perature of 0 °C. 


As noted in Chapter 18, if you pour hot water into a glass and place that glass on a 
table, the water will slowly cool until it reaches the temperature of its surroundings. 
The air in the room will also warm, although imperceptibly. You would be astonished 
if, instead, the water got warmer and the air in the room cooled down slightly, while 
conserving energy. In fact, the First Law of Thermodynamics is satisfied for both of 
these scenarios. However, it is always the case that the water cools until it reaches 
the temperature of its surroundings. Thus, other physical principles are required to 
explain why temperature changes one way and not the other. 
= Practically all real-life thermodynamic processes are irreversible. For example, 
if a disk of ice at a temperature of 0 °C is placed in a metal can having a temperature 
of 40 °C, heat flows irreversibly from the can to the ice, as shown in Figure 20.2a. 
The ice will melt to water; the water will then warm and the can will cool, until the 
water and the can are at the same temperature (10 °C in this case). It is not possible 
to make small changes in any thermodynamic variable and return the system to the 
state corresponding to a warm can and frozen water. 

However, we can imagine a class of idealized reversible processes. With a revers- 
ible process, a system is always close to being in thermodynamic equilibrium. In 
this case, making a small change in the state of the system can reverse any change in 
the thermodynamic variables of the system. For example, in Figure 20.2b, a disk of 


20.1 Reversible and Irreversible Processes 


ice at a temperature of 0 °C is placed in a metal can that is also at a temperature of 0 °C. Raising 
the temperature of the can slightly will melt the ice to water. Then, lowering the temperature 
of the metal can will refreeze the water to ice, thus returning the system to its original state. 
(Technically speaking, the crystal structure of the ice would be different and thus the final 
state would be different from the initial state, but not in a way that concerns us here.) 

We can think of reversible processes as equilibrium processes in which the system 
always stays in thermal equilibrium or close to thermal equilibrium. If a system were actu- 
ally in thermal equilibrium, no heat would flow and no work would be done by the system. 
Thus, a reversible process is an idealization. However, for a nearly reversible process, small 
temperature and pressure adjustments can keep a system close to thermal equilibrium. 

On the other hand, if a process involves heat flow with a finite temperature difference, 
free expansion of a gas, or conversion of mechanical work to thermal energy, it is an irrevers- 
ible process. It is not possible to make small changes to the temperature or pressure of the 
system and cause the process to proceed in the opposite direction. In addition, while 
an irreversible process is taking place, the system is not in thermal equilibrium. 

The irreversibility of a process is related to the randomness or disorder of the 
system. For example, suppose you order a deck of cards by rank and suit and then 
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take the first five cards, as illustrated in Figure 20.3a. You will observe a well-ordered 
system of cards, for example, all spades, starting with the ace and going down to the 
ten. Next, you put those five cards back in the deck, toss the deck of cards in the air, 


and let the cards fall on the floor. You pick up the cards one by one without lookingat RA @ 
their rank or suit and then take the first five cards off the top of the deck. It is highly 4 
improbable that these five cards will be ordered by rank and suit. It is much more vy 


likely that you will see a result like the one shown in Figure 20.3b, that is, with cards in 
random order. The process of tossing and picking up the cards is irreversible. 


(b) 


Another example of an irreversible process is the free expansion of a gas, which FIGURE 20.3 (a) The first five cards of a card 


we touched on in Chapter 18 and will discuss in greater detail in Section 20.7. 


deck ordered by rank and suit. (b) The first five 


cards of a deck that has been tossed in the air 


Poincaré Recurrence Time 


The common experience of déja vu (French for “already seen”) is the feeling of having expe- 
rienced a certain situation sometime before. But do events really repeat? If processes lead- 
ing from one event to another are truly irreversible, then an event cannot repeat exactly. 

The French mathematician and physicist Henry Poincaré made an important contri- 
bution to this discussion in 1890, by famously stating his recurrence theorem. In it he pos- 
tulates that certain closed dynamical systems will return to a state arbitrarily close to their 
initial state after a sufficiently long time. This time is known as the Poincaré recurrence 
time, or simply Poincaré time of the system. This time can be calculated fairly straightfor- 
wardly for many systems that have only a finite number of different states, as the following 
example illustrates. 


EXAMPLE 20.1 | Deck of Cards 


Suppose you repeat the tossing and gathering of a deck of cards performed for Figure 20.3 
again and again. Eventually, there is a chance that one of the random orders in which you 
pick up the cards will yield the sequence ace through ten of spades for the first five cards 
in the deck. 


PROBLEM 

If it takes 1 min on average to toss the cards into the air and then collect them into a stack 
again, how long can you expect it to take, on average, before you will find the sequence of 
ace through ten of spades as the first five cards in the deck? 


SOLUTION 
There are 52 cards in the deck. Each of them has the same = probability of being on top. 
So the probability that the ace of spades ends up on top is =. If the ace is the top card, 
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and picked up randomly. 
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then there are 51 cards left. The probability that the king of spades is in the top position 


1 


of the remaining 51 cards is =. Thus, the combined probability that the ace and king 
of spades are the top two cards in that order is 1/(52-51) = 1/2652. In the same way, 
the probability of the ordered sequence of ace through ten of spades occurring is 
1/(52-51-50-49-48) = 1/311,875,200. 

So the average number of tries needed to obtain the desired sequence is 311,875,200. 
Since each of them takes 1 minute, successful completion of this exercise would take ap- 


proximately 593 yr. 
DISCUSSION 


We can almost immediately state the average number of tries it would take to get all 52 cards 
in the ordered sequence ace through two, for all four suits. It is 52-51-50-----3-2-1 = 52! 
If each of these attempts took a minute, it would require an average of 1.534- 10° yr to 
obtain the desired order. But even after this time, there would be no guarantee that the 
ordered sequence had to appear. However, since there are 52! possible different sequences 
of the cards in the deck, at least one of the sequences would have appeared at least twice. 


20.2 Engines and Refrigerators 


FIGURE 20.4 (a) A jet engine turns 
thermal energy into mechanical work. 
(b) Flow diagram of a heat engine oper- 
ating between two thermal reservoirs. 


A heat engine is a device that turns thermal energy into useful work. For example, an inter- 
nal combustion engine or a jet engine extracts mechanical work from the thermal energy 
generated by burning a gasoline-air mixture (Figure 20.4a). For a heat engine to do work 
repeatedly, it must operate in a cycle. For example, work would be done if you put a fire- 
cracker under a soup can and explode the firecracker. The thermal energy from the explo- 
sion would be turned into mechanical motion of the soup can. (However, the applications 
of this firecracker/soup-can engine are limited.) 

An engine that operates in a cycle passes through various thermodynamic states and 
eventually returns to its original state. We can think of the engine as operating between two 
thermal reservoirs (Figure 20.4b). One thermal reservoir is at a high temperature, Ty, and 
the other thermal reservoir is at a low temperature, T}. The engine takes heat, Qp, from the 
high-temperature reservoir, turns some of that heat into mechanical work, W, and exhausts 
the remaining heat, Q, (where Q, > 0), to the low-temperature reservoir. According to the 
First Law of Thermodynamics (equivalent to the conservation of energy), Qu = W + Qi. 
Thus, to make an engine operate, it must be supplied energy in the form of Q,, and then it 
will return useful work, W. The efficiency, e, of an engine is defined as 


owe 
Qu 


A refrigerator, like the one shown in Figure 20.5a, is a heat engine that operates in 
reverse. Instead of converting heat into work, the refrigerator uses work to move heat from 
a low-temperature thermal reservoir to a high-temperature thermal reservoir (Figure 
20.5b). In a real refrigerator, an electric motor drives a compressor, which transfers thermal 
energy from the interior of the refrigerator to the air in the room. An air conditioner is also 
a refrigerator; it transfers thermal energy from the air in a room to the air outdoors. 

For this refrigerator, the First Law of Thermodynamics requires that Q, + W = Qq. It 
is desired that a refrigerator remove as much heat as possible from the cooler reservoir, Q,, 


€ (20.1) 


High-temperature 
thermal reservoir 


Low-temperature 
thermal reservoir 


Heat engine 


(b) 


given the work, W, put into the refrigerator. The coefficient ; High-temperature 
thermal reservoir 


of performance, K, of a refrigerator is defined as 


Ket. (20.2) 
7 | 
In the United States, refrigerators are usually rated by their = 
annual energy usage, without quoting their actual efficiency. pl 


An efficient refrigerator is one whose energy use is compa- 
rable to the lowest energy use in its capacity class. 


Air conditioners are often rated in terms of an energy (a) 
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Refrigerator 


(b) 


Low-temperature 
thermal reservoir 


efficiency rating (EER), defined as their heat removal capac- FIGURE 20.5 (a) A household refrigerator. (b) Flow diagram of a refrig- 


ity, H, in BTU/hour divided by the power P used in watts. 
The relationship between K and EER is 
x | _Ht_H _ EER 
w| Pe P 341 


where t is a time interval. The factor 1/3.41 arises from the definition of a BTU per hour: 


LBTU/h _ (1055 J) /(3600 s) “4 
1 watt 1 J/s 3.41 


Typical EER values for a room air conditioner range from 8 to 11, meaning that values of K 
range from 2.3 to 3.2. Thus, a typical room air conditioner can remove about three units of 
heat for every unit of energy used. Central air conditioners are often rated by a seasonally 
adjusted energy efficiency rating (SEER) that takes into account how long the air condi- 
tioner operates during a year. 

A heat pump is a variation of a refrigerator that can be used to warm buildings. The heat 
pump warms the building by cooling the outside air. Just as for a refrigerator, Q; + W = Qu. 
However, for a heat pump, the quantity of interest is the heat put into the warmer reservoir, 
Qp rather than the heat removed from the cooler reservoir. Thus, the coefficient of perfor- 
mance of a heat pump is 


Q 
Kheat pump 7 a > (20.3) 


where W is the work required to move the heat from the low-temperature reservoir to the 
high-temperature reservoir. The typical coefficient of performance of a commercial heat 
pump ranges from 3 to 4. Heat pumps do not work well when the outside temperature sinks 
below -18 °C (0 °F). 


EXAMPLE 20.2 { Warming a House with a Heat Pump 


A heat pump with a coefficient of performance of 3.500 is used to warm a house that loses 
75,000. BTU/h of heat on a cold day. Assume that the cost of electricity is 10.00 cents per 
kilowatt-hour. 


PROBLEM 
How much does it cost to warm the house for the day? 


SOLUTION 

The coefficient of performance of a heat pump is given by equation 20.3: 
Qu 

Kyeat pump 7 Ww 


The work needed to warm the house is then 
Qu 


Kyreat pump 


W= 
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The house is losing 75,000 BTU/h, which we convert to SI units: 
75,000 BTU 1055 J lh 


= 21.98 kW. 
1h 1BTU 3600s 
Therefore, the power required to warm the house is 
-WwW Q 2198 IW san say 
t Kheapump 3-500 
The cost to warm the house for 24 h is then 
.1 
Cost = (6.280 kW )(24 h) E 
1 kWh 


20.3 | Ideal Engines 
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FIGURE 20.6 The Carnot cycle, 
consisting of two isothermal processes 
and two adiabatic processes. 


An ideal engine is one that utilizes only reversible processes. In addition, the engine incor- 
porates no energy-wasting effects, such as friction or viscosity. Remember, as defined in 
the previous section, a heat engine is a device that turns thermal energy into useful work. 
You might think that an ideal engine would be 100% efficient—would turn all the thermal 
energy supplied to it into useful mechanical work. However, we'll see that even the most 
efficient ideal engine cannot accomplish this. This fundamental inability to convert thermal 
energy totally into useful mechanical work lies at the very heart of the Second Law of Ther- 
modynamics and of entropy, the two main topics of this chapter. 


Carnot Cycle 


An example of an ideal engine is the Carnot engine, which is the most efficient engine that 
operates between two temperature reservoirs. The cycle of thermodynamic processes used 
by the Carnot engine is called the Carnot cycle. 

A Carnot cycle consists of two isothermal processes and two adiabatic processes, as 
shown in Figure 20.6 in a p V-diagram (pressure-volume diagram). We can pick an arbitrary 
starting point for the cycle; let’s say that it begins at point 1. The system first undergoes an 
isothermal process, during which the system expands and absorbs heat from a thermal 
reservoir at fixed temperature Ty (in Figure 20.6, Ty = 400 K). At point 2, the system begins 
an adiabatic expansion in which no heat is gained or lost. At point 3, the system begins 
another isothermal process, this time giving up heat to a second thermal reservoir at a 
lower temperature, T, (in Figure 20.6 T, = 300 K), while the system compresses. At point 4, 
the system begins a second adiabatic process in which no heat is gained or lost. The Carnot 
cycle is complete when the system returns to point 1. 

The efficiency of the Carnot engine is not 100% but instead is given by 

e€=|-— (20.4) 
H 
Remarkably, the efficiency of a Carnot engine depends only on the temperature ratio of the 
two thermal reservoirs. For the engine shown in Figure 20.6, for example, the efficiency is 
e= 1 - (300 K)/(400 K) = 0.25. 


DERIVATION 20.1 | Efficiency of Carnot Engine 


We can determine the work and heat gained and lost in a Carnot cycle. To do this, we 
assume that the system consists of an ideal gas in a container whose volume can change. 
This system is placed in contact with a thermal reservoir and originally has pressure p, 
and volume V,, corresponding to point 1 in Figure 20.6. The thermal reservoir holds 
the temperature of the system constant at Ty. The volume of the system is then allowed 
to increase until the system reaches point 2 in Figure 20.6. At point 2, the pressure is p, 


and the volume is V}. During this isothermal process, work, W}, is done by the system, and 
heat, Qp, is transferred to the system. Because this process is isothermal, the internal energy 
of the system does not change. Thus, the amount of work done by the system and the ther- 
mal energy transferred to the system are equal, given by (see the derivation in Chapter 19): 


W = Qy =nRTy In : (i) 


22 
1 


The system is then removed from contact with the thermal reservoir whose tempera- 
ture is Tj. The system continues to expand adiabatically to point 3 in Figure 20.6. At 
point 3, the expansion is stopped, and the system is put in contact with a second ther- 
mal reservoir that has temperature T}. An adiabatic expansion means that Q = 0. In 
Chapter 19, we saw that the work done by an ideal gas undergoing an adiabatic process 
is W =nR(T;- T;)/(1 - y), where y = C,/Cy and C, is the specific heat of the gas at con- 
stant pressure and Cy is the specific heat of the gas at constant volume. Thus, the work 
done by the system in going from point 2 to point 3 is 


nR 
Wy; are -Ta 
Remaining in contact with the thermal reservoir whose temperature is T}, the system is 
compressed isothermally from point 3 to point 4. The work done by the system and the 
heat absorbed by the system are 
W3, =- Q; =nRT, In Ma f (ii) 
V; 
(In Chapter 18, this would have been written W34 = Q, because Q; would be the heat add- 
ed to the system and therefore Q, < 0. However, in this chapter, we use the definition of 
Q, as the heat delivered to the low-temperature reservoir, at T = T,, and hence Q, > 0.) 
Finally, the system is removed from contact with the second thermal reservoir and 
compressed adiabatically from point 4 back to the original point, point 1. For this adia- 
batic process, Q = 0, and the work done by the system is 


nR 
nya -T,). 
Note that W,, = -W,,, since the work done in the adiabatic processes depends only on the 


initial and final temperatures. Therefore, W,, + W; = 0, and for the complete cycle, the 
total work done by the system is 


W = Wo + Wy3 + Wag + Way = Wa + Wyo. 


Wy = 


Substituting the expressions for W,, and W,, from equations (i) and (ii), we have 


W =nRT, In Va +nRT, In a ; 
v V3 
We can now find the efficiency of the Carnot engine. The efficiency is defined in equation 
20.1 as the ratio of the work done by the system, W, to the amount of heat supplied to the 
system, Qy: 


nRT In Va. +nRT, In Va T, In Va 

f V; V; m 

€= = 1+ (iii) 
Qu nRT ln y Ty In Ma 
f v 


This expression for the efficiency of a Carnot engine contains the volumes at points 1, 2, 3, 
and 4. However, we can eliminate the volumes from this expression using the relation for 
adiabatic expansion of an ideal gas from Chapter 19, TV”! = constant. 

For the adiabatic process from point 2 to point 3, we then have 


LV RVI, (iv) 
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20.1 In-Class Exercise 


What is the maximum (Carnot) coef- 
ficient of performance of a refrig- 
erator in a room with a temperature 
of 22.0 °C ? The temperature inside 
the refrigerator is kept at 2.0 °C. 


a) 0.10 d) 5.8 
b) 0.44 e) 13.8 
c) 3.0 


Similarly, for the adiabatic process from point 4 to point 1, we have 
EVP = Tav". (v) 


Taking the ratios of both sides of equations (iv) and (v) 


VE E wy 
QV GV V Vg 


Using this relationship between the volumes, we can now rewrite equation (iii) for the 
efficiency as 


which matches equation 20.4. 


Can the efficiency of the Carnot engine reach 100%? To obtain 100% efficiency, Ty in 
equation 20.4 would have to be raised to infinity or T, be lowered to absolute zero. Neither 
option is possible. Thus, the efficiency of a Carnot engine is always less than 100%. 

Note that the total work done by the system during the Carnot cycle in Derivation 20.1 
is W = W,, + W3» and the two contributions to the total work due to the two isothermal 
processes are W,, = Qy and W3, = -Q,. Therefore, the total mechanical work from a Carnot 
cycle can also be written as 

W =Qy-Qy. (20.5) 


Since the efficiency is defined in general as € = W/Qy, (equation 20.1), the efficiency of a 
Carnot engine can thus also be expressed as 


QQ 
Qu 


In this formulation, the efficiency of a Carnot engine is determined by the heat taken from the 
warmer reservoir minus the heat given back to the cooler reservoir. For this expression for the 
efficiency of a Carnot engine to yield an efficiency of 100%, the heat returned to the cooler res- 
ervoir would have to be zero. Conversely, if the efficiency of the Carnot engine is less than 100%, 
the engine cannot convert all the heat it takes in from the warmer reservoir to useful work. 

French physicist Nicolas Carnot (1796-1832), who developed the Carnot cycle in the 
19th century, proved the following statement, known as Carnot’s Theorem: 


€ (20.6) 


No heat engine operating between two thermal reservoirs can be more efficient than a 
Carnot engine operating between the two thermal reservoirs. 


We wont present the proof of Carnots Theorem. However, we'll note the idea behind the 
proof after discussing the Second Law of Thermodynamics in Section 20.5 
We can imagine running a Carnot engine in reverse, creating a “Carnot refrigerator.” 
The maximum coefficient of performance for such a refrigerator operating between two 
thermal reservoirs is 
T, 


= . 20.7 


Similarly, the maximum coefficient of performance for a heat pump operating between 
two thermal reservoirs is given by 
T 
H (20.8) 


Kreat pump max = Ta a T, i 


Note that the Carnot cycle constitutes the ideal thermodynamic process, which is the 
absolute upper limit on what is theoretically attainable. Real-world complications lower the 
efficiency drastically, as we'll see in Section 20.4. The typical coefficient of performance for 
a real refrigerator or heat pump is around 3. 


EXAMPLE 20.3 | Work Done by a Carnot Engine 


A Carnot engine takes 3000 J of heat from a thermal reservoir with a temperature Ty = 500 K 
and discards heat to a thermal reservoir with a temperature T, = 325 K. 


PROBLEM 
How much work does the Carnot engine do in this process? 


SOLUTION 
We start with the definition of the efficiency, €, of a heat engine (equation 20.1): 
au 
Qu 
where W is the work that the engine does and Q,, is the heat taken from the warmer ther- 
mal reservoir. We can then use equation 20.4 for the efficiency of a Carnot engine: 
T, 


e=l-—. 
Ta 


E€ 


Combining these two expressions for the efficiency gives us 


Putting in the numerical values gives the amount of work done by the Carnot engine: 


25K 
w =(3000 J) pa E o J. 
500 K 


EXAMPLE 20.4 f Maximum Efficiency of an Electric Power Plant 


In the United States, 85% of electricity is generated by burning fossil fuels to produce 
steam, which in turn drives alternators that produce electricity. Power plants can produce 
steam with a temperature as high as 600 °C by pressurizing the steam. The resulting waste 
heat must be exhausted into the environment at a temperature of 20.0 °C. 


PROBLEM 
What is the maximum efficiency of such a power plant? 


SOLUTION 

The maximum efficiency of such a power plant is the efficiency of a Carnot heat engine 
(equation 20.4) operating between 20.0 °C and 600 °C: 

T i- 293 K 
Ty 873K 


=66.4%. 


Real power plants achieve a lower efficiency of around 40%. However, many well- 
designed plants do not simply exhaust the waste heat into the environment. Instead, they 
employ cogeneration or combined heat and power (CHP). The heat that normally would 
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20.2 In-Class Exercise 


What is the maximum (Carnot) 
coefficient of performance of a heat 
pump being used to warm a house to 
an interior temperature of 22.0 °C? 
The temperature outside the house 
is 2.0 °C. 


a) 0.15 d) 6.5 
b) 1.1 e) 14.8 
c) 3.5 


20.1 Self-Test Opportunity 


What is the efficiency of the Car- 
not engine in Example 20.3? 
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FIGURE 20.7 The coal-fired 
electric power plant at Michigan 
State University provides all the 
electricity used on the campus as 
well as providing heating on cam- 
pus buildings in the winter and 
air-conditioning in the summer. 


be lost is used to heat nearby buildings or houses. This heat 
can even be used to operate air conditioners that cool near- 
by structures, a process called trigeneration. By employing 
CHP, modern power plants can make use of up to 90% of the 
energy used to generate electricity. For example, the power 
plant at Michigan State University (Figure 20.7) burns coal 
to generate electricity for the campus. The waste heat is used 
to heat campus buildings in the winter and air-condition 
campus buildings in the summer. 
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FIGURE 20.8 The Otto cycle, con- 


sisting of two adiabatic processes and 
two constant-volume processes. 
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A real heat engine based on the Carnot cycle is not practical. However, many practical heat 
engines that are in everyday use are designed to operate via cyclical thermodynamic pro- 
cesses. For an example of the operation of a real-world engine, let’s examine the Otto cycle. 
Again, we assume an ideal gas as the working medium. 


Otto Cycle 


The Otto cycle is used in the modern internal combustion engines inside automobiles. This 
cycle consists of two adiabatic processes and two constant-volume processes (Figure 20.8) 
and is the default configuration for a four-cycle internal combustion engine. The piston- 
cylinder arrangement of a typical internal combustion engine is shown in Figure 20.9. 

The thermal energy is provided by the ignition of a fuel-air mixture. The cycle starts 
with the piston at the top of the cylinder and proceeds through the following steps: 


= Intake stroke. The piston moves down with the intake valve open, drawing in the fuel-air 
mixture (point 0 to point 1 in Figure 20.8 and Figure 20.9a) and the intake valve closes. 

= Compression stroke. The piston moves upward, compressing the fuel-air mixture 
adiabatically (point 1 to point 2 in Figure 20.8 and Figure 20.9b). 

= The spark plug ignites the fuel-air mixture, increasing the pressure at constant 
volume (point 2 to point 3 in Figure 20.8). 

= Power stroke. Hot gases push the piston down adiabatically (point 3 to point 4 in 
Figure 20.8 and Figure 20.9c). 

= When the piston is all the way down (point 4 in Figure 20.8), the exhaust valve 
opens. This reduces the pressure at constant volume, provides the heat rejection, 
and moves the system back to point 1. 

= Exhaust stroke. The piston moves up, forcing out the burned gases (point 1 to point 
0 in Figure 20.8 and Figure 20.9d), and the exhaust valve closes. 


Spark Spark Spark 
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FIGURE 20.9 The four strokes of an internal combustion engine: (a) The intake stroke, during which the fuel-air mixture is drawn into the cylin- 
der. (b) The compression stroke, in which the fuel-air mixture is compressed. (c) The power stroke, where the fuel-air mixture is ignited by the spark 
plug, releasing heat. (d) The exhaust stroke, during which the burned gases are pushed out of the cylinder. 


The ratio of the expanded volume, V,, to the compressed volume, V,, is called the 
compression ratio: 


r=—. (20.9) 


The efficiency, €, of the Otto cycle can be expressed as a function of only the compression 
ratio: 
e=l-r', (20.10) 


(In contrast, for the Carnot cycle, equation 20.4 showed that the efficiency depends only on 
the ratio of two temperatures.) 


DERIVATION 20.2 { Efficiency of the Otto Cycle 


The Otto cycle begins at point 0 in Figure 20.8. The process from point 0 to point 1 simply 
draws the fuel-air mixture into the cylinder and plays no further role in the efficiency con- 
siderations. Neither does the inverse process from point 1 to point 0, the exhaust stroke, 
which removes the combustion products from the cylinder. 

The process from point 1 to point 2 is adiabatic. The thermal energy transferred is 
zero, and the work done by the system (see Chapter 19) is given by 


w= (B1). 


For the constant-volume process from point 2 to point 3, the work done by the system is 
zero, W»; = 0, and the thermal energy transferred to the system (see Chapter 18) is given by 


Q, =nC, (T,-T,). 


The process from point 3 to point 4 is again adiabatic, and the thermal energy transferred 
is zero. The work done by the system is 


WaT (t-B) 


The process from point 4 to point 1 takes place at constant volume, so the work done by 
the system is zero, W,, = 0, and the heat expelled from the system is 


Qu =nCy (T, -F). 


The total work done by the system is then simply the sum of the four contributions from 
the entire cycle (remember that W3; = W4, = 0) 


WW twas (Bh) (U-B)= (h-G +0 -B) 


l-y 
The factor R/(1- y) can be expressed in terms of the specific heat capacity, Cy: 
C,-C, 
pe Se 
l-y Ta C 
Cy 


The efficiency of the Otto cycle is then (net work done divided by the heat gained by the 
system per cycle) 
W _rO(B-I+L-5)_ (2-1) m 
Qs nC (Ts-,) (4-5) 


We can use the fact that the process from point 1 to point 2 and the process from point 3 
to point 4 are adiabatic to write (see Section 19.5) 


aa 
V = V7" n-[á] T (ii) 
2 
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20.2 Self-Test Opportunity 


How much would the theoretical 
efficiency of an internal combustion 
engine increase if the compression 
ratio were raised from 4 to 15? 


20.3 In-Class Exercise N 


Which of the four temperatures in 
the Otto cycle is the highest? 


a) T, d) T; 
b) T, e) All four are 
0) T identical. 


and 


v y” 
LV?” =V" n-[ž] Ty» (iii) 
2 


where V; is the volume at points 1 and 4 and V; is the volume at points 2 and 3. Substi- 
tuting the expressions for T, and T; from equations (ii) and (iii) into equation (i) for the 
efficiency, we obtain equation 20.10: 


Lee ro 
e=1- l i-t) = ata =1-r7 
Vl GY Va 
+) n-i g 
vV V 


As a numerical example, the compression ratio of the Otto cycle shown in Figure 20.8 is 
4, and so, the efficiency of that Otto cycle is € = 1 - 41775 = 1 _ 4°°4 = 0.426. Thus, the theoreti- 
cal efficiency of an engine operating on the Otto cycle with a compression ratio of 4 is 42.6%. 
Note, however, that this is the theoretical upper limit for the efficiency at this compression 
ratio. In principle, an internal combustion engine can be made more efficient by increasing the 
compression ratio, but practical factors prevent that approach. For example, if the compres- 
sion ratio is too high, the fuel-air mixture will detonate before the compression is complete. 
Very high compression ratios put high stresses on the components of the engine. The actual 
compression ratios of gasoline-powered internal combustion engines range from 8 to 12. 


Real Otto Engines 

The actual efficiency of an internal combustion engine is about 20%. Why is this so much 
lower than the theoretical upper limit? There are many reasons. First, the “adiabatic” parts of 
the cycle do not really proceed without heat exchange between the gas in the piston and the 
engine block. This is obvious; we all know from experience that engines heat up while run- 
ning, and this temperature rise is a direct consequence of heat leaking from the gas undergo- 
ing compression and ignition. Second, the gasoline-air mixture is not quite an ideal gas and 
thus has energy losses due to internal excitation. Third, during the ignition and heat rejection 
processes, the volume does not stay exactly constant, because both processes take some time, 
and the piston keeps moving continuously during that time. Fourth, during the intake and 
exhaust strokes, the pressure in the chamber is not exactly atmospheric pressure because of 
gas dynamics considerations. All of these effects, together with small friction losses, combine 
to reduce engine efficiency. All major car companies, as well as car racing crews, government 
and university labs, and even a few hobbyists, are continuously seeking ways to increase engine 
efficiency, because a higher efficiency means higher power output and/or better gas mileage. 
Since the oil crisis of the mid-1970s, the engine efficiency of U.S. automobiles has steadily 
increased (see Section 5.7), but even better miles-per-gallon performance is necessary for the 
United States to reduce its greenhouse gas emissions and its dependence on foreign oil. 


SOLVED PROBLEM 20.1 [Efficiency of an Automobile Engine 


A car with a gasoline-powered internal combustion engine travels with a speed of 26.8 m/s 
(60.0 mph) on a level road and uses gas at a rate of 6.92 L/100 km (34.0 mpg). The energy 
content of gasoline is 34.8 MJ/L. 


PROBLEM 
If the engine has an efficiency of 20.0%, how much power is delivered to keep the car 
moving at a constant speed? 


SOLUTION 


THINK 
We can calculate how much energy is being supplied to the engine by calculating the 
amount of fuel used and multiplying by the energy content of that fuel. The efficiency is the 
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useful work divided by the energy being supplied; so, once we determine the energy supplied, 
we can find the useful work from the given efficiency of the engine. By dividing the work and 
the energy by an arbitrary time interval, we can determine the average power delivered. 


SKETCH 
Figure 20.10 shows a gasoline-powered automobile engine operating as a heat engine. 


Qy from 
Ty m burning = 
gasoline > o =» & waste 
oii heat 


Automobile Engine 


FIGURE 20.10 A gasoline-powered automobile engine operating as a heat engine to power a car 
traveling at constant speed v on a horizontal surface. 


RESEARCH 

The car is traveling at speed v. The rate, x, at which the car burns gasoline, can be expressed 
in terms of the volume of gasoline burned per unit distance. We can calculate the volume 
of gasoline burned per unit time, V, by multiplying the speed of the car by the rate, x, at 
which the car burns gasoline: 


V =X. (i) 
The energy per unit time supplied to the engine by consuming fuel is the power, P, given by 
the volume of gasoline used per unit time multiplied by the energy content of gasoline, E,: 
P=V.E,. (ii) 
The efficiency of the engine, €, is given by equation 20.1: 
mie 
Qu 
where W is the useful work and Qy is the thermal energy supplied to the engine. If we 
divide both W and Qy by a time interval, t, we get 
Wit = EYelivered 
Quilt P 


where Pielivereq iS the power delivered by the engine of the car. 


E€ 


(iii) 


SIMPLIFY 
We can combine equations (i) through (iii) to obtain 


Pielivered =eP= eV.E, =EY VE, ‘ 


CALCULATE 
The power delivered is 


Pielivered = EXVE, = (020 6.92 L 


100-10° m 


[ass m/s)( 34.8 10° yi) =12,907.7 W. 


ROUND 
We report our result to three significant figures: 


Pielivered =12,900 W =12.9 kW =17.3 hp. 
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FIGURE 20.11 A pV-diagram for 
the Diesel cycle. 


20.4 In-Class Exercise 


In which part of the Diesel cycle in 
Figure 20.11 is heat added? 


a) on the path from point 0 to 
point 1 


b) on the path from point 1 to 
point 2 


c) on the path from point 2 to 
point 3 


d) on the path from point 3 to 
point 4 


e) on the path from point 4 to 
point 1 


20.5 In-Class Exercise 


During which part(s) of the Diesel 
cycle in Figure 20.11 is mechanical 
work done by the engine? 


a) on the path from point 0 to 
point 1 and on the path from 
point 1 to point 0 


b) on the path from point 1 to 
point 2 


c) on the path from point 2 to 
point 3 and on the path from 
point 3 to point 4 


d) on the path from point 4 to 
point 1 


DOUBLE-CHECK 

To double-check our result, we calculate the power required to keep the car moving at 
60.0 mph against air resistance. The power required, P i» is equal to the product of the 
force of air resistance, Farag and the speed of the car: 


Pir Fiat (iv) 
The drag force created by air resistance is given by 

Fiag = Kv’. (v) 
The constant K has been found empirically to be 

K= 5 caAps (vi) 


where c, is the drag coefficient of the car, A is its front cross-sectional area, and p is the 
density of air. Combining equations (iv) through (vi) gives 


Pir = Frag = (xv) » =% c Apr. 
Using cq = 0.33, A = 2.2 m’, and p = 1.29 kg/m’, we obtain 
pa 1(0.33)(2.2 m? \(129 kg/m? )(26.8 m/s) =9014 W=9.0 kW. 


This result for the power required to overcome air resistance (P = 9.0 kW = 12 hp) is 
about 70% of the calculated value for the power delivered (Pieliverea = 12.9 KW = 17.3 hp). 
The remaining power is used to overcome other kinds of friction, such as rolling friction. 
Thus, our answer seems reasonable. 


aw araar 
Diesel Cycle 


Diesel engines and gasoline engines have somewhat different designs. Diesel engines do 
not compress a fuel-air mixture, but rather air only (path from point 1 to point 2 in Figure 
20.11, green curve). The fuel is introduced (between point 2 and point 3) only after the air 
has been compressed. The thermal energy from the compression ignites the mixture (thus, 
no spark plug is required). This combustion process pushes the piston out at constant pres- 
sure. After combustion, the combustion products push the piston out farther in the same 
adiabatic manner as in the Otto cycle (path from point 3 to point 4, red curve). The process 
of heat rejection to the environment at constant volume (between points 4 and 1 in the dia- 
gram) also proceeds in the same way as in the Otto cycle, as do the intake stroke (path from 
0 to 1) and exhaust stroke (path from 1 to 0). Diesel engines have a higher compression ratio 
and thus a higher efficiency than gasoline-powered four-stroke engines, although they have 
a slightly different thermodynamic cycle. 
The efficiency of an ideal diesel engine is given by 


(20.11) 


where the compression ratio is again r = V,/ V, (just as for the Otto cycle), y is again the 
ratio of the specific heats at constant pressure and constant volume, y= C,/Cy (introduced 
in Chapter 19), and a = V;/V, is called the cut-off ratio, the ratio between the final and 
initial volumes of the combustion phase. The derivation of this formula proceeds simi- 
larly to Derivations 20.1 and 20.2 for the Carnot and Otto cycles but is omitted here. 


Hybrid Cars 


Hybrid cars combine a gasoline engine and an electric motor to achieve higher efficiency 
than a gasoline engine alone can achieve. The improvement in efficiency results from using 
a smaller gasoline engine than would normally be necessary and an electric motor, run off a 
battery charged by the gasoline engine, to supplement the gasoline engine when higher power 
is required. For example, the Ford Escape Hybrid (Figure 20.12) has a 99.2-kW (133-hp) 


gasoline engine coupled with a 70-kW (94-hp) electric motor, and the Ford 
Escape has a 149-kW (200-hp) gasoline engine. In addition, the gasoline engine 
used in the Ford Escape Hybrid, as well as in the hybrid vehicles from Toyota 
and Honda, applies a thermodynamic cycle different from the Otto cycle. This 
Atkinson cycle includes variable valve timing to increase the expansion phase 
of the process, allowing more useful work to be extracted from the energy con- 
sumed by the engine. An Atkinson-cycle engine produces less power per dis- 
placement than a comparable Otto-cycle engine but has higher efficiency. 

In stop-and-go driving, hybrid cars have the advantage of using regenerative 
braking rather than normal brakes. Conventional brakes use friction to stop the car, 
which converts the kinetic energy of the car into wasted energy in the form of ther- 
mal energy (and wear on the brake pads). Regenerative brakes couple the wheels 
to an electric generator (which can be the electric motor driving the car), which 
converts the kinetic energy of the car into electrical energy. This energy is stored in 
the battery of the hybrid car to be used later. In addition, the gasoline engine of a hybrid car can 
be shut off when the car is stopped, so the car uses no energy while waiting at a stoplight. 

In highway driving, hybrid cars take advantage of the fact that the gasoline engine can 
be run at a constant speed, corresponding to its most efficient operating speed, rather than 
having to run at a speed dictated by the speed of the car. Operation of the gasoline engine 
at a constant speed while the speed of the car changes is accomplished by a continuously 
variable transmission. The transmission couples both the gasoline engine and the electric 
motor to the drive wheels of the car, allowing the gasoline engine to run at its most efficient 
speed while taking power from the electric motor as needed. 


Efficiency and the Energy Crisis 


The efficiencies of engines and refrigerators are not just theoretical constructs but have 
very important economic consequences, which are extremely relevant to solving the energy 
crisis. The efficiencies and performance coefficients calculated in this chapter with the aid 
of thermodynamic principles are theoretical upper limits. Real-world complications always 
reduce the actual efficiencies of engines and performance coefficients of refrigerators. But 
engineering research can overcome these real-world complications and provide better per- 
formance of real devices, approaching the ideal limits. 

One impressive example of performance improvement has occurred with refrigera- 
tors sold in the United States, according to data compiled by Steve Chu (see Figure 20.13). 
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FIGURE 20.13 Average U.S. refrigerator volume (red line), price (green line), and energy use (blue 
line) from 1947 to 2003. 
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FIGURE 20.12 The gasoline engine and electric 
motor of a hybrid car. 
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Since 1975, the average size of a refrigerator in U.S. kitchens has increased by about 20%, 
but through a combination of tougher energy standards and research and development on 
refrigerator design and technology, the average power consumption fell by two-thirds, a 
total of 1200 kWh/yr, from 1800 kWh/yr in 1975 to 600 kWh/yr in 2003. 

Since about 150 million new refrigerators and freezers are purchased each year in 
the United States, and each one saves approximately 1200 kWh/yr, a total energy savings 
of 180 billion kWh (6.5-10'” J = 0.65 EJ) is realized each year. This savings is (in 2009) 
approximately twice as much as the combined energy produced through the use of wind 
power (30 billion kWh/yr), solar energy (2 billion kWh/yr), geothermal (14 billion kWh/yr), 
and biomass (54 billion kWh/yr). 

Energy consumption is directly proportional to energy cost, so the average U.S. house- 
hold is saving a total of almost $200 each year in electricity costs from using more efficient 
refrigerators relative to the 1975 standard. In addition, even though refrigerators have got- 
ten much better, their price has fallen by more than half, also indicated in Figure 20.13. Soa 
more energy-efficient refrigerator is not more expensive. And it keeps our food and favorite 
beverages just as cold as the 1975 model used to! 


20.5 The Second Law of Thermodynamics 


High-temperature 
thermal reservoir 


Heat engine 


FIGURE 20.14 A heat flow diagram showing a system that 


converts work completely to heat. 


Low-temperature We saw in Section 20.1 that the First Law of Thermodynamics is satis- 
thermal reservoir fied whether a glass of cold water warms on standing at room tempera- 
ture or becomes colder. However, the Second Law of Thermodynamics 
is a general principle that puts constraints on the amount and direc- 
tion of thermal energy transfer between systems and on the possible 
efficiencies of heat engines. This principle goes beyond the energy con- 
servation of the First Law of Thermodynamics. 

Chapter 18 discussed Joules famous experiment that demon- 
strated that mechanical work could be converted completely into heat, 
as illustrated in Figure 20.14. In contrast, experiments show that it is 
impossible to build a heat engine that completely converts heat into 
work. This concept is illustrated in Figure 20.15. 

In other words, it is not possible to construct a 100% efficient heat engine. This fact 
forms the basis of the Second Law of Thermodynamics: 


It is impossible for a system to undergo a process in which it absorbs heat from a thermal 
reservoir at a given temperature and converts that heat completely to mechanical work 
without rejecting heat to a thermal reservoir at a lower temperature. 


This formulation is often called the Kelvin—Planck statement of the Second Law of Thermody- 
namics. As an example, consider a book sliding on a table. The book slides to a stop, and the 
mechanical energy of motion is turned into thermal energy. This thermal energy takes the 
form of random motion of the molecules of the book, the air, and the table. It is impossible 
to convert this random motion back into organized motion of the book. It is, however, pos- 
sible to convert some of the random motion related to thermal energy back into mechanical 
energy. Heat engines do that kind of conversion. 

If the Second Law were not true, various impossible scenarios could occur. For exam- 
ple, an electric power plant could operate by taking heat from the surrounding air, and an 
ocean liner could power itself by taking heat from the seawater. These scenarios do not 
violate the First Law of Thermodynamics because energy is conserved. The fact that they 
cannot occur shows that the Second Law contains additional information about how nature 
works, beyond the principle of conservation of energy. The Second Law limits the ways in 
which energy can be used. 

Another way to state the Second Law of Thermodynamics relates to refrigerators. We 
know that heat flows spontaneously from a warmer thermal reservoir to a cooler thermal 
reservoir. Heat never spontaneously flows from a cooler thermal reservoir to a warmer ther- 
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Low-temperature 
thermal reservoir 


Low-temperature High-temperature 
thermal reservoir thermal reservoir 


High-temperature 
thermal reservoir 


Refrigerator 


Heat engine 


FIGURE 20.15 A heat flow diagram illustrating the impossible FIGURE 20.16 A heat flow diagram demonstrating the impossible 
process of completely converting heat into useful work without rejecting process of moving heat from a low-temperature thermal reservoir to a 
heat into a low-temperature thermal reservoir. high-temperature thermal reservoir without using any work. 


mal reservoir. A refrigerator is a heat engine that moves heat from a cooler thermal reser- 
voir to a warmer thermal reservoir; however, energy has to be supplied to the refrigerator 
for this transfer to take place, as shown in Figure 20.5b. The fact that it is impossible for a 
refrigerator to transfer thermal energy from a cooler reservoir to a warmer reservoir with- 
out doing work is illustrated in Figure 20.16. This fact is the basis of another form of the 
Second Law of Thermodynamics: 


It is impossible for any process to transfer thermal energy from a cooler thermal reservoir 
to a warmer thermal reservoir without any work having been done to accomplish 
the transfer. 


This equivalent formulation is often called the Clausius statement of the Second Law of 
Thermodynamics. 


DERIVATION 20.3 ( Carnot’s Theorem 
-—. oOui€4..i. ~~ 


The following explains how to prove Carnots Theorem, stated in Section 20.3. Suppose there 
are two thermal reservoirs, a heat engine working between these two reservoirs, and a Carnot 
engine operating in reverse as a refrigerator between the reservoirs, as shown in Figure 20.17. 


High-temperature Low-temperature FIGURE 20.17 A heat engine be- 
thermal reservoir Hoan thermal reservoir tween two thermal reservoirs pro du ces 
work. A Carnot engine operating in 
reverse as a refrigerator between two 
thermal reservoirs is being driven by 
the work produced by the heat engine. 
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Let’s assume that the Carnot refrigerator operates with the theoretical efficiency given by 
W 


= 3 
Quo 


where W is the work required to put heat Q,,, into the high-temperature reservoir. We also 
assume that this required work is provided by a heat engine operating between the same 
two reservoirs. The efficiency of the heat engine can be expressed as 


_W 
Qui 
where Qy; is the heat removed from the high-temperature reservoir by the heat engine. 


Since equations (i) and (ii) both contain the same work, W, we can solve each of them for 
the work and then set the expressions equal to each other: 


(i) 


© 


(ii) 


€ 


€ Qi = &Qp2- 
Thus, the ratio of the two efficiencies is 


& _ Qn 
© Qu 


If the efficiency of the heat engine is equal to the efficiency of the Carnot refrigerator (€, = €,), 
then we have Qui = Qu which means that the heat removed from the high-temperature 
reservoir is equal to the heat added to the high-temperature reservoir. If the efficiency of 
the heat engine is higher than the efficiency of the Carnot refrigerator (€, > €,), then we 
have Qu > Quy which means that more heat is gained than lost by the high-temperature 
reservoir. Applying the First Law of Thermodynamics to the overall system tells us that the 
heat engine working together with the Carnot refrigerator is then able to transfer thermal 
energy from the low-temperature reservoir to the high-temperature reservoir without 
any work being supplied. These two devices acting together would then violate the Clau- 
sius statement of the Second Law of Thermodynamics. Thus, no heat engine can be more 
efficient than a Carnot engine. 


The conversion of mechanical work to thermal energy (such as by friction) and heat 
flow from a warm thermal reservoir to a cool one are irreversible processes. The Second 
Law of Thermodynamics says that these processes can only be partially reversed, thereby 
acknowledging their inherent one-way quality. 


20.6 | Entropy 


The Second Law of Thermodynamics as stated in Section 20.5 is somewhat different from 
other laws presented in previous chapters, such as Newton's laws, because it is phrased in 
terms of impossibilities. However, the Second Law can be stated in a more direct manner 
using the concept of entropy. 

Throughout the last three chapters, we have discussed the notion of thermal equilib- 
rium. If two objects at different temperatures are brought into thermal contact, both of 
their temperatures will asymptotically approach a common equilibrium temperature. What 
drives this system to thermal equilibrium is entropy, and the state of thermal equilibrium is 
the state of maximum entropy. 

Entropy provides a quantitative measure for how close to equilibrium a system is. The 
direction of thermal energy transfer is not determined by energy conservation but by the 
change in entropy of a system. The change in entropy of a system, AS, during a process that 
takes the system from an initial state to a final state is defined as 


f 
AS= f a (20.12) 


where Qis the heat and T is the temperature in kelvins. The SI units for the change in entropy are 
joules per kelvin (J/K). It must be noted that equation 20.12 applies only to reversible processes; 
that is, the integration can only be carried out over a path representing a reversible process. 

Note that entropy is defined in terms of its change from an initial to a final configura- 
tion. Entropy change is the physically meaningful quantity, not the absolute value of the 
entropy at any point. Another physical quantity for which only the change is important is 
the potential energy. The absolute value of the potential energy is always defined only rela- 
tive to some arbitrary additive constant, but the change in potential energy between initial 
and final states is a precisely measurable physical quantity that gives rise to force(s). In a 
manner similar to the way connections between forces and potential energy changes were 
established in Chapter 6, this section shows how to calculate entropy changes for given 
temperature changes and heat and work in different systems. At thermal equilibrium, the 
entropy has an extremum (a maximum). At mechanical stable equilibrium, the net force is 
zero, and therefore the potential energy has an extremum (a minimum, in this case). 

In an irreversible process in a closed system, the entropy, S, of the system never 
decreases; it always increases or stays constant. In a closed system, energy is always con- 
served, but entropy is not conserved. Thus, the change in entropy defines a direction for 
time; that is, time moves forward if the entropy of a closed system is increasing. 

The definition of entropy given by equation 20.12 rests on the macroscopic properties 
of a system, such as heat and temperature. Another definition of entropy, based on statisti- 
cal descriptions of how the atoms and molecules of a system are arranged, is presented in 
the next section. 

Since the integral in equation 20.12 can only be evaluated for a reversible process, how can 
we calculate the change in entropy for an irreversible process? The answer lies in the fact that 
entropy is a thermodynamic state variable, just like temperature, pressure, and volume. This 
means that we can calculate the entropy difference between a known initial state and a known 
final state even for an irreversible process if there is a reversible process (for which the integral 
in equation 20.12 can be evaluated!) that takes the system from the same initial to the same final 
state. Perhaps this is the subtlest point about thermodynamics conveyed in this entire chapter. 

In order to illustrate this general method of computing the change in entropy for an 
irreversible process, let’s return to a situation described in Chapter 18, the free expansion of a 
gas. Figure 20.18a shows a gas confined to the left half of a box. In Figure 20.18b, the barrier 
between the two halves has been removed, and the gas has expanded to fill the entire volume 
of the box. Clearly, once the gas has expanded to fill the entire volume of the box, the system 
will never spontaneously return to the state where all the gas molecules are located in the left 
half of the box. The state variables of the system before the barrier is removed are the initial 
temperature, T, the initial volume, V, and the initial entropy, S,. After the barrier has been 
removed and the gas is again in equilibrium, the state of the system can be described in 
terms of the final temperature, T; the final volume, Vp and the final entropy, Sẹ 

We cannot calculate the change in entropy of this system using equation 20.12 because 
the gas is not in equilibrium during the expansion phase. However, the change in the prop- 
erties of the system depends only on the initial and final states, not on how the system got 
from one to the other. Therefore, we can choose a process that the system could have under- 
gone for which we can evaluate the integral in equation 20.12. 

In the free expansion of an ideal gas, the temperature remains constant; thus, it seems 
reasonable to use the isothermal expansion of an ideal gas. We can then evaluate the inte- 
gral in equation 20.12 to calculate the change in entropy of the system undergoing an iso- 


thermal process: f f 
dQ 1 Q 
AS- f - f do-<. 20.13 
T TJ Qe oe 


(We can move the factor 1/T outside the integral, because we are dealing with an isothermal 
process, for which the temperature is constant by definition.) As we saw in Chapter 19, the 
work done by an ideal gas in expanding from V; to V; at a constant temperature T is given by 


Ye 
Al 


W =nRT In 
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(b) 


FIGURE 20.18 (a) A gas confined 
to half the volume of a box. (b) The 
barrier separating the two halves is 
removed, and the gas expands to fill 
the entire volume. 
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For an isothermal process, the internal energy of the gas does not change; so AE,,, = 0. Thus, 


as shown in Chapter 18, we can use the First Law of Thermodynamics to write 
AE, = W-Q=0. 


int 


Consequently, for the isothermal process, the heat added to the system is 


Ne 
al 


The resulting entropy change for the isothermal process is then 


Q=W=nRTIn 


Ve 
T 7 | (20.14) 


The entropy change for the irreversible free expansion of a gas must be equal to the entropy 
change for the isothermal process because both processes have the same initial and final 
states and thus must have the same change in entropy. 

For the irreversible free expansion of a gas, V;>V;, and so In (V;/V;) > 0. Thus, AS > 0 
because n and R are positive numbers. In fact, the change in entropy of any irreversible 
process is always positive. 

Therefore, the Second Law of Thermodynamics can be stated in a third way. 


The entropy of a closed system can never decrease. 


EXAMPLE 20.5 | Entropy Change for the Freezing of Water 


Suppose we have 1.50 kg of water at a temperature of 0 °C. We put the water in a freezer, and 
enough heat is removed from the water to freeze it completely to ice at a temperature of 0 °C. 


PROBLEM 


How much does the entropy of the water-ice system change during the freezing process? 


SOLUTION 
The melting of ice is an isothermal process, so we can use equation 20.13 for the change 
in entropy: 


where Q is the heat that must be removed to change the water to ice at T = 273.15 K, the 
freezing point of water. The heat that must be removed to freeze the water is determined 
by the latent heat of fusion of water (ice), defined in Chapter 18. The heat that must be 
removed is 


Q=mLasion =(1.50 kg)(334 kJ/kg) = 501 KJ. 


Thus, the change in entropy of the water-ice system is 
As = 201 


= =~ 1830 J/K. 
273.15 K 


Note that the entropy of the water-ice system of Example 20.5 decreased. How can 
the entropy of this system decrease? The Second Law of Thermodynamics states that the 
entropy of a closed system can never decrease. However, the water-ice system is not a closed 
system. The freezer used energy to remove heat from the water to freeze it and exhausted 
the heat into the local environment. Thus, the entropy of the environment increased more 
than the entropy of the water-ice system decreased. This is a very important distinction. 
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A similar analysis can be applied to the origins of complex life forms that have lower 
entropy than their surroundings. The development of life forms with low entropy is accom- 
panied by an increase in the overall entropy of the Earth. In order for a living subsystem 
of Earth to reduce its own entropy at the expense of its environment, it needs a source of 
energy. This source of energy can be chemical bonds or other types of potential energy, 
which in the end arises from the energy provided to Earth by solar radiation. 

Evolution toward more and more complex life forms is not in contradiction with the 
Second Law of Thermodynamics, because the evolving life forms do not form a closed sys- 
tem. A contradiction between biological evolution and the Second Law of Thermodynamics 
is sometimes falsely claimed by opponents of evolution in the evolution/creationism debate. 
From a thermodynamics standpoint, this argument has to be rejected unequivocally. 


EXAMPLE 20.6 | Entropy Change for the Warming of Water 


Suppose we start with 2.00 kg of water at a temperature of 20.0 °C and warm the water 
until it reaches a temperature of 80.0 °C. 


PROBLEM 
What is the change in entropy of the water? 


SOLUTION 
We start with equation 20.12, relating the change in entropy to the integration of the dif- 
ferential flow of heat, dQ, with respect to temperature: 


f 
dQ . 
AS = f —. i 
ii (i) 
The heat, Q, required to raise the temperature of a mass, m, of water is given by 
Q=cmAT, (ii) 


where c = 4.19 kJ/(kg K) is the specific heat of water. We can rewrite equation (ii) in terms 
of the differential change in heat, dQ and the differential change in temperature, dT: 


dQ=cmd?T. 
Then we can rewrite equation (i) as 
i d 7 dT I dT T 
as= f e- fZ =cm | =cmIn—. 
| T A T A T T 


With T; = 293.15 K and T;= 353.15 K, the change in entropy is 


AS = [4.19 Idi (kg K) (2.00 kg) In 353.15 K 


=1.56-10° J/K. 
293.15 K 


There is another important point regarding the macroscopic definition of entropy and 
the calculation of entropy with the aid of equation 20.12: The Second Law of Thermody- 
namics also implies that for all cyclical processes (such as the Carnot, Otto, and Diesel 
cycles)—that is, all processes for which the initial state is the same as the final state—the 
total entropy change over the entire cycle has to be greater than or equal to zero: AS = 0. 


20.7 Microscopic Interpretation of Entropy 


In Chapter 19, we saw that the internal energy of an ideal gas could be calculated by sum- 
ming up the energies of the constituent particles of the gas. We can also determine the 
entropy of an ideal gas by studying the constituent particles. It turns out that this micro- 
scopic definition of entropy agrees with the previous definition. 
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The ideas of order and disorder are intuitive. For example, a coffee cup is an ordered system. 
Smashing the cup by dropping it on the floor creates a system that is less ordered, or more disor- 
dered, than the original system. The disorder of a system can be described quantitatively using 
the concept of microscopic states. Another term for a microscopic state is a degree of freedom. 

Suppose we toss n coins in the air, and half of them land heads up and half of them land 
tails up. The statement “half the coins are heads and half the coins are tails” is a description 
of the macroscopic state of the system of n coins. Each coin can have one of two microscopic 
states: heads or tails. Stating that half the coins are heads and half the coins are tails does not 
specify anything about the microscopic state of each coin, because there are many different 
possible ways to arrange the microscopic states of the coins without changing the macro- 
scopic state. However, if all the coins are heads or all the coins are tails, the microscopic state of 
each coin is known. The macroscopic state consisting of half heads and half tails is a disordered 
system because very little is known about the microscopic state of each coin. The macroscopic 
state with all heads or the macroscopic state with all tails is an ordered system because the 


microscopic state of each coin is known. 
To quantify this concept, imagine tossing four coins in 


the air. There is only one way to get four heads with such a 
toss, four ways to get three heads and one tail, six ways to 
get two heads and two tails, four ways to get one head and 
three tails, and only one way to get four tails. Thus, there are 
five possible macroscopic states and sixteen possible micro- 
scopic states (see Figure 20.19, where heads are represented 
as red circles, and tails as blue circles). 

Now suppose we toss fifty coins in the air instead of 
four coins. There are 2% = 1.13 - 10" possible microstates of 
this system of fifty tossed coins. The most probable macro- 
scopic state consists of half heads and half tails. There are 
1.26 - 10" possible microstates with half heads and half tails. 
The probability that half the coins will be heads and half 
will be tails is 11.2%, while the probability of having all fifty 
coins land heads up is 1 in 1.13-10". 

4 heads yer Pate Pa 4 tails Let’s apply these concepts to a real system of gas mol- 
E i i ecules: a mole of gas, or Avogadros number of molecules, 
at pressure p, volume V, and temperature T. These three 
quantities describe the macroscopic state of the gas. The 
microscopic description of the system needs to specify the 
momentum and position of each molecule of the gas. Each molecule has three components 
of its momentum and three components of its position. Thus, at any given time, the gas 
can be in a large number of microscopic states, depending on the positions and velocities 
of each of its 6.02- 10” molecules. If the gas undergoes free expansion, the number of pos- 
sible microscopic states increases and the system becomes more disordered. Because the 
entropy of a gas undergoing free expansion increases, the increase in disorder is related to 
the increase of entropy. This idea can be generalized as follows: 


FIGURE 20.19 The sixteen possible microscopic states for four tossed 
coins, leading to five possible macroscopic states. 


The most probable macroscopic state of a system is the state with the largest number of 
microscopic states, which is also the macroscopic state with the greatest disorder. 


Let w be the number of possible microscopic states for a given macroscopic state. It can 
be shown that the entropy of the macroscopic state is given by 


S=kşlnw, (20.15) 


where kp is the Boltzmann constant. This equation was first written down by the Austrian 
physicist Ludwig Boltzmann and is his most significant accomplishment (it is chiseled into 
his tombstone). You can see from equation 20.15 that increasing the number of possible 
microscopic states increases the entropy. 


20.7 Microscopic Interpretation of Entropy 


The important aspect of a thermodynamic process is not the absolute entropy, but the 
change in entropy between an initial state and a final state. Taking equation 20.15 as the 
definition of entropy, the smallest number of microstates is one and the smallest entropy 
that can exist is then zero. According to this definition, entropy can never be negative. In 
practice, determining the number of possible microscopic states is difficult except for spe- 
cial systems. However, the change in the number of possible microscopic states can often be 
determined, thus allowing the change in entropy of the system to be found. 

Consider a system that initially has w; microstates and then undergoes a thermo- 
dynamic process to a macroscopic state with wę microstates. The change in entropy is 


AS =S, -S = kg In w;—kglnw, = kg In £. (20.16) 
1 
Thus, the change in entropy between two macroscopic states depends on the ratio of the 
number of possible microstates. 

The definition of the entropy of a system in terms of the number of possible microstates 
leads to further insight into the Second Law of Thermodynamics, which states that the 
entropy of a closed system can never decrease. This statement of the Second Law, combined 
with equation 20.15, means that a closed system can never undergo a thermodynamic process 
that lowers the number of possible microstates. For example, if the process depicted in Figure 
20.18 were to occur in reverse—that is, the gas underwent free contraction into a volume 
half its original size—the number of possible microstates for each molecule would decrease 
by a factor of 2. The probability of finding one gas molecule in half of the original volume 
then is >, and the probability of finding all the gas molecules in half of the original volume is 
(4) , where N is the number of molecules. If there are 100 gas molecules in the system, 
then the probability that all 100 molecules end up in half the original volume is 7.9- 107%. 
We would have to check the system approximately 1/(7.9- 10°) = 10°° times to find the 
molecules in half the volume just once. Checking once per second, this would take about 
10 billion years, whereas the age of the universe is only 13.7 billion years. If the system 
contains Avogadros number of gas molecules, then the probability that the molecules will 
all be in half of the volume is even smaller. Thus, although the probability that this process 
will happen is not zero, it is so small that we can treat it as zero. We can thus conclude that 
the Second Law of Thermodynamics, even if expressed in terms of probabilities, is never 
violated in any practical situation. 


EXAMPLE 20.7 | Entropy Increase during Free Expansion of a Gas 


Let’s consider the free expansion of a gas like that shown in Figure 20.18. Initially 0.500 
mole of nitrogen gas is confined to a volume of 0.500 m°. When the barrier is removed, 
the gas expands to fill the new volume of 1.00 m°. 


PROBLEM 
What is the change in entropy of the gas? 


SOLUTION 
We can use equation 20.14 to calculate the change in entropy of the system, assuming we 
can treat the system as an isothermal expansion of an ideal gas: 


3 
AS =nRIn Vi =nRIn as =nR|n2 (i) 
i 0.500 m? 
= (0.500 mole)|8.31 J/(mol K)|(In 2) 
=2.88 J/K. 


Another approach is to examine the number of microstates of the system before and after the 
expansion to calculate the change in entropy. In this system, the number of gas molecules is 


N=nN,, 
daa Continued— 
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20.6 In-Class Exercise 


All reversible thermodynamic pro- 
cesses always proceed at 


a) constant pressure. 
b) constant temperature. 


d 


) 
) 

c) constant entropy. 
) constant volume. 
) 


e) none of the above. 


WHAT WE HAVE LEARNED | 


Chapter 20 The Second Law of Thermodynamics 


where N, is Avogadro’s number. Before the expansion, there were w; microstates for the 
gas molecules in the left half of the container. After the expansion, any of the molecules 
could be in the left half or the right half of the container. Therefore, the number of micro- 
states after the expansion is 

We = aN Wj. 


Using equation 20.16 and remembering that nR = Nk, we can express the change in 
entropy of the system as 


AS =kp In“! = ky In 


i i 


N. 
2 wi 


= Nkşln2 =nRln2. 


Thus, we get the same result for the change in entropy of a freely expanding gas by look- 
ing at the microscopic properties of the system as by using the macroscopic properties of 
the system in equation (i). 


Entropy Death 


The universe is the ultimate closed system. The vast majority of thermodynamic processes 
in the universe are irreversible, and thus the entropy of the universe as a whole is continu- 
ously increasing and asymptotically approaching its maximum. Thus, if the universe exists 
long enough, all energy will be evenly distributed throughout its volume. In addition, if the 
universe keeps expanding forever, then gravity—the only long-range force of importance— 
will not be able to pull objects together any more. This latter condition is the main difference 
from the early universe in the first moments after the Big Bang, when matter and energy 
were also distributed very evenly throughout the universe, as revealed by the analysis of the 
cosmic microwave background radiation (touched on in Chapter 17 and to be discussed in 
more depth in Chapter 39). But in the early universe, gravity was very strong, as a result of 
the concentration of matter in a very small space, and was able to develop minute fluctua- 
tions and contract matter into stars and galaxies. Thus, even though matter and energy were 
evenly distributed in the very early universe, the entropy was not near its maximum, and 
the entire universe was very far from thermal equilibrium. 

In the long-term future of the universe, all stars, which currently represent sources of 
energy for other objects such as our planet, will eventually be extinct. Then, life will become 
impossible, because life needs an energy source to be able to lower entropy locally. As the 
universe asymptotically approaches its state of maximum entropy, every subsystem of the uni- 
verse will reach thermodynamic equilibrium. 

Sometimes this long-term fate of the universe is referred to as heat death. However, the 
temperature of the universe at that time will not be high, as this name may suggest, but very 
close to absolute zero and very nearly the same everywhere. 

This is not something we have to worry about soon, because some estimates place the 
entropy death of the universe at about 10° years into the future (with an uncertainty of 
many orders of magnitude). Obviously, the long-term future of the universe is very interest- 
ing and is currently an area of intense research. New discoveries about dark matter and dark 
energy may change our picture of the long-term future of the universe. But as it stands now, 
the universe will not go out with a bang, but with a whimper. 


EXAM STUDY GUIDE 


= Ina reversible process, a system is always close to = A heat engine is a device that turns thermal energy 


being in thermodynamic equilibrium. Making a small 
change in the state of the system can reverse any 
change in the thermodynamic variables of the system. 


An irreversible process involves heat flow with a finite 
temperature difference, free expansion of a gas, or 
conversion of mechanical work to thermal energy. 


into useful work. 


The efficiency, €, of a heat engine is defined as € = W/Q,, 
where W is the useful work extracted from the engine 
and Q,, is the energy provided to the engine in the 
form of heat. 


= A refrigerator is a heat engine operating in reverse. 


= The coefficient of performance, K, of a refrigerator is 
defined as K = Q,/W, where Q, is the heat extracted 
from the cooler thermal reservoir and W is the work 
required to extract that heat. 


= An ideal heat engine is one in which all the processes 


involved are reversible. 


= A Carnot engine uses the Carnot cycle, an ideal 


thermodynamic process consisting of two isothermal 


processes and two adiabatic processes. The Carnot 
engine is the most efficient engine that can operate 
between two thermal reservoirs. 


= The efficiency of a Carnot engine is given by 
e = (Ty - T,)/Ty where Ty is the temperature of the 


warmer thermal reservoir and T; is the temperature of 


the cooler thermal reservoir. 


= The coefficient of performance of a Carnot refrigerator 


is Kmax = T,/(Ty - T1), where Ty is the temperature 


of the warmer thermal reservoir and T, is the 
temperature of the cooler thermal reservoir. 


= The Otto cycle describes the operation of internal 
combustion engines. It consists of two adiabatic 
processes and two constant-volume processes. The 


efficiency of an engine using the Otto cycle is given by 


€=1-1'”, where r = V,/V, is the compression ratio 
and y= C,/Cy 


KEY TERMS 


Answers to Self-Test Opportunities 673 


The Second Law of Thermodynamics can be stated 

as follows: It is impossible for a system to undergo 

a process in which it absorbs heat from a thermal 
reservoir at a given temperature and converts that heat 
completely to mechanical work without rejecting heat 
to a thermal reservoir at a lower temperature. 


The Second Law of Thermodynamics can also be 
stated as follows: It is impossible for any process 

to transfer thermal energy from a cooler thermal 
reservoir to a warmer thermal reservoir without any 
work having been done to accomplish the transfer. 


The change in entropy of a system is defined as 
f 
AS= f a where dQ is the differential heat 


i 
added to the system, T is the temperature, and 

the integration is carried out from an initial 
thermodynamic state to a final thermodynamic state. 


A third way to state the Second Law of 
Thermodynamics is as follows: The entropy of a closed 
system can never decrease. 


The entropy of a macroscopic system can be defined 
in terms of the number of possible microscopic 
states, w, of the system: S = kp In w, where kg is the 
Boltzmann constant. 


coefficient of 
performance, p. 653 
heat pump, p. 653 
ideal engine, p. 654 
Carnot engine, p. 654 


reversible process, p. 650 
irreversible process, p. 651 
heat engine, p. 652 
efficiency, p. 652 
refrigerator, p. 652 


Carnot cycle, p. 654 
Carnot’s Theorem, p. 656 
Otto cycle, p. 658 


NEW SYMBOLS AND EQUATIONS 


W 
€=—, efficiency of a heat engine 
H 


Q 


K= VW coefficient of performance of a refrigerator 


Second Law of 
Thermodynamics, 
p. 664 
entropy, p. 666 
microscopic states, p. 670 


f 
AS = f R, entropy change of a system 


S = kg ln w, microscopic definition of entropy 


W, number of possible microscopic states 


ANSWERS TO SELF-TEST OPPORTUNITIES 


20.1 The efficiency is given by 


uf je 2K =0.35 (or 35%). &s _1-15°4 66.1% 


Th 500 K &o 1-4°4 42.6% 


20.2 The ratio of the two efficiencies is 


= 1.55, which is a 55% improvement. 


674 Chapter 20 The Second Law of Thermodynamics 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 
1. With problems in thermodynamics, you need to pay close 
attention to the signs of work (W) and heat (Q). Work done 
by a system is positive, and work done on a system is negative; 
heat that is transferred to a system is positive, and heat that is 
emitted by a system is negative. 


2. Some problems involving heat engines deal with power 
and rate of thermal energy transfer. Power is work per unit 
time (P = W/t) and rate of thermal energy transfer is heat per 
unit time (Q/t). You can treat these quantities much like work 
and heat, but remember they involve a time unit. 


never decreases in a closed system. You may need to identify 
initial and final states to calculate an entropy change, but 
remember that entropy can change. 


4, Remember that the entropy of a closed system always stays 
the same or increases (never decreases), but be sure a problem 
situation is really about a closed system. Entropy of a system 
that is not closed can decrease if offset by a larger entropy 
increase of the surroundings; dont assume that all entropy 
changes must be positive. 


f 
5. Do not apply the formula AS = J “ for entropy change 


3. Entropy may seem a bit like energy, but these are very 
different concepts. The First Law of Thermodynamics is a 
conservation law—energy is conserved. The Second Law of 
Thermodynamics is not a conservation law—entropy is not 
conserved; it always either stays the same or increases and 


1 
without being sure you are dealing with a reversible process. 
If you need to calculate entropy change for an irreversible 
process, you first need to find an equivalent reversible process 
that connects the same initial and final states. 


SOLVED PROBLEM 20.2 | Cost to Operate an Electric Power Plant 


An electric power plant operates steam turbines at a temperature of 557 °C and uses cool- 
ing towers to keep the cooler thermal reservoir at a temperature of 38.3 °C. The operating 
cost of the plant for 1 yr is $52.0 million. The plant managers propose using the water 
from a nearby lake to lower the temperature of the cooler reservoir to 8.90 °C. Assume 
that the plant operates at maximum possible efficiency. 


PROBLEM 
How much will the operating cost of the plant be reduced in 1 yr as a result of the change in 
reservoir temperature? Assume that the plant generates the same amount of electricity. 


SOLUTION 


THINK 

We can calculate the efficiency of the power plant assuming that it operates at the theo- 
retical Carnot efficiency, which depends only on the temperatures of the warmer ther- 
mal reservoir and the cooler thermal reservoir. We can calculate the amount of thermal 
energy put into the warmer reservoir and assume that the cost of operating the plant is 
proportional to that thermal energy. This thermal energy might come from the burning 
of fuel (coal, oil, or gas) or perhaps from a nuclear reactor. Lowering the temperature of 
the cooler reservoir will increase the efficiency of the power plant, and thus lower the 
required amount of thermal energy and the associated cost. The cost savings are then the 
operating cost of the original plant minus the operating cost of the improved plant. 


SKETCH 

Figure 20.20 is a sketch relating the thermodynamic quantities involved 
in the operation of an electric power plant. The temperature of the 
warmer reservoir is Ty, the thermal energy supplied to the original 
power plant is Quı, the thermal energy supplied to the improved 
power plant is Qun the useful work done by the power plant is W, the 
original temperature of the cooler reservoir is T,,, and the tempera- 
ture of the improved cooler reservoir is T2. 


RESEARCH 

The maximum efficiency of the power plant when operating with the 

cooling towers is given by the theoretical Carnot efficiency: 
eee 


€ p (i) 


FIGURE 20.20 The thermodynamic quantities related to 
the operation of an electric power plant. 


Problem-Solving Practice 


The efficiency of the power plant under this condition can also be expressed as 
a. 

© Qa 

where Qy; is the thermal energy supplied when the cooling towers are used. We can write 


similar expressions for the efficiency of the power plant when the lake is used to lower the 
temperature of the cooler reservoir: 


(ii) 


€ 


Ty -T 
= E L2 (iii) 
and 
& = aie (iv) 
Quo 


The cost to operate the power plant is proportional to the thermal energy supplied to the 
warmer reservoir. We can thus equate the ratio of the original cost, c,, to the lowered cost, 
c» with the ratio of the thermal energy originally required, Qu; to the thermal energy 
subsequently required, Qi): 


c _ Qu 
O Qi 
SIMPLIFY 
We can express the new cost as 
pag 22 
=¢ . 
Qu 
We can get an expression for the thermal energy originally required using equations (i) 
and (ii): 
W W Ta W 
Qn =—= = 
& Ta T Ta Ty T Ty 
Ta 


We can get a similar expression for the thermal energy required after the improvement 
using equations (iii) and (iv): 


W WwW TW 
Qm =— = = . 
6 Ta- Tz Tau- i2 
Ty 


We can now express the new cost as 


pa ae Ta Ta =ä Deir, 
Qui | TW Ta -Th2 
Ta - Ti 


Note that the work W done by the power plant cancels out because the plant generates the 
same amount of electricity in both cases. The cost savings are then 


Ta- _ y= Ta |_, m-i 
q|1- q x 
Ta -Tiz Ta -Tiz 


4-0 =GQ-G 
u- h2 


CALCULATE 
Putting in the numerical values, we get 
4-6 =q m-i. ($52.0 million) n $2.78927 million. 
TaT 830.15 K - 282.05 K 


Continued— 
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ROUND 
We report our result to three significant figures: 


Cost savings = $2.79 million. 


DOUBLE-CHECK 
To double-check our result, we calculate the efficiency of the power plant using cooling 
towers: 
Ta -T _ 830.15 K -311.45 K 
Ta 830.15 K 


=62.5%. 


€ 


The efficiency of the power plant using the lake to lower the temperature of the cooler 
reservoir is 
_ Ty -T3 _ 830.15 K- 282.05 K 
Ta 830.15 K 


=66.0%. 


© 


These efficiencies seem reasonable. To check further, we verify that the ratio of the two 
efficiencies is equal to the inverse of the ratio of the two costs, because a higher efficiency 
means a lower cost. The ratio of the two efficiencies is 


& _ 62.5% 


= = 0.947. 
6 66.0% 


The inverse ratio of the two costs is 


Cy _ $52 million - $2.79 million 


= 0.946. 
G $52 million 


These ratios agree to within rounding error. Thus, our result seems reasonable. 


SOLVED PROBLEM 20.3 ( Freezing Water in a Refrigerator 
FES 


Suppose we have 250 g of water at 0.00 °C. We want to freeze this water by putting it in 
a refrigerator operating in a room with a temperature of 22.0 °C. The temperature inside 
the refrigerator is maintained at -5.00 °C. 


PROBLEM 
What is the minimum amount of electrical energy that must be supplied to the refrigera- 
tor to freeze the water? 


SOLUTION 


THINK 

The amount of heat that must be removed depends on the latent heat of 
fusion and the given mass of water. The most efficient refrigerator pos- 
sible is a Carnot refrigerator, so we will use the theoretical maximum 
coefficient of performance of such a refrigerator. Knowing the amount 
of heat to be removed from the low-temperature reservoir and the coef- 
ficient of performance, we can calculate the minimum energy that must 
be supplied. 


Inside refrigerator 


Refrigerator 


FIGURE 20.21 A heat flow diagram for a refrigerator 
that takes heat from inside the refrigerator and exhausts SKETCH 
it into the room using a source of electrical power. A heat flow diagram for the refrigerator is shown in Figure 20.21. 


Multiple-Choice Questions 


RESEARCH 
The most efficient refrigerator possible is a Carnot refrigerator. The maximum coefficient 
of performance of a Carnot refrigerator is given by equations 20.2 and 20.7: 


K, =e > (i) 


where Q, is the heat removed from inside the refrigerator, W is the work (in terms of 
electrical energy) that must be supplied, T, is the temperature inside the refrigerator, and 
Ty is the temperature of the room. The amount of heat that must be removed to freeze a 
mass m of water is given by (see Chapter 18) 


Q, =mL fusion > (ii) 
where Lesion = 334 kJ/kg is the latent heat of fusion of water (which can be found in 
Table 18.2). 

SIMPLIFY 
We can solve equation (i) for the energy that must be supplied to the refrigerator: 
Ty -T, 
W=Q, a L 


L 
Substituting the expression for the heat removed from equation (ii), we get 


We (mason) aL T ‘ 
L 


CALCULATE 


Putting in the numerical values gives 


w = fusion _ (0.250 kg)(334 kJ/kg) A ai 
K 268.15 K 
ROUND 
We report our result to three significant figures: 
W =8.41 kJ. 


DOUBLE-CHECK 
To double-check our result, let’s calculate the heat removed from the water: 


Qi =ML fasion = (0.250 kg)(334 kJ/kg) =83.5 KJ. 


Using our result for the energy required to freeze the water, we can calculate the coef- 
ficient of performance of the refrigerator: 
-Q _ 835K y 
W 841k] 


We can compare this result to the maximum coefficient of performance of a Carnot 


refrigerator: 
K T, 268.15 K 


max P -T 295.15 K-268.15K ` 


Thus, our result seems reasonable. 


MULTIPLE-CHOICE QUESTIONS 


| 20.1 Which ofthe following processes always results in an c) The system loses heat and has work done on it by the 
increase in the energy of a system? surroundings. 
a) The system loses heat and does work on the surroundings. d) The system gains heat and has work done on it by the 


b) The system gains heat and does work on the surroundings. surroundings. 


e) None of the above. 
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20.2 What is the magnitude of the change in entropy when 
6.00 g of steam at 100 °C is condensed to water at 100 °C? 
a) 46.6 J/K c) 36.3 J/K 

b) 52.4 J/K d) 34.2 J/K 

20.3 The change in entropy of a system can be calculated 
because 


a) it depends only on the 
initial and final states. 


c) entropy always increases. 
d) none of the above. 

b) any process is reversible. 

20.4 An ideal gas undergoes an isothermal expansion. 
What will happen to its entropy? 

a) It will increase. 
b) It will decrease. 


c) It’s impossible to determine. 
d) It will remain unchanged. 


20.5 Which of the following processes (all constant- 
temperature expansions) produces the most work? 


a) An ideal gas consisting of 1 mole of argon at 20 °C 

expands from 1 L to 2 L. 

b) An ideal gas consisting of 1 mole of argon at 20 °C 

expands from 2 L to 4 L. 

c) An ideal gas consisting of 2 moles of argon at 10 °C 
expands from 2 L to 4 L. 

d) An ideal gas consisting of 1 mole of argon at 40 °C 

expands from 1 L to 2 L. 

e) An ideal gas consisting of 1 mole of argon at 40 °C 

expands from 2 L to 4 L. 


20.6 A heat engine operates with an efficiency of 0.5. What 
can the temperatures of the high-temperature and low- 
temperature reservoirs be? 


a) Ty = 600 K and T, = 100K 
b) Ty = 600 K and T, = 200K 
c) Ty = 500 K and T; = 200 K 
d) T4 = 500 K and T, = 300K 
e) Ty = 600 K and T, = 300 K 


QUESTIONS 


20.11 One of your friends begins to talk about how unfor- 
tunate the Second Law of Thermodynamics is, how sad it is 
that entropy must always increase, leading to the irreversible 
degradation of useful energy into heat and the decay of all 
things. Is there any counterargument you could give that 
would suggest that the Second Law is in fact a blessing? 


20.12 While looking at a very small system, a scientist 
observes that the entropy of the system spontaneously 
decreases. If true, is this a Nobel-winning discovery or is it 
not that significant? 


20.13 Why might a heat pump have an advantage over a 
space heater that converts electrical energy directly into 
thermal energy? 


20.14 Imagine dividing a box into two equal parts, part A on 
the left and part B on the right. Four identical gas atoms, num- 


20.7 The number of macrostates that can result from rolling 
a set of N six-sided dice is the number of different totals that 
can be obtained by adding the pips on the N faces that end 
up on top. The number of macrostates is 

a) 6%, b) 6N. c) 6N-1. d) 5N+1. 
20.8 What capacity must a heat pump with a coefficient of 
performance of 3 have to heat a home that loses heat energy 
at a rate of 12 kW on the coldest day of the year? 


a) 3 kW c) 10kW e) 40 kW 

b) 4kW d) 30 kW 

20.9 Which of the following statements about the Carnot 
cycle is(are) incorrect? 

a) The maximum efficiency of a Carnot engine is 100% 
since the Carnot cycle is an ideal process. 

b) The Carnot cycle consists of two isothermal processes 
and two adiabatic processes. 

c) The Carnot cycle consists of two isothermal processes 
and two isentropic processes (constant entropy). 

d) The efficiency of the Carnot cycle depends solely on the 
temperatures of the two thermal reservoirs. 

20.10 Can a heat engine with the parameter specified in the 
figure operate? 

a) yes 

b) no 

c) would need to know 
the specific cycle used 
by the engine to answer 


d) yes, but only with a 


monatomic gas Qc = 50 Joule 


e) yes, but only with a 
diatomic gas 


bered 1 through 4, are placed in the box. What are most prob- 
able and second most probable distributions (for example, 

3 atoms in A, 1 atom in B) of gas atoms in the box? Calculate 
the entropy, S, for these two distributions. Note that the config- 
uration with 3 atoms in A and 1 atom in B and that with 1 atom 
in A and three atoms in B count as different configurations. 


20.15 A key feature of thermodynamics is the fact that the 
internal energy, Eint of a system and its entropy, S, are state 
variables; that is, they depend only on the thermodynamic 
state of the system and not on the processes by which it 
reached that state (unlike, for example, the heat content, Q). 
This means that the differentials dEn = TdS - p dV and dS = 
T dE in, + pT ‘dV, where T is temperature (in kelvins), p is 
pressure, and V is volume, are exact differentials as defined 
in calculus. What relationships follow from this fact? 


20.16 Other state variables useful for characterizing different 
classes of processes can be defined from Enp S, R and V. These 
include the enthalpy, H = E;n + pV, the Helmholtz free energy, 
A = Ein — TS, and the Gibbs free energy, G = E,,, + pV - TS. 


a) Write the differential equations for dH, dA, and dG. 


b) All of these are also exact differentials. What relationships 
follow from this fact? 


Use the First Law to simplify. 


20.17 Prove that Boltzmann's microscopic definition of en- 
tropy, S = kp In w, implies that entropy is an additive variable: 
Given two systems, A and B, in specified thermodynamic 
states, with entropies S, and Sp, respectively, show that the 
corresponding entropy of the combined system is S4 + Sp. 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One e and two ee 
indicate increasing level of problem difficulty. 


Section 20.2 


20.22 With each cycle, a 2500.-W engine extracts 2100. J from 
a thermal reservoir at 90.0 °C and expels 1500. J into a thermal 
reservoir at 20.0 °C. What is the work done for each cycle? What 
is the engine’s efficiency? How much time does each cycle take? 


20.23 A refrigerator with a coefficient of performance of 
3.80 is used to cool 2.00 L of mineral water from room tem- 
perature (25.0 °C) to 4.00 °C. If the refrigerator uses 480. W, 
how long will it take the water to reach 4.00 °C? Recall that 
the heat capacity of water is 4.19 kJ/(kg K), and the density of 
water is 1.00 g/cm’. Assume the other contents of the refrig- 
erator are already at 4.00 °C. 


°20.24 The burning of fuel transfers 4.00- 10° W of power 
into the engine of a 2000.-kg vehicle. If the engine's efficiency 
is 25.0%, determine the maximum speed the vehicle can 
achieve 5.00 s after starting from rest. 


20.25 A heat engine consists of a heat source that causes a 
monatomic gas to expand, pushing against a piston, thereby 
doing work. The gas begins at a pressure of 300. kPa, a vol- 
ume of 150. cm’, and room temperature, 20.0 °C. On reach- 
ing a volume of 450. cm’, the piston is locked in place, and 
the heat source is removed. At this point, the gas cools back 
to room temperature. Finally, the piston is unlocked and 
used to isothermally compress the gas back to its initial state. 


a) Sketch the cycle on a pV-diagram. 

b) Determine the work done on the gas and the heat flow 
out of the gas in each part of the cycle. 

c) Using the results of part (b), determine the efficiency of 
the engine. 

20.26 A heat engine cycle often used in refrigeration, is 
the Brayton cycle, which involves an adiabatic compression, 
followed by an isobaric expansion, an adiabatic expansion, 
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20.18 Explain how it is possible for a heat pump like that 
in Example 20.2 to operate with a power of only 6.28 kW 
and heat a house that is losing thermal energy at a rate of 
21.98 kW. 


20.19 The temperature at the cloud tops of Saturn is approxi- 
mately 50. K. The atmosphere of Saturn produces tremen- 
dous winds; wind speeds of 600. km/h have been inferred 
from spacecraft measurements. Can the wind chill factor on 
Saturn produce a temperature at (or below) absolute zero? 
How, or why not? 


20.20 Is it a violation of the Second Law of Thermodynam- 
ics to capture all the exhaust heat from a steam engine and 
funnel it back into the system to do work? Why or why not? 


20.21 You are given a beaker of water. What can you do to 
increase its entropy ? What can you do to decrease its entropy? 


and finally an isobaric compression. The system begins at 
temperature T; and transitions to temperatures T,, T}, and 
T, after respective parts of the cycle. 

a) Sketch this cycle on a pV-diagram. 

b) Show that the efficiency of the overall cycle is given by 
e€=1-(T,- TDT; - T). 

20.27 Suppose a Brayton engine (see Problem 20.26) is 
run as a refrigerator. In this case, the cycle begins at temper- 
ature T}, and the gas is isobarically expanded until it reaches 
temperature T,. Then the gas is adiabatically compressed, 
until its temperature is T3. It is then isobarically compressed, 
and the temperature changes to T,. Finally, it is adiabatically 
expanded until it returns to temperature T). 


a) Sketch this cycle on a pV-diagram. 


b) Show that the coefficient of performance of the engine is 
given by K = (T; - T,)/(T3 - T3- T, + T). 


Section 20.3 


20.28 It is desired to build a heat pump that has an output 
temperature of 23 °C. Calculate the maximum coefficient 
of performance for the pump when the input source is 

(a) outdoor air on a cold winter day at -10.0 °C and (b) ground 
water at 9.0 °C. 


20.29 Consider a Carnot engine that works between ther- 
mal reservoirs with temperatures of 1000.0 K and 300.0 K. 
The average power of the engine is 1.00 kJ per cycle. 

a) What is the efficiency of this engine? 

b) How much energy is extracted from the warmer 
reservoir per cycle? 

c) How much energy is delivered to the cooler reservoir? 
20.30 A Carnot refrigerator is operating between thermal 
reservoirs with temperatures of 27.0 °C and 0.00 °C. 

a) How much work will need to be input to extract 10.0 J of 
heat from the colder reservoir? 


b) How much work will be needed if the colder reservoir is 
at -20.0 °C? 
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20.31 It has been suggested that the vast amount of 
thermal energy in the oceans could be put to use. The 
process would rely on the temperature difference between 
the top layer of the ocean and the bottom; the temperature 
of the water at the bottom is fairly constant, but the water 
temperature at the surface changes depending on the time 
of day, the season, and the weather. Suppose the differ- 
ence between top and bottom water temperatures at the 
location of the proposed thermal-energy plant was 3 °C. 
Assuming that the plant operated with the highest possible 
efficiency, is there a limit to how much of the ocean’s ther- 
mal energy could be extracted? If so, what is this limit? 


20.32 A Carnot engine takes an amount of heat Qu = 100. J 
from a high-temperature reservoir at temperature Ty = 1000. °C, 
and exhausts the remaining heat into a low-temperature 
reservoir at T, = 10.0 °C. Find the amount of work that is 
obtained from this process. 


e20.33 A Carnot engine operates between a warmer reser- 
voir at a temperature T, and a cooler reservoir at a tempera- 
ture T. It is found that increasing the temperature of the 
warmer reservoir by a factor of 2 while keeping the same 
temperature for the cooler reservoir increases the efficiency 
of the Carnot engine by a factor of 2 as well. Find the effi- 
ciency of the engine and the ratio of the temperatures of the 
two reservoirs in their original form. 


20.34 A certain refrigerator is rated as being 32.0% as ef- 
ficient as a Carnot refrigerator. To remove 100. J of heat from 
the interior at 0 °C and eject it to the outside at 22 °C, how 
much work must the refrigerator motor do? 


Section 20.4 


20.35 A refrigerator has a coefficient of performance of 5.0. 
If the refrigerator absorbs 40.0 cal of heat from the low- 
temperature reservoir in each cycle, what is the amount of 
heat expelled into the high-temperature reservoir? 


20.36 A heat pump has a coefficient of performance of 
5.0. If the heat pump absorbs 40.0 cal of heat from the cold 
outdoors in each cycle, what is the amount of heat expelled 
to the warm indoors? 


20.37 An Otto engine has a maximum efficiency of 20.0%; 
find the compression ratio. Assume that the gas is diatomic. 


°20.38 An outboard motor for a boat is cooled by lake water 
at 15.0 °C and has a compression ratio of 10.0. Assume that 
the air is a diatomic gas. 

a) Calculate the efficiency of the engine’s Otto cycle. 

b) Using your answer to part (a) and the fact that the 
efficiency of the Carnot cycle is greater than that of the Otto 
cycle, estimate the maximum temperature of the engine. 
20.39 A heat engine uses 100. mg of helium gas and fol- 
lows the cycle shown in the figure. 

a) Determine the pressure, volume, and temperature of the 
gas at points 1, 2, and 3. 

b) Determine the engine’s efficiency. 


p (N/m?) 


c) What would be the p (atm) 
maximum efficiency i 2 
of the engine to 2:00 
be able to operate 

between the maximum 

and minimum i 
temperatures? 


on 


1.00)--- z °3 
ee20.40 Gas turbine l l >V 
engines like those of 1200. cm? Vmax 

jet aircraft operate on a 

thermodynamic cycle known as the Brayton cycle. The basic 
Brayton cycle, as shown in the figure, consists of two adia- 
batic processes—the compression and the expansion of gas 
through the turbine—and two isobaric processes. Heat is 
transferred to the gas during combustion in a constant- 
pressure process (path from point 2 to point 3) and removed 
from the gas in a heat exchanger during a constant-pressure 
process (path from point 4 to point 1). The key parameter for 
this cycle is the pressure ratio, defined as r, = Pmax/Pmin = P/P 
and this is the only parameter needed to calculate the ef- 
ficiency of a Brayton engine. 


a) Determine an expression for the efficiency. 


b) Calculate the efficiency of a Brayton engine that uses a 
diatomic gas and has a pressure ratio of 10.0. 


Combustion 


Pmax 7 


Pminf 


Cooling 


V (m?) 


Sections 20.6 and 20.7 


20.41 One end ofa metal rod is in contact with a thermal 
reservoir at 700. K, and the other end is in contact with a 
thermal reservoir at 100. K. The rod and reservoirs make up 
a closed system. If 8500. J are conducted from one end of the 
rod to the other uniformly (no change in temperature along 
the rod) what is the change in entropy of (a) each reservoir, 
(b) the rod, and (c) the system? 


20.42 The entropy of a macroscopic state is given by S = kg Inw, 
where kg is the Boltzmann constant and w is the number of 
possible microscopic states. Calculate the change in entropy 
when n moles of an ideal gas undergo free expansion to fill 


the entire volume of a box after a barrier between the two 
halves of the box is removed. 


20.43 A proposal is submitted for a novel engine that will 
operate between 400. K and 300. K. 


a) What is the theoretical maximum efficiency of the engine? 


b) What is the total entropy change per cycle if the engine 
operates at maximum efficiency? 


20.44 A 10.0-kg block initially slides at 10.0 m/s on a flat 
rough surface and eventually stops. If the block cools to the 
ambient temperature, which is 27.0 °C, what is the entropy 
change of the system? 


20.45 Suppose an atom of volume V, is inside a container 
of volume V. The atom can occupy any position within this 
volume. For this simple model, the number of states avail- 
able to the atom is given by V/V}. Now suppose the same 
atom is inside a container of volume 2V. What will be the 
change in entropy? 


20.46 An ideal gas is enclosed in a cylinder with a mov- 
able piston at the top. The walls of the cylinder are insulated, 
so no heat can enter or exit. The gas initially occupies vol- 
ume V, and has pressure p, and temperature T,. The piston 
is then moved very rapidly to a volume of V, = 3V,. The 
process happens so rapidly that the enclosed gas does not do 
any work. Find p,, T, and the change in entropy of the gas. 


20.47 Electrons have a property called spin that can be 
either up or down, analogous to the way a coin can be heads 
or tails. Consider five electrons. Calculate the entropy, Ssup 
for the state where the spins of all five electrons are up. Cal- 
culate the entropy, Szu» for the state where three spins are 
up and two are down. 


20.48 A 0.545-kg iron bar is taken from a forge at 1000.0 °C 
and dropped into 10.00 kg of water at 22.0 °C. Assuming 
that no energy is lost as heat to the surroundings as the wa- 
ter and bar reach their final temperature, determine the total 
entropy change of the water-bar system. 


ee20.49 If the Earth is treated as a spherical blackbody of radi- 
us 6371 km, absorbing heat from the Sun at a rate given by the 
solar constant (1370. W/m”) and immersed in space with an 
approximate temperature of T, = 50.0 K, it radiates heat back 
into space at an equilibrium temperature of 278.9 K. (This is 

a slight refinement of the model in Chapter 18.) Estimate the 
rate at which the Earth gains entropy in this model. 


ee20.50 Suppose a person metabolizes 2000. kcal/day. 


a) With a core body temperature of 37.0 °C and an ambient 
temperature of 20.0 °C, what is the maximum (Carnot) 
efficiency with which the person can perform work? 

b) Ifthe person could work with that efficiency, at what 
rate, in watts, would they have to shed waste heat to the 
surroundings? 

c) With a skin area of 1.50 m’, a skin temperature of 27.0 °C, 
and an effective emissivity of e = 0.600, at what net rate does 
this person radiate heat to the 20.0 °C surroundings? 
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d) The rest of the waste heat must be removed by 
evaporating water, either as perspiration or from the lungs. 
At body temperature, the latent heat of vaporization of 
water is 575 cal/g. At what rate, in grams per hour, does this 
person lose water? 

e) Estimate the rate at which the person gains entropy. 
Assume that all the required evaporation of water takes 
place in the lungs, at the core body temperature of 37.0 °C. 


Additional Problems 


20.51 A nonpolluting source of energy is geothermal energy, 
from the heat inside the Earth. Estimate the maximum eff- 
ciency for a heat engine operating between the center of the 
Earth and the surface of the Earth (use Table 17.1). 


20.52 In some of the thermodynamic cycles discussed in 
this chapter, one isotherm intersects one adiabatic curve. 
For an ideal gas, by what factor is the adiabatic curve steeper 
than the isotherm? 


20.53 The internal combustion engines in today’s cars operate 
on the Otto cycle. The efficiency of this cycle, €owo = 1-1", 
as derived in this chapter, depends on the compression ratio, 
r= Vinax! Vmin: Increasing the efficiency of an Otto engine 
can be done by increasing the compression ratio. This, in 
turn, requires fuel with a higher octane rating, to avoid self- 
ignition of the fuel-air mixture. The following table shows 
some octane ratings and the maximum compression ratio 
the engine must have before self-ignition (knocking) sets in. 


Octane Rating | Maximum Compression Ratio 
of Fuel Without Knocking 
91 8.5 
93 9.0 
95 9.8 
97 10.5 


Calculate the maximum theoretical efficiency of an internal 
combustion engine running on each of these four types of 
gasoline and the percentage increase in efficiency between 
using fuel with an octane rating of 91 and using fuel with an 
octane rating of 97. 


20.54 Consider a room air conditioner using a Carnot cycle 
at maximum theoretical efficiency and operating between 
the temperatures of 18 °C (indoors) and 35 °C (outdoors). 
For each 1.00 J of heat flowing out of the room into the air 
conditioner: 

a) How much heat flows out of the air conditioner to the 
outdoors? 

b) By approximately how much does the entropy of the 
room decrease? 

c) By approximately how much does the entropy of the 
outdoor air increase? 

20.55 Assume that it takes 0.0700 J of energy to heat a 1.00-g 
sample of mercury from 10.000 °C to 10.500 °C and that 
the heat capacity of mercury is constant, with a negligible 
change in volume as a function of temperature. Find the 
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change in entropy if this sample is heated from 10. °C to 
100 °C. 


20.56 What is the minimum amount of work that must 
be done to extract 500.0 J of heat from a massive object at 
a temperature of 27.0 °C while releasing heat to a high- 
temperature reservoir with a temperature of 100.0 °C? 


20.57 Consider a system consisting of rolling a six-sided 
die. What happens to the entropy of the system if an ad- 
ditional die is added? Does it double? What happens to the 
entropy if the number of dice is three? 


20.58 An inventor claims that he has created a water-driven 
engine with an efficiency of 0.200 that operates between 
thermal reservoirs at 4 °C and 20. °C. Is this claim valid? 


20.59 If liquid nitrogen is boiled slowly—that is, reversibly— 
to transform it into nitrogen gas at a pressure P = 100.0 kPa, 
its entropy increases by AS = 72.1 J/(mol K). The latent heat 
of vaporization of nitrogen at its boiling temperature at this 
pressure is Lyap = 5.568 kJ/mol. Using these data, calculate the 
boiling temperature of nitrogen at this pressure. 


20.60 A 1200-kg car traveling at 30.0 m/s crashes into a wall 
ona hot day (27 °C). What is the total change in entropy? 


20.61 A water-cooled engine produces 1000. W of power. Wa- 
ter enters the engine block at 15.0 °C and exits at 30.0 °C. The 
rate of water flow is 100. L/h. What is the engine’ efficiency? 


20.62 Find the net change in entropy when 100. g of water 
at 0 °C is added to 100. g of water at 100. °C. 


20.63 A coal-burning power plant produces 3000. MW of 
thermal energy, which is used to boil water and produce super- 
saturated steam at 300. °C. This high-pressure steam turns a 
turbine producing 1000. MW of electrical power. At the end of 
the process, the steam is cooled to 30.0 °C and recycled. 


a) What is the maximum possible efficiency of the plant? 
b) What is the actual efficiency of the plant? 
c) To cool the steam, river water runs through a condenser 


at a rate of 4.00- 10’ gal/h. If the water enters the condenser 
at 20.0 °C, what is its exit temperature? 


20.64 Two equal-volume compartments of a box are joined 
by a thin wall as shown in the figure. The left compartment 
is filled with 0.0500 mole of helium gas at 500. K, and the 
right compartment contains 0.0250 mole of helium gas at 
250. K. The right compartment also has a piston to which a 
force of 20.0 N is applied. 


a) Ifthe wall between 


the compartments is System 1 System 2 "20.0N 
removed, what will the 0.0500 mol He _ 0.0250 mol He g= 
at 500. K at 250. K 


final temperature of the 
system be? 

b) How much heat will be transferred from the left 
compartment to the right compartment? 

c) What will be the displacement of the piston due to this 
transfer or heat? 

d) What fraction of the heat will be converted into work? 


20.65 A volume of 6.00 L of a monatomic ideal gas, origi- 
nally at 400. K and a pressure of 3.00 atm (called state 1), 
undergoes the following processes, all done reversibly: 


1—2 
2—3 
3-1 


isothermal expansion to V, = 4V; 
isobaric compression 
adiabatic compression to its original state 


Find the entropy change for each process. 


°20.66 The process i 2 
shown in the pV-diagram 9.00 
is performed on E goil i 
3.00 moles of a mona- a 1 i 
tomic gas. Determine = 3.00 |-- 
the amount of heat o i , , , i R 
input for this process. O 1.00 2.00 3.00 4.00 5.00 


V (107? m?) 


°20.67 1.00 mole of a monatomic ideal gas at a pressure of 
4.00 atm and a volume of 30.0 L is isothermically expanded 
to a pressure of 1.00 atm and a volume of 120.0 L. Next, it is 
compressed at a constant pressure until its volume is 30.0 L, 
and then its pressure is increased at the constant volume of 
30.0 L. What is the efficiency of this heat engine cycle? 


ee20.68 Two cylinders, A and B, have equal inside diam- 
eters and pistons of negligible mass connected by a rigid 
rod. The pistons can 

move freely. The rod 

is a short tube with 

a valve. The valve is 

initially closed (see 

the figure). 


Cylinder A and its piston are thermally insulated, and 
cylinder B is in thermal contact with a thermostat, which 
has temperature 0 = 27.0 °C. Initially, the piston of cylinder 
A is fixed, and inside the cylinder is a mass, m = 0.320 kg, of 
argon at a pressure higher than atmospheric pressure. Inside 
cylinder B, there is a mass of oxygen at normal atmospheric 
pressure. When the piston of cylinder A is freed, it moves 
very slowly, and at equilibrium, the volume of the argon in 
cylinder A is eight times higher, and the density of the oxy- 
gen has increased by a factor of 2. The thermostat receives 
heat Q' = 7.479-10*J. 

a) Based on the kinetic theory of an ideal gas, show that 

the thermodynamic process taking place in the cylinder A 
satisfies TV”? = constant. 

b) Calculate p, V, and T for the argon in the initial and final 
states. 

c) Calculate the final pressure of the mixture of the gases if 
the valve in the rod is opened. 


The molar mass of argon is u = 39.95 g/mol. 


PART 5 ELECTRICITY 


Electrostatics 


WHAT WE WILL LEARN 684 
21.1 Electromagnetism 684 
21.2 Electric Charge 685 

Elementary Charge 687 
Example 21.1 Net Charge 688 


21.3 Insulators, Conductors, 
Semiconductors, and 


Superconductors 688 
Semiconductors 689 
Superconductors 689 

21.4 Electrostatic Charging 690 
21.5 Electrostatic Force— 

Coulomb’s Law 692 

Superposition Principle 693 
Example 21.2 Electrostatic Force 
inside the Atom 693 


Example 21.3 Equilibrium Position 694 
Solved Problem 21.1 Charged Balls 695 


Electrostatic Precipitator 697 
Laser Printer 698 
21.6 Coulomb’s Law and Newton's 
Law of Gravitation 699 
Example 21.4 Forces between 
Electrons 699 
WHAT WE HAVE LEARNED/ 
EXAM STUDY GUIDE 699 
Problem-Solving Practice 700 
Solved Problem 21.2 Bead on 
a Wire 700 
Solved Problem 21.3 Four Charged 
Objects 702 
Multiple-Choice Questions 704 
Questions 705 
Problems 706 


FIGURE 21.1 (a) A spark due to static electricity occurs between a person’s hand 
and a metal surface when pushing an elevator button. (b) and (c) Similar sparks 

are generated when the person holds a metal object like a car key or a coin, but are 
painless because the spark forms between the metal surface and the metal object. 
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Chapter 21 Electrostatics 


WHAT WE WILL LEARN 


Electricity and magnetism together make up 
electromagnetism, one of the four fundamental 
forces of nature. 


There are two kinds of electric charge, positive 
and negative. Like charges repel, and unlike charges 
attract. 


Electric charge is quantized, meaning that it occurs 
only in integral multiples of a smallest elementary 
quantity. Electric charge is also conserved. 


Most materials around us are electrically neutral. 


The electron is an elementary particle, and its 
charge is the smallest observable quantity of 


a Insulators conduct electricity poorly or not at all. 


Conductors conduct electricity well but not perfectly— 
some energy losses occur. 


Semiconductors can be made to change between a 
conducting state and a nonconducting state. 


Superconductors conduct electricity perfectly. 


Objects can be charged directly by contact or indirectly by 
induction. 


The force that two stationary electric charges exert on 
each other is proportional to the product of the charges 
and varies as the inverse square of the distance between 
the two charges. 


electric charge. 


Many people think of static electricity as the annoying spark that occurs when they reach 
for a metal object like a doorknob on a dry day, after they have been walking on a carpet 
(Figure 21.1). In fact, many electronics manufacturers place small metal plates on equip- 
ment so that users can discharge any spark on the plate and not damage the more sensitive 
parts of the equipment. However, static electricity is more than just an occasional annoy- 
ance; it is the starting point for any study of electricity and magnetism, forces that have 
changed human society as radically as anything since the discovery of fire or the wheel. 

In this chapter, we examine the properties of electric charge. A moving electric charge 
gives rise to a separate phenomenon, called magnetism, which is covered in later chap- 
ters. Here we look at charged objects that are not moving—hence the term electrostatics. 
All objects have charge, since charged particles make up atoms and molecules. We often 
don't notice the effects of electrical charge because most objects are electrically neutral. The 
forces that hold atoms together and that keep objects separate even when they’re in contact, 
are all electric in nature. 


21.1 Electromagnetism 


FIGURE 21.2 Lightning strikes over 
Seattle. 


Perhaps no mystery puzzled ancient civilizations more than electricity, primarily in the 
form of lightning strikes (Figure 21.2). The destructive force inherent in lightning, which 
could set objects on fire and kill people and animals, seemed godlike. The ancient Greeks, 
for example, believed Zeus, father of the gods, had the ability to throw lightning bolts. The 
Germanic tribes ascribed this power to the god Thor and the Romans to the god Jupiter. 
Characteristically, the ability to cause lightning belonged to the god at the top (or near the 
top) of the hierarchy. 

The ancient Greeks knew that if you rubbed a piece of amber with a piece of cloth, you 
could attract small, light objects with the amber. We now know that rubbing amber with a 
cloth transfers negatively charged particles called electrons from the cloth to the amber. (The 
words electron and electricity derive from the Greek word for amber.) Lightning also consists 
of a flow of electrons. The early Greeks and others also knew about naturally occurring mag- 
netic objects called lodestones, which were found in deposits of magnetite, a mineral consist- 
ing of iron oxide. These objects were used to construct compasses as early as 300 BC. 

The relationship between electricity and magnetism was not understood until the middle 
of the 19th century. The following chapters will reveal how electricity and magnetism can be 
unified into acommon framework called electromagnetism. However, unification of forces does 
not stop there. During the early part of the 20th century, two more fundamental forces were 
discovered: the weak force, which operates in beta decay (in which an electron and a neutrino 
are spontaneously emitted from certain types of nuclei), and the strong force, which acts inside 
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Forces of Nature 


Electromagnetism 


Electroweak 


Electricity 
Magnetism i: 
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Strong force 


Gravity 


~1850 ~1970 present ? 
FIGURE 21.3 The history of the unification of fundamental forces. 


the atomic nucleus. We’ll study these forces in more detail in Chapter 39 on particle physics. 
Currently, the electromagnetic and weak forces are viewed as two aspects of the electroweak 
force (Figure 21.3). For the phenomena discussed in the following chapters, this electroweak 
unification has no influence; it becomes important in the highest-energy particle collisions. 
Because the energy scale for the electroweak unification is so high, most textbooks continue to 
speak of four fundamental forces: gravitational, electromagnetic, weak, and strong. 

Today, a large number of physicists believe that the electroweak force and the strong 
force can also be unified, that is, described in a common framework. Several theories pro- 
pose ways to accomplish this, but so far experimental evidence is missing. Interestingly, the 
force that has been known longer than any of the other fundamental forces, gravity, seems 
to be hardest to shoehorn into a unified framework with the other fundamental forces. 
Quantum gravity, supersymmetry, and string theory are current foci of cutting-edge phys- 
ics research in which theorists are attempting to construct this grand unification and dis- 
cover the (hubristically named) Theory of Everything. They are mainly guided by symmetry 
principles and the conviction that nature must be elegant and simple. 

We'll return to these considerations in Chapters 39 and 40. In this chapter, we consider 
electric charge, how materials react to electric charge, static electricity, and the forces result- 
ing from electric charges. Electrostatics covers situations where charges stay in place and 
do not move. 


21.2 Electric Charge 


Let’s look a little deeper into the cause of the electric sparks that you occasionally receive on 
a dry winter day if you walk across a carpet and then touch a metal doorknob. (Electrostatic 
sparks have even ignited gas fumes while someone is filling the tank at a gas station. This 
is not an urban legend; a few of these cases have been caught on gas station surveillance 
cameras.) The process that causes this sparking is called charging. Charging consists of the 
transfer of negatively charged particles, called electrons, from the atoms and molecules of 
the material of the carpet to the soles of your shoes. This charge can move relatively easily 
through your body, including your hands. The built-up electric charge discharges through 
the metal of the doorknob, creating a spark. 

The two types of electric charge found in nature are positive charge and negative 
charge. Normally, objects around us do not seem to be charged; instead, they are elec- 
trically neutral. Neutral objects contain roughly equal numbers of positive and negative 
charges that largely cancel each other. Only when positive and negative charges are not bal- 
anced do we observe the effects of electric charge. 
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21.1 In-Class Exercise 


How many electrons does it take to 


make 1.00 C of charge? 


a) 1.60-10” 
b) 6.60- 107° 
c) 3.20-107° 


d) 6.24- 10° 
e) 6.66 -107 


Ifyou rub a glass rod with a cloth, the glass rod becomes charged and the cloth acquires 
a charge of the opposite sign. If you rub a plastic rod with fur, the rod and fur also become 
oppositely charged. If you bring two charged glass rods together, they repel each other. 
Similarly, if you bring two charged plastic rods together, they also repel each other. How- 
ever, a charged glass rod and a charged plastic rod will attract each other. This difference 
arises because the glass rod and the plastic rod have opposite charge. This observation leads 
us to the 


Law of Electric Charges 
Like charges repel and opposite charges attract. 


The unit of electric charge is the coulomb (C), named after the French physicist 
Charles- Augustine de Coulomb (1736-1806). The coulomb is defined in terms of the SI unit 
for current, the ampere (A), named after another French physicist, André-Marie Ampere 
(1775-1836). Neither the ampere nor the coulomb can be derived in terms of the other SI 
units: meter, kilogram, and second. Instead, the ampere is another fundamental SI unit. 
For this reason, the SI system of units is sometimes called MKSA (meter-kilogram-second- 
ampere) system. The charge unit is defined as 


1C=lAs. (21.1) 


The definition of the ampere must wait until we discuss current in later chapters. However, we 
can define the magnitude of the coulomb by simply specifying the charge of a single electron: 
qe =-€ (21.2) 


where q, is the charge and e has the (currently best accepted and experimentally mea- 
sured) value 


e =1.602176487(40)-10°” C. (21.3) 


(Usually it is enough to carry only the first two to four significant digits of this mantissa. 
We will use a value of 1.602 in this chapter, but you should keep in mind that equation 21.3 
gives the full accuracy to which this charge has been measured.) 

The charge of the electron is an intrinsic property of the electron, just like its mass. The 
charge of the proton, another basic particle of atoms, is exactly the same magnitude as that 
of the electron, only the proton’s charge is positive: 


GY =te. (21.4) 


The choice of which charge is positive and which charge is negative is arbitrary. The conven- 
tional choice of q, < 0 and q, > 0 is due to the American statesman, scientist, and inventor 
Benjamin Franklin (1706-1790), who pioneered studies of electricity. 

One coulomb is an extremely large unit of charge. We'll see later in this chapter just how 
big it is when we investigate the magnitude of the forces of charges on each other. Units of pC 
(microcoulombs, 10% C), nC (nanocoulombs, 10° C), and pC (picocoulombs, 10°? C) are 
commonly used. 

Benjamin Franklin also proposed that charge is conserved. For example, when you rub a 
plastic rod with fur, electrons are transferred to the plastic rod, leaving a net positive charge on 
the fur. (Protons are not transferred because they are usually embedded inside atomic nuclei.) 
The charge is not created or destroyed, simply moved from one object to another. 


Law of Charge Conservation 
The total electric charge of an isolated system is conserved. 


This law is the fourth conservation law we have encountered so far, the first three being 
the conservation laws for total energy, momentum, and angular momentum. Conservation 
laws are a common thread that runs throughout all of physics and thus throughout this 
book as well. 


It is important to note that there is a conservation law for charge, but not for mass. 
We'll see later in this book that mass and energy are not independent of each other. What 
is sometimes described in introductory chemistry as conservation of mass is not an exact 
conservation law, but only an approximation used to keep track of the number of atoms in 
chemical reactions. (It is a good approximation to a large number of significant figures but not 
an exact law, like charge conservation.) Conservation of charge applies to all systems, from the 
macroscopic system of plastic rod and fur down to systems of subatomic particles. 


Elementary Charge 


Electric charge occurs only in integral multiples of a minimum size. This is 
expressed by saying that charge is quantized. The smallest observable unit © 


Bm 5 
of electric charge is the charge of the electron, which is -1.602 - 10™ C (as nes am 


z v = — 
Cc L 
Observing 


microscope 


n e E 
Ionized oil drops 


defined in equation 21.3). 

The fact that electric charge is quantized was verified in an ingenious 
experiment carried out in 1910 by American physicist Robert A. Millikan 
(1868-1953) and known as the Millikan oil drop experiment (Figure 21.4). 
In this experiment, oil drops were sprayed into a chamber where electrons 
were knocked out of the drops by some form of radiation, usually X-rays. 
The resulting positively charged drops were allowed to fall between two 
electrically charged plates. Adjusting the charge of the plates caused the 
drops to stop falling and allowed their charge to be measured. What Mil- 
likan observed was that charge was quantized rather than continuous. (A 
quantitative analysis of this experiment will be presented in Chapter 23 on 
electric potential.) That is, this experiment and its subsequent refinements 
established that charge comes only in integer multiples of the charge of an 
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£ 


Light source 


electron. In everyday experiences with electricity, we do not notice that FIGURE 21.4 Schematic drawing of the Millikan oil 


charge is quantized because most electrical phenomena involve huge num- drop experiment. 
bers of electrons. 

In Chapter 13, we discussed the fact that matter is composed of atoms 
and that an atom consists of a nucleus containing charged protons and 
neutral neutrons. A schematic drawing of a carbon atom is shown in Fig- 
ure 21.5. A carbon atom has six protons and (usually) six neutrons in its 
nucleus. This nucleus is surrounded by six electrons. Note that this draw- 
ing is not to scale. In the actual atom, the distance of the electrons from the 
nucleus is much larger (by a factor on the order of 10,000) than the size of 
the nucleus. In addition, the electrons are shown in circular orbits, which 
is also not quite correct. In Chapter 38, we'll see that the locations of elec- 
trons in the atom can be characterized only by probability distributions. 

As mentioned earlier, a proton has a positive charge with a magnitude 
that is exactly equal to the magnitude of the negative charge of an electron. 
In a neutral atom, the number of negatively charged electrons is equal to 
the number of positively charged protons. The mass of the electron is much 
smaller than the mass of the proton or the neutron. Therefore, most of the 
mass of an atom resides in the nucleus. Electrons can be removed from 


@ Neutron 
@ Proton 
e Electron 


atoms relatively easily. For this reason, electrons are typically the carriers 
of electricity, rather than protons or atomic nuclei. 

The electron is a fundamental particle and has no substructure: It is a 
point particle with zero radius (at least, according to current understand- 
ing). However, high-energy probes have been used to look inside the pro- 
ton. A proton is composed of charged particles called quarks, held together 


FIGURE 21.5 Ina carbon atom, the nucleus contains 
six neutrons and six protons. The nucleus is surrounded by 
six electrons. Note that this drawing is schematic and not 
to scale. 


by uncharged particles called gluons. Quarks have a charge of ++ or ++ times the charge 
of the electron. These fractionally charged particles cannot exist independently and have 
never been observed directly, despite numerous extensive searches. Just like the charge of an 
electron, the charges of quarks are intrinsic properties of these elementary particles. 

A proton is composed of two up quarks (each with charge ++e) and one down quark 
(with charge -5e), giving the proton a charge of q, = (2)(+3e) + (1)(-5e) = +e as illustrated 
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Neutron 


2 1 1 
In = +z — 36 — 3h = 0 


(b) 


FIGURE 21.6 (a) A proton contains 
two up quarks (u) and one down quark 


(d). (b) A neutron contains one up 
quark (u) and two down quarks (d). 


21.1 Self-Test Opportunity 


Give the charge of the following 
elementary particles or atoms in 
terms of the elementary charge 
e=1.602-10° C. 


a) proton 
b) neutron 


c) helium atom (two protons, two 
neutron, and two electrons) 


d) hydrogen atom (one proton and 
one electron) 


e) up quark 
f) down quark 
g) electron 


h) alpha particle (two protons and 
two neutrons) 


in Figure 21.6a. The electrically neutral neutron (hence the name!) is composed of an 
up quark and two down quarks, as shown in Figure 21.6b, so its charge is q, = (1)(+4e) + 
(2)(-+e) = 0. In Chapter 39, we'll see that there are other, much more massive, quarks 
named strange, charm, bottom, and top, which have the same charges as the up and down 
quarks. There are also much more massive electron-like particles named muon and tau. 
But the basic fact remains that all of the matter in everyday experience is made up of elec- 
trons (with electrical charge -e), up and down quarks (with electrical charges +e and -że, 
respectively), and gluons (zero charge). 

It is remarkable that the charges of the quarks inside a proton add up to exactly the 
same magnitude as the charge of the electron. This fact is still a puzzle, pointing to some 
deep symmetry in nature that is not yet understood. 

Because all macroscopic objects are made of atoms, which in turn are made of elec- 
trons and atomic nuclei consisting of protons and neutrons, the charge, q, of any object 
can be expressed in terms of the sum of the number of protons, N, minus the sum of the 
number of electrons, N,, that make up the object: 


q=e-(N,-N,). (21.5) 


EXAMPLE 21.1 | Net Charge 


PROBLEM 
If we wanted a block of iron of mass 3.25 kg to acquire a positive charge of 0.100 C, what 
fraction of the electrons would we have to remove? 


SOLUTION 
Iron has mass number 56. Therefore, the number of iron atoms in the 3.25-kg block is 


y. = (3:25 kg)(6.022. 10” atoms/mole) 


an =3.495-10° =3.50-10” atoms. 
0.0560 kg/mole 


Note that we have used Avogadros number, 6.022-10”, and the definition of the mole, 
which specifies that the mass of 1 mole of a substance in grams is just the mass number 
of the substance—in this case, 56. 

Because the atomic number of iron is 26, which equals the number of protons or 
electrons in an iron atom, the total number of electrons in the 3.25-kg block is: 


N, = 26Nytom = (26)(3.495- 10”) =9.09-10”° electrons. 


atom ~ 


We use equation 21.5 to find the number of electrons, N,,, that we would have to remove. 
Because the number of electrons equals the number of protons in the original uncharged 
object, the difference in the number of protons and electrons is the number of removed 


electrons, Nag: 
Oe 0.100 C 
Nae = 4 19 
e 1.602-10” C 


Finally, we obtain the fraction of electrons we would have to remove: 


q=e-Na, =6.24-107. 


Nye _ 6.24-10'” 


—6£97.1:9710 
No andr =6.87-10. 


We would have to remove fewer than one in a billion electrons from the iron block in 
order to put the sizable positive charge of 0.100 C on it. 


21.3 Insulators, Conductors, Semiconductors, and Superconductors 


Materials that conduct electricity well are called conductors. Materials that do not conduct 
electricity are called insulators. (Of course, there are good and poor conductors and good 
and poor insulators, depending on the properties of the specific materials.) 
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The electronic structure of a material refers to the way in which electrons are bound to 
nuclei, as we'll discuss in later chapters. For now, we are interested in the relative propen- 
sity of the atoms of a material to either give up or acquire electrons. For insulators, no free 
movement of electrons occurs because the material has no loosely bound electrons that can 
escape from its atoms and thereby move freely throughout the material. Even when exter- 
nal charge is placed on an insulator, this external charge cannot move appreciably. Typical 
insulators are glass, plastic, and cloth. 

On the other hand, materials that are conductors have an electronic structure that 
allows the free movement of some electrons. The positive charges of the atoms of a conduct- 
ing material do not move, since they reside in the heavy nuclei. Typical solid conductors are 
metals. Copper, for example, is a very good conductor used in electrical wiring. 

Fluids and organic tissue can also serve as conductors. Pure distilled water is not a 
very good conductor. However, dissolving common table salt (NaCl), for example, in water 
improves its conductivity tremendously, because the positively charged sodium ions (Na*) 
and negatively charged chlorine ions (Cl) can move within the water to conduct electric- 
ity. In liquids, unlike solids, positive as well as negative charge carriers are mobile. Organic 
tissue is not a very good conductor, but it conducts electricity well enough to make large 
currents dangerous to us. (We'll learn more about electrical current in Chapter 26, where 
these terms, which are in everyday use, will be defined precisely.) 


Semiconductors 


A class of materials called semiconductors can change from being an insulator to being 
a conductor and back to an insulator again. Semiconductors were discovered only a little 
more than 50 years ago but are the backbone of the entire computer and consumer elec- 
tronics industries. The first widespread use of semiconductors was in transistors (Fig- 
ure 21.7a); modern computer chips (Figure 21.7b) perform the functions of millions 
of transistors. Computers and basically all modern consumer electronics products and 
devices (televisions, cameras, video game players, cell phones, etc.) would be impossible 
without semiconductors. Gordon Moore, cofounder of Intel, famously stated that due 
to advancing technology, the power of the average computer’s CPU (central processing 
unit) doubles every 18 months, which is an empirical average over the last 5 decades. This 
doubling phenomenon is known as Moore’ Law. Physicists have been and will undoubt- 
edly continue to be the driving force behind this process of scientific discovery, invention, 
and improvement. 

Semiconductors are of two kinds: intrinsic and extrinsic. Examples of intrinsic semi- 
conductors are chemically pure crystals of gallium arsenide, germanium, or, especially, sili- 
con. Engineers produce extrinsic semiconductors by doping, which is the addition of minute 
amounts (typically 1 part in 10°) of other materials that can act as electron donors or elec- 
tron receptors. Semiconductors doped with electron donors are called n-type (n stands for 
“negative charge”). If the doping substance acts as an electron receptor, the hole left behind 
by an electron that attaches to a receptor can also travel through the semiconductor and acts 
as an effective positive charge carrier. These semiconductors are consequently called p-type 
(p stand for “positive charge”). Thus, unlike normal solid conductors in which only negative 
charges move, semiconductors have movement of negative or positive charges (which are 
really electron holes, that is, missing electrons). 


Superconductors 


Superconductors are materials that have zero resistance to the conduction of electricity, 
as opposed to normal conductors, which conduct electricity well but with some losses. 
Materials are superconducting only at very low temperatures. A typical superconductor is a 
niobium-titanium alloy that must be kept near the temperature of liquid helium (4.2 K) to 
retain its superconducting properties. During the last 20 years, new materials called high-T, 
superconductors (T, stands for “critical temperature,’ which is the maximum temperature 
that allows superconductivity) have been developed. These are superconducting at liquid- 
nitrogen temperature (77.3 K). Materials that are superconductors at room temperature 
(300 K) have not yet been found, but they would be extremely useful. Research directed 


(b) 


FIGURE 21.7 (a) Replica of the first 
transistor, invented in 1947 by John 
Bardeen, Walter H. Brattain, and Wil- 
liam B. Shockley. (b) Modern computer 
chips made from silicon wafers contain 
many tens of millions of transistors. 
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toward developing such materials and on theoretically explaining what physical phenom- 
ena cause high-T. superconductivity is currently in progress. 

The topics of conductivity, superconductivity, and semiconductors will be discussed in 
more quantitative detail in the following chapters. 


———— 


FIGURE 21.8 A typical electroscope 
used in lecture demonstrations. 


21.2 In-Class Exercise 


The hinged conductor moves away 


from the fixed conductor if a charge | 


is applied to the electroscope, 
because 


a) like charges repel each other. 


) 
b) like charges attract each other. 
c) unlike charges attract each other. 
) 


d) unlike charges repel each other. 


FIGURE 21.9 Inducing a charge: 
(a) An uncharged electroscope. (b) A 
negatively charged paddle is brought 
near the electroscope. (c) The nega- 
tively charged paddle is taken away. 


21.4 Electrostatic Charging 


Giving a static charge to an object is a process known as electrostatic charging. Electro- 
static charging can be understood through a series of simple experiments. A power supply 
serves as a ready source of positive and negative charge. The battery in your car is a similar 
power supply; it uses chemical reactions to create a separation between positive and nega- 
tive charge. Several insulating paddles can be charged with positive or negative charge from 
the power supply. In addition, a conducting connection is made to the Earth. The Earth is 
a nearly infinite reservoir of charge, capable of effectively neutralizing electrically charged 
objects in contact with it. This taking away of charge is called grounding, and an electrical 
connection to the Earth is called a ground. 

An electroscope is a device that gives an observable response when it is charged. You 
can build a relatively simple electroscope by using two strips of very thin metal foil that are 
attached at one end and are allowed to hang straight down adjacent to each other from an 
isolating frame. Kitchen aluminum foil is not suitable, because it is too thick, but hobby 
shops sell thinner metal foils. For the isolating frame, you can use a Styrofoam coffee cup 
turned sideways, for example. 

The lecture-demonstration-quality electroscope shown in Figure 21.8 has two conduc- 
tors that in their neutral position are touching and oriented in a vertical direction. One of 
the conductors is hinged at its midpoint so that it will move away from the fixed conductor 
if a charge appears on the electroscope. These two conductors are in contact with a conduct- 
ing ball on top of the electroscope, which allows charge to be applied or removed easily. 

An uncharged electroscope is shown in Figure 21.9a. The power supply is used to give a 
negative charge to one of the insulating paddles. When the paddle is brought near the ball of 
the electroscope, as shown in Figure 21.9b, the electrons in the conducting ball of the electro- 
scope are repelled, which produces a net negative charge on the conductors of the electroscope. 
This negative charge causes the movable conductor to rotate because the stationary conductor 
also has negative charge and repels it. Because the paddle did not touch the ball, the charge 
on the movable conductors is induced. If the charged paddle is then taken away, as illustrated 
in Figure 21.9c, the induced charge reduces to zero, and the movable conductor returns to its 
original position, because the total charge on the electroscope did not change in the process. 

If the same process is carried out with a positively charged paddle, the electrons in the 
conductors are attracted to the paddle and flow into the conducting ball. This leaves a net 
positive charge on the conductors, causing the movable conducting arm to rotate again. 
Note that the net charge of the electroscope is zero in both cases and that the motion of the 
conductor indicates only that the paddle is charged. When the positively charged paddle 


(a) 


is removed, the movable conductor again returns to its original position. It is important to 
note that we cannot determine the sign of this charge! 

On the other hand, if a negatively charged insulating paddle touches the ball of the elec- 
troscope, as shown in Figure 21.10b, electrons will flow from the paddle to the conductor, 
producing a net negative charge. When the paddle is removed, the charge remains and the 
movable arm remains rotated, as shown in Figure 21.10c. Similarly, if a positively charged 
insulating paddle touches the ball of the uncharged electroscope, the electroscope transfers 
electrons to the positively charged paddle and becomes positively charged. Again, both a 
positively charged paddle and a negatively charged paddle have the same effect on the elec- 
troscope, and we have no way of determining whether the paddles are positively charged or 
negatively charged. This process is called charging by contact. 

The two different kinds of charge can be demonstrated by first touching a negatively 
charged paddle to the electroscope, producing a rotation of the movable arm, as shown 
in Figure 21.10. If a positively charged paddle is then brought into contact with the elec- 
troscope, the movable arm returns to the uncharged position. The charge is neutralized 
(assuming both paddles originally had the same absolute value of charge). Thus, there are 
two kinds of charge. However, because charges are manifestations of mobile electrons, a 
negative charge is an excess of electrons and a positive charge is a deficit of electrons. 

The electroscope can be given a charge without touching it with the charged paddle, as 
shown in Figure 21.11. The uncharged electroscope is shown in Figure 21.11a. A negatively 
charged paddle is brought close to the ball of the electroscope but not touching it, as shown 
in Figure 21.11b. In Figure 21.11c, the electroscope is connected to a ground. Then, while 
the charged paddle is still close to but not touching the ball of the electroscope, the ground 


(a) (b) (c) (d) 


FIGURE 21.11 Charging by induction: (a) An uncharged electroscope. (b) A negatively charged paddle is brought close to the electroscope. 
(c) A ground is connected to the electroscope. (d) The connection to the ground is removed. (e) The negatively charged paddle is taken away, 


leaving the electroscope positively charged. 
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FIGURE 21.10 Charging by contact: 
(a) An uncharged electroscope. (b) A 
negatively charged paddle touches the 
electroscope. (c) The negatively charged 


paddle is removed. 


(e) 
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connection is removed in Figure 21.11d. Now, when the paddle is moved away from the 
electroscope in Figure 21.11e, the electroscope is still positively charged (but with a smaller 
deflection than in Figure 21.11b). The same process also works with a positively charged 
paddle. This process is called charging by induction and yields an electroscope charge that 
has the opposite sign from the charge on the paddle. 


21.5 Electrostatic Force—Coulomb’s Law 


Same sign The law of electric charges is evidence of a force between any two 
Fost charges at rest. Experiments show that for the electrostatic force 
) @ oe exerted by a charge q, ona charge q,, E, the force on q, points 
es i toward q, if the charges have opposite signs and away from q, if the 
Oe charges have like signs (Figure 21.12). This force on one charge due 
Fyi to another charge always lies on a line between the two charges. 
(b) Q ——_? Coulomb’s Law gives the magnitude of this force as 
2 i 
Opposite sign F=k j| 21.6 
FIGURE 21.12 The force exerted by charge 2 on charge 1: (a) two r aa 


charges with the same sign; (b) two charges with opposite signs. 


21.3 In-Class Exercise —, 


You place two charges a distance r 
apart. Then you double each charge 
and double the distance between 
the charges. How does the force 
between the two charges change? 


a) The new force is twice as large. 
b) The new force is half as large. 


c) The new force is four times as 
large. 


d) The new force is four times 
smaller. 


e) The new force is the same. 


k J 


where q, and q, are electric charges, r=ii -3| is the distance 
between them, and 


2 
k=8.99-10° naa 
C 


(21.7) 
is Coulomb’s constant. You can see that one Coulomb is a very large charge. If two charges 
of 1 C each were at a distance of 1 m apart, the magnitude of the force they would exert on 
each other would be 8.99 billion N. For comparison, this force equals the weight of 450 fully 
loaded space shuttles! 

The relationship between Coulomb's constant and another constant, €o called the elec- 
tric permittivity of free space, is 

1 


k= : 21.8 
ATrE, i ) 
Consequently, the value of € is 
2 
€) =8.85-10 (21.9) 
Nm 
An alternative way of writing equation 21.6 is then 
F __1 ael (21.10) 
ATE, r 


As you'll see in the next few chapters, some equations in electrostatics are more convenient 
to write with k, while others are more easily written in terms of 1/(477€,). 

Note that the charges in equations 21.6 and 21.10 can be positive or negative, so the 
product of the charges can also be positive or negative. Since opposite charges attract and 
like charges repel, a negative value for the product q,q, signifies attraction and a positive 
value means repulsion. 

Finally, Coulomb’s Law for the force due to charge 2 on charge 1 can be written in vec- 
tor form: 


By =-k 2h G p=- fy. (21.11) 
r r 


In this equation, 7,, is a unit vector pointing from q, to q, (see Figure 21.13). The negative 
sign indicates that the force is repulsive if both charges are positive or both charges are 
negative. In that case, Ē_, points away from charge 2, as depicted in Figure 21.13a. On the 
other hand, if one of the charges is positive and the other negative, then F,_,, points toward 
charge 2, as shown in Figure 21.13b. 
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FIGURE 21.13 Electrostatic force 
vectors, which two charges exert on 
each other: (a) two charges of like 
sign; (b) two charges of opposite sign. 


21.4 In-Class Exercise 


What do the forces acting on the 
charge q; in Figure 21.14 indi- 
cate about the signs of the three 
charges? 


If charge 2 exerts the force F,_,, on charge 1, then the force F_,, that charge 1 exerts on 
charge 2 is simply obtained from Newton’s Third Law (see Chapter 4): F_,, =- B 


Superposition Principle a) All three charges must be 
positive. 


So far in this chapter, we have been dealing with two charges. Now let’s consider three point 
charges, q,, 4» and q;, at positions x,, x,, and x;, respectively, as shown in Figure 21.14. The 
force exerted by charge 1 on charge 3, F_,;, is given by 


b) All three charges must be 
negative. 


c) Charge q, must be zero. 


Ë =- kas $ 
143 a d) Charges q, and q; must have 
(x -x) opposite signs. 
The force exerted by charge 2 on charge 3 is e) Charges q, and q; must have the 
i same sign, and q; must have the 
E 3= == es a, opposite sign. 
(s -2) 


The force that charge 1 exerts on charge 3 is not affected by the presence of charge 2. The 
force that charge 2 exerts on charge 3 is not affected by the presence of charge 1. In addi- 
tion, the forces exerted by charge 1 and charge 2 on charge 3 add vectorially to produce a 
net force on charge 3: 


21.5 In-Class Exercise 


Assuming that the lengths of the 
vectors in Figure 21.14 are pro- 

> =a a portional to the magnitudes of the 

Frets = fs + B3. forces they represent, what do they 

indicate about the magnitudes of the 


This superposition of forces is completely analogous to that described in Chapter 4 for chatges g andy (Hinte The dis- 


forces such as gravity and friction. tafice betwee and is the samè 
as the distance between x, and x3.) 
y a) |a| < |a: 
z b) lal z lal 
qı 92 Piss 


Q Q— a c) |> fo 
l l Fass d) The answer cannot be 


determined from the 


l 

| 

l 

x1 x2 x3 
information given in the figure. 


FIGURE 21.14 The forces exerted on charge 3 by charge 1 and charge 2. 


EXAMPLE 21.2 | Electrostatic Force inside the Atom 


PROBLEM 1 
What is the magnitude of the electrostatic force that the two protons inside the nucleus of 
a helium atom exert on each other? 


SOLUTION 1 
The two protons and two neutrons in the nucleus of the helium atom are held together by 
the strong force; the electrostatic force is pushing the protons apart. The charge of each 
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21.6 In-Class Exercise 


Three charges are arranged on a 
straight line as shown in the figure. 
What is the direction of the electro- 
static force on the middle charge? 


vo oe © 
“q 4 4 


a) b+ cy dh 


e) no force 


21.7 In-Class Exercise 


Three charges are arranged on 

a straight line as shown in the 
figure. What is the direction of 
the electrostatic force on the right 
charge? (Note that the left charge 
is double what it was in In-Class 
Exercise 21.6.) 


© ov @ 
—2q q q 


a) be cy dh 


e) no force 


FIGURE 21.15 Placement of three 


charged particles for Example 21.3. The 
third particle is shown with a negative 


charge. 


proton is q, = +e. A distance of approximately r = 2- 10°'° m separates the two protons. 
Using Coulomb's Law, we can find the force: 


; (+16:10 c)(+16-10 c) 


=58 N. 


2 
(2 10° m) 


Therefore, the two protons in the atomic nucleus of a helium atom are being pushed apart 
with a force of 58 N (approximately the weight of a small dog). Considering the size of the 
nucleus, this is an astonishingly large force. Why do atomic nuclei not simply explode? The 
answer is that an even stronger force, the aptly named strong force, keeps them together. 


PROBLEM 2 
What is the magnitude of the electrostatic force between a gold nucleus and an electron 
of the gold atom in an orbit with radius 4.88- 10!” m? 


SOLUTION 2 
The negatively charged electron and the positively charged gold nucleus attract each oth- 
er with a force whose magnitude is 


pan let, 
r 


where the charge of the electron is q, = -e and the charge of the gold nucleus is qy = +79e. 
The force between the electron and the nucleus is then 


(160-10 C}|(79)(1.60-10- c)| 


9 Nm 
C2 


qeq 


F= las = [bo 10 2763-107 N. 


r 


2 
(488-107? m) 


Thus, the magnitude of the electrostatic force exerted on an electron in a gold atom by the 
nucleus is about 100,000 times less than that between protons inside a nucleus. 

Note: The gold nucleus has a mass that is approximately 400,000 times that of the 
electron. But the force the gold nucleus exerts on the electron has exactly the same mag- 
nitude as the force that the electron exerts on the gold nucleus. You may say that this is 
obvious from Newton's Third Law (see Chapter 4), which is true. But it is worth empha- 
sizing that this basic law holds for electrostatic forces as well. 


EXAMPLE 21.3 | Equilibrium Position 


a 


PROBLEM 

Two charged particles are placed as shown in Figure 21.15: q, = 0.15 uC is located at the ori- 
gin, and q, = 0.35 uC is located on the positive x-axis at x, = 0.40 m. Where should a third 
charged particle, q3, be placed to be at an equilibrium point (the forces on it sum to zero)? 


SOLUTION 
Let’s first determine where not to put the third charge. If the third charge is placed any- 
where off the x-axis, there will always be a force component pointing toward or away 
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from the x-axis. Thus, we can find an equilibrium point (a point where the forces sum to 
zero) only on the x-axis. The x-axis can be divided into three different segments: x < x, = 0, 
X; < X< Xp and x, < x. For x < x, = 0, the force vectors from both q; and q, acting on q; 
will point in the positive direction if the charge is negative and in the negative direction if 
the charge is positive. Because we are looking for a location where the two forces cancel, 
the segment x < x, = 0 can be excluded. A similar argument excludes x = x). 

In the remaining segment of the x-axis, x, < x < x» the forces from q, and q, on q, point 
in opposite directions. We look for the location, x}, where the absolute magnitudes of both 
forces are equal and the forces thus sum to zero. We express the equality of the two forces as 


lis | = Bs > 


which we can rewrite as 


We now see that the magnitude and sign of the third charge do not matter because that 
charge cancels out, as does the constant k, giving us 


qı 2 q2 


(x3-% y (x — x3 


or 
q(x -x33 =q% -4 }. (i) 


Taking the square root of both sides and solving for x3, we find 


Jan% -x)= q (x3 - x), 


«= Van + Vm Van 
Jato 


We can take the square root of both sides of equation (i) because x, < x; < x,, and so both 
of the roots, x, - x; and x, - x}, are assured to be positive. 
Inserting the numbers given in the problem statement, we obtain 


Vat Vox __ 0.15 uC (0.4 m) =0.16 
X3 i m. 
VatVe 0.15 pc +0.35 uC 


This result makes sense because we expect the equilibrium point to reside closer to the 
smaller charge. 


or 


SOLVED PROBLEM 21.1 | Charged Balls 

| mam i 
PROBLEM 
Two identical charged balls hang from the ceiling by insulated ropes of equal 
length, ¢ = 1.50 m (Figure 21.16). A charge q = 25.0 uC is applied to each ball. 
Then the two balls hang at rest, and each supporting rope has an angle of 25.0° 
with respect to the vertical (Figure 21.16a). What is the mass of each ball? 


SOLUTION 
THINK FIGURE 21.16 (a) Two charged balls hanging from 


Each charged ball has three forces acting on it: the force of gravity, the re- the ceiling in their equilibrium position. (b) Free-body 
pulsive electrostatic force, and the tension in the supporting rope. Usingthe diagram for the left-hand charged ball. 
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first condition for static equilibrium from Chapter 11, we know that the sum of all the 
forces on each ball must be zero. We can resolve the components of the three forces and 
set them equal to zero, allowing us to solve for the mass of the charged balls. 


SKETCH 
A free-body diagram for the left-hand ball is shown in Figure 21.16b. 


RESEARCH 

The condition for static equilibrium says that the sum of the x-components of the three 
forces acting on the ball must equal zero and the sum of y-components of these forces 
must equal zero. The sum of the x-components of the forces is 


Tsinĝ- F. =0, (i) 
where T is the magnitude of the string tension, 0 is the angle of the string relative to the 


vertical, and F, is the magnitude of the electrostatic force. The sum of the y-components 
of the forces is 


T cos- F, =0. (ii) 
The force of gravity, F, is just the weight of the charged ball: 


where m is the mass of the charged ball. The electrostatic force the two balls exert on each 
other is given by 


2 

Rake, 
d 

where d is the distance between the two balls. We can express the distance between the 


two balls in terms of the length of the string, ¢, by looking at Figure 21.16a. We see that 


aay 2 
L 


(iv) 


We can then express the electrostatic force in terms of the angle with respect to the verti- 
cal, 0, and the length of the string, £: 


2 2 
R=k—t _=k_1 _. (v) 
(2 sin) 40° sin’ 6 
SIMPLIFY 
We divide equation (i) by equation (ii): 
Tsind _ R 
T cos0 F i 


eliminating the (unknown) string tension and obtaining 


E 
tand=—. 
g 


Substituting from equations (iii) and (v) for the force of gravity and the electrostatic 


force, we get 
2 


q 
2.2 2 

a 44 sin“ _ kq ; 
mg 4mgl sin’ 0 


Solving for the mass of the ball, we obtain 
2 
m= a kq f 
4gl sin” Otanð 
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CALCULATE 


Putting in the numerical values gives 


(s.99-10” N m? IC? )(25.0 uC) 


- = 0.764116 kg. 
4(9.81 m/s?)|(1.50 m) (sin? 25.0°)(tan25.0°) 


ROUND 
We report our result to three significant figures: 


m =0.764 kg. 


DOUBLE-CHECK 

To double-check, we make the small-angle approximations that sin 0 ~ tan@ = 0 and 
cos § = 1. The tension in the string then approaches mg, and we can express the x-components 
of the forces as 


2 2 
T sin ~mg0 =F, =k 4 ~k—4_. 
d (206) 


Solving for the mass of the charged ball, we get 


ke? (8.99-10° N m? IC? \(25.0 uC) 


=0.768 kg, 
4g? 4(981 m/s?(1.50 m) (0.436 rad) 


which is close to our answer. 


bey 


Electrostatic Precipitator 


An application of electrostatic charging and electrostatic forces is the cleaning of emissions 
from coal-fired power plants. A device called an electrostatic precipitator (ESP) is used to 
remove ash and other particulates resulting from the burning of coal to generate electricity. 
Its operation is illustrated in Figure 21.17. 

The ESP consists of wires and plates, with the wires held at a high negative voltage 
relative to a series of plates held at a positive voltage. (Here the term voltage is used col- 
loquially; in Chapter 23, the concept will be defined in terms of electric potential differ- 
ence.) In Figure 21.17, the exhaust from the coal-burning process enters the ESP from the 
left. Particulates passing near the wires pick up a negative charge. These particles are then 
attracted to one of the positive plates and stick there. The gas continues through the ESP, 
leaving the ash and other particulates behind. The accumulated material is then shaken 
off the plates to a hamper below. This waste can be used for many purposes, including 
construction materials and fertilizer. Figure 21.18 shows an example of a coal-fired power 
plant that incorporates an ESP. 


Particulate ionized and sticking to plate 
Particulate 


+++++++++++++ AG eH teettet peepee ttet+eegit 


Plates 


a CS ee 


@ @ @ @ @ 


++++++4+++4++4++4+4¢4+++4+++4++4+4++4+4+++4+4+++ A++ 


FEE HEHEHE EHH HHH HHH HH Heese eee geese sees He 


@ @ @ 


+++++++++++4++4+++4++4+++ 


Gas with particulates 
+++++++++++++++ 


ee 


@ @ @ @ @ 


e 
+H++++++++++++++++t+tt+++++++++++++4++++++H 
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Wires 


FIGURE 21.17 Operation of an electrostatic precipitator used to clean the exhaust gas of a coal- 
fired power plant. The view is from the top of the device. 


Clean gas 
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21.2 Self-Test Opportunity 


A positive point charge +q is placed 
at point P, to the right of two 
charges q, and q,, as shown in the 
figure. The net electrostatic force 
on the positive charge +q is found 
to be zero. Identify each of the fol- 
lowing statements as true or false. 
© > 
F 2o 
a) Charge q, must have the 
opposite sign from q, and be 
smaller in magnitude. 


b) The magnitude of charge q, must 
be smaller than the magnitude 
of charge qz. 


c) Charges q, and q, must have the 
same sign. 


d) If q, is negative, then q, must 
be positive. 


e) Either q, or q} must be positive. 


21.8 In-Class Exercise —, 


Consider three charges placed along 
the x-axis, as shown in the figure. 


qı q2 93 
The values of the charges are q, = 
-8.10 uC, q; = 2.16 uC, and q; = 
2.16 pC. The distance between q, 
and q; is d; = 1.71 m. The distance 
between q, and q; is d, = 2.62 m. 
What is the magnitude of the total 
electrostatic force exerted on q3 by 
qı and q3? 


a) 2.77-10° N d) 2.22.10% N 
b) 7.92-10° N e) 6.71-10° N 


c) 1.44- 10° N 


FIGURE 21.18 A coal-fired power 
plant at Michigan State University that 
incorporates an electrostatic precipi- 
tator to remove particulates from its 
emissions. 
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FIGURE 21.19 The operation of a typical laser printer. 


Laser Printer 


Another example of a device that applies electrostatic forces is the laser printer. The opera- 
tion of a laser printer is illustrated in Figure 21.19. The paper path follows the blue arrows. 
Paper is taken from the paper tray or fed manually through the alternate paper feed. The 
paper passes over a drum where the toner is placed on the surface of the paper and then 
passes through a fuser that melts the toner and permanently affixes it to the paper. 


(a) (b) 


FIGURE 21.20 (a) The completely charged drum of a laser 
printer. This drum will produce a blank page. (b) A drum on 
which one line of information is being recorded by a laser. Wher- 
ever the laser strikes the charged drum, the negative charge is 
neutralized, and the discharged area will attract toner that will 
produce an image on the paper. 


The drum consists of a metal cylinder coated with a special 
photosensitive material; originally amorphous selenium was used 
but has been replaced with an organic material. The photosensitive 
surface is an insulator that retains charge in the absence of light, 
but discharges quickly if light is incident on the surface. The drum 
rotates so that its surface speed is the same as the speed of the mov- 
ing paper. The basic principle of the operation of the drum is illus- 
trated in Figure 21.20. 

The drum is negatively charged with electrons using a wire 
held at high voltage. Then laser light is directed at the surface of the 
drum. Wherever the laser light strikes the surface of the drum, the 
surface at that point is discharged. A laser is used because its beam 
is narrow and remains focused. A line of the image being printed 
is written one pixel (picture element or dot) at a time using a laser 
beam directed by a moving mirror and a lens. A typical laser printer 
can write 300 pixels per inch, with many printers being able to write 
600 or 1200 pixels per inch. The surface of the drum then passes 
by a roller that picks up toner from the toner cartridge. Toner con- 
sists of small, black, insulating particles composed of a plastic-like 
material. The toner roller is charged to the same negative voltage 
as the drum. Therefore, wherever the surface of the drum has been 
discharged, electrostatic forces deposit toner on the surface of the 
drum. Any portion of the drum surface that has not been exposed 
to the laser will not pick up toner. 


As the drum rotates, it next comes in contact with the paper. The toner is then trans- 
ferred from the surface of the drum to the paper. Some printers charge the paper posi- 
tively to help attract the negatively charged toner. As the drum rotates, any remaining 
toner is scraped off and the surface is neutralized with an erase light or a rotating erase 
drum in preparation for printing the next image. The paper then continues on to the 
fuser, which melts the toner, producing a permanent image on the paper. Finally the 
paper exits the printer. 
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21.6 Coulomb’s Law and Newton's Law of Gravitation 


Coulomb’s Law describing the electrostatic force between two electric charges, F, has a 


similar form to Newton's Law describing the gravitational force between two masses, F,: 


and Ę _, 
2 


pig 
2 
where m, and m, are the two masses, q; and q, are the two electric charges, and r is the 
distance of separation. Both forces vary with the inverse square of the distance. The electric 
force can be attractive or repulsive because charges can have positive or negative signs. (See 
Figure 21.13a and b.) The gravitational force is always attractive because there is only one 
kind of mass. (For the gravitational force, only the case depicted in Figure 21.13b is possi- 
ble.) The relative strengths of the forces are given by the proportionality constants k and G. 


EXAMPLE 21.4 | Forces between Electrons 


Let’s evaluate the relative strengths of the two interactions by calculating the ratio of the 
electrostatic force and the gravitational force that two electrons exert on each other. This 
ratio is given by 3 
E_k 
T 
h Gm 
Because the dependence on distance is the same in both forces, there is no dependence 
on distance in the ratio of the two forces—it cancels out. The mass of an electron is 
m, = 9.109- 107° kg, and its charge is qe = -1.602 - 10™™? C. Using the value of Coulomb's 
constant given in equation 21.7, k = 8.99-10° N m’/C’, and the value of the universal 
gravitational constant, G = 6.67-10"'! N m*/kg’, we find numerically 
E, 


2 (8.99-10° Nm*/C*)(1.602-10°'? Cy 
F, (667-10! N m°/kg)(9.109-10°" kg) 


=4.2-10”. 


Therefore, the electrostatic force between electrons is stronger than the gravitational 
force between them by more than 42 orders of magnitude. 


Despite the relative weakness of the gravitational force, on the astronomical scale, grav- 
ity is the only force that matters. The reason for this dominance is that all stars, planets, 
and other objects of astronomical relevance carry no net charge. Therefore, there is no net 
electrostatic interaction between them, and gravity dominates. 

Coulomb’ Law of electrostatics applies to macroscopic systems down to the atom, 
though subtle effects in atomic and subatomic systems require use of a more sophisticated 
approach called quantum electrodynamics. Newton's law of gravitation fails in subatomic 
systems and also must be modified for astronomical systems, such as the precessional 
motion of Mercury around the Sun. These fine details of the gravitational interaction are 
governed by Einstein’s theory of general relativity. 

The similarities between the gravitational and electrostatic interactions will be covered 
further in the next two chapters, which address electric fields and electric potential. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= There are two kinds of electric charge, positive and = The electron has charge q, = -e and the proton has 
negative. Like charges repel, and unlike charges attract. charge q, = +e. The neutron has zero charge. 
= The quantum (elementary quantity) of electric charge = The net charge of an object is given by e times the 
iste = 1,602 -10° C. number of protons, N,, minus e times the number of 
electrons, Ne that make up the object: q = e- (N, - N.). 
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= The total charge in an isolated system is always = The constant in Coulomb’s Law is 
conserved. 2 
i k=——=899.10° ÑE, 
= Objects can be charged directly by contact or indirectly TE) C 


by induction. = The electric permittivity of free space is | 
2 
= Coulomb's Law describes the force that two stationary € =8.85-10°” € : 
2 
1 Nm 
charges exert on each other: F=k a = ue k 
r AT €o r 


KEY TERMS 


—, 


i 


electrostatics, p. 685 

charging, p. 685 

electrons, p. 685 

positive charge, p. 685 

negative charge, p. 685 

law of electric charges, 
p. 686 


coulomb, p. 686 

proton, p. 686 

law of charge 
conservation, p. 686 

quantized, p. 687 

conductors, p. 688 

insulators, p. 688 


semiconductors, p. 689 
superconductors, p. 689 
electrostatic charging, p. 690 
grounding, p. 690 

ground, p. 690 

electroscope, p. 690 
induced, p. 690 


charging by contact, p. 691 

charging by induction, p. 692 

Coulomb's Law, p. 692 

Coulomb's constant, p. 692 

electric permittivity of free 
space, p. 692 

electrostatic precipitator, p. 697 


NEW SYMBOLS 


q, electric charge 


€p electric permittivity of free space 


k, Coulomb’s constant 


e, the elementary quantum of charge 


ANSWERS TO SELF-TEST OPPORTUNITIES 


21.1 a) +1 
b)0 


c)0 
d) 0 


e) +4 
D= 


g) -1 
h) +2 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 

1. When working problems involving Coulombs Law, 
drawing a free-body diagram showing the electrostatic force 
vectors acting on a charged particle is often helpful. Pay careful 
attention to signs; a negative force between two particles 
indicates attraction, and a positive force indicates repulsion. 
Be sure the directions of forces in the diagram match the signs 
of forces in the calculations. 


2. Use symmetry to simplify your work. However, be careful 
to take account of charge magnitudes and signs as well as 


22.2 a) true 
b) false 


c) false e) true 


d) true 


distances. Two charges at equal distances from a third charge 
do not exert equal forces on that charge if they have different 
magnitudes or signs. 


3. Units in electrostatics often have prefixes indicating powers 
of 10: Distances may be given in cm or mm; charges may be 
given in uC, nC, or pC; masses may be given in kg or g. Other 
units are also common. The best way to proceed is to convert 
all quantities to basic SI units, to be compatible with the value 
of k or 1/4775. 


SOLVED PROBLEM 21.2 (Bead on a Wire 
eee 


PROBLEM 

A bead with charge q, = +1.28 uC is fixed in place on an insulating wire that makes an angle 
of 0 = 42.3° with respect to the horizontal (Figure 21.21a). A second bead with charge 
q, = -5.06 pC slides without friction on the wire. At a distance d = 0.380 m between the 
beads, the net force on the second bead is zero. What is the mass, m,, of the second bead? 
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SOLUTION 


THINK 

The force of gravity pulling the bead of mass m, down the wire is compensated by the at- 
tractive electrostatic force between the positive charge on the first bead and the negative 
charge on the second bead. The second bead can be thought of as sliding on an inclined 
plane. 


SKETCH 

Figure 21.21b shows a free-body diagram of the forces acting on the second bead. We 
have defined a coordinate system in which the positive x-direction is down the wire. The 
force exerted on m, by the wire can be omitted because this force has only a y-component, 
and we can solve the problem by analyzing just the x-components of the forces. 


RESEARCH 

The attractive electrostatic force between the two beads balances the component of the 
force of gravity that acts on the second bead down the wire. The electrostatic force acts in 
the negative x-direction and its magnitude is given by 

pag lhe (i) 
d 

The x-component of the force of gravity acting on the second bead corresponds to the 
component of the weight of the second bead that is parallel to the wire. Figure 21.21b 
indicates that the component of the weight of the second bead down the wire is given by FIGURE 21.21 (a) Two charged 


F, =m,gsinð. (ii) beads on a wire. (b) Free-body diagram 
of the forces acting on the second bead. 


SIMPLIFY 
For equilibrium, the electrostatic force and the gravitational force are equal: F, = F,. Sub- 
stituting the expressions for these forces from equations (i) and (ii) yields 


ltl mging 


Solving this equation for the mass of the second bead gives us 


z klana 


d’gsind 


CALCULATE 


We put in the numerical values and get 


kgg, (899-10 N m/c?) (1.28 uC)(5.06 uC) 


"a5 Pgsinð (0.380 m) (9.81 m/s?) (sin 42.3°) 


= 0.0610746 kg. 


ROUND 
We report our result to three significant figures: 


m,=0.0611 kg =61.1 g. 


DOUBLE-CHECK 

To double-check, let’s calculate the mass of the second bead assuming that the wire is 
vertical, that is, 9 = 90°. We can then set the weight of the second bead equal to the elec- 
trostatic force between the two beads: 


k ue =m,g. 


Continued— 
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21.9 In-Class Exercise > 


Three charges are arranged at the 
corners of a square as shown in the 
figure. What is the direction of the 
electrostatic force on the lower- 


right charge? 
i 
i i 
es 
q q 
a) b)® 9s dw 
e) no force 
Ne 


21.10 In-Class Exercise ~ 


Four charges are arranged at the 
corners of a square as shown in the 
figure. What is the direction of the 
electrostatic force on the lower- 
right charge? 


“2a -- Og 
l | 
l l 
d-o 
q =4 
a) DR Cw dw 
e) no force 
\ J 


Solving for the mass of the second bead, we obtain 


(8.299-10 N m?/C?)(1.28 uC)(5.06 uC) 


ii 


=0.0411 kg. 
dg (0.380 m} (9.81 m/s’) 


As the angle of the wire relative to the horizontal decreases, the calculated mass of the 
second bead will increase. Our result of 0.0611 kg is somewhat higher than the mass that 
can be supported with a vertical wire, so it seems reasonable. 


SOLVED PROBLEM 21.3 | Four Charged Objects 


Consider four charges placed at the corners of a square with side length 1.25 m, as shown 
in Figure 21.22a. 


PROBLEM 
What are the magnitude and direction of the electrostatic force on q, resulting from the 
other three charges? 


y 
qı = 1.50 uC 
qı 
1.25m 
x 
q2 =2.50uC q3 = —3.50 pC 42 43 


(a) (b) 


FIGURE 21.22 (a) Four charges placed at the corners of a square. (b) The forces exerted on q, by 
the other three charges. 


SOLUTION 


THINK 

The electrostatic force on q, is the vector sum of the forces resulting from its interactions 
with the other three charges. Thus, it is important to avoid simply adding the individual 
force magnitudes algebraically. Instead we need to determine the individual force com- 
ponents in each spatial direction and add those to find the components of the net force 
vector. Then we need to calculate the length of this net force vector. 


SKETCH 
Figure 21.22b shows the four charges in an xy-coordinate system with its origin at the 
location of qz. 


RESEARCH p S 
The net force on q4is the vector sum of the forces K4, B_,,, and E4. The x-component 
of the summed forces is 


n-ne Eh laz. 


A d 


where d is the length of a side of the square and, as Figure 21.22b indicates, the x-component 
of B,_,, is zero. The y-component of the summed forces is 


cos45° = “ts 


qıt cosas"), (i) 


F, -etl sin 45°- k las44| _ kay f sin 45° 4 a} (ii) 


(aa) Palo 


Problem-Solving Practice 


where, as Figure 21.22b indicates, the y-component of F_,, is zero. 
The magnitude of the net force is given by 


F=/F+ F, (iii) 


and the angle of the net force is given by 


es] 


tang=—. 
E 


SIMPLIFY 
We substitute the expressions for F, and F, from equations (i) and (ii) into equation (iii): 


2 
+ 


2 
m ije inast ' 
Ê |2 


d 


F= tala + + 2. coss° 


We can rewrite this as 


2 2 
p= kas ty as fa l cosas fanas . 


d 


For the angle of the force, we get 


kda | 4 gin 45° +43 F sin 45° +q; 
al | d |2 “1 
0= tan F =tan" A = tan 
x q4 q2 o q2 o 
F tal +—=cos45 ace 
CALCULATE 
Putting in the numerical values, we get 
fo inas = 1 cogs? 2 PS OBR ic 
2 242 


The magnitude of the force is then 


(8.99 -10 N m?/C?)(4.50 uC) A 3 
F= A [iso uC 0.883883 uC) + (0.883883 uC -3.50 pC) 
(1.25 m) 


=0.0916379 N. 


For the direction of the force, we obtain 


12 gin 45° 
F | oe +a _, { (0.883883 uC -3.50 uC) 
e Í 1.50 wC+ 0.883883 uC)} O 

[i+ b t cosas! ( PA Pani h ) 
ROUND 
We report our results to three significant figures: 

F=0.0916 N 
and 
0 =-47.7°. 


Continued— 
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DOUBLE-CHECK 


To double-check our result, we calculate the magnitude of the three forces acting on q4. 


For Eis we get 


| (8.299-10 N m?/C?)(1.50 ».C)(4.50 uC) 


Ba ma - =0.0388 N. 
tia (1.25m) 
For Bis we get 
8.99-10° N 3c?) 2.50 uC)(4.50 pC 
Ba leal. e r ka =0.0324 N. 
Ta [v2 (1.25 m) 
For B_,4, we get 
e lasaal_(8:99-10° N m?/C?)(3.50 wC)(4.50 uC) eee 


2 
a 


All three of the magnitudes of the individual forces are of the same order as our result for 
the net force. This gives us confidence that our answer is not off by a large factor. 

The direction we obtained also seems reasonable, because it orients the resulting 
force downward and to the right, as could be expected from looking at Figure 21.22b. 


(1.25 m? 


NEE... 


MULTIPLE-CHOICE QUESTIONS 


| 21.1 When a metal plate is given a positive charge, which of 
the following is taking place? 
a) Protons (positive charges) are transferred to the plate 
from another object. 
b) Electrons (negative charges) are transferred from the 
plate to another object. 
c) Electrons (negative charges) are transferred from the 
plate to another object, and protons (positive charges) are 
also transferred to the plate from another object. 
d) It depends on whether the object conveying the charge is 
a conductor or an insulator. 
21.2 The force between a charge of 25 wC and a charge of 
-10 pC is 8.0 N. What is the separation between the two 
charges? 
a) 0.28m 
b) 0.53 m 


c) 0.45m 

d) 0.15m 

21.3 A charge Q; is positioned on the x-axis at x = a. Where 
should a charge Q, = -4Q, be placed to produce a net 
electrostatic force of zero on a third charge, Q; = Q4, located 
at the origin? 

c) atx=-2a 

d) at x= -a 


a) at the origin 
b) atx=2a 
21.4 Which one of these systems has the most negative charge? 


d) Nelectrons and 
N - 3 protons 


a) 2 electrons 
b) 3 electrons and 1 proton 


c) 5electrons and 5 protons e) 1 electron 


21.5 Two point charges are fixed on the x-axis: q} = 6.0 uC 
is located at the origin, O, with x, = 0.0 cm, and q, = -3.0 pC 
is located at point A, with x, = 8.0 cm. Where should a 
third charge, q3, be placed on the x-axis so that the total 
electrostatic force acting on it is zero? 


a) 19cm c) 0.0 cm e) -19cm 
b) 27cm d) 8.0 cm 
qı vb) 
@ @ > 
(0) A 


21.6 Which of the following situations produces the largest 
net force on the charge Q? 

a) Charge Q = 1 C is 1 m from a charge of -2 C. 

b) Charge Q = 1 Cis 0.5 m from a charge of -1 C. 


c) Charge Q = 1 C is halfway between a charge of -1 C and 
a charge of 1 C that are 2 m apart. 


d) Charge Q = 1 C is halfway between two charges of -2 C 
that are 2 m apart. 


e) Charge Q = 1 C is a distance of 2 m from a charge of -4 C. 
21.7 Two protons placed near one another with no other 
objects close by would 

a) accelerate away from each other. 

b) remain motionless. 

c) accelerate toward each other. 

d) be pulled together at constant speed. 

e) move away from each other at constant speed. 


21.8 Two lightweight metal spheres are suspended near 
each other from insulating threads. One sphere has a net 
charge; the other sphere has no net charge. The spheres will 


a) attract each other. 
b) exert no net electrostatic force on each other. 
c) repel each other. 


d) do any of these things depending on the sign of the 
charge on the one sphere. 


21.9 A metal plate is connected by a conductor to a ground 
through a switch. The switch is initially closed. A charge +Q 
is brought close to the plate 

without touching it, and then 

the switch is opened. After the 

switch is opened, the charge @ 
+Q is removed. What is the 

charge on the plate then? 


QUESTIONS 


21.11 If two charged particles (the charge on each is Q) are 
separated by a distance d, there is a force F between them. 
What is the force if the magnitude of each charge is doubled 
and the distance between them changes to 2d? 


21.12 Suppose the Sun and the Earth were each given an 
equal amount of charge of the same sign, just sufficient to 
cancel their gravitational attraction. How many times the 
charge on an electron would that charge be? Is this number 
a large fraction of the number of charges of either sign in 
the Earth? 


21.13 It is apparent that the electrostatic force is extremely 
strong, compared to gravity. In fact, the electrostatic force is 
the basic force governing phenomena in daily life—the ten- 
sion in a string, the normal forces between surfaces, friction, 
chemical reactions, etc.—except weight. Why then did it 
take so long for scientists to understand this force? Newton 
came up with his gravitational law long before electricity 
was even crudely understood. 


21.14 Occasionally, people who gain static charge by shuf- 
fling their feet on the carpet will have their hair stand on 
end. Why does this happen? 


21.15 Two positive charges, each equal to Q, are placed a 
distance 2d apart. A third charge, -0.2Q, is placed exactly 
halfway between the two positive charges and is displaced a 
distance x « d perpendicular to the line connecting the posi- 
tive charges. What is the force on this charge? For x « d, how 
can you approximate the motion of the negative charge? 


21.16 Why does a garment taken out of a clothes dryer 
sometimes cling to your body when you wear it? 


21.17 Two charged spheres are initially a distance d apart. 
The magnitude of the force on each sphere is F. They are 
moved closer to each other such that the magnitude of the 
force on each of them is 9F. By what factor has the differ- 
ence between the two spheres changed? 
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a) The plate is uncharged. 

b) The plate is positively charged. 

c) The plate is negatively charged. 

d) The plate could be either positively or negatively 
charged, depending on the charge it had before +Q was 
brought near. 

21.10 You bring a negatively charged rubber rod close 
to a grounded conductor without touching it. Then you 
disconnect the ground. What is the sign of the charge on the 
conductor after you remove the charged rod? 

d) cannot be determined from 

the given information 


a) negative 
b) positive 
c) no charge 


21.18 How is it possible for one electrically neutral atom to ex- 
ert an electrostatic force on another electrically neutral atom? 


21.19 The scientists who first contributed to the under- 
standing of the electrostatic force in the 18th century were 
well aware of Newton's law of gravitation. How could they 
deduce that the force they were studying was not a variant 
or some manifestation of the gravitational force? 


21.20 Two charged particles move solely under the influ- 
ence of the electrostatic forces between them. What shapes 
can their trajectories have? 


21.21 Rubbing a balloon causes it to become negatively 
charged. The balloon then tends to cling to the wall of a room. 
For this to happen, must the wall be positively charged? 


21.22 Two electric charges are placed on a line, as shown 
in the figure. Is it possible to place a charged particle (that is 
free to move) anywhere on the line between the two charges 


and have it not move? " 


2.00 C —3.00 C 
21.23 Two electric charges are placed on a line as shown in 
the figure. Where on the line can a third charge be placed so 
that the force on that charge is zero? Does the sign or the mag- 
nitude of the third charge make any difference to the answer? 

L 


2.00 C 4.00 C 


21.24 When a positively charged rod is brought close to a 
neutral conductor without touching it, will the rod experience 
an attractive force, a repulsive force, or no force at all? Explain. 


21.25 When you exit a car and the humidity is low, you 
often experience a shock from static electricity created by 
sliding across the seat. How can you discharge yourself 
without experiencing a painful shock? Why is it dangerous 
to get back into your car while fueling your car? 
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PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 21.2 


21.26 How many electrons are required to yield a total 
charge of 1.00 C? 


21.27 The faraday is a unit of charge frequently encoun- 
tered in electrochemical applications and named for the 
British physicist and chemist Michael Faraday. It consists 
of 1 mole of elementary charges. Calculate the number of 
coulombs in 1.000 faraday. 


21.28 Another unit of charge is the electrostatic unit (esu). 
It is defined as follows: Two point charges, each of 1 esu and 
separated by 1 cm, exert a force of exactly 1 dyne on each 
other: 1 dyne = 1 gcm/s’=1-10°N. 

a) Determine the relationship between the esu and the 
coulomb. 


b) Determine the relationship between the esu and the 
elementary charge. 


21.29 A current of 5.00 mA is enough to make your 
muscles twitch. Calculate how many electrons flow through 
your skin if you are exposed to such a current for 10.0 s. 


21.30 How many electrons does 1.00 kg of water contain? 


21.31 The Earth is constantly being bombarded by cosmic 
rays, which consist mostly of protons. These protons are in- 
cident on the Earth’s atmosphere from all directions at a rate 
of 1245.0 protons per square meter per second. Assuming 
that the depth of Earth’s atmosphere is 120 km, what is the 
total charge incident on the atmosphere in 5.00 min? As- 
sume that the radius of the surface of the Earth is 6378 km. 


21.32 Performing an experiment similar to Millikan’s oil 
drop experiment, a student measures these charge magnitudes: 


3.26 -10 °C 5.09 -10° °C 1.53-10 °C 
6.39 -10 °C 4.66 -10° °C 


Find the charge on the electron using these measurements. 


Section 21.3 


21.33 A silicon sample is doped with phosphorus at 1 part 
per 1.00- 10°. Phosphorus acts as an electron donor, pro- 
viding one free electron per atom. The density of silicon is 
2.33 g/cm’, and its atomic mass is 28.09 g/mol. 


a) Calculate the number of free (conduction) electrons per 
unit volume of the doped silicon. 

b) Compare the result from part (a) with the number 

of conduction electrons per unit volume of copper wire 
(assume each copper atom produces one free (conduction) 
electron). The density of copper is 8.96 g/cm’, and its atomic 
mass is 63.54 g/mol. 


Section 21.5 


21.34 Two charged spheres are 8 cm apart. They are moved 
closer to each other enough that the force on each of them 
increases four times. How far apart are they now? 


21.35 Two identically charged particles separated by a 
distance of 1.00 m repel each other with a force of 1.00 N. 
What is the magnitude of the charges? 


21.36 How far must two electrons be placed on the Earth’s 
surface for there to be an electrostatic force between them 
equal to the weight of one of the electrons? 


21.37 In solid sodium chloride (table salt), chloride ions 
have one more electron than they have protons, and sodium 
ions have one more proton than they have electrons. These 
ions are separated by about 0.28 nm. Calculate the electro- 
static force between a sodium ion and a chloride ion. 


21.38 In gaseous sodium chloride, chloride ions have one 
more electron than they have protons, and sodium ions 
have one more proton than they have electrons. These ions 
are separated by about 0.24 nm. Suppose a free electron is 
located 0.48 nm above the midpoint of the sodium chloride 
molecule. What are the magnitude and the direction of the 
electrostatic force the molecule exerts on it? 


21.39 Calculate the magnitude of the electrostatic force the 
two up quarks inside a proton exert on each other if they are 
separated by a distance of 0.900 fm. 


21.40 A -4.0-wC charge lies 20.0 cm to the right of a 2.0-wC 
charge on the x-axis. What is the force on the 2.0-C charge? 


21.41 Two initially uncharged identical metal spheres, 1 and 
2, are connected by an insulating spring (unstretched length 
Lo = 1.00 m, spring constant k = 25.0 N/m), as shown in the 
figure. Charges +q and -q are then placed on the spheres, and 
the spring contracts to length L = 0.635 m. Recall that the 
force exerted by a spring is F, = kAx, where Ax is the change 
in the spring's length from its equilibrium length. Determine 
the charge q. If the spring is coated with metal to make it 
conducting, what is the new length of the spring? 


Before charging 


qı = +q Q =-4 
Ða aa 


21.42 A point charge +3q is located at the origin, and a 
point charge -q is located on the x-axis at D = 0.500 m. At 
what location on the x-axis will a third charge, qo, experi- 
ence no net force from the other two charges? 


After charging 


21.43 Identical point charges Q are placed at each of the 
four corners of a rectangle measuring 2.0 m by 3.0 m. If 
Q = 32 uC, what is the magnitude of the electrostatic force 
on any one of the charges? 


y 021.44 Charge q, = 14-10 Cis placed 
43 at the origin. Charges q, = -1.8-10° C 
Q., -yo-8c ndg; =2.1- 107° C are placed at points 
(0.18 m,0 m) and (0 m,0.24 m), respec- 
tively, as shown in the figure. Determine 
the net electrostatic force (magnitude 
Oia and direction) on charge q3. 
qı q. ~18 -10 8C 
heer "> 
k—— 0.18 m 


21.45 A positive charge Q is on the 

y-axis at a distance a from the origin, Q 

and another positive charge q is on the 

x-axis at a distance b from the origin. | q 
@—x 

a) For what value(s) of b is the o 

x-component of the force on q a 

minimum? 


b) For what value(s) of b is the x-component of the force on 
q a maximum? 
e21.46 Find the 
magnitude and 
direction of the 7.00 cm 

N Protons =-----7---7--------- ~ Electron 
electrostatic force 
acting on the elec- 
tron in the figure. 


21.47 Ina region of two-dimensional space, there are three 
fixed charges: +1.00 mC at (0,0), -2.00 mC at (17.0 mm, 
-5.00 mm), and +3.00 mC at (-2.00 mm,11.0 mm). What is 
the net force on the —-2.00-mC charge? 


21.48 Two cylindrical glass beads each of mass m = 10.0 mg 
are set on their flat ends on a horizontal insulating surface sepa- 
rated by a distance d = 2.00 cm. The coefficient of static friction 
between the beads and the surface is u, = 0.200. The beads are 
then given identical charges (magnitude and sign). What is the 
minimum charge needed to start the beads moving? 


21.49 A small ball with a mass of 30.0 g and a charge of 
-0.200 uC is suspended from the ceiling by a string. The 
ball hangs at a distance of 5.00 cm above an insulating floor. 
If a second small ball with a mass of 50.0 g and a charge of 
0.400 uC is rolled directly beneath the first ball, will the 
second ball leave the floor? What is the tension in the string 
when the second ball is directly beneath the first ball? 
21.50 A +3.00-mC charge and a -4.00-mC charge are 
fixed in position and separated by 5.00 m. 

a) Where could a +7.00-mC charge be placed so that the 
net force on it is zero? 

b) Where could a -7.00-mC charge be placed so that the 
net force on it is zero? 


e21.51 Four point charges, q, are fixed to the four corners 
of a square that is 10.0 microns on a side. An electron is 
suspended above a point at which its weight is balanced by 
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the electrostatic force due to the four electrons, at a distance 
of 15 nm above the center of the square. What is the magni- 
tude of the fixed charges? Express both in coulombs and as a 
multiple of the electron’s charge. 


ee21.52 The figure shows a uniformly charged thin rod of 
length L that has total charge Q. Find an expression for the 
magnitude of the electrostatic force acting on an electron 
positioned on the axis of the rod at a distance d from the 
midpoint of the rod. 
|< L | 
aahidi aihh @ 

k d . 
ee21.53 A negative charge, -q, is fixed at the coordinate (0,0). 
It is exerting an attractive force on a positive charge, +q, that 
is initially at coordinate (x,0). As a result, the positive charge 
accelerates toward the negative charge. Use the binomial 
expansion (1+ x)” = 1 + nx, for x < 1, to show that when the 
positive charge moves a distance 6 « x closer to the nega- 
tive charge, the force that the negative charge exerts on it 
increases by AF = 2kq’6/x’. 


021.54 Two equal magnitude negative charges (-q and -q) 
are fixed at coordinates (-d,0) and (d,0). A positive charge 
of the same magnitude, q, and with mass m is placed at co- 
ordinate (0,0), midway between the two negative charges. If 
the positive charge is moved a distance ô « d in the positive 
y-direction and then released, the resulting motion will be 
that of a harmonic oscillator—the positive charge will oscil- 
late between coordinates (0,6) and (0,-6). Find the net force 
acting on the positive charge when it moves to (0,6) and use 
the binomial expansion (1+ x)” = 1+nx, for x < 1, to find 
an expression for the frequency of the resulting oscillation. 
(Hint: Keep only terms that are linear in 6.) 


Section 21.6 


21.55 Suppose the Earth and the Moon carried positive 
charges of equal magnitude. How large would the charge need 
to be to produce an electrostatic repulsion equal to 1.00% of 
the gravitational attraction between the two bodies? 


21.56 The similarity of form of Newton's law of gravitation 
and Coulomb's Law caused some to speculate that the force 
of gravity is related to the electrostatic force. Suppose that 
gravitation is entirely electrical in nature—that an excess 
charge Q on the Earth and an equal and opposite excess 
charge -Q on the Moon are responsible for the gravitational 
force that causes the observed orbital motion of the Moon 
about the Earth. What is the required size of Q to reproduce 
the observed magnitude of the gravitational force? 


21.57 In the Bohr model of the hydrogen atom, the electron 
moves around the one-proton nucleus on circular orbits of 
well-determined radii, given by r,, = nap where n = 1, 2, 3, .... 
is an integer that defines the orbit and a, = 5.29-10''m is the 
radius of the first (minimum) orbit, called the Bohr radius. 
Calculate the force of electrostatic interaction between the 
electron and the proton in the hydrogen atom for the first 
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four orbits. Compare the strength of this interaction to the 
gravitational interaction between the proton and the electron. 


e21.58 Some of the earliest atomic models held that the orbital 
velocity of an electron in an atom could be correlated with 

the radius of the atom. If the radius of the hydrogen atom is 
5.29- 10"! m and the electrostatic force is responsible for the 
circular motion of the electron, what is the electron’s orbital 
velocity? What is the kinetic energy of this orbital electron? 


21.59 For the atom described in Problem 21.58, what is the 
ratio of the gravitational force between electron and proton 
to the electrostatic force? How does this ratio change if the 
radius of the atom is doubled? 


21.60 In general, astronomical objects are not exactly elec- 
trically neutral. Suppose the Earth and the Moon each carry 
a charge of -1.00-10° C (this is approximately correct; a more 
precise value is identified in Chapter 22). 


a) Compare the resulting electrostatic repulsion with the 
gravitational attraction between the Moon and the Earth. 
Look up any necessary data. 

b) What effects does this electrostatic force have on the size, 
shape, and stability of the Moon’s orbit around the Earth? 


Additional Problems 


21.61 Eight 1.00-uC charges are arrayed along the y-axis 
located every 2.00 cm starting at y = 0 and extending to 
y = 14.0 cm. Find the force on the charge at y = 4.00 cm. 


21.62 In a simplified Bohr model of the hydrogen atom, 

an electron is assumed to be traveling in a circular orbit of 
radius of about 5.2 - 10™ m around a proton. Calculate the 
speed of the electron in that orbit. 


21.63 The nucleus of a carbon-14 atom (mass = 14 amu) has 
diameter of 3.01 fm. It has 6 protons and a charge of +6e. 


a) What is the force on a proton located at 3 fm from the surface 
of this nucleus? Assume that the nucleus is a point charge. 


b) What is the proton’s acceleration? 


21.64 Two charged objects experience a mutual repulsive 
force of 0.10 N. If the charge of one of the objects is reduced 
by half and the distance separating the objects is doubled, 
what is the new force? 


21.65 A particle (charge = +19.0 uC) is located on the x-axis 
at x = -10.0 cm, and a second particle (charge = -57.0 uC) is 
placed on the x-axis at x = +20.0 cm. What is the magnitude 
of the total electrostatic force on a third particle (charge = 
-3.80 uC) placed at the origin (x = 0)? 


21.66 Three point charges are positioned on the x-axis: 
+64.0 uC at x = 0.00 cm, +80.0 uC at x = 25.0 cm, and 
-160.0 uC at x = 50.0 cm. What is the magnitude of the elec- 
trostatic force acting on the +64.0-uC charge? 


21.67 From collisions with cosmic rays and from the solar 
wind, the Earth has a net electric charge of approximately 
-6.8 10° C. Find the charge that must be given to a 1.0-g 
object for it to be electrostatically levitated close to the Earth's 
surface. 


21.68 Your sister wants to participate in the yearly science 
fair at her high school and asks you to suggest some exciting 
project. You suggest that she experiment with your recently 
created electron extractor to suspend her cat in the air. You 
tell her to buy a copper plate and bolt it to the ceiling in her 
room and then use your electron extractor to transfer elec- 
trons from the plate to the cat. If the cat weighs 7.00 kg and 
is suspended 2.00 m below the ceiling, how many electrons 
have to be extracted from the cat? Assume that the cat and 
the metal plate are point charges. 


e21.69 A 10.0-g mass is suspended 5.00 cm above a non- 
conducting flat plate, directly above an embedded charge 
of q (in coulombs). If the mass has the same charge, q, 

how much must q be so that the mass levitates (just floats, 
neither rising nor falling)? If the charge q is produced by 
adding electrons to the mass, by how much will the mass be 
changed? 


21.70 Four point charges are placed at the following xy- 
coordinates: 


Q, = -1 mC, at (-3 cm,0 cm) 
Q, = -1 mC, at (+3 cm,0 cm) 
Q; = +1.024 mC, at (0 cm,0 cm) 
Q, = +2 mC, at (0 cm,-4 cm) 


Calculate the net force on charge Q, due to charges Q,, Q» 
and Q}. 


21.71 Three 5.00-g Styrofoam balls of radius 2.00 cm are 
coated with carbon black to make them conducting and 
then are tied to 1.00-m-long threads and suspended freely 
from a common point. Each ball is given the same charge, 

q. At equilibrium, the balls form an equilateral triangle with 
sides of length 25.0 cm in the horizontal plane. Determine q. 


21.72 Two point charges lie on the x-axis. If one point charge 
is 6.0 pC and lies at the origin and the other is -2.0 uC and 
lies at 20.0 cm, at what position must a third charge be 
placed to be in equilibrium? 


e21.73 Two beads with charges qı = q, = +2.67 uC are on 
an insulating string that hangs straight down from the ceil- 
ing as shown in the figure. The lower bead is fixed in place 
on the end of the string and has a mass m, = 0.280 kg. The 
second bead slides without friction on the 
string. At a distance d = 0.360 m between 
the centers of the beads, the force of the 
Earth’s gravity on m, is balanced by the 
electrostatic force between the two beads. 
What is the mass, m, of the second bead? 
(Hint: You can neglect the gravitational 
interaction between the two beads.) 


™ h Q | 


mı qı @ 


21.74 Find the net force on a 2.0-C charge at the origin of 
an xy-coordinate system if there is a +5.0-C charge at (3 m,0) 
and a -3.0-C charge at (0,4 m). 


21.75 Two spheres, each of mass M = 2.33 g, are attached 
by pieces of string of length L = 45 cm to a common point. 


The strings initially hang straight down, with the spheres 
just touching one another. An equal amount of charge, q, is 
placed on each sphere. The resulting forces on the spheres 
cause each string to hang at an angle of 0 = 10.0° from the 
vertical. Determine q, the amount of charge on each sphere. 


21.76 A point charge q, = 100. nC is at the origin of an 
xy-coordinate system, a point charge q, = -80.0 nC is on the 
x-axis at x = 2.00 m, and a point charge q3 = -60.0 nC is on 
the y-axis at y = -2.00 m. Determine the net force (magni- 
tude and direction) on qı. 


21.77 A positive charge q; = 1.00 uC is fixed at the origin, 
and a second charge q, = -2.00 uC is fixed at x = 10.0 cm. 
Where along the x-axis should a third charge be positioned 
so that it experiences no force? 


1.00 pC —2.00 pC 


@ 


x = 10.0 cm 


21.78 A bead with charge q, = 1.27 uC is fixed in place 

at the end of a wire that makes an angle of 0 = 51.3° with 
the horizontal. A second bead with mass m, = 3.77 g anda 
charge of 6.79 uC slides without friction on the wire. What 
is the distance d at which the 
force of the Earth's gravity 

on m, is balanced by the 
electrostatic force between 

the two beads? Neglect the 
gravitational interaction 
between the two beads. 5 
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21.79 In the figure, the net electrostatic force on charge Q4 
is zero. If Q, = +1.00 nC, determine the magnitude of Qg. 


y 
A 
"9 1 Q cay 
—1.00 nC 
a 
Q m 


=1.00 nC (+2a, —2a) 


21.80 Two balls have the 

same mass of 0.681 kg and 

identical charges of 18.0 uC. 

They hang from the ceiling 

on strings of identical length 

as shown in the figure. If the 

angle with respect to the verti- F, 
cal of the strings is 20.0°, what 

is the length of the strings? 


21.81 As shown in the figure, charge 1 is 3.94 uC and is 
located at x, = -4.7 m, and charge 2 is 6.14 uC and is at x, = 
12.2 m. What is the x-coordinate of the point at which the 
net force on a point charge of 0.300 uC is zero? 


qı 1 
O t O >x 
Xi 0 Xa 
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22.1 Definition of an Electric Field 711 


WHAT WE WILL LEARN 


= An electric field represents the electric force at = Gauss’s Law states that the electric flux through a 
different points in space. closed surface is proportional to the net electric 
charge enclosed within the surface. 


= Electric field lines represent force vectors exerted 
on a unit positive electric charge. They originate on = The electric field inside a conductor is zero. 


ositive charges and terminate on negative charges. K oR 
ROSIN 8 a 8 = The magnitude of the electric field due to a 


= The electric field of a point charge is radial, uniformly charged, infinitely long wire varies as the 
proportional to the charge, and inversely proportional inverse of the perpendicular distance from the wire. 
to the square of the distance from the charge. 


= The electric field due to an infinite sheet of charge 
= An electric dipole consists of a positive and a does not depend on the distance from the sheet. 


negative charge of eq aucun = The electric field outside a spherical distribution of 


= The electric flux is the electric field component charge is the same as the field of a point charge at the 
normal to an area times the area. center with the same total charge. 


The great white shark is one of the most feared predators on Earth (Figure 22.1). It has 
several senses that have evolved for hunting prey; for example, it can smell tiny amounts 
of blood from as far away as 5 km (3 mi). Perhaps more amazing, it has developed special 
organs (called the ampullae of Lorenzini) that can detect the tiny electric fields generated by 
the movement of muscles in an organism, whether a fish, a seal, or a human. However, just 
what are electric fields? In addition, how are they related to electric charges? 

The concept of vector fields is one of the most useful and productive ideas in all of phys- 
ics. This chapter explains what an electric field is and how it is connected to electrostatic 
charges and forces and then examines how to determine the electric field due to some given 
distribution of charge. This study leads us to one of the most important laws of electricity— 
Gauss’s Law—which provides a relationship between electric fields and electrostatic charge. 
However, Gauss’s Law has practical application only when the charge distribution has 
enough geometric symmetry to simplify the calculation, and even then, some other con- 
cepts related to electric fields are necessary in order to apply the equations. We'll examine 
another kind of field—magnetic fields—in Chapter 27 through 29. Then, Chapter 31 will 
show how Gauss’s Law fits into a unified description of electric and magnetic fields—one of 
the finest achievements in physics, from both a practical and an esthetic point of view. 


22.1 Definition of an Electric Field 


In Chapter 21, we discussed the force between two or more point charges. When determin- 
ing the net force exerted by other charges on a particular charge at some point in space, 
we obtain different directions for this force, depending on the sign of the charge that is the 
reference point. In addition, the net force is also proportional to the magnitude of the refer- 
ence charge. The techniques used in Chapter 21 require us to redo the calculation for the 
net force each time we consider a different charge. 

Dealing with this situation requires the concept of a field, which can be used to 
describe certain forces. An electric field, E(r), is defined at any point in space, 7, as the 
net electric force on a charge, divided by that charge: 

cg ean (22.1) 
q 
The units of the electric field are newtons per coulomb (N/C). This simple definition elimi- 
nates the cumbersome dependence of the electric force on the particular charge being 
used to measure the force. We can quickly determine the net force on any charge by using 
F(7)= qE(F ), which is a trivial rearrangement of equation 22.1. 
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The electric force on a charge at a point is parallel (or antiparallel, depending on the 
sign of the charge in question) to the electric field at that point and proportional to the 
charge. The magnitude of the force is given by F = lalE . The direction of the force on a posi- 
tive charge is along E(r); the direction of the force on a negative charge is in the direction 
opposite to E(7). 

If several sources of electric fields are present at the same time, such as several point 
charges, the electric field at any given point is determined by the superposition of the elec- 
tric fields from all sources. This superposition follows directly from the superposition of 
forces introduced in our study of mechanics and discussed in Chapter 21 for electrostatic 
forces. The superposition principle for the total electric field, E,, at any point in space with 
coordinate 7, due to n electric field sources can be stated as 


E,@)=E,\(7)+ EF) +--+, (7). (22.2) 


22.2 | Field Lines 


An electric field can (and in most applications does) change as a function of 
the spatial coordinate. The changing direction and strength of the electric 
field can be visualized by means of electric field lines. These graphically 
represent the net vector force exerted on a unit positive test charge. The rep- 
resentation applies separately for each point in space where the test charge 
might be placed. The direction of the field line at each point is the same as 
the direction of the force at that point, and the density of field lines is pro- 
portional to the magnitude of the force. 

Electric field lines can be compared to the streamlines of wind direc- 
tions, shown in Figure 22.2. These streamlines represent the force of the 
wind on objects at given locations, just as the electric field lines represent 
the electric force at specific points. A hot-air balloon can be used as a test 
particle for these wind streamlines. For example, a hot-air balloon launched 


FIGURE 22.2 Streamlines of wind directions at the in Dallas, Texas, would float from north to south in the situation depicted 
surface in the United States on March 23, 2008, fromthe in Figure 22.2. Where the wind streamlines are close together, the speed of 


National Weather Service. 


FIGURE 22.3 The force resulting 
from placing a charge in an electric 
field. (a) A point P on an electric field 
line. (b) A positive charge +q placed 

at point P. (c) A negative charge -q 
placed at point P. (d) A positive charge 
+2q placed at point P. 


the wind is higher, so the balloon would move faster. 

To draw an electric field line, we imagine placing a tiny positive charge at each point in 
the electric field. This charge is small enough that it does not affect the surrounding field. A 
small charge like this is sometimes called a test charge. We calculate the resultant force on 
the charge, and the direction of the force gives the direction of the field line. For example, 
Figure 22.3a shows a point in an electric field. In Figure 22.3b, a charge +q is placed at point 
P, on an electric field line. The force on the charge is in the same direction as the electric 
field. In Figure 22.3c, a charge -q is placed at point P, and the resulting force is in the direc- 
tion opposite to the electric field. In Figure 22.3d, a charge +2q is placed at point P, and the 
resulting force on the charge is in the direction of the electric field, with twice the magni- 
tude of the force on the charge +q. We will follow the convention of depicting a positive 
charge as red and a negative charge as blue. 

In a nonuniform electric field, the electric force at a given point is tangent to the elec- 
tric field lines at that point, as illustrated in Figure 22.4. The force on a positive charge is 
in the direction of the electric field, and the force on a negative charge is in the direction 
opposite to the electric field. 


(d) 


Electric field lines point away from sources of positive charge and toward sources of 
negative charge. Each field line starts at a charge and ends at another charge. Electric field 
lines always originate on positive charges and terminate on negative charges. 

Electric fields exist in three dimensions (Figure 22.5); however, this chapter usually 
presents two-dimensional depictions of electric fields for simplicity. 


Point Charge 


The electric field lines arising from an isolated point charge are shown in Figure 22.6. The 
field lines emanate in radial directions from the point charge. If the point charge is posi- 
tive (Figure 22.6a), the field lines point outward, away from the charge; if the point charge 
is negative, the field lines point inward, toward the charge (Figure 22.6b). For an isolated 
positive point charge, the electric field lines originate at the charge and terminate on nega- 
tive charges at infinity, and for a negative point charge, the electric field lines originate at 
positive charges at infinity and terminate at the charge. Note that the electric field lines are 
closer together near the point charge and farther apart away from the point charge, indicat- 
ing that the electric field becomes weaker with increasing distance from the charge. We'll 
examine the magnitude of the field quantitatively in Section 22.3. 


Two Point Charges of Opposite Sign 


We can use the superposition principle to determine the electric field from two point charges. 
Figure 22.7 shows the electric field lines for two oppositely charged point charges with the same 
magnitude. At each point in the plane, the electric field from the positive charge and the electric 
field from the negative charge add as vectors to determine the magnitude and the direction of 
the resulting electric field. (Figure 22.5 shows the same field lines in three dimensions.) 

As noted earlier, the electric field lines originate on the positive charge and terminate 
on the negative charge. At a point very close to either charge, the field lines are similar to 
those for a single point charge, since the effect of the more distant charge is small. Near 
the charges, the electric field lines are close together, indicating that the field is stronger in 
those regions. The fact that the field lines between the two charges connect indicates that an 
attractive force occurs between the two charges. 


Two Point Charges with the Same Sign 


We can also apply the principle of superposition to two point charges with the same sign. 
Figure 22.8 shows the electric field lines for two point charges with the same sign and same 
magnitude. If both charges are positive (as in Figure 22.8), the electric field lines originate at 
the charges and terminate at infinity. If both charges are negative, the field lines originate at 
infinity and terminate at the charges. For two charges of the same sign, the field lines do not 
connect the two charges. Rather, the field lines terminate on opposite charges at infinity. The 
fact that the field lines never terminate on the other charge signifies that the charges repel 
each other. 


(a) 
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FIGURE 22.4 A nonuniform electric 
field. A positive charge +g and a 
negative charge -q placed in the field 
experience forces as shown. Each force 
is tangent to the electric field line. 


FIGURE 22.5 Three-dimensional 
representation of electric field lines 
from two point charges with opposite 
Signs. 


(b) 


FIGURE 22.6 Electric field lines (a) from a single positive point charge and (b) to a single negative point charge. 
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FIGURE 22.7 Electric field lines from two oppositely charged point FIGURE 22.8 Electric field lines from two positive point charges 
charges. Each charge has the same magnitude. with the same magnitude. 


General Observations 


The three simplest possible cases that we just examined lead to two general rules that apply 
to all field lines of all charge configurations: 


1. Field lines originate at positive charges and terminate at negative charges. 


2. Field lines never cross. This result is a consequence of the fact that the lines represent 
the electric field, which in turn is proportional to the net force that acts on a charge 
placed at a particular point. Field lines that crossed would imply that the net force 
points in two different directions at the same point, which is impossible. 


22.3 Electric Field due to Point Charges 


y 
A 
o- Ei 
a 
92 93 
Q @—x 
[< b >| 


FIGURE 22.9 Locations of three 


point charges. 


The magnitude of the electric force on a point charge qo due to another point charge, q, is 
given by 
__1_ bad 


F= 
ATE, r 


; (22.3) 


Taking qo to be a small test charge, we can express the magnitude of the electric field at the 
point where qg is and due to the point charge q as 


(22.4) 


where r is the distance from the test charge to the point charge. The direction of this electric 
field is radial. The field points outward for a positive point charge and inward for a negative 
point charge. 

An electric field is a vector quantity and thus, the components of the field must be 
added separately. Example 22.1 demonstrates the addition of electric fields created by three 
point charges. 


EXAMPLE 22.1 | Three Charges 


Figure 22.9 shows three fixed point charges: q, = +1.50 uC, q, = +2.50 uC, and q; = 
-3.50 uC. Charge q, is located at (0,a), q, is located at (0,0), and q; is located at (b,0), 
where a = 8.00 m and b = 6.00 m. 


PROBLEM 
What electric field, E, do these three charges produce at the point P = (b,a) ? 


SOLUTION 
We must sum the electric fields from the three charges using equation 22.2. We proceed 
by summing component by component, starting with the field due to q;: 
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È =E +E, ĵ. 


93 


y 
The field due to q, acts only in the x-direction at point (b,a), because q, has the same to, 
y-coordinate as P. Thus, E = E; ,x. We can determine E; , using (equation 22.4): x-@ 
we 
X p? 
Note that the sign of E, , is the same as the sign of q,. Similarly, the field due to q; acts  % 
only in the y-direction at point (b,a). Thus, E, = E; ,, where 
k 
E; = <b. 4 h2 Fa 
a 


@—x 


As shown in Figure 22.10, the electric field due to q, at P is given by 


b 


>| 


FIGURE 22.10 Electric field due to q, 


E,=E, „2 +E. 


Note that E, the electric field due to q, at point P points directly away from q,, because 
qz > 0. (It would point directly toward q; if this charge were negative.) The magnitude of 
this electric field is given by 
k 
E, = Heol . 
@ +b 
The component E, , is given by E, cos 0, where 0 = tan`! (a/b), and the component E,, is 
given by E, sin 0. 
Adding the components, the total electric field at point P is 


B=(E,.+Ep,)%+(Eoy+Esy)9 


-fs pa ka a s[i ant 4 h, 
b a +b a +b a 
E, É, 


With the given values for a and b, we find 0 = tan '(8/6) = 53.1°, and a’ + b? = (8.00 m}? + 
(6.00 m)? = 100 m? We can then calculate the x-component of the total electric field as 


-6 ó 
1.50-10°° C, (2.5010 C}(cos 53.1 ) 


E = (8.929-10 N m?/C?) - - =509 N/C. 
(6.00 m) 100 m 
The y-component is 
(2.50105 c) sin 53.1°) a en ac 
E= (8.99 -10° N m/c?) E A S eee 


100 m? (8.00 m) 


The magnitude of the field is 


E=,|E2 + E? =4|(509 N/C) +(-312 N/CÝ =597 NIC. 


The direction of the field at point P is 


Ey 


Z tan`! 
P 509 N/C 


x 


= tan! | ede we) —31.5°, 


which means that the electric field points to the right and downward. 

Note that even though the charges in this example are in microcoulombs and the 
distances are in meters, the electric fields are still large, showing that a microcoulomb is 
a large amount of charge. 


and its x- and y-components at point P. 


716 Chapter 22 Electric Fields and Gauss’s Law 


22.4 Electric Field due to a Dipole 


A system of two equal (in magnitude) but oppositely charged point 


sel 

3 di | — 8 X particles is called an electric dipole. The electric field from an electric 
! i : l dipole is given by the vector sum of the electric fields from the two 
| a a charges. Figure 22.7 shows the electric field lines in two dimensions 

i ) l i for an electric dipole. 
Q ł Q >x The superposition principle allows us to determine the electric 
Al i ta Pi field due to two point charges through vector addition of the electric 
D ' fields of the two charges. Lets consider the special case of the elec- 
FIGURE 22.11 Calculation of the electric field from an tric field due to a dipole along the axis of the dipole, defined as the 


electric dipole. 


line connecting the charges. This main symmetry axis of the dipole is 
assumed to be oriented along the x-axis (Figure 22.11). 
The electric field, E, at point P on the dipole axis is the sum of the field due to +q, 
denoted as E,,, and the field due to -q, denoted as E_: 


E ER 
Using equation 22.4, we can express the magnitude of the dipoles electric field along the 
x-axis, for x > d/2, as 


g- 144} 1 1 
ATE, r? ATE, r? 


where r, is the distance between P and +q and r_is the distance between P and -q. Absolute 
value bars are not needed in this equation, because the first term on the right-hand side is 
positive and is greater than the second (negative) term. The electric field at all points on the 
x-axis (except at x = +d/2, where the two charges are located) is given by 
1 -d/2) , 1 - 2) . 
qx-di2) > q(x+d/2) 


3 


E=E,£= 
ATE ry ATE, r? 


(22.5) 


Now we examine the magnitude of E and restrict the value of x to x > d/2, where E = E, > 0. 
Then we have 
1 q 1 q 


4TEg (x-4a) ATE, (x+4a) : 


With some rearrangement and keeping in mind that we want to obtain an expression that has 
the same form as the electric field from a point charge, we write the preceding equation as 


elts] 


ATE x” 


To find an expression for the electric field at a large distance from the dipole, we can make 
the approximation x > d and use the binomial expansion. (Since x > d, we can drop terms 
containing the square of d/x and higher powers.) We obtain 


ied fete} 2a q 4) 
ATE) x” x x ATE) x" x 
which can be rewritten as 
PEE (22.6) 
27€,x° 


Equation 22.6 can be simplified by defining a vector quantity called the electric dipole 
moment, p. The direction of this dipole moment is from the negative charge to the positive 
charge, which is opposite the direction of the electric field lines. The magnitude, p, of the 
electric dipole moment is given by 


p=qd, (22.7) 


where q is the magnitude of one of the charges and d is the distance separating the two 
charges. With this definition, the expression for the magnitude of the electric field due 
to the dipole along the positive x-axis at a distance large compared with the separation 
between the two charges is 
p=! (22.8) 
2a€ |x| 


Although not shown explicitly here, equation 22.8 is also valid for x = « -d. Also, an exami- 
nation of equation 22.5 for E shows that E, > 0 on either side of the dipole. In contrast to 
the field due to a point charge, which is inversely proportional to the square of the distance, 
the field due to a dipole is inversely proportional to the cube of the distance, according to 
equation 22.8. 


EXAMPLE 22.2 | Water Molecule 


The water molecule, H,O, is arguably the most important one for life. It has a nonzero 
dipole moment, which is the basic reason why many organic molecules are able to bind to 
water. This dipole moment also allows water to be an excellent solvent for many inorganic 
and organic compounds. 

Each water molecule consists of two atoms of hydrogen and one atom of oxygen, as 
shown in Figure 22.12a. The charge distribution of each of the individual atoms is ap- 
proximately spherical. The oxygen atom tends to pull the negatively charged electrons 
toward itself, giving the hydrogen atoms slight positive charge. The three atoms are ar- 
ranged so that the lines connecting the centers of the hydrogen atoms with the center of 
the oxygen atom have an angle of 105° between them (see Figure 22.12a). 


PROBLEM 

Suppose we approximate a water molecule by two positive charges at the locations of the two 
hydrogen nuclei (protons) and two negative charges at the location of the oxygen nucleus, 
with all charges of equal magnitude. What is the resulting electric dipole moment of water? 


SOLUTION 

The center of charge of the two positive charges, analogous to the center of mass of two 
masses, is located exactly halfway between the centers of the hydrogen atoms, as shown 
in Figure 22.12b. With the hydrogen-oxygen distance of Ar = 10° m, as indicated in the 
figure, the distance between the positive and negative charge centers is 


d=Ar ca? = [10 m}(cos 525°) =0.6-10" m. 
This distance times the transferred charge, q = 2e, is the magnitude of the dipole moment 
of water: 

p=2ed=(3.2:10™ C)(0.6-10™ m)=2-10 Cm. 


This result of an extremely oversimplified calculation actually comes close, within a factor 
of 3, to the measured value of 6.2- 10™ C m. The fact that the real dipole moment of water 
is smaller than this calculated result is an indication that the two electrons of the hydrogen 
atoms are not pulled all the way to the oxygen but, on average, only one-third of the way. 
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(c) 


FIGURE 22.12 (a) Schematic draw- 
ing showing the geometry of a water 
molecule, H,0, with atoms as spheres. 
(b) Diagram showing the effective posi- 
tive (red dot on the right) and negative 
(blue dot on the left) charge centers. 
(c) Dipole moment assuming pointlike 
charges. 


22.5 General Charge Distributions 


We have determined the electric fields of a single point charge and of two point charges (an 
electric dipole). Now let’s consider the electric field due to a general charge distribution. To 
do this, we divide the charge into differential elements of charge, dq, and find the electric field 
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resulting from each differential charge element as if it were a point charge. If the charge is 
distributed along a one-dimensional object (a line), the differential charge may be expressed 
in terms of a charge per unit length times a differential length, Adx. If the charge is distrib- 
uted over a surface (a two-dimensional object), dq is expressed in terms of a charge per unit 
area times a differential area, adA. And, finally, if the charge is distributed over a three- 
dimensional volume, then dq is written as the product of a charge per unit volume times a 
differential volume, pdV. That is, 


dq = dx along a line; 
dq=oadA, fora charge distribution 4 over a surface; (22.9) 
dq=pdV throughout a volume. 


The magnitude of the electric field resulting from the charge distribution is then obtained 
from the differential charge: d 
dE =k. (22.10) 
r 


In the following example, we find the electric field due to a finite line of charge. 


EXAMPLE 22.3 | Finite Line of Charge 


To find the electric field along a line bisecting a finite length of wire with linear charge 
density A, we integrate the contributions to the electric field from all the charge in the 
wire. We assume that the wire lies along the x-axis (Figure 22.13). 


y: 
A 


l À dq l 


FIGURE 22.13 Calculating the electric field due to all the charge in a long wire by integrating the 
contributions to the electric field over the length of the wire. 


We also assume that the wire is positioned with its midpoint at x = 0, one end at x = a, 
and the other end at x = -a. The symmetry of the situation then allows us to conclude that 
there cannot be any electric force parallel to the wire (in the x-direction) along the line 
bisecting the wire. Along this line, the electric field can be only in the y-direction. We can 
then calculate the electric field due to all the charge for x > 0 and multiply the result by 2 
to get the electric field for the whole wire. 

We consider a differential charge, dq, on the x-axis, as shown in Figure 22.13. The mag- 
nitude of the electric field, dE, at a point (0,y) due to this charge is given by equation 22.10, 

dp=k4 


> 
r 


where r=4/x° + y’ is the distance from dq to point P. The component of the electric field 
perpendicular to the wire (in the y-direction) is then given by 


dq 
dE, =k a 0, 
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where 6 is the angle between the electric field produced by dq and the y-axis (see Figure 
22.13). The angle 0 is related to r and y because cos 6 = y/r. 

We can relate the differential charge to the differential distance along the x-axis 
through the linear charge density, A: dq = Adx. The electric field at a distance y from the 
long wire is then 


E,=2 f d£, =2 fk Lcos#=2k | “2 =2kay [—* 
0 o * o 7 i o (x2 +3?) 


Evaluation of the integral on the right-hand side (with the aid of an integral table or a 
software package like Mathematica or Maple) gives us 


a 


dx |1 x _1 a 
0 ery y (e+y o y Jp +e l 


a 


Thus, the electric field at a distance y along a line bisecting the wire is given by 
2kA a 


a 
Jte y y+a 


Finally, when a — ©, that is, the wire becomes infinitely long, a/,/y’+ a” — 1, and we 
have for an infinitely long wire 


1 
E, =2kày— 
x 


2kA 
E, =—. 
y 
In other words, the electric field decreases in inverse proportion to the distance from 


the wire. 


Now let’s tackle a problem with a slightly more complicated geometry, finding the elec- 
tric field due to a ring of charge along the axis of the ring. 


SOLVED PROBLEM 22.1 { Ring of Charge 
—————— 


PROBLEM 

Consider a charged ring with radius R = 0.250 m (Figure 22.14). The ring has uniform 
linear charge density and the total charge on the ring is Q = +5.00 wC. What is the 
electric field at a distance d = 0.500 m along the axis of the ring? 


SOLUTION 


THINK 

The charge is evenly distributed around the ring. The electric field at position x = d can 
be calculated by integrating the differential electric field due to a differential electric 
charge. By symmetry, the components of the electric field perpendicular to the axis 
of the ring integrate to zero, because the electric fields of charge elements on opposite 
sides of the axis cancel one another out. The resulting electric field is parallel to the 
axis of the circle. 7 


SKETCH 
Figure 22.15 shows the geometry for the electric field along the axis of the ring of charge. 


FIGURE 22.14 Charged ring with radius 
R and total charge Q. 


SS r= VRF F 

WN dE cos 0 
RESEARCH | > N 1__» x 
The differential electric field, dE, at x = d is due to a differential charge dq located at y = R dE 
(see Figure 22.15). The distance from the point (x = d,y = 0) to the point (x = 0,y = R) is 


FIGURE 22.15 The geometry for the 


r=V¥R. +a. electric field along the axis of a ring of 
Continued— charge. 
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Again, the magnitude of dE is given by equation 22.10: 


a. 
P 


The magnitude of the component of dE parallel to the x-axis is given by 
dE, D A 
r 
SIMPLIFY 


We can find the total electric field by integrating its x-components over all the charge on 
the ring: 


We need to integrate around the circumference of the ring of charge. We can relate the 
differential charge to the differential arc length, ds, as follows: 


Q 
dq = —— ds. 
1 27R i 


We can then express the integral over the entire ring of charge as an integral around the 
arc length of a circle: 


2TR d k d 27R d k d 
R= fk La ae i Q 7 fai 
A 2TR r 2aRr A r (+a) 


CALCULATE 


Putting in the numerical values, we get 
kod (899-10? Nm*/c*)(5.00-10* C)(0.500 m) 


: [R +a? j l (0250 m} + (0.500 m) 


x 


= 128,654 N/C. 


3/2 


ROUND 
We report our result to three significant figures: 


E, =1.29-10° NIC. 


DOUBLE-CHECK 
We can check the validity of the formula we derived for the electric field by using a large 
distance from the ring of charge, such that d > R. In this case, 

(r 4 É i Ë d 


which is the expression for the electric field due to a point charge Q at a distance d. We 
can also check the formula with d = 0: 


which is what we would expect at the center of a ring of charge. Thus, our result seems 
reasonable. 
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22.6 Force due to an Electric Field 


The force F exerted by an electric field E on a point charge q is given by F =qE, a simple 
restatement of the definition of the electric field in equation 22.1. Thus, the force exerted 
by the electric field on a positive charge acts in the same direction as the electric field. The 
force vector is always tangent to the electric field lines and points in the direction of the 
electric field if q > 0. 


22.2 In-Class Exercise 


A small positively charged object could be placed in a uniform electric field at position A or posi- 
tion B in the figure. How do the electric forces on the object at the two positions compare? 


a) The magnitude of the electric force on 
the object is greater at position A. 


b) The magnitude of the electric force on 
the object is greater at position B. 


c) There is no electric force on the object at 
either position A or position B. 


d) The electric force on the object at 
position A has the same magnitude as 
the force on the object at position B but 
is in the opposite direction. 


e) The electric force on the object at 
position A is the same nonzero electric 
force as that on the object at position B. 


The force at various locations on a positive charge due to the electric field in three 
dimensions is shown in Figure 22.16 for the case of two oppositely charged particles. (This 
is the same field as in Figure 22.5, but with some representative force vectors added.) You 
can see that the force on a positive charge is always tangent to the field lines and points in 
the same direction as the electric field. The force on a negative charge would point in the 
opposite direction. 


FIGURE 22.16 Direction of the force that an electric field produced by two opposite point charges 
exerts on a positive charge at various points in space. 


EXAMPLE 22.4 | Time Projection Chamber 


Nuclear physicists study new forms of matter by colliding gold nuclei at very high 
energies. In particle physics, new elementary particles are created and studied by col- 
liding protons and antiprotons at the highest energies. These collisions create many 
particles that stream away from the interaction point at high speeds. A simple par- 
ticle detector is not sufficient to identify these particles. A device that helps physicists 


Continued— 


22.1 In-Class Exercise —, 


A small positively charged object is 
placed at rest in a uniform electric 
field as shown in the figure. When 
the object is released, it will 


E 


a) not move. 


b) begin to move with a constant 
speed. 


c) begin to move with a constant 
acceleration. 


d) begin to move with an 
increasing acceleration. 


e) move back and forth in simple 
harmonic motion. 


J 


22.1 Self-Test Opportunity 


The figure shows a two-dimensional 
view of electric field lines due to 
two opposite charges. What is the 
direction of the electric field at 
the five points A, B, C, D, and E? 
At which of the five points is the 
magnitude of the electric field the 
largest? 
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22.3 In-Class Exercise 


Indicate whether each of the fol- 
lowing statements about electric 
field lines is true or false. 


a) Electric field lines point inward 
toward negative charges. 


b) Electric field lines make circles 
around positive charges. 


c) Electric field lines may cross. 


d) Electric field lines point outward 
from positive charges. 


e) A positive point charge released 
from rest will initially accelerate 
along the tangent to the electric 
field line at that point. 


FIGURE 22.17 An event in the 
STAR TPC in which two gold nuclei 
have collided at very high energies at 
the point in the center of the image. 
Each colored line represents the track 
left behind by a subatomic particle 
produced in the collision. 


study these collisions is a time projection chamber (TPC), found in most large particle 
detectors. 

One example of a TPC is the STAR TPC of the Relativistic Heavy Collider at 
Brookhaven National Laboratory on Long Island, New York. The STAR TPC consists of 
a large cylinder filled with a gas (90% argon, 10% methane) that allows free electrons to 
move within it without recombining. 

Figure 22.17 shows the results of a collision of two gold nuclei that occurred in the 
STAR TPC. In such a collision, thousands of charged particles are created that pass 
through the gas inside the TPC. As these charged particles pass through the gas, they 
ionize the atoms of the gas, releasing free electrons. A constant electric field of magnitude 
13,500 N/C is applied between the center of the TPC and the caps on the ends of the cyl- 
inder, and the field exerts an electric force on the freed electrons. Because the electrons 
have a negative charge, the electric field exerts a force in the direction opposite to the 
electric field. The electrons attempt to accelerate in the direction of the electric force, but 
they interact with the electrons of the molecules of the gas and begin to drift toward the 
caps with a constant speed of 5 cm/s = 5-10* m/s = 100,000 mph. 


Each end cap of the cylinder has 68,304 detectors that can measure the charge as a 
function of the drift time of the electrons from the point where they were freed. Each de- 
tector has a specific (x,y) position. From measurements of the arrival time of the charge 
and the known drift speed of the electrons, the z-component of their position can be cal- 
culated. Thus, the STAR TPC can produce a complete three-dimensional representation 
of the ionization track of each charged particle. These tracks are shown in Figure 22.17, 
where the colors represent the amount of ionization produced by each track. 


Dipole in an Electric Field 


A point charge in an electric field experiences a force, given by equation 22.1. The electric 
force is always tangent to the electric field line passing through the point. The effect of an 
electric field on a dipole can be described in terms of the vector electric field, E, and the 
vector electric dipole moment, p, without detailed knowledge of the charges making up 
the electric dipole. 

To examine the behavior of an electric dipole, let’s consider two charges, +q and -q, 
separated by a distance d in a constant uniform electric field, E (Figure 22.18). (Note that 
we are now considering the forces acting on a dipole placed in an external field, as opposed 
to considering the field caused by the dipole, which we did in Section 22.4, and we also 
assume the dipole field is small compared to E [so its effect on the uniform field can be 
ignored].) The electric field exerts an upward force on the positive charge and a downward 
force on the negative charge. Both forces have the magnitude qE. In Chapter 10, we saw 
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22.4 In-Class Exercise 


A negative charge -q is placed in a nonuniform electric field as shown in the figure. What is the 
direction of the electric force on this negative charge? 


that this situation gives rise to a torque, 7, given by 7 =F x F, where F is the moment arm 
and F is the force. The magnitude of the torque is 7 = rF sin 0. 

As always, we can calculate the torque about any pivot point, so we can pick the loca- 
tion of the negative charge. Then, only the force on the positive charge contributes to the 
torque, and the length of the position vector is r = d, that is, the length of the dipole. Since, 
as already stated, F = qE, the expression for the torque on an electric dipole in an external 
electric field can be written as 


T =qEdsiné. 


Remembering that the electric dipole moment is defined as p = qd, we obtain the magnitude FIGURE 22.18 Electric dipoleinan 
of the torque: electric field. 
T= pEsinð. (22.11) 


Because the torque is a vector and must be perpendicular to both the electric dipole 22.2 Self-Test Opportunity 


moment and the electric field, the relationship in equation 22.11 can be written as a vec- ma eean a Ee 


tor product: dipole as the pivot point and show 
T=px E. (22.12) that you again obtain the expres- 
sion 7 = gEd sin@ for the torque. 
As with all vector products, the direction of the torque is given by a right-hand rule. As 


shown in Figure 22.19, the thumb indicates the direction of the first term of the vector 
product, in this case p, and the index finger indicates the direction of the second term, E. 
The result of the vector product, 7, is then directed along the middle finger and is perpen- 
dicular to each of the two terms. 


SOLVED PROBLEM 22.2 (Electric Dipole in an Electric Field 


PROBLEM 
An electric dipole with dipole moment of magnitude p = 1.40-10°'* C m is placed in a 
uniform electric field of magnitude E = 498 N/C (Figure 22.20a). FIGURE 22.19 Right-hand rule for 


the vector product of the electric dipole 
moment and the electric field, produc- 
ing the torque vector. 


y 


E 

— 
— >77 
aeo 
ee 


(a) (b) 
FIGURE 22.20 (a) An electric dipole in a uniform electric field. (b) The electric field oriented in 
the x-direction and the dipole in the xy-plane. 
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At some instant (in time) the angle between the electric dipole and the electric field is | 
0 = 14.5°. What are the Cartesian components of the torque on the dipole? 


SOLUTION 


THINK 
The torque on the dipole is equal to the vector product of the electric field and the electric 
dipole moment. 


SKETCH 

We assume that the electric field lines point in the x-direction and the electric dipole 
moment is in the xy-plane (Figure 22.20b). The z-direction is perpendicular to the plane 
of the page. 


RESEARCH 
The torque on the electric dipole due to the electric field is given by 


T= pxE. 
Since the dipole is located in the xy-plane, Cartesian components of the electric dipole 
moment are 


P=(PxPy>0). 
Since the electric field is acting in the x-direction, its Cartesian components are 


E =(E,,0,0) =(£,0,0). 


From the definition of the vector product, we express the Cartesian components of the 
torque as 


SIMPLIFY 


T =(p,E. - p.E, )& +( PE - p.E,) i +( PE, - pyE, )é. 
In this particular case, with E, E, and p, all equal to zero, we have 


T= - pyle: 


The y-component of the dipole moment is p, = p sin 0, and the x-component of the electric 
field is simply E, = E. The magnitude of the torque is then 

T=(psinO)E = pEsin#, 
and the direction of the torque is in the negative z-direction. 


CALCULATE 
We insert the given numerical data and get 


T= pEsin0= (140: 10? C m)(498 NIC)(sin14.5°) =1.74565-10! N m. 


ROUND 
We report our result to three significant figures: 


7=1.75-10° Nm. 


DOUBLE-CHECK 
From equation 22.11, we know that the magnitude of the torque is 


T= pEsin6, 


which is the result we obtained using the explicit vector product. Applying the right-hand | 
rule illustrated in Figure 22.19, we can determine the direction of the torque: With the 
right thumb representing the electric dipole moment and the right index finger represent- 
ing the electric field, the right middle finger points into the page, which agrees with the 
result we found via the vector product. Thus, our result is correct. 


Example 22.2 looked at the dipole moment of water molecules. If water molecules are 
exposed to an external electric field, they experience a torque and thus begin to rotate. If 
the direction of the external electric field changes very rapidly, the water molecules perform 
rotational oscillations, which create heat. This is the principle of operation of a microwave 
oven (Figure 22.21). Microwave ovens use a frequency of 2.45 GHz for the oscillating elec- 
tric field. (How an electric field is made to oscillate in time will be covered in Chapter 31 on 
electromagnetic waves.) 

Electric fields also play a key role in human physiology, but these fields are time- 
varying and not static, like those studied in this chapter. (They will be covered in later 
chapters.) The evolution over time of electric fields in the human heart is measured by 
an electrocardiogram (ECG) (to be discussed, along with the functioning of pacemaker 
implants, in Chapter 26 on circuits). The human brain also generates continuously chang- 
ing electrical fields through the activity of the neurons. These fields can be measured 
invasively by inserting electrodes through the skull and into the brain or by placing elec- 
trodes onto the surface of the exposed brain, usually during brain surgery. This method 
is called electrocorticography (ECoG). An intense area of current research focuses on 
measuring and imaging brain electric fields noninvasively by attaching electrodes to the 
outside of the skull. However, since the skull itself dampens the electric fields, these tech- 
niques require great instrumental sensitivity and are still in their infancy. Perhaps the 
most exciting (or scary, depending on your point of view) research developments are in 
brain-computer interfaces. In this emerging field, electrical activity in the brain is used 
directly to control computers, and external stimuli are used to create electric fields inside 
the brain. Researchers in this area are motivated by the goal of helping people overcome 
physical disabilities, such as blindness or paralysis. 


22.7 Electric Flux 
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FIGURE 22.21 Microwave oven 
found in most kitchens. 


Electric field calculations, like those in Example 22.3, can require quite 
a bit of work. However, in many common situations, particularly those 
with some geometric symmetry, a powerful technique for determining 
electric fields without having to explicitly calculate integrals can be used. 
This technique called Gauss’s Law, is one of the fundamental relations of 
electric fields. However, to use Gauss’s Law requires understanding of a 
concept called electric flux. 

Imagine holding a ring with inside area A in a stream of water flowing (a) 
with velocity V, as shown in Figure 22.22. The area vector, A, of the ring is 
defined as a vector with magnitude A pointing in a direction perpendicular 


(b) 


FIGURE 22.22 Water flowing with velocity of mag- 
nitude v through a ring of area A. (a) The area vector is 


to the plane of the ring. In Figure 22.22a, the area vector of the ring is par- parallel to the flow velocity. (b) The area vector is at an 
allel to the flow velocity, and the flow velocity is perpendicular to the plane angle 8 to the flow velocity. 


of the ring. The product Av gives the amount of water passing through the 

ring per unit time (see Chapter 13) where v is the magnitude of the flow velocity. If the plane 
of the ring is tilted with respect to the direction of the flowing water (Figure 22.22b), the 
amount of water flowing through the ring is given by Av cos 0, where 0 is the angle between 
the area vector of the ring and the direction of the velocity of the flowing water. The amount 
of water flowing through the ring is called the flux, ® = Avcos@ = Aev. Since flux is a mea- 
sure of volume per unit time, its units are cubic meters per second (m°/s). 

An electric field is analogous to flowing water. Consider a uniform electric field of 
magnitude E passing through a given area A (Figure 22.23). Again, the area vector is A, with 
a direction normal to the surface of the area and a magnitude A. The angle 0 is the angle 
between the vector electric field and the area vector, as shown in Figure 22.23. The electric 
field passing through a given area A is called the electric flux and is given by 


® = EAcos0. (22.13) 


In simple terms, the electric flux is proportional to the number of electric field lines 
passing through the area. We'll assume that the electric field is given by E(r) and that the 
area is a closed surface, rather than the open surface of a simple ring in flowing water. In 


FIGURE 22.23 A uniform electric 
field E passing through an area A. 
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a. 


FIGURE 22.24 A nonuniform 
electric field, E passing through a dif- 
ferential area, dA. 


= 


FIGURE 22.25 A cube with faces of 
area A in a uniform electric field, F. 


this closed-surface case, the total, or net, electric flux is given by an integral of the electric 


field over the closed surface: 
= ff EedA, (22.14) 


where E is the electric field at each differential area element dA of the closed surface. The 
direction of dA is outward from the closed surface. In equation 22.14, the loop on the inte- 
grals means that the integration is over a closed surface, and the two integral signs signify 
an integration over two variables. (Note: Some books use different notation for the inte- 


gral over a closed surface, Í f dA or just Í dA, but these refer to the same integration 


procedure as is represented m equation 22.14.) The differential area element dÅ must be 
described by two spatial variables, such as x and y in Cartesian coordinates or 0 and ¢ in 
spherical coordinates. 

Figure 22.24 shows a nonuniform electric field, E, passing through a differential area 
element, dA. A portion of the closed surface is also shown. The angle between the electric 
field and the differential area element is 0. 


EXAMPLE 22.5 | Electric Flux through a Cube 


Figure 22.25 shows a cube that has faces with area A in a uniform electric field, E, that is 
perpendicular to the plane of one face of the cube. 


PROBLEM 
What is the net electric flux passing though the cube? 


E Ashe SOLUTION 
x ‘me = The electric field in Figure 22.25 is perpendicular to the plane of one of 
E As d — a the cube’s six faces and therefore is also perpendicular to the opposite 
Ar = : _ =~~” face. The area vectors of these two faces, A, and A, are shown in Figure 
A, 4 b d EN 22.26a. The net electric flux passing through these two faces is 
Z 4% @,, = ©, +0, = E.A, + E-A, =- EA, + EA, =0. 
(a) (b) The negative sign arises for the flux through face 1 because the electric field 


FIGURE 22.26 (a) The two faces of the 
perpendicular to the electric field. The area 


and the area vector, A,, are in opposite directions. The area vectors of the 


cube that are 
remaining four faces are all perpendicular to the electric field, as shown in 


vectors are 


parallel and antiparallel to the electric field. (b) The four Figure 22.26b. The net electric flux passing through these four faces is 


faces of the cube that are parallel to the electric field. 
The area vectors are perpendicular to the electric field. 


Dase =P; +P, +, +0; = Es A, + EA, + EeA, + EA; =0. 


All the scalar products are zero because the area vectors of these four 
faces are perpendicular to the electric field. Thus, the net electric flux 
passing through the cube is 


® = P, + P3456 = 0. 


22.8 Gauss’s Law 


To begin our discussion of Gauss’s Law, lets imagine a box in the shape of a cube (Figure 
22.27a), which is constructed of a material that does not affect electric fields. A positive test 
charge brought close to any surface of the box, will experience no force. Now suppose a 
positive charge is inside the box and the positive test charge is brought close to the surface 
of the box (Figure 22.27b). The positive test charge experiences an outward force due to the 
positive charge inside the box. If the test charge is close to any surface of the box, it experi- 
ences the outward force. If twice as much positive charge is inside the box, a positive test 
charge close to any surface of the box feels twice the outward force. 


® -9 ® ee? 


(a) (b) (c) 
FIGURE 22.27 Three imaginary boxes constructed of material that does not affect electric fields. A 
positive test charge is brought up to the box from the left toward: (a) an empty box; (b) a box with a 
positive charge inside; (c) a box with a negative charge inside. 


Now suppose there is a negative charge inside the box (Figure 22.27c). When the posi- 
tive test charge is brought close to one surface of the box, the charge experiences an inward 
force. If the positive test charge is close to any surface of the box, it experiences an inward 
force. Doubling the negative charge in the box, doubles the inward force on the test charge 
close to any surface of the box. 

In analogy with flowing water, the electric field lines seem to be flowing out of the box 
containing positive charge and into the box containing negative charge. 

Now let’s imagine an empty box in a uniform electric field (Figure 22.28). If a positive 
test charge is brought close to side 1, it experiences an inward force. If the charge is close to 
side 2, it experiences an outward force. The electric field is parallel to the other four sides, 
so the positive test charge does not experience any inward or outward force when brought 
close to those sides. Thus, in analogy with flowing water, the net amount of electric field that 
seems to be flowing in and out of the box is zero. 

Whenever a charge is inside the box, the electric field lines seem to be flowing in or out 
of the box. When there is no charge in the box, the net flow of electric field lines in or out of 
the box is zero. These observations and the definition of electric flux, which quantifies the 
concept of the flow of the electric field lines, lead to Gauss’s Law: 


o=-4. (22.15) 


Here q is the net charge inside a closed surface, called a Gaussian surface. The closed surface 
could be a box like that we have been discussing or any arbitrarily shaped closed surface. Usu- 
ally, the shape of the Gaussian surface is chosen so as to reflect the symmetries of the problem 
situation. 

An alternative formulation of Gauss’s Law incorporates the definition of the electric 


flux (equation 22.14): a 
ff EedA=4. (22.16) 
€o 


According to equation 22.16, Gauss’s Law states that the surface integral of the electric 
field components perpendicular to the area times the area is proportional to the net charge 
within the closed surface. This expression may look daunting now, but it simplifies consid- 
erably in many cases and allows us to perform very quickly calculations that would other- 
wise be quite complicated. 


Gauss’s Law and Coulomb’s Law 


We can derive Gauss’s Law from Coulomb’s Law. To do this, we start with a positive point 
charge, q. The electric field due to this charge is radial and pointing outward, as we saw in 
Section 22.3. According to Coulomb’s Law (Section 21.5), the magnitude of the electric field 
from this charge is 1 
E= q 


ATE, r 


We now find the electric flux passing through a closed surface resulting from this point 
charge. For the Gaussian surface, we choose a spherical surface with radius r, with the 
charge at the center of the sphere, as shown in Figure 22.29. The electric field due to the 
positive point charge intersects each differential element of the surface of the Gaussian 
sphere perpendicularly. Therefore, at each point of this Gaussian surface, the electric field 
vector, E, and the differential surface area vector, dA, are parallel. The surface area vector 
will always point outward from the spherical Gaussian surface, but the electric field vector 
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22.3 Self-Test Opportunity 


The figure shows a cube with faces 
of area A and one face missing. This 
five-sided cubical object is in a uni- 
form electric field, E, perpendicular 
to one face. What is the net electric 
flux passing through the object? 


FIGURE 22.28 Imaginary box in a 
uniform electric field. 


FIGURE 22.29 A spherical Gauss- 
jan surface with radius r surrounding a 
charge q. A closeup view of a differential 
surface element with area dA is shown. 
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22.4 Self-Test Opportunity 


What changes in the preceding 
derivation of Gauss’s Law if a nega- 
tive point charge is used? 


Lit 


(a) (b) 


inside of a conductor. 


22.5 In-Class Exercise 


A hollow, conducting sphere is 
initially given an evenly distributed 
negative charge. A positive charge 
+q is brought near the sphere and 
placed at rest as shown in the figure. 
What is the direction of the electric 
field inside the hollow sphere? 


a] 


e) The field is zero. 


[dd] 
Tree] 


FIGURE 22.30 Shielding of an external 
electric field (purple vertical arrows) from the 


can point outward or inward depending on the sign of the charge. For a positive charge, the 
scalar product of the electric field and the surface area element is EedA = E dAcos0°= E dA. 
The electric flux in this case according to equation 22.14, is 


d= ff Eedd= ff Baa. 


Because the electric field has the same magnitude anywhere in space at a distance r from the 
point charge q, we can take E outside the integral: 


w= ff EdA=E ff aa. 


Now what we have left to evaluate is the integral of the differential area over a spherical 
surface, which is given by dA =4rrr’. Therefore, we have found from Coulomb’s Law for 


the case of a point charge 


a ars 
Ame, 7? Eo 
which is the same as the expression for Gauss’s Law in equation 22.15. We have shown that 


Gauss’s Law can be derived from Coulomb’s Law for a positive point charge, but it can also 
be shown that Gauss’s Law holds for any distribution of charge inside a closed surface. 


Shielding 


Two important consequences of Gauss’s Law are evident: 


1. The electrostatic field inside any isolated conductor is always zero. 


2. Cavities inside conductors are shielded from electric fields. 


To examine these consequences, lets suppose a net electric field exists at some 
moment at some point inside an isolated conductor; see Figure 22.30a. But every con- 
ductor has free electrons inside it (blue circles in Figure 22.30b), which can move rapidly 
in response to any net external electric field, leaving behind positively charged ions (red 
circles in Figure 22.30b). The charges will move to the outer surface of the conductor, 
leaving no net accumulation of charge inside the volume of the conductor. These charges will in 
turn create an electric field inside the conductor (yellow arrows in Figure 22.30b), and they will 
move around until the electric field produced by them exactly cancels the external electric field. 
The net electric field thus becomes zero everywhere inside the conductor (Figure 22.30c). 

If a cavity is scooped out of a conducting body, the net charge and thus the electric field 
inside this cavity is always zero, no matter how strongly the conductor is charged or how 
strong an external electric field acts on it. To prove this, we assume a closed Gaussian surface 
surrounds the cavity, completely inside the conductor. From the preceding discussion (see 
Figure 22.30), we know that at each point of this surface, the field is zero. Therefore, the net 
flux over this surface is also zero. By Gauss’s Law, it then follows that this surface encloses zero 
net charge. If there were equal amounts of positive and negative charge on the cavity surface 
(and thus no net charge), this charge would not be stationary, as the positive and negative 
charges would be attracted to each other and would be free to move around the cavity surface 
to cancel each other. Therefore, any cavity inside a conductor is totally shielded from any 
external electric field. This effect is sometimes called electrostatic shielding. 

A convincing demonstration of this shielding is provided by placing a plastic container 
filled with Styrofoam peanuts on top of a Van de Graaff generator, which serves as a source 
of strong electric field (Figure 22.31a). Charging the generator results in a large net charge 
accumulation on the dome, producing a strong electric field in the vicinity. Because of this 
field, the charges in the Styrofoam peanuts separate slightly, and the peanuts acquire small 
dipole moments. If the field were uniform, there would be no force on these dipoles. How- 
ever, the nonuniform electric field does exert a force, even though the peanuts are electri- 
cally neutral. The peanuts thus fly out of the container. If the same Styrofoam peanuts are 
placed inside an open metal can, they do not fly out when the generator is charged (Figure 
22.31b). The electric field easily penetrates the walls of the plastic container and reaches the 


FIGURE 22.31 Styrofoam peanuts are put inside a container that is placed on top of a Van de 
Graaff generator, which is then charged. (a) The peanuts fly out of a nonconducting plastic container. 
(b) The peanuts remain within a metal can. 


Styrofoam peanuts, whereas, in accord with Gauss’s Law, the conducting metal can provide 
shielding inside and prevents the Styrofoam peanuts from acquiring dipole moments. 

The conductor surrounding the cavity does not have to be a solid piece of metal; even a 
wire mesh is sufficient to provide shielding. This can be demonstrated most impressively by 
seating a person inside a cage and then hitting the cage with a lightning-like electrical discharge 
(Figure 22.32). The person inside the cage is unhurt, even if he or she touches the metal of the 
cage from the inside. (It is important to realize that severe injuries can result if any body parts 
stick out of the cage, for example, if hands are wrapped around the bars of the cage!) This cage 
is called a Faraday cage, after British physicist Michael Faraday (1791-1867), who invented it. 

A Faraday cage has important consequences, probably the most relevant of which is the 
fact that your car protects you from being hit by lightning while inside it—unless you drive 
a convertible. The sheet metal and steel frame that surround the passenger compartment 
provide the necessary shielding. (But as fiberglass, plastic, and carbon fiber begin to replace 
sheet metal in auto bodies, this shielding is not assured any more.) 


22.6 In-Class Exercise 


A hollow, conducting sphere is initially uncharged. A positive charge, +q,, is placed inside the 
sphere, as shown in the figure. Then, a second positive charge, +q>, is placed near the sphere but 
outside it. Which of the following statements describes the net electric force on each charge? 


a) There is a net electric force on +q, but not on +q}. 


b) There is a net electric force on +g, but not on +q,. o o 
+4 +4) 
c) Both charges are acted on by a net electric force 
with the same magnitude and in the same direction. 
d) Both charges are acted on by a net electric force e) There is no net electric force on 


with the same magnitude but in opposite directions. either charge. 
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FIGURE 22.32 A person inside a 
Faraday cage is unharmed by a large 
voltage applied outside the cage, which 
produces a huge spark. This demonstra- 
tion is performed several times daily 

at the Deutsches Museum in Munich, 
Germany. 


22.9 Special Symmetries 


In this section we'll determine the electric field due to charged objects of different shapes. 
In Section 22.5, the charge distributions for different geometries were defined; see equa- 
tion 22.9. Table 22.1 lists the symbols for these charge distributions and their units. 


Cylindrical Symmetry 


Using Gauss’s Law, we can calculate the magnitude of the electric field due to a long 
straight conducting wire with uniform charge per unit length A > 0. We first imagine a 
Gaussian surface in the form of a right cylinder with radius r and length L surrounding 
the wire so that the wire is along the axis of the cylinder (Figure 22.33). We can apply 


IEN (377) Symbols for Charge 
Distributions 


Symbol Name Unit 
A Charge per length C/m 
o  Chargeperarea C/m? 
p Charge per C/m* 
volume 
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FIGURE 22.33 Long wire with 
charge per unit length A surrounded 

by a Gaussian surface in the form of a 
right cylinder with radius r and length L. 
Representative electric field vectors are 
shown inside the cylinder. 


22.7 In-Class Exercise 


A total of 1.45 - 10° excess electrons 
are on an initially electrically neutral 
wire of length 1.13 m. What is the 
magnitude of the electric field at a 
point at a perpendicular distance 

of 0.401 m away from the center of 
wire? (Hint: Assume that 1.13 m is 
close enough to “infinitely long.”) 


a) 9.21- 10° N/C 
b) 2.92- 107" N/C 
c) 6.77-10' N/C 
d) 8.12 - 10% N/C 
e) 3.31 - 10° N/C 


22.5 Self-Test Opportunity 


By how much does the answer to 
In-Class Exercise 22.7 change if the 
assumption that the wire can be 
treated as being infinitely long is 
not made? (Hint: See Example 22.3.) 


FIGURE 22.34 Infinite flat nonconducting sheet 


Gauss’s Law to this Gaussian surface. From symmetry, we know that the electric field pro- 
duced by the wire must be radial and perpendicular to the wire. What invoking symmetry 
means deserves further explanation because such arguments are very common. 

First, we imagine rotating the wire about an axis along its length. This rotation would 
include all charges on the wire and their electric fields. However, the wire would still look 
the same after a rotation through any angle. The electric field created by the charge on the 
wire would therefore also be the same. From this argument, we conclude that the electric 
field cannot depend on the rotation angle around the wire. This conclusion is general: If an 
object has rotational symmetry, its electric field cannot depend on the rotation angle. 

Second, if the wire is very long, it will look the same no matter where along its length 
it is viewed. If the wire is unchanged, its electric field is also unchanged. This observation 
means that there is no dependence on the coordinate along the wire. This symmetry is 
called translational symmetry. Since there is no preferred direction in space along the wire, 
there can be no electric field component parallel to the wire. 

Returning to the Gaussian surface, we can see that the contribution to the integral in 
Gauss’s Law (equation 22.16) from the ends of the cylinder is zero because the electric field 
is parallel to these surfaces and is thus perpendicular to the normal vectors from the sur- 
face. The electric field is perpendicular to the wall of the cylinder everywhere, so we have 


fff Beda = EA =E(2011)= ae 


Eo & 
where 27rL is the area of the wall of the cylinder. Solving this equation, we find the magni- 
tude of the electric field due to a uniformly charged long straight wire: 

go à 2A 


= = (22.17) 
2TMTEFr r 


where r is the perpendicular distance to the wire. For A < 0, equation 22.17 still applies, 
but the electric field points inward instead of outward. Note that this is the same result we 
obtained in Example 22.3 for the electric field due to a wire of infinite length—but attained 
here in a much simpler way! 

You begin to see the great computational power contained in Gauss’s Law, which can 
be used to calculate the electric field resulting from all kinds of charge distributions, both 
discrete and continuous. However, it is practical to use Gauss’s Law only in situations where 
you can exploit some symmetry; otherwise, it is too difficult to calculate the flux. 

It is instructive to compare the dependence of the electric field on the distance from a 
point charge and from a long straight wire. For the point charge, the electric field falls off 
with the square of the distance, much faster than does the electric field due to the long wire, 
which decreases in inverse proportional to the distance. 


Planar Symmetry 


Assume a flat thin, infinite, nonconducting sheet of positive charge (Figure 
22.34), with uniform charge per unit area of ø > 0. Let’s find the electric field a 


j distance r from the surface of this infinite plane of charge. 
To do this, we choose a Gaussian surface in the form of a closed right cyl- 
_ inder with cross-sectional area A and length 2r, which cuts through the plane 
perpendicularly, as shown in Figure 22.34. Because the plane is infinite and the 


charge is positive, the electric field must be perpendicular to the ends of the 
cylinder and parallel to the cylinder wall. Using Gauss’s Law, we obtain 


ff E-aa=(BA | EA)=4 dad 
E0 


E0 


with charge density o. Cutting through the plane 


perpendicularly is a Gaussian surface in the form of a 


where gA is the charge enclosed in the cylinder. Thus, the magnitude of the 


right cylinder with cross-sectional area A parallel to electric field due to an infinite plane of charge is 


the plane and height r above and below the plane. 


i, (22.18) 
269 


Ifo < 0, then equation 22.18 still holds, but the electric field points toward the plane instead 
of away from it. 

For an infinite conducting sheet with charge density ø > 0 on each surface, we can find 
the electric field by choosing a Gaussian surface in the form of a right cylinder. However, 
for this case, one end of the cylinder is embedded inside the conductor (Figure 22.35). 
The electric field inside the conductor is zero; therefore, there is no flux through the end 
of the cylinder enclosed in the conductor. The electric field outside the conductor must be 
perpendicular to the surface and therefore parallel to the wall of the cylinder and perpen- 
dicular to the end of the cylinder that is outside the conductor. Thus, the flux through the 
Gaussian surface is EA. The enclosed charge is given by cA, so Gauss’s Law becomes 


ff ai-e 74. 
E0 


Thus, the magnitude of the electric field just outside the surface of a flat charged conductor is 


o 
E=—. 
€9 


(22.19) 


Spherical Symmetry 


To find the electric field due to a spherically symmetrical distribution of charge, we consider 
a thin spherical shell with charge q > 0 and radius r, (Figure 22.36). 

Here we use a spherical Gaussian surface with r, > r, that is concentric with the charged 
sphere. Applying Gauss’s Law, we get 


ff BadA=E(40r3)= +. 
0 


We can solve for the magnitude of the electric field, E, which is 


paf 


= a 
ATE, r3 


If q < 0, the field points radially inward instead of radially outward from the spherical sur- 
faces. For another spherical Gaussian surface, with r, < r,, that is also concentric with the 
charged spherical shell, we obtain 


ff EedA= E(4zr?} =0. 


Thus, the electric field outside a spherical shell of charge behaves as if the charge were a 
point charge located at the center of the sphere, whereas the electric field is zero inside the 
spherical shell of charge. 

Now let’s find the electric field due to charge that is equally distributed throughout a 
spherical volume, with uniform charge density p > 0 (Figure 22.37). The radius of the sphere 
is r. We use a Gaussian surface in the form of a sphere with radius r, < r. From the sym- 
metry of the charge distribution, we know that the electric field resulting from the charge is 
perpendicular to the Gaussian surface. Thus, we can write 


a oa 4 
ff Bead =E(4ar7 = 4? =r |, 
€& €\|3 
where 4777; is the area of the spherical Gaussian surface and +zrr; is the volume enclosed by 
the Gaussian surface. From the preceding equation, we obtain the electric field at a radius r, 
inside a uniform distribution of charge: 
pe Pt 


22.20 
= (22.20) 


The total charge on the sphere can be called q,, and it equals the total volume of the spheri- 
cal charge distribution times the charge density: 


=n4ar 
a =PZ Tr. 


22.9 Special Symmetries 731 


FIGURE 22.35 Infinite conducting 
plane with charge density o on each 
surface and a Gaussian surface in the 
form of a right cylinder embedded in 
one side. 


Z 


FIGURE 22.36 Spherical shell of 
charge with radius r, with a Gaussian 
surface with radius r, > r, and a second 
Gaussian surface with r < r.. 


FIGURE 22.37 Spherical distribu- 
tion of charge with uniform charge 
per unit volume p and radius r. Two 
spherical Gaussian surfaces are also 
shown, one with radius r} < r and one 
with n >r. 
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22.6 Self-Test Opportunity 


Consider a sphere of radius R with 
charge q uniformly distributed 
throughout the volume of the 
sphere. What is the magnitude of 
the electric field at a point 2R away 
from the center of the sphere? 


The charge enclosed by the Gaussian surface then is 


ar, 4,3 
volume inside 7, 3m bz r j 
á x 7 t t 
volume of charge distribution irr 3 


With this the expression for the enclosed charge, we can rewrite Gauss’s Law for this case as 
= > r 
ff Bead =E(4mr) -An, 
€p P 


E= aN = kan, (22 21) 
Aqegr r l l 


which gives us 


If we consider a Gaussian surface with a radius larger than the radius of the charge 
distribution, r, > r, we can apply Gauss’s Law as follows: 


ff ae E(4r3) =k 
Eo 


k 
pa-t et, (22.22) 
AME)’ r3 


or 


Thus, the electric field outside a uniform spherical distribution of charge is the same as the 
field due to a point charge of the same magnitude located at the center of the sphere. 


SOLVED PROBLEM 22.3 | Nonuniform Spherical Charge 


A spherically symmetrical but nonuniform charge distribution is given by 


; 
P|l-—| forr<R 
p(r)= | r 
0 forr>R, 


where py = 10.0 wC/m? and R = 0.250 m. 


PROBLEM 
What is the electric field produced by this charge distribution at r = 0.125 m and at 
r = 0.500 m? 


SOLUTION 
THINK 


We can use Gauss’s Law to determine the electric field as a function of radius if we employ 
a spherical Gaussian surface. The radius r = 0.125 m is located inside the charge distribu- 
tion. The charge enclosed inside the spherical surface at r = r, is given by an integral of the 
charge density from r = 0 to r = r}. Outside the spherical charge distribution, the electric 
field is the same as that of a point charge whose magnitude is equal to the total charge of 
the spherical distribution. 


SKETCH 
The charge density, p, as a function of radius, r, is plotted in Figure 22.38. 


RESEARCH 
Gauss’s Law (equation 22.16) tells us that ff EedA = q/ey. Inside the nonuniform spheri- 


cal charge distribution at a radius r, < R, Gauss’s Law becomes 


eelam) falejev= Jafir) (i) 
0 0 


= 
oO 
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FIGURE 22.38 Charge density as 
a function of radius for a nonuniform 
spherical charge distribution. 


p(r) (wC/m?) 
oF NW kU DN & V 


0 0.05 0.1 0.15 0.2 0.25 


r (m) 


Carrying out the integral on the right-hand side of equation (i), we obtain 


f "i 3 3 A 
r 2 2_ f r r E 
1-— (4 ?)dr=4 fi -—|dr=4 L], 
fo r T TPo a nP aR (ii) 
0 0 
SIMPLIFY 
The electric field due to the charge inside r < R is then given by 
3 4 
4TPo et 
3 4R) oln r 
E= =) 4-1 (iii) 
earr) €(3 4R 


In order to calculate the electric field due to the charge inside r, > R, we need the total 
charge contained in the spherical charge distribution. We can obtain the total charge us- 
ing equation (ii) with 7, = R: 

3 pd 


= PotD 3 


3 4R 


3 4 


qr =4TPo =477po 


RR | RÈ mp R 


The electric field outside the spherical charge distribution (r, > R) is then 


oe oe ImpoR pR? 


Améyr? Ame r 12er? 


(iv) 


CALCULATE 
The electric field at r, = 0.125 m is 


2 
2 3 0.125 m 
pa Poli 1 10.0 wC/m 0.125 m | ( ) = 29,425.6 NIC. 
e&|3 4R) 885-10°C/Nm?| 3  4(0.250 m) 
The electric field at r, = 0.500 m is 
ok? (10.0 wcim* (0.250 m)? 
E=- -= =5885.12 N/C. 


12er? 12(8.85-10" C/N m? (0.500 m) 
ROUND 
We report our results to three significant figures. The electric field at r; = 0.125 m is 
E=2.94-10* N/C. 
The electric field at r, = 0.500 m is 
E=5.89-10° N/C. 


Continued— 
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FIGURE 22.39 The electric field due 
to a nonuniform spherical distribution 
of charge as a function of the distance 
from the center of the sphere. 


22.8 In-Class Exercise 


Suppose an uncharged solid steel 
ball, for example, one of the steel 
balls used in an old-fashioned pin- 
ball machine, is resting on a perfect 
insulator. Some small amount of 
negative charge (say, a few hundred 
electrons) is placed at the north pole 
of the ball. If you could check the 
distribution of the charge after a few 
seconds, what would you detect? 


a) All of the added charge has 
vanished, and the ball is again 
electrically neutral. 


b) All of the added charge has 
moved to the center of the ball. 


c) All of the added charge is 
distributed uniformly over the 
surface of the ball. 


d) The added charge is still located 
at or very near the north pole of 
the ball. 


e) The added charge is performing a 
simple harmonic oscillation on a 
straight line between the south 
and north poles of the ball. 


DOUBLE-CHECK 
The electric field at r, = R can be calculated using equation (iii): 


3 
R R? PRL [10.0 weC/m }(0.250 m) 


3 4R 


E= Po 
Eo 


=2.35-10* N/C. 


12€, 12(8.85-10?C?/N m?) 


We can also use equation (iv) to find the electric field outside the spherical charge distri- 
bution but very close to the surface, where r; ~ R: 


E= PoR? = PoR 
126R? 126o 


which is the same result we obtained using our result for r, < R. The calculated electric 
field at the surface of the charge distribution is lower than that at r, = 0.125, which may 
seem counterintuitive. An idea of the dependence of the magnitude of E on r, is provided 
by the plot in Figure 22.39, which was created using equations (iii) and (iv). 


A r; = 0.167 m 


E (N/C) 


0 > 
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 


rı (m) 


You can see that a maximum occurs in the electric field and that our result for r, = 0.125 m 
is less than this maximum value. We can calculate the radius at which the maximum oc- 
curs by differentiating equation (iii) with respect to r,, setting the result equal to zero, and 
solving for 1: 


dE Po 1 q =0 
dr, €\3 2R 

1 2 

1_ fi, -2p 

3 2R 3 


Thus, we expect a maximum in the electric field at r, = ŻR = 0.167 m. The plot in Fig- 
ure 22.39 does indeed show a maximum at that radius. It also shows the value of E at 
r = 0.250 to be smaller than that at r = 0.125 as we found in our calculation. Thus, our 
answers seem reasonable. 


C 


Sharp Points and Lightning Rods 


We have already seen that the electric field is perpendicular to the surface of a conductor. 
(To repeat, if there were a field component parallel to the conductor, then the charges inside 
the conductor would move until they reached equilibrium, which means no force or electric 
field component in the direction of motion, that is, along the surface of the conductor.) Fig- 
ure 22.40a shows the distribution of charges on the surface of the end of a pointed conduc- 
tor. Note that the charges are closer together at the sharp tip, where the curvature is largest. 


22.9 In-Class Exercise —— — - — 


Suppose an uncharged hollow sphere made of a perfect insulator, for example a ping-pong ball, 
is resting on a perfect insulator. Some small amount of negative charge (say, a few hundred elec- 
trons) is placed at the north pole of the sphere. If you could check the distribution of the charge 
after a few seconds, what would you detect? 


a) All of the added charge has vanished, and d) The added charge is still located at or 
the sphere is again electrically neutral. very near the north pole of the sphere. 
b) All of the added charge has moved to the e) The added charge is performing a simple 
center of the sphere. harmonic oscillation on a straight line 
between the south and north poles of the 


c) All of the added charge is distributed 


uniformly over the surface of the sphere. sphere. 


Near that sharp tip on the end of the conductor, the electric field looks much more like that 
due to a point charge, with the field lines spreading out radially (Figure 22.40b). Since the 
field lines are closer together near a sharp point on a conductor, the field is stronger near the 
sharp tip than on the flat part of the conductor. 

Benjamin Franklin proposed metal rods with sharp points as lightning rods (Figure 
22.41). He reasoned that the sharp points would dissipate the electric charge built up in a 
storm, preventing the discharge of lightning. When Franklin installed such lightning rods, 
they were struck by lightning instead of the buildings to which they were attached. However, 
recent findings indicate that lightning rods used to protect structures from lightning should 
have blunt, rounded ends. When charged during thunderstorm conditions, a lightning rod 
with a sharp point creates a strong electric field that locally ionizes the air, producing a 
condition that actually causes lightning. Conversely, round-ended lightning rods are just as 
effective in protecting structures from lightning and do not increase lightning strikes. Any 
lightning rod should be carefully grounded to carry charge from a lightning strike away 
from the structure on which the lightning rod is mounted. 
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(b) 
FIGURE 22.40 A sharp end of a 


conductor (with large curvature): 
(a) distribution of charges; (b) electric 
field at the surface of the conductor. 


FIGURE 22.41 A lightning rod with 
a sharp point installed on the top of a 
building. 


" The electric force, F(7), on a charge, q, due to an 


2reo|x| 
= The electric field at any point is equal to the 
sum of the electric fields from all sources: 


AT Eo r r 
electric field points radially away from a positive point dq =)dx 
charge and radially toward a negative charge. 


the charges and d is the distance separating them. The 
electric dipole moment is a vector pointing from the 
negative toward the positive charge. On the dipole 


A > Ois given by E = 


axis, E dipole produces an electric field of magnitude 
electric field, E(7), is given by F(7)=qE(7). E= z> where |x| > d. 


= A system of two equal (in magnitude) oppositely dq=pdV throughout a volume. 
charged point particles is an electric dipole. The 
magnitude, p, of the electric dipole moment is given = The magnitude of the electric field at a distance r from 
by p = qd, where q is the magnitude of either one of a long straight wire with uniform linear charge density 


27éyr r 


= Gauss’s Law states that the electric flux over an entire 


= (CEC Ea closed surface is Eo to the enclosed charge divided | 
by €o: ff Bead ==. 
= The magnitude of the electric field due to a point charge €o kd 
1 l| klaq| = ‘The differential electrical field is given by dE = lly 
q at a distance r is given by E(r) = ——-~=——. The r 


2 2 and the differential charge is 


along a line; 


dq=o dA, fora charge distribution 4 over a surface; 


A__2KA 
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= The magnitude of the electric field produced by an 
infinite nonconducting plane that has uniform charge 
density ø > 0 is E = 40/€ọ. 


= The magnitude of the electric field produced by an 
infinite conducting plane that has uniform charge 
density ø > 0 on each side is E = a/€,. 


KEY TERMS 


field, p. 711 
electric field, p. 711 
superposition principle, p. 712 


electric field lines, p. 712 
test charge, p. 712 
electric dipole, p. 716 
NEW SYMBOLS AND EQUATIONS 
E, electric field 


p = qd, electric dipole moment 


ff Bead = 1 Gauss’s Law 


Eo 


=m The electric field inside a closed conductor is zero. 


= The electric field outside a charged spherical 
conductor is the same as that due to a point charge 
of the same magnitude located at the center of the 
sphere. 


electric dipole moment, p. 716 Gaussian surface, p. 727 
electric flux, p. 725 electrostatic shielding, 
Gauss’s Law, p. 727 p. 728 


¢, electric flux 
A, charge per unit length 
g, charge per unit area 


p, charge per unit volume 


ANSWERS TO SELF-TEST OPPORTUNITIES 


22.1 The direction of the electric field is downward at points 
A, C, and E and upward at points B and D. (There is an electric 
field at point E, even though there is no line drawn there; the 
field lines are only sample representations of the electric field, 
which also exists between the field lines.) The field is largest in 
magnitude at point E, which can be inferred from the fact that 
it is located where the field lines have the highest density. 


22.2 The two forces acting on the two charges in the electric 
field create a torque on the electric dipole around its center of 
mass, given by 


T= (force, (moment arm .) (sin 6) + (force_)(moment arm _}(sin 6) i 


The length of the moment arm in both cases is +d, and the 
magnitude of the force is F = qE for both charges. Thus, the 
torque on the electric dipole is 

T=qE 


+ qE = qEd sin. 


g sind 7 sind 
2 2 
22.3 The net electric flux passing though the object is EA. 
Remember, the object does not have a closed surface; other- 
wise, the result would be 0. 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 

1. Be sure to distinguish between the point where an electric 
field is being generated and the point where the electric field 
is being determined. 


22.4 The sign of the scalar product changes, because the 
electric field points radially inward: EedA = EdAcos180° = 
-EdA. But the magnitude of the electric field due to the nega- 
= The two minus signs cancel, giv- 


1 

tive charge is E= 
4TEg r 
ing the same results for Coulomb's and Gauss’s Laws for a point 


charge, independent of the sign of the charge. 


22.5 For a wire of infinite length, E, eae for a wire of 


finite length, E, = cs 2 


y | y 4a 
a 0.565 


\y+@ v0.401 +0.565° 


. With the values given in the 


=0.815. Thus, 


in-class exercise, 


the “infinitely long” approximation is off by ~18%. 
22.6 The charged sphere acts like a point charge, so the 
electric field is 


2. Some of the same guidelines for dealing with electro- 
static charges and forces also apply to electric fields: Use 
symmetry to simplify your calculations; remember that the 
field is composed of vectors and thus you have to use vector 


operations instead of simple addition, multiplication, and 
so on; convert units to meters and coulombs for consistency 
with the given values of constants. 


3. Remember to use the correct form of the charge density 
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5. Often, you can break a Gaussian surface into surface 
elements that are either perpendicular to or parallel to the 
electric field lines. If the field lines are perpendicular to the 
surface, the electric flux is simply the field strength times 


the area, EA, or -EA if the field points inward instead of 
outward. If the field lines are parallel to the surface, the flux 
through that surface is zero. The total flux is the sum of the 
flux through each surface element of the Gaussian surface. 
Remember that zero flux through a Gaussian surface does 
not necessarily mean that the electric field is zero. 


for field calculations: A for linear charge density, o for sur- 
face charge density, and p for volume charge density. 


4, The key to using Gauss’s Law is to choose the right form 
of Gaussian surface for the symmetry of the problem situ- 
ation. Cubical, cylindrical, and spherical Gaussian surfaces 
are typically useful. 


SOLVED PROBLEM 22.4 | Electron Moving over a Charged Plate 
a 

PROBLEM 

An electron with a kinetic energy of 2000.0 eV (1 eV = 1.602-10” J) is fired horizon- 

tally across a horizontally oriented charged conducting plate with surface charge density 

+4.00-10°° C/m”. Taking the positive direction to be upward (away from the plate), what is 

the vertical deflection of the electron after it has traveled a horizontal distance of 4.00 cm? 


SOLUTION 
THINK 


The initial velocity of the electron is horizontal. During its motion, the electron experiences 
a constant attractive force from the positively charged plate, which causes a constant accel- 
eration downward. We can calculate the time it takes the electron to travel 4.00 cm in the 
horizontal direction and use this time to calculate the vertical deflection of the electron. 


SKETCH 
Figure 22.42 shows the electron with initial velocity V in the horizontal direc- 
tion. The initial position of the electron is taken to be at x) = 0 and y = yọ. 


RESEARCH 
The time the electron takes to travel the given distance is 


t =X;/V> (i) 


| 

l 
where x; is the final horizontal position and vy is the initial speed of the elec- 
tron. While the electron is in motion, it experiences a force from the charged 
conducting plate. This force is directed downward (toward the plate) and has 
a magnitude given by 


xç = 4.00 cm 


FIGURE 22.42 An electron moving to the right 
o 7i with initial velocity Vg over a charged conducting 
F=qE=e—, (ii) plate. 
Eo 
where ø is the charge density on the conducting plate and e is the charge of an electron. 
This force causes a constant acceleration in the downward direction whose magnitude is 
given by a = F/m, where m is the mass of the electron. Using the expression for the force 
from equation (ii), we can express the magnitude of the acceleration as 
F eo i 
a=—=—. (iii) 
mM Me, 
Note that this acceleration is constant. Thus, the vertical position of the electron as a 
function of time is given by 


Ve =y -aË => ye- y =- Hat’. (iv) 


Finally, we can relate the initial kinetic energy of the electron to the initial velocity of the 


electron through 
ey aay mes 
K 3 V9 Vo . 


(v) 


m 


Continued— 


738 


Chapter 22 Electric Fields and Gauss’s Law 


SIMPLIFY 
We substitute the expressions for the time and acceleration from equations (i) and (iii) 
into equation (iv) and obtain 


2 2 

1 l| eo || x eox . 

Ye-Yo=-sat’ =- E| =-——t.. (vi) 
2 2 | ME J| Yo 2MEqVo 


Now substituting the expression for the square of the initial speed from equation (v) into 
the expression on the right-hand side of equation (vi) gives us 


2 2 
COX, COX, i 
ieee = . vii 
Yt = Yo x] 46K ( ) 
2me€ | — 
m 
CALCULATE 
We first convert the kinetic energy of the electron from electron-volts to joules: 
-19 
K =(2000.0 eV) EE aang ey 
Putting the numerical values into equation (vii), we get 
wot (1.602 10 C|(400- 10° C/m? )(0.0400 m) 
f 
Ye- Y=- =- =-0.0903955 m. 
46K 4(8.85-10" C (N m? )}(3.204-10"1° J) 
ROUND 


We report our result to three significant figures: 
Ye — Yo =- 0.0904 m = -9.04 cm. 


DOUBLE-CHECK 

The vertical deflection that we calculated is about twice the distance that the electron 
travels in the x-direction, which seems reasonable, at least in the sense of being of the 
same order of magnitude. Also, equation (vii) for the deflection has several features that 
should be present. First, the trajectory is parabolic, which we expect for a constant force 
and thus constant acceleration (see Chapter 3). Second, for zero surface charge density we 
obtain zero deflection. Third, for very high kinetic energy there is negligible deflection, 
which is also intuitively what we expect. 


a 


MULTIPLE-CHOICE QUESTIONS 


| 22.1 To be able to calculate the electric field created bya 
known distribution of charge using Gauss's Law, which of 
the following must be true? 


a) The charge distribution must be in a nonconducting 
medium. 


b) The charge distribution must be in a conducting medium. 


c) The charge distribution must have spherical or 
cylindrical symmetry. 

d) The charge distribution must be uniform. 

e) The charge distribution must have a high degree of 
symmetry that allows assumptions about the symmetry of 
its electric field to be made. 


22.2 An electric dipole consists of two equal and opposite 
charges situated a very small distance from each other. 
When the dipole is placed in a uniform electric field, which 
of the following statements is true? 


a) The dipole will not experience any net force from the 
electric field; since the charges are equal and have opposite 
signs, the individual effects will cancel out. 

b) There will be no net force and no net torque acting on 
the dipole. 

c) There will be a net force but no net torque acting on the 
dipole. 

d) There will be no net force, but there will (in general) be a 
net torque acting on dipole. 


22.3 A point charge, +Q, is located on the x-axis at x = a, and 
a second point charge, -Q, is located on the x-axis at x = -a. 
A Gaussian surface with radius r = 2a is centered at the 
origin. The flux through this Gaussian surface is 

a) zero. c) less than zero. 

b) greater than zero. d) none of the above. 


22.4 A charge of +2q is placed at the center of an uncharged 
conducting shell. What will be the charges on the inner and 
outer surfaces of the shell, respectively? 


c) -2q, -2q 
d) -2q, +4q 


a) -2q, +2q 
b) -q, +q 
22.5 Two infinite nonconducting plates are parallel to 
each other, with a distance d = 10.0 cm between them, as 
shown in the figure. Each plate carries a uniform charge _ 
distribution of ø = 4.5 wC/m?. What is the electric field, E, 
at point P (with xp = 20.0 cm)? 


a) ON/C o| I 
b) 2.54% N/C | P 
c) (-5.08-10%)% N/C et * 
d) (5.08-10°)& N/C >| daj 
e) (-1.02-10°)% N/C F | 
Side view 


f) (1.02- 10°) N/C 1 
22.6 At which of the following locations is the electric field 

the strongest? 

a) a point 1 m froma 1 C point charge 

b) a point 1m (perpendicular distance) from the center of a 
1-m-long wire with 1 C of charge distributed on it 

c) a point 1 m (perpendicular distance) from the center of a 
1-m° sheet of charge with 1 C of charge distributed on it 


d) a point 1 m from the surface of a charged spherical shell 
of charge 1 C with a radius of 1m 

e) a point 1 m from the surface of a charged spherical shell 
of charge 1 C with a radius of 0.5 m 


22.7 The electric flux through a spherical Gaussian surface 
of radius R centered on a charge Q is 1200 N/(C m°). What 
is the electric flux through a cubic Gaussian surface of side 
R centered on the same charge Q? 


a) less than 1200 N/(C m°) 
b) more than 1200 N/(C m’) 
c) equal to 1200 N/(C m?) 


d) cannot be 
determined from the 
information given 


QUESTIONS 
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22.8 A single positive point charge, q, is at one corner of 
a cube with sides of length L, as shown in the figure. The 
net electric flux through the three 
adjacent sides is zero. The net 
electric flux through each of the 
other three sides is 

a) q/3€. 

b) q/6€. 

c) q/24€y. 

d) q/8é. q 

22.9 Three -9-mC point charges are located at (0,0), 

(3 m,3 m), and (3 m,-3 m). What is the magnitude of the 
electric field at (3 m,0)? 
a) 0.9-10’ N/C 

b) 1.2-10’ N/C 

c) 1.8-10” N/C 

d) 2.4-10’ N/C 

22.10 Which of the following statements is (are) true? 

a) There will be no change in the charge on the inner 
surface of a hollow conducting sphere if additional charge is 
placed on the outer surface. 


e) 3.6-10’ N/C 
f) 5.4-10’ N/C 
g) 10.8- 10” N/C 


b) There will be some change in the charge on the inner 
surface of a hollow conducting sphere if additional charge is 
placed on the outer surface. 

c) There will be no change in the charge on the inner 
surface of a hollow conducting sphere if additional charge is 
placed at the center of the sphere. 

d) There will be some change in the charge on the inner 
surface of a hollow conducting sphere if additional charge is 
placed at the center of the sphere. 


P 

| 22.11 Many people had been sitting in a car when it was 
struck by lightning. Why were they able to survive such an 
experience? 


22.12 Why is it a bad idea to stand under a tree in a thun- 
derstorm? What should one do instead to avoid getting 
struck by lightning? 


22.13 Why do electric field lines never cross? 


22.14 How is it possible that the flux through a closed 
surface does not depend on where inside the surface the 
charge is located (that is, the charge can be moved around 
inside the surface with no effect whatsoever on the flux)? 

If the charge is moved from just inside to just outside the 
surface, the flux changes discontinuously to zero, according 
to Gauss’s Law. Does this really happen? Explain. 


22.15 A solid conducting sphere of radius r, has a total 
charge of +3Q. It is placed inside (and concentric with) 

a conducting spherical shell of inner radius r, and outer 
radius r}. Find the electric field in these regions: r < r}, 

Ir Stata Tarand r >ra, 

22.16 A thin rod has end points at x = +100 cm. There is a 
charge of Q uniformly distributed along the rod. 


a) What is the electric field very close to the midpoint of 
the rod? 

b) What is the electric field a few centimeters (perpendicu- 
larly) from the midpoint of the rod? 

c) What is the electric field very far (perpendicularly) from 
the midpoint of the rod? 


740 Chapter 22 Electric Fields and Gauss’s Law 


22.17 A dipole is completely enclosed by a spherical 
surface. Describe how the total electric flux through this 
surface varies with the strength of the dipole. 


22.18 Repeat Example 22.3, assuming that the charge dis- 
tribution is -À for -a < x < 0 and +A for 0 < x < a. 


22.19 A negative charge is placed on a solid prolate 
spheroidal conductor (shown in cross section in 
the figure). Sketch the distribution of the charge on 
the conductor and the electric field lines due to the 
charge. 


22.20 Saint Elmoš fire is an eerie glow that appears 

at the tips of masts and yardarms of sailing ships in stormy 
weather and at the tips and edges of the wings of aircraft in 
flight. St. Elmo’ fire is an electrical phenomenon. Explain it, 
concisely. 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 22.3 
22.23 A point charge, q = 4.00- 10° C, is placed on the x-axis 
at the origin. What is the electric field produced at x = 25.0 cm? 


22.24 A +1.6-nC point charge is placed at one corner of a 
square (1.0 m on a side), and a -2.4-nC charge is placed on 
the corner diagonally opposite. What is the magnitude of 
the electric field at either of the other two corners? 


22.25 A +48.00-nC point charge is placed on the x-axis at 
x = 4.000 m, and a -24.00-nC point charge is placed on the 
y-axis at y = -6.000 m. What is the direction of the electric 
field at the origin? 


22.26 Two point charges are placed at two of the corners of 
a triangle as shown in the figure. Find the magnitude and the 
direction of the electric field at the third corner of the triangle. 


— 10.0 uC 


10.0 cm 


+ 15.0 pC 


20.0 cm — 


22.27 A +5.0-C charge is located at the origin. A -3.0-C 
charge is placed at x = 1.0 m. At what finite distance(s) along 
the x-axis will the electric field be equal to zero? 


e22.28 Three charges are on the y-axis. Two of the charges, 
each -q, are located y = + d, and the third charge, +24, is 
located at y = 0. Derive an expression for the electric field at 
a point P on the x-axis. 


22.21 A charge placed on a conductor of any shape forms a 
layer on the outer surface of the conductor. Mutual repul- 
sion of the individual charge elements creates an outward 
pressure on this layer, called electrostatic stress. Treating the 
infinitesimal charge elements like tiles of a mosaic, calculate 
the magnitude of this electrostatic stress in terms of the 
surface charge density, o. Note that ø need not be uniform 
over the surface. 


22.22 An electric dipole is placed in a uniform electric 
field as shown in the figure. Q 
What motion will the 

dipole have in the electric 

field? Which way will it 

move? Which way will it 

rotate? 


Section 22.4 


22.29 For the electric dipole shown 
in the figure, express the magni- 
tude of the resulting electric field 

as a function of the perpendicular 
distance x from the center of the di- 
pole axis. Comment on what the magnitude is when x > d. 


22.30 Consider an electric dipole on the x-axis and cen- 
tered at the origin. At a distance h along the positive x-axis, 
the magnitude of electric field due to the electric dipole is 
given by k(2qd)/h’. Find a distance perpendicular to the x- 
axis and measured from the origin at which the magnitude 
of the electric field stays the same. 


Section 22.5 


•22.31 A small metal ball with a mass of 4.0 g and a charge of 
5.0 mC is located at a distance of 0.70 m above the ground in 
an electric field of 12 N/C directed to the east. The ball is then 
released from rest. What is the velocity of the ball after it has 
moved downward a vertical distance of 0.30 m? 


22.32 A charge per unit length +A is uniformly distributed 
along the positive y-axis from y = 0 to y = +a. A charge per 
unit length -À is uniformly distributed along the negative y- 
axis from y = 0 to y = -a. Write an expression for the electric 
field (magnitude and direction) at a point on the x-axis a 
distance x from the origin. 


22.33 A thin glass rod is bent into a semicircle 
of radius R. A charge +Q is uniformly distrib- 
uted along the upper half, and a charge -Q is 
uniformly distributed along the lower half as 
shown in the figure. Find the magnitude and 
direction of the electric field E (in component 
form) at point P, the center of the semicircle. 


22.34 Two uniformly charged insulating rods 
are bent in a semicircular shape with radius 


r= 10.0 cm. If they are positioned so they form a circle but do 
not touch and have opposite charges of +1.00 uC and -1.00 uC, 
find the magnitude and direction of the electric field at the 
center of the composite circular charge configuration. 


22.35 A uniformly charged rod of length L with total 
charge Q lies along the y-axis, from y = 0 to y = L. Find an 
expression for the electric field at the point (d,0) (that is, the 
point at x = d on the x-axis). 


022.36 A charge Q is distributed 
evenly on a wire bent into an arc of 
radius R, as shown in the figure. What 
is the electric field at the center of the 
arc as a function of the angle 6? Sketch 
a graph of the electric field as a function 
of 6 for 0 < 0 < 180°. 


ee22.37 A thin, flat washer is a disk 
with an outer diameter of 10.0 cm and 
a hole in the center with a diameter of 4.00 cm. The washer 
has a uniform charge distribution and a total charge of 

7.00 nC. What is the electric field on the axis of the washer at 
a distance of 30.0 cm from the center of the washer? 


Section 22.6 

22.38 Research suggests that the electric fields in some thun- 
derstorm clouds can be on the order of 10.0 KN/C. Calculate 
the magnitude of the electric force acting on a particle with 
two excess electrons in the presence of a 10.0-kN/C field. 


22.39 An electric dipole has opposite charges of 5.00 -10™™ C 
separated by a distance of 0.400 mm. It is oriented at 60.0° with 
respect to a uniform electric field of magnitude 2.00- 10° N/C. 
Determine the magnitude of the torque exerted on the dipole 
by the electric field. 


22.40 Electric dipole moments of molecules are often 
measured in debyes (D), where 1 D = 3.34- 10°°° C m. For 
instance, the dipole moment of hydrogen chloride gas 
molecules is 1.05 D. Calculate the maximum torque such a 
molecule can experience in the presence of an electric field of 
magnitude 160.0 N/C. 


22.41 An electron is observed traveling at a speed of 
27.5- 10° m/s parallel to an electric field of magnitude 11,400 N/C. 
How far will the electron travel before coming to a stop? 


22.42 Two charges, +e and -e, are a distance of 0.68 nm 
apart in an electric field, E, that has a magnitude of 4.4 kN/C 
and is directed at an angle of 45° with the dipole axis. Calcu- 
late the dipole moment and thus the torque on the dipole in 
the electric field. 


22.43 A body of mass M, carrying charge Q, falls from rest 
from a height h (above the ground) near the surface of the Earth, 
where the gravitational acceleration is g and there is an electric 
field with a constant component E in the vertical direction. 


a) Find an expression for the speed, v, of the body when it 
reaches the ground, in terms of M, Q, h, g, and E. 


b) The expression from part (a) is not meaningful for certain 
values of M, g, Q, and E. Explain what happens in such cases. 
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22.44 A water molecule, which is electrically neutral but has 
a dipole moment of magnitude p = 6.20 -10° C m, is 1.00 cm 
away from a point charge q = +1.00 uC. The dipole will align 
with the electric field due to the charge. It will also experi- 
ence a net force, since the field is not uniform. 


a) Calculate the magnitude of the net force. (Hint: You do 
not need to know the precise size of the molecule, only that 
it is much smaller than 1 cm.) 

b) Is the molecule attracted to or repelled by the point 
charge? Explain. 

°22.45 A total of 3.05- 10° electrons are placed on an ini- 
tially uncharged wire of length 1.33 m. 


a) What is the magnitude of the electric field a perpendicular 
distance of 0.401 m away from the midpoint of the wire? 

b) What is the magnitude of the acceleration of a proton 
placed at that point in space? 

c) In which direction does the electric field force point in 
this case? 


Sections 22.7 and 22.8 


22.46 Four charges are placed in a three-dimensional space. 
The charges have magnitudes +3q, -q, +2q, and -74q. Ifa 
Gaussian surface encloses all the charges, what will be the 
electric flux through that surface? 


22.47 The six faces of a cubical box each measure 20.0 cm 
by 20 cm, and the faces are numbered such that faces 1 and 
6 are opposite to each other, as are faces 2 and 5, and faces 3 
and 4. The flux through each face is: 


Face | Flux (N m?/C) , 

Find the net 

1 -70.0 See 
charge inside 

2 -300.0 the cube. 

3 -300.0 

4 +300.0 

5 -400.0 

6 -500.0 

22.48 A conducting solid sphere 1 


(R=0.15 m, q =6.1-10% C) is 
shown in the figure. Using Gauss’s 
Law and two different Gaussian 
surfaces, determine the electric 
field (magnitude and direction) 

at point A, which is 0.000001 m 
outside the conducting sphere. 
(Hint: One Gaussian surface is a 
sphere, and the other is a small : 
right cylinder.) E 


yi 0.000001 m 


x 


A 


25.0 vcfe 


22.49 Electric fields of varying 
magnitudes are directed either 15.0 N/C F 
inward or outward at right A 
angles on the faces of a cube, 

as shown in the figure. What is 

the strength and direction of 

the field on the face F? 


20.0 wje 
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22.50 Consider a hollow spherical conductor with total 
charge +5e. The outer and inner radii are a and b, respec- 
tively. (a) Calculate the charge on the spheres inner and 
outer surfaces if a charge of -3e is placed at the center of the 
sphere. (b) What is the total net charge of the sphere? 


22.51 A spherical aluminized Mylar balloon carries a 
charge Q on its surface. You are measuring the electric field 
at a distance R from the balloon’s center. The balloon is 
slowly inflated, and its radius approaches but never reaches 
R. What happens to the electric field you measure as the bal- 
loon increases in radius. Explain. 


22.52 A hollow conducting spherical shell has an inner ra- 
dius of 8.00 cm and an outer radius of 10.0 cm. The electric 
field at the inner surface of the shell, E, has a magnitude of 
80.0 N/C and points toward the center of the sphere, and the 
electric field at the outer surface, E,, 
has a magnitude of 80.0 N/C and 
points away from the center of the 
sphere (see the figure). Determine 
the magnitude of the charge on the 
inner surface and the outer surface 
of the spherical shell. 


22.53 A -6.00-nC point charge is located at the center of a 
conducting spherical shell. The shell has an inner radius of 
2.00 m, an outer radius of 4.00 m, and a charge of +7.00 nC. 


a) What is the electric field at r = 1.00 m? 
b) What is the electric field at r = 3.00 m? 
c) What is the electric field at r = 5.00 m? 


d) What is the surface charge distribution, ø, on the outside 
surface of the shell? 


Section 22.9 


22.54 A solid, nonconducting sphere of radius a has total 
charge Q and a uniform charge distribution. Using Gauss’s 
Law, determine the electric field (as a vector) in the regions 
r<aandr>a in terms of Q. 


22.55 There is an electric field of magnitude 150. N/C, di- 
rected downward, near the surface of the Earth. What is the 
net electric charge on the Earth? You can treat the Earth as a 
spherical conductor of radius 6371 km. 


22.56 A hollow metal sphere has inner and outer radii of 
20.0 cm and 30.0 cm, respectively. As shown in the figure, 
a solid metal sphere of radius 10.0 cm is located at the 
center of the hollow sphere. The electric field at a point 

P, a distance of 15.0 cm from the center, is found to be 

E; = 1.00 -10* N/C, directed radially inward. At point Q, 

a distance of 35.0 cm from 

the center, the electric field is 
found to be E, = 1.00-10* N/C, 
directed radially outward. De-  - 
termine the total charge on E 
(a) the surface of the inner 

sphere, (b) the inner surface of 
the hollow sphere, and (c) the 
outer surface of the hollow sphere. 


22.57 Two parallel, infinite, nonconducting plates are 

10.0 cm apart and have charge distributions of +1.00 uC/m? 
and -1.00 uC/m?. What is the force on an electron in the space 
between the plates? What is the force on an electron located 
outside the two plates near the surface of one of the two plates? 


22.58 An infinitely long charged wire produces an electric 
field of magnitude 1.23-10° N/C at a distance of 50.0 cm 
perpendicular to the wire. The direction of the electric field is 
toward the wire. 


a) What is the charge distribution? 
b) How many electrons per unit length are on the wire? 


e22.59 A solid sphere of radius R has a nonuniform charge 
distribution p = Ar’, where A is a constant. Determine the 
total charge, Q, within the volume of the sphere. 


22.60 Two parallel, uniformly charged, infinitely long wires 
carry opposite charges with a linear charge density 

A = 1.00 pC/m and are 6.00 cm apart. What is the magnitude 
and direction of the electric field at a point midway between 
them and 40.0 cm above the plane containing the two wires? 


e22.61 A sphere centered at the origin has a volume charge 
distribution of 120 nC/cm? and a radius of 12 cm. The 
sphere is centered inside a conducting spherical shell with 
an inner radius of 30.0 cm and an outer radius of 50.0 cm. 
The charge on the spherical shell is -2.0 mC. What is the 
magnitude and direction of the electric field at each of the 
following distances from the origin? 

a) at r= 10.0 cm c) at r= 40.0 cm 

b) atr = 20.0 cm d) atr = 80.0 cm 

22.62 A thin, hollow, metal cylinder of radius R has a 
surface charge distribution ø. A long, thin wire with a linear 
charge density A/2 runs through the center of the cylinder. 
Find an expression for the electric fields and the direction of 
the field at each of the following locations: 

a) r<R b) r=R 

22.63 Two infinite sheets of charge are separated by 10.0 cm 
as shown in the figure. Sheet 1 has a surface charge distribu- 
tion of 7, = 3.00 pC/m?° and sheet 2 has a surface charge 
distribution of a, = -5.00 wC/m”. Find the total electric field 
(magnitude and direction) at each of the following locations: 
a) at point P, 6.00 cm to the left of sheet 1 

b) at point P' 6.00 cm to the right of sheet 1 


Sheet 1 Sheet 2 


+ 


<—— 10.0 cm——> 


p 
<— 6.00 cm—>e 


P 
e<— 6.00 cm—> 


© = 3.00 pC/m? ©, = —5.00 pC/m? 


Cee eee tte e et tees 


22.64 A conducting solid sphere of radius 20.0 cm is located 
with its center at the origin of a three-dimensional coordinate 
system. A charge of 0.271 nC is placed on the sphere. 


a) What is the magnitude of the electric field at point (x,y,z) = 
(23.1 cm,1.1 cm,0 cm)? 

b) What is the angle of this electric field with the x-axis at 
this point? 

c) What is the magnitude of the electric field at point (x,y,z) = 
(4.1 cm,1.1 cm,0 cm)? 


Gold layer, 


ee22.65 A solid nonconducting sphere of 
Charge —2Q 


radius a has a total charge +Q uniformly 
distributed throughout its volume. The sur- 
face of the sphere is coated with a very thin 
(negligible thickness) conducting layer of 
gold. A total charge of -2Q is placed on this 
conducting layer. Use Gauss’s Law to do the 
following. 


a) Find the electric field E(r) for r < a (inside the sphere, up 
to and excluding the gold layer). 

b) Find the electric field E(r) for r > a (outside the coated 
sphere, beyond the sphere and the gold layer). 

c) Sketch the graph of E(r) versus r. Comment on the 
continuity or discontinuity of the electric field, and relate 
this to the surface charge distribution on the gold layer. 


ee22.66 A solid nonconducting sphere has a volume charge 
distribution given by p(r) = (6/r) sin(7r/2R). Find the total 
charge contained in the spherical volume and the electric 
field in the regions r < Rand r > R. Show that the two ex- 
pressions for the electric field equal each other at r = R. 


°0e22.67 A very long cylindrical rod of nonconducting 
material with a 3.00-cm radius is given a uniformly distrib- 
uted positive charge of 6.00 nC per centimeter of its length. 
Then a cylindrical cavity is drilled all the way through the 
rod, of radius 1 cm, with its axis located 1.50 cm from the 
axis of the rod. That is, if, at some cross section of the rod, x- 
and y-axes are placed so that the center of the rod is at (x,y) 
= (0,0); then the center of the cylindrical cavity is at (x,y) 

= (0,1.50). The creation of the cavity does not disturb the 
charge on the remainder of the rod that has not been drilled 
away; it just removes the charge from the region in the cav- 
ity. Find the electric field at the point (x,y) = (2.00,1.00). 


0022.68 What is the electric field at a P? 
point P, a distance h = 20.0 cm above l 
an infinite sheet of charge, with a | a 
charge distribution of 1.3 C/m? and a l 
hole of radius 5.0 cm with ! 

P directly above the center = 

of the hole, as shown in : 

the figure? Plot the electric 

field as a function of h in units of o/(2€,). 


Additional Problems 


22.69 A cube has an edge length of 1.00 m. An electric field 
acting on the cube from outside has a constant magnitude 
of 150 N/C and its direction is also constant but unspecified 
(not necessarily along any edges of the cube). What is the 
total charge within the cube? 
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22.70 Consider a long horizontally oriented conducting 
wire with A = 4.81 - 10`" C/m. A proton (mass = 1.67 -107 kg) 
is placed 0.620 m above the wire and released. What is the 
magnitude of the initial acceleration of the proton? 


22.71 An infinitely long, solid cylinder of radius 

R= 9.00 cm, with a uniform charge per unit of volume of 
p = 6.40 - 10° C/m’, is centered about the y-axis. Find the 
magnitude of the electric field at a radius r = 4.00 cm from 
the center of this cylinder. 


22.72 Carbon monoxide (CO) has a dipole moment of 
approximately 8.0 - 107% C m. If the two atoms are separated 
by 1.2-107'° m, find the net charge on each atom and the 
maximum amount of torque the molecule would experience 
in an electric field of 500.0 N/C. 


22.73 A solid metal sphere of radius 8.00 cm, with a total 
charge of 10.0 uC, is surrounded by a metallic shell with a 
radius of 15.0 cm carrying a -5.00 uC charge. The sphere 
and the shell are both inside a larger metallic shell of inner 
radius 20.0 cm and outer radius 24.0 cm. The sphere and the 
two shells are concentric. 


a) What is the charge on the inner wall of the larger shell? 


b) Ifthe electric field outside the larger shell is zero, what is 
the charge on the outer wall of the shell? 


22.74 Find the vector electric fields needed to counteract the 
weight of (a) an electron and (b) a proton at the Earth’s surface. 


22.75 There is an electric field of magnitude 150. N/C, 
directed vertically downward, near the surface of the Earth. 
Find the acceleration (magnitude and direction) of an elec- 
tron released near the Earth’s surface. 


22.76 Two infinite, uniformly charged, flat nonconducting 
surfaces are mutually perpendicular. One of the surfaces has 
a charge distribution of +30.0 pC/m”, and the other has a 
charge distribution of -40.0 pC/m*. What is the magnitude 
of the electric field at any point not on either surface? 


22.77 A 30.0-cm-long uniformly charged rod is sealed in 
a container. The total electric flux leaving the container is 
1.46-10°N m’/C. Determine the linear charge distribution 
on the rod. 


22.78 Suppose you have a large spherical balloon and you 
are able to measure the component E, of the electric field 
normal to its surface. If you sum E, dA over the whole surface 
area of the balloon and obtain a magnitude of 10 N m?/C, 
what is the electric charge enclosed by the balloon? 


22.79 An object with mass m = 1.0 g and charge q is placed 
at point A, which is 0.05 m above an infinitely large, uniformly 
charged, nonconducting sheet (a = -3.5- 10°? C/m7), as shown 
in the figure. Gravity is act- 

ing downward (g = 9.81 m/s’). y m 
Determine the number, N, of |: 
electrons that must be added to 

or removed from the object for 
the object to remain motionless 
above the charged plane. 
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22.80 A long conducting wire with charge distribution 

A and radius r produces an electric field of 2.73 N/C just 
outside the surface of the wire. What is the magnitude of the 
electric field just outside the surface of another wire with 
charge distribution 0.81A and radius 6.57? 


22.81 There is a uniform charge distribution of A = 

8.00- 10 C/m along a thin wire of length L = 6.00 cm. 
The wire is then curved into a semicircle that is centered 
about the origin, so the radius of the semicircle is R = L/7. 
Find the magnitude of the electric field at the center of the 
semicircle. 


e22.82 A proton enters the gap between a pair of metal 
plates (an electrostatic separator) that produces a uniform, 
vertical electric field between them. Ignore the effect of 
gravity on the proton. 


a) Assuming that the length of the plates is 15.0 cm, and that 
the proton will approach the plates at a speed of 15.0 km/s, 
what electric field strength should the plates be designed 

to provide, if the proton must be deflected vertically by 

1.50 -107° rad? 

b) What speed does the proton have after exiting the 
electric field? 


c) Suppose the proton is one in a beam of protons that has 
been contaminated with positively charged kaons, particles 
whose mass is 494 MeV/c’ (8.81- 1078 kg), compared to the 
mass of the proton, which is 938 MeV/ č (1.67-10°7” kg). 
The kaons have +1e charge, just like the protons. If the 
electrostatic separator is designed to give the protons a 
deflection of 1.20- 10° rad, what deflection will kaons with 
the same momentum as the protons experience? 


e22.83 Consider a uniform nonconducting sphere with a 
charge p = 3.57-10°° C/m° and a radius R = 1.72 m. What is 
the magnitude of the electric field 0.530 m from the center 
of the sphere? 


ee22.84 A uniform sphere has a radius R and a total charge 
+Q, uniformly distributed throughout its volume. It is sur- 
rounded by a thick spherical shell carrying a total charge 
-Q, also uniformly distributed, and having an outer radius 
of 2R. What is the electric field as a function of R? 


ee22.85 Ifa charge is held in place above a large, flat, 
grounded, conducting slab, such as a floor, it will experi- 
ence a downward force toward the floor. In fact, the electric 
field in the room above the floor will be exactly the same as 
that produced by the original charge plus a “mirror im- 
age” charge, equal in magnitude and opposite in sign, as far 
below the floor as the original charge is above it. Of course, 
there is no charge below the floor; the effect is produced by 
the surface charge distribution induced on the floor by the 
original charge. 


a) Describe or sketch the electric field lines in the room 
above the floor. 

b) Ifthe original charge is 1.00 uC at a distance of 50.0 cm 
above the floor, calculate the downward force on this charge. 
c) Find the electric field at (just above) the floor, as a 
function of the horizontal distance from the point on the 
floor directly under the original charge. Assume that the 
original charge is a point charge, +q, at a distance a above 
the floor. Ignore any effects of walls or ceiling. 

d) Find the surface charge distribution o(p) induced on the 
floor. 

e) Calculate the total surface charge induced on the floor. 
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WHAT WE WILL LEARN 


= Electric potential energy is analogous to 
gravitational potential energy. 


= The change in electric potential energy is 
proportional to the work done by the electric field 
on a charge. 


= The electric potential at a given point in space is a 
scalar. 


= The electric potential, V, of a point charge, q, is 
inversely proportional to the distance from that 
point charge. 


The electric potential can be derived from the electric 
field by integrating the electric field over a displacement. 


The electric potential at a given point in space due toa 
distribution of point charges equals the algebraic sum of 
the electric potentials due to the individual charges. 


The electric field can be derived from the electric 
potential by differentiating the electric potential with 
respect to displacement. 


The functioning of the human nervous system depends on electricity. Tiny currents travel 
along nerve cells to signal, for example, muscles to contract, or digestive fluids to be secreted, 
or white blood cells to attack an invader. The brain is a center of electrical activity; as signals 
come from the sense organs and the rest of the body, they are processed, and stimulate new 
activity, such as thought or emotion. The images shown in Figure 23.1 are electrical maps 
of the brain, produced in preparation for exploratory brain surgery. The thin lines indicate 
constant electric potential, a topic covered in this chapter. 

Just as electric field strength is force per unit charge, electric potential is potential energy 
per unit charge. Electric potential is a property of the electric field, not of the charged object 
that produces the field. This distinction is important because it makes electric potential an 
extremely useful quantity for working with electric fields and electric circuits. However, it is 
necessary to be careful not to confuse electric potential energy and electric potential. 


23.1 Electric Potential Energy 


An electric field has many similarities to a gravitational field, including its mathematical for- 
mulation. We saw in Chapter 12 that the magnitude of the gravitational force is given by 


PLU 
g=, 
F 
where G is the universal gravitational constant, m, and m, are two masses, and r is the distance 
between the two masses. In Chapter 21, we saw that the magnitude of the electrostatic force is 
192 
R= ae (23.1) 


e 
2 
r 


where k is Coulomb's constant, q, and q, are two electric charges, and r is the distance 
between the two charges. Both gravitational and electrostatic forces depend only on the 
inverse square of the distance between the objects, and it can be shown that all such forces 
are conservative. Therefore, the electric potential energy, U, can be defined in analogy with 
the gravitational potential energy. 

In Chapter 6, we saw that for any conservative force, the change in potential energy due 
to some spatial rearrangement of a system is equal to the negative of the work done by the 
conservative force during this spatial rearrangement. For a system of two or more particles, 
the work done by an electric force, W,, when the system configuration changes from an initial 
state to a final state, is given in terms of the change in electric potential energy, AU: 


AU =U; -U, =-W,, (23.2) 


where U; is the initial electric potential energy and U;is the final electric potential energy. 
Note that it does not matter how the system gets from the initial to the final state. The 
work is always the same, independent of the path taken. Chapter 6 noted that this path- 
independence of the work done by a force is a general feature of conservative forces. 
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As is the case for gravitational potential energy (see Chapter 12), a reference point for 
the electric potential energy must always be specified. It simplifies the equations and calcu- 
lations if the zero point of the electric potential energy is assumed to be the configuration 
in which an infinitely large distance separates all the charges, which is exactly the same con- 
vention used for the gravitational potential energy. This assumption allows equation 23.2 
for the change in electric potential energy to be rewritten as AU = U;-0=U, or 


U=-W..... (23.3) 


Even though the convention of zero potential energy at infinity is very useful and is 
universally accepted for a collection of point charges, in some physical situations there is a 
reason to select a reference potential energy at some point in space, which will not lead to 
a value of zero potential energy at infinite separation. Remember, all potential energies of 
conservative forces are fixed only within an arbitrary additive constant. So you need to pay 
attention to how this constant is chosen in a particular situation. One situation in which the 
potential energy at infinity is not set to zero is that involving a constant electric field. 


Special Case: Constant Electric Field 


Let’s consider a point charge, q, moving through a displacement, d, in a constant electric 
field, E (Figure 23.2). The work done by a constant force F is W = Fed. For this case, the 
constant force is created by a constant electric field, F = gE. Thus, the work done by the field 
on the charge is given by 


W =qEed = qEd cos@, (23.4) 


where 6 is the angle between the electric force and the displacement. When the displace- 
ment is parallel to the electric field (0 = 0°), the work done by the field on the charge is 
W = qEd. When the displacement is antiparallel to the electric field (0 = 180°), the work 
done by the field is W = -qEd. Because the change in electric potential energy is related to 
the work done on the charge by AU = - W, if q > 0, the charge loses potential energy when 
the displacement is in the same direction as the electric field and gains potential energy 
when the displacement is in the direction opposite to the electric field. 

Figure 23.3a shows a mass, m, near the surface of the Earth, where it can be considered 
to be in a constant gravitational field, which points downward. From Chapter 6, we know 
that when the mass moves toward the surface of the Earth a distance h, the change in the 
gravitational potential energy of the mass is 


AU=-W=- Red =-imgh. 


It is intuitive that the mass has less potential energy if it is closer to the surface of the Earth. 
Figure 23.3b shows a positive charge, q, in a constant electric field. If the charge moves a 
distance, d, in the same direction as the electric field, the change in the electric potential 
energy is 


AU =-W =-qE«d =-qEd. (23.5) 


Thus, the electric potential energy of a charge in an electric field is analogous to the gravita- 
tional potential energy of a mass in Earth’s gravitational field near the surface of Earth. (But, 
of course, the important difference between the two interactions is that masses come in only 
one variety, and exert gravitational attraction for one another, whereas charges can attract 
or repel each other. Thus, AU can change sign, depending on the signs of the charges.) 
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(b) 
FIGURE 23.2 Work done by an 


electric field, F, on a moving charge, q: 
(a) general case, (b) case where 
the displacement is opposite to the 


direction of the electric field. 


(a) 


(b) 
FIGURE 23.3 The analogy between 
gravitational potential energy and elec- 
tric potential energy. (a) A mass falls 
in a gravitational field. (b) A positive 
charge moves in the same direction as 
an electric field. 


The potential energy of a charged particle, q, in an electric field depends on the magnitude of 
the charge as well as that of the electric field. A quantity that is independent of the charge on 
the particle is the electric potential, V, defined in terms of the electric potential energy as 


V=—. (23.6) 
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Before After 


(a) (b) 


FIGURE 23.4 A proton between two 
charged parallel conducting plates in 

a vacuum. (a) The proton is released 
from rest. (b) The proton has moved 
from the positive plate to the negative 
plate, gaining kinetic energy. 


Because U is proportional to q, V is independent of q, which makes it a useful variable. The 
electric potential, V, characterizes an electrical property of a point in space even when no 
charge, q, is placed at that point. In contrast to the electric field, which is a vector, the elec- 
tric potential is a scalar. It has a value everywhere in space, but has no direction. 

The difference in electric potential, AV, between an initial point and final point, V;- V, 
can be expressed in terms of the electric potential energy at each point: 


U; U,_ AU 
4 q4 4 


Combining equations 23.2 and 23.7 yields a relationship between the change in electric 
potential and the work done by an electric field on a charge: 


AV =V; -V= (23.7) 


AV ==, (23.8) 


Taking the electric potential energy to be zero at infinity as in equation (23.3) gives the 
electric potential at a point as 


Vos, (23.9) 


where W, is the work done by the electric field on the charge when it is brought in to the 
point from infinity. An electric potential can have a positive, a negative, or a zero value, but 
it has no direction. 

The SI units for electric potential are joules/coulomb (J/C). This combination has been 
named the volt (V) for Italian physicist Alessandro Volta (1745-1827) (note the use of the 
roman V for the unit, whereas the italicized V is used for the physical quantity of electric 
potential): 

1Ve= at 
1C 
With this definition of the volt, the units for the magnitude of the electric field are 


eare ela] VJ -1 


[ql 1C \1C}{1jy)|\GNGm)} 1m? 


1C 


For the remainder of this book, the magnitude of an electric field will have units of V/m, 
which is the standard convention, instead of N/C. Note that an electric potential difference is 
often referred to as a “voltage; particularly in circuit analysis, because it is measured in volts. 


EXAMPLE 23.1 { Energy Gain of a Proton 


A proton is placed between two parallel conducting plates in a vacuum (Figure 23.4). 
The difference in electric potential between the two plates is 450 V. The proton is released 
from rest close to the positive plate. 


PROBLEM 
What is the kinetic energy of the proton when it reaches the negative plate? 


SOLUTION 

The difference in electric potential, AV, between the two plates is 450 V. We can relate this 
potential difference across the two plates to the change in electric potential energy, AU, of 
the proton using equation 23.7: 

_ AU 


q 


Because of the conservation of total energy, all the electric potential energy lost by the 
proton in crossing between the two plates is turned into kinetic energy due to the motion 


AV 
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| of the proton. We apply the law of conservation of energy, AK + AU = 0, where AU is the 
| change in the proton’s electric potential energy: 


AK =- AU =-@AV. 


Because the proton started from rest, we can express its final kinetic energy as K = -qgAV. 
Therefore, the kinetic energy of the proton after crossing the gap between the two plates is 


k= -(1.602 1079 C}(-450 v)=7.21-1077 J. 


23.1 In-Class Exercise 


An electron is positioned and then released on the x-axis, where the electric potential has the 
value -20 V. Which of the following statements describes the subsequent motion of the electron? 


a) The electron will move to the left (negative d) The electron will move to the right 
x-direction) because it is negatively charged. (positive x-direction) because the electric 


otential is negative. 
b) The electron will move to the right (positive POFSN Eat te Negatly 


x-direction) because it is negatively charged. e) Not enough information is given to predict 


the motion of the electron. 
c) The electron will move to the left (negative iii " 


x-direction) because the electric potential is 
negative. 


Because the acceleration of charged particles across a potential difference is often used 
in the measurement of physical quantities, a common unit for the kinetic energy of a singly 
charged particle, such as a proton or an electron, is the electron-volt (eV): 1 eV represents 
the energy gained by a proton (q = 1.602: 10” C) accelerated across a potential difference 
of 1 V. The conversion between electron-volts and joules is 


1 eV =1.602-10” J. 


The kinetic energy of the proton in Example 23.1 is then 450 eV, or 0.450 keV, which we could 
have obtained from the definition of the electron-volt without performing any calculations. 


Batteries 


A common means of creating electric potential is a battery. We'll see in Chapters 24 and 25 
how a battery uses chemical reactions to provide a source of (nearly) constant potential dif- 
ference between its two terminals. An assortment of batteries is shown in Figure 23.5. 

At its simplest, a battery consists of two half-cells, filled with a conducting electrolyte 
(originally a liquid but now almost always a solid); see Figure 23.6. The electrolyte is sepa- 
rated into two halves by a barrier, which prevents the bulk of the electrolyte from passing 
through but allows charged ions to pass through. The negatively charged ions (anions) move 
toward the anode, and the positively charged ions move toward the cathode. This creates a 
potential difference between the two terminals of the battery. Thus, a battery is basically a 
device that converts chemical energy directly into electrical energy. 

Research on battery technology is of current importance, because many mobile appli- 
cations require a great deal of energy, from cell phones to laptop computers, from electrical 
cars to military gear. The weight of the batteries needs to be as small as possible, they need 
to be rapidly rechargeable for hundreds of cycles, they need to deliver as constant a poten- 
tial difference as possible, and they need to be available at an affordable price. Thus, such 
research provides many scientific and engineering challenges. 

One example of relatively recent battery technology is the lithium ion cell, which is 
often used in applications such as laptop computer batteries. A lithium ion battery has a 
much higher energy density (energy content per unit volume) than conventional batteries. 
A typical lithium ion cell, like the one in Figure 23.7, has a potential difference of 3.7 V. Lith- 
ium ion batteries have several other advantages over conventional batteries. They can be 


(b) 


FIGURE 23.5 (a) Some representa- 
tive batteries (clockwise from upper 
left): rechargeable AA nickel metal 
hydride (NiMH) batteries in their char- 
ger, disposable 1.5-V AAA batteries, a 
12-V lantern battery, a D-size battery, 
a lithium ion laptop battery, and a 
watch battery; (b) 330-V battery for a 
gas-electric hybrid SUV, filling the entire 
floor of the trunk. 


Anode Cathode 
- + 


Barrier 


FIGURE 23.6 Schematic drawing of 
a battery. 
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Lithium ion 
battery pack 


Lithium ion cell 


FIGURE 23.7 A drawing showing the lithium ion battery pack of the 
Tesla electric-powered sports car. Also shown is one of the 6831 lithium 
ion cells that make up the battery pack. 


recharged hundreds of times. They have no “memory” effect 
and thus do not need to be conditioned to hold their charge. 
They hold their charge on the shelf. They also have some dis- 
advantages. For example, if a lithium ion battery is completely 
discharged, it can no longer be recharged. The battery per- 
forms best if it is not charged to more than 80% of capacity and 
not discharged to less than 20% of its capacity. Heat degrades 
lithium ion batteries. If the batteries are discharged too quickly, 
the constituents can catch fire or explode. To deal with these 
problems, most commercial lithium ion battery packs have a 
small built-in electronic circuit that protects the battery pack. 
The circuit will not allow the battery to be overcharged or 
overly discharged; it will not allow charge to flow out of the 
battery so quickly that the battery will overheat. If the battery 
becomes too warm, the circuit disconnects the battery. 


Currently, lithium ion batteries are being used in some electric-powered cars. The 


FIGURE 23.8 The Tesla electric- 


powered sports car. 


following example compares the energy carried by a battery-powered car and a gasoline- 
powered car. 


EXAMPLE 23.2 | Battery-Powered Cars 


Battery-powered cars produce no emissions and thus are an attractive alternative to 
gasoline-powered cars. Some of these cars, such as the Tesla sports car shown in Figure 
23.8, are powered by batteries constructed of lithium ion cells. 

The battery pack of the Tesla electric sports car (Figure 23.7) has the capacity to hold 
53 kW h of energy. The battery pack is usually charged to 80% of its capacity and dis- 
charged to 20% of its capacity. A gasoline-powered car typically carries 50 L of gasoline, 
and gasoline has an energy content of 34.8 MJ/L. 


PROBLEM 
How does the available energy in a lithium ion battery pack of an electric-powered car 
compare with the energy carried by a gasoline-powered car? 


SOLUTION 
Because not all of the energy can be extracted from a lithium ion battery without damag- 
ing it, the total usable energy is 


Eyjectric = (80% ~ 20% )(53 kW n| 1000W | 3600 s 


=1.14-10° J=114 MJ. 
1kW lh 


A typical gasoline-powered car can carry 50 L of gasoline, which has an energy content of 


Egasoline = (50 L)(34.8 MJ/L) =1740 MJ. 
Thus, a typical gasoline-powered car carries 15 times as much energy as the Tesla electric- 
powered car. However, the efficiency of a gasoline-powered car is approximately 20%, 
while an electric-powered car can be close to 90% efficient. Thus, the usable energy of the 
electric-powered car is 


E, 


electric, usable — 0.9(1 14 MJ) =103 MJ, 
and the usable energy of the gasoline-powered car is 


E, =0.2(1740 MJ) =348 MJ. 


‘gasoline, usable 


You can see that electric-powered cars, even with lithium ion batteries, can carry less 
energy than gasoline-powered cars. 
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Van de Graaff Generator 


One means of creating large electric potentials is a Van de Graaff generator, a device 
invented by the American physicist Robert J. Van de Graaff (1901-1967). Large Van de 
Graaff generators can produce electric potentials of millions of volts. More modest Van 
de Graaff generators, such as the one shown in Figure 23.9, can produce several hundred 
thousand volts and are often used in physics classrooms. 

A Van de Graaff generator uses a corona discharge to apply a positive charge to a non- 
conducting moving belt. Putting a high positive voltage on a conductor with a sharp point 
creates the corona discharge. The electric field on the sharp point is much stronger than on 
the flat surface of the conductor (see Chapter 22). The air around the sharp point is ionized. 
The ionized air molecules have a net positive charge, which causes the ions to be repelled 
away from the sharp point and deposited on the rubber belt. The moving belt, driven by an 
electric motor, carries the charge up into a hollow metal sphere, where the charge is taken 
from the belt by a pointed contact connected to the metal sphere. The charge that builds up 
on the metal sphere distributes itself uniformly around the outside of the sphere. On the 
Van de Graaff generator shown in Figure 23.9, a voltage limiter is used to keep the generator 
from producing sparks larger than desired. 


EXAMPLE 23.3 | Tandem Van de Graaff Accelerator 


A Van de Graaff accelerator is a particle accelerator that uses high electric potentials for 
studying nuclear physics processes of astrophysical relevance. A tandem Van de Graaff 
accelerator with a terminal potential difference of 10.0 MV (10.0 million volts), is dia- 
grammed in Figure 23.10. This terminal potential difference is created in the center of the 
accelerator by a larger, more sophisticated version of the classroom Van de Graaff genera- 
tor. Negative ions are created in the ion source by attaching an electron to the atoms to 
be accelerated. The negative ions then accelerate toward the positively charged terminal. 
Inside the terminal, the ions pass through a thin foil that strips off electrons, producing 
positively charged ions that then are accelerated away from the terminal and out of the 


tandem accelerator. 
Tandem tank 


Ton 
source 


Terminal at 
+10 MV 


FIGURE 23.10 A tandem Van de Graaff accelerator. 


PROBLEM 1 
What is the highest kinetic energy that carbon nuclei can attain in this tandem accelerator? 


SOLUTION 1 

A tandem Van de Graaff accelerator has two stages of acceleration. In the first stage, each 
carbon ion has a net charge of q, = -e. After the stripper foil, the maximum charge any 
carbon ion can have is q, = +6e. The potential difference over which the ions are acceler- 
ated is AV = 10 MV. The kinetic energy gained by each carbon ion is 


AK =|AU|=|q,AV|+|@AV|=K, 
or 
K=eAV +6eAV =7eAV, 
assuming that the initial speed of the ions is = zero. 


Putting in the numerical values, we get 


K= 7(1.602-10 C}(10-10° v) =1,12-10" J. 
Continued— 


(b) 


FIGURE 23.9 (a) A Van de Graaff 
generator used in physics classrooms. 
(b) The Van de Graaff generator can 
produce very high electric potentials by 
carrying charge from a corona discharge 
on a rubber belt up to a hollow metal 
sphere, where the charge is extracted 
from the belt by a sharp piece of metal 
attached to the inner surface of the 
hollow sphere. 
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23.2 In-Class Exercise —, 


A cathode ray tube uses a potential 
difference of 5.0 kV to accelerate 
electrons and produce an electron 
beam that makes images on a 
phosphor screen. What is the speed 
of these electrons as a percentage 
of the speed of light? 


a) 0.025% d) 4.5% 

b) 0.22% e) 14% 

c) 1.3% 
We 


Nuclear physicists often use electron-volts instead of joules to express the kinetic energy 
of accelerated nuclei: 


K =7eAV =7e(10-10° V)=7-107 eV =70 MeV. 


PROBLEM 2 
What is the highest speed that carbon nuclei can attain in this tandem accelerator? 


SOLUTION 2 
To determine the speed, we use the relationship between kinetic energy and speed: 
ail i 
K=>mv’, 
where m =1.99-10°”° kg is the mass of the carbon nucleus. Solving this equation for the 
speed, we get 


(112-107 J) 
=3.36-10” m/s, 


1.99-10°°° kg 
which is 11% of the speed of light. 


23.3 Equipotential Surfaces and Lines 


FIGURE 23.11 (a) Ski resort with 
three peaks; (b) the same peaks with 
lines of equal elevation superimposed; 
(c) the contour lines of equal elevation 
in a two-dimensional plot. 


Imagine you had to map out a ski resort with three peaks, like the one shown in Figure 
23.11a. In Figure 23.11b, lines of equal elevation have been superimposed on the peaks. 
You could walk along each of these lines, without ever going uphill or downhill, and would 
be guaranteed to reach the point from which you started. These lines are lines of constant 
gravitational potential, because the gravitational potential is a function of the elevation only, 
and the elevation remains constant on each of the lines. Figure 23.11c shows a top view of 
the contour lines of equal elevation, which mark the equipotential lines for the gravitational 
potential. If you have understood this figure, the following discussion of electric potential 
lines and surfaces should be easy to follow. 

When an electric field is present, the electric potential has a value everywhere in space. 
Points that have the same electric potential form an equipotential surface. Charged par- 
ticles can move along an equipotential surface without having any work done on them by 
the electric field. According to principles of electrostatics, the surface of a conductor must 
be an equipotential surface; otherwise, the free electrons on the conductor surface would 
accelerate. The discussion in Chapter 22 established that the electric field is zero everywhere 
inside the body of a conductor. This means that the entire volume of the conductor must be 
at the same potential; that is, the entire conductor is an equipotential. 

Equipotential surfaces exist in three dimensions (Figure 23.12); however, symmetries 
in the electric potential allow us to represent equipotential surfaces in two dimensions, as 
equipotential lines in the plane in which the charges reside. Before determining the shape 
and location of these equipotential surfaces, let’s first look at some qualitative features of 
some of the simplest cases (for which the electric fields were determined in Chapter 22). 

In drawing equipotential lines, we note that charges can move perpendicular to any 
electric field line without having any work done on them by the electric field, because 


(b) 


according to equation 23.4, the scalar product of the electric field and the displacement is 
then zero. If the work done by the electric field is zero, the potential remains the same, by 
equation 23.8. Thus, equipotential lines and planes are always perpendicular to the direction 
of the electric field. (In Figure 23.11b, the elevation map of the ski resort, the equivalent of 
electric field lines would be the lines of steepest descent, which are, of course, always per- 


pendicular to the lines of equal elevation.) 


Before examining the particular equipotential surfaces resulting from different electric 
field configurations, let’s note the two most important general observations of this section, 


which hold for all of the following cases: 


1. The surface of any conductor forms an equipotential surface. 
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2. Equipotential surfaces are always perpendicular to the electric field lines at any 


point in space. 


Constant Electric Field 


A constant electric field has straight, equally spaced, and parallel field 
lines. Thus, such a field produces equipotential surfaces in the form of 
parallel planes, because of the condition that the equipotential surfaces 
or equipotential lines have to be perpendicular to the field lines. These 
planes are represented in two dimensions as equally spaced equipoten- 
tial lines (Figure 23.13). 


Single Point Charge 


Figure 23.14 shows the electric field and corresponding equipotential 
lines due to a single point charge. The electric field lines extend radially 
from a positive point charge, as shown in Figure 23.14a. In this case, the 
field lines point away from the positive charge and terminate at infinity. 
For a negative charge as shown in Figure 23.14b, the field lines origi- 
nate at infinity and terminate at the negative charge. The equipotential 
lines are spheres centered on the point charge. (In the two-dimensional 
views shown in the figure, the circles represent the lines where the 
plane of the page cuts through equipotential spheres.) The values of the 
potential difference between neighboring equipotential lines are equal, 
producing equipotential lines that are close together near the charge 
and more widely spaced away from the charge. Note again that the 
equipotential lines are always perpendicular to the electric field lines. 
Equipotential surfaces do not have arrows like the field lines, because 
the potential is a scalar. 


Equipotential surface 


FIGURE 23.12 Equipotential sur- 
face in three dimensions, resulting from 
eight positive point charges placed at 
the corners of a cube. 


Equipotential surface 


FIGURE 23.13 Equipotential surfaces (red lines) from a 
constant electric field. The purple lines with the arrowheads 
represent the electric field. 


Equipotential surface 


(a) 


(b) 


FIGURE 23.14 Equipotential surfaces and electric field lines from (a) a single positive point charge and (b) a single negative point charge. 
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23.1 Self-Test Opportunity 


Suppose the charges in Figure 23.15 
were located at (x,y) = (-10 cm,0) 
and (x,y) = (+10 cm,0). What would 
the electric potential be along the 
y-axis (x = 0)? 


23.2 Self-Test Opportunity 


Suppose the charges in Figure 23.16 
were located at (x,y) = (-10 cm,0) 
and (x,y) = (+10 cm,0). Would 

(x,y) = (0,0) correspond to a maxi- 
mum, a minimum, or a saddle point 
in the electric potential? 


Equipotential surface 
positive 


FIGURE 23.15 Equipotential surfaces created by point charges of 


Two Oppositely Charged Point Charges 


Figure 23.15 shows the electric field lines from two oppositely charged point charges, along with 
equipotential surfaces depicted as equipotential lines. An electrostatic force would attract these 
two point charges toward each other, but this discussion assumes that the charges are fixed in 
space and cannot move. The electric field lines originate at the positive charge and terminate on 
the negative charge. Again, the equipotential lines are always perpendicular to the electric field 
lines. The red lines in this figure represent positive equipotential surfaces, and the blue lines 
represent negative equipotential surfaces. Positive charges produce positive potential, and nega- 
tive charges produce negative potential (relative to the value of the potential at infinity). Close to 
each charge, the resultant electric field lines and the resultant equipotential lines resemble those 
for a single point charge. Away from the vicinity of each charge, the electric field and the electric 
potential are the sums of the fields and potentials due to the two charges. The electric fields add 
as vectors, while the electric potentials add as scalars. Thus, the electric field is defined at all 
points in space in terms of a magnitude and a direction, while the electric potential is defined 
solely by its value at a given point in space and has no direction associated with it. 


Two Identical Point Charges 


Figure 23.16 shows electric field lines and equipotential surfaces resulting from two iden- 
tical positive point charges. These two charges experience a repulsive electrostatic force. 


23.3 In-Class Exercise 


| In the figure, the lines represent equipotential lines. A charged object is moved from point P to 
| point Q. How does the amount of work done on the object compare for these three cases? 
a) All three cases involve 
the same work. y] — 5V 
| ; — e 10 VV 
| b) The most work is done in p 10V P iy 
| case 1. 
20 V 
c) The most work is done in 15V 
ase 2. 
i — 20V — n 5V ——_e—— 25V 
| d) The most work is done in Q —e— ee Q 
| L 
case 3. —e 25V 20 V 
. — L zy 
| e) Cases 1 and 3 involve the 30V 30V 30V 
same amount of work, 
which is more than is (1) (2) (3) 
involved in case 2. 


Equipotential surface 
negative 


Equipotential surface 


H 
yy 
“ie, 


the same magnitude but opposite sign. The red lines represent positive FIGURE 23.16 Equipotential surfaces (red lines) from two identical 
potential, and the blue lines represent negative potential. The purple positive point charges. The purple lines with the arrowheads represent 
lines with the arrowheads represent the electric field. the electric field. 
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Because both charges are positive, the equipotential surfaces represent positive potentials. 
Again, the electric field and electric potential result from the sums of the fields and poten- 
tials, respectively, due to the two charges. 


23.4 Electric Potential of Various Charge Distributions 


The electric potential is defined as the work required to place a unit charge at a point, and 
work is a force acting over a distance. Also, the electric field can be defined as the force 
acting on a unit charge at a point. Therefore, it seems that the potential at a point should 
be related to the field strength at that point. In fact, electric potential and electric field are 
directly related; we can determine either one given an expression for the other. 

To determine the electric potential from the electric field, we start with the definition of 
the work done on a particle with charge q by a force, F, over a displacement, ds: 


dW = Feds. 
In this case, the force is given by F = gE, so 
dW =qEeds. (23.10) 


Integration of equation 23.10 as the particle moves in the electric field from some initial 
point to some final point gives 


f Fa 
W=W, >f gEads=q | Za 
Using equation 23.8 to relate the work done to the change in electric potential, we get 


f 
AV=V; -y =-=- f Eeds. 
q i 


As mentioned earlier, the usual convention is to set the electric potential to zero at infinity. 
With this convention, we can express the potential at some point 7 in space as 


VF)-V(0)=V(F)=— f " Beds. (23.11) 


Point Charge 


Lets use equation 23.11 to determine the electric potential due to a point charge, q. The 
electric field due to a point charge, q (for now, taken as positive), at a distance r from the 
charge is given by 

kq 

E= 3 

r 
The direction of the electric field is radial from the point charge. Assume that the integra- 
tion is carried out along a radial line from infinity to a point at a distance R from the point 
charge, such that Eds = Edr. Then we can use equation 23.11 to obtain 
Ry 23.3 Self-Test Opportunity 
= - Obtaining equation 23.12 for the 
electric potential from a point 
charge involved integrating along 
a radial line from infinity to a 
point at a distance R from the 


kq 


r 
loo 


R R 
viR)=- f Bade == Mar- 


o r 


Thus, the electric potential due to a point charge at a distance r from the charge is given by 


kq 


V= r` (23.12) point charge. How would the result 
i PN change if the integration were car- 
Equation 23.12 also holds when q < 0. A positive charge produces a positive potential, and ried out over a different path? 


a negative charge produces a negative potential, as shown in Figure 23.17. 
In Figure 23.17, the electric potential is calculated for all points in the xy-plane. The 
vertical axis represents the value of the potential at each point on the plane, V(x, y), found 


using r=4/x° + y’. The potential is not calculated close to r = 0 because it becomes infinite 
there. You can see from Figure 23.17 how the circular equipotential lines shown in Figure 
23.14 originate. 
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23.4 In-Class Exercise —, 


What is the electric potential 45.5 cm 
away from a point charge of 12.5 pC? 
a) 0.247 V d) 10.2 V 
b) 1.45 V e) 25.7 V 
c) 4.22 V 

\ J 

v=0 v= v 
| | I 
| l l 
| | I 
l< t >| 
K ! 
| | 
o_o. >> x 

| l l 
| l I 

x=0 x= d; x=d; 


FIGURE 23.18 Two positive charges. 
One charge is fixed in place at x = 0, 
and the second charge begins moving 
with velocity Vo at x = d; and has zero 
velocity at x = d;. 


q>0 q4<0 


(a) (b) 
FIGURE 23.17 Electric potential due to: (a) a positive point charge and (b) a negative point charge. 


SOLVED PROBLEM 23.1 | Fixed and Moving Positive Charges 


PROBLEM 

A positive charge of 4.50 uC is fixed in place. A particle of mass 6.00 g and charge +3.00 uC 
is fired with an initial speed of 66.0 m/s directly toward the fixed charge from a distance 
of 4.20 cm away. How close does the moving charge get to the fixed charge before it comes 
to rest and starts moving away from the fixed charge? 


SOLUTION 


THINK 

The moving charge will gain electric potential energy as it nears the fixed charge. The 
negative of the change in potential energy of the moving charge is equal to the change in 
kinetic energy of the moving charge because AK + AU = 0. 


SKETCH 
We set the location of the fixed charge at x = 0, as shown in Figure 23.18. The moving 
charge starts at x = d, moves with initial speed v = vy, and comes to rest at x = dẹ 


RESEARCH 

The moving charge gains electric potential energy as it approaches the fixed charge and 
loses kinetic energy until it stops. At that point, all the original kinetic energy of the moving 
charge has been converted to electric potential energy. Using energy conservation, we can 
write this relationship as 


AK +AU =0 > AK =- AU > 


Lay? — 
O-=mvo =- AmovingAV > 


Lmv = moving V- (i) 


The electric potential experienced by the moving charge is due to the fixed charge, so we 
can write the change in potential as 


(ii) 


1 1 
AV =V; - V =k hixed _ k fixed =k _ : 
f i de di fixed de d; 
SIMPLIFY 
Substituting the expression for the potential difference from equation (ii) into equation 
(i), we find 


l 3 1 1 
zo = movingå V = kamoving Tixed [+ = x| > 


23.4 Electric Potential of Various Charge Distributions 


1 1 mv 
de di 2kGmoving Fixed 
2 
1 1, MV 


de d; : 2kGmoving Fixed 


CALCULATE 
Putting in the numerical values, we get 
ES (0.00600 kg )(66.0 m/s} ae 
de 0.0420 m - 2(8.99 -10° N m? IC? )(3.00-104C)(4.50-10%C) _ 
or 
de = 0.00760545 m. 
ROUND 


We report our result to three significant figures: 
d; =0.00761 m =0.761 cm. 
DOUBLE-CHECK 


The final distance of 0.761 cm is less than the initial distance of 4.20 cm. At the final dis- 
tance, the electric potential energy of the moving charge is 


ixe moving fixed 
Uri ai KE d j=: £ 


f de 
(3.00-10° C](4.50-10° c) 
-(899 10° N m?c?) 1607, 
0.00761 m 
The electric potential energy at the initial distance is 
U= raving V = Amoving k dined = k Traing tied 
i d; 
(3.00-10-° C}(4.50-10"° c) 
-= (8.299-10 N m?/C?) =29). 
(0.0420 m) 


The initial kinetic energy is 


] m- (0.00600 na m/s) 


2 
K= = 


13.1 J. 
We can see that the equation based on energy conservation, from which the solution 
process started, is satisfied: 

1m? = AU 

13.1 J= 16.0 J-2.9 J= 13.1 J. 


This gives us confidence that our result for the final distance is correct. 


ee 


System of Point Charges 


The electric potential due to a system of n point charges is calculated by adding the poten- 
tials due to all the charges: 


veined Ae (23.13) 


i=] 
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Equation 23.13 can be proved by inserting the expression for the total electric field from 
n charges (E,= E,+£,+---+E, ) into equation 23.11 and integrating term by term. The 
summation in equation 23.13 produces a potential at any point in space that has a value but 
no direction. Thus, calculating the potential due to a group of point charges is usually much 
simpler than calculating the electric field, which involves the addition of vectors. 


A EXAMPLE 23.4 | Superposition of Electric Potentials 
Ji 
TO P Let’s calculate the electric potential at a given point due to a system of point charges. Figure 
23.19 shows three point charges: q, = + 1.50 uC, q, = +2.50 uC, and q, = -3.50 uC. Charge 


b = 6.00 m. 
The electric potential at point P is the sum of the potentials due to the three charges: 


=k A Q2 +E 


b Ja 4p 4 
92 q3 -6 -6 -6 
2 2 
aa [[so m) + (6.00 m) saa 


Hh ë h 


3 
kq fa k, B 
V= papi 4 By 


? 
l 
i 
i q; is located at (0,a), q, is located at (0,0), and q; is located at (b,0), where a = 8.00 m and 
l 
l 
| 
| 
| 
l 
l 
l 
| 
l 
l 
l 
| 


|< b =| 


FIGURE 23.19 Electric potential at 


a point due to three point charges. 


= 562 V. 


Note that the potential due to q; is negative at point P, but the sum of the potentials is 
positive. 

This example is similar to Example 22.1, in which we calculated the electric field at 
point P due to three charges. Note that this calculation of the electric potential due to 
three charges is much simpler than that calculation. 


23.5 In-Class Exercise 


Three identical positive point 
charges are located at fixed 
points in space. Then charge q, 
is moved from its initial location 
to a final location as shown in 


the figure. Four different paths, ` SESS . 
marked (a) through (d), are Continuous Charge Distribution 


shown. Path (a) follows the short- We can also determine the electric potential due to a continuous distribution of charge. To 
est line; path (b) takes qz around do this, we divide the charge into differential elements of charge, dq, and find the electric 


; path tak d i i . . a . ee 
] fa : a id) eae potential resulting from that differential charge as if it were a point charge. This is the way 
17 2 


to infinity and then to the final charge distributions were treated in determining electric fields in Chapter 22. The differ- 
location. Which path requires the ential charge dq, can be expressed in terms of a charge per unit length times a differential 
least work? es length, A dx; in terms of a charge per unit area times a differential area, o dA; or in terms 


of a charge per unit volume times a differential volume, pdV. The electric potential result- 
ing from the charge distribution is obtained by integrating over the contributions from the 
differential charges. Let’s consider an example involving the electric potential due to a one- 
dimensional charge distribution. 


EXAMPLE 23.5 | Finite Line of Charge 


What is the electric potential at a distance d along the perpendicular bisector of a thin 


a) path (a) d) path (d) wire with length 2a and linear charge distribution A (Figure 23.20)? 
b) path (b) e) The work is The differential electric potential, dV, at a distance d along the perpendicular bisector 
the same for of the wire due to a differential charge, dq, is given by 
c) path (c) all the paths 
: da 
dV=k—. 
r 


The electric potential due to the whole wire is given by the integral over dV along the length 


of the wire: 
v= fave fe (i) 
r 
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>< 


A dq 


FIGURE 23.20 Calculating the electric potential due to a line of charge. 


With dq = Adx and r= x’ +d’, we can rewrite equation (i) as 


Í Adx T dx 
v= [na f| 
A x 4 d - x +4 d 
Finding this integral in a table or evaluating it with software gives 


1 dx z | i 2 al = Va +d +a 
In| x+¥x° +d l : 
near = -a i Va +e -a 


Thus, the electric potential at a distance d along the perpendicular bisector of a finite line 


of charge is given by 
[2 p 
V=kAIn| 2 +d°+a 


Vat +e -a l 


23.5 Finding the Electric Field from the Electric Potential 


As we mentioned earlier, we can determine the electric field starting with the electric poten- 
tial. This calculation uses equations 23.8 and 23.10: 


-qdV = gEds, 


where ds is a vector from an initial point to a final point located a small (infinitesimal) 
distance away. The component of the electric field, E, along the direction of ds is given by 
the partial derivative 
g- (23.14) 23.6 In-Class Exercise — 


Suppose an electric potential is 
(Chapter 15 on waves applied partial derivatives, and they were treated much like con- described by V(x, y, z) = -(5x° + 
ventional derivatives, which we'll continue to do here.) Thus, we can find any component y + z) in volts. Which of the fol- 
of the electric field by taking the partial derivative of the potential along the direction of paar a ave m 
that component. We can then write the components of the electric field in terms of partial volts per meter? ‘ 
derivatives of the potential: 


a) E =5%+ 2y + 22 
E ee E eae pone (23.15) = : 
$ ox ” oy oz b) E = 10x 
. SOE = c) E = 5x + 29 
The equivalent vector calculus formulation is E= - VV = -(9V/ðx, ð V/ðy, Ə V/ðz), where the . 
operator V is called the gradient. Thus, the electric field can be determined either graphi- d) E = 10x8 +9 +2 
cally, by measuring the negative of the change of the potential per unit distance perpendicu- e) E=0 


lar to an equipotential line, or analytically, by using equation 23.15. \ J 
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23.7 In-Class Exercise 


In the figure, the lines represent = y ny 
equipotential lines. How does the —— lov 
magnitude of the electric field, £, — 10 V =y 
at point P compare for the three — 20V 
cases? —— 15V 
P 

=E, = ——— 5V y 
a) E = E; = E; TENE a 
b) E > E, > E; —— isv 

— > 25 V —. 20V 

c) E < E, < E; AAA 
d) E, > E, > E, —3oy — oy — 30V 
e) E < E < E, a) (2) (3) 


To visually reinforce the concepts of electric fields and potentials, the following exam- 
ple shows how a graphical technique can be used to find the field given the potential. 


_EXAMPLE 23.6 | Graphical Extraction of the Electric Field 


V(x,y) 


Let’s consider a system of three point charges with values q, = -6.00 uC, q, = 
-3.00 uC, and q; = +9.00 uC, located at positions (x,,y,) = (1.5 cm,9.0 cm), 
(X,Y) = (6.0 cm,8.0 cm), and (x;,y3) = (5.3 cm,2.0 cm). Figure 23.21 shows 
the electric potential, V(x,y), resulting from these three charges, with equipo- 
tential lines calculated at potential values from -5000 V to 5000 V in 1000-V 
increments shown in Figure 23.22. 

We can calculate the magnitude of the electric field at point P using equa- 
tion 23.14 and graphical techniques. To perform this task, we use the green 
line in Figure 23.22, which is drawn through point P perpendicular to the 
equipotential line because the electric field is always perpendicular to the 
equipotential lines, reaching from the equipotential line of 0 V to the line of 
2000 V. As you can see from Figure 23.22, the length of the green line is 1.5 cm. 


FIGURE 23.21 Electric potential due to three Therefore, the magnitude of the electric field can be approximated as 
charges. 


_|(+2000 v)-(0 v) 


=1.3-10° V/m, 
1.5 cm 


_| AV 
As 


5000 V, —4000 V —3000 V 


y (cm) 


FE 


0 Geshontiditiriiit 


0 


x (cm) 


FIGURE 23.22 Equipotential lines for the electric potential due to three point charges. 


23.6 Electric Potential Energy of a System of Point Charges 


where As is the length of the line through point P. The negative sign in equation 23.14 
indicates that the direction of the electric field between neighboring equipotential lines 
points from the 2000-V equipotential line to the zero potential line. 


In Chapter 22, we derived an expression for the electric field along the perpendicular 
bisector of a finite line of charge: 
2kA a 
E=- L, 
y IPod 
In Example 23.5, we found an expression for the electric potential along the perpendicular 
bisector of a finite line of charge: 


varii WY t@ +4 
Vy +e -a 


where the coordinate d used in Example 23.5 has been replaced with the distance in the 
y-direction. We can find the y-component of the electric field from the potential using 
equation 23.15: 


(23.16) 


= afin Yor ree val) any? -a] | 


Taking the partial derivative (remember that we can treat the partial derivate like a regular 
derivative), we obtain for the first term 


y 


(27) = 
ees 2 2 3 5 
derivative of y* y +a + aly +a 


Zie y ta 4 al|- : : : 
oy Jte yal {2 pte 


derivative of In 


derivative of y +a 


where the fact that the derivative of the natural log function is d(In x)/dx = 1/x and the 
chain rule of differentiation have been used. (The outer and inner derivatives are indicated 
under the terms that they generate.) A similar expression can be found for the second term. 
Using the values of the derivatives, we find the component of the electric field: 


E =-kà y y _2kà a 
z Pirin e yta—aly ta y aw 


This result is the same as that for the electric field in the y-direction derived in Chapter 22 
by integrating over a finite line of charge. 


23.8 In-Class Exercise —, 


In the figure, the lines represent 
equipotential lines. A positive 
charge is placed at point P and 
then another positive charge is 
placed at point Q. Which set of 
vectors best represents the relative 
magnitudes and directions of the 
electric field forces exerted on the 
positive charges at P and Q? 


5V 
4 — e 10 V 
a) PQ — Psy 
ta 20 V 
b) PQ 
— e 25 V 
i 
c) PQ 
| 30 V 
d) PQ 
00 
e) PQ 
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23.9 In-Class Exercise = 


In the figure, the lines represent 
equipotential lines. What is the 
direction of the electric field at 
point P? 

5V 
10V 


15V 
b)down = P y 


25V 
c) left 30 V 
d) right 


a) up 


e) The electric field is zero. 


We 


23.6 Electric Potential Energy of a System of Point Charges 


Section 23.1 discussed the electric potential energy of a point charge in a given external elec- 
tric field, and Section 23.4 described how to calculate the electric potential due to a system 
of point charges. This section combines these two pieces of information to find the electric 
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FIGURE 23.23 Two point charges 


separated by a distance r. 
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FIGURE 23.24 Calculating the 


potential energy of a system of four 


point charges. 


potential energy of a system of point charges. Consider a system of charges that are infinitely 
far apart. To bring these charges into proximity with each other, work must be done on the 
charges, which changes the electric potential energy of the system. The electric potential 
energy of a system of point charges is defined as the work required to bring the charges 
together from being infinitely far apart. 

As an example, let’s find the electric potential energy of a system of two point charges 
(Figure 23.23). Assume that the two charges start at an infinite separation. We then bring 
point charge q, into the system. Because the system without charges has no electric field and 
no corresponding electric force, this action does not require that any work be done on the 
charge. Keeping this charge stationary, we bring the second point charge, q,, from infinity 
to a distance r from q,. Using equation 23.6, we can write the electric potential energy of 
the system as 


U=qV, (23.17) 
where 
el (23.18) 
r 


Thus, the electric potential energy of this system of two point charges is 


y = kate, (23.19) 
r 

From the work-energy theorem, the work, W, that must be done on the particles to bring 
them together and keep them stationary is equal to U. If the two charges have the same sign, 
W = U> 0, and positive work must be done to bring them together from infinity and keep 
them motionless. If the two charges have opposite signs, negative work must be done to 
bring them together from infinity and hold them motionless. To determine U for more than 
two point charges, we assemble them from infinity one charge at a time, in any order. 


EXAMPLE 23.7 | Four Point Charges 


Let’s calculate the electric potential energy of a system of four point charges, shown in Fig- 
ure 23.24. The four point charges have the values q, = +1.0 uC, q, = +2.0 uC, q3 = -3.0 uC, 
and q, = +4.0 uC. The charges are placed with a = 6.0 m and b = 4.0 m. 


PROBLEM 
What is the electric potential energy of this system of four point charges? 


SOLUTION 

We begin the calculation with the four charges infinitely far apart and assume that the 
electric potential energy is zero in that configuration. We bring in q, and position that 
charge at (0,0). This action does not change the electric potential energy of the system. 
Now we bring in q, and place that charge at (0,a). The electric potential energy of the 
system is now 

ya Kah, 
a 


Bringing q; in from an infinite distance and placing it at (b,0) changes the potential en- 
ergy of the system through the interaction of q, with q, and the interaction of q; with qz. 
The new potential energy is 

y — hah 4 hd £ kq24; 


b [2 40 
Finally, bringing in q, and placing it at (b,a) changes the potential energy of the system 


through interactions with q,, q,, and q;, bringing the total electric potential energy of the 
system to 


yak kats khas hada, hada, esa 
b J+? Ve+P? b a 
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Note that the order in which the charges are brought from infinity will not change this 
result. (You can try a different order to verify this statement.) Putting in the numerical 
values, we obtain 


U=(30-10° ))+(-6.7-10° J)+(-7.5-10° J)+ 


(5.0-10° J)+(1.8-10? J)+(-1.8-10° J)=-6.2:10° J. 


From the calculation in Example 23.7, we extrapolate the result to obtain a formula for 
the electric potential energy of a collection of point charges: 


U=k $` m (23.20) 
ij (pairings) fj 


where i and j label each pair of charges, the summation is over each pair ij (for all i # j), and fj 
is the distance between the charges in each pair. An alternative way to write this double sum is 


EDDA 


j=l i= =Lizj |i 


which is more explicit than the equivalent formulation of equation 23.20. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= The change in the electric potential energy, AU, of a = The electric potential due to a point charge, q, at a 
point charge moving in an electric field is equal to the ' Ae. _ kq 
negative of the work done on the point charge by the distan ca roine gardi Ewen Dy =- P 


lectric fiel A = 
eee ued We AU ee = The electric potential due to a system of n point 


= The change in electric potential energy, AU, is equal charges can be expressed as an algebraic sum of the 
to the charge, q, times the change in electric potential, Le. 3 z 
AV: AU = gAV. individual potentials: V = y V,. 

i=l 

= Equipotential surfaces and equipotential lines = The electric field can be determined from gradients 
represent locations in space that have the same of the electric potential in each component direction: 
electric potential. Equipotential surfaces are always av av av 
perpendicular to the electric field lines. E.-3 T Ey=- ay p c= T 


= A surface of a conductor is an equipotential surface. = E ohne aaieeemeent of two point 


= The change in electric potential can be determined Charces is cig kqyq> 
from the au field by integrating over the field: Be ta 
AV= =f Eeds. Setting the potential equal to zero at 
infinity gives V = kes Eeds. 
KEY TERMS 
electric potential energy, p. 746 electron-volt, p. 749 equipotential lines, p. 752 
electric potential, p. 747 Van de Graaff generator, p. 751 gradient, p. 759 


volt, p. 748 equipotential surface, p. 752 
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NEW SYMBOLS 
| V, electric potential 
AV, electric potential difference 


eV, abbreviation for electron-volt, a unit of energy 


ANSWERS TO SELF-TEST OPPORTUNITIES 


| 23.1 The electric potential along the y-axis is zero. 


23.2 (x,y) = (0,0) corresponds to a saddle point. 


PROBLEM-SOLVING PRACTICE 


| Problem-Solving Guidelines 

1. A common source of error in calculations is confusing 
the electric field, E, the electric potential energy, U, and the 
electric potential, V. Remember that an electric field is a vector 
quantity produced by a charge distribution; electric potential 
energy is a property of the charge distribution; and electric 
potential is a property of the field. Be sure you know what it is 
that you're calculating. 


2. Be sure to identify the point with respect to which you are 
calculating the potential energy or potential. Like calculations 


SOLVED PROBLEM 23.2 {Beam of Oxygen Ions 


PROBLEM 


23.3 Nothing would change. The electrostatic force is 
conservative, and for a conservative force, the work is path- 
independent. 


involving electric fields, calculations involving potentials can 
use a linear charge distribution (A), a planar charge distribution 
(co), or a volume charge distribution (p). 


3. Since potential is a scalar, the total potential due to a 
system of point charges is calculated by simply adding the 
individual potentials due to all the charges. For a continuous 
charge distribution, you need to calculate the potential by 
integrating over the differential charge. Assume that the 
potential produced by the differential charge is the same as 
the potential from a point charge! 


Beam dump 


3.13- 10!" 160*8 ions per second =] 


= 


[= — 


FIGURE 23.25 A beam of fully stripped 
oxygen ions stops in a beam dump. 


Fully stripped (all electrons removed) oxygen ('°O) ions are accelerated from rest in a 
particle accelerator using a total potential difference of 10.0 MV = 1.00-10’ V. The '°O 
nucleus has 8 protons and 8 neutrons. The accelerator produces a beam of 3.13- 10’ ions 
per second. This ion beam is completely stopped in a beam dump. What is the total power 
the beam dump has to absorb? 


SOLUTION 


THINK 
Power is energy per unit time. We can calculate the energy of each ion and then the total 
energy in the beam per unit time to obtain the power dissipated in the beam dump. 


SKETCH 
Figure 23.25 illustrates a beam of fully stripped oxygen ions being stopped in a 
beam dump. 


RESEARCH 
The electric potential energy gained by each ion during the acceleration process is 
Uion =GAV =ZeV, 
where Z = 8 is the atomic number of oxygen, e = 1.602- 10™ C is the charge of a proton, 
and V = 1.00-10’ V is the electric potential across which the ions are accelerated. 
SIMPLIFY 
The power of the beam, which is dissipated in the beam dump, is then 
P=NU,, =NZeV, 


Problem-Solving Practice 


where N = 3.13-10'” ions/s is the number of ions per second stopped in the beam dump. 


CALCULATE 
Putting in the numerical values, we get 
P=NZeV =(3.13-10" s7 )(8)(1.602-10”° C|(1.00-107 v) 
=40.1141 W. 


ROUND 

We report our result to three significant figures: 
P=40.1 W. 

DOUBLE-CHECK 


We can relate the change in kinetic energy for each ion to the change in electric potential 
energy of each ion: 


AK=4AU= Lm? =U;on =ZeV. 
The mass of an oxygen nucleus is 2.66- 10% kg. The velocity of each ion is then 


2(8)(1.602-10° c}(10”) 

hz ( 

y= ape ( ) =3.10-10" m/s, 
m 


2.66-10°° kg 


which is about 10% of the speed of light, which seems reasonable for the velocity of the 
ions. Thus, our result seems reasonable. 


SOLVED PROBLEM 23.3 ( Minimum Potential 


PROBLEM 

A charge of q, = 0.829 nC is placed at r, = 0 on the x-axis. Another charge of q, = 0.275 nC 
is placed at r, = 11.9 cm on the x-axis. At which point along the x-axis between the two 
charges does the electric potential resulting from both of them have a minimum? 


SOLUTION 


THINK 

We can express the electric potential due to the two charges as the sum of the electric 
potential from each charge. To obtain the minimum potential, we take the derivative of 
the potential and set it equal to zero. We can then solve for the distance where the deriva- 
tive is zero. 
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Ha 
SKETCH x-ri i l 
Figure 23.26 shows the locations of the two charges. o ! 9 
l 
RESEARCH | ! 
We can express the electric potential produced along the x-axis by the two charg- *="=9 x = 
es as qı 92 


V=V,4V, kpk kyk., i 
x- hh -Xx x n-x along the x-axis. 


Note that the quantities x and r, - x are always positive for 0 < x < r,. To find the mini- 
mum, we take the derivative of the electric potential: 


dV yh -k q2 (-1)=k {2 ape 
dx x 2 2 x 


(n-x n-x 


Continued— 


FIGURE 23.26 Two charges placed 
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SIMPLIFY 


Setting the derivative of the electric potential equal to zero and rearranging, we obtain 


k—B =, 
(n -x x? 


Dividing out k and rearranging, we get 


2 
x qı 


(n = xy q2 


Now we can take the square root and rearrange: 


x=+(7-x) A 


Because x > 0 and (r, — x) > 0, the sign must be positive. Solving for x, we get 


CALCULATE 


Ki 
q2 h 


1+ ff [en 
q2 qı 


h 


x= 


Putting in the numerical values results in 


x = 7.55 cm 


V(V) 


10 20 


] 
I 
l 
l 
| 
l 
l 
| 
] 
i 
Ir Ty 
L 
0 


ROUND 
We report our result to three significant figures: 


0.119 m 


{oz nC 
0.829 nC 


=0.0755097 m. 


x =0.0755 m =7.55 cm. 


DOUBLE-CHECK 
We can double-check our result by plotting (for example, with a graph- 
ing calculator) the electric potential resulting from the two charges and 


x (cm) graphically determining the minimum (Figure 23.27). 


FIGURE 23.27 Graph of the electric potential 
resulting from two charges. 


The minimum of the electric potential is located at x = 7.55 cm, which 
confirms our calculated result. 


MULTIPLE-CHOICE QUESTIONS 


| 23.1 A positive charge is released and moves along an 
electric field line. This charge moves to a position of 
a) lower potential and lower potential energy. 
b) lower potential and higher potential energy. 
c) higher potential and lower potential energy. 
d) higher potential and higher potential energy. 
23.2 A proton is placed midway between points A and B. 
The potential at point A is -20 V, and the potential at point B 
+20 V. The potential at the midpoint is 0 V. The proton will 
a) remain at rest. 
b) move toward point B with constant velocity. 
c) accelerate toward point A. 


d) accelerate toward point B. 

e) move toward point A with constant velocity. 

23.3 What would be the consequence of setting the potential 
at +100 V at infinity, rather than taking it to be zero there? 

a) Nothing; the field and the potential would have the same 
values at every finite point. 

b) The electric potential would become infinite at every finite 
point, and the electric field could not be defined. 

c) The electric potential everywhere would be 100 V higher, 
and the electric field would be the same. 

d) It would depend on the situation. For example, the 
potential due to a positive point charge would drop off more 


slowly with distance, so the magnitude of the electric field 
would be less. 


23.4 In which situation is the electric potential the highest? 
a) ata point 1 m from a point charge of 1 C 


b) at a point 1 m from the center of a uniformly charged 
spherical shell of radius 0.5 m with a total charge of 1 C 


c) ata point 1 m from the center of a uniformly charged 
rod of length 1 m and with a total charge of 1 C 


d) at a point 2 m from a point charge of 2 C 
e) ata point 0.5 m from a point charge of 0.5 C 
23.5 The amount of work done to move a positive point 


charge q on an equipotential surface of 1000 V relative to 
that on an equipotential surface of 10 V is 


a) the same. d) dependent on the 
b) less. distance the charge 
c) more. moves. 


23.6 A solid conducting sphere of radius R is centered 
about the origin of an xyz-coordinate system. A total charge 
Q is distributed uniformly on the surface of the sphere. 
Assuming, as usual, that the electric potential is zero at an 
infinite distance, what is the electric potential at the center 
of the conducting sphere? 


a) zero c) Q/27€)R 
b) Q/eR d) Q/47re,R 


QUESTIONS 


23.11 High-voltage power lines are used to transport elec- 
tricity cross country. These wires are favored resting places for 
birds. Why don't the birds die when they touch the wires? 


23.12 You have heard that it is dangerous to stand under 
trees in electrical storms. Why? 


23.13 Can two equipotential lines cross? Why or why not? 


23.14 Why is it important, when soldering connectors onto 
a piece of electronic circuitry, to leave no pointy protrusions 
from the solder joints? 


23.15 Using Gauss’s Law and the relation between electric 
potential and electric field, show that the potential outside 
a uniformly charged sphere is identical to the potential of a 
point charge placed at the center of the sphere and equal to 
the total charge of the sphere. What is the potential at the 
surface of the sphere? How does the potential change if the 
charge distribution is not uni- y 

form but has spherical (radial) 

symmetry? 

23.16 A metal ring has a total 

charge q and radius R, as shown 

in the figure. Without performing 

any calculations, predict the value 


> x 
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23.7 Which of the following angles between an electric 
dipole moment and an applied electric field will result in the 
most stable state? 


a) Orad d) The electric dipole moment is 
b) 7/2 rad not stable under any condition in 
c) mrad an applied electric field. 


23.8 A positive point charge is to be moved from point A 
to point B in the vicinity of an electric dipole. Which of the 
three paths shown in the figure will result in the most work 
being done by the dipole’s electric 

field on the point charge? 


a) path 1 A j B 

b) path 2 @———>@ 

©) path 3 
d) The work is the same on all 

three paths. 


23.9 Each of the following pairs of charges are separated by 
a distance d. Which pair has the highest potential energy? 


a) +5 Cand +3 C d) -5 Cand +3 C 
b) +5 Cand -3 C e) All pairs have the 
c) -5 Cand -3 C same potential energy. 


23.10 A negatively charged particle revolves in a clockwise 
direction around a positively charged sphere. The work 
done on the negatively charged particle by the electric field 
of the sphere is 


a) positive. b) negative. c) zero. 


of the electric potential and electric field at the center of the 


circle. 
y 


23.17 Find an integral expression for 

the electric potential at a point on the 

z-axis a distance H from a half-disk of 4 
radius R (see the figure). The half-disk 

has uniformly distributed charge over 

its surface, with charge distribution o. 


23.18 An electron moves away from a proton. Describe 
how the potential it encounters changes. Describe how its 
potential energy is changing. 


23.19 The electric potential energy of a continuous charge 
distribution can be found in a way similar to that used for 
systems of point charges in Section 23.6, by breaking the 
distribution up into suitable pieces. Find the electric poten- 
tial energy of an arbitrary spherically symmetrical charge 
distribution, p(r). Do not assume that p(r) represents a 
point charge, that it is constant, that it is piecewise-constant, 
or that it does or does not end at any finite radius, r. Your 
expression must cover all possibilities. Your expression may 
include an integral or integrals that cannot be evaluated 
without knowing the specific form of p(r). (Hint: A spherical 
pearl is built up of thin layers of nacre added one by one.) 
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PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 23.1 


23.20 In molecules of gaseous sodium chloride, the chlo- 
ride ion has one more electron than proton, and the sodium 
ion has one more proton than electron. These ions are sepa- 
rated by about 0.24 nm. How much work would be required 
to increase the distance between these ions to 1.0 cm? 


¢23.21 A metal ball with a mass of 3.00- 10% kg and a charge 
of +5.00 mC has a kinetic energy of 6.00- 10° J. It is traveling 
directly at an infinite plane of charge with a charge distribution 
of +4.00 C/m”. If it is currently 1.00 m away from the plane of 
charge, how close will it come to the plane before stopping? 


Section 23.2 


23.22 An electron is accelerated from rest through a poten- 
tial difference of 370 V. What is its final speed? 


23.23 How much work would be done by an electric field in 
moving a proton from a point at a potential of +180. V toa 
point at a potential of -60.0 V? 


23.24 What potential difference is needed to give an alpha 
particle (composed of 2 protons and 2 neutrons) 200 keV of 
kinetic energy? 


23.25 A proton, initially at rest, is accelerated through a 
potential difference of 500. V. What is its final velocity? 


23.26 A 10.0-V battery is connected to two parallel metal 
plates placed in a vacuum. An electron is accelerated from 
rest from the negative plate toward the positive plate. 


a) What kinetic energy does the electron have just as it 
reaches the positive plate? 

b) What is the speed of the electron just as it reaches the 
positive plate? 

23.27 A proton gun fires a proton from midway between 
two plates, A and B, which are separated by a distance of 
10.0 cm; the proton initially moves at a speed of 150.0 km/s 
toward plate B. Plate A is kept at zero potential, and plate B 
at a potential of 400.0 V. 

a) Will the proton reach plate B? 

b) Ifnot, where will it turn around? 

c) With what speed will it hit plate A? 

23.28 Fully stripped (all electrons removed) sulfur ÈS) 
ions are accelerated in an accelerator from rest using a total 
voltage of 1.00- 10° V. *’S has 16 protons and 16 neutrons. The 
accelerator produces a beam consisting of 6.61 - 10’ ions per 
second. This beam of ions is completely stopped in a beam 
dump. What is the total power the beam dump has to absorb? 


Section 23.4 


23.29 Two point charges are located at two corners of a 
rectangle, as shown in the figure. 


a) What is the A 3.0 pC 
electric potential 

at point A? 

b) What is 0.25 m 
the potential 
difference 
between points 
A and B? 


23.30 Four identical point charges (+1.61 nC) are placed at 
the corners of a rectangle, which measures 3.00 m by 5.00 m. 
If the electric potential is taken to be zero at infinity, what is 
the potential at the geometric center of this rectangle? 


~1.0 pC 0.50 m B 


23.31 Ifa Van de Graff generator has an electric potential of 
1.00- 10° V and a diameter of 20.0 cm, find how many more 
protons than electrons are on its surface. 


23.32 One issue encountered during the exploration of 
Mars has been the accumulation of static charge on land- 
roving vehicles, resulting in a potential of 100. V or more. 
Calculate how much charge must be placed on the surface 
of a sphere of radius 1.00 m for the electric potential just 
above the surface to be 100. V. Assume that the charge is 
uniformly distributed. 


23.33 A charge Q = 
+5.60 uC is uniformly 


>x 


distributed on a thin Q = +5.60 uC 
cylindrical plastic shell. 

The radius, R, of the 

shell is 4.50 cm. Calcu- 

late the electric poten- x 


tial at the origin of the 
xy-coordinate system 
shown in the figure. 
Assume that the electric 
potential is zero at 
points infinitely far away 
from the origin. 


23.34 A hollow spherical conductor with a 5.0-cm radius 
has a surface charge of 8.0 nC. 


a) What is the potential 8.0 cm from the center of the sphere? 
b) What is the potential 3.0 cm from the center of the sphere? 
c) What is the potential at the center of the sphere? 


23.35 Find the potential at 

the center of curvature of the 

(thin) wire shown in the figure. 

It has a (uniformly distributed) R 
charge per unit length of A = 

3.00- 107° C/m and a radius of 

curvature of R = 8.00 cm. @ 


23.36 Consider a dipole with charge q and 0 
separation d. What is the potential a distancex q x 
from the center of this dipole at an angle 6 with 

respect to the dipole axis, as shown in the figure? 


23.37 A spherical water drop 50.0 um in diameter has a 
uniformly distributed charge of +20.0 pC. Find (a) the po- 
tential at its surface and (b) the potential at its center. 


23.38 Consider an electron in the ground state of the 
hydrogen atom, separated from the proton by a distance of 
0.0529 nm. 


a) Viewing the electron as a satellite orbiting the proton in 
the electrostatic potential, calculate the speed of the electron 
in its orbit. 

b) Calculate an effective escape speed for the electron. 

c) Calculate the energy of an electron having this speed, 
and from it determine the energy that must be given to the 
electron to ionize the hydrogen atom. 


23.39 Four point charges are arranged 
in a square with side length 2a, where 
a= 2.7 cm. Three of the charges 
have magnitude 1.5 nC, and 
one of them has magnitude 
-1.5 nC, as shown in the figure. 
What is the value of the electric 
potential generated by these 
four point charges at point P = (0,0,c), where c = 4.1 cm? 


23.40 The plastic rod of length L shown in the figure has 
the nonuniform linear charge distribution A = cx, where c 


y is a positive constant. Find an expression for the 
A electric potential at point P on the y-axis, a distance 
oP 


y from one end of the rod. 


ee23.41 An electric field varies in space according to this 
equation: E = E,xe “x. 

a) For what value of x does the electric field have its largest 
value, Xmax? 


max’ 
b) What is the potential 
difference between the points at 
x =O and x= Xp 
ee23.42 Derive an expression for 
electric potential along the axis 
(the x-axis) of a disk with a hole 
in the center, as shown in the fig- 
ure, where R, and R, are the inner 
and outer radii of the disk. What 
would the potential be if R, = 0? 


Section 23.5 


23.43 An electric field is established in a nonuniform rod. 
A voltmeter is used to measure the potential difference 
between the left end of the rod and a point a distance x from 
the left end. The process is repeated, and it is found that the 
data are described by the relationship AV = 270x”, where 
AV has the units V/m?. What is the x-component of the 
electric field at a point 13 cm from the left end? 
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23.44 Two parallel plates are held at potentials of +200.0 V 
and -100.0 V. The plates are separated by 1.00 cm. 


a) Find the electric field between the plates. 

b) An electron is initially placed halfway between the 
plates. Find its kinetic energy when it hits the positive plate. 
23.45 A 2.50-mg dust particle with a charge of 1.00 uC falls 
at a point x = 2.00 m in a region where the electric potential 
varies according to V(x) = (2.00 V/m’)x? — (3.00 V/m*)x’. 
With what acceleration will the particle start moving after it 
touches down? 


23.46 The electric potential in a volume of space is given by 
V(x, y, Z) =x" + xy” + yz. Determine the electric field in this 
region at the coordinate (3,4,5). 


23.47 The electric potential inside a 10.0-m-long linear 
particle accelerator is given by V = (3000 - 5x*/m”) V, where 
x is the distance from the left plate along the accelerator 
tube, as shown in the figure. 

a) Determine an expression for the electric field along the 
accelerator tube. 

b) A proton is released (from rest) at x = 4.00 m. Calculate 
the acceleration of the proton just after it is released. 

c) What is the impact speed of the proton when (and if) it 
collides with the plate? 


Proton 
t >x 
x=0m x = 4.00 m x= 10.0m 


23.48 An infinite plane of charge has a uniform charge 
distribution of +4.00 nC/m? and is located in the yz-plane at 
x =0.A +11.0 nC fixed point charge is located at x = +2.00 m. 


a) Find the electric potential V(x) on the x-axis from 
0<x<+2.00 m. 

b) At what position(s) on the x-axis between x = 0 and 
x = +2.00 m is the electric potential a minimum? 


c) Where on the x-axis between x = 0 m and x = +2.00 m 
could a positive point charge be placed and not move? 


a BELT EL 
ox’ * ð oz 


derive the expression for the electric field of a point charge, q. 


23.49 Usev = "4, Ea 
r 


e23.50 Show that an electron in a one-dimensional electri- 
cal potential V(x) = Ax’, where the constant A is a positive 
real number, will execute simple harmonic motion about the 
origin. What is the period of that motion? 


ee23.51 The electric field, E(F ), and the electric potential, 
V(r), are calculated from the charge distribution, p(7r), by 
integrating Coulomb’s Law and then the electric field. In the 
other direction, the field and the charge distribution are de- 
termined from the potential by suitably differentiating. Sup- 
pose the electric potential in a large region of space is given 
by V(r) = Vo exp (-r’/a’), where V, and a are constants and 


r=4/x’ +y’+z’ is the distance from the origin. 


a) Find the electric field E(7) in this region. 
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b) Determine the charge density p(7) in this region, which 
gives rise to the potential and field. 
c) Find the total charge in this region. 


d) Roughly sketch the charge distribution that could give 
rise to such an electric field. 


ee23.52 The electron beam emitted by an electron gun is 
controlled (steered) with two sets of parallel conducting 
plates: a horizontal set to control the vertical motion of 

the beam, and a vertical set to control the horizontal mo- 
tion of the beam. The beam is emitted with an initial velocity 
of 2.00- 10’ m/s. The width of the plates is d = 5.00 cm, the 
separation between the plates is D = 4.00 cm, and the distance 
between the edge of the plates and a target screen is L = 40.0 cm. 
In the absence of any applied voltage, the electron beam hits 
the origin of the xy-coordinate system on the observation 
screen. What voltages need to be applied to the two sets of 
plates for the electron beam to hit a target placed on the 
observation screen at coordinates (x,y) = (0 cm,8.00 cm)? 


Section 23.6 


23.53 Nuclear fusion reactions require that positively 
charged nuclei be brought into close proximity, against 

the electrostatic repulsion. As a simple example, suppose a 
proton is fired at a second, stationary proton from a large 
distance away. What kinetic energy must be given to the 
moving proton to get it to come within 1.00-10°'° m of the 
target? Assume that there is a head-on collision and that the 
target is fixed in place. 


23.54 Fission of a uranium nucleus (containing 92 protons) 
produces a barium nucleus (56 protons) and a krypton 
nucleus (36 protons). The fragments fly apart as a result of 
electrostatic repulsion; they ultimately emerge with a total of 
200. MeV of kinetic energy. Use this information to estimate 
the size of the uranium nucleus; that is, treat the barium and 
krypton nuclei as point charges and calculate the separation 
between them at the start of the process. 


23.55 A deuterium ion and a tritium ion each have charge 
+e. What work is necessary to be done on the deuterium ion 
in order to bring it within 10°“* m of the tritium ion? This is 
the distance within which the two ions can fuse, as a result 
of strong nuclear interactions that overcome electrostatic 
repulsion, to produce a helium-5 nucleus. Express the work 
in electron-volts. 

23.56 Three charges, q,, q» and qz, are located at the cor- 
ners of an equilateral triangle with side length of 1.2 m. Find 
the work done in each of the following cases: 

a) to bring the first particle, q, = 1.0 pC, to P from infinity 
b) to bring the second particle, q, = 2.0 pC, 

to Q from infinity 

c) to bring the last particle, q; = 3.0 pC, 

to R from infinity 

d) Find the total potential 

energy stored in the final 


configuration of q, q» and q3 Q R 


°23.57 Two metal balls of mass m, = 5.00 g (diameter = 
5.00 mm) and m, = 8.00 g (diameter = 8.00 mm) have posi- 
tive charges of q, = 5.00 nC and q, = 8.00 nC, respectively. 
A force holds them in place so that their centers are separat- 
ed by 8.00 mm. What will their velocities be after the force is 
removed and they are separated by a large distance? 


Additional Problems 

23.58 Two protons at rest and separated by 1.00 mm are 
released simultaneously. What is the speed of either at the 
instant when the two are 10.0 mm apart? 


y 


23.59 A 12-V battery is connected between a hollow 
metal sphere with a radius of 1 m anda 
ground, as shown in the figure. What are tt 
the electric field and the electric poten- 12V 

tial inside the hollow metal sphere? 

23.60 A solid metal ball with a radius of 3.00 m has a 
charge of 4.00 mC. If the electric potential is zero far away 
from the ball, what is the electric potential at each of the 
following positions? 

a) at r= 0 m, the center of the ball 

b) at r= 3.00 m, on the surface of the ball 

c) atr=5.00m 

23.61 An insulating sheet in the xz-plane is uniformly 
charged with a charge distribution ø = 3.5- 10 C/m?. What 
is the change in potential when 

a charge of Q = 1.25 uC is 

moved from position A 

to position B in the 


figure? og 
y 
e A 
B 
ih if aa 
NS pane aac a 


Side view 


23.62 Suppose that an electron inside a cathode ray tube 
starts from rest and is accelerated by the tube's voltage of 
21.9 kV. What is the speed (in km/s) with which the electron 
(mass = 9.11- 107°! kg) hits the screen of the tube? 


23.63 A conducting solid sphere A 
(radius of R = 18 cm, charge of 

q = 6.1 -10 C) is shown in the fig- 
ure. Calculate the electric potential at 
a point 24 cm from the center (point 
A), a point on the surface (point B), 
and at the center of the sphere (point 
C). Assume that the electric potential 
is zero at points infinitely far away 
from the origin of the coordinate system. 


23.64 A classroom Van de Graaff generator accumulates 
a charge of 1.00- 10% C on its spherical conductor, which 
has a radius of 10.0 cm and stands on an insulating column. 


Neglecting the effects of the generator base or any other ob- 
jects or fields, find the potential at the surface of the sphere. 
Assume that the potential is zero at infinity. 


23.65 A Van de Graaff generator has a spherical conductor 
with a radius of 25.0 cm. It can produce a maximum electric 
field of 2.00-10° V/m. What are the maximum voltage and 
charge that it can hold? 


23.66 A proton with a speed of 1.23-10* m/s is moving 
from infinity directly toward a second proton. Assuming 
that the second proton is fixed in place, find the position 
where the moving proton stops momentarily before turning 
around. 


23.67 Two metal spheres of radii r} = 10.0 cm and r, = 
20.0 cm, respectively, have been positively charged so that 
both have a total charge of 100. uC. 

a) What is the ratio of their surface charge distributions? 
b) Ifthe two spheres are connected by a copper wire, how 


much charge flows through the wire before the system 
reaches equilibrium? 


23.68 The solid metal sphere of radius 

a= 0.200 m shown in the figure has a sur- 
face charge distribution of ø. The poten- 
tial difference between the surface of 

the sphere and a point P at a distance 

Tp = 0.500 m from the center of the 
sphere is AV = V urface - Vp = +47 V = 


+12.566 V. Determine the value of ø. 


P 


23.69 A particle with a charge of +5.0 uC is released from 
rest at a point on the x-axis, where x = 0.10 m. It begins to 
move as a result of the presence of a +9.0-uC charge that 
remains fixed at the origin. What is the kinetic energy of the 
particle at the instant it passes the point x = 0.20 m? 


23.70 The sphere in the figure has a radius of 2.00 mm and 
carries a +2.00-wC charge uniformly distributed throughout 
its volume. What is the potential difference, Vg - V4, if the 
angle between the two radii to points A and B is 60.0°? Is 
the potential difference dependent on the angle? Would the 
answer be the same if the charge distribution had an angular 
dependence, p = p(0)? 
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Problems 771 


23.71 Two metallic spheres have radii of 10.0 cm and 5.00 cm, 
respectively. The magnitude of the electric field on the 
surface of each sphere is 3600. V/m. The two spheres are 
then connected by a long, thin metal wire. Determine the 
magnitude of the electric field on the surface of each sphere 
when they are connected. 


23.72 A ring with charge Q and radius R is in the yz-plane 
and centered on the origin. What is the electric potential a 
distance x above the center of the ring? Derive the electric 
field from this relationship. 


23.73 A charge of 0.681 nC is placed at x = 0. Another 
charge of 0.167 nC is placed at x, = 10.9 cm on the x-axis. 


a) What is the combined electrostatic potential of these two 
charges at x = 20.1 cm, also on the x-axis? 

b) At which point(s) on the x-axis does this potential have a 
minimum? 

23.74 A point charge of +2.0 uC is located at (2.5 m,3.2 m). 
A second point charge of -3.1 uC is located at (-2.1 m,1.0 m). 


a) What is the electric potential at the origin? 


b) Along a line passing through both point charges, at what 
point(s) is (are) the electric potential(s) equal to zero? 


°23.75 A total charge of Q = 4.2-10°° C is placed on a con- 
ducting sphere (sphere 1) of radius R = 0.40 m. 


a) What is the electric potential, V}, at the surface of sphere 
1 assuming that the potential infinitely far away from it is 
zero? (Hint: What is the change in potential if a charge is 
brought from infinitely far away, where V(co) = 0, to the 
surface of the sphere?) 

b) A second conducting sphere (sphere 2) of radius r = 0.10 m 
with an initial net charge of zero (q = 0) is connected 

to sphere 1 using a long thin metal wire. How much 

charge flows from sphere 1 to sphere 2 to bring them into 
equilibrium? What are the electric fields at the surfaces of 
the two spheres? 


23.76 A thin line of charge is 
aligned along the positive y-axis 
from 0 < y < L, with L = 4.0 cm. 
The charge is not uniformly 
distributed but has a charge per 
unit length of A = Ay, with A = >x 
8.0- 107 C/m?°. Assuming that 
the electric potential is zero at 
infinite distance, find the elec- 
tric potential at a point on the 
x-axis as a function of x. Give 
the value of the electric potential at x = 3.0 cm. 


>< 
= 


23.77 Two fixed point charges are on the x-axis. A charge 
of -3.00 mC is located at x = +2.00 m and a charge of 
+5.00 mC is located at x = -4.00 m. 


a) Find the electric potential, V(x), for an arbitrary point on 
the x-axis. 

b) At what position(s) on the x-axis is V(x) = 0? 

c) Find E(x) for an arbitrary point on the x-axis. 
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23.78 One of the greatest physics experiments in history 
measured the charge-to-mass ratio of an electron, q/m. 

If a uniform potential difference is created between two 
plates, atomized particles—each with an integral amount of 
charge—can be suspended in space. The assumption is that 
the particles of unknown mass, M, contain a net number, n, 
of electrons of mass m and charge q. For a plate separation 
of d, what is the potential difference necessary to suspend a 
particle of mass M containing n net electrons? What is the 
acceleration of the particle if the voltage is cut in half? What 
is the acceleration of the particle if the voltage is doubled? 


23.79 A uniform linear charge distribution of total posi- 
tive charge Q has the shape of a half-circle of radius R, as 
shown in the figure. 

a) Without performing any 
calculations, predict the electric 
potential produced by this linear 
charge distribution at point O. 
b) Confirm, through direct 
calculations, your prediction of 
part (a). 

c) Make a similar prediction for the electric field. 


ee23.80 A point charge Q is placed a distance R from the 
center of a conducting sphere of radius a, with R > a (the 
point charge is outside the sphere). The sphere is grounded, 
that is, connected to a distant, unlimited source and/or sink 
of charge at zero potential. (Neither the distant ground nor 
the connection directly affects the electric field in the vicin- 
ity of the charge and sphere.) As a result, the sphere acquires 
a charge opposite in sign to Q, and the point charge experi- 
ences an attractive force toward the sphere. 


a) Remarkably, the electric field outside the sphere is the 
same as would be produced by the point charge Q plus an 
imaginary mirror-image point charge q, with magnitude 
and location that make the set of points corresponding to 
the surface of the sphere an equipotential of potential zero. 
That is, the imaginary point charge produces the same field 
contribution outside the sphere as the actual surface charge 
on the sphere. Calculate the value and location of q. (Hint: 
By symmetry, q must lie somewhere on the axis that passes 
through the center of the sphere and the location of Q.) 

b) Calculate the force exerted on point charge Q and 
directed toward the sphere, in terms of the original 
quantities Q, R, and a. 

c) Determine the actual nonuniform surface charge 
distribution on the conducting sphere. 
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Chapter 24 Capacitors 


WHAT WE WILL LEARN 
a 


Capacitors usually consist of two separated conductors 
or conducting plates. 


A capacitor can store charge on one plate, and there is 
typically an equal and opposite charge on the other plate. 


The capacitance of a capacitor is the charge stored on the 


plates divided by the resulting electric potential difference. 


A capacitor can store electric potential energy. 


The capacitance of a given capacitor depends on its 
geometry. 


In a circuit, capacitors wired in parallel or in series 
can be replaced by an equivalent capacitance. 


The capacitance of a given capacitor is increased when 
a dielectric material is placed between the plates. 


A dielectric material reduces the electric field 


=» A common type of capacitor is the parallel plate capacitor, 
consisting of two flat parallel conducting plates. 


between the plates of a capacitor as a result of the 
alignment of molecular dipole moments in the 
dielectric material. 


Touch screens, such as the one shown in Figure 24.1, have become very common, found on 
everything from computer screens to cell phones to voting machines. They work in several 
ways, one of which involves using a property of conductors called capacitance, which we'll 
study in this chapter. Capacitance appears whenever two conductors—any two conductors— 
are separated by a small distance. The contact of a finger with a touch screen causes a change 
in capacitance that can be detected. 

Capacitors have the very useful capability of storing electric charge and then releasing it 
very quickly. Thus, they are useful in camera flash attachments, cardiac defibrillators, and even 
experimental fusion reactors—anything that needs a large electric charge delivered quickly. 
Most circuits of any kind contain at least one capacitor. However, capacitance has a downside: 
It can also appear where it’s not wanted, for example, between neighboring conductors in 
a tiny electronics circuit, where it can create “cross-talk”—unwanted interference between 
circuit components. 

Because capacitors are one of the basic elements of electric circuits, this chapter exam- 
ines how they function in simple circuits. The next two chapters will cover additional basic 
circuit elements and their uses. 


24.1 Capacitance 


-@ 
= È (a 


FIGURE 24.2 Some representative 
types of capacitors. 


Metal foil layer 


Insulating layer n 
Metal foil layer 


FIGURE 24.3 Two sheets of metal foil separated by an 


insulating layer. 


Figure 24.2, shows that capacitors come in a variety of sizes and shapes. In general, a capac- 
itor consists of two separated conductors, which are usually called plates even if they are not 
simple planes. If we take apart one of these capacitors, we might find two sheets of metal foil 
separated by an insulating layer of Mylar, as shown in Figure 24.3. The sandwiched layers 
of metal foil and Mylar can be rolled up with another insulating layer into a compact form 
that does not resemble two parallel conductors, as shown in Figure 24.4. This technique 
produces capacitors with some of the physical formats shown in Figure 24.2. The insulating 
layer between the two metal foils plays a crucial role in the characteristics of the capacitor. 

To study the properties of capacitors, we'll assume a convenient geometry and then 
generalize the results. Figure 24.5 shows a parallel plate capacitor, which consists of two 
parallel conducting plates, each with area A, separated by a distance, d, and assumed to be 
in a vacuum. The capacitor is charged by placing a charge of +q on one plate and a charge of 
-q on the other plate. (It is not necessary to put exactly opposite charges onto the two plates 
of the capacitor to charge it; any difference in charge will do. But, for practical purposes, 
the overall device should remain neutral, and this requires charges of equal magnitude and 
opposite sign on the two plates.) Because the plates are conductors, 
they are equipotential surfaces; thus, the electrons on the plates will 
distribute themselves uniformly over the surfaces. 

Let’s apply the results obtained in Chapter 23 to determine the 
electric potential and electric field for the parallel plate capacitor. (In 
principle, we could do this by calculating the electric potential and 


electric field for continuous charge distributions. However, for this physical configuration 
we would need to use a computer to provide the solution.) Let’s place the origin of the coor- 
dinate system in the middle between the two plates, with the x-axis aligned with the two 
plates. Figure 24.6 shows a three-dimensional plot of the electric potential, V(x,y), in the 
xy-plane, similar to the plots in Chapter 23. 

The potential in Figure 24.6 has a very steep (and approximately linear) drop between 
the two plates and a more gradual drop outside the plates. This means that the electric field 
can be expected to be strongest between the plates and weaker outside. Figure 24.7a pres- 
ents a contour plot of the electric potential shown in Figure 24.6 for the two parallel plates. 
Negative potential values are shaded in green, and positive values in pink. The equipotential 
lines, which are the lines where the three-dimensional equipotential surfaces intersect the 
xy-plane, displayed in Figure 24.6 are also shown in this plot, as are representations of the 
two plates. Note that the equipotential lines between the two plates are all parallel to each 
other and equally spaced. 

In Figure 24.7b, the electric field lines have been added to the contour 
plot. The electric field is determined using E(7)=-VV(f), introduced in 
Chapter 23. Far away from the two plates, the electric field looks very similar 
to that generated by a dipole composed of two point charges. It is easy to see t~ 
that the electric field lines are perpendicular to the potential contour lines a 
(which represent the equipotential surfaces!) everywhere in space. = 

But the electric field lines in Figure 24.7b do not convey adequate infor- 
mation about the magnitude of the electric field. Another representation of 


24.1 Capacitance 775 


FIGURE 24.4 The metal foil and 
Mylar sandwich shown in Figure 24.3 
can be rolled up with an insulating 
layer to produce a capacitor with a 
compact geometry. 


y 


the electric field, in Figure 24.7c, displays the electric field vectors at regularly FIGURE 24.5 Parallel plate capacitor consisting of 
spaced grid points in the xy-plane. (The contour shading of the potentialhas two conducting plates, each having area A, separated 


been removed to reduce visual clutter.) In this plot, the field strength at each by a distance d. 


point of the grid is proportional to the size of the arrow at that point. You can 
clearly see that the electric field between the two plates is perpendicular to 
the plates and much larger in magnitude than the field outside the plates. The 
field in the space outside the plates is called the fringe field. If the plates are 
moved closer together, the electric field between the plates remains the same, 
while the fringe field is reduced. 

The potential difference, AV, between the two parallel plates of the 
capacitor is proportional to the amount of charge on the plates. The propor- 
tionality constant is the capacitance, C, of the device, defined as 


q 
C=|——}. 24.1 
K (24.1) 


The capacitance of a device depends on the area of the plates and the distance 
between them but not on the charge or the potential difference. (This will be 
shown for this and other geometries in the following sections.) By definition, the 
capacitance is a positive number. It tells how much charge is required to produce 
a given potential difference between the plates. The larger the capacitance, the 


V(xy) 


FIGURE 24.6 Electric potential in the xy-plane 
for the two oppositely charged parallel plates (su- 
perimposed) of Figure 24.5. 


FIGURE 24.7 (a) Two-dimensional contour plot of the same potential as in Figure 24.6. (b) Contour plot with electric field lines superimposed. 


(c) Electric field strength at regularly spaced points in the xy-plane represented by the sizes of the arrows. 
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more charge is required to produce a given potential difference. (Note that it is a common 
practice to use V; not AV, to represent potential difference. Be sure you understand when V is 
being used for potential and when it is being used for potential difference.) 
Equation 24.1, the definition of capacitance, can be rewritten in this commonly 
used form: 
q=CAV. 


Equation 24.1 indicates that the units of capacitance are the units of charge divided by 
the units of potential, or coulombs per volt. A new unit was assigned to capacitance, named 
after British physicist Michael Faraday (1791-1867). This unit is called the farad (F): 


1 
foe" (24.2) 
1V 
One farad represents a very large capacitance. Typically, capacitors have a capacitance in the 
range from 1 pF =1-10°°F to 1 pF =1-10° F. 
With the definition of the farad, we can write the electric permittivity of free space, €g 


(introduced in Chapter 21), as 8.85-107'? F/m. 


24.2 | Circuits 


24.1 In-Class Exercise —, 


The figure shows a charged capaci- 
tor. What is the net charge on the 
capacitor? 


a) (+q)+(-q) = 0 

+q 
b) |+q| + |-q| = 0 a 
c) |+q| + |-q| = 2q , | 


d) (+q) + (-q) = 2q 
e) q 


The next few chapters will introduce more and more complex and interesting circuits. So 
let’s look at what a circuit is, in general. 

An electric circuit consists of simple wires or other conducting paths that connect cir- 
cuit elements. These circuit elements can be capacitors, which we'll examine in depth in this 
chapter. Other important circuit elements are resistors and galvanometers (introduced in 
Chapter 25), the voltmeter and the ammeter (introduced in Chapter 26), transistors (which 
can be used as on-off switches or as amplifiers; also covered in Chapter 26), and inductors 
(discussed in Chapter 29). 

Circuits usually need some kind of power, which can be provided either by a battery or 
by an AC (alternating current) power source. The concept of a battery, a device that main- 
tains a potential difference across its terminals through chemical reactions, was introduced 
in Chapter 23; for the purpose of a circuit, it can be viewed simply as an external source of 
electrostatic potential difference, something that delivers a fixed potential difference (which 
is commonly called voltage). An AC power source can produce the same result with a spe- 
cially designed circuit that maintains a fixed potential difference. Chapter 29 on induction 
and Chapter 30 on electromagnetic oscillations and current will discuss AC power sources 
in more detail. Figure 24.8 lists the symbols for circuit elements, which are used throughout 
this and the following chapters. 


FIGURE 24.8 Commonly used symbols for circuit elements. 


Charging and Discharging a Capacitor 

A capacitor is charged by connecting it to a battery or to a constant-voltage power supply 
to create a circuit. Charge flows to the capacitor from the battery or power supply until the 
potential difference across the capacitor is the same as the supplied voltage. If the capaci- 
tor is disconnected, it retains its charge and potential difference. A real capacitor is subject 
to charge leaking away over time. However, in this chapter, we'll assume that an isolated 
capacitor retains its charge and potential difference indefinitely. 


Figure 24.9 illustrates this charging process with a circuit diagram. In this diagram, the 
lines represent conducting wires. The battery (power supply) is represented by the symbol 
=, which is labeled with plus and minus signs indicating the potential assignments of the 
terminals and with the potential difference, V. The capacitor is represented by the symbol F 
which is labeled C. This circuit also contains a switch. When the switch is between positions 
a and b, the battery is not connected and the circuit is open. When the switch is at position a, 
the circuit is closed; the battery is connected across the capacitor, and the capacitor charges. 
When the switch is at position b, the circuit is closed in a different manner. The battery is 
removed from the circuit, the two plates of the capacitor are connected to each other, and 
charge can flow from one plate to the other through the wire, which now forms a physical 
connection between the plates. When the charge has dissipated on the two plates, the poten- 
tial difference between the plates drops to zero, and the capacitor is said to be discharged. 
(Charging and discharging of a capacitor are covered in quantitative detail in Chapter 26.) 
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FIGURE 24.9 Simple circuit used for 
charging and discharging a capacitor. 


24.3 Parallel Plate Capacitor 


Section 24.1 discussed the general features of the electric poten- 


tial and the electric field of two parallel plates of opposite charge. ZEOT 


between the plates and the potential difference between the two 
plates. Let’s consider an ideal parallel plate capacitor in the form = 
of a pair of parallel conducting plates in a vacuum with charge +q 
on one plate and charge -q on the other plate (Figure 24.10). (This 
ideal parallel plate capacitor has very large plates, that are very close 


A f f L 
This section examines how to determine the electric field strength | l 


I 
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together, much closer than shown in Figure 24.10. This configuration 


allows us to neglect the fringe field, the small electric field outside the 
space between the plates, shown in Figure 24.7c.) When the plates are 
charged, the upper plate has charge +q and the lower plate has charge 
-q. The electric field between the two plates points from the posi- 
tively charged plate downward toward the negatively charged plate. 
The field near the ends of the plates, called the fringe field (compare 
Figure 24.7), can be neglected; that is, we can assume that the electric 
field is constant, with magnitude E, everywhere between the plates 
and zero elsewhere. The electric field is always perpendicular to the 
surface of the two parallel plates. 
The electric field can be found using Gauss’s Law: 


ff Ēd =4. (24.3) 
€o 


How do we evaluate the integral over the Gaussian surface (whose cross section is outlined 
by a red dashed line in Figure 24.10)? We add the contributions from the top, the bottom, 
and the sides. The sides of the Gaussian surface are very small, so we can ignore the con- 
tributions from the fringe field. The top surface passes through the conductor, where the 
electric field is zero (remember shielding; see Chapter 22). This leaves only the bottom part 
of the Gaussian surface. The electric field vectors point straight down and are perpendicular to 
the conductor surfaces. The vector normal to the surface, dA, also points in the same direc- 
tion and is thus parallel to E. Therefore, the scalar product is EedA = E dA cos 0° = E dA. For 
the integral over the Gaussian surface, we then have 


ff Eaa- ff eaa-e ff da-za, 


bottom bottom 
where A is the area of the plate. In other words, for the parallel plate capacitor, Gauss’s Law 
yields 
pans. (24.4) 


FIGURE 24.10 Side view of a parallel plate capacitor con- 
sisting of two plates of common area A separated by a small 
distance, d. The red dashed line is a Gaussian surface. The 
black arrows pointing downward represent the electric field. 
The blue arrow indicates an integration path. 
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24.2 In-Class Exercise => 


Suppose you charge a parallel plate 
capacitor using a battery and then 
remove the battery, isolating the 
capacitor and leaving it charged. 
You then move the plates of the ca- 
pacitor farther apart. The potential 


difference between the plates will 
a) increase. 


) 
b) decrease. 
c) stay the same. 
) 


d) not be determinable. 


S ee 


24.1 Self-Test Opportunity 


You charge a parallel plate ca- 
pacitor using a battery. You then 
remove the battery and isolate 
the capacitor. If you decrease the 
distance between the plates of the 
capacitor, what will happen to the 
electric field between the plates? 


24.3 In-Class Exercise s 


Suppose you have a parallel plate 
capacitor with area A and plate 
separation d, but space constraints 
on a circuit board force you to re- 
duce the area of the capacitor by a 
factor of 2. What do you have to do 
to compensate and retain the same 
value of the capacitance? 


a) reduce d by a factor of 2 
b) increase d by a factor of 2 
c) reduce d by a factor of 4 


d) increase d by a factor of 4 
\— 


_, 


where A is the surface area of the positively charged plate and q is the magnitude of the 
charge on the positively charged plate. The charge on each plate resides entirely on the 
inside surface because of the presence of opposite charge on the other plate. 

The electric potential difference across the two plates in terms of the electric field is 


fi 
av=- f feds. 


The path of integration is chosen to be from the negatively charged plate to the positively 
charged plate, along the blue arrow in Figure 24.10. Since the electric field is antiparallel to 
this integration path (see Figure 24.10), the scalar product is Eeds = Edscos 180° = -E ds. 
Thus, the integral in equation 24.5 reduces to 


(24.5) 


hyo. 
Eo 
where we used equation 24.4 to relate the electric field to the charge. Combining this expres- 
sion for the potential difference and the definition of capacitance (equation 24.1) gives an 
expression for the capacitance of a parallel plate capacitor: 


q 


4 |_&4 
AV ` 


d 


(24.6) 


Note that the capacitance of a parallel plate capacitor depends only on the area of the plates 
and the distance between the plates. In other words, only the geometry of a capacitor affects 
its capacitance. The amount of charge on the capacitor or the potential difference between 
its plates does not affect its capacitance. 


EXAMPLE 24.1 | Area of a Parallel Plate Capacitor ) 


A parallel plate capacitor has plates that are separated by 1.00 mm (Figure 24.11). 


A=? 


FIGURE 24.11 A parallel plate capacitor with plates separated by 1.00 mm. 


PROBLEM 
What is the area required to give this capacitor a capacitance of 1.00 F? 
SOLUTION 
The capacitance is given by 
EA 
Go fe. i 
d (i) 


Solving equation (i) for the area and putting in d = 1.00 -10° m and C = 1.00 F, we get 


1.00-107 m) 1.00 F 
ac ( eer m’. 


€ (8.85 10? F/m) 


If these plates were square, each one would be 10.6 km by 10.6 km (6.59 mi by 6.59 mi)! 
This result emphasizes that a farad is an extremely large amount of capacitance. 


S SNA 
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24.4 Cylindrical Capacitor 


Consider a capacitor constructed of two collinear conduct- 
ing cylinders with vacuum between the cylinders (Figure 
24.12). The inner cylinder has radius r,, and the outer cyl- 
inder has radius r,. The inner cylinder has charge -q, and 
the outer cylinder has charge +q. The electric field between 
the two cylinders is then directed radially inward and per- 
pendicular to the surfaces of both cylinders. As for a parallel 
plate capacitor, we assume that the cylinders are long and 
that there is essentially no fringe field near their ends. 

We can apply Gauss’s Law to find the electric field 
between the two cylinders, using a Gaussian surface in the 
form of a cylinder with radius r and length L that is col- 
linear with the two cylinders of the capacitor, as shown in 
Figure 24.12. The enclosed charge is then -q, because only 
the negatively charged surface of the capacitor is inside the 
Gaussian surface. The normal vector to the Gaussian sur- 
face, dA, points radially outward and is thus antiparallel to the electric field. This means that 
EedA = E dA cos 180° = -E dA. Applying Gauss’s Law and using the fact that the surface of 
the cylinder has area A = 27rL then results in 


ff E-dA=-E ff dA=-E2rrL =. (24.7) 
€o 


Equation 24.7 can be rearranged to give an expression for the magnitude of the electric field: 


E-—1 T forn<r<n. 


€ 9277. 


Top View 


The potential difference between the two cylindrical capacitor plates is obtained by 
f 
integrating over the electric field, AV =- f Eeds. For the integration path in the radial 


direction from the negatively charged cylinder at r, to the positively charged cylinder at 
T» the electric field is antiparallel to the path. Thus, E*ds in equation 24.5 becomes -E dr. 


Therefore, 
fo, n h 
av=- | B.ds= | Bdr= f are] 
i A n Eo2mrL €)27L (r 


This expression for the potential difference and equation 24.1 yield an expression for the 
capacitance: 
oo) 25 
ry q 
€o 27L 


q _ 277€)L 


: (24.8) 
lain) PE] 


Just as for a parallel plate capacitor, the capacitance of a cylindrical capacitor depends only 
on the geometry of the capacitor. 


Side View 


FIGURE 24.12 Cylindrical capacitor consisting of two long collinear con- 
ducting cylinders. The black circle represents a Gaussian surface. The purple 
arrows represent the electric field. 


24.5 Spherical Capacitor 


Now let’s consider a spherical capacitor formed by two concentric conducting spheres with 
radii r, and r, with vacuum between the spheres (Figure 24.13). The inner sphere has charge 
+q, and the outer sphere has charge -q. The electric field is perpendicular to the surfaces 
of both spheres and points radially from the inner, positively charged sphere to the outer, 
negatively charged sphere, as shown by the purple arrows in Figure 24.13. (Previously, for 
the parallel plate and cylindrical capacitors, the integration was from the negative to the 
positive charge. In this section, we'll see what happens when the direction is reversed.) To 
determine the magnitude of the electric field, we employ Gauss’s Law, using a Gaussian 
surface consisting of a sphere concentric with the two spherical conductors and having a 
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radius r such that r, < r < r,. The electric field is also perpendicular to the Gaussian 
surface everywhere, so we have 


ff BedA = EA=E(4ar?)=4. (24.9) 
Eo 
Solving equation 24.9 for E gives 
E=-—1 , forn<r<n. 
47€ yr 


For the potential difference, we proceed in a fashion similar to that used for the 
cylindrical capacitor and obtain 


to 2 2g q |1 1 
av=- f Beds =— f Edr=- f -dr=- S 
FIGURE 24.13 Spherical capacitor con- i n 1 Aqréor ATE h 


sisting of two concentric conducting spheres. 
The Gaussian surface is represented by the red 
circle of radius r. 


+q 


In this case, AV < 0. Why? Because we integrated from the positive charge to the nega- 

tive charge! The positive charge is at a higher potential than the negative one, resulting in 
a negative potential difference. Equation 24.1 gives the capacitance of a spherical capacitor 
as the absolute value of the charge divided by the absolute value of the potential difference: 


24.4 In-Class Exercise — C -| 1j- q 416o 
If the inner and outer radii of a AV q |l 1 1 1 
spherical capacitor are increased by ATE ln h nh 
a factor of 2, what happens to the 
capacitance? This can be rewritten in a more convenient form: 
a) It is reduced by a factor of 4. C=47€, nh (24.10) 
n=- 


b) It is reduced by a factor of 2. 
Note that again the capacitance depends only on the geometry of the device. 


We can obtain the capacitance of a single conducting sphere from equation 24.10 by 
d) It is increased by a factor of 2. assuming that the outer spherical conductor is infinitely far away. With r, = œ and r = R, 
the capacitance of an isolated spherical conductor is given by 


c) It stays the same. 


e) It is increased by a factor of 4. 
NM J C=477e)R. (24.11) 


24.6 Capacitors in Circuits 


As stated earlier, a circuit is a set of electrical devices connected by conducting wires. Capaci- 
tors can be wired in circuits in different ways, but the two most fundamental ones are paral- 
lel connection and series connection. 


Capacitors in Parallel 


Figure 24.14 shows a circuit with three capacitors in parallel connection. Each of the three 
vith capacitors has one plate wired directly to the positive terminal of a battery with potential 
i difference V and one plate wired directly to the negative terminal of that battery. The same 
circuit appears in the upper part of Figure 24.15, and the lower part of this figure shows the 
value of the potential at each part of the circuit in a three-dimensional plot. This illustrates 
that all capacitor plates connected to the positive terminal of the battery are at the same 
potential. The other plates of the capacitors are all at the potential of the negative terminal 
of the battery (set to zero). (The negative and positive terminals of the battery are joined 
with a light blue sheet to show that these two terminals are part of the same device and to 
provide a better visual representation of the potential difference between the two terminals. 
The plates of each capacitor are joined by a light gray band.) 

The key insight provided by Figure 24.15 is that the potential difference across each of 
the three capacitors is the same, AV. Thus, for the three capacitors in this circuit, we have 


q=C,AV 
qa =C,AV 
q3=C3AV. 


FIGURE 24.14 Simple circuit 
with a battery and three capacitors in 
parallel. 


In general, the charge on each capacitor can have a different value. The three capacitors can 
be viewed as one equivalent capacitor that holds a total charge q, given by 


q=qı +4 +q=CAV+C,AV +C,AV =(C, +C, +03) AV. 
Thus, the equivalent capacitance for this capacitor is 
Cog = Cy +C + C3. 


This result can be extended to any number, n, of capacitors connected in parallel: 
Coq =) G. (24.12) 


In other words, the equivalent capacitance of a system of capacitors in parallel is just the 
sum of the capacitances. Thus, several capacitors in parallel in a circuit can be replaced with 
an equivalent capacitance given by equation 24.12, as shown in Figure 24.16. 


Capacitors in Series 


Figure 24.17 shows a circuit with three capacitors in series connection. In this configura- 
tion, the battery produces an equal charge of +q on the right plate of each capacitor and an 
equal charge of -q on the left plate of each capacitor. This fact can be made clear by starting 
when the capacitors are uncharged. The battery is then connected to the series arrangement 
of the three capacitors. The positive plate of C, is connected to the positive terminal of the 
battery and begins to collect positive charge supplied by the battery. This positive charge 
induces a negative charge of equal magnitude onto the other plate of C;. The negatively 
charged plate of C, is connected to the right plate of C,, which then becomes positively 
charged because no net charge can accumulate on the isolated section consisting of the left 
plate of C, and the right plate of C,. The positively charged plate of C, induces a negative 
charge of equal magnitude onto the other plate of C,. In turn, the negatively charged plate 
of C, leaves a positive charge on the plate of C, connected to it, which induces a negative 
charge onto the left plate of C,. The negatively charged plate of C, is connected to the nega- 
tive terminal of the battery. Thus, charge flows from the battery, charging the positive plate 
of C; to a charge of value +q , and inducing a corresponding charge of -q on the negatively 
charged plate of C,. Therefore, each capacitor does indeed end up with the same charge. 

When the three capacitors in the circuit in Figure 24.17 are charged, the sum of the 
potential drops across all three must equal the potential difference supplied by the battery. 
This is illustrated in Figure 24.18, a three-dimensional representation of the potential in the 
circuit with the three capacitors in series, similar to that in Figure 24.15. (Note 
that the potential drops at the three capacitors in series are not equal; this is true 
in general for a series connection.) 

As you can see from Figure 24.18, the potential drops across the three capac- 
itors must add up to the total potential difference, AV, supplied by the battery. 
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FIGURE 24.15 The potential in 
different parts of the circuit of Figure 
24.14. 


FIGURE 24.16 The three capacitors 
in Figure 24.14 can be replaced with an 
equivalent capacitance. 


Vv 
4} 

C C C; 

etd T4aptd 1k 


F = 
H =| 


net = net = 
FIGURE 24.17 Simple circuit with 


three capacitors in series. 


es = 
$ aj 


Aa +g 


a 


Because each capacitor has the same charge, we have VA 

q q q 1 1 1 

AV =AV, + AV, + AV, =+ =q +— + ‘ V+ V2 + V3 
G Q G (G Q G 
. . r V, + V E 
The equivalent capacitance can be written as v, i 5A ; 
AV=-&, ° Pa 
eq 4 
where 
1 1 p 1 1 (24.13) FIGURE 24.18 The potential in a circuit with 


Ceq Ci C, C; l 


Thus, the three capacitors in series in the circuit shown in Figure 24.17 can be replaced with 
an equivalent capacitance given by equation 24.13, yielding the same circuit diagram as that 
in Figure 24.16. 


three capacitors in series. 
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24.5 In-Class Exercise 


For a circuit with three capacitors 
in series, the equivalent capaci- 
tance must always be 


a) equal to the largest of the three 
individual capacitances. 


b) equal to the smallest of the 
three individual capacitances. 


c) larger than the largest of the 
three individual capacitances. 


d) smaller than the smallest of the 
three individual capacitances. 


24.2 Self-Test Opportunity 


What is the equivalent capacitance 
for four 10.0-uF capacitors connect- 
ed in series? What is the equivalent 
capacitance for four 10.0-uF capaci- 
tors connected in parallel? 


24.7 In-Class Exercise 


Three capacitors, each with capaci- 
tance C, are connected as shown in 
the figure. What is the equivalent 
capacitance for this arrangement of 
capacitors? 


SHH 


a) C/3 d) 9C 
b) 3C e) none of the 
©) 6/9 above 


24.8 In-Class Exercise 


Three capacitors, each with capaci- 
tance C, are connected as shown in 
the figure. What is the equivalent 
capacitance for this arrangement of 
capacitors? 


C= CE Q= 
a) C/3 d) 9C 
b) 3C e) none of 
the above 


24.6 In-Class Exercise 


The potential drop for a circuit with three capacitors of different individual capacitances in series 
connection is 


a) the same across each capacitor and 
has the same value as the potential 
difference supplied by the battery. 


c) largest across the capacitor with the 
smallest capacitance. 


d) largest across the capacitor with the 


b) the same across each capacitor and has largest capacitance. 


i of the value of the potential difference 
supplied by the battery. 


For a system of n capacitors, equation 24.13 generalizes to 


n 


1 1 
—= — 24.14 
Coq 3 C; l i 


Thus, the capacitance of a system of capacitors in series is always less than the smallest 
capacitance in the system. 

Finding equivalent capacitances for capacitors in series and in parallel allows problems 
involving complicated circuits to be solved, as the following example illustrates. 


EXAMPLE 24.2 J System of Capacitors 


PROBLEM 

Consider the circuit shown in Figure 24.19a, a complicated-looking arrangement of five ca- 
pacitors with a battery. What is the combined capacitance of this set of five capacitors? If 
each capacitor has a capacitance of 5 nF, what is the equivalent capacitance of the arrange- 
ment? If the potential difference of the battery is 12 V, what is the charge on each capacitor? 


SOLUTION 

This problem may look complicated at first, but it can be simplified by sequential steps, 
using the rules for equivalent capacitances of capacitors in series and in parallel. We be- 
gin with the innermost circuit structures and work outward. 


C; == == Ciz 
G= =C 
C; V = == C; V= 
== 0 == C; 
(a) (b) 
C1234 CG V= == Ci2345 V= 
(c) (d) 


FIGURE 24.19 System of capacitors: (a) original circuit configuration; (b) reducing parallel 
capacitors to their equivalent; (c) reducing series capacitors to their equivalent; (d) equivalent 
capacitance for the entire set of capacitors. 


STEP 1 

Looking at capacitors 1 and 2 in Figure 24.19a, we see right away that they are in parallel. 

Because capacitor 3 is some distance away, it is less obvious that it is also in parallel with 

1 and 2. However, the upper plates of all three of these capacitors are connected by wires 

and are thus at the same potential. The same goes for their lower plates, so all three are 

indeed in parallel. According to equation 24.12, the equivalent capacity for these three 

capacitors is 3 

Cyus= > G; = Ci +C + C3. 
i=l 

This replacement is shown in Figure 24.19b. 

STEP 2 


In Figure 24.19b, C,,3 and C; are in series. Thus, their equivalent capacitance is, 
according to equation 24.14, 


Cia Ci Cg Cin +C4 
This replacement is shown in Figure 24.19c. 


STEP 3 
Finally, C234 and C; are in parallel in Figure 24.19c. Therefore, we can repeat the cal- 
culation for two capacitors in parallel and find the equivalent capacitance of all five 
capacitors: 

C1234 4C. = (Ci+Cz+C3)C, 
Guatr *- CiC46 2c, 


Ciz345 =Cy34 + Cs = 


This result gives us the simple circuit shown in Figure 24.19d. 


STEP 4: INSERT THE NUMBERS FOR THE CAPACITORS 
We can now find the equivalent capacitance if all the capacitors have identical 5-nF 


capacitances: 
pact | (5+5+5)5 


+5| nF=8.75 nF. 
5+5+5+5 


As you can see, more than half of the total capacitance of this arrangement is provided by 
capacitor 5 alone. This result shows that you need to be extremely careful about how you 
arrange capacitors in circuits. 


STEP 5: CALCULATE THE CHARGES ON THE CAPACITORS 
C234 and C; are in parallel. Thus, they have the same potential difference across them, 12 V. 
The charge on C; is then 


q; =C;AV =(5 nF)(12 v) =60 nC. 


C234 is composed of C,3 and C,in series. Thus, C,, and C, must have the same charge q4, so 


AV = AV 3 + AV, -at ma 1 +24 
123 Cy Ciz C, 


The charge on C; is then 
Ci3C4 _ A (Ci+C,+ C3 en =(12 v) (15 nF)(5 nF) 


q4=AV 
Cy3t+ C, C\+ C+ C+C, 0 nF 


=45 nC. 


C,>3 is equivalent to three capacitors in parallel, and it also has the same charge as C,, or 
45 nC. The three capacitors C,, C,, and C, have the same capacitance, the same potential 
difference across them as they are in parallel, and the sum of the charge on these three 
capacitors must equal 45 nC. Therefore, we can calculate the charge on C}, C,, and C3: 


45 nC 
91 = 92 = 93 = 3 =15 nC. 
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24.9 In-Class Exercise 


Three capacitors are connected to a 


783 


battery as shown in the figure. If C, = 


C, = C = 10.0 pF and V = 10.0 V% 


what is the charge on capacitor C3? 


V 
Ah 
Cı 
C3 
C 
a) 66.7 uC d) 300. uC 
b) 100. uC e) 457. uC 


c) 150. uC 
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24.7 Energy Stored in Capacitors 


24.10 In-Class Exercise ~ 


How much energy is stored in the 
180-yF capacitor of a camera flash 
unit charged to 300.0 V? 


a) 1.22 J d) 115 J 
b) 8.10 J e) 300 J 
c) 45.0 J 

a 


Capacitors are extremely useful for storing electric potential energy. They are much more 
useful than batteries if the potential energy has to be converted into other energy forms very 
quickly. One application of capacitors for the storage and rapid release of electric potential 
energy is described in Example 24.4, about the use of capacitors at the National Ignition 
Facility. Let’s examine how much energy can be stored in a capacitor. 

A battery must do work to charge a capacitor. This work can be conceptualized in 
terms of changing the electric potential energy of the capacitor. In order to accomplish the 
charging process, charge has to be moved against the potential between the two capacitor 
plates. As noted earlier in this chapter, the larger the charge of the capacitor is, the larger 
the potential difference between the plates. This means that the more charge already on the 
capacitor, the harder it becomes to add a differential amount of charge to the capacitor. The 
differential work, dW, done by a battery with potential difference AV to put a differential 
charge, dq, on a capacitor with capacitance C is 


dW =AV'dq'=Ldg’, 
C 
where AV' and q' are the instantaneous (increasing) potential difference and charge, respec- 


tively, on the capacitor during the charging process. The total work, W,, required to bring 
the capacitor to its full charge, q, is given by 


aq' 2 
w= faw=[ Cage, 
o C 2C 


This work is stored as electric potential energy: 


1g 1 2 1 
U =—+=—C(AV) =—qAV. 24.15 
2C 2 l ) 2 1 i ) 
All three of the formulations for the stored electric potential energy in equation 24.15 are 
equally valid. Each can be transformed to one of the others by using q = CAV and eliminat- 

ing one of the three quantities in favor of the other two. 
The electric energy density, u, is defined as the electric potential energy per unit volume: 

_ U 
volume ` 


(Note: V is not used to represent the volume here, because in this context it is reserved for 
the potential.) 

For the special case of a parallel plate capacitor that has no fringe field, it is easy to 
calculate the volume enclosed between two plates of area A separated by a perpendicular 
distance d. It is the area of each plate times the distance between the plates, or Ad. Using 
equation 24.15 for the electric potential energy, we obtain 


_u _4c(avy _c(avy 
Ad Ad 2Ad ` 


Using equation 24.6 for the capacitance of a parallel plate capacitor with vacuum between 
the plates, we get 


7 («,A/d)(AV) _1_{AV i 
s 2Ad 2% a |" 


Recognizing that AV/d is the magnitude of the electric field, E, we obtain an expression for 
the electric energy density for a parallel plate capacitor: 


u=1e,E’. (24.16) 


This result, although derived for a parallel plate capacitor, is in fact much more general. The 
electric potential energy stored in any electric field per unit volume occupied by that field 
can be described using equation 24.16. 


EXAMPLE 24.3 | Thundercloud 


Suppose a thundercloud with a width of 2.0 km and a length of 3.0 km hovers at an al- 
titude of 500 m over a flat area. The cloud carries a charge of 160 C, and the ground has 
no charge. 


PROBLEM 1 
What is the potential difference between the cloud and the ground? 


SOLUTION 1 
We can approximate the cloud-ground system as a parallel plate capacitor. Its capacitance 
is, according to equation 24.6, 


_ €A _ (8.85:10"* F/m)(2000 m)(3000 m) 
d 500 m 


C 


=0.11 uF. 


Because we know the charge carried by the cloud, 160 C, it is tempting to insert this 
value into the relationship among charge, capacitance, and potential difference (equa- 
tion 24.1) to find the desired answer. However, a parallel plate capacitor with a charge 
of +q on one plate and -q on the other has a charge difference of 2q between the plates. 
For the cloud-ground system, 2q = 160 C, or q = 80 C. Alternatively, we can think of 
the cloud as a charged insulator and use the result from Section 22.9, that the field 
due to a plane sheet of charge is E = o/2€,, to justify the factor of ;. Now we can use 
equation 24.1 and obtain 

q_ 80C 


AV=== 


= =7.3-10° V. 
C 0.11 pF 


The potential difference is more than 700 million volts! 


PROBLEM 2 
Lightning strikes require electric field strengths of approximately 2.5 MV/m. Are the 
conditions described in the problem statement sufficient for a lightning strike? 


SOLUTION 2 
We use the potential difference between cloud and ground and the given distance be- 
tween them to calculate the electric field: 


_ AV _7.3-10° V 


=15 MV/m. 
d 500 m 


From this result, we can conclude that no lightning will develop in these conditions. 
However, if the cloud drifted over a radio tower, the electric field strength would likely 
increase and lead to a lightning discharge. 


PROBLEM 3 
What is the total electric potential energy contained in the field between this thunder- 
cloud and the ground? 


SOLUTION 3 
From equation 24.15, the total electric potential energy stored in this capacitor system is 


U =1gAV =0.5(80 C)(7.3-10° V)=2.9-10" J. 


For comparison, this energy is sufficient to run a typical 1500-W hair dryer for more than 
5000 hours. 
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SOLVED PROBLEM 24.1 | Energy Stored in Capacitors 
eee 


PROBLEM 

Suppose many capacitors, each with C = 90.0 uF, are connected in parallel across a bat- 
tery with a potential difference of AV = 160.0 V. How many capacitors are needed to store 
95.6 J of energy? 


SOLUTION 


THINK 

The equivalent capacitance of many capacitors connected in parallel is given by the sum of 
the capacitances of all the capacitors. We can calculate the energy stored from the equiva- 
lent capacitance of the capacitors in parallel and the potential difference of the battery. 


SKETCH 
. ct Figure 24.20 shows a circuit with n capacitors connected in parallel across a battery. 


RESEARCH 
FIGURE 24.20 A circuit with n capaci- The equivalent capacitance, C,,, of n capacitors, each with capacitance C, connected 


< 
lal + 
| 


Cc == ¢ == 


tors connected in parallel across a battery. in parallel is 
Coq = Cy + Cy $+ C, =nC. 


The energy stored in the capacitors is then given by 


U=1¢,,(AV) =4nc(Av). (i) 


SIMPLIFY 
Solving equation (i) for the required number of capacitors gives us 


CALCULATE 
Putting in the numerical values, we get 
2(95.6 J) 
n= z = 82.986. 
(90.0-10* c}(160.0 v) 


ROUND 
We report our result as an integer number of capacitors: 


n=83 capacitors. 


DOUBLE-CHECK 
The capacitance of 83 capacitors with C = 90.0 uF is 


Coq = 83(90.0 uF) = 0.00747 F. 
Charging this capacitor with a 160-V battery produces a stored energy of 
2 2 
u=1¢,,(AV) =+(0.00747 F)(160.0 V) =95.6 J. | 


Thus, our answer for the number of capacitors is consistent. 


EXAMPLE 24.4 [The National Ignition Facility 


The National Ignition Facility (NIF) is a high-powered laser designed to produce fusion 
reactions similar to those that occur in the Sun. The laser uses a short, high-energy pulse 
of light to heat and compress a small pellet containing isotopes of hydrogen. The laser 


is powered by 192 power-conditioning modules (Figure 24.21), each containing twenty 
300-F capacitors connected in parallel and charged to 24 kV. The capacitors are charged 


over a period of 90 s. The laser is then fired by discharging all the energy stored in the 
capacitors in 400 ws. 


PROBLEM 1 
How much energy is stored in the capacitors of NIF? 


SOLUTION 1 
The capacitors are connected in parallel. Thus, the equivalent capacitance of each power- 
conditioning module is 
Cyq = 20(300 uF) = 0.006 F =6 mF. 
The energy stored in each power-conditioning module is 
2 


2 
u =1¢,,(AV) 1(6-10° F)(24-107 v) =1.73 MJ. 


Thus, the total energy stored in all the capacitors of NIF is 
U rota =192(1.73 MJ)=332 MJ. 


PROBLEM 2 


What is the average power released by the power-conditioning modules during the laser 


pulse? 


SOLUTION 2 
The power is the energy per unit time, which is given by 
_ AU _ 332MJ__ 332-10°J 


=8 3.10}! = 
A ae ç = 83-10" W =0.83 TW. 
t ps 400-10" s 


P 


In comparison, the average electrical power generated in the United States in 2007 was 
0.47 TW. Of course, the 0.83 TW of power delivered to the NIF laser is maintained for 
only a small fraction of a second. 


Defibrillator 


An important application of capacitors is the portable automatic external defibril- 
lator (AED), a device designed to shock the heart of a person who is in ventricular 
fibrillation. A typical AED is shown in Figure 24.22. 

Being in ventricular fibrillation means that the heart is not beating in a regular 
pattern. Instead, the signals that control the beating of the heart are erratic, prevent- 
ing the heart from performing its function of maintaining regular blood circulation 
throughout the body. This condition must be treated within a few minutes to avoid 
permanent damage or death. Having many AED devices located in accessible public 
places allows quick treatment of this condition. 

An AED provides a pulse of electrical current intended to stimulate the heart 
to beat regularly. Typically, an AED is designed to analyze a person's heartbeat auto- 
matically, determine if the person is in ventricular fibrillation, and administer the 
electrical pulse if required. The operator of the AED must attach the electrodes of the 
AED to the chest of the person experiencing the problem and push the start button. 
The AED will do nothing if the person is not in ventricular defibrillation. If the AED 
determines that the person is in ventricular fibrillation, the AED will instruct the 
operator to press the button to initiate the electrical pulse. Note that an AED is not 
designed to restart a heart that is not beating. Rather it is designed to restore a regular 
heartbeat when the heart is beating erratically. 

Typically, an AED delivers 150 J of electric energy to the patient, administered 
through a pair of electrodes that are attached to the chest area (see Figure 24.22). This 
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FIGURE 24.21 Forty-eight power- 
conditioning modules in one of four 
bays at the National Ignition Facility at 
Lawrence Livermore National Laboratory. 


(b) 


FIGURE 24.22 (a) An automatic 
external defibrillator (AED) in its 
holder on a wall. (b) Schematic diagram 
showing where to place the hands-free 
electrodes. 
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energy is stored by charging a capacitor through a special circuit from a low-voltage battery. 
This capacitor typically has a capacitance of 100 uF and is charged in 10 s. The power used 
during charging is 

E_150J 


=15 W, 
t 10s 


which is within the capability of a simple battery. The energy of the capacitor is then dis- 
charged in 10 ms. The instantaneous power during the discharge is 


E 150J 


t 10ms 


= =15 kw, 
which is beyond the capability of a small, portable battery but well within the capabilities of 
a well-designed capacitor. 

The energy stored in the capacitor is U = 4C(AV)*. When the capacitor is charged, its 


potential difference is 
I [ 2(1507 
AV = Tz l J) =1730 V. 
C  \100-10° F 


When the AED delivers an electrical current, the capacitor is charged from a battery con- 
tained in the AED. The capacitor is then discharged through the person to stimulate the 
heart to beat in a regular manner. Most AEDs can deliver the electical current many times 
without recharging the battery. 


24.8 Capacitors with Dielectrics 


The capacitors we have been discussing have air or vacuum between the plates. However, 
capacitors for just about any commercial application have an insulating material, called a 
dielectric, between the two plates. This dielectric serves several purposes: First, it main- 
tains the separation between the plates. Second, the dielectric insulates the two plates from 
each other electrically. Third, the dielectric allows the capacitor to maintain a higher poten- 
tial difference than it could with only air between the plates. Lastly, a dielectric increases the 
capacitance of the capacitor. We'll see that this ability to increase the capacitance is due to 
the molecular structure of the dielectric. 

Filling the space between the plates of a capacitor completely with a dielectric increases 
its capacitance by a numerical factor called the dielectric constant, k. We'll assume that the 
dielectric fills the entire volume between the capacitor plates, unless explicitly stated other- 
wise. Solved Problem 24.2 considers an example where the filling is only partial. 

The capacitance, C, of a capacitor containing a dielectric with dielectric constant «K 
between its plates is given by 


C=kC, 


‘air? (24. 17) 
where C,,, is the capacitance of the capacitor without the dielectric. 

Placing a dielectric between the plates of a capacitor has the effect of lowering the elec- 
tric field between the plates (see Section 24.9 for explanation) and allowing more charge 
to be stored in the capacitor. For example, the electric field between the plates of a paral- 
lel plate capacitor, given by equation 24.4, is modified for a parallel plate capacitor with a 
dielectric to 


goo 1 ee (24.18) 
K K&Å €A 


The constant €, is the electric permittivity of free space, previously encountered in Cou- 
lomb’s Law. The right-hand side of equation 24.18 was obtained by replacing the factor Key 
with e, the electric permittivity of the dielectric. In other words, the electric permittivity 
of a dielectric is the product of the electric permittivity of free space (the vacuum) and the 
dielectric constant of the dielectric: 


€=KE,. (24.19) 


Note that this replacement of €, by e€ is all that is needed to generalize expressions for 
the capacitance, such as equations 24.6, 24.8, and 24.10, from the values applicable for 
a capacitor with vacuum between its plates to those appropriate when the capacitor is 
completely filled with a dielectric. We can now see how the capacitance is increased by 
adding a dielectric between the plates. The potential difference across a parallel plate 
capacitor is: 

d 


AV=Ed=—_. 
Ke, A 


Therefore, we can write the capacitance as 


-1 A 
AV d 
The dielectric strength of a material is a measure of its ability to withstand potential 
difference. If the electric field strength in the dielectric exceeds the dielectric strength, 
the dielectric breaks down and begins to conduct charge between the plates via a spark, 
which usually destroys the capacitor. Thus, a useful capacitor must contain a dielec- 
tric that not only provides a given capacitance but also enables the device to hold the 
required potential difference without breaking down. Capacitors are normally specified 
by the value of their capacitance and by the maximum potential difference that they are 
designed to handle. 
The dielectric constant of vacuum is defined to be 1, and the dielectric constant of air 
is close to 1.0. The dielectric constants and dielectric strengths of air and of other common 
materials used as dielectries are listed in Table 24.1. 


161) (774s) Dielectric Constants and Dielectric Strengths for Some 
Representative Materials 


KC; 


alr * 


Material Dielectric Constant, x Dielectric Strength (kV/mm) 
Vacuum 1 

Air (1 atm) 1.00059 25 
Liquid nitrogen 1.454 

Teflon al 60 
Polyethylene 225 50 
Benzene 2.28 

Polystyrene 2.6 24 
Lexan 2.96 16 

Mica 3-6 150-220 
Paper 3 16 
Mylar 3m 280 
Plexiglas 3.4 30 
Polyvinyl chloride (PVC) 3.4 29 

Glass 5 14 
Neoprene 16 12 
Germanium 16 

Glycerin 42.5 

Water 80.4 65 
Strontium titanate 310 8 


Note that these values are approximate and are for room temperature. 
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24.3 Self-Test Opportunity 


One way to increase the capaci- 
tance of a parallel plate capacitor, 
other than by adding a dielectric 
between the plates, is to decrease 
the distance between the plates. 
What is the minimum distance be- 
tween the plates of a parallel plate 
capacitor in air if the maximum 
potential difference between the 
plates is to be 100.0 V? (Hint: Table 
24.1 may be useful.) 


24.11 In-Class Exercise 


Suppose you charge a parallel plate 
capacitor with a dielectric between 
the plates using a battery and then 
remove the battery, isolating the 
capacitor and leaving it charged. 
You then remove the dielectric from 
between the plates. The potential 
difference between the plates will 


a) increase. 


) 

b) decrease. 

c) stay the same. 
) 


d) not be determinable. 
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(a) (b) 
FIGURE 24.23 Parallel plate capaci- 
tor connected to a battery: (a) with no 
dielectric; (b) with a dielectric inserted 
between the plates. 


nap! 
(a) (b) 
FIGURE 24.24 Isolated capacitor: 


(a) with dielectric and (b) with dielec- 
tric removed. 


24.12 In-Class Exercise 


What would happen if the dielectric 
in the capacitor of Example 24.5 
were pulled halfway out and then 
released? 


a) The dielectric would be pulled 
back into the capacitor. 


b) The dielectric would heat up 
rapidly. 

c) The dielectric would be pushed 
out of the capacitor. 

d) The capacitor plates would heat 
up rapidly. 


e) The dielectric would remain in 
the halfway position, and no 
heating would be observed. 


EXAMPLE 24.5 | Parallel Plate Capacitor with a Dielectric 


PROBLEM 1 


Consider a parallel plate capacitor without a dielectric and with capacitance C = 2.00 uF 
connected to a battery with potential difference AV = 12.0 V (Figure 24.23a). What is the 
charge stored in the capacitor? 


SOLUTION 1 
Using the definition of capacitance (equation 24.1), we have 


q=CAV = (2.00 -10% F)(12.0 V)=2.40-10° C. 


PROBLEM 2 
In Figure 24.23b, a dielectric with «K = 2.5 has been inserted between the plates of the capaci- 
tor, completely filling the space between them. Now what is the charge on the capacitor? 


SOLUTION 2 

The capacitance of the capacitor is increased by the dielectric: 
C= KC;ir- 

The charge is 


fan AV = (2.50)(2.00 10° F)(12.0 V) =6.00-10° C. 


The charge on the capacitor increases when the capacitance increases because the battery 
maintains a constant potential difference across the capacitor. The battery provides the 
additional charge until the capacitor is fully charged. 


PROBLEM 3 

Now suppose the capacitor is disconnected from the battery (Figure 24.24a). The capaci- 
tor, which is now isolated, maintains its charge of q = 6.00 - 107° C and its potential differ- 
ence of AV = 12.0 V. What happens to the charge and potential difference if the dielectric 
is removed, keeping the capacitor isolated (Figure 24.24b)? 


SOLUTION 3 
The charge on the isolated capacitor cannot change when the dielectric is removed because 
there is nowhere for the charge to flow. Thus, the potential difference on the capacitor is 


"F 6.00-10° C 
C 200-10% F 


The potential difference increases because removing the dielectric increases the electric 
field and the resulting potential difference between the plates. 


A =30.0 V. 


PROBLEM 4 
Does removing the dielectric change the energy stored in the capacitor? 


SOLUTION 4 
The energy stored in a capacitor is given by equation 24.15. Before the dielectric was 
removed, the energy in the capacitor was 


2 2 % 2 7 
U=1C(AV) =4Cy,(AV) = +(2.50)(2.00-10 F)(12 VÝ =3.60-10" J. 
After the dielectric is removed, the energy is 


u=1C,,(AV) = 1(2.00. 10% F)(30 vy =9.00-10" J. 


The energy increase from 3.60- 10-*J to 9.00- 104 J when the dielectric is removed is due to 
the work done on the dielectric in pulling it out of the electric field between the plates. 
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EXAMPLE 24.6 | Capacitance of a Coaxial Cable 


Coaxial cables are used to transport signals, for example TV signals, between devices 
with minimum interference from the surroundings. A 20.0-m-long coaxial cable is com- 
posed of a conductor and a coaxial conducting shield around the conductor. The space 
between the conductor and the shield is filled with polystyrene. The radius of the conduc- 
tor is 0.250 mm, and the radius of the shield is 2.00 mm (Figure 24.25). 


PROBLEM 
What is the capacitance of the coaxial cable? 


SOLUTION 

We can think of the conductor of the coaxial cable as a cylinder because all the charge on 
the conductor resides on its surface. From Table 24.1, the dielectric constant for polysty- 
rene is 2.6. We can treat the coaxial cable as a cylindrical capacitor with r, = 0.250 mm 
and r, = 2.00 mm, filled with a dielectric with x = 2.6. Then, we can use equation 24.8 to 
find the capacitance of the coaxial cable: 


T 2.6(27)(8.85-10? F/m)(20.0 m) 


(ran) In[(2.00-10°m )/(25-10* m) =1.39-10° F=1.39 nF. 


One interesting application of capacitance and the dielectric constant is in measuring 
liquid nitrogen levels in cryostats (containers insulated to maintain cold temperatures). It 
is often difficult to conduct a visual exam to determine how much liquid nitrogen is left 
in a cryostat. However, if one determines the capacitance, C, of the empty cryostat, then, 
when completely filled with liquid nitrogen, the cryostat should have a capacitance of 
KC = 1.454C, because liquid nitrogen has a dielectric constant of 1.454. The capacitance 
varies smoothly as a function of the fullness between the maximum value KC = 1.454C 
for the completely full cryostat and the value C for the empty cryostat, giving an easy 
way to determine how full the cryostat is. 


m—r; = 0.250 mm 


Polystyrene 


Conductor 


I 
] 
I 
] 
I 
] 
I 
] 
r, = 2.00 mm> 

I 


FIGURE 24.25 Cross section of a 
coaxial cable. 


24.13 In-Class Exercise ~ 


State whether each of the following 
statements about an isolated paral- 
lel plate capacitor is true or false. 


a) When the distance between 
the plates of the capacitor is 
doubled, the energy stored in 
the capacitor doubles. 


b) Increasing the distance between 
the plates increases the electric 
field between the plates. 


c) When the distance between the 
plates is halved, the charge on 
the plates stays the same. 


d) Inserting a dielectric between 
the plates increases the charge 
on the plates. 


e) Inserting a dielectric between 
the plates decreases the energy 


\ 


stored in the capacitor. 
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24.9 Microscopic Perspective on Dielectrics 


Let’s consider what happens at the atomic and molecular level when a dielectric is placed in 
an electric field. There are two types of dielectric materials: polar dielectrics and nonpolar 
dielectrics. 

A polar dielectric is a material composed of molecules that have a permanent electric 
dipole moment due to their structure. A common example of such a molecule is water. Nor- 
mally, the directions of electric dipoles are randomly distributed (Figure 24.26a). However, 


f«.2@ f Ses oa... 


Se ae. 


FIGURE 24.26 Polar molecules: 
(a) randomly distributed and (b) ori- 
ented by an external electric field. 
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(a) (b) 


FIGURE 24.27 Nonpolar molecules: (a) with no electric dipole moment and (b) with an electric 
dipole moment induced by an external electric field. 


when an electric field is applied to these polar molecules, they tend to align with the field 
(Figure 24.26b). 

A nonpolar dielectric is a material composed of atoms or molecules 
=z that have no inherent electric dipole moment (Figure 24.27a). These atoms 
or molecules can be induced to have a dipole moment under the influence 
of an external electric field (Figure 24.27b). The opposite directions of the 
electric forces acting on the negative and positive charges in the atom or 
molecule displace these two charge distributions and produce an induced 
electric dipole moment. 

In both polar and nonpolar dielectrics, the fields resulting from the 
aligned electric dipole moments tend to partially cancel the original external 


FIGURE 24.28 Partial cancellation of the applied electric field (Figure 24.28). For an electric field, É, applied across a capacitor 
electric field across a parallel plate capacitor by the with a dielectric between the plates, the resulting electric field, E,, inside the 
electric dipoles of a dielectric. 


(a) 


capacitor is just the original field plus the electric field induced in the dielec- 
tric material, E,: 
ERT 
or 
E, =E-E}. 


Note that the resulting electric field points in the same direction as the original field but is 
smaller in magnitude. The dielectric constant is given by K = E/E,. 


Supercapacitors 


As we've seen in this chapter, 1 F is a huge amount of capacitance. Even the National Igni- 
tion Facility (NIF), which needs the highest possible energy storage, uses only 300-wF 
capacitors. However, it is possible to create supercapacitors (also called ultracapacitors) with 
vastly greater capacitance. This is accomplished by using a material with a very large sur- 


bee area between the capacitor plates. Activated charcoal is one possibility, as it has a very 


large surface area because of its foamlike structure at a nanoscale level. 
Two layers of activated charcoal are given charge of opposite polar- 
ity and are separated by an insulating material (represented by the red 
line in Figure 24.29b). This allows each side of the supercapacitor to 
store oppositely charged free ions from the electrolyte. The separation 
between the electrolyte ions and the charges on the activated char- 
coal is typically on the order of nanometers (nm), that is, millions of 
times smaller than in conventional capacitors. The activated charcoal 
provides surface areas many orders of magnitude larger than in con- 


FIGURE 24.29 Comparison of (a) a conventional parallel ventional capacitors. Since, as noted in Section 24.3, the capacitance 
plate capacitor and (b) a supercapacitor filled with activated is proportional to the surface area and inversely proportional to the 


charcoal. 


plate separation, this technology has resulted in commercially avail- 


able capacitors with capacitances on the order of kilofarads (kF), that is, millions of times 
larger than those used in the NIF. 

Why is the NIF not using supercapacitors? The answer is that these supercapacitors can 
only function with potential differences of up to 2-3 V. The highest-capacity commercially 
available supercapacitors have capacitance values of up to 5 kF. Using U = +C(AV)’ and 
AV =2 V shows that a supercapacitor can hold 10 kJ. The 300-wF capacitors used at NIK 
when charged to 24 kV, can hold 86.4 kJ. In addition, they can also be discharged much 
more rapidly, which is crucial to fulfill the high power requirement of the NIF’s laser. 

However, supercapacitors can reach energy storage capabilities that rival those of 
conventional batteries. In addition, supercapacitors can be charged and discharged mil- 
lions of times, compared to perhaps thousands of times for rechargeable batteries. This, 
along with their very short charging time, makes them potentially suitable for many 
applications. For example, there is intense research into using these supercapacitors for 
electric vehicles. A bus based on this energy storage technology, named capabus, is cur- 
rently in use in Shanghai, China. 

A promising line of research on improving the potential difference that supercapacitors 
can employ is looking at the use of carbon nanotubes instead of activated charcoal. The first 
laboratory prototypes are very promising, and commercial products based on this approach 
could be in use within a few years. 
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= The capacitance of a capacitor is defined in terms of = The electric energy density, u, between the plates of a 


the charge, q, that can be stored on the capacitor and 
the potential difference, V, across the plates: q = CAV. 


1 
The farad is the unit of capacitance: 1 F= = 


The capacitance of a parallel plate capacitor with plates 


of area A with a vacuum (or air) between the plates 
separated by distance d is given by C= at 


The capacitance of a cylindrical capacitor of length L 
consisting of two collinear cylinders with a vacuum 
(or air) between the cylinders with inner radius r, and 
2TEgL 


In(r,/r,) f 


The capacitance of a spherical capacitor consisting of 

two concentric spheres with vacuum (or air) between 

the spheres with inner radius r, and outer radius r, is 
Tin 

mon 


outer radius r, is given by C= 


given by C=47re, 


KEY TERMS 


capacitor, p. 774 

parallel plate capacitor, 
p. 774 

capacitance, p. 775 

farad, p. 776 


electric circuit, p. 776 

parallel connection, p. 780 

series connection, p. 781 

electric energy density, 
p. 784 


dielectric, p. 788 
dielectric constant, p. 788 
electric permittivity, 


parallel plate capacitor with vacuum (or air) between 
the plates is given by u= T 


A system of n capacitors connected in parallel in a 
circuit can be replaced by an equivalent capacitance 
given by the sum of the capacitances of the capacitors: 


i=l 


A system of n capacitors connected in series in a 
circuit can be replaced by an equivalent capacitance 
given by the reciprocal of the sum of the reciprocal 

; ; LEa 
capacitances of the capacitors: — = ‘3 —. 

eq i= G 
i=1 

When the space between the plates of a capacitor is 
filled with a dielectric of dielectric constant x, the 
capacitance increases relative to the capacitance in air: 


CEKC 


dielectric strength, p. 789 
polar dielectric, p. 791 
nonpolar dielectric, 


p. 788 p. 792 
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NEW SYMBOLS AND EQUATIONS 
| C, capacitance of a capacitor 


n 

Ceq = 3 C;, equivalent capacitance of a number of 
i=l 

capacitors in parallel 


n 


1 
a. = > —, equivalent capacitance of a number of 


eq iz “i 
capacitors in series 


ANSWERS TO SELF-TEST OPPORTUNITIES 


24.1 The electric field remains constant. 


24.2 Series: 
1 4 1 
= Cog =—C=2.50 pF. 
Coq C 4 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 

1. Remember that saying that a capacitor has charge q means 
that one plate has charge +q and the other plate has charge -q. 
Be sure you understand how a charge applied to a capacitor 
is distributed between the two conducting plates; review 
Example 24.3 if you're uncertain about this. 

2. It is always a good idea to draw a circuit diagram when 
solving problems involving circuits, if one is not supplied. 
Identifying series and parallel connections can take some 
practice, but is usually an important first step in reducing 


al d 


F, farad, unit of capacitance 
K, dielectric constant 


u= Le E’, electric energy density 


Parallel: 
Cog =4C =40.0 pF. 


24.3 100 V = d(2500 V/mm) => d = 0.04 mm. 


SOLVED PROBLEM 24.2 (Capacitor Partially Filled with a Dielectric 


a complicated-looking circuit to an equivalent circuit that 
is straightforward to deal with. Remember that capacitors 
connected in series all have the same charge, and capacitors 
connected in parallel all have the same potential difference. 


3. You can remember most of the important results for a 
capacitor with a dielectric if you remember that a dielectric 
increases the capacitance. (This is what makes a dielectric 
useful.) If your calculations show a reduced capacitance with 
a dielectric, recheck your work. 


~ 
\ 


K 4 
P 


EI PROBLEM 
(a) 


>| a 


i) il 
IS) is 


| 

(b) 
FIGURE 24.30 (a) A parallel plate 
capacitor with square plates of side length 
L separated by distance d with a dielectric 
that is L wide and L/2 long with dielectric 
constant x inserted between the plates. 
(b) The partially filled capacitor repre- 
sented as two capacitors in parallel. 


A parallel plate capacitor is constructed of two square conducting plates with side length 
L= 10.0 cm (Figure 24.30a). The distance between the plates is d = 0.250 cm. A dielectric 
with dielectric constant k =15.0 and thickness 0.250 cm is inserted between the plates. 
The dielectric is L = 10.0 cm wide and L/2 = 5.00 cm long, as shown in Figure 24.30a. 
What is the capacitance of this capacitor? 


SOLUTION 


THINK 

We have a parallel plate capacitor that is partially filled with a dielectric. We can treat 
this capacitor as two capacitors in parallel. One capacitor is a parallel plate capacitor with 
plate area A = L(L/2) and air between the plates; the second capacitor is a parallel plate 
capacitor with plate area A = L(L/2) and a dielectric between the plates. 


SKETCH 
Figure 24.30b shows a representation of the partially filled capacitor as two capacitors in 
parallel: one capacitor filled with a dielectric and the other an air-filled capacitor. 


Problem-Solving Practice 


RESEARCH 
The capacitance, C}, of a parallel plate capacitor is given by equation 24.6: 
c= 04, 
d 


where A is the area of the plates and d is the separation between them. If a dielectric is 
placed between the plates, the capacitance becomes 


where x is the dielectric constant. For two capacitors, C, and C,, in parallel, the effective 
capacitance, C,,, is given by 


Cy = Ci + C3. 
SIMPLIFY 
Substituting the expressions for the two individual capacitances into the sum, we get 
E&A, EA AoA 
aa e # 


The area of the plates for each capacitor is 
A=(L)(L/2)=P/2. 


Inserting the expression for the area into equation (i) gives the capacitance of the partially 
filled capacitor to be 


e| 212) p (k+Le sl l 
d 2d 


Cn=(« H 1) 


CALCULATE 
Putting in the numerical values, we get 
(15.0+1)(8.85- 107"? F/m)(0.100 m}? 


=2.832-10™ F. 
2(0.00250 m) 


C= 


ROUND 
We report our result to three significant figures: 


C =2.83-10™ F =283 pF. 
DOUBLE-CHECK 


To double-check our answer, we calculate the capacitance of the capacitor without any 
dielectric: 


-12 2 
eA _ (885-10? F/m](0.100 m) 


=3.54-10 |! F=35.4 pF. 
d 0.0025 m P 


We then calculate the capacitance of the capacitor if completely filled with dielectric: 
C= Ki =(15.0)(35.4 pF) =5.31-10"'° F=531 pF. 


Our result for the partially filled capacitor is half of the sum of these two results, so it 
seems reasonable. 


t 
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(a) (b) 


FIGURE 24.31 (a) A cylindrical 
capacitor with inner radius r,, outer 
radius r,, and length L. (b) A dielectric 
with dielectric constant « is inserted 
between the cylinders. 


+ + 
Væ he 


FIGURE 24.32 A cylindrical capaci- 
tor connected to a battery. 


SOLVED PROBLEM 24.3 (Charge on a Cylindrical Capacitor 
oA,  “$_ Jo" 


PROBLEM 

Consider a cylindrical capacitor with inner radius r, = 10.0 cm, outer radius r, = 12.0 cm, 
and length L = 50.0 cm (Figure 24.31a). A dielectric with dielectric constant « =12.5 fills 
the volume between the two cylinders (Figure 24.31b). The capacitor is connected to a 
100.0-V battery and charged completely. What is the charge on the capacitor? 


SOLUTION 


THINK 

We have a cylindrical capacitor filled with a dielectric. When the capacitor is connected 
to the battery, charge will accumulate on the capacitor until the capacitor is fully charged. 
We can calculate the amount of charge on the capacitor. 


SKETCH 
A circuit diagram with the cylindrical capacitor connected to a battery is shown in 
Figure 24.32. 


RESEARCH 
The capacitance, C, of a cylindrical capacitor is given by equation 24.8: 
_ 2TEgL 
In(r/n) i 


where r is the inner radius of the capacitor, r, is the outer radius of the capacitor, and 
L is the length of the capacitor. With a dielectric between the plates, the capacitance 
becomes 


2TEgL 


~ “In(r/n) i ti) 


where x is the dielectric constant. For a capacitor with capacitance C charged to a poten- 
tial difference AV, the charge q is given by equation 24.1: 


q=CAV. (ii) 
SIMPLIFY 
Combining equations (i) and (ii) gives 
geavi 2TEL _ 2KTE LAV 
In(ry/n) In(r,/n) 


CALCULATE 


Putting in the numerical values, we get 


dee LAV _ 2(125)77(885-10-? F/m)(0.500 m)(100.0 V) _ eee 


In(r, / n) In|(0.120 m)/(0.100 m)| 
ROUND 
We report our result to three significant figures: 
q=19.1-10° C=191 nC. 
DOUBLE-CHECK 


Our answer is a very small fraction of a coulomb of charge, so it seems reasonable. 


MULTIPLE-CHOICE QUESTIONS 


24.1 In the circuit shown in 
the figure, the capacitance 
for each capacitor is C. The 
equivalent capacitance for =c c= 
these three capacitors is 

a) + d) =C 
b) ż e) C c= V= 
c) 2 f) =C 


24.2 A parallel plate capacitor of capacitance C has plates of 
area A with distance d between them. When the capacitor 

is connected to a battery of potential difference V, it has a 
charge of magnitude Q on its plates. While the capacitor is 
connected to the battery, the distance between the plates is 
decreased by a factor of 3. The magnitude of the charge on 
the plates and the capacitance are then 


a) +Qand 4C. c) 3Q and 3C. 
b) +Q and 3C. d) 3Q and C. 
24.3 The distance between the plates of a parallel plate 


capacitor is reduced by half and the area of the plates is 
doubled. What happens to the capacitance? 


a) It remains unchanged. 
b) It doubles. 

c) It quadruples. 

d) It is reduced by half. 
24.4 Which of the following capacitors has the largest 
charge? 

a) a parallel plate capacitor with an area of 10 cm? and a 
plate separation of 2 mm connected to a 10-V battery 

b) a parallel plate capacitor with an area of 5 cm’ and a plate 
separation of 1 mm connected to a 10-V battery 

c) a parallel plate capacitor with an area of 10 cm’ and a 
plate separation of 4 mm connected to a 5-V battery 

d) a parallel plate capacitor with an area of 20 cm’ anda 
plate separation of 2 mm connected to a 20-V battery 

e) All of the capacitors have the same charge. 

24.5 Two identical parallel plate capacitors are connected in 

a circuit as shown in the figure. Initially the space between the 
plates of each capacitor is filled with air. Which of the following 
changes will double the total amount of charge stored on both 
capacitors with the same applied potential difference? 

a) Fill the space between the plates of C, with glass 
(dielectric constant of 4) and leave C, as is. 

b) Fill the space between the plates of C, with Teflon 
(dielectric constant of 2) and leave C, as is. 

c) Fill the space between the plates of both C; and C, with 
Teflon (dielectric constant of 2). 
d) Fill the space between the 
plates of both C, and C, with glass 
(dielectric constant of 4). 


ya 
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24.6 The space between the plates of an isolated parallel 
plate capacitor is filled with a slab of dielectric material. The 
magnitude of the charge Q on each plate is kept constant. If 
the dielectric material is removed from between the plates, 
the energy stored in the capacitor 


a) increases. c) decreases. 


b) stays the same. d) may increase or decrease. 


24.7 Which of the following is proportional to the 
capacitance of a parallel plate capacitor? 

a) the charge stored on each conducting plate 

b) the potential difference between the two plates 

c) the separation distance between the two plates 

d) the area of each plate 

e) all of the above 

f) none of the above 

24.8 A dielectric with a dielectric constant x = 4 is inserted 
into a parallel plate capacitor, filling + of the volume, as 


shown in the figure. If the capacitance of the capacitor 
without the dielectric is C, what is the capacitance of the 


capacitor with the dielectric? 

a) 0.75C d) 4C | 
b) C e) 6C HE 
c) 2C 


24.9 A parallel plate capacitor is connected to a battery 
for charging. After some time, while the battery is still 
connected to the capacitor, the distance between the 
capacitor plates is doubled. Which of the following 

is (are) true? 

a) The electric field between the plates is halved. 

b) The potential difference of the battery is halved. 

c) The capacitance doubles. 

d) The potential difference across the plates does not change. 
e) The charge on the plates does not change. 


24.10 Referring to the figure, decide whether each of the 
following equations is true or false. Assume that all of 

the capacitors have different capacitances. The potential 
difference across capacitor C, is V}. The potential difference 
across capacitor C, is V>. The potential difference across 
capacitor C, is V}. The potential difference across capacitor 
C,is V,. The charge stored in capacitor C} is q,. The charge 
stored in capacitor C, is q,. The charge stored in capacitor C; 
is q3. The charge stored in capacitor C; is q4 


a) qı =43 

b) V,+V,=V lee 
c) q +Q =q +q, i 
d) Vi + V,= V; + V4 nie 
e) V,+V;=V 
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QUESTIONS 


24.11 Must a capacitor’s plates be made of conducting 
material? What would happen if two insulating plates were 
used instead of conducting plates? 


24.12 Does it take more work to separate the plates of a 
charged parallel plate capacitor while it remains connected 
to the charging battery or after it has been disconnected 
from the charging battery? 


24.13 When working on a piece of equipment, electricians 
and electronics technicians sometimes attach a grounding 
wire to the equipment even after turning the device off and 
unplugging it. Why would they do this? 


24.14 Table 24.1 does not list a value of the dielectric constant 
for any good conductor. What value would you assign to it? 


24.15 A parallel plate capacitor is charged with a battery 
and then disconnected from the battery, leaving a certain 
amount of energy stored in the capacitor. The separation 
between the plates is then increased. What happens to the 
energy stored in the capacitor? Discuss your answer in 
terms of energy conservation. 


24.16 You have an electric device containing a 10.0-wF 
capacitor, but an application requires an 18.0-F capacitor. 
What modification can you make to your device to increase 
its capacitance to 18.0-wF? 


24.17 Two capacitors with capacitances C, and C, are con- 
nected in series. Show that, no matter what the values of C, 
and C, are, the equivalent capacitance is always less than the 
smaller of the two capacitances. 


24.18 Two capacitors, with capacitances C, and C,, are con- 
nected in series. A potential difference, Vo, is applied across 
the combination of capacitors. Find the potential differences 
V, and V, across the individual capacitors, in terms of Vo, 
C,, and C}. 

24.19 An isolated solid spherical conductor of radius 5.00 cm 
is surrounded by dry air. It is given a charge and acquires po- 
tential V, with the potential at infinity assumed to be zero. 

a) Calculate the maximum magnitude V can have. 


b) Explain clearly and concisely why there is a maximum. 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Sections 24.3 through 24.5 


24.25 Supercapacitors, with capacitances of 1.00 F or more, 
are made with plates that have a spongelike structure with a 
very large surface area. Determine the surface area of a su- 
percapacitor that has a capacitance of 1.00 F and an effective 
separation between the plates of d = 1.00 mm. 


24.20 A parallel plate capacitor of capacitance C is con- 
nected to a power supply that maintains a constant potential 
difference, V. A close-fitting slab of dielectric, with dielectric 
constant «K, is then inserted and fills the previously empty 
space between the plates. 


a) What was the energy stored on the capacitor before the 
insertion of the dielectric? 

b) What was the energy stored after the insertion of the 
dielectric? 

c) Was the dielectric pulled into the space between the 
plates, or did it have to be pushed in? Explain. 


24.21 A parallel plate capacitor with square plates of edge 
length L separated by a distance d is given a charge Q, then 
disconnected from its power source. A close-fitting square 
slab of dielectric, with dielectric constant x, is then inserted 
into the previously empty space between the plates. Calcu- 
late the force with which the slab is pulled into the capacitor 
during the insertion process. 


24.22 Consider a cylindrical capacitor, with outer radius R 
and cylinder separation d. Determine what the capacitance 
approaches in the limit where d « R. (Hint: Express the 
capacitance in terms of the ratio d/R and then examine what 
happens as the ratio d/R becomes very small compared to 1.) 
Explain why the limit on the capacitance makes sense. 


24.23 A parallel plate capacitor is constructed from two 
plates of different areas. If this capacitor is initially un- 
charged and then connected to a battery, how will the 
amount of charge on the big plate compare to the amount of 
charge on the small plate? 

24.24 A parallel plate capacitor is connected to a battery. As 
the plates are moved farther apart, what happens to each of 
the following? 

a) the potential difference across the plates 

b) the charge on the plates 

c) the electric field between the plates 


24.26 A potential difference of 100. V is ap- 


plied across the two collinear conducting cyl- | 
inders shown in the figure. The radius of the L 
outer cylinder is 15.0 cm, the radius of the in- 

ner cylinder is 10.0 cm, and the length of the ‘| 


two cylinders is 40.0 cm. How much charge is 
applied to each of the cylinders? What is the magnitude of 
the electric field between the two cylinders? 


24.27 What is the radius of an isolated spherical conductor 
that has a capacitance of 1.00 F? 


24.28 A spherical capacitor is made from two thin concen- 
tric conducting shells. The inner shell has radius r,, and the 
outer shell has radius r,. What is the fractional difference in 
the capacitances of this spherical capacitor and a parallel plate 
capacitor made from plates that have the same area as the in- 
ner sphere and the same separation d = r, - r, between plates? 


24.29 Calculate the capacitance of the Earth. Treat the 
Earth as an isolated spherical conductor of radius 6371 km. 


24.30 Two concentric metal spheres are found to have a 
potential difference of 900. V when a charge of 6.726 - 10°C 
is applied to them. The radius of the outer sphere is 0.210 m. 
What is the radius of the inner sphere? 


°24.31 A capacitor consists of two parallel plates, but one of 
them can move relative to the other as shown in the figure. 
Air fills the space between the plates, and the capacitance is 
32.0 pF when the separation between plates is d = 0.500 cm. 


a) A battery with potential difference V = 9.0 V is 
connected to the plates. What is the charge distribution, o, 
on the left plate? What are the capacitance, C’, and charge 
distribution, o’, when d is changed to 0.250 cm? 

v b) With d = 0.500 cm, the 
battery is disconnected from 
the plates. The plates are then 
moved so that d = 0.250 cm. 
What is the potential difference 
V', between the plates? 


Section 24.6 


24.32 Determine all the values of equivalent capacitance 
you can create using any combination of three identical 
capacitors with capacitance C. 


24.33 A large parallel plate capacitor with plates that are 
square with side length 1.00 cm and are separated by a dis- 
tance of 1.00 mm is dropped and damaged. Half of the areas 
of the two plates are pushed closer together to a distance of 
0.500 mm. What is the capacitance of the damaged capacitor? 


24.34 Three capacitors with capaci- 
tances C, = 3.1 nF C, = 1.3 nF, and 

C; = 3.7 nF are wired to a battery with 
V= 14.9 V, as shown in the figure. 
What is the potential drop across 
capacitor C,? 


24.35 Four capacitors with 
capacitances C, = 3.5 nF, C, = 
2.1 nF, C; = 1.3 nE and C, = 
4.9 nF are wired to a battery 
with V = 10.3 V, as shown in 
the figure. What is the equiva- 
lent capacitance of this set of capacitors? 


= Cc, = C; == C; 


CG. V= 


24.36 The capacitors in the circuit shown in the figure 
have capacitances C, = 18.0 F C, = 11.3 wE C; = 33.0 pF, 
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and C, = 44.0 uF. The poten- 


tial difference is V = 10.0 V. 

What is the total charge the FG aF 
power source must supply to 

charge this arrangement of == C QG == 
capacitors? 


24.37 Six capacitors are 
connected as shown in 
the figure. 

a) If G = 2.3 nF, what GS SG 
does C, have tobeto “sF Tc, A. 
yield an equivalent 
capacitance of 5.000 nF 
for the combination of 
the two capacitors? 


b) For the same values of C, and C; as in part (a), what is 
the value of C, that will give an equivalent capacitance of 
1.914 nF for the combination of the three capacitors? 

c) For the same values of C}, C,, and C; as in part (b), what is 
the equivalent capacitance of the whole set of capacitors if the 
values of the other capacitances are C, = 1.3 nF, C; = 1.7 nF, 
and C; = 4.7 nF? 

d) Ifa battery with a potential difference of 11.7 V is 
connected to the capacitors as shown in the figure, what is 
the total charge on the six capacitors? 


e) What is the potential drop across C; in this case? 


24.38 A potential difference jE 
of V = 80.0 V is applied across G 
a circuit with capacitances C, = 
15.0 nẸ C, =7.00 nF and C= yL 
20.0 nF, as shown in the figure. 
What is the magnitude and sign 
of qx, the charge on the left plate 
of C; (marked by point A)? A | 
What is the electric potential, 
V}, across C,? What is the magnitude and sign of the charge 
>,» on the right plate of C, (marked by point B)? 


24.39 Fifty parallel plate capacitors are connected in series. 
The distance between the plates is d for the first capacitor, 2d 
for the second capacitor, 3d for the third capacitor, and so 
on. The area of the plates is the same for all the capacitors. 
Express the equivalent capacitance of the whole set in terms 
of C, (the capacitance of the first capacitor). 


24.40 A 5.00-nF capacitor charged to 60.0 V and a 7.00-nF 
capacitor charged to 40.0 V are connected with the negative 
plate of each connected to the negative plate of the other. 
What is the final charge on the 7.00-nF capacitor? 


Section 24.7 


24.41 When a capacitor has a charge of magnitude 60.0 uC 
on each plate, the potential difference across the plates is 12.0 V. 
How much energy is stored in this capacitor when the po- 
tential difference across its plates is 120. V? 
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24.42 The capacitor in an automatic external defibrillator 
is charged to 7.5 kV and stores 2400 J of energy. What is its 
capacitance? 


24.43 The Earth has an electric field of 150 N/C near its 
surface. Find the electrical energy contained in each cubic 
meter of air near the surface. 


24.44 The potential difference across two capacitors in 
series is 120. V. The capacitances are C, = 1.00-10° uF and 
C, = 150-10 pk 

a) What is the total capacitance of this pair of capacitors? 
b) What is the charge on each capacitor? 

c) What is the potential difference across each capacitor? 
d) What is the total energy stored by the capacitors? 


24.45 Neutron stars are thought to have electric dipole (p) 
layers at their surfaces. If a neutron star with a 10.0-km radius 
has a dipole layer 1.00 cm thick with charge distributions of 
+1.00 uC/cm? and -1.00 C/em? 
on the surface, as indicated in 

the figure, what is the capaci- 
tance of this star? What is the 
electric potential energy stored 
in the neutron star’s dipole layer? 


10.0 km 


p. 


~~! 


°24.46 A 4.00- 10°-nF parallel plate capacitor is connected 
to a 12.0-V battery and charged. 


a) What is the charge Q on the positive plate of the capacitor? 
b) What is the electric potential energy stored in the capacitor? 


The 4.00- 10°-nF capacitor is then disconnected from the 
12.0-V battery and used to charge three uncharged capaci- 
tors, a 100.-nF capacitor, a 200.-nF capacitor, and a 300.-nF 
capacitor, connected in series. 


c) After charging, what is the potential difference across 
each of the four capacitors? 

d) How much of the electrical energy stored in the 
4.00-10°-nF capacitor was transferred to the other three 
capacitors? A B 


24.47 The figure shows a circuit with V 
=12.0 V, C; = 500. pF, and C,=500.pE |+ 
The switch is closed, to A, and the ca- vo T 
pacitor C, is fully charged. Find (a) the 
energy delivered by the battery and (b) the energy stored in 
C,. Then the switch is thrown to B and the circuit is allowed 
to reach equilibrium. Find (c) the total energy stored at C, 
and C. (d) Explain the energy loss, if there is any. 


ee24.48 The Earth is held together by its own gravity. But it 
is also a charge-bearing conductor. 


F 
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a) The Earth can be regarded as a conducting sphere of 
radius 6371 km, with electric field E =(-150. V/m)? at its 
surface, where r is a unit vector directed radially outward. 
Calculate the total electrostatic potential energy associated 
with the Earth’s electric charge and field. 

b) The Earth has gravitational potential energy, akin to the 
electrostatic potential energy. Calculate this energy, treating 
the Earth as a uniform solid sphere. (Hint: dU = -(Gm/r)dm.) 


c) Use the results of parts (a) and (b) to address this 
question: To what extent do electrostatic forces affect the 
structure of the Earth? 


Section 24.8 


24.49 Two parallel plate capacitors have identical plate areas 
and identical plate separations. The maximum energy each 
can store is determined by the maximum potential difference 
that can be applied before dielectric breakdown occurs. One 
capacitor has air between its plates, and the other has Mylar. 
Find the ratio of the maximum energy the Mylar capacitor 
can store to the maximum energy the air capacitor can store. 


24.50 A capacitor has 

parallel plates, with half of 
the space between the plates jga = a 
filled with a dielectric mate- 

rial of constant « and the other half filled with air as shown 
in the figure. Assume that the plates are square, with sides 
of length L, and that the separation between the plates is s. 


Determine the capacitance as a function of L. 


24.51 Calculate the maximum surface charge distribution 
that can be maintained on any surface surrounded by dry air. 


24.52 Thermocoax is a type of coaxial cable used for 
high-frequency filtering in cryogenic quantum computing 
experiments. Its stainless steel shield has an inner diameter 
of 0.35 mm, and its Nichrome conductor has a diameter 

of 0.17 mm. Nichrome is used because its resistance doesn't 
change much in going from room temperature to near 
absolute zero. The insulating dielectric is magnesium oxide 
(MgO), which has a dielectric constant of 9.7. Calculate the 
capacitance per meter of Thermocoax. 


24.53 A parallel plate capacitor has square plates of side L = 
10.0 cm and a distance d = 1.00 cm between the plates. Of 
the space between the plates, = is filled with a dielectric with 
dielectric constant xK, = 20.0. The remaining = of the space 
is filled with a different dielectric with k,= 5.00. Find the 
capacitance of the capacitor. 


024,54 A 4.0-nF parallel plate capacitor with a sheet of My- 
lar (k = 3.1) filling the space between the plates is charged to 
a potential difference of 120 V and is then disconnected. 


a) How much work is required to completely remove the 
sheet of Mylar from the space between the two plates? 

b) What is the potential difference between the plates of the 
capacitor once the Mylar is completely removed? 


°24.55 The volume between the two cylinders of a cylindri- 
cal capacitor is half filled with a dielectric with dielectric 
constant « and is connected to a battery with potential 
difference AV. What is the charge placed on the capacitor? 
What is the ratio of this charge to the charge placed on a ca- 
pacitor with no dielectric connected in the same way across 
the same potential drop? 


24.56 A dielectric slab with thickness d and dielectric 
constant K = 2.31 is inserted in a parallel place capacitor that 
has been charged by a 110.-V battery and having area A = 
100. cm’, and separation distance d = 2.50 cm. 


a) Find the capacitance, C, the potential difference, V, the 
electric field, E, the total charge stored on the capacitor 

Q, and electric potential energy stored in the capacitor, U, 
before the dielectric material is inserted. 

b) Find C, V, E, Q and U when the dielectric slab has been 
inserted and the battery is still connected. 

c) Find C, V, E, Q, and U when the dielectric slab is in place 
and the battery is disconnected. 


24.57 A parallel plate capacitor has a capacitance of 120. pF 
and a plate area of 100. cm’. The space between the plates is 
filled with mica whose dielectric constant is 5.40. The plates 
of the capacitor are kept at 50.0 V. 


a) What is the strength of the electric field in the mica? 
b) What is the amount of free charge on the plates? 
c) What is the amount of charge induced on the mica? 


ee24.58 Design a parallel plate capacitor with a capacitance 
of 47.0 pF and a capacity of 7.50 nC. You have available 
conducting plates, which can be cut to any size, and Plexiglas 
sheets, which can be cut to any size and machined to any 
thickness. Plexiglas has a dielectric constant of 3.40 and a di- 
electric strength of 4.00-10’ V/m. You must make your capac- 
itor as compact as possible. Specify all relevant dimensions. 
Ignore any fringe field at the edges of the capacitor plates. 


ee24.59 A parallel plate capacitor consisting of a pair of 
rectangular plates, each measuring 1.00 cm by 10.0 cm, with 

a separation between the plates of 0.100 mm, is charged by 

a power supply at a potential difference of 1.00- 10° V. The 
power supply is then removed, and without being discharged, 
the capacitor is placed in a vertical position over a container 
holding de-ionized water, with the short sides of the plates in 
contact with the water, as shown in the figure. Using energy 
considerations, show that the water will rise between the plates. 
Neglecting other effects, determine the system of equations 
that can be used to calculate the height to which the water rises 
between the plates. You do not have to solve the system. 


1.00 + 10° V 


t Awater t Qair Qwater = 7 Yair 


Additional Problems 


24.60 Two circular metal plates of radius 0.61 m and thick- 
ness 7.1 mm are used in a parallel plate capacitor. A gap of 
2.1 mm is left between the plates, and half of the space (a 
semicircle) between the plates is filled with a dielectric for 
which xk = 11.1 and the other half is filled with air. What is 
the capacitance of this capacitor? 
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24.61 Considering the dielectric strength of air, what is the 
maximum amount of charge that can be stored on the plates 
of a capacitor that are a distance of 15 mm apart and have 
an area of 25 cm’? 


24.62 The figure shows three ca- 
pacitors in a circuit: C} = 2.0 nF ==C; 
and C, = C, = 4.0 nF. Find the 
charge on each capacitor when 
the potential difference applied is 


tli 
T 
V =1.5 V. | 


24.63 A capacitor with a vacuum between its plates is con- 
nected to a battery and then the gap is filled with Mylar. By 
what percentage is its energy-storing capacity increased? 


==C, 


24.64 A parallel plate capacitor with a plate area of 12.0 cm? 
and air in the space between the plates, which are separated 
by 1.50 mm, is connected to a 9.00-V battery. If the plates 
are pulled back so that the separation increases to 2.75 mm, 
how much work is done? 


24.65 Suppose you want to make a 1.0-F capacitor using 
two square sheets of aluminum foil. If the sheets of foil are 
separated by a single piece of paper (thickness of about 
0.10 mm and x = 5.0), find the size of the sheets of foil (the 
length of each edge). 


24.66 A 4.00-pF parallel plate capacitor has a potential dif- 
ference of 10.0 V across it. The plates are 3.00 mm apart, and 
the space between them contains air. 


a) What is the charge on the capacitor? 
b) How much energy is stored in the capacitor? 
c) What is the area of the plates? 


d) What would the capacitance of this capacitor be if the 
space between the plates were filled with polystyrene? 


24.67 A four-capacitor Či G 
circuit is charged by a battery, | 
as shown in the figure. The 
capacitances are C, = 1.0 mF, | | 
C, = 2.0 mF, C; = 3.0 mE and G G 
C, = 4.0 mF, and the battery 
potential is V, = 1.0 V. When 

the circuit is at equilibrium, 

point D has potential Vp = 0 V. 
What is the potential, V,, at point A? 


o> 


l 
Vg 


i) 


24.68 How much energy can be stored in a capacitor 
with two parallel plates, each with an area of 64.0 cm? and 
separated by a gap of 1.30 mm, filled with porcelain whose 
dielectric constant is 7.0, and holding equal and opposite 
charges of magnitude 420. uC? 


24.69 A quantum mechanical device known as the Joseph- 
son junction consists of two overlapping layers of supercon- 
ducting metal (for example, aluminum at 1.00 K) separated 
by 20.0 nm of aluminum oxide, which has a dielectric 
constant of 9.1. If this device has an area of 100. um’ and a 
parallel plate configuration, estimate its capacitance. 
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24.70 ‘Three capacitors with capacitances C; = 6.00 uF C, = 
3.00 uF, and C, = 5.00 uF are connected in a circuit as shown 
in the figure, with an applied potential of V. After the charges 
on the capacitors have reached their equilibrium values, the 
charge Q, on the second capacitor 
is found to be 40.0 uC. 


a) What is the charge, Q,, on 


capacitor C}? C C 
b) What is the charge, Q;, on 

capacitor C3? 

c) How much voltage, V, was C3 To 
applied across the capacitors? 

24.71 For a science project, a fourth- 

grader cuts the tops and bottoms off two 

soup cans of equal height, 7.24 cm, and 

with radii of 3.02 cm and 4.16 cm, puts 

the smaller one inside the larger, and 

hot-glues them both on a sheet of plastic, 

as shown in the figure. Then she fills the 

gap between the cans with a special “soup” 

(dielectric constant of 63). What is the 

capacitance of this arrangement? 


24.72 The Earth can be thought of as a spherical capacitor. 
If the net charge on the Earth is -7.8- 10° C, find (a) the 
capacitance of the Earth and (b) the electric potential energy 
stored on the Earth’s surface. 


24.73 A parallel plate capacitor with air in the gap between 
the plates is connected to a 6.00-V battery. After charg- 
ing, the energy stored in the capacitor is 72.0 nJ. Without 
disconnecting the capacitor from the battery, a dielectric 
is inserted into the gap and an additional 317 nJ of energy 
flows from the battery to the capacitor. 

a) What is the dielectric constant of the dielectric? 

b) If each of the plates has an area of 50.0 cm’, what is 
the charge on the positive plate of the capacitor after the 
dielectric has been inserted? 

c) What is the magnitude of the electric field between the 
plates before the dielectric is inserted? 


d) What is the magnitude of the electric field between the 
plates after the dielectric is inserted? 


024.74 An 8.00-yF capacitor is fully charged by a 240.-V 
battery, which is then disconnected. Next, the capacitor is 
connected to an initially uncharged capacitor of capacitance 
C, and the potential difference across it is found to be 80.0 V. 
What is C? How much energy ends up being stored in the 
second capacitor? 


24.75 A parallel plate capacitor consists of square plates of 
edge length 2.00 cm separated by a distance of 1.00 mm. The 
capacitor is charged with a 15.0-V battery, and the battery is 
then removed. A 1.00-mm-thick sheet of nylon (dielectric 
constant = 3.0) is slid between the plates. What is the aver- 
age force (magnitude and direction) on the nylon sheet as it 
is inserted into the capacitor? 


24.76 A proton traveling along the x-axis at a speed of 

1.0- 10° m/s enters the gap between the plates of a 2.0-cm- 
wide parallel plate capacitor. The surface charge distribu- 
tions on the plates are given by ø = +1.0-10°° C/m*. How far 
has the proton been deflected sideways (Ay) when it reaches 
the far edge of the capacitor? Assume that the electric field is 
uniform inside the capacitor and zero outside. 


24.77 A parallel plate capacitor has square plates of side L = 
10.0 cm separated by a distance d = 2.5 mm, as shown in the 
figure. The capacitor is charged by a battery with potential 
difference Vo = 75.0 V; the battery is then disconnected. 


a) Determine the capacitance, Co, and the electric potential 
energy, Up stored in the capacitor at this point. 

b) A slab made of Plexiglas (« = 3.4) is then inserted so that 
it fills 2 of the volume 

between the plates, as 

shown in the figure. 

Determine the new 

capacitance, C’, the new 

potential difference +Q -Q 

between the plates V', 

and the new electric 

potential energy, U', 

stored in the capacitor. 

c) Neglecting gravity, Cy C 

did the inserter of the 
dielectric slab have to 
do work or not? 


24.78 A typical AAA battery has stored energy of about 
3400 J. (Battery capacity is typically listed as 625 mA h, 
meaning that much charge can be delivered at approximate- 
ly 1.5 V.) Suppose you want to build a parallel plate capaci- 
tor to store this amount of energy, using a plate separation 
of 1.0 mm and with air filling the space between the plates. 


Charged capacitor Charged capacitor with 


Plexiglas slab inserted 


a) Assuming that the potential difference across the 
capacitor is 1.5 V, what must the area of each plate be? 

b) Assuming that the potential difference across the 
capacitor is the maximum that can be applied without 
dielectric breakdown occurring, what must the area of each 
plate be? 

c) Is either capacitor a practical replacement for the AAA 
battery? 


24.79 Two parallel plate capacitors, C, and C,, are connect- 
ed in series to a 96.0-V battery. Both capacitors have plates 
with an area of 1.00 cm* anda separation of 0.100 mm; 

C, has air between its plates, and C, has that space filled 
with porcelain (dielectric constant of 7.0 and dielectric 
strength of 5.70 kV/mm). 


a) After charging, what are the charges on each capacitor? 
b) What is the total energy stored in the two capacitors? 

c) What is the electric field between the plates of C,? 

24.80 The plates of parallel plate capacitor A consist of two 


metal discs of identical radius, R, = 4.00 cm, separated by a 
distance d = 2.00 mm, as shown in the figure. 


a) Calculate the capacitance of this parallel plate capacitor 
with the space between the plates filled with air. 

b) A dielectric in the shape of a thick-walled cylinder 

of outer radius R, = 4.00 cm, inner radius R, = 2.00 cm, 
thickness d = 2.00 mm, and dielectric constant K = 2.00 is 
placed between the plates, coaxial with the plates, as shown 
in the figure. Calculate the capacitance of capacitor B, with 
this dielectric. 

c) The dielectric cylinder is removed, and instead a solid 
disc of radius R, made of the same dielectric is placed 
between the plates to form capacaitor C, as shown in the 
figure. What is the new capacitance? 


Side view 


Top view 


Capacitor A 


Metal disc 


Capacitor B ane 


Dielectric 


Capacitor C 


Dielectric 


24.81 A 1.00-uF capacitor charged to 50.0 V and a 2.00-wF 
capacitor charged to 20.0 V are connected, with the positive 
plate of each connected to the negative plate of the other. 
What is the final charge on the 1.00-wF capacitor? 


24.82 The capacitance of a spherical capacitor consisting 
of two concentric conducting spheres with radii r, and r, 
(r2 > rı) is given by C = 47r€9r,r,/(r, - rı). Suppose that the 
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space between the spheres, from r, up to a radius R 

(ri < R < r) is filled with a dielectric for which € = 10eg. 
Find an expression for the capacitance, and check the limits 
when R=r, and R=1r,. 


24.83 In the figure, a parallel plate capacitor is connected 
to a 300.-V battery. With the capacitor connected, a proton 
is fired with a speed of 2.00 - 10° m/s from (through) the 
negative plate of the capacitor at an angle 6 with the normal 
to the plate. 


a) Show that the proton cannot reach the positive plate of 
the capacitor, regardless of what the angle @ is. 

b) Sketch the trajectory of the proton between the plates. 
c) Assuming that V = 0 at the negative plate, calculate the 
potential at the point 
between the plates 
where the proton 
reverses its motion 
in the x-direction. 


=| 


d) Assuming 

that the plates are 
long enough for 

the proton to stay 
between them 
throughout its 
motion, calculate the 
speed (magnitude 
only) of the proton 
as it collides with the 
negative plate. 


024.84 For the 

parallel plate capacitor with dielectric shown in the figure, 
prove that for a given thickness of the dielectric slab, the 
capacitance does not depend on the position of the slab rela- 
tive to the two conducting plates (that is, it does not depend 
on the values of d, and d;). 
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FIGURE 25.1 A current flowing through a wire makes this light bulb shine. 
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WHAT WE WILL LEARN 


= Electric current at a point in a circuit is the rate at = Electromotive force (usually referred to as emf) is a 
which net charge moves past that point. potential difference in an electric circuit. 

= Direct current is current flowing in a direction that = Ohm’ Law states that the potential drop across a 
does not change with time. The direction of current device is equal to the current flowing through the 
is defined as the direction in which positive charge device times the resistance of the device. 


moving. f eae : 
Yoni be iing = A simple circuit consists of a source of emf and 


= The current density passing a given point in a resistors connected in series or in parallel. 
conductor is the current per cross-sectional area. 


= Inacircuit diagram, an equivalent resistance can 
= The conductivity of a material characterizes the replace resistors connected in series or in parallel. 
ability of that material to conduct current. Its inverse 


; w a The power in a circuit is the product of the current 
is called resistivity. 


and the voltage drop. 
= The resistance of a device depends on its geometry 


3 ra = A diode conducts current in one direction but not in 
and on the material of which it is made. 


the opposite direction. 
= The resistivity of a conductor increases 
approximately linearly with temperature. 


Electric lighting is so commonplace that you don't even think about it. You walk into a dark 
room and simply flick on a switch, bringing the room to nearly daytime brightness (Figure 
25.1). However, what happens when the switch is flicked depends ultimately on principles 
of physics and engineering devices that took decades to develop and refine. 

This chapter is the first to focus on electric charges in motion. It presents some of 
the fundamental concepts that we'll use in Chapter 26 to analyze basic electric circuits, 
which are integral to all electronics applications. These chapters concentrate on the electri- 
cal effects of moving charges, but you should be aware that moving charges also give rise to 
other effects, which we'll start to examine in Chapter 27 on magnetism. 


25.1 Electric Current 


Up to this point, our study of electricity has focused on electrostatics, which deals with the 
properties of stationary electric charges and fields. Electric circuits were introduced in the 
discussion of capacitors in Chapter 24, but it covered only situations involving fully charged 
capacitors, where the charge is at rest. If electrostatics were all there was to electricity, it 
would not be nearly as important to modern society as it is. The world-changing impact 
of electricity is due to the properties of charges in motion, or electric current. All electrical 
devices rely on some kind of current for their operation. 

Let’s start by looking at a few very simple experiments. When you were a kid, you very 
likely had some toys that ran on batteries, and probably some of them contained small light 
bulbs. Consider a very simple circuit consisting only of a battery, a switch, and a light bulb 
(see Figure 25.2). If the switch is open, as in Figure 25.2a, the light bulb does not shine. If the 
switch is closed, as in Figure 25.2b, the light bulb turns on. We all know why this happens— 
because a current flows through the closed circuit. In Chapter 24, we saw that the battery 
provides a potential difference for the circuit. In this chapter, we'll examine what it means 
for the current to flow, what the physical basis of current is, and how it is related to the 
potential difference provided by the battery. We'll see that the light bulb acts as a resistor in 
the circuit, and we'll examine how resistors behave. 

Let’s begin by considering the simple experiment performed in Figure 25.2c, where the 
battery's orientation is the reverse of what it is in Figure 25.2b. The light bulb shines just 
the same, despite the fact that the sign of the potential difference provided by the battery is 
reversed. (The positive terminal of the battery is on the end with the copper color.) In Fig- 
ure 25.2d, two light bulbs are in the circuit, one behind the other. (Section 25.5 will focus 
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(d) (e) 
FIGURE 25.2 Experiments with batteries and light bulbs. 


on this arrangement of resistors, which is a connection in series.) Each of the two light bulbs 
shines with significantly less intensity than the single bulb in Figure 25.2c, so the current 
in the circuit may be smaller than before. On the other hand, two batteries in series, as in 
Figure 25.2e, double the potential difference in the circuit, and the bulb shines significantly 
brighter. Finally, if separate wires are used to connect the two light bulbs to a single battery, 
as shown in Figure 25.2f, the light bulbs shine with about the same intensity as in Figure 
25.2b or Figure 25.2c. This way of wiring resistors in a circuit is called a parallel connection 
and will be explored in Section 25.6. 

Quantitatively, the electric current, i, is the net charge passing a given point in a given 
time, divided by that time. The random motion of electrons in a conductor is not a current, 
in spite of the fact that large amounts of charge are moving past a given point, because no 
net charge flows. If net charge dq passes a point during time df, the current at that point is, 
by definition, 

._ dq 
i w (25.1) 


The net amount of charge passing a given point in time t is the integral of the current with 


respect to time: 
t 
g f i= f idt'. (25.2) 
0 


Total charge is conserved, implying that charge flowing in a conductor is never lost. There- 
fore, the same amount of charge flows into one end of a conductor as emerges from the 
other end. 

The unit of current, coulombs per second, was given the name ampere (abbreviated A, 
or sometimes amp), after the French physicist André Ampère (1775-1836): 

1A=+%, 
ls 
Some typical currents are 1 A for a light bulb, 200 A for the starter in your car, 1 mA = 
1-10°°A to power your MP3 player, 1 nA for the currents in your brains neurons and syn- 
aptic connections, and 10,000 A = 10° A ina lightning strike (for a short time). The smallest 
currents that can be measured are those from individual electrons tunneling in scanning 
tunneling microscopes and are on the order of 10 pA. The largest current in the Solar Sys- 
tem is the solar wind, which is in the GA range. Other examples of the broad range of cur- 
rents are shown in Figure 25.3. 

There is a handy safety rule related to the orders of magnitudes of currents that you 
need to know: 1-10-100. That is, 1 mA of current flowing through a human body can be felt 
(as a tingle, usually), 10 mA of current makes muscles contract to the point that the person 
cannot let go of the wire carrying the current, and 100 mA is sufficient to stop the heart. 


Pacemaker 


Lightning 
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FIGURE 25.3 Examples of electrical currents ranging from 1 pA to 10 GA. 


A current that flows in only one direction, which does not change with time, is called 
direct current. (Current that flows first in one direction and then in the opposite direction 
is called alternating current and will be discussed in Chapter 30.) In this chapter, the direc- 
tion of the current flowing in a conductor is indicated by an arrow. 

Physically, the charge carriers in a conductor are electrons, which are negatively 
charged. However, by convention, positive current is defined as flowing from the positive to 
the negative terminal. The reason for this counterintuitive definition of current direction is 
that the definition originated in the second half of the 19th century, when it was not known 
that electrons are the charge carriers responsible for current. And so the current direction 
was simply defined as the direction in which the positive charges would flow. 


EXAMPLE 25.1 | Iontophoresis 


FIGURE 25.4 Iontophoresis is the application of medication under the skin with the aid of 
electrical current. 


There are three ways to administer anti-inflammatory medication. The painless way is 
the oral one—simply swallowing the drug. However, this method typically leads to a small 
amount of the drug in the affected tissue, on the order of 1 ug. The second way is to have 
the drug injected locally with a needle. This hurts but can deposit on the order of 10 mg 
of the drug in the affected tissue—four orders of magnitude more than with the oral 


Continued— 


25.1 Self-Test Opportunity 


A typical rechargeable AA battery 
is rated at 700 mAh. How long can 
this battery provide a current of 
100 pA? 
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method. However, since the 1990s, a third method has been available, which is also pain- 
less and can deposit on the order of 100 yg of the drug in the area where it is needed. This 
method, called iontophoresis, uses (very weak) electrical currents that are sent through 
the patient’s tissue (Figure 25.4). The iontophoresis device consists of a battery and two 
electrodes (plus other electronic circuitry that allows the nurse to control the strength of 
the current applied). The anti-inflammatory drug, usually dexamethasone, is applied to 
the underside of the negatively charged electrode. A current flows through the patient's 
skin and deposits the drug in the tissue to a depth of up to 1.7 cm. 


PROBLEM 

A nurse wants to administer 80 ug of dexamethasone to the heel of an injured soccer 
player. If she uses an iontophoresis device that applies a current of 0.14 mA, as shown in 
Figure 25.4, how long does the administration of the dose take? Assume that the instru- 
ment has an application rate of 650 ug/C and that the current flows at a constant rate. 


SOLUTION 
If the drug application rate is 650 ug/C, to apply 80 wg, requires a total charge of 


gj- ME cpa 
650 wg/C 


The current flows at a constant rate, so the integral in equation 25.2 is simply 


t 
a= f idt' =it. 
0 


Solving for t and inserting the numbers, we find 


12 
gaii e l a 


i 0.14-10° A 


The iontophoresis treatment of the athlete will take approximately 15 min. 


25.2 Current Density 


Consider a current flowing in a conductor. For a perpendicular plane 


through the conductor, the current per unit area flowing through the 


FIGURE 25.5 Segment of a conductor (wire), with a per- 
pendicular plane intersecting it and forming a cross-sectional 


area A. 


conductor at that point (the cross-sectional area A in Figure 25.5) is the 
current density, J. The direction of J is defined as the direction of the 
velocity of the positive charges (or opposite to the direction of negative 
charges) crossing the plane. The current flowing through the plane is 


He f jedA, (25.3) 


where dA is the differential area element of the perpendicular plane, as indicated in Figure 
25.5. If the current is uniform and perpendicular to the plane, then i = JA, and the magni- 
tude of the current density can be expressed as 


J=—. (25.4) 


In a conductor that is not carrying current, the conduction electrons move randomly. 
When current flows through the conductor, electrons still move randomly but also have an 
additional drift velocity, V4, in the direction opposite to that of the electric field driving the 
current. The magnitude of the velocity of random motion is on the order of 10° m/s, while 
the magnitude of the drift velocity is on the order of 10~* m/s or even less. With such a slow 
drift velocity, you might wonder why a light comes on almost immediately after you turn 
on a switch. The answer is that the switch establishes an electric field almost immediately 
throughout the circuit (with a speed on the order of 3- 10° m/s), causing the free electrons 
in the entire circuit (including in the light bulb) to move almost instantly. 
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The current density is related to the drift velocity of the moving electrons. Consider 
a conductor with cross-sectional area A and electric field E applied to it. Suppose the 
conductor has n conduction electrons per unit volume, and assume that all the elec- 
trons have the same drift velocity and that the current density is uniform. The negatively 
charged electrons will drift in a direction opposite to that of the electric field. In a time 
interval, dt, each electron moves a net distance v,dt. The volume of electrons passing a 
cross section of the conductor in time dt is then Av, dt, and the number of electrons in 
this volume is nAv,dt. Each electron has charge -e, so the charge dq that flows through 
the area in time dt is 


dq =-nev,Adt. (25.5) 
Therefore, the current is 
dq 
i=—=-nev,A. 25.6 
Ai 4 (25.6) 
The resulting current density is 
J===-nev. (25.7) 


Equation 25.7 was derived in one spatial dimension, as is appropriate for a wire. However, it 
can be readily generalized to arbitrary directions in three-dimensional space: 


J=- (ne ) Vq . 
You can see that the drift velocity vector is antiparallel to the current density vector, as 
stated before. 
Figure 25.6 shows a schematic drawing of a wire carrying a cur- — 
rent. The physical current carriers are negatively charged electrons. In 
Figure 25.6, these electrons are moving to the left with drift velocity | ______, —— > ae 
V4. However, the electric field, the current density, and the current are E T va 


all directed to the right because of the convention that these quanti- FIGURE 25.6 Electrons moving in a wire from right to left, 
ties refer to positive charges. You may find this convention somewhat causing a current in the direction from left to right. 
confusing, but you'll need to keep it in mind. 


SOLVED PROBLEM 25.1 | Drift Velocity of Electrons in a Copper Wire 
p 

PROBLEM 

You are playing “Galactic Destroyer” on your video game console. Your game controller 

operates at 12 V and is connected to the main box with an 18-gauge copper wire of length 

1.5 m. As you fly your spaceship into battle, you hold the joystick in the forward position 

for 5.3 s, sending a current of 0.78 mA to the console. How far have the electrons in the 

wire moved during those few seconds, while on the screen your spaceship crossed half 

of a star system? 


SOLUTION 
THINK 


To find out how far electrons in a wire move during a given time interval, we need to 


calculate their drift velocity. To determine the drift velocity for electrons in a copper wire s 

carrying a current, we need to find the density of charge-carrying electrons in copper. NN 

Then, we can apply the definition of the charge density to calculate the drift velocity. “SS 
SKETCH A 


A copper wire with cross-sectional area A carrying a current, i, is shown in Figure 25.7, FIGURE 25.7 A copper wire with 
which also shows that, by convention, the electrons drift in the direction opposite to the cross-sectional area A carrying a cur- 
direction of the current. rent, 7. 


Continued— 
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RESEARCH 
We obtain the distance x traveled by the electrons during time t from 


x =Vqt, 


where v, is the magnitude of the drift velocity of the electrons. The drift velocity is related 
to the current density via equation 25.7: 


i ; 
— =- nev, 1 
A d (i) 


where i is the current, A is the cross-sectional area (0.823 mm? for an 18-gauge wire), n 
is the density of electrons, and -e is the charge of an electron. The density of electrons is 
defined as 

a number of conduction electrons 


volume 


We can calculate the density of electrons by assuming there is one conduction electron 
per copper atom. The density of copper is 


Pou = 8.96 g/cm? = 8960 kg/m’. 


One mole of copper has a mass of 63.5 g and contains 6.02 - 10” atoms. Thus, the density 
of electrons is 

10° cm? 
3 


28 electrons 


3 
m 


lm 


1 cm? 


re 1 electron || 6.02-10” atoms |/ 8.96 g 
l atom 


63.5 g 


-sao 


SIMPLIFY 
We solve equation (i) for the magnitude of the drift velocity: 


i 
vi =—. 
neA 


Thus, the distance traveled by the electrons is 


i 
= vit = —t. 
*=Ya neA 
CALCULATE 


Putting in the numerical values, we get 


M (0.78-10° A)6.3 s) 


Xx =Vgt = = 
neA [s.49-10" m*}(1.602-10"° C)(0.823 mm? 


-(6.96826-10* m/s}(5.3 s) 


=3.69318-10” m. 


ROUND 
We report our results to two significant figures: 


v4 =7.0-10° m/s, 
and 


x=3.7:-10” m=0.37 um. 


DOUBLE-CHECK 

Our result for the magnitude of the drift velocity turns out to be a stunningly small num- 
ber. Farlier, it was stated that typical drift velocities are on the order of 1074 m/s or smaller. 
Since the current is proportional to the drift velocity, a relatively small current implies a 
relatively small drift velocity. An 18-gauge wire can carry a current of several amperes, so 
the current specified in the problem statement is less than 1% of the maximum current. 
Therefore, the fact that our calculated drift velocity is less than 1% of 104 m/s, a typical 
drift velocity for high currents, is reasonable. 


The distance we calculated for the movement of the electrons is less than 0.001 of 
the thickness of a fingernail, a very small distance compared to the length of the wire. 
This result provides a valuable reminder that the electromagnetic field moves with nearly 
the speed of light (in vacuum) inside a conductor and causes all conduction electrons to 
drift basically at the same time. Therefore, the signal from your game controller arrives 
almost instantaneously at the console, despite the incredibly slow pace of the individual 
electrons. 


25.3 Resistivity and Resistance 


Some materials conduct electricity better than others. Applying a given potential difference 
across a good conductor results in a relatively large current; applying the same potential 
difference across an insulator produces little current. The resistivity, p, is a measure of how 
strongly a material opposes the flow of electric current. The resistance, R, is a material's 
opposition to the flow of electric current. 

If a known electric potential difference, AV, is applied across a conductor (some physi- 
cal device or material that conducts current) and the resulting current, i, is measured, the 
resistance of that conductor is given by 


R=—. (25.8) 
The unit of resistance is the volt per ampere, which has been given the name ohm and 


symbol Q (the capital Greek letter omega), in honor of the German physicist Georg Simon 
Ohm (1789-1854): 


rs eee 
1A 
Rearrangement of equation 25.8 results in 
AV 
i=—_, 25.9 
(25.9) 


which states that for a given potential difference, AV, the current, i, is inversely proportional 
to the resistance, R. This equation is commonly referred to as Ohm’s Law. A rearrangement 
of equation 25.9, AV = iR, is sometimes also referred to as Ohm's Law. 

Sometimes devices are described in terms of the conductance, G, defined as 


i 1 
G=——=-_. 
AV R 
Conductance has the SI derived unit of siemens (S): 
1A 1 
S=——=—. 
1V 10 

In some conductors, the resistivity depends on the direction in which the current is 
flowing. This chapter assumes that the resistivity of a material is uniform for all directions 
of the current. 

The resistance of a device depends on the material of which the device is made as 
well as its geometry. As stated earlier, the resistivity of a material characterizes how much 
it opposes the flow of current. The resistivity is defined in terms of the magnitude of the 
applied electric field, E, and the magnitude of the resulting current density, J: 


p=-—. (25.10) 


The units of resistivity are 


25.3 Resistivity and Resistance 
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Table 25.1 lists the resistivities of some representative conductors at 20 °C. As you 
can see, typical values for the resistivity of metal conductors used in wires are on the 
order of 10°° Q m. For example, copper has a resistivity of about 2-108 Q m. Several 
metal alloys listed in Table 25.1 have useful properties. For example, wire made from 
Nichrome (80% nickel and 20% chromium) is often used as a heating element in devices 
such as toasters. The next time you are toasting an English muffin, look inside the 
toaster. The glowing elements are probably Nichrome wires. The resistivity of Nichrome 
(108-10 Q m) is about 50 times that of copper. Thus, when current is run through the 
Nichrome wires of the toaster, the wires dissipate power and heat up until they glow with 
a dull red color, while the copper wires of the electrical cord that connects the toaster to 
the wall remain cool. 

Sometimes materials are specified in terms of their conductivity, ø, rather than their 
resistivity, p, which is defined as 


The units of conductivity are (Q m)“. 
The resistance of a conductor can be found from its resistivity and its geometry. For 
a homogeneous conductor of length L and constant cross-sectional area A, the equation 


AV =- I Eds from Chapter 23 can be used to relate the electric field, E, and the electric 
potential difference, AV, across the conductor: 

AV 
aa 
Note that in contrast to electrostatics, where the surface of any conductor is an equipoten- 
tial surface and has no electric field inside and no current flowing through it, the conductor 


E 


EN OFLA The Resistivity and the Temperature Coefficient of the Resistivity 
for Some Representative Conductors 


Resistivity, p at 20 °C Temperature Coefficient, a 
Material (107° Q m) (10° K7’) 
Silver 1.62 3.8 
Copper 172 3.9 
Gold 2.44 3.4 
Aluminum 2.82 39 
Brass 39 2 
Tungsten SSI 4.5 
Nickel 7 a) 
Iron 97 5 
Steel 11 5 
Tantalum 13 3 
Lead 22 4.3 
Constantan 49 0.01 
Stainless steel 70 1 
Mercury 95.8 0.89 
Nichrome 108 0.4 


The values for steel and stainless steel depend strongly on the type of steel. 


in this situation has AV # 0 and E # 0, causing a current to flow. The magnitude of the cur- 
rent density is the current divided by the cross-sectional area: 


From the definition of resistivity (equation 25.10) and using J = i/A and Ohm’s Law (equa- 
tion 25.8), we obtain 


_F_AVIL_AVA_iRA_ pA 
J iA ilil L 
Rearranging terms yields an expression for the resistance of a conductor in terms of the 
resistivity of its constituent material, the length, and the cross-sectional area: 


L 
R=p—. 25.11 
is ( ) 


Size Convention for Wires 


The American Wire Gauge (AWG) size convention for wires specifies diameters and thus 
cross-sectional areas on a logarithmic scale. The AWG size convention is shown in Table 25.2. 
The wire gauge is related to the diameter: The higher the gauge number, the thinner the 
wire. For large-diameter wires, gauge numbers consist of one or more zeros, as shown in 
Table 25.2. A 00-gauge wire is equivalent to a -1-gauge, a 000-gauge wire is equivalent to a 
-2-gauge, and so on. By definition, a 36-gauge wire has a diameter of exactly 0.005 in, and 
a 0000-gauge wire has a diameter of exactly 0.46 in. (These sizes apear in red in Table 25.2.) 
There are 39 gauge values between 0000-gauge and 36-gauge, and the gauge number is a 
logarithmic representation of the wire diameter. Therefore, the formula to convert from the 
AWG gauge to the wire diameter, in inches, is d = (0.005)92°°”””, where n is the gauge 
number. Typical residential wiring uses 12-gauge to 10-gauge wires. An important rule of 
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AWG d (in) d(mm) A(mm’) | AWG d (in) d(mm) A(mm*) | AWG d(in) d(mm) A (mm’) 
000000 0.5800 14.733 170.49 11 0.0907 2.3048 4.1723 26 0.0159 0.4049 0.1288 
00000 0.5165 13.120 135.20 12 0.0808 2.0525 3.3088 27 0.0142 0.3606 0.1021 
0000 0.46 11.684 107.22 13 0.0720 1.8278 2.6240 28 0.0126 0.3211 0.0810 
000 0.4096 10.405 85.029 14 0.0641 1.6277 2.0809 29 0.0113 0.2859 0.0642 
00 0.3648 9.2658 67.431 15 0.0571 1.4495 1.6502 30 0.0100 0.2546 0.0509 
0 0.3249 8.2515 53.475 16 0.0508 1.2908 1.3087 31 0.0089 0.2268 0.0404 
1 0.2893 7.3481 42.408 17 0.0453 1.1495 1.0378 32 0.0080 0.2019 0.0320 
2 0.2576 6.5437 33.631 18 0.0403 1.0237 0.8230 33 0.0071 0.1798 0.0254 
3 0.2294 5.8273 26.670 19 0.0359 0.9116 0.6527 34 0.0063 0.1601 0.0201 
4 0.2043 5.1894 21.151 20 0.0320 0.8118 0.5176 35 0.0056 0.1426 0.0160 
5 0.1819 4.6213 16.773 21 0.0285 0.7229 0.4105 36 0.005 0.1270 0.0127 
6 0.1620 4.1154 13.302 22) 0.0253 0.6438 0.3255 37 0.0045 0.1131 0.0100 
y 0.1443 3.6649 10.549 23 0.0226 0.5733 0.2582 38 0.0040 0.1007 0.0080 
8 0.1285 3.2636 8.3656 24 0.0201 0.5106 0.2047 39 0.0035 0.0897 0.0063 
9 0.1144 2.9064 6.6342 25 0.0179 0.4547 0.1624 40 0.0031 0.0799 0.0050 


_ 
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25.1 In-Class Exercise 


What is the resistance of a copper 
wire that has length L = 70.0 m 
and diameter d = 2.60 mm? 


a) 0.119 Q d) 0.190 Q 
b) 0.139 Q e) 0.227 Q 
c) 0.163 Q 


—qm 


J= 


FIGURE 25.8 (a) Selection of resis- 


tors with various resistances. 
(b) Color-coding of a 150-Q resistor. 


thumb is that a reduction by 3 gauges doubles the cross-sectional area of the wire. Examin- 
ing equation 25.11, you can see that to cut the resistance of a given length of wire in half, 
you have to reduce the gauge number by 3. 


EXAMPLE 25.2 | ‘Resistance of a Copper Wire 


Standard wires that electricians put into residential housing have fairly low resistance. 


PROBLEM 
What is the resistance of the 100.0-m standard 12-gauge copper wire that is typically used 
in wiring household electrical outlets? 


SOLUTION 
A 12-gauge copper wire has a diameter of 2.053 mm (see Table 25.2). Its cross-sectional 
area is then 

A=331 mm’, 


Using the value for the resistivity of copper from Table 25.1 and equation 25.11, we find 


R =p—= unair owm- 0500 


3.31-10É m? 


Resistor Codes 


In many applications, circuit design calls for a range of resistances in various parts of a circuit. 
Commercially available resistors, such as those shown in Figure 25.8a, have a wide range of 
resistances. Resistors are commonly made of carbon enclosed in a plastic cover that looks like 
a medicine capsule, with wires sticking out at the ends for electrical connection. The value of 
the resistance is indicated by three or four color bands on the plastic covering. The first two 
bands indicate numbers for the mantissa, the third represents a power of 10, and the fourth 
indicates a tolerance for the range of values. For the mantissa and power of 10, the numbers 
associated with the colors are black = 0, brown = 1, red = 2, orange = 3, yellow = 4, green = 5, 
blue = 6, purple = 7, gray = 8, and white = 9. For the tolerance, brown means 1%, red means 
2%, gold means 5%, silver means 10%, and no band at all means 20%. For example, the single 
resistor shown in Figure 25.8b has the colors (left to right) brown, green, brown, and gold. 
From the code, the resistance of this resistor is 15- 10° Q = 150 Q, with a tolerance of 5%. 


Temperature Dependence and Superconductivity 


The values of resistivity and resistance vary with temperature. For metals, this dependence 
on temperature is linear over a broad range of temperatures. An empirical relationship for 
the temperature dependence of the resistivity of a metal is 


P~ Py = Pox(T -T,), (25.12) 


where p is the resistivity at temperature T, py is the resistivity at temperature Tọ, and « is the 
temperature coefficient of electric resistivity for the particular conductor. 

In everyday applications, the temperature dependence of the resistance is often impor- 
tant. Equation 25.11 states that the resistance of a device depends on its length and cross- 
sectional area. These quantities depend on temperature, as we saw in Chapter 17; however, 
the temperature dependence of linear expansion is much smaller than the temperature 
dependence of resistivity for a particular conductor. Thus, the temperature dependence of 
the resistance of a conductor can be approximated as 


R-Ry=R,a(T-h). (25.13) 


Note that equations 25.12 and 25.13 deal with temperature differences, so the tempera- 
tures can be expressed in degrees Celsius or kelvins (but not in degrees Fahrenheit!). 


Values of a for representative conductors are listed in Table 25.1. Note that common 
metal conductors such as copper have a temperature coefficient of electric resistivity on the 
order of 4- 107° K. However, one metal alloy, constantan (60% copper and 40% nickel), has 
the special characteristic that its temperature coefficient of electric resistivity is very small: 
a =1-10° K~”. The name of this alloy comes from shortening the phrase “constant resis- 
tance.” The small temperature coefficient of constantan combined with its relatively high 
resistivity of 4.9-107 Q m makes it useful for precision resistors whose resistances have 
little dependence on temperature. Note also that Nichrome has a relative small temperature 
coefficient, 4- 1074 K}, which makes it suitable for the construction of heating elements, as 
noted earlier. 

According to equation 25.12, most materials have a resistivity that varies linearly with 
the temperature under ordinary circumstances. However, some materials do not follow this 
rule at low temperatures. At very low temperatures, the resistivity of some materials goes 
to exactly zero. These materials are called superconductors. Superconductors have appli- 
cations in the construction of magnets for devices such as magnetic resonance imagers 
(MRI). Magnets constructed with superconductors use less power and can produce higher 
magnetic fields than magnets constructed with conventional resistive conductors. A more 
extensive discussion of superconductivity will be presented in Chapters 27 and 28. 

The resistance of some semiconducting materials actually decreases as the tempera- 
ture increases, which implies a negative temperature coefficient of electric resistivity. These 
materials are often employed in high-resolution detectors for optical measurements or in 
particle detectors. Such devices must be kept cold to keep their resistance high, which is 
accomplished with refrigerators or liquid nitrogen. 

A thermistor is a semiconductor whose resistance depends strongly on temperature. 
Thermistors are used to measure temperature. The temperature dependence of the resis- 
tance of a typical thermistor is shown in Figure 25.9a. Here you can see that the resistance 
of a thermistor falls with increasing temperature. This drop is in contrast to the increase in 
resistance of a copper wire over the same temperature range, shown in Figure 25.9b. 


Microscopic Basis of Conduction in Solids 


Conduction of current through solids results from the motion of electrons. In a metal con- 
ductor such as copper, the atoms of the metal form a regular array called a crystal lattice. 
The outermost electrons of each atom are essentially free to move randomly in this lattice. 
When an electric field is applied, the electrons drift in the direction opposite to that of the 
electric field. Resistance to drift occurs when electrons interact with the metal atoms in the 
lattice. When the temperature of the metal is increased, the motion of the atoms in the lat- 
tice increases. This, in turn, increases the probability that electrons interact with the atoms, 
effectively increasing the resistance of the metal. 
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FIGURE 25.9 (a) The temperature dependence of the resistance of a thermistor. (b) The tempera- 
ture dependence of the resistance of a copper wire that has a resistance of 1 Q at T=0 °C. 
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The atoms of a semiconductor are also arranged in a crystal lattice. However, the out- 
ermost electrons of the atoms of the semiconductor are not free to move about within the 
lattice. To move about, the electrons must be given enough energy to attain an energy state 
where they can move freely. Thus, a typical semiconductor has a higher resistance than 
a metal conductor because it has many fewer conduction electrons. In addition, when a 
semiconductor is heated, many more electrons gain enough energy to move freely; thus, the 
resistance of the semiconductor goes down as its temperature increases. 


25.4 Electromotive Force and Ohm's Law 


WA 
R 


FIGURE 25.10 Simple circuit con- 


taining a source of emf and a resistor. 


For current to flow through a resistor, a potential difference must be established across the 
resistor. This potential difference, supplied by a battery or other device, is termed an elec- 
tromotive force, abbreviated as emf. (Electromotive force is not a force at all, but rather a 
potential difference. The term is still in widespread use but mainly in the form of its abbre- 
viation, pronounced “ee-em-eff.”) A device that maintains a potential difference is called an 
emf device and does work on the charge carriers. The potential difference created by the emf 
device is represented as V mf This text assumes that emf devices have terminals to which a 
circuit can be connected. The emf device is assumed to maintain a constant potential differ- 
ence, V..,¢ between these terminals. 

Examples of emf devices are batteries, electric generators, and solar cells. Batteries, 
discussed in Chapters 23 and 24, produce emf through chemical reactions. Electric genera- 
tors create emf from mechanical motion. Solar cells convert light energy from the Sun to 
electric energy. If you examine a battery, you will find its potential difference (sometimes 
colloquially called “voltage”) written on it. This “voltage” is the potential difference (emf) 
that the battery can provide to a circuit. (Note that a battery is a source of constant emf, it 
does not supply constant current to a circuit.) Rechargeable batteries also display a rating in 
mAh (milliampere-hour), which provides information on the total charge the battery can 
deliver when fully charged. The mAh is another unit of charge: 


1 mAh =(10° A)(3600 s) =3.6 As=3.6 C. 


Electrical components in a circuit can be sources of emf, capacitors, resistors, or other 
electrical devices. These components are connected with conducting wires. At least one 
component must be a source of emf because the potential difference created by the emf 
device is what drives the current through the circuit. You can think of an emf device as the 
pump in a water pipeline; without the pump, the water sits in the pipe and doesn't move. 
Once the pump is turned on, the water moves through the pipe in a continuous flow. 

An electric circuit starts and ends at an emf device. Since the emf device maintains a 
constant potential difference, V,,,,, between its terminals, positive current leaves the device 
at the higher potential of its positive terminal and enters its negative terminal at a lower 
potential. This lower potential is conventionally set to zero. 

Consider a simple circuit of the form shown in Figure 25.10, where a source of emf 
provides a potential difference, V.,,¢, across a resistor with resistance R. Note an important 
convention for circuit diagrams: A resistor is always symbolized by a zigzag line, and it is 
assumed that all of the resistance, R, is concentrated there. The wires connecting the differ- 
ent circuit elements are represented by straight lines; it is implied that they do not have a 
resistance. Physical wires do, of course, have some resistance, but it is assumed to be negli- 
gible for the purpose of the diagram. 

For a circuit like the one shown in Figure 25.10, the emf device provides the poten- 
tial difference that creates the current flowing through the resistor. Therefore, in this case, 
Ohm's Law (equation 25.9) can be written in terms of the external emf as 


Vee =iR. (25.14) 


Note that, unlike Newton's law of gravitation or the law of conservation of energy, 
Ohm's Law is not a law of nature. It is not even obeyed by all resistors. For many resis- 
tors, called ohmic resistors, the current is directly proportional to the potential difference 
across the resistor over a wide range of temperatures and a wide range of applied potential 
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differences. For other resistors, called non-ohmic resistors, current and potential 
difference are not directly proportional at all. Non-ohmic resistors include many 
kinds of transistors, which means that many modern electronic devices do not (a) 
obey Ohm's Law. We'll take a closer look at one of these devices, the diode, in Sec- 
tion 25.8. Nevertheless, a large class of materials and devices (such as conventional 
wires, for example) do obey Ohm’s Law, and thus it is worth devoting attention 
to its consequences. The remainder of this chapter (with the exception of Section 
25.8) treats resistors as ohmic devices; that is, devices that obey Ohm’s Law. 

The current, i, that flows through the resistor in Figure 25.10 also flows 
through the source of emf and the wires connecting the components. Because the 
wires are assumed to have zero resistance (as noted above), the change in potential 
of the current must occur in the resistor, according to Ohm’s Law. This change is 
referred to as the potential drop across the resistor. Thus, the circuit shown in 
Figure 25.10 can be represented in a different way, making it clearer where the 
potential drop happens and showing which parts of the circuit are at which poten- FIGURE 25.11 (a) Conventional representa- 
tial. Figure 25.11a shows the circuit in Figure 25.10. Figure 25.11b shows the same tion of a simple circuit with a resistor and a 
circuit but with the vertical dimension representing the value of the electric poten- source of emf. (b) Three-dimensional representa- 
tial at different points around the circuit. The potential difference is supplied by tion of the same circuit, displaying the potential 
the source of emf, and the entire potential drop occurs across the single resistor. at each point in the circuit. The current in the 
(Remember, the convention is that the lines connecting the circuit elements in a circuit is shown for both views. 
circuit diagram represent wires with no resistance. Therefore, these connecting 
wires are represented in Figure 25.11b by horizontal lines, signifying that the entire wire is 95.9 Self-Test Opportunity 
at exactly the same potential.) Ohm’s Law applies for the potential drop across the resistor, 
and the current in the circuit can be calculated using equation 25.9. A resistor with R = 10.0 Q is con- 

Figure 25.11 illustrates an important point about circuits. Sources of emf add potential nected across a source of emf with 
difference to a circuit, and potential drops through resistors reduce potential in the circuit. eet dilrerence Vert = T0 

A SE at is the current flowing though 

However, the total potential difference on any closed path around the complete circuit must E 

be zero. This is a straightforward consequence of the law of conservation of energy. An anal- 

ogy with gravity may help: You can gain and lose potential energy by moving up and down 

in a gravitational field (for example, by climbing up and down hills), but if you arrive back 

at the same point from which you started, the net energy gained or lost is exactly zero. The 

same holds for current flowing in a circuit: It does not matter how many potential drops or 

sources of emf are encountered on any closed loop; a given point always has the same value 

of the electric potential. The current can flow through the loop in either direction with the 

same result. 


Resistance of the Human Body 


This short introduction of resistance and Ohm’s Law leads to a point about electrical safety. 
It was mentioned earlier that currents above 100 mA can be deadly if they flow through 
human heart muscle. Ohm's Law makes it clear that the resistance of the human body deter- 
mines whether a given potential difference—say, from a car battery—can be dangerous. 
Since we usually handle tools with our hands, the most relevant measure for the human 
body’s resistance, Rpoay is the resistance along a path from the fingertips of one hand to 
the fingertips of the other hand. (Note that the heart is pretty much in the middle of this 
path!) For most people this resistance is in the range 500 KO < Ry gay < 2 MQ. Most of this 
resistance comes from the skin, in particular, the layers of dead skin on the outside. How- 
ever, if the skin is wet, its conductivity is drastically increased, and consequently, the body's 
resistance is drastically lowered. For a given potential difference, Ohm’s Law implies that 
the current then drastically increases. Handling electrical devices in wet environments or 
touching them with your tongue is thus a very bad idea. 

Wires in a circuit can have sharp points where they are cut. If these points penetrate the 
skin at the fingertips, the resistance of the skin is eliminated, and the fingertip-to-fingertip 
resistance is very drastically lowered. If a wire penetrates a blood vessel, the human body’s 
resistance decreases even further, because blood has a high salinity and is thus a good con- 
ductor. In this case, even relatively small potential differences from batteries can have a 
deadly effect. 
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25.5 Resistors in Series 


R, 
FIGURE 25.12 Circuit with two re- 


sistors in series with one source of emf. 


(a) 


A circuit can contain more than one resistor and/or more than one source of emf. The 
analysis of circuits with multiple resistors requires different techniques. Let's first examine 
resistors connected in series. 

Two resistors, R, and R,, are connected in series with one source of emf with potential 
difference V mrin the circuit shown in Figure 25.12. The potential drop across resistor R, is 
denoted by AV,, and the potential drop across resistor R, by AV. The two potential drops 
must sum to the potential difference supplied by the source of emf: 


Vomf =AV,+ AV). 


The crucial insight is that the same current must flow through all the elements of 
the circuit. How do we know this? Remember, at the beginning of this chapter, 
current was defined as the rate of change of the charge in time: i = dq/dt. Cur- 
rent has to be the same everywhere along a wire, and also in a resistor, because 
charge is conserved everywhere. No charge is lost or gained along the wire, and 
so the current is the same everywhere around the loop in Figure 25.12. 

To clear up a misconception that is encountered often, note that there is 
no such thing as current getting “used up” in a resistor. No matter how many 
resistors are connected in series, the current that flows into the first one is the 
same current that flows out of the last one. An analogy to water flowing in a 
pipe may help: No matter how long the pipe is and how many bends it may 
have, all water that flows into one end has to come out the other end. 

Thus, the current flowing through each resistor in Figure 25.12 is the 
same. For each resistor, we can apply Ohm’s Law and get 


Vne =iR, +iR>.- 


An equivalent resistance, R,,, can replace the two individual resistances: 


eq 


FIGURE 25.13 (a) Conventional representation Vemt =1R, + iR, = iReg> 


of a simple circuit with two resistors in series and a 


where 


source of emf. (b) Three-dimensional representation of 
the same circuit, displaying the potential at each point Req =R +R 
in the circuit. The current in the circuit is shown for 


both views. 


25.2 In-Class Exercise > 


What are the relative values of the 
two resistances in Figure 25.13? 


a) Ri < R, 
b) R, = R; 
c) Ri > R 


d) Not enough information is 
given in the figure to compare 
the resistances. 


FIGURE 25.14 Battery (yellow area) 
with internal resistance R; connected to 
an external resistor, R. 


Thus, two resistors in series can be replaced with an equivalent resistance 
equal to the sum of the two resistances. Figure 25.13 illustrates the potential 
drops in the series circuit of Figure 25.12, using a three-dimensional view. 
The expression for the equivalent resistance of two resistors in series can be generalized 
to a circuit with n resistors in series: 


R= SOR, (for resistors in series). (25.15) 


That is, if resistors are connected in a single path so that the same current flows through 
all of them, their total resistance is just the sum of their individual resistances. 


EXAMPLE 25.3 | Internal Resistance of a Battery 
When a battery is not connected in a circuit, the potential difference across its terminals 
is V} When the battery is connected in series with a resistor with resistance R, current 
i flows through the circuit. When the current is flowing, the potential difference, Vang 
across the terminals of the battery is less than V, This drop occurs because the battery 
has an internal resistance, R; which can be thought of as being in series with the external 
resistor (Figure 25.14). That is, 

V, =iR.q=i(R+R)). 


The battery is depicted by the yellow rectangle in Figure 25.14. The terminals of the bat- 
tery are represented by points A and B. 


PROBLEM 

Consider a battery that has V, = 12.0 V when it is not connected to a circuit. When a 
10.0- resistor is connected with the battery, the potential difference across the battery’s 
terminals drops to 10.9 V. What is the internal resistance of the battery? 


SOLUTION 
The current flowing through the external resistor is given by 
epee nue =1.09 A. 
R 1000 


The current flowing in the complete circuit, including the battery, must be the same as the 
current flowing in the external resistor. Thus, we have 


V, =iR.q=i(R+R;) 


ina) 
1 
Ra es oie. 
i 1.09 A 


The internal resistance of the battery is 1.0 Q. Batteries with internal resistance are known 
as non-ideal. Unless otherwise specified, batteries in circuits will be assumed to have zero 
internal resistance. Such batteries are known as ideal. An ideal battery maintains a con- 
stant potential difference between its terminals independent of the current flowing. 

Whether a battery can still provide energy cannot be determined by simply measur- 
ing the potential difference across the terminals. Instead, you must place a resistance on 
the battery and then measure the potential difference. If the battery is no longer function- 
al, it may still provide its rated potential difference when not connected, but its potential 
difference may drop to zero when connected to an external resistance. Some brands of 
batteries have built-in devices to measure the functioning potential difference simply by 
pressing on a particular spot on the battery and observing an indicator. 


Resistor with a Non-Constant Cross Section 


Up to now the discussion has assumed that a resistor has the same cross-sectional area, A, 
and the same resistivity, p, everywhere along its length (this was the implicit assumption in 
the derivation leading to equation 25.11). This is, of course, not always the case. How do we 
handle the analysis of a resistor whose cross-sectional area is a function of the position x 
along the resistor, A(x), and/or whose resistivity can change as a function of position, p(x)? 
We simply divide the resistor into many very short pieces of length Ax and sum over all of 
them, since equation 25.15 says that the total resistance is the sum of all of the resistances 
of the individual short pieces; then we take the limit Ax—0. If this sounds like an integra- 
tion to you, you are right. The general formula for computing the resistance of a resistor of 
length L with a nonuniform cross-sectional area, A(x), is 


L 
R= EY aps (25.16) 
A A(x) 


A concrete example will help clarify this equation. 


SOLVED PROBLEM 25.2 | Brain Probe 

aaa Í 
Chapter 22 mentioned the field of electrocorticography (ECoG), in which researchers 
measure the electric field generated by neurons in the brain. Some of these measurements 
can only be done by inserting very thin wires into the brain in order to probe directly into 


Continued— 
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25.3 In-Class Exercise 


Three identical resistors, R4, R), and 
R3, are wired together as shown in 
the figure. An electric current is 
flowing through the three resistors. 
The current through R, 
R; Ry R; 

WANA AA 

a) is the same as the current 
through R, and R}. 


b) is a third of the current through 
R, and R3. 


c) is twice the sum of the current 
through R; and R}. 


d) is three times the current 
through R, and R}. 


e) cannot be determined. 


820 Chapter 25 Current and Resistance 


FIGURE 25.15 Electrocorticography 
performed with electrode grids on the 
cerebral cortex of an epilepsy patient. 


(b) 


FIGURE 25.16 (a) Shape of the tip 
of the probe. (b) Coordinate system for 
the integration. 


neurons. These wires are insulated, with only a very short tip exposed, which is pulled into 
avery fine conical tip. ECoG is being used to treat an epilepsy patient in Figure 25.15. 


PROBLEM 

If the wire used for ECoG is made of tungsten and has a diameter of 0.74 mm and the tip 
has a length of 2.0 mm and is sharpened to a diameter of 2.4 um at the end, what is the 
resistance of the tip? (The resistivity of tungsten is listed in Table 25.1 as 5.51 -10% Q m.) 


SOLUTION 


THINK 
First, why might one want to know the resistance? To measure electrical fields or poten- 
tial differences in neurons, probes with a large resistance, say, on the order of kilo-ohms, 
cannot be used because the fields or differences will not be detectable. However, since 
resistance is inversely proportional to the cross-sectional area, a very small area means a 
relatively large resistance. The problem statement says that the probe has a very fine tip, 
much pointier than any sewing needle. Hence the need to find out the resistance of the 
probe before inserting it into the brain! 

Clearly, we are dealing with a case of nonconstant cross-sectional area, and so we will | 
need to perform the integration of equation 25.16. However, since the tip is entirely made of 
tungsten, the resistivity is constant throughout its volume, which will simplify the task. 


SKETCH 
Figure 25.16a shows a three-dimensional view of the tip, and Figure 25.16b presents a cut 
through its symmetry plane and the integration path. 


RESEARCH 

The research part is quite simple for this problem, because we already know which equa- 
tion we need to use. However, equation 25.16 needs to be altered to reflect the fact that 
the resistivity is constant throughout the tip: 


L 
1 7 
R=p J rela (i) 


where A(x) is the area of a circle, A(x) = 7[r(x)]*. The radius of the circle falls linearly 
from r to r, (see Figure 25.16b): 


menk (ii) 


r(x)=r + 7 


SIMPLIFY 
We substitute the expression for the radius from equation (ii) into the formula for the 
area and then substitute the resulting expression for A(x) into equation (i). We arrive at 


tef- 


o T (n+(n- a 


This integral may look daunting at first sight, but except for x all the other quantities are 
constants. We consult an integration table or software and find 
L 

pL 
(1, - n(n +(n- r,)x/L) f 


_ pL 
TTT 


CALCULATE 


Putting in the numerical values, we get 


(5.51-10° O m)(2.0-10°m} 
R= =7.90039-10° Q. 


T (0.37 -10° m)(1.2-10fm) 
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ROUND 
We report our result to the two significant figures to which the geometric properties of 
the tip were given: 

R=79-107 Q. 


DOUBLE-CHECK 

The value of 79 mO seems a very small resistance to a current that has to pass through a 
tip that is sharpened to a diameter of 2.4 um. On the other hand, the tip has a very small 
length, which argues for a small resistance. An additional confidence builder is the fact 
that the units have worked out properly. 

However, there are also a few tests we can perform to convince ourselves that at 
least the asymptotic limits of the solution to R = pL/(mr,r,) are reasonable. First, as the 
length approaches zero, so does the resistance, as expected. Second, as the radius of 
either end of the tip approaches zero, the formula predicts an infinite resistance, which 
is also expected. 


SS 


25.6 Resistors in Parallel 


Instead of being connected in series so that all the current must pass through both resis- 
tors, two resistors can be connected in parallel, which divides the current between them, as + 
shown in Figure 25.17. Again, to better illustrate the potential drops, Figure 25.18 shows the Vemt == $r, r, 
same circuit in a three-dimensional view. 

In this case, the potential drop across each resistor is equal to the potential difference 
provided by the source of emf. Using Ohm’s Law (equation 25.14) for the current i, in R, 
and the current i, in R,, we have 


FIGURE 25.17 Circuit with two 
resistors connected in parallel and a 
single source of emf. 


-Vem 
i= 


Rı 
and 


The total current from the source of emf, i, must be 
i=i, ti. 
Inserting the expressions for i, and i, we obtain 


a a Ve V 
1=4+h= aa A emf 
1 2 


Ohm's Law (equation 25.14) can be rewritten as 


1 
Reg 


FIGURE 25.18 (a) Conventional representa- 
tion of a simple circuit with two resistors in par- 


. . i A allel and a source of emf. (b) Three-dimensional 
Thus, two resistors connected in parallel can be replaced with an equivalent representation of the same circuit, displaying the 


resistance given by potential at each point in the circuit. 


as 
Req R, R3 
In general, the equivalent resistance for n resistors connected in parallel is given by 


n 
1 ; 
—= > — (resistors in parallel). (25.17) 
Req = i 
i=l] 
Clearly, combining resistors in series and in parallel to form equivalent resistances allows 
circuits with various combinations of resistors to be analyzed in a way analogous to the 
analysis of combinations of capacitors performed in Chapter 24. 
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25.4 In-Class Exercise 25.5 In-Class Exercise 
Three identical resistors, R,, R}, and Which combination of resistors has the highest equiva- y Al y al R 
R3, are wired together as shown in lent resistance? om š š š om 
the figure. An electric current is binati i R4 R E R 
flowing from point A to point B. a) combination (a) 
The current flowing through R, b) combination (b) (a) (b) 
R 
7 c) combination (c) 1p 1p 
3 2 
Ry d) combination (d) ENYN oe 
A B Š 3 F Vemf 2R Vent 7R 
R e) The equivalent resistance is the same for all four. 
j R R 1 
zR 
a) is the same as the current 
through R, and R3. (c) (d) 


b) is a third of the current through 
R, and R3. 


c) is twice the sum of the current 


through R, and R3. Ry Reg 
WA Bs Rs Rs 
d) is three times the current WA W- WA WA 
through R; and R3. RŠ A A Risa R123456 
be d ined ! RŠ ' RŠ RŠ 
e) cannot be determined. | R, | R, | R | 
[w w [wv I 
Vemf Vemf Vem Vent 
(a) (b) (c) (d) 


FIGURE 25.19 (a) Circuit with six resistors. (b)-(d) Steps in combining these resistors to deter- 
mine the equivalent resistance. 


PROBLEM 
Figure 25.19a shows a circuit with six resistors, R, through R,. What is the current flow- 
ing through resistors R, and R, in terms of V,,,,and R, through R,? 


m! 


SOLUTION 

We begin by identifying parts of the circuit that are clearly wired in parallel or in series. 
The current flowing through R, is the current flowing from the source of emf. We note 
that R, and R, are in series. Thus, we can write 


Ry =R; + Ry. (i) 


This substitution is made in Figure 25.19b. This figure shows us that R3, and R, are in 
parallel. We can then write 


= — + —, 
Riza Ri Rog 
or 
R,R ” 
g= E (ii) 
Rı + R34 


This substitution is depicted in Figure 25.19c. From this figure, we can see that R,, R;, Rẹ 
and R;34 are in series. Thus, we can write 


Riz3456 = R2 + Rs + Re + Rigy (iii) 


This substitution is shown in Figure 25.19d. We substitute for R;, and R,3,4 from equations 
(i) and (ii) into equation (iii): 


R,R R,{Rz+R 
Ri23456 = R2 EE E EE we re TE 
Ri + Rog R,+R3+R, 


Thus, i,, the current flowing through R,, is given by 
V, 


Bre emf 
i =, 
R123456 


Now we turn to the determination of the current flowing through R,. Current i, is also 
flowing through the equivalent resistor R,3, that contains R, (see Figure 25.19c). Thus, 
we can write 


Visa = 1 Ry345 
where V,3, is the potential drop across the equivalent resistor R34. The resistor R} and the 
equivalent resistor R3, are in parallel. Thus, V34 the potential drop across R3,, is the same 
as the potential drop across R,34, which is V,3,. The resistors R, and R, are in series, and 


thus, i3, the current flowing through R,, is the same as i3,, the current flowing through 
R34. We can thus write 


V3q = Vi34 = 34 Raq = İ3R34- 


Now we can express i, in terms of V and R, through Rg: 


| Vet | N | RiR 
. emi 
i _ Viza _ Risa _ | Rirsase — Veme Riza _ Ry + Ray) Veme Ry 
3 
R34 R34 R34 R34R123456 R34R123456 Ri23456 (R, + Ry) 
or 
jm Vem# Ry z Veme Ry 
R,(R3 +R R R 
R +R, +R, + Ris +Ra) (e, +R, +R) (Ry +R; +Re)(Rı +R3+Ry)+Ri(R3+R,) 
R, +R3+R, 


SOLVED PROBLEM 25.3 | Potential Drop across a Resistor in a Circuit 
es 

PROBLEM 

The circuit shown in Figure 25.20a has four resistors and a battery with V..= 149 V. The 

values of the four resistors are R, = 17.0 Q, R, = 51.0 Q, R, = 114.0 Q, and R, = 55.0 Q. 

What is the magnitude of the potential drop across R,? 


SOLUTION 


THINK 

The resistors R, and R, are in parallel and can be replaced with an equivalent resistance, R,3. 
The resistors R, and R, are in series with R,;. The current flowing through R}, R,, and R,; is 
the same because they are in series. We can obtain the current in the circuit by calculating 
the equivalent resistance for R,, R, and R,, and using Ohm's Law. The potential drop across 
R,3 is equal to the current flowing in the circuit times R,;. The potential drop across R, is the 
same as the potential drop across R,; because R, and R, are in parallel. 


SKETCH 
The potential drop across resistor R, is illustrated in Figure 25.20b. 


RESEARCH 
The equivalent resistance for R, and R, can be calculated using equation 25.17: 


1 1 1 


a (i) 
Rz R, R3 


The equivalent resistance of the three resistors in series can be found using equation 25.15: 
n 
Req =X R; =R +R +R, 
i=l 
Finally, we obtain the current in the circuit using Ohm’s Law: 


Vat” Reg = i(R, +Ro3 + R4). Continued— 
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25.6 In-Class Exercise 


In the figure, R; = 1.90 O, 
R, = 0.980 Q, and R; = 1.70 Q. 
R R; 


Rı 
What is the equivalent resistance of 
this combination of resistors? 


a) 0.984 Q d) 1.42 Q 
b) 1.11.0 e) 1.60 Q 
c) 1.26 Q 
R; 
wv- 
M- 
R2 
ag o fa on, 
w- 
4A} Vy 
V, 


emf 
(a) (b) 
FIGURE 25.20 (a) A circuit with 


four resistors and a battery. (b) Poten- 
tial drop across resistor R}. 
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25.7 In-Class Exercise 


As more identical resistors, R, are 
added to the circuit shown in the 
figure, the resistance between 
points A and B will 

R 


R 
WA 
R 
-AM 


a) increase. 


) 
b) stay the same. 
c) decrease. 

) 


d) change in an unpredictable 
manner. 


25.8 In-Class Exercise 


Three light bulbs are connected in 
series with a battery that delivers a 
constant potential difference, Vem- 
When a wire is connected across 
light bulb 2 as shown in the figure, 
light bulbs 1 and 3 


a) burn just as brightly as they did 
before the wire was connected. 


b) burn more brightly than they did 
before the wire was connected. 


c) burn less brightly than they did 
before the wire was connected. 


d) go out. 


SIMPLIFY 
The potential drop, V,, across R, is equal to the potential drop, V,3, across the equivalent 
resistance R,;: 


; V: RV; ds 
Vg = Vag SiR ag = mat Ry = emt O, (ii) 
Ri +Ro3 + Ry Ri +R + Ry 
We can solve equation (i) for R}; to obtain 
R 
fe 
R, +R, 


We can then use equation (ii) to determine the potential drop V, as 


RR; 
emf 
V= R2 +R; = RyR3Veme 
2 = Sasa Was = a Ns stan eh Uk EE fee. a 
nti lee, R (Ra + Rs) + RaR + R4(R, + R3) 
R, +R; 
which we can rewrite as 
m AA 
(R, + R,) (Ra T R3) + RR; 
CALCULATE 
Putting in the numerical values, we get 
RR: Vemf 
V = 
(R, + R4) (Ry + R3) + RR; 
(51.0 0)(114.0 Q)(149 V) 
(17.0 0+55.0 0)(51.0 Q+1140 O)+(51.0 Q)(114.0 O) 
= 48.9593 V. 
ROUND 
We report our result to three significant figures: 
V=49.0 V. 


DOUBLE-CHECK 
You may be tempted to avoid completing the analytic solution as we've done here. In- 
stead, you may want to insert numbers earlier, for example, into the expression for R,3. 
So, to double-check our result, let’s calculate the current in the circuit explicitly and then 
calculate the potential drop across R,; using that current. The equivalent resistance for R, 
and R; in parallel is 

© RR, _ (510 Q)(1140 0) 


R, +R, 510 Q+1140 Q 


=352 0. 


The current in the circuit is then 


Vous 149.0 V 


= =1. 
Ri +R +R, 17.0 Q+35.2 Q +55.0 Q 


39 A. 


The potential drop across R, is then 
V3 =iRy3 =(1.39 A)(35.2 Q)=489 V, 


which agrees with our result within rounding error. It is reassuring that both methods 
lead to the same answer. 

We can also check that the potential drops across R,, R,;, and R, sum to V,mp as they 
should since R,, R,3, and R, are in series. The potential drop across R, is V} = iR} = (1.39 A) 
(17.0 Q) = 23.6 V. The potential drop across R; is V, = iR, = (1.39 A)(55.0 Q) = 76.5 V. So the 
total potential drop is Vota = Vy + Voz + V3 = (23.6 V) + (48.9 V) + (76.5 V) = 149 V, which 
is equal to V „mf. Thus, our answer is consistent. 


a) 
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25.7 Energy and Power in Electric Circuits 


Consider a simple circuit in which a source of emf with potential difference AV causes a 
current, i, to flow. The work required from the emf device to move a differential amount of 
charge, dq, from the negative terminal to the positive terminal (within the emf device) is 
equal to the increase in electric potential energy of that charge, dU: 


dU =dq AV. 


Remembering that current is defined as i = dq/dt, we can rewrite the differential electric 
potential energy as 


dU =idt AV. 


Using the definition of power, P = dU/dt, and substituting into it the expression for the dif- 
ferential potential energy, we obtain 
p= dU _idtAV _ 
dt dt 
Thus, the product of the current times the potential difference gives the power supplied by 
the source of emf. By conservation of energy, this power is equal to the power dissipated in 
a circuit containing one resistor. In a more complicated circuit, each resistor will dissipate 
power at the rate given by this equation, where i and AV refer to the current through and 
potential difference across that resistor. Ohms Law (equation 25.9) leads to different for- 
mulations of the power: 


iAV. 


2 
P=iAV =R= id ‘ (25.18) 


The unit of power (as noted in Chapter 5) is the watt (W). Electrical devices, such as light 
bulbs, are rated in terms of how much power they consume. Your electric bill depends 
on how much electrical energy your appliances consume, and this energy is measured in 
kilowatt-hours (kW h). 

Where does this energy go? This question will be addressed quantitatively in Chapter 30 
when alternating currents are discussed. Qualitatively, much or most of the energy dis- 
sipated in resistors is converted into heat. This phenomenon is employed in incandescent 
lighting, where heating a metal filament to a very high temperature causes it to emit light. 
The heat dissipated in electrical circuits is a huge problem for large-scale computer systems 
and server farms for the biggest Internet databases. These computer systems use thousands 
of processors for computing applications that can be parallelized. All of these processors 
emit heat, and very expensive cooling has to be provided to offset it. It turns out that the 
cost of cooling is one of the most stringent boundary conditions limiting the maximum size 
of these supercomputers. 

Some of the power dissipated in circuits can be converted into mechanical energy by 
motors. The functioning of electric motors requires an understanding of magnetism and 
will be covered later. 


High-Voltage Direct Current Power Transmission 


The transmission of electrical power from power-generating stations to users of electric- 
ity is of great practical interest. Often, electrical power-generating stations are located in 
remote areas, and thus the power must be transmitted long distances. This is particularly 
true for clean power sources, such as hydroelectric dams and large solar farms in deserts. 
The power, P, transmitted to users is the product of the current, i, and the poten- 
tial difference, AV, in the power line: P = iAV. Thus, the current required for a given 
power is i = P/AV, and a higher potential difference means a lower current in the power 
line. Equation 25.18 indicates that the power dissipated in an electrical power transmis- 
sion line, Pios» is given by Pios =i R. The resistance, R, of the power line is fixed; thus, 
decreasing the power lost during transmission means reducing the current carried in the 
transmission line. This reduction is accomplished by transmitting the power using a very 
high potential difference and a very low current. Looking at equation 25.18, you might 
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(b) 


FIGURE 25.21 (a) The station that converts al- 
ternating current to direct current at the Itaipú Dam 
on the Parana River in Brazil and Paraguay. (b) The 

station that converts the transmitted direct current 


argue that we could also write Piss = (AV)’/R and that a high potential differ- 
ence means a large power loss instead of a small power loss. However AV in this 
equation is the potential drop across the power line, not the potential difference 
at which the electrical power is being transmitted. The potential drop across the 
power line is V4rop = IR, which is much lower than the high potential difference 
used to transmit the electrical power. The expressions for the transmitted power 
and the dissipated power can be combined to give Pios = (P/AV)’R = P’R/(AV)’, 
which means that for a given amount of power, the dissipated power decreases 
as the square of the potential difference used to transmit the power. 

Normally, electrical power generation and transmission use alternating 
currents. As we'll see in Chapter 30, alternating currents have the advantage that 
it is easy to raise or lower the potential difference via transformers. However, 
alternating currents have the inherent disadvantage of high power losses. High- 
voltage direct current (HVDC) transmission lines do not have this problem and 
suffer only power losses due to the resistance of the power line. However, HVDC 
transmission lines have the extra requirement that alternating current must be 
converted to direct current for transmission and the direct current must be con- 
verted back to alternating current at the destination. 

Chapter 5 mentioned the electrical energy produced by the Itaipú Dam on 
the Parana River in Brazil and Paraguay. Part of the power produced by this 
hydroelectric plant is transmitted via the world’s largest HVDC transmission 
line a distance of about 800 km from the Itaipú Dam to Sao Paulo, Brazil, one 
of the ten largest metropolitan areas in the world. The transmission line carries 
6300 MW of electrical power using direct current with a potential difference 
of +600 kV. The station at the Itaipú Dam that converts the alternating cur- 
rent to direct current is shown in Figure 25.21a. The station in São Paulo that 
converts the transmitted direct current back to alternating current is shown in 


back to alternating current in São Paulo, Brazil. Figure 25.21b. 


25.3 Self-Test Opportunity 


Consider a battery with internal 
resistance R;. What external resis- 
tance, R, will undergo the maximum 
heating when connected to this 
battery? 


Future applications of HVDC power transmission include the transmis- 
sion of power from solar power stations located in remote areas in the south- 
west United States to densely populated areas, such as large cities in California 
and Texas. 


EXAMPLE 25.5 { Temperature Dependence of a Light Bulb’s Resistance 


A 100-W light bulb is connected in series to a source of emf with V,,,;= 100 V. When the 


mf 7 


light bulb is lit, the temperature of its tungsten filament is 2520 °C. 


PROBLEM 
What is the resistance of the light bulb’s tungsten filament at room temperature (20 °C)? 


SOLUTION 
The resistance of the filament when the light bulb is lit can be obtained using equa- 


tion 25.18: 
2 
p= Vent, 


R 


We rearrange this equation and substitute the numerical values to get the resistance of 
the filament: 


pelle (100 vy 
P 100W 


=100 Q. 


The temperature dependence of the filament’s resistance is given by equation 25.13: 


R-Ry=Rya(T -T,). 
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We solve for the resistance at room temperature, Ro: 
R=Ro+Ra(T-Ņ)=Ro|1+a(T-1)| 
Using the temperature coefficient of resistivity for tungsten from Table 25.1, we get 
R 100 Q 


7 - =82 0. 
° 1+a(T-T) 1+ (45-107 °C7 )(2520°C -20 °C) : 


25.9 In-Class Exercise — 


A current of 2.00 A is maintained 
in a circuit with a total resistance 
of 5.00 Q. How much heat is gener- 
ated in 4.00 s? 


a) 55.2 J d) 168 J 
b) 80.0 J e) 244 J 
c) 116 J 


25.8 Diodes: One-Way Streets in Circuits 


Section 25.4 stated that many resistors obey Ohm's Law. It was noted, however, that there 
are also non-ohmic resistors that do not obey Ohm's Law. A very common and extremely 
useful example is a diode. A diode is an electronic device that is designed to conduct current 
in one direction and not in the other direction. Remember that Figure 25.2c showed that a 
light bulb was still shining with the same intensity when the battery it was connected to was 
reversed. Ifa diode (represented by the symbol ->+) is added to the same circuit, the diode 
prevents the current from flowing when the potential difference delivered by the battery is 
reversed; see Figure 25.22. The diode acts like a one-way street for the current. 

Figure 25.23 shows current versus potential difference for a 3-Q ohmic resistor and a 
silicon diode. The resistor obeys Ohm’s Law, with the current flowing in the opposite direc- 
tion when the potential difference is negative. The plot of current versus potential difference 
for the resistor is a straight line with a slope of 1/3(Q). The silicon diode is wired so that 
it will not conduct any current when there is a negative potential difference. This silicon 
diode, like most, will conduct current if the potential difference is above 0.7 V. For potential 
differences above this threshold, the diode is essentially a conductor; below this 


threshold, the diode will not conduct current. The turn-on of the diode above the 08 E 


threshold potential difference increases exponentially; it can be close to instanta- 


neous, as is visible in Figure 25.23. 0.4 


Diodes are very useful for converting alternating current to direct current, 3 
as we'll see in Chapter 30. The fundamental physics principles that underlie the ` 


functioning of diodes require an understanding of quantum mechanics. -0.4 E 


One particularly useful kind of diode is the light-emitting diode (LED), which 
not only regulates current in a circuit but also emits light of a single wavelength 


in a very controlled way. LEDs that emit light of many different wavelengths have -3 


been manufactured, and they emit light much more efficiently than conventional 
incandescent bulbs do. Light intensity is measured in lumens. Light sources can be 
compared in terms of how many lumens they produce per watt of electrical power. 
During the last decade, intensive research into LED technology has resulted in huge 
increases in the lumens per watt output for LEDs, reaching values of up to 130 to 
170 lm/W. This compares very favorably with conventional incandescent lights 
(which are in the range from 5 to 20 Im/W), halogen lights (20 to 30 Im/W), and even 
fluorescent high-efficiency lights (30 to 95 lm/W). Prices for LEDs (in particular, 
“white” LEDs) are still comparatively high but are expected to decrease significantly. 
The United States uses over 100 billion kW h of electrical energy for lighting alone 
each year, which is approximately 10% of the total U.S. energy consumption. Univer- 
sal use of LED lighting could save 70% to 90% of those 100 billion kW h, approxi- 
mately the annual energy output of 10 nuclear power plants (~1 GW power each). 

LEDs are also used in large display screens, where high light output is desir- 
able. Perhaps the most impressive of these was showcased during the opening 
ceremony of the 2008 Beijing Olympics (Figure 25.24). It used 44,000 individual 
LEDs and measured an astounding 147 m by 22 m. 


oy) p 


(a) (b) 
FIGURE 25.22 (a) The circuit of 
Figure 25.2c, but with a diode included. 
(b) Reversing the potential difference 
from the battery causes the current to 
stop flowing and the light bulb to stop 
shining. 


3-Q, resistor 


Silicon diode 


V(V) 


FIGURE 25.23 Current as a function of potential 
difference for a resistor (blue) and a diode (red). 


FIGURE 25.24 Giant LED screen used during 
the opening ceremony of the 2008 Olympic Games 
in Beijing. 
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WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


Current, i, is defined as the rate at which charge, q, 
dq 


flows past a particular point: i= Fo 
t 
The magnitude of the average current density, J, at a 


given cross-sectional area, A, in a conductor is given 


1 
by J=—. 
yJ A 


The magnitude of the current density, J, is related to 
the magnitude of the drift velocity, vy, of the current- 


. 1 : 
carrying charges, -e, by J = w where n is the 
number of charge carriers per unit volume. 


The resistivity, p, of a material is defined in terms of 
the magnitudes of the electric field applied across the 


material, E, and the resulting current density, J: p= T 


The resistance, R, of a specific device having resistivity p, 


L 
length L, and constant cross-sectional area A, is R = pa 


The temperature dependence of the resistivity of a 
material is given by p - py = poa (T - To), where p is 
the final resistivity, pọ is the initial resistivity, a is the 


KEY TERMS 


electric current, p. 806 
ampere, p. 806 

direct current, p. 807 
current density, p. 808 
drift velocity, p. 808 


resistivity, p. 811 
resistance, p. 811 
ohm, p. 811 

Ohms Law, p. 811 
conductance, p. 811 


NEW SYMBOLS AND EQUATIONS 


dq 


i=—, current 
dt 


Vj, drift velocity of current-carrying charges 


i 
J= re current density 


temperature coefficient of electric resistivity, T is the 
final temperature, and Ty is the initial temperature. 


= The electromotive force, or emf, is a potential 
difference created by a device that drives current 
through a circuit. 


= Ohm's Law states that when a potential difference, AV, 
appears across a resistor, R, the current, i, flowing 


through the resistor is i = = 


= Resistors connected in series can be replaced with 
an equivalent resistance, Req, given by the sum of the 
n 


resistances of the resistors: R.g = DA R;. 
i=l 
= Resistors connected in parallel can be replaced with 


n 
an equivalent resistance, Reg given by L = DL 
eq jm i 
= ‘The power, P, dissipated by a resistor, R, 
through which a current, i, flows is given by 


AV 
P=iAV = R= l R ) , where AV is the potential drop 


across the resistor. 


electromotive force 
(emf), p. 816 

batteries, p. 816 

potential drop, p. 817 


conductivity, p. 812 

temperature coefficient 
of electric resistivity, 
p. 814 

superconductors, p. 815 


p. resistivity 
L . 
R=p—,, resistance 
A 


Viemp potential difference of an emf source 


a, temperature coefficient of resistivity 


ANSWERS TO SELF-TEST OPPORTUNITIES 


25,1 200 mAh _ 7999 h ~ 292 days. 
0.1 mA 
isa Ay emas oY 0A, 
R 1000 


25.3 The maximum heating of the external resistance occurs 
when the external resistance is equal to the internal resistance. 


V, =Veme +IRi=i(R+R;) 
ViR 


P =?R= 
heat =? (R + R) 


=0 at extremum. 


AP reat —_ 2ViR +4 Vi 
dR [RIR] (RER) 


2 
dP, heat 
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You can check that this extremum is a maximum by taking the 
second derivative at R = R, You find: 


‘J6 5) v 


From this follows R = R,. 


PROBLEM-SOLVING PRACTICE 


t 


z gee | g 
nen  U6R 8R) RU 


Problem-Solving Guidelines the direction of the potential of the emf source relative to that 


1. If a circuit diagram is not given as part of the problem 
statement, draw one yourself and label all the given values and 
unknown components. Indicate the direction of the current, 
starting from the emf source. (Don't worry about getting the 
direction of the current wrong in your diagram; if you guess 
wrong, your final answer for the current will be a negative 
number.) 


2. Sources of emf supply potential to a circuit, and resistors 
reduce potential in the circuit. However, be careful to check 


PROBLEM 


SOLVED PROBLEM 25.4 | Size of Wire for a Power Line 


of the current; a current flowing in the direction opposite to 
the potential of an emf device picks up a negative potential 
difference. 


3. The sum of the potential drops across resistors in a circuit 
equals the net amount of emf supplied to the circuit. (This is a 
consequence of the law of conservation of energy.) 

4. In any given wire segment, the current is the same 
everywhere. (This is a consequence of the law of conservation 
of charge.) 


Imagine you are designing the HVDC power line from the Itaipú Dam on the Parana 
River in Brazil and Paraguay to the city of Sao Paulo in Brazil. The power line is 800 km 
long and transmits 6300 MW of power at a potential difference of 1.20 MV. (Figure 25.25 
shows an HVDC line.) 

The electric company requires that no more than 25% of the power be lost in trans- 
mission. If the line consists of one wire made out of copper and having a circular cross 
section, what is the minimum diameter of the wire? 


SOLUTION 


THINK 

Knowing the power transmitted and the potential difference with which it is transmit- 
ted, we can calculate the current carried in the line. We can then express the power lost 
in terms of the resistance of the transmission line. With the current and the 

resistance of the wire, we can write an expression for the power lost during 
transmission. The resistance of the wire is a function of the diameter of the 

wire, the length of the wire, and the resistivity of copper. We can then solve 

for the diameter of the wire that will keep the power loss within the speci- 

fied limit. 


SKETCH 
A sketch of a copper wire of length L and diameter d is shown in Figure 25.26. 


RESEARCH 

The power, P, carried in the line is related to the current, i, and the potential dif- 
ference, AV: P = iAV. The power lost in transmission, P,,.,, can be related (see 
equation 25.18) to the current in the wire and the resistance, R, of the wire: 


a { Ga e Me He. 
FIGURE 25.25 HVDC power trans- 


mission line. 


d 


FIGURE 25.26 An HVDC transmission line con- 


pais 


Piast R. (i) 


Continued— 


sisting of a copper conductor (not to scale). 
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The resistance of the wire is given by equation 25.11: 


L 4 
R= Pou A > (ii) 
where pc, is the resistivity of copper, L is the length of the wire, and A is the cross- 
sectional area of the wire. 
The cross-sectional area of the wire is the area of a circle: 


2 2 
azal] md 
2 


where d is the diameter of the wire. Thus, with the area of a circle substituted for A, equa- 
tion (ii) becomes 


L 
R= poa ——. (iii) 
© ad’/4 
SIMPLIFY 
We can solve P = iAV for the current in the wire: 
1. eee 
i=, 
AV 


Substituting this expression for the current and that for the resistance from equation (iii) 
into equation (i) for the lost power gives 


2 
L 


” 2/4 


4P’ pol : 
m| AV a 


P lost 7 Po 


P 
AV 


The fraction of lost power relative to total power, f, is 


4P’ po, L 
Prost _ m( AV ye _ 4Ppc,L 
P P ( AV La 


Solving this equation for the diameter of the wire gives 


CALCULATE 


Putting in the numerical values gives us 


4(6300-10° w)(1.72-10° Qm) 


(s00- 10° m) 
= 0.0175099 m. 

2 

(0.25) 7(1.20-10° v) 


ROUND 


Rounding to three significant figures gives us the minimum diameter of the copper wire: 


d=1.75 cm. 
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| DOUBLE-CHECK 
To double-check our result, lets calculate the resistance of this transmission line. Using 
our calculated value for the diameter, we can find the cross-sectional area and then, using 
equation 25.11, we find 

8 3 
L ápa, L _ 4(172-10® m)(800-10° mj 


" nel na 


=57.2 0. 


m(1.75-107 m) 


The current transmitted is 
ae _ 6300-10% W 


v z =5250 A. 
1.20-10° V 


The power lost is then 
P=?R=(5250 A) (57.2 Q) =1580 MW, 


which is close (within rounding error) to 25% of the total power of 6300 MW. Thus, our 
| result seems reasonable. 


h 


MULTIPLE-CHOICE QUESTIONS 


| 25.1 If the current through a resistor is increased by a 25.5 All of the six A @) @) B D 
factor of 2, how does this affect the power that is dissipated? light bulbs in the 


dd dd 

a) It decreases by a factor of 4. circuit shown in the 
b) It increases by a factor of 2. figure ae identical. [| 

Which ordering 
c) It decreases by a factor of 8. E) Q e) 

correctly expresses the 
d) It increases by a factor of 4. relative brightness of = - z 
25.2 You make a parallel combination of resistors the bulbs? (Hint: The 
consisting of resistor A having a very large resistance and more current flowing 
resistor B having a very small resistance. The equivalent through a light bulb, Battery 
resistance for this combination will be: the brighter it is!) 
a) slightly greater than the resistance of the resistor A. a) A=B>C=D>E=F c) C=D>A=B=E=F 
b) slightly less than the resistance of the resistor A. b) A=B=E=F>C=D d) A=B=C=D=E=F 
c) slightly greater than the resistance of the resistor B. 25.6 Which of the arrangements of three identical light bulbs 
d) slightly less than the resistance of the resistor B. shown in the figure draws most current from the battery? 
25.3 Two cylindrical wires, 1 and 2, made of the same a) A d) All three draw equal current. 
material, have the same resistance. If the length of wire 2 is b) B e) A and C are tied for drawing the most current. 
twice that of wire 1, what is the ratio of their cross-sectional oC 
areas, A, and A,? 
a) A,/A,=2 c) A,/A,=0.5 
b) A,/A,=4 d) A,/A, = 0.25 
25.4 All three light bulbs in the circuit shown in the figure 
are identical. Which Q Q © 
of the three shines the A © © B 
brightest? Q Q 
a) A 
b) B 
c) C E) 
d) Aand B Battery Battery Battery 
e) All three are equally c A B Cc 
bright. 


Battery 
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25.7 Which of the arrangements of three identical light 
bulbs shown in the figure has the highest resistance? 


2 099 


p p — 
Battery Battery Battery 
A B G 
a) A d) All three have equal resistance. 


b) B e) A and C are tied for having the highest 
c) C resistance. 


25.8 Three identical A 

light bulbs are 

connected as shown in @) B 
the figure. Initially the J 
switch is closed. When 

the switch is opened (as @) 

shown in the figure), eae: 4 

bulb C goes off. What 

happens to bulbs A a eee 
and B? Battery 

a) Bulb A gets brighter, 

and bulb B gets dimmer. 


b) Both bulbs A and B get brighter. 

c) Both bulbs A and B get dimmer. 

d) Bulb A gets dimmer, and bulb B gets brighter. 

25.9 Which of the following wires has the largest current 
flowing through it? 

a) a 1-m-long copper wire of diameter 1 mm connected to 
a 10-V battery 


QUESTIONS 


25.13 What would happen to the drift velocity of electrons 
in a wire if the resistance due to collisions between the 
electrons and the atoms in the crystal lattice of the metal 
disappeared? 


25.14 Why do light bulbs typically burn out just as they are 
turned on rather than while they are lit? 


25.15 Two identical light bulbs are connected to a battery. 
Will the light bulbs be brighter if they are connected in 
series or in parallel? 


25.16 Two resistors with resistances R, and R, are connect- 
ed in parallel. Demonstrate that, no matter what the actual 
values of R, and R, are, the equivalent resistance is always 
less than the smaller of the two resistances. 


b) a 0.5-m-long copper wire of diameter 0.5 mm connected 
to a5-V battery 

c) a2-m-long copper wire of diameter 2 mm connected to 
a 20-V battery 

d) a1-m-long copper wire of diameter 0.5 mm connected 
to a5-V battery 

e) All of the wires have the same current flowing through 
them. 


25.10 Ohm's Law states that the potential difference across 
a device is equal to 


a) the current flowing through the device times the 
resistance of the device. 

b) the current flowing through the device divided by the 
resistance of the device. 


c) the resistance of the device divided by the current 
flowing through the device. 

d) the current flowing through the device times the cross- 
sectional area of the device. 

e) the current flowing through the device times the length 
of the device. 


25.11 A constant electric field is maintained inside 
a semiconductor. As the temperature is lowered, the 
magnitude of the current density inside the semiconductor 


a) increases. c) decreases. 


b) stays the same. d) may increase or decrease. 


25.12 Which of the following is an incorrect statement? 


a) The currents through electronic devices connected in 
series are equal. 

b) The potential drops across electronic devices connected 
in parallel are equal. 

c) More current flows across the smaller resistance when 
two resistors are in parallel connection. 

d) More current flows across the smaller resistance when 
two resistors are in serial connection. 


25.17 Show that for resistors connected in series, it is 
always the highest resistance that dissipates the most power, 
while for resistors connected in parallel, it is always the low- 
est resistance that dissipates the most power. 

Rı 


25.18 For the connections —> 


shown in the figure, deter- i 
mine the current į in terms į; 
of the total current, i, and R —> 
and R}. — & 
25.19 An infinite number i 

of resistors are connected 

in parallel. If R; = 10 Q, R, = 10° Q, R; = 10° Q, and so on, 
show that Rq = 9 Q. 


25.20 You are given two identical batteries and two pieces 
of wire. The red wire has a higher resistance than the black 
wire. You place the red wire across the terminals of one 
battery and the black wire across the terminals of the other 
battery. Which wire gets hotter? 


25.21 Should light bulbs (ordinary incandescent bulbs 
with tungsten filaments) be considered ohmic resis- 
tors? Why or why not? How would this be determined 
experimentally? 


25.22 A charged-particle beam is used to inject a charge, 
Qp into a small, irregularly shaped region (not a cavity, just 
some region within the solid block) in the interior of a block 
of ohmic material with conductivity ø and permittivity € at 
time t = 0. Eventually, all the injected charge will move to 
the outer surface of the block, but how quickly? 


a) Derive a differential equation for the charge, Q(t), in the 
injection region as a function of time. 


b) Solve the equation from part (a) to find Q(t) for all t > 0. 


c) For copper, a good conductor, and for quartz (crystalline 
SiO,), an insulator, calculate the time for the charge in the 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Sections 25.1 and 25.2 


25.26 How many protons are in the beam traveling close to 
the speed of light in the Tevatron at Fermilab, which is car- 
rying 11 mA of current around the 6.3-km circumference of 
the main Tevatron ring? 


25.27 What is the current density in an aluminum wire having 
a radius of 1.00 mm and carrying a current of 1.00 mA? What 
is the drift speed of the electrons carrying this current? 

The density of aluminum is 2.70- 10° kg/m’, and 1 mole of 
aluminum has a mass of 26.98 g. There is one conduction 
electron per atom in aluminum. 


e25.28 A copper wire has a diameter dc, = 0.0500 cm, 
is 3.00 m long, and has a density of charge carriers of 
8.50 - 10°8 electrons/m’. As shown in the figure, the copper 
wire is attached to an equal length of aluminum wire with a 
diameter d, = 0.0100 cm and density of charge carriers of 
6.02- 10” electrons/m’. A current of 0.400 A flows through the 
copper wire. 
a) What is the ratio of the current densities in the two 
wires, Jesl Ja? 
b) What is the ratio of the drift velocities in the two wires, 
Vac! Vaal? 

deu = 0.0500 cm = 


da = 0.0100 cm 
Copper wire 


1 Aluminum wire | 
SS MaMa 
f L L=3.00m ap L=3.00m jt 
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injection region to decrease by half. Look up the necessary 
values. Assume that the effective “dielectric constant” of 
copper is 1.00000. 


25.23 Show that the drift speed of free electrons in a wire 
does not depend on the cross-sectional area of the wire. 


25.24 Rank the brightness of the six identical light bulbs in 
the circuit in the figure. Each light bulb may be treated as an 
identical resistor with resistance R. 


(ap i 
TERM 6 


25.25 Two conductors of the same length and radius are 
connected to the same emf device. If the resistance of one is 
twice that of the other, to which conductor is more power 
delivered? 


e25.29 A current of 0.123 mA flows in a silver wire whose 
cross-sectional area is 0.923 mm’. 

a) Find the density of electrons in the wire, assuming that 
there is one conduction electron per silver atom. 

b) Find the current density in the wire assuming that the 
current is uniform. 

c) Find the electron’s drift speed. 


Section 25.3 


25.30 What is the resistance of a copper wire of length / = 
10.9 m and diameter d = 1.3 mm? The resistivity of copper is 
1.72-10° Q m. 


25.31 Two conductors are made of the same material and have 
the same length L. Conductor A is a hollow tube with inside 
diameter 2.00 mm | 


and outside diam- 4 

2.00 mm mm 
See en e O: 
ductor B is a solid . iE | 


wire with radius Rp. Conductor 
What value of Rg is 
conductors to have | 

. L ~ 
the same resistance Conductor B 


measured between 
their ends? 


25.32 A copper coil has a resistance of 0.10 Q at room 
temperature (20. °C). What is its resistance when it is cooled 
to -100. °C? 


25.33 What gauge of aluminum wire will have the same 
resistance per unit length as 12-gauge copper wire? 
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25.34 A rectangular wafer of pure silicon, with resistivity 
p = 2300 Q m, measures 2.00 cm by 3.00 cm by 0.010 cm. 
Find the maximum resistance of this rectangular wafer 
between any two faces. 


e25.35 A copper wire that is 1 m long and has a radius of 
0.5 mm is stretched to a length of 2 m. What is the fraction- 
al change in resistance, AR/R, as the wire is stretched? What 
is AR/R for a wire of the same initial dimensions made out 
of aluminum? 


25.36 The Solid 
most common carborundum 
material used 
for sandpa- 
per, silicon 
carbide, is also 
widely used 

in electrical 


Hollow 


ae 


applications. One common device is a tubular resistor made of 
a special grade of silicon carbide called carborundum. 

A particular carborundum resistor (see the figure) consists 

of a thick-walled cylindrical shell (a pipe) of inner radius a = 
1.50 cm, outer radius b = 2.50 cm, and length L = 60.0 cm. The 
resistance of this carborundum resistor at 20. °C is 1.00 ©. 


a) Calculate the resistivity of carborundum at room 
temperature. Compare this to the resistivities of the most 
commonly used conductors (copper, aluminum, and silver). 
b) Carborundum has a high temperature coefficient of 
resistivity: a = 2.14- 10° K”. If, ina particular application, 
the carborundum resistor heats up to 300. °C, what is 

the percentage change in its resistance between room 
temperature (20. °C) and this operating temperature? 


ee25.37 As illustrated in the figure, a current, i, flows 
through the junction of two materials with the same 
cross-sectional area and with conductivities 0, and a. 
Show that the total amount of charge at the junction is 
Eil 1/0, - 1/04). 


Material 1 Material 2 


Section 25.4 


25.38 A potential difference of 12.0 V is applied across a 
wire of cross-sectional area 4.50 mm? and length 1000. km. 
The current passing through the wire is 3.20- 10° A. 


a) What is the resistance of the wire? 
b) What type of wire is this? 


25.39 One brand of 12.0-V automotive battery used to 

be advertised as providing “600 cold-cranking amps.” 
Assuming that this is the current the battery supplies if 

its terminals are shorted, that is, connected to negligible 
resistance, determine the internal resistance of the battery. 
(IMPORTANT: Do not attempt such a connection as it 
could be lethal!) 


25.40 A copper wire has radius r = 0.0250 cm, is 3.00 m 
long, has resistivity p = 1.72- 10° Q m, and carries a cur- 

rent of 0.400 A. The wire has density of charge carriers of 
8.50 - 10” electrons/m’. 

a) What is the resistance, R, of the wire? 

b) What is the electric potential difference, AV, across the wire? 
c) What is the electric field, E, in the wire? 

°25.41 A 34-gauge copper wire, with a constant potential 
difference of 0.10 V applied across its 1.0 m length at room 
temperature (20. °C), is cooled to liquid nitrogen temperature 
(77 K = -196 °C). 

a) Determine the percentage change in the wire’s resistance 
during the drop in temperature. 

b) Determine the percentage change in current flowing in the 
wire. 

c) Compare the drift speeds of the electrons at the two 
temperatures. 


Section 25.5 


25.42 A resistor of unknown resistance and a 35-Q resistor 
are connected across a 120-V emf device in such a way that 
an 11-A current flows. What is the value of the unknown 
resistance? 


25.43 A battery has a potential difference of 14.50 V when it is 
not connected in a circuit. When a 17.91-C) resistor is connected 
across the battery, the potential difference of the battery drops to 
12.68 V. What is the internal resistance of the battery? 


25.44 When a battery is connected to a 100.-Q resistor, the 
current is 4.00 A. When the same battery is connected to a 
400.-Q resistor, the current is 1.01 A. Find the emf supplied 
by the battery and the internal resistance of the battery. 


e25.45 A light bulb is connected to a source of emf. There is a 
6.20 V drop across the light bulb, and a current of 4.1 A flow- 
ing through the light bulb. 

a) What is the resistance of the light bulb? 

b) A second light bulb, identical to the first, is connected in 
series with the first bulb. The potential drop across the bulbs 
is now 6.29 V, and the current through the bulbs is 2.9 A. 
Calculate the resistance of each light bulb. 

c) Why are your answers to parts (a) and (b) not the same? 


Section 25.6 10.0.0 
25.46 What is the 
current in the 10.0-0 
resistor in the circuit in 
the figure? 


60.0 V == 20.00, 20.0 Q 


25.47 What is the equivalent resistance of the five resistors in 
the circuit in the figure? 


50.0 Q 10.0 Q 
wW- AM- 
60.0 V == 40.0 Q 20.0 Q 
30.0 Q 


25.48 What is the 
current in the circuit 
shown in the figure 
when the switch is 
(a) open and 

(b) closed? 


24.0 V == 


25.49 For the circuit shown in the figure, R, = 6.00 Q, R, = 
6.00 Q, R, = 2.00 Q, R, = 4.00 Q, R; = 3.00 Q, and the poten- 
tial difference is 12.0 V. 

a) What is the equivalent —-,- 
resistance for the circuit? R 
b) What is the current T % R; Ra 
through R; ? 
c) What is the potential drop across R}? 


mw- 
Rs 


25.50 Four resistors are con- Rı R; 
nected in a circuit as shown in wW- A 
the figure. What value of R}, ex- 
pressed as a multiple of Rọ, will == RŠ $r, 
make the equivalent resistance 
for the circuit equal to R}? 


e25.51 As shown in the figure, a circuit consists of an emf 
source with V = 20.0 V and six resistors. Resistors R, = 5.00 Q 
and R, = 10.00 Q are connected in series. Resistors R} = 
5.00 Q and R, = 5.00 Q are connected in parallel and are in 
series with R, and R,. Resistors R, = 2.00 Q and R, = 2.00 Q 
are connected in parallel Pa Pe 
and are also in series 

with R; and R}. 
a) What is the potential Ry Re 
drop across each resistor? i mala 


Rı Ry 


b) How much current V 
flows through each j 
resistor? 


e25.52 When a 40.0-V emf device is placed across two resistors 
in series, a current of 10.0 A is flowing in each of the resistors. 
When the same emf device is placed across the same two resis- 
tors in parallel, the current through the emf device is 50.0 A. 
What is the magnitude of the larger of the two resistances? 


Section 25.7 


25.53 A voltage spike causes the line voltage in a home to 
jump rapidly from 110. V to 150. V. What is the percentage 
increase in the power output of a 100.-W tungsten-filament 
incandescent light bulb during this spike, assuming that the 
bulb’s resistance remains constant? 


25.54 A thundercloud similar to the one described in Example 
24.3 produces a lightning bolt that strikes a radio tower. If the 
lightning bolt transfers 5.00 C of charge in about 0.100 ms and 
the potential remains constant at 70.0 MV, find (a) the average 
current, (b) the average power, (c) the total energy, and (d) the 
effective resistance of the air during the lightning strike. 
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25.55 A hair dryer consumes 1600. W of power and operates 
at 110. V. (Assume that the current is DC. In fact, these are 
root-mean-square values of AC quantities, but the calculation 
is not affected. Chapter 30 covers AC circuits in detail.) 


a) Will the hair dryer trip a circuit breaker designed to 
interrupt the circuit if the current exceeds 15.0 A? 

b) What is the resistance of the hair dryer when it is 
operating? 

25.56 How much money will a homeowner owe an electric 
company if he turns on a 100.00-W incandescent light bulb 
and leaves it on for an entire year? (Assume that the cost 

of electricity is $0.12/kW h and that the light bulb lasts 

that long.) The same amount of light can be provided by a 
26.000-W compact fluorescent light bulb. What would it 
cost the homeowner to leave one of those on for a year? 


25.57 Three resistors are 1922.0 
connected across a battery wv 


as shown in the figure. 
120 V = 0g 0g 


b) Determine the potential drop across each resistor. 
25.58 Suppose an AAA battery is able to supply 625 mAh 
before its potential drops below 1.5 V. How long will it be 
able to supply power to a 5.0-W bulb before the potential 
drops below 1.5 V? 


a) How much power is 
dissipated across the three 
resistors? 


°25.59 Show that the power sup- R 
plied to the circuit in the figure by “wv 
the battery with internal resistance R; 
is maximum when the resistance of 
the resistor in the circuit, R, is equal Vem» Ri 

to R;. Determine the power supplied i IIE 

to R. For practice, calculate the pow- 

er dissipated by a 12.0-V battery with an internal resistance of 
2.00 Q when R = 1.00 Q, R = 2.00 Q, and R = 3.00 Q. 


25.60 A water heater consisting of a metal coil that is con- 
nected across the terminals of a 15-V power supply is able 
to heat 250 mL of water from room temperature to boiling 
point in 45 s. What is the resistance of the coil? 


25.61 A potential difference of V = 0.500 V is 
applied across a block of silicon with resistiv- 

ity 8.70- 10“ Q m. As indicated in the figure, 

the dimensions of the silicon block are width 

a = 2.00 mm and length L = 15.0 cm. The 
resistance of the silicon block is 50.0, and “LL 
the density of charge carriers is 1.23- 10” m”. 
Assume that the current density in the block 
is uniform and that current flows in silicon 
according to Ohm's Law. The total length of 
0.500-mm-diameter copper wire in the cir- 
cuit is 75.0 cm, and the resistivity of copper 
is 1.69-10° Q m. 


a) What is the resistance, Rẹ of the copper wire? 
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b) What are the direction and the magnitude of the electric 
current, i, in the block? 

c) What is the thickness, b, of the block? 

d) On average, how long does it take an electron to pass 
from one end of the block to the other? 

e) How much power, P, is dissipated by the block? 

f) In what form of energy does this dissipated power appear? 


Additional Problems 


25.62 In an emergency, you need to run a radio that uses 
30.0 W of power when attached to a 10.0-V power supply. 
The only power supply you have access to provides 25.0 kV, 
but you do have a large number of 25.0-C resistors. If you 
want the power to the radio to be as close as possible to 
30.0 W, how many resistors should you use, and how should 
they be connected (in series or in parallel)? 


25.63 A certain brand of hot dog cooker applies a poten- 
tial difference of 120 V to opposite ends of the hot dog and 
cooks it by means of the heat produced. If 48 kJ is needed 
to cook each hot dog, what current is needed to cook three 
hot dogs simultaneously in 2.0 min? Assume a parallel 
connection. 


25.64 A circuit consists of a copper wire of length 10.0 m and 
radius 1.00 mm connected to a 10.0-V battery. An alumi- 
num wire of length 5.00 m is connected to the same battery 
and dissipates the same amount of power. What is the radius 
of the aluminum wire? 


25.65 The resistivity of a conductor is p = 1.00-10° Q m. Ifa 
cylindrical wire is made of this conductor, with a cross- 
sectional area of 1.00-10~° m’, what should the length of the 
wire be for its resistance to be 10.0 0? 


25.66 Two cylindrical wires of identical length are made of 
copper and aluminum. If they carry the same current and 
have the same potential difference across their length, what 
is the ratio of their radii? 


25.67 Two resistors with resistances 200. Q and 400. Q 
are connected (a) in series and (b) in parallel with an ideal 
9.00-V battery. Compare the power delivered to the 200.-0 
resistor. 


25.68 What is (a) the conductance and (b) the radius of 
a 3.5-m-long iron heating element for a 110-V, 1500-W 
heater? 


25.69 A 100.-W, 240.-V European light bulb is used in an 
American household, where the electricity is delivered at 
120. V. What power will it consume? 

25.70 A modern house is wired for 115 V, and the current 
is limited by circuit breakers to a maximum of 200. A. (For 
the purpose of this problem, treat these as DC quantities.) 
a) Calculate the minimum total resistance the circuitry in 
the house can have at any time. 

b) Calculate the maximum electrical power the house can 
consume. 


°25.71 A 12.0 V battery with an internal resistance 

R; = 4.00 Q is attached across an external resistor of resis- 
tance R. Find the maximum power that can be delivered to 
the resistor. 


e25.72 A multiclad wire consists of a zinc core of radius 
1.00 mm surrounded by a copper sheath of thickness 1.00 mm. 
The resistivity of zinc is p = 5.964 - 10° Q m. What is the 
resistance of a 10.0-m-long strand of this wire? 


e25.73 The Stanford Linear Accelerator accelerated a beam 
consisting of 2.0- 10'* electrons per second through a poten- 
tial difference of 2.0-10'° V. 

a) Calculate the current in the beam. 

b) Calculate the power of the beam. 

c) Calculate the effective ohmic resistance of the accelerator. 
25.74 In the circuit shown in the figure, R, = 3.00 Q, 

R, = 6.00 Q, R, = 20.0 Q, and Vene= 12.0 V. 

a) Determine a value for the equivalent resistance. 

b) Calculate the magnitude of the current flowing through 
R, on the top branch of the circuit (marked with a vertical 


arrow) R, | Ri 
R; 
MW- 
R Vist R, 
| 
Rı Rı 
R; 
WW- 
R, R 


e25.75 Three resistors are connected to a power supply with 
V = 110. V as shown in the figure. R, = 2.009 


a) Find the potential 
drop across R3. ii 


b) Find the current in R}. V= HOV š 3 
R, = 3.00 Q } R; = 6.00 Q 


c) Find the rate at 
which thermal energy is 
dissipated from R}. 


. R, = 4.000 
25.76 A battery with 2 AAA 
V = 1.500 V is connected 
to three resistors as 
shown in the figure. $n, TaN $r m 
, , V = 1.500 V = 6.00 
a) Find the potential drop 


across each resistor. 
b) Find the current in each resistor. 

e25.77 A 2.5-m-long copper cable is connected across the 
terminals of a 12-V car battery. Assuming that it is com- 
pletely insulated from its environment, how long after the 
connection is made will the copper start to melt? 


25.78 A piece of copper wire B 
is used to form a circular loop 

of radius 10.0 cm. The wire 

has a cross-sectional area of 

10.0 mm”. Points A and B are 

90.0° apart, as shown in the fig- 

ure. Find the resistance between 

points A and B. 


25.79 Two conducting wires have identical lengths L, = L, = 
L = 10.0 km and identical circular cross sections of radius 
r, =r, =r = 1.00 mm. One wire is made of steel (with resis- 
tivity Potec] = 40.0- 10° Q m); the other is made of copper 
(with resistivity P..,5e = 1-68- 10° Q m). 

a) Calculate the ratio of the power dissipated by the two 
wires, Peonper/ Petes When they are connected in parallel; a 
potential difference of V = 100. V is applied to them. 

b) Based on this result, how do you explain the fact that 
conductors for power transmission are made of copper and 
not steel? 


25.80 Before bendable tungsten filaments were developed, 
Thomas Edison used carbon filaments in his light bulbs. 
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Though carbon has a very high melting temperature (3599 °C), 
its sublimation rate is high at high temperatures. So carbon- 
filament bulbs were kept at lower temperatures, thereby 
rendering them dimmer than later tungsten-based bulbs. 

A typical carbon-filament bulb requires an average power of 
40 W, when 110 volts is applied across it, and has a filament 
temperature of 1800 °C. Carbon, unlike copper, has a nega- 
tive temperature coefficient of resistivity: œ = -0.0005 °C'. 
Calculate the resistance at room temperature (20 °C) of this 
carbon filament. 


ee25.81 A material is said to be ohmic if an electric field, E, 
in the material gives rise to current density J = oE, where 
the conductivity, ø, is a constant independent of E or J. 
(This is the precise form of Ohm’s Law.) Suppose in some 
material an electric field, É, produces current density, J, not 
necessarily related by Ohm’s Law; that is, the material may 
or may not be ohmic. 


a) Calculate the rate of energy dissipation (sometimes 
called ohmic heating or joule heating) per unit volume in this 
material, in terms of E and J. 

b) Express the result of part (a) in terms of E alone and J 
alone, for E and J related via Ohm’s Law, that is, in an ohmic 
material with conductivity ø or resistivity p. 
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FIGURE 26.1 A circuit board can have hundreds of circuit components connected 
by metallic conducting paths. 


26.1 Kirchhoff’s Rules 839 


WHAT WE WILL LEARN 


E — i 
= Some circuits cannot be reduced to a single loop; = Single-loop circuits can be analyzed using 
complex circuits can be analyzed using Kirchhoff’s Kirchhoff’s Loop Rule. 
mle = Multiloop circuits must be analyzed using both 
= Kirchhoff’ Junction Rule states that the algebraic sum Kirchhoff’s Junction Rule and Kirchhoff’s Loop Rule. 
eee care) Jum uC Dia circuit mus ae = The current in a circuit that contains a resistor and 
= Kirchhoff’s Loop Rule states that the algebraic sum a capacitor varies exponentially with time, with a 
of the potential changes around any closed loop in a characteristic time constant given by the product of 
circuit must be zero. the resistance and the capacitance. 


The electric circuit, such as the one shown in Figure 26.1, undoubtedly changed the world. 
Modern electronics continues to change human society, at a faster and faster pace. It took 
38 years for radio to reach 50 million users in the United States. However, it took only 13 years 
for television to reach that number of users, 10 years for cable TV, 5 years for the Internet, 
and 3 years for cell phones. 

This chapter examines the techniques used to analyze circuits that cannot be broken 
down into simple series and parallel connections. Modern electronics design depends 
on millions of different circuits, each with its own purpose and configuration. However, 
regardless of how complicated a circuit becomes, the basic rules for analyzing it are the ones 
presented in this chapter. 

Some of the circuits analyzed in this chapter contain not only resistors and emf devices 
but also capacitors. In these circuits, the current is not steady, but changes with time. Time- 
varying currents will be covered more thoroughly in later chapters, which introduce addi- 
tional circuit components. 


26.1 Kirchhoff’s Rules 


In Chapter 25, we considered several kinds of direct current (DC) circuits, each contain- 
ing one emf device along with resistors connected in series or in parallel. Some seemingly 
complicated circuits contain multiple resistors in series or in parallel that can be replaced 
with an equivalent resistance. However, we did not consider circuits containing multiple 
sources of emf. In addition, there are single-loop and multiloop circuits with emf devices 
and resistors that cannot be reduced to simple circuits containing parallel or series connec- 
tions. Figure 26.2 shows two examples of such circuits. This chapter explains how to analyze 
these kinds of circuits using Kirchhoff’s Rules. 


Kirchhoff’s Junction Rule 


A junction is a place in a circuit where three or more wires are connected to each other. 
Each connection between two junctions in a circuit is called a branch. A branch can con- 
tain any number of different circuit elements and the wires between them. Each branch 
can have a current flowing, and this current is the same everywhere in the branch. This fact 
leads to Kirchhoff’s Junction Rule: 


The sum of the currents entering a junction must equal the sum of the currents leaving 
the junction. 


With a positive sign assigned (arbitrarily) to currents entering the junction and a nega- 
tive sign to those exiting the junction, Kirchhoff’s Junction Rule is expressed mathemati- 
cally as n 
Junction: Sit =0. (26.1) 

k=l 


(b) 


FIGURE 26.2 Two examples of cir- 
cuits that cannot be reduced to simple 
combinations of parallel and series 
resistors. 
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FIGURE 26.3 A single junction from 


a multiloop circuit. 


26.1 In-Class Exercise 


For the junction shown in the 
figure, which equation correctly 
expresses the sum of the currents? 


a 


b 


1, +h +13+1,=0 


i-i +i +1,=0 


D 


eee es E 


) 
) 
c) -h +7,+1,-1,=0 
) 
e) 


1, +1) -i -1,=0 


FIGURE 26.4 The three possible loops 
(indicated in red, green, and blue) for the 
circuit diagram shown in Figure 26.2b. 


How do you know which currents enter a junction and which exit the junction when you 
make a drawing like the one shown in Figure 26.3? You don't; you simply assign a direction 
for each current along a given wire. If an assigned direction turns out to be wrong, you will 
obtain a negative number for that particular current in your final solution. 

Kirchhoff’s Junction Rule is a direct consequence of the conservation of electric charge. 
Junctions do not have the capability of storing charge. Thus, charge conservation requires 
that all charges streaming into a junction also leave the junction, which is exactly what 
Kirchhoff’s Junction Rule states. 

According to Kirchhoff’s Junction Rule, at each junction in a multiloop circuit, the cur- 
rent flowing into the junction must equal the current flowing out of the junction. For example, 
Figure 26.3 shows a single junction, a, with a current, į, entering the junction and two cur- 
rents, i and i, leaving the junction. According to Kirchhoff’s Junction Rule, in this case, 

3 
S ishi- iy i =0 > I =i +h. 
k=l 


Kirchhoff’s Loop Rule 


A loop in a circuit is any set of connected wires and circuit elements forming a closed path. 
If you follow a loop, eventually you will get to the same point from which you started. For 
example, in the circuit diagram shown in Figure 26.2b, three possible loops can be identified. 
These three loops are shown in different colors (red, green, and blue) in Figure 26.4. The blue 
loop includes resistors 1 and 2, emf sources 1 and 2, and their connecting wires. The red loop 
includes resistors 2 and 3, emf source 2, and their connecting wires. Finally, the green 
loop includes resistors 1 and 3, emf source 1, and their connecting wires. Note that any given 
wire or circuit element can be and usually is part of more than one loop. 

You can move through any loop in a circuit in either a clockwise or a counterclockwise 
direction. Figure 26.4 shows a clockwise path through each of the loops, as indicated by 
the arrows. But the direction of the path taken around the loop is irrelevant as long as 
your choice is followed consistently all the way around the loop. 

Summing the potential differences from all circuit elements encountered along 
any given loop yields the total potential difference of the complete path along the loop. 
Kirchhoff’s Loop Rule then states: 


The potential difference around a complete circuit loop must sum to zero. 


Kirchhoff’s Loop Rule is a direct consequence of the fact that electric potential is single- 
valued. This means that the electric potential energy of a conduction electron at a point in 
the circuit has one specific value. Suppose this rule were not valid. Then we could analyze 
the potential changes of a conduction electron in going around a loop and find that the 
electron had a different potential energy when it returned to its starting point. The potential 
energy of this electron would change at a point in the circuit, in obvious contradiction of 
energy conservation. In other words, Kirchhoff’s Loop Rule is simply a consequence of the 
law of conservation of energy. 

Application of Kirchhoff’s Loop Rule requires conventions for determining the potential 
drop across each element of the circuit. This depends on the assumed direction of the current 
and the direction of the analysis. For emf sources, the rules are straightforward, since minus 
and plus signs (as well as short and long lines) indicate which side of the emf source is at the 
higher potential. The potential drop for an emf source is in the direction from minus to plus 
or from short line to long line. As noted earlier, the assignment of the current directions and 
the choice of a clockwise or counterclockwise path around a loop are arbitrary. Any direction 
will give the same information, as long as it is applied consistently around a loop. The con- 
ventions used to analyze circuit elements in a loop are summarized in Table 26.1 and Figure 
26.5, where the magnitude of the current through the circuit element is i. (The labels in the 
right-most column of Table 26.1 correspond to the parts of Figure 26.5.) 

If we move around a loop in a circuit in the same direction as the current, the poten- 
tial changes across resistors will be negative. If we move around the loop in the opposite 


EGOA Conventions Used to Determine the Sign of Potential Changes Around 
a Single-Loop Circuit Containing Several Resistors and Sources of emf 


Element Direction of Analysis Potential Change 
R Same as current -iR (a) 
R Opposite to current +iR (b) 
Vemf Same as emf +Vome (c) 
V emf Opposite to emf -V mf (d) 
loop loop | loop i loop 
i 
R R Vemf T Vemf () 
i 
| | | 
AV = —iR AV = +iR AV = +Vome AV = —Vemg 


(a) (b) (c) (d) 
FIGURE 26.5 Sign convention for potential changes in analyzing loops. 


direction from the current, the potential changes across the resistors will be positive. If we 
move around a loop so that we pass through an emf source from the negative to the positive 
terminal, this component contributes a positive potential difference. If we pass through an 
emf source from the positive to the negative terminal, that component contributes a nega- 
tive potential difference. 
With the above conventions, Kirchhoff’s Loop Rule is written in mathematical form as 
m n 
Closed loop: Sa - D iR =0. (26.2) 
jel k=l 


To clarify Kirchhoff’s Loop Rule, Figure 26.6 shows a loop with two sources of emf 
and three resistors, using the three-dimensional display employed in Chapters 24 and 25, 
where the value of the electric potential, V, is represented in the vertical dimension. The 
most important point to be visualized from Figure 26.6 is that one complete turn around 
the loop always ends up at the same value of the potential as at the starting point. This is 
exactly what Kirchhoff’s Loop Rule (equation 26.2) claims. An analogy with downhill ski- 
ing may help. When you ski, you are moving around in the gravitational potential, up and 
down the mountain. A ski lift corresponds to a source of emf, lifting you to a higher value 
of the gravitational potential. A downhill ski run corresponds to a resistor. (The annoying 
horizontal traverses between runs correspond to the wires in a circuit—both the wires and 
the horizontal traverses are at constant potential.) Thus, starting at Vemfı and proceeding 
clockwise around the loop in Figure 26.6 is analogous to a ski outing in which you take two 
different lifts and ski down three different runs. And the important point, which is obvious 
in skiing, is that you return to the same altitude (the same value of the gravitational poten- 
tial) from which you started, once you have completed the round trip. 

A final point about loops is illustrated by Figure 26.7. Figure 26.7a reproduces the 
same circuit shown in Figure 26.6 as a single isolated loop. Since this loop does not have 
junctions and thus has only one branch (which is the entire loop), the same current i flows 
everywhere in the loop. In Figure 26.7b, this loop is connected at four junctions (labeled 
a, b, c, and d) to other parts of a more extended circuit. Now this loop has four branches, 
each of which can have a different current flowing through it, as illustrated by the different- 
colored arrows in the figure. The point is this: In both parts of the figure, Kirchhoff’s Loop 
Rule holds for the loop shown. The relative values of the electric potential between any two 
circuit elements in Figure 26.7b are the same as those shown in Figure 26.6, independent 
of the currents that are forced through the different branches of the loop by the rest of the 
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VA 


FIGURE 26.6 Loop with multiple 


sources of emf and multiple resistors. 


(b) 


FIGURE 26.7 The same circuit loop 
as in Figure 26.6: (a) as an isolated 
single loop; (b) as a loop connected to 
other circuit branches. 
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circuit. (In our downhill skiing analogy, the currents correspond to different numbers of 
skiers on the lifts and the downhill runs. Obviously the number of skiers on the hill does 
not have any influence on the steepness of the hill.) 


26.2 Single-Loop Circuits 


Ry 
M- 
—> 
1 
a Ak 
RŠĵi ) = Yemf2 
| 
zie “a 
V, 


emf,1 
FIGURE 26.8 A single-loop circuit 


containing two resistors and two 
sources of emf in series. 


FIGURE 26.9 Three-dimensional representa- 
tion of the single-loop circuit in Figure 26.8, 
containing two resistors and two sources of emf 


in series. 

Ry 

A- 

as. 
1 

n + 
afi C = Yemf2 

| 

F- “a 

V, 


emf,1 
FIGURE 26.10 The same loop as 


in Figure 26.8, but analyzed in the 
counterclockwise direction. 


Let’s begin analyzing general circuits by considering a circuit containing two sources of emf, 
Veme1 and Vene, and two resistors, R, and R,, connected in series in a single loop, as shown 
in Figure 26.8. Note that V..,¢; and Vem have opposite polarity. In this single-loop circuit, 
there are no junctions, and so the entire circuit consists of a single branch. The current is 
the same everywhere in the loop. To illustrate the potential changes across the components 
of this circuit, Figure 26.9 shows a three-dimensional view. 

Although we could arbitrarily pick any point in the circuit of Figure 26.8 and assign it 
the value 0 V (or any other value of the potential, because we can always add a global additive 
constant to all potential values without changing the physical outcome), we start at point a 
with V = 0 V and proceed around the circuit in a clockwise direction (indicated by blue elliptic 
arrow in the figure). Because the components of the circuit are in series, the current, i, is the 
same in each component, and we assume that the current is flowing in the clockwise 
direction (purple arrows in the figure). The first circuit component along the clock- 
wise path from point a is the source of emf, Vane, which produces a positive potential 
gain of Vine. Next is resistor R,, which produces a potential drop given by AV, = iR}. 
Continuing around the loop, the next component is resistor Rj, which produces a 
potential drop given by AV, = iR,. Next, we encounter a second source of emf, Vane. 
This source of emf is wired into the circuit with its polarity opposite that of Vang. 
Thus, this component produces a potential drop with magnitude V.,;2, rather 
than a potential gain. We have now completed the loop and are back at V = 0 V. 
Using equation 26.2, we sum the potential changes of this loop as follows: 


Vems ~ AV, — AV) - Veme2 = Vegi ~IR; -iR - Vemt2 = 0- 


To show that the direction in which we move through a loop, clockwise or coun- 
terclockwise, is arbitrary, let's analyze the same circuit in the counterclockwise direc- 
tion, starting at point a (see Figure 26.10). The first circuit element is V..,¢2, which 
produces a positive potential gain. The next element is R,. Because we have assumed 
that the current is in the clockwise direction and we are analyzing the loop in the 
counterclockwise direction, the potential change for R, is +iR,, according to the con- 
ventions listed in Table 26.1. Proceeding to the next element in the loop, R}, we use a 
similar argument to designate the potential change for this resistor as +iR,. The final 
element in the circuit is V,,,¢1, which is aligned in a direction opposite to that of our analysis, so 
the potential change across this element is —Vn¢1. Kirchhoff’s Loop Rule then gives us 


+Veme2 +R + IR, - Vee =0. 


You can see that the clockwise and counterclockwise loop directions give the same information, 
which means that the direction in which we choose to analyze the circuit does not matter. 


SOLVED PROBLEM 26.1 | Charging a Battery 


A 12.0-V battery with internal resistance R; = 0.200 Q is being charged by a battery char- 
ger that is capable of delivering a current of magnitude i = 6.00 A. 


PROBLEM 
What is the minimum emf the battery must have to be able to charge the battery? 
SOLUTION 


THINK 
The battery charger, which is an external source of emf, must have enough potential dif- 
ference to overcome the potential difference of the battery and the potential drop across 
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the battery's internal resistance. The battery charger must be hooked up so that its positive 
terminal is connected to the positive terminal of the battery to be charged. We can think 
of the battery’s internal resistance as a resistor in a single-loop circuit that also contains 
two sources of emf with opposite polarities. 


SKETCH 

Figure 26.11 shows a diagram of the circuit, consisting of a battery with potential differ- 
ence V, and internal resistance R, connected to an external source of emf, V.. The yellow 
shaded area represents the battery's physical dimensions. Note that the positive terminal FIGURE 26.11 Circuit consistin noe 
of the battery charger is connected to the positive terminal of the battery. a battery with internal resistance con- 


RESEARCH 

We can apply Kirchhoff’s Loop Rule to this circuit. We assume a current flowing counter- 
clockwise around the circuit, as shown in Figure 26.11. The potential changes around the 
circuit must sum to zero. We sum the potential changes starting at point b and moving in 
a counterclockwise direction: 


nected to an external source of emf. 


-iR,-V,+V, =0. 
SIMPLIFY 
We can solve this equation for the required potential difference of the charger: 
V, =iR; +V, 


where i is the current that the charger supplies. 


CALCULATE 
Putting in the numerical values gives us 


V, =iR, + V, =(6.00 A)(0.200 )-+12.0 V =13.20 V. 


ROUND 
We report our result to three significant figures: 


V, =13.2 V. 


DOUBLE-CHECK 

Our result indicates that the battery charger has to have a higher potential difference than 
the specified potential difference of the battery, which is reasonable. A typical charger for 
a 12-V battery has a potential difference of around 14 V. 


T 
26.3 Multiloop Circuits 


Analyzing multiloop circuits requires both Kirchhoff’s Loop Rule and Kirchhoff’s Junction Rule. 
The procedure for analyzing a multiloop circuit consists of identifying complete loops and junc- 
tion points in the circuit and applying Kirchhoff’s rules to these parts of the circuit separately. 
Analyzing the single loops in a multiloop circuit with Kirchhoff’s Loop Rule and the junctions 
with Kirchhoff’s Junction Rule results in a system of coupled equations in several unknown 
variables. These equations can be solved for the quantities of interest using various techniques, 
including direct substitution. Example 26.1 illustrates the analysis of a multiloop circuit. 


EXAMPLE 26.1 | Multiloop Circuit 


> 


Consider the circuit shown in Figure 26.12. This circuit has three resistors, R,, Rj, and R3, 

and two sources of emf, Vamp; and Veme2. The red arrows show the direction of potential drop R, š Ro R, š 

across the emf sources. This circuit cannot be resolved into simple series or parallel connec- 

tions. To analyze this circuit, we need to assign directions to the currents flowing through z = 

the resistors. We can choose these directions arbitrarily (knowing that if we choose the JH , 

wrong direction, the resulting current value will be negative). Figure 26.13 shows the Vemf1 Vemf2 

circuit with assigned currents in the directions shown by the purple arrows. FIGURE 26.12 Multiloop circuit with 
Continued— three resistors and two sources of emf. 
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b Let’s consider junction b first. The current entering the junction must equal the cur- 

rent leaving it, so we can write eee . 
1, =h +13. (i) 
Rı $i Ry fi R; $i Looking at junction a, we again equate the incoming current and the outgoing current 

to get a hp de oe 
| : i +13 =1), 
aie a al which provides the same information obtained for junction b. Note that this is a typical 
emf,1 emf,2 


result: If a circuit has n junctions, it is possible to obtain at most n - 1 independent equa- 
FIGURE 26.13 Multiloop circuit with tions from application of Kirchhoff’s Junction Rule. (In this case, n = 2, so we can get only 
the assumed direction of the current one independent equation.) 

through the resistors indicated. At this point we cannot determine the currents in the circuit because we have three 
unknown values and only one equation. Therefore, we need two more independent equa- 
tions. To get these equations, we apply Kirchhoff’s Loop Rule. We can identify three loops 
in the circuit shown in Figure 26.13: 


1. the left half of the circuit, including the elements R,, R,, and Vong); 
2. the right half of the circuit, including the elements R3, R3, and Vemfz; and 
3. the outer loop, including the elements R}, R3, Vemg o and Vener. 


Applying Kirchhoff’s Loop Rule to the left half of the circuit, using the assumed direc- 
tions for the currents and analyzing the loop in a counterclockwise direction starting at 
junction b, we obtain 

zi Ri = Vemgi — 2R2 = 9; 
or 

L Ri + Vener +i2R =0. (ii) 


Applying the Loop Rule to the right half of the circuit, again starting at junction b and 
analyzing the loop in a clockwise direction, we get 

-13R3 — Vemg2 ~ İ2R2 =0, 
or 

i,R3 + Vanga +izRy =0. (iii) 


Applying the Loop Rule to the outer loop, starting a junction b and working in a clock- 


wise direction, gives us 
=i3R3 = Venez + Vemtı +i R1 = 0. 


This equation provides no new information because we can also obtain it by subtracting 
equation (iii) from equation (ii). For all three loops, we obtain equivalent information if 
In the circuit in the figure, there we analyze them in either a counterclockwise direction or a clockwise direction or if we 
are three identical resistors. The start at any other point and move around the loops from there. 
switch, S, is initially open. When . ; A e Sas Paa ; 

fala With three equations, (i), (ii), and (iii), and three unknowns, i, i» and i, we can solve 
the switch is closed, what hap- 3 : 

for the unknown currents in several ways. For example, we could put the three equations 


pens to the current flowing in R,? . i , ; ai 
e in matrix format and then solve them using Kramers method on a calculator. This is a 


26.2 In-Class Exercise 


y recommended method for complicated circuits with many equations and many unknowns. 
E However, for this example, we can proceed by substituting from equation (i) into the other 
two, thus eliminating i,. We then solve one of the two resulting equations for i, and sub- 
stitute from that into the other to obtain an expression for i3. Substituting back then gives 
solutions for i, and i: 
ae (Ry +R3)Veme1 ~ RoVeme2 
Ri | RiRa+RR3 +R2R3 
RŠ S i= R3Veme1 + Ry Veme2 
— 
RR, + RR; + R2R3 
Rs -RVomf1 + (Ri +R2)V, 
; 2Vemf1 1T 42) Vemf,2 
AAA i=- e emf2 
a) The current in R, decreases. R,R, + RR; + RR; 
b) The current in R; increases. Note: You do not need to remember this particular solution or the linear algebra used to 


get there. However, the general method of applying Kirchhoft’s rules for loops and junc- 


c) The current in R, stays the 
ey tions, and assigning currents in arbitrary directions is the central idea of circuit analysis. 


same. 
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SOLVED PROBLEM 26.2 | The Wheatstone Bridge 
p 

The Wheatstone bridge is a particular circuit used to measure unknown resistances. The cir- 
cuit diagram of a Wheatstone bridge is shown in Figure 26.14. This circuit consists of three 
known resistances, R4, R3, and a variable resistor, R, as well as an unknown resistance, R,. A 
source of emf, V; is connected across junctions a and c. A sensitive ammeter (a device used 
to measure current, discussed in Section 26.4) is connected between junctions b and d. The 
Wheatstone bridge is used to determine R, by varying R, until the ammeter between b and d 
shows no current flowing. When the ammeter reads zero the bridge is said to be balanced. 


PROBLEM FIGURE 26.14 Circuit diagram of a 


Determine the unknown resistance, R in the Wheatstone bridge shown in Figure 26.14. MEGION M 


The known resistances are R, = 100.0 Q and R, = 110.0 Q, and R, = 15.63 Q when the 
current through the ammeter is zero and thus the bridge is balanced. 


SOLUTION 
THINK 


The circuit has four resistors and an ammeter, and each component can have a current 
flowing through it. However, in this case, with R, = 15.63 Q, there is no current flowing 
through the ammeter. Setting this current to zero leaves four unknown currents through 
the four resistors, and we therefore need four equations. We can use Kirchhoff’s rules to 
analyze two loops, adb and cbd, and two junctions, b and d. 


SKETCH 

Figure 26.15 shows the Wheatstone bridge with the assumed directions for currents i,, 
iz) iy iy, and ią. 

RESEARCH 

We first apply Kirchhoff’s Loop Rule to loop adb, starting at a and going clockwise, to 
obtain 


aR Rar ahi G) FIGURE 26.15 The Wheatstone 
bridge with the assumed current direc- 


where R; is the resistance of the ammeter. We apply Kirchhoff’s Loop Rule again to loop tions indicated 


cbd, starting at c and going clockwise, to get 
+i,R,-i,R, -i R, =0. (ii) 
Now we can use Kirchhoff’s Junction Rule at junction b to obtain 
h=i +i,- (iii) 
Another application of Kirchhoff’s Junction Rule, at junction d, gives 
iz +i, =i,. (iv) 
SIMPLIFY 


When the current through the ammeter is zero (i, = 0), we can rewrite equations (i) 
through (iv) as follows: 


Ry =iR3 (v) 
i,R,=i,Ry (vi) 
i =i, (vii) 
and 
i, =i,. (viii) 


Dividing equation (vi) by equation (v) gives us 

i,R,  i,R, 

iR GR? 
which we can rewrite using equations (vii) and (viii): 


R 
R= R 


3 Continued— 
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26.1 Self-Test Opportunity 


Show that when the current 
through the ammeter is zero, the 
equivalent resistance for the resis- 
tors in the Wheatstone bridge in 
Figure 26.14 is given by 


2 (Ry + Ry) (R3 + Ry) 


EE RER 


26.3 In-Class Exercise 


In the multiloop circuit shown in 
the figure, V, = 6.00 V, V, = 12.0 V, 
R, = 10.0 Q, and R, = 12.0 V. What 
is the magnitude of current i,? 


a) 0.500 A 
b) 0.750 A 
c) 1.00 A 


CALCULATE 


Putting in the numerical values, we get 


Rı „ _ 100.0 0 


y 15.63 Q =14.20901 Q. 
R; © 11000 


R = 


u 


ROUND 
We report our result to four significant figures: 


R,=14.21 Q. 
DOUBLE-CHECK 


Our result for the resistance of the unknown resistor is similar to the value for the vari- 
able resistor. Thus, our answer seems reasonable, because the other two resistors in the 
circuit also have resistances that are approximately equal. 


a SSS Ss 


General Observations on Circuit Networks 


An important observation about solving circuit problems is that, in general, the complete 
analysis of a circuit requires knowing the current flowing in each branch of the circuit. We 
use Kirchhoff’s Junction Rule and Loop Rule to establish equations relating the currents, 
and we need as many linearly independent equations as there are branches to guarantee that 
we can obtain a solution to the system. 

Let’s consider the abstract example shown in Figure 26.16, where all circuit compo- 
nents except the wires have been omitted. This circuit has four junctions, shown in blue in 
Figure 26.16a. Six branches connect these junctions, shown in Figure 26.16b. We therefore 
need six linearly independent equations relating the currents in these branches. It was noted 
earlier that not all equations obtained by applying Kirchhoff’s rules to a circuit are linearly 
independent. This fact is worth repeating: If a circuit has n junctions, it is possible to obtain 
at most n - 1 independent equations from application of the Junction Rule. (For the circuit 
in Figure 26.16, n = 4, so we can get only three independent equations.) 

The Junction Rule alone is not enough for the complete analysis of any circuit. It is 
generally best to write as many equations as possible for junctions and then augment them 
with equations obtained from loops. Figure 26.16c shows that there are six possible loops 
in this network, which are marked in different colors. Clearly, there are more loops than we 
need to analyze to obtain three equations. This is again a general observation: The system 
of equations that can be set up by considering all possible loops is overdetermined. Thus, 
you ll always have the freedom to select particular loops to augment the equations obtained 
from analyzing the junctions. As a general rule of thumb, it is best to choose loops with 
fewer circuit elements, which often makes the subsequent linear algebra considerably sim- 
pler. In particular, if you are asked to find the current in a particular branch of a network, 
choosing the appropriate loop may allow you to avoid setting up a lengthy set of equations 
and let you solve the problem with just one equation. So it pays to devote some attention 
to the selection of loops! Do not write down more equations than you need to solve for the 
unknowns in any particular problem. This will only complicate the algebra. However, once 
you have the solution you can use one or more of the unused loops to check your values. 


b c 


(a) (b) (c) 


FIGURE 26.16 Circuit network consisting of (a) four junctions, (b) six branches, (c) six possible 
loops. 
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26.4 Ammeters and Voltmeters 


A device used to measure current is called an ammeter. A device used to measure potential dif- 
ference is called a voltmeter. To measure the current, an ammeter must be wired in a circuit in 
series. Figure 26.17 shows an ammeter connected in a circuit in a way that allows it to measure 
the current i. To measure the potential difference, a voltmeter must be wired in parallel with the 
component across which the potential difference is to be measured. Figure 26.17 shows a volt- 
meter placed in the circuit to measure the potential drop across resistor R4. 

It is important to realize that these instruments must be able to make measurements while 
disturbing the circuit as little as possible. Thus, ammeters are designed to have as low a resistance as 
possible, usually on the order of 1 Q, so they do not have an appreciable effect on the currents they 
measure. Voltmeters are designed to have as high a resistance as possible, usually on the order of 
10 MQ, (107 Q), so they have a negligible effect on the potential differences they are measuring. 

In practice, measurements of current and potential difference are made with a digital multi- 
meter that can switch between functioning as an ammeter and functioning as a voltmeter. It 
displays the results with an autoranging numerical digital display, which includes the sign of 
the potential difference or current. Most digital multimeters can also measure the resistance of 
a circuit component; that is, they can function as an ohmmeter. The digital multimeter per- 
forms this task by applying a known potential difference and measuring the resulting current. 
This test is useful for determining circuit continuity and the status of fuses, as well as measuring 
the resistance of resistors. 


EXAMPLE 26.2 | Voltmeter in a Simple Circuit 


Consider a simple circuit consisting of a source of emf with voltage V.,¢= 150. V and a resistor 
with resistance R = 100. k (Figure 26.18). A voltmeter with resistance Ry = 10.0 MQ is con- 
nected across the resistor. 


PROBLEM 
What is the current in the circuit before the voltmeter is connected? 


SOLUTION 

Ohm's Law says that V = iR, so we can find the current in the circuit: 

Vat _ 150. V 
R  100.-10° © 


i= =1.50-10° A=1.50 mA. 


PROBLEM 
What is the current in the circuit when the voltmeter is connected across the resistor? 


SOLUTION 
The equivalent resistance of the resistor and the voltmeter connected in parallel is given by 


1 1 1 


Ra R Ry 


Solving for the equivalent resistance and putting in the numerical values, we get 


RR (100.-10° (100-108 9) 


=9.90-10* Q =99.0 kQ. 


1 R+Ry 100.10 +10.0-10° Q 
The current is then 
Vaat _ 150. V 
Req 9.90-10* Q 


=1.52-10° A=1.52 mA. 


The current in the circuit increases by 0.02 mA when the voltmeter is connected because the 
parallel combination of the resistor and the voltmeter has a lower resistance than that of the re- 
sistor alone. However, the effect is small, even with this relatively large resistance (R = 100. kQ). 


R 


Vemf 


FIGURE 26.17 Placement of an 
ammeter and a voltmeter in a simple 
circuit. 


= Vent R š (O) 


FIGURE 26.18 A simple circuit 
with a voltmeter connected in 
parallel across a resistor. 
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26.2 Self-Test Opportunity 


When the starter of a car is en- 
gaged while the headlights are on, 
the headlights dim. Explain. 


26.4 In-Class Exercise 


Two resistors, R, = 3.00 Q and 
R, = 5.00 Q, are connected in series 
with a battery with V,,,,= 8.00 V 
and an ammeter with R, = 1.00 O, 
as shown in the figure. What is the 
current measured by the ammeter? 


R 
WA~ 
R$ ® 
| 
FE 
Vemf 
a) 0.500 A d) 1.00 A 
b) 0.750 A e) 1.50 A 
c) 0.889 A 
R, 
WA 
(a) WA- 
R 


FIGURE 26.19 An ammeter with a 
shunt resistor connected across it in 
parallel. 


SOLVED PROBLEM 26.3 | Increasing the Range of an Ammeter 
AAEE 
PROBLEM 
An ammeter can be used to measure different ranges of current by adding a current 
divider in the form of a shunt resistor connected in parallel with the ammeter. A shunt 
resistor is simply a resistor with a very small resistance. Its name arises from the fact 
that when connected in parallel with the ammeter, whose resistance is larger, most of 
the current is shunted through it, bypassing the meter. The sensitivity of the ammeter is 
therefore decreased allowing it to measure larger currents. Suppose an ammeter produces 
a full-scale reading when a current of i; = 5.10 mA passes through it. The ammeter has 
an internal resistance of R; = 16.8 Q. To use this ammeter to measure a maximum cur- 
rent of i,,,, = 20.2 A, what should be the resistance of the shunt resistor, R, connected in 
parallel with the ammeter? 


SOLUTION 


THINK 

The shunt resistor connected in parallel with the ammeter needs to have a substantially 
lower resistance than the internal resistance of the ammeter. Most of the current will then 
flow through the shunt resistor rather than the ammeter. 


SKETCH 


Figure 26.19 shows a shunt resistor, R,, connected in parallel with an ammeter. 


RESEARCH 
The two resistors are connected in parallel, so the potential difference across each resistor 
is the same. The potential difference that gives a full-scale reading on the ammeter is 


AVi = lintR,. (i) 
From Chapter 25, we know that the equivalent resistance of the two resistors in parallel 
is given by i a. 4 
—=—+— (ii) 


Ra R R 


The voltage drop across the equivalent resistance must equal the voltage drop across the 
ammeter that gives a full-scale reading when current i,,,, is flowing through the circuit. 
Therefore, we can write 


AV; = imax Reg: (iii) 
SIMPLIFY 
Combining equations (i) and (iii) for the potential difference gives 
AV; = tint Ri = imax Reg: (iv) 
We can rearrange equation (iv) and substitute for R., in equation (ii): 
ee 1 1 1 w) 


lint Ri Req Ri R, l 


Solving equation (v) for the shunt resistance gives us 


1 im 1 1 fina ~- 1 ats 

R, imRi Ri Ril tine Rl im J 
or 

i. 
R, = Ri 5 m F 
Imax 7 lint 
CALCULATE 
Putting in the numerical values, we get 
i, .10-10° A 
R,=R—*™—=(168 0) a 
lines = Vint 20.2 A -5.10-10° A 


= 0.00424266 Q. 


ROUND 
We report our result to three significant figures: 


R, = 0.00424 Q. 


DOUBLE-CHECK 

The equivalent resistance of the ammeter and the shunt resistor connected in parallel is 
given by equation (ii). Solving that equation for the equivalent resistance and putting in 
the numbers gives 


RR, | (16.8 ©)(0.00424 Q) 


eq = = 0.00424 Q. 
Ri+R, 16.8 Q+ 0.00424 Q 


Thus, the equivalent resistance of the ammeter and the shunt resistor connected in paral- 
lel is approximately equal to the resistance of the shunt resistor. This low equivalent resis- 
tance is necessary for a current-measuring instrument, which must be placed in series in 
a circuit. If the current-measuring device has a high resistance, its presence will disturb 
the measurement of the current. 
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26.5 RC Circuits 


So far in this chapter, we have dealt with circuits containing sources of emf and resistors. 
The currents in these circuits do not vary in time. Now we consider circuits that contain 
capacitors (see Chapter 24), as well as sources of emf and resistors. Called RC circuits, 
these circuits have currents that do vary with time. The simplest circuit operations that 
involve time-dependent currents are the charging and discharging of a capacitor. Under- 
standing these time-dependent processes involves the solution of some simple differen- 
tial equations. After magnetism and magnetic phenomena are introduced in Chapters 27 
through 29, time-dependent currents will be discussed again in Chapter 30, which will 
build on the techniques introduced here. 


Charging a Capacitor 
Consider a circuit with a source of emf, Vamp a resistor, R, and a capacitor, C (Figure 26.20). 
Initially, the switch is open and the capacitor is uncharged, as shown in Figure 26.20a. When 
the switch is closed (Figure 26.20b), current begins to flow in the circuit, building up opposite 
charges on the plates of the capacitor and thus creating a potential difference, AV, across the 
capacitor. Current flows because of the source of emf, which maintains a constant voltage. 
When the capacitor is fully charged (Figure 26.20c), no more current flows in the circuit. The 
potential difference across the plates is then equal to the voltage provided by the source of emf, 
and the size of the total charge, qtop on each plate of the capacitor is grot = CV emf- 

While the capacitor is charging, we can analyze the current, i, flowing in the circuit 
(assumed to flow from the negative to the positive terminal inside the voltage source) by apply- 
ing Kirchhoff’s Loop Rule to the loop in Figure 26.20b in the counterclockwise direction: 


Veme — Va — Vo = Veme ~i(t)R - q(t)/C =0, 


where V¢ is the potential drop across the capacitor and q(t) is the charge on the capacitor 
at a given time t. The change of the charge on the capacitor plates due to the current is 
i(t) = dq(t)/dt, and we can rewrite the preceding equation as 


CORON 


R T > 
d c ™ 


or 
dalt) q(t) _ Veme 
dt RC R` 


This differential equation relates the charge to its time derivative. The discussion of damped 
oscillations in Chapter 14 involved similar differential equations. It seems appropriate to 


(26.3) 


FIGURE 26.20 A basic RC circuit, 
containing a source of emf, a resistor, 
and a capacitor: (a) with the switch 
open; (b) a short time after the switch 
is closed; (c) a long time after the 
switch is closed. 
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q l]max 


try an exponential form for the solution of equation 26.3 because an exponential is the 
only function that has the property of having a derivative that is identical to itself. Because 
equation 26.3 also has a constant term, the trial solution needs to have a constant term. We 
therefore try a solution with a constant and an exponential and for which q(0) = 0: 


g(t) = dinax f E a 


where the constants q,,,, and 7 are to be determined. Substituting this trial solution back 
into equation 26.3, we obtain 

l emr 1 -tit\ _ Vemf 
fmax ai "+5 ona (1-0 =at, 


Now we collect the time-dependent terms on the left-hand side and the time-independent 
terms on the right-hand side. 


-tit 1- 1 -Vent 1 
Fenn 7 RC) R RCE™ 


This equation can only be true for all times if both sides are equal to zero. From the left- 
hand side, we then find 
T=RC. (26.4) 


Thus, the constant 7 (called the time constant) is simply the product of the capacitance and 
the resistance. From the right-hand side, we find an expression for the constant qmax! 


fmax = CVome fe 


Thus, the differential equation for charging the capacitor (equation 26.3) has the solution 
q(t) = CVt (1 ~e te), (26.5) 


Note that at t = 0, q = 0, which is the initial condition before the circuit com- 
ponents were connected. At t = œ, q = max = CVemp Which is the steady-state 
condition in which the capacitor is fully charged. The time dependence of the 
charge on the capacitor is shown in Figure 26.21a for three different values of 
the time constant T. 
The current flowing in the circuit is obtained by differentiating equation 26.5 
with respect to time: 
d 


Vemf 
dt 


-t/RC 
e ; 26.6 
= (26.6) 


i/(Veme/R) 


t (s) 


(b) 


From equation 26.6, at t = 0, the current in the circuit is V,,,¢/R, and at t = œ, the 
current is zero, as shown in Figure 26.21b. 

How do we know that the solution we have found for equation 26.3 is the only 
solution? This is not obvious from the preceding discussion, but the solution is 
unique. (A proof is generally provided in a course on differential equations.) 


Discharging a Capacitor 

Now let’s consider a circuit containing only a resistor, R, and a fully charged capac- 
itor, C, obtained by moving the switch in Figure 26.22 from position 1 to position 
2. The charge on the capacitor before the switch is moved is q,,,,,- In this case, cur- 
rent will flow in the circuit until the capacitor is completely discharged. While the 
capacitor is discharging, we can apply Kirchhoff’s Loop Rule around the loop in 
the clockwise direction and obtain 

q(t) _ 


~i(t)R-Vo =-i(t)R- es 


We can rewrite this equation using the definition of current: 


FIGURE 26.21 Charging a capacitor: (a) charge 
on the capacitor as a function of time; (b) current Rdq(t) + q(t) =0. (26.7) 
flowing through the resistor as a function of time. dt C 


The solution to equation 26.7 is obtained using the same method as for equation 26.3, 
except that equation 26.7 has no constant term and q(0) > 0. Thus, we try a solution of the 
form q(t) = q mae "7, Which leads to 


-t/RC 


q(t) = Gmax€ (26.8) 


At t = 0, the charge on the capacitor is qmax- At t = œ, the charge on the capacitor is zero. 
We can obtain the current by differentiating equation 26.8 as a function of time: 


i(t)= dq = -{ sas ee. 


26.9 
dt RC en) 


At t = 0, the current in the circuit is -q,,,,/RC. At t = æ, the current in the circuit is zero. 
Plotting the time dependence of the charge on the capacitor and the current flowing through 
the resistor for the discharging process would result in exponentially decreasing curves like 
those in Figure 26.21b. 

The equations describing the time dependence of the charging and the discharging of 
a capacitor all involve the exponential factor e”*°. Again, the product of the resistance and 
the capacitance is defined as the time constant of an RC circuit: 7 = RC. According to equa- 
tion 26.5, after an amount of time equal to the time constant, the capacitor will have been 
charged to 63% of its maximum value. Thus, an RC circuit can be characterized by specify- 
ing the time constant. A large time constant means that it takes a long time to charge the 
capacitor; a small time constant means that it takes a short time to charge the capacitor. 


EXAMPLE 26.3 | Time Required to Charge a Capacitor 


Consider a circuit consisting of a 12.0-V battery, a 50.0-Q resistor, and a 100.0-uF capaci- 
tor wired in series. The capacitor is initially completely discharged. 


PROBLEM 
How long after the circuit is closed will it take to charge the capacitor to 90% of its maxi- 
mum charge? 


SOLUTION 
The charge on the capacitor as a function of time is given by 


q(t) = dra (1-66), 


where gmax is the maximum charge on the capacitor. We want to know the time until 
q(t)/Gmax = 0.90, which can be obtained from 


(1 - gee alt) =0.90, 


dmax 
or 
0.10 = 6*0, (i) 
Taking the natural log of both sides of equation (i), we get 
In0.10 =- ae ; 
RC 
or 
t =—RCIn0.10 =- (50.0 Q)(100-10° F)(-2.30) =0.0115 s=11.5 ms. 
Pacemaker 


A normal human heart beats at regular intervals, sending blood through the body. The heart's 
own electrical signals regulate its beating. These electrical signals can be measured through 
the skin using an electrocardiograph. This device produces a graph of potential difference 
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_— R 
2 
i= 
Vemf 
(a) 
— 
1 
C=. $r 
2 
J 
V, 


(b) 
FIGURE 26.22 RC circuit con- 
taining an emf source, a resistor, a 
capacitor, and a switch. The capaci- 
tor is (a) charged with the switch in 
position 1 and (b) discharged with the 
switch in position 2. 


26.5 In-Class Exercise 


To discharge a capacitor in an RC 
circuit very quickly, what should 
the values of the resistance and the 
capacitance be? 


a) Both should be as large as 
possible. 


b) Resistance should be as large 
as possible, and capacitance as 
small as possible. 


c) Resistance should be as small 
as possible, and capacitance as 
large as possible. 


d) Both should be as small as 
possible. 


26.3 Self-Test Opportunity 


A 1.00-mF capacitor is fully charged, 
and a 100.0-Q resistor is connected 
across the capacitor. How long will 
it take to remove 99.0% of the 
charge stored in the capacitor? 
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26.6 In-Class Exercise = 


An uncharged capacitor with C = 
14.9 uF, a resistor with R = 24.3 kQ, 
and a battery with V = 25.7 V are 
connected in series as shown in the 
figure. What is the charge on the 
capacitor at t = 0.3621 s after the 
switch is closed? 


a) 5.48-10°C d) 1.66-10“C 
b) 7.94-10°C e) 2.42-10*C 
c) 1.15-10°C 


A ECG 


V (mV) 


t (s) 
(a) 


Charge stored in the capacitor 


a a a 


q (uC) 


Current flowing through the heart 


i (mA) 


t (s) 


(c) 


FIGURE 26.23 (a) An electrocardiogram (ECG) showing four regular heartbeats. (b) The charge 
stored in the pacemaker’s capacitor as a function of time. (c) The current flowing through the heart due 
to the discharging of the pacemaker’s capacitor. 


Dual-chamber 
pacemaker versus time, which is called an electrocardiogram, or ECG (sometimes 
EKG, from the German word Electrokardiograph). Figure 26.23a shows 
how an ECG would represent four regular heartbeats occurring at a rate 
of 72 beats per minute. Doctors and medical personnel can use an ECG to 
diagnose the health of the heart. 

Sometimes the heart does not beat regularly and needs help to main- 
tain its proper rhythm. This help can be provided by a pacemaker, an elec- 
trical circuit that sends electrical pulses to the heart at regular intervals, 


FIGURE 26.24 A modern pacemaker implanted in replacing the heart’s usual electrical signals and stimulating the heart to 
a patient. The pacemaker sends electrical pulses to two beat at prescribed intervals. A pacemaker is implanted in the patient and 


chambers of the heart to help keep it beating regularly. 


connected directly to the heart, as illustrated in Figure 26.24. 


EXAMPLE 26.4 | Circuit Elements of a Pacemaker 


Let’s analyze the circuit shown in Figure 26.25, which simulates the function of a pace- 
maker. This pacemaker circuit operates by charging a capacitor, C, for some time using 
a battery with voltage V,,,, and a resistor Rj, as illustrated in Figure 26.25a, where the 


switch is open. Closing the switch, as in Figure 26.25b, shorts the capacitor across the 
heart, and the capacitor discharges through the heart in a short time to stimulate the 
heart to beat. Thus, this circuit operates as a pacemaker by keeping the switch open for 
the time between heartbeats, closing the switch for a short time to stimulate a heartbeat, 
and then opening the switch again. 


PROBLEM 
What values of the capacitance, C, and the resistance, R,, should be used in a pacemaker? 


SOLUTION 

We assume that the heart acts as a resistor with a value R, = 500 Q and that the source 
of emf is a lithium ion battery (discussed in Chapter 23). A lithium ion cell has a very 
high energy density and a voltage of 3.7 V. A normal heart rate is in the range from 60 to 
100 beats per minute. However, the pacemaker might need to stimulate the heart to beat 
faster, so it should be capable of running at 180 beats per minute, which means that the 
capacitor may be charged up to 180 times a minute. Thus, the minimum time between 
discharges, tmin» is 


min? 


tmin 


B 1 _{1l min |} 60s -0.333 s. 
180 beats/min 180 J|1 min 


Equation 26.5 gives the charge, q, as a function of time, t, for the maximum charge, 4 maw 
for a given time constant, 7, = R,C: 


q1 = 4max f B et ). 
Rearranging this equation gives us 


q = f 2j et! Ti 
dmax 
where f is the fraction of the charge capacity of the capacitor. Lets assume the capacitor 
must be charged to 95% of its maximum charge in time f nin: Solving for the time constant 


gives us 
Ey Ag a E 
In(i-f) — In(1-0.95) 


Thus, the time constant for the charging should be 7, = R,C = 100 ms. The time constant 
for discharging, 7,, needs to be small to produce short pulses of a high current to stimu- 
late the heart. Letting 7, = 0.500 ms, which is on the order of the narrow electrical pulse 
in the ECG, we have 


Ty = RC =0.500 ms. 
We can solve for the required capacitance and substitute the value 500 Q for R;: 
G2 0.000500 s 
500 Q 


The resistance required for the charging circuit can now be related to the time constant 
for the charging and the value of the capacitance we just calculated: 


=1.00 pF. 


7 = R,C=0.100 s= R,(1.00 pF), 


which gives us 
p -01008 


,=— = 100 ka. 
1.00-10°° F 


Figure 26.23b shows the charge in the capacitor of the simulated pacemaker as a func- 
tion of time for a heart rate of 72 heartbeats per minute. You can see that the capacitor 
charges to nearly full capacity before it is discharged. Figure 26.23c shows the current that 
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Nike || 
i (cha ing) 
arging 
HE V ar Switch \ R, 3 
open |] (heart) 
(a) 
vw || 
1 (6; 
P (Discharging) 
= Vemf Switch R, 3 
closed (heart) 


(b) 
FIGURE 26.25 (a) A simplified 
pacemaker circuit in charging mode. 
(b) The pacemaker circuit in discharg- 
ing mode. 
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FIGURE 26.26 The main 


components of a neuron. 


Signal 
direction 


Myelin sheath 


in O— 


o 


flows through the heart when the capacitor discharges. The current pulse is narrow, lasting 
less than a millisecond. This pulse stimulates the heart to beat, as illustrated by the ECG in 
Figure 26.23a. The rate at which the heart beats is controlled by the rate at which the pace- 
maker's switch is closed and opened, which is controlled by a microprocessor. 


Dendrites 


Glial cell 


Axon 


A single glial cell wraps itself 
around an axon to form a 
segment of the myelin sheath. 


Terminal branches 
(nerve terminals) 


Neuron 


The type of cell responsible for transmitting and process- 
ing signals in the nervous systems and brains of humans 
and other animals is a neuron (Figure 26.26). The neuron 
conducts the necessary currents by electrochemical means, 
via the movement of ions (mainly Na‘, K*, and Cl’). Neu- 
rons receive signals from other neurons through dendrites 
and send signals to other neurons through an axon. The 
axon can be quite long (for example, in the spinal cord) and 
is covered with an insulating myelin sheath. The signals are 
received from and sent to other neurons or cells in the sense 
organs and other tissues. All of this, and much more, can 
be learned in an introductory biology or physiology course. 
Here we'll take a look at a neuron as a basic circuit that pro- 
cesses signals. 

An input signal has to be strong enough to get a 
neuron to fire, that is, to send an output signal down 
the axon. It is a crude but reasonable approximation to 
represent the main cell body of a neuron, the soma, as a 
basic RC circuit that processes these signals. A diagram 
of this RC circuit is shown in Figure 26.27. A capacitor 
and a resistor are connected in parallel to an input and an 
output potential. The typical potential values for neurons 
are on the order of +50 mV relative to the background 
of the surrounding tissue. If AV =V;, - Vout # 0, a cur- 
rent flows through the circuit. Part of this current flows 
through the resistor, but part of it simultaneously charges 
the capacitor until it reaches the potential difference 
between input and output potentials. The potential dif- 
ference between the capacitor plates rises exponentially, 
according to V¢(t) = (Vin - Vou)(1 - e*%), just as for the 
process of charging a capacitor in an RC circuit. (The time 


constant, 7 = RC, is on the order of 10 ms, assuming a capacitance of 1 nF anda resistance of 
10 MQ.) If the external potential difference is then removed from the circuit, the capacitor 


V, 


out 


discharges with the same time constant, and the potential across the capacitor decays expo- 
nentially, according to Ve(t) = Ve ™”®. This simple time dependence captures the basic 


response of a neuron. Figure 26.28 shows the potential difference across the capacitor of 
this model neuron, while it is charged for 30 ms and then discharged. 


FIGURE 26.27 Simplified model of 


a neuron as an RC circuit. 


FIGURE 26.28 Potential differ- 
ence on the capacitor in a model 


neuron. 


Vc [mV] 


WHAT WE HAVE LEARNED | 


= Kirchhoff’s rules for analyzing circuits are as follows: 


e Kirchhoff’s Junction Rule: The sum of the currents 
entering a junction must equal the sum of the 
currents leaving a junction. 


e Kirchhoff’s Loop Rule: The potential difference 
around a complete loop must sum to zero. 


= For applying Kirchhoff’s Loop Rule, the sign of 
the potential change for each circuit element is 
determined by the direction of the current and the 
direction of analysis. The conventions are 


e Sources of emf in the same direction as the direction 
of analysis are potential gains, while sources opposite 
to the analysis direction are potential drops. 


e For resistors, the magnitude of the potential change 
is [iR], where i is the assumed current and R is 
the resistance. The sign of the potential change 
depends on the (known or assumed) direction of 


KEY TERMS 

Kirchhoff’s rules, p. 839 Kirchhoff’s Junction 
junction, p. 839 Rule, p. 839 
branch, p. 839 loop, p. 840 


NEW SYMBOLS AND EQUATIONS 


T= RC, time constant of an RC circuit 
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EXAM STUDY GUIDE 


the current as well as the direction of analysis. If 
these directions are the same, the resistor produces 
a potential drop. If the directions are opposite, the 
resistor produces a potential gain. 


= An RC circuit contains a resistor of resistance R and 
a capacitor of capacitance C. The time constant, 7, is 
given by 7 = RC. 


= Inan RC circuit, the charge, q, as a function of time 
for a charging capacitor with capacitance C is given 
by q(t) = CVeme (1 - e™®S), where V pris the voltage 
supplied by the source of emf and R is the resistance of 
the resistor. 


= Inan RC circuit, the charge, q, as a function of time 
for a discharging capacitor with capacitance C is 
given by q(t) = qmaxe “°S, where ymax is the size of the 
charge on the capacitor plates at t = 0 and R is the 


resistance of the resistor. 


Kirchhoft’s Loop Rule, p. 840 
ammeter, p. 847 
voltmeter, p. 847 


ohmmeter, p. 847 
RC circuits, p. 849 
time constant, p. 850 


ANSWERS TO SELF-TEST OPPORTUNITIES 


| 26.1 The resistors R} and R, are in series and have an 
equivalent resistance of R,,, = R; + R,. The resistors R, and R, 
are in series and have an equivalent resistance of R}, = R3 + R, 
The equivalent resistances R,,, and R;,, are in parallel. Thus, 
we can write 


1 1 1 
OEE E + —, 
Req Riu Ray 
or 
= Ruy Roy a (Ri +Ru)(Rs+Ry) . 
a Riu + Rsv Ri + Ra +R; +R, 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 

1. It is always helpful to label everything in a circuit diagram, 
including all the given information and all the unknowns, as 
well as pertinent currents, branches, and junctions. Redraw 
the diagram at a larger scale if you need more space for clarity. 


26.2 When the headlights are on, the battery is supplying 
a modest amount of current to the lights, and the potential 
drop across the internal resistance of the battery is small. The 
starter motor is wired in parallel with the lights. When the 
starter motor engages, it draws a large current, producing a 
noticeable drop in potential across the internal resistance of 


the battery and causing less current to flow to the headlights. 


26.3 4 = qmaxe “E 


t 


deggie th 


max 


t=-RCIn0.01=-(100 o )(1.00: 10°3 F)(In 0.01) =0.461 s. 


In 0.01 = 


2. Remember that the directions you choose for currents 
and for the path around a circuit loop are arbitrary. If your 
choice turns out to be incorrect, a negative value for the 
current will result. 
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3. Review the signs for potential changes given in Table 
26.1. Moving through a circuit loop in the same direction 
as the assumed current means that an emf device produces 
a positive potential change in the direction from negative to 
positive within the device and that the potential change across 
a resistor is negative. Sign errors are common, and it pays to 
stick to the conventions to avoid such errors. 

4. Sources of emf or resistors may be parts of two separate 


loops. Count each circuit component as a part of each loop 
it is in, according to the sign conventions you've adopted for 


that loop. A resistor may yield a potential drop in one loop 
and a potential gain in the other loop. 


5. It is always possible to use Kirchhoff’s rules to write more 
equations than you need to solve for unknown currents in 
a circuit’s branches. Write as many equations as possible for 
junctions, and then augment them with equations representing 
loops. But not all loops are created equal; you need to select 
them carefully. As a rule of thumb, choose loops with fewer 
circuit elements. 


SOLVED PROBLEM 26.4 | Rate of Energy Storage in a Capacitor 


A resistor with R = 2.50 MQ and a capacitor with C = 1.25 F are connected in series with 


a battery for which V, 


THINK 


ng +c 


| 

I 
+l- 
Vemf SKETCH 


FIGURE 26.29 Series circuit 
containing a battery, a resistor, and a 
capacitor. 


capacitor. 


RESEARCH 


emf 7 


12.0 V. At t = 2.50 s after the circuit is closed, what is the rate at 
which energy is being stored in the capacitor? 


When the circuit is closed, the capacitor begins to charge. The rate at which energy is 
stored in the capacitor is given by the time derivative of the amount of energy stored in 
the capacitor, which is a function of the charge on the capacitor. 


Figure 26.29 shows a diagram of the series circuit containing a battery, a resistor, and a 


The charge on the capacitor as a function of time is given by equation 26.5: 


q(t) =CVome (1 ~e tC), 


The energy stored in a capacitor that has charge q is given by (see Chapter 24) 


The time derivative of the energy stored in the capacitor is then 


du_d 
dt dt 


1 q(t) 
2 C 


_ q(t) dq(t) 


C d` (i) 


The time derivative of the charge is the current, i. Thus, we can replace dq/dt with the 
expression given by equation 26.6: 


SIMPLIFY 


Ha) 
dt 


Vem | .-t/RC (ii) 
R 


i(t)= 


We can express the rate of change of the energy stored in the capacitor by combining 


equations (i) through (iii): 


dU _ att), 


CVs [1-et”) 
(t)= 


Vemf 


dt C 
CALCULATE 


inc _ Vemf „-t/R RC 
etC _ ante C(1-e! ). 


C R 


We first calculate the value of the time constant, T = RC: 


RC= (250-105 O|(1.25 -10% F) =3.125 s. 


Multiple-Choice Questions 


We can then calculate the rate of change of the energy stored in the capacitor: 


2 
dU — (12.0 v) g (2.50 s)/(3.125 s) 
dt 2,50-10° Q 


ROUND 
We report our result to three significant figures: 


av =1.43-10° W. 
dt 


(1 — ¢7(250 93.125 ý =1.42521-10° W. 


DOUBLE-CHECK 
The current at t = 2.50 s is 


i(2.50 s) = 120 V_ |05061359 916.10 A. 
2.50 MQ 


The rate of energy dissipation at this time in the resistor is 


_au 


2 6 7 6 5 
P ~ =? R=(2.16-10 A) (2.5010 Q)=1.16-10 wW. 


The rate at which the battery delivers energy to the circuit at this time is given by 


P= H =iV = (216 10% A)(12.0 V)=259-10° W. 


Energy conservation dictates that at any time the energy supplied by the battery is either 
dissipated as heat in the resistor or stored in the capacitor. In this case, the power sup- 
plied by the battery, 2.59- 10” W, is equal to the power dissipated as heat in the resistor, 
1.16- 10° W, plus the rate at which energy is stored in the capacitor, 1.43- 10 W. Thus, 


857 


our answer is consistent. 


ee 


( 


MULTIPLE-CHOICE QUESTIONS 


26.1 A resistor and a capacitor are connected in series. If a 
second identical capacitor is connected in series in the same 
circuit, the time constant for the circuit will 


a) decrease. b) increase. c) stay the same. 


26.2 A resistor and a capacitor are connected in series. If a 
second identical resistor is connected in series in the same 
circuit, the time constant for the circuit will 


a) decrease. b) increase. c) stay the same. 


26.3 A circuit consists of a source of emf, a resistor, and 

a capacitor, all connected in series. The capacitor is fully 
charged. How much current is flowing through it? 

a) i=V/R c) neither (a) nor (b) 
26.4 Which of the following will reduce the time constant in 
an RC circuit? 


b) zero 


a) increasing the dielectric constant of the capacitor 


b) adding an additional 20 m of wire between the capacitor 
and the resistor 


c) increasing the voltage of the battery 


d) adding an additional resistor in parallel with the first 
resistor 


e) none of the above 


26.5 Kirchhoff’s Junction Rule states that 

a) the algebraic sum of the currents at any junction in a 
circuit must be zero. 

b) the algebraic sum of the potential changes around any 
closed loop in a circuit must be zero. 

c) the current in a circuit with a resistor and a capacitor 
varies exponentially with time. 

d) the current at a junction is given by the product of the 
resistance and the capacitance. 

e) the time for the current development at a junction is 
given by the product of the resistance and the capacitance. 
26.6 How long would it take, in multiples of the time constant, 
T, for the capacitor in an RC circuit to be 98% charged? 

a) 97 c) 907 e) 0.987 

b) 0.97 d) 47 


26.7 A capacitor C is initially uncharged. At time t = 0, the 
capacitor is attached through a resistor R to a battery. The 
energy stored in the capacitor increases, eventually reaching 
a value U as t 0. After a time equal to the time constant 
T = RC, the energy stored in the capacitor is given by 


a) Ule. c) Ul - 1/6. 
b) Ule. d) U(1 - 1/e). 
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26.8 Which of the following has the same unit as the 
electromotive force (emf)? 

a) current 

b) electric potential 

c) electric field 

d) electric power 

e) none of the above 

26.9 The capacitor in each circuit in the figure is first 
charged by a 10-V battery with no internal resistance. Then, 
the switch is flipped from position A to position B, and the 
capacitor is discharged through various resistors. For which 
circuit is the total energy dissipated by the resistor the 
largest? 


QUESTIONS 


26.10 You want to measure simultaneously the potential 
difference across and the current through a resistor, R. As 
the circuit diagrams show, there are two ways to connect the 
two instruments—ammeter and voltmeter—in the circuit. 
Comment on the result of the measurement using each 
configuration. 


Riv Riy 


R Roa R Roa 


| | 
ral ra 


Vomp Ri V, 


emf 


26.11 Ifthe capacitor in an RC circuit is replaced with two 
identical capacitors connected in series, what happens to the 
time constant for the circuit? 


26.12 You want to accurately measure the resistance, Rgeyices 
of a new device. The figure shows two ways to accomplish 
this task. On the left, an ohmmeter produces a current 
through the device and measures that current, i, and the 
potential difference, AV, across the device. This potential dif- 
ference includes the potential drops across the wires leading 
to and from the device and across the contacts that con- 
nect the wires to the device. These extra resistances cannot 
always be neglected, especially if the device has low resis- 
tance. This technique is called two-probe measurement since 
two probe wires are connected to the device. The resulting 
current, i, is measured with an ammeter. The total resistance 
is then determined by dividing AV by i. For this configura- 
tion, what is the resistance that the ohmmeter measures? In 
the alternative configuration, shown on the right, a similar 
current source is used to produce and measure the current 
through the device, but the potential difference, AV, is mea- 
sured directly across the device with a nearly ideal voltmeter 


A B A B A B 
— — — 
100 Q 200 Q 300 Q 
2 mF 2 mF 2 mF 
+j- +j- +|- 
(a) (b) (c) 
A B A B A B 
—> — —» 
i 100 Q ) _ Y ee 
T Te 


with extremely large internal resistance. This technique is 
called a four-probe measurement since four probe wires are 
connected to the device. What resistance is being measured 
in this four-probe configuration? Is it different from that 
being assessed by the two-probe measurement? Why or why 
not? (Hint: Four-probe measurements are used extensively 
by scientists and engineers and are especially useful for 
accurate measurements of the resistance of materials or 
devices with low resistance.) 


Two-probe measurement 


Four-probe measurement 


——— E 
Ohmmeter Voltmeter 


26.13 Explain why the time constant for an RC circuit 
increases with R and with C. (The answer “That’s what the 
formula says” is not sufficient.) 


26.14 A battery, a resistor, and a capacitor are connected 
in series in an RC circuit. What happens to the current 
through a resistor after a long time? Explain using Kirch- 
hoff’s rules. 


26.15 How can you light a 1.0-W, 1.5-V bulb with your 
12.0-V car battery? 


26.16 A multiloop circuit contains a number of resis- 

tors and batteries. If the emf values of all the batteries are 
doubled, what happens to the currents in all the compo- 
nents of the circuit? 

26.17 A multiloop circuit of resistors, capacitors, and batter- 
ies is switched on at t = 0, at which time all the capacitors are 
uncharged. The initial distribution of currents and potential 


differences in the circuit can be analyzed by treating the ca- 
pacitors as if they were connecting wires or closed switches. 
The final distribution of currents and potential differences, 
which occurs after a long time has passed, can be analyzed by 
treating the capacitors as open segments or open switches. 
Explain why these tricks work. 


26.18 Voltmeters are always connected in parallel with a 
circuit component, and ammeters are always connected in 
series. Explain why. 


26.19 You wish to measure both the current through and 
the potential difference across some component of a circuit. 
It is not possible to do this simultaneously and accurately 
with ordinary voltmeters and ammeters. Explain why not. 


26.20 Two light bulbs for use at 110 V are rated at 60 W 


and 100 W, respectively. Which has the filament with lower 
resistance? 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Sections 26.1 through 26.3 


26.23 Two resistors, R, and R,, are connected in series across 
a potential difference, AV. Express the potential drop across 
each resistor individually, in terms of these quantities. What is 
the significance of this arrangement? 


26.24 A battery has Von¢= 12.0 V dp 
and internal resistance r = 1.00 Q. Vemf 
What resistance, R, can be put across 
the battery to extract 10.0 W of power 
from it? pak 
glaen 
26.25 Three resistors are connected ~y 
: R 20.0 
across a battery as shown in the 
figure. What values of R and V,,,, will 
produce the indicated currents? 
R 
M- 
Tea 
i=3A 
-W- mv- 
°26.26 Find the equiva- R R 
lent resistance for the A 
circuit in the figure. 
e26.27 The dead battery 
of your car provides R R 
a potential difference Vemt 


+J- 
of 9.950 V and has an L 


internal resistance of 1.100 Q. You charge it by connecting it with 


jumper cables to the live battery of another car. The live battery 
provides a potential difference of 12.00 V and has an internal 
resistance of 0.0100 Q, and the starter resistance is 0.0700 Q. 

a) Draw the circuit diagram for the connected batteries. 


b) Determine the current in the live battery, in the dead battery, 
and in the starter immediately after you closed the circuit. 
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26.21 Two capacitors in series are charged through a resis- 
tor. Identical capacitors are instead connected in parallel 
and charged through the same resistor. How do the times 
required to fully charge the two sets of capacitors compare? 


26.22 The figure shows a circuit consisting of a battery con- 
nected to a resistor and a capacitor, which is fully discharged 
initially, in series with a switch. 

a) What is the current in the circuit at any time t? 


b) Calculate the total energy = 
provided by the battery from t = 0 | 


to f= œ. 
c) Calculate the total energy R c 
dissipated from the resistor for the J 
same time period. ' 


d) Is energy conserved in this 
circuit? 


26.28 In the circuit shown 
in the figure, V} = 1.5 V, V, = 
2.5 V, R, = 4.0 Q, and R, = 
5.0 Q. What is the magni- 
tude of the current, i,, flow- 
ing through resistor R,? 


f e d 


°26.29 The circuit shown in the figure consists of two bat- 
teries with V, and V} and three light bulbs with resistances 
R,, R, and R;. Calculate the magnitudes of the currents i,, 
i, and i; flowing through the bulbs. Indicate the correct 
directions of current flow on the diagram. Calculate the 
power, P, and Pp, supplied by battery A and by battery B. 


R= M ae 


=v, =6.0V (EB) Vz = 12.0 V 


R; = 10.00 

26.30 In the circuit shown Rı 
in the figure, R, = 5.00 Q, gue 
R, = 10.0 Q, and R; = 15.0 Q, v a E 
Vemt1 = 10.0 V, and Vemes = PEA 
15.0 V. Using Kirchhoff’s Loop M- l 
and Junction Rules, deter- Ra Veme2 
mine the currents i), i», and i, , 

: 13 
flowing through R}, R, and R, Eyy 


respectively, in the direction 
indicated in the figure. 


•26.31 For the circuit shown 
in the figure, find the magni- 
tude and the direction of the 
current through each resistor 
and the power supplied by 
each battery, using the fol- 
lowing values: R, = 4.00 Q, 
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R, = 6.00 Q, R; = 8.00 Q, R, = 6.00 Q, R; = 5.00 Q, R; = 10.0 0, 
R, = 3.0 Q, Vee: = 6.00 V, and Vemes = 12.0 V. 

26.32 A Wheatstone bridge pe ye 

is constructed using a 1.00-m- 

long Nichrome wire (the purple 

line in the figure) with a con- 

ducting contact that can slide 

along the wire. A resistor, R} = 

100. Q, is placed on one side of 7 

the bridge, and another resistor, 


R, of unknown resistance, is + IE 
placed on the other side. The Vemf 

contact is moved along the Nichrome wire, and it is found 
that the ammeter reading is zero for L = 25.0 cm. Know- 
ing that the wire has a uniform cross section oo its 
length, determine the unknown resistance. 


WA 
0026.33 A “resistive ladder” is constructed 


with identical resistors, R, making up its $ $ 
legs and rungs, as shown in the figure. The 
ladder has “infinite” height; that is, it extends => T 
very far in one direction. Find the equivalent wv- 
resistance of the ladder, measured between 

its “feet” (points A and B). $ 


ee26.34 Consider an “infinite; that is, very AW 
large, two-dimensional square grid of identical 

resistors, R, as shown in the figure. Find the $ $ 
equivalent resistance of the grid, as measured 

across any individual resistor. (Hint: Symmetry B 
and superposition are very helpful for solving this problem.) 


A 


Section 26.4 


26.35 To extend the useful 
range of an ammeter, a shunt R Ria 
resistor, Ry inp is placed in 
parallel with the ammeter as 
shown in the figure. If the inter- dk 

nal resistance of the ammeter Vemp Ri 

is R; œ determine the resistance 

that the shunt resistor has to have to extend the useful range 
of the ammeter by a factor N. Then, calculate the resistance 
the shunt resistor has to have to allow an ammeter with an 
internal resistance of 1.00 © and a maximum range of 1.00 A 
to measure currents up to 100. A. What fraction of the total 
100.-A current flows through the ammeter, and what frac- 
tion flows through the shunt resistor? 


26.36 To extend the useful range O 


of a voltmeter, an additional resis- Riy Ro 


tor, Reriey IS placed in series with 

the voltmeter as shown in the W-~ 
figure. If the internal resistance R 
of the voltmeter is R; y, determine 

the resistance that the added se- AH 
ries resistor has to have to extend Vemp Ri 


the useful range of the voltmeter 

by a factor N. Then, calculate the resistance the series resistor 
has to have to allow a voltmeter with an internal resistance of 
1.00 MQ (10° Q) and a maximum range of 1.00 V to measure 
potential differences up to 100. V. What fraction of the total 
100.-V potential drop occurs across the voltmeter, and what 
fraction of that drop occurs across the added series resistor? 


26.37 As shown in the figure, a 6.0000-V battery is used 

to produce a current through two identical resistors, R, 

each having a resistance of 100.00 kQ. A digital multimeter 
(DMM) is used to measure the potential difference across 
the first resistor. DMMs typically have an internal resistance 
of 10.0 MQ. Determine the potential differences V,, (the po- 
tential difference between points a and b, which is the differ- 
ence the DMM measures) and V,,. (the potential difference 
between points b and c, which is the difference across the 
second resistor). Nominally, V,, = Vpo but this may not be 
the case here. How can this measurement error be reduced? 


a 


R = 100.00 kQ š R, = 10.0 MQ 


T 
V = 6.0000 V == í 


R = 100.00 kQ š 


c 


26.38 You want to make an ohmmeter to measure the resis- 
tance of unknown resistors. You have a battery with voltage 
Vemf = 9-00 V, a variable resistor, R, and an ammeter that 
measures current on a linear scale from 0 to 10.0 mA. 

a) What resistance should the variable resistor have so that 
the ammeter gives its full-scale (maximum) reading when 
the ohmmeter is shorted? 

b) Using the resistance from part (a), what is the unknown 
resistance if the ammeter reads + of its full scale? 

26.39 A circuit consists of two 1.00-kQ resistors in series 
with an ideal 12.0-V battery. 

a) Calculate the current flowing through each resistor. 

b) A student trying to measure the current flowing through 
one of the resistors inadvertently connects an ammeter in 
parallel with that resistor rather than in series with it. How 
much current will flow through the ammeter, assuming that 
it has an internal resistance of 1.0 Q? 

°26.40 A circuit consists of two 100.-kQ resistors in series 
with an ideal 12.0-V battery. 


a) Calculate the potential drop across one of the resistors. 


b) A voltmeter with internal resistance 10.0 MQ is 
connected in parallel with one of the two resistors in order 
to measure the potential drop across the resistor. By what 
percentage will the voltmeter reading deviate from the value 
you determined in part (a)? (Hint: The difference is rather 
small so it is helpful to solve algebraically first to avoid a 
rounding error.) 


Section 26.5 Sı S, 
26.41 Initially, switches S} and a a 
S, in the circuit shown in the == 10.0 mF 


figure are open and the capacitor 
has a charge of 100. mC. About 

how long will it take after switch 
S, is closed for the charge on the 


$ 200. Q 


-W- -W- 
capacitor to drop to 5.00 mC? 100. Q 300. Q 
— o0 ko 26-42 What is the time constant 
2.00 uF l for the discharging of the 


capacitors in the circuit shown in 
T the figure? If the 2.00-uF capacitor 
600 pF wa initially has a potential difference of 
' 10.0 V across its plates, how much 
charge is left on it after the switch 
has been closed for a time equal to half of the time constant? 


26.43 The circuit shown in — J] 
the figure has a switch, S, two 
resistors, R, = 1.00 Q and R, = 

2.00 Q, a 12.0-V battery, and Rı 3 
a capacitor with C = 20.0 uF. R 
After the switch is closed, what 
will the maximum charge on the l- 
capacitor be? How long after the Vemf 
switch has been closed will the 

capacitor have 50.0% of this maximum charge? 


C 


26.44 In the movie Back to the Future, time travel is made 
possible by a flux capacitor, which generates 1.21 GW of pow- 
er. Assuming that a 1.00-F capacitor is charged to its maxi- 
mum capacity with a 12.0-V car battery and is discharged 
through a resistor, what resistance is necessary to produce 

a peak power output of 1.21 GW in the resistor? How long 
would it take for a 12.0-V car battery to charge the capacitor 
to 90.0% of its maximum capacity through this resistor? 


26.45 During a physics demonstration, a fully charged 
90.0-uF capacitor is discharged through a 60.0-Q resistor. 
How long will it take for the capacitor to lose 80.0% of its 
initial energy? 

26.46 Two parallel plate capacitors, C, and C,, are con- 
nected in series with a 60.0-V battery and a 300.-kQ resistor, 


as shown in the figure. Both —. 

capacitors have plates with an pi 
area of 2.00 cm’ and a separa- Ci 
tion of 0.100 mm. Capacitor C, 8 T 


has air between its plates, and 
capacitor C, has the gap filled 
with a certain porcelain (dielec- Vv 
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tric constant of 7.00 and dielectric strength of 5.70 kV/mm). 
The switch is closed, and a long time passes. 


a) What is the charge on capacitor C,? 

b) What is the charge on capacitor C,? 

c) What is the total energy stored in the two capacitors? 
d) What is the electric field inside capacitor C,? 


26.47 A parallel plate capacitor with C = 0.050 uF has a 
separation between its plates of d = 50.0 um. The dielectric 
that fills the space between the plates has dielectric constant 
k = 2.5 and resistivity p = 4.0 - 10° Q m. What is the time 
constant for this capacitor? (Hint: First calculate the area 

of the plates for the given C and x, and then determine the 
resistance of the dielectric between the plates.) 


26.48 A 12.0-V battery is attached to a 2.00-mF capacitor 
and a 100.-C resistor. Once the capacitor is fully charged, 
what is the energy stored in it? What is the energy dissipated 
as heat by the resistor as the capacitor is charging? 


26.49 A capacitor bank is designed to discharge 5.0 J of 
energy through a 10.0-kQ resistor array in under 2.0 ms. 
To what potential difference must the bank be charged, and 
what must the capacitance of the bank be? 


26.50 ‘The circuit in Sı S2 
the figure has a capacitor gi g 
connected to a battery, 6.00 V 4.00 mF 
two switches, and three = = =100.9 3 = 
resistors. Initially, the 
capacitor is uncharged AM ~~ 
: 300. Q 200. Q 
and both of the switches 
are open. 


a) Switch S, is closed. What is the current flowing out of the 
battery immediately after switch S, is closed? 

b) After about 10.0 min, switch S, is closed. What is the 
current flowing out of the battery immediately after switch 
S, is closed? 

c) What is the current flowing out of the battery about 
10.0 min after switch S, has been closed? 

d) After another 10.0 min, switch S, is opened. How 

long will it take until the current in the 200.-( resistor is 
below 1.00 mA? 


¢26.51 In the circuit shown in the figure, R, = 10.0 Q, 
R, = 4.00 Q, and R, = 10.0 Q, and the capacitor has ca- 
pacitance C = 2.00 pF. 


a) Determine the potential difference, A Vç, across the 
capacitor after switch S has been closed for a long time. 
b) Determine the 

: Rı 
energy stored in the AM- 
capacitor when switch \ 
S has been closed for a 
long time. 
c) After switch S is 
opened, how much 
energy is dissipated through R,? 


$k, $k =c 


10.0 V == 
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026.52 A cube of gold that is 2.5 mm 
on a side is connected across the 
terminals of a 15-uF capacitor that 
initially has a potential difference of 
100.0 V between its plates. 


L 


a) What time is required to fully 
discharge the capacitor? 

b) When the capacitor is fully discharged, 
what is the temperature of the gold cube? 


°e26.53 A “capacitive ladder” is constructed 
with identical capacitors, C, making up its 
legs and rungs, as shown in the figure. The 
ladder has “infinite” height; that is, it extends 
very far in one direction. Calculate the 
equivalent capacitance of the ladder, mea- 
sured between its “feet” (points A and B). 


Additional Problems 

26.54 In the circuit in the figure, the capaci- 
tors are completely uncharged. The switch is 
then closed for a long time. 


oe 
Hy Ht. 


6.00, a) Calculate the current 
through the 4.0-C resistor. 
b) Find the potential 
difference across the 4.0-Q, 
6.0-Q, and 8.0-Q resistors. 


== 1.0 uF : : 
\ c) Find the potential 
"S M- difference across the 1.0-uF 
V=100V 8.00 capacitor. 


26.55 The ammeter your physics instructor uses for in-class 
demonstrations has internal resistance R; = 75 Q and mea- 
sures a maximum current of 1.5 mA. The same ammeter can 
be used to measure currents of much greater magnitudes by 
wiring a shunt resistor of relatively small resistance, Ryyunp in 
parallel with the ammeter. (a) Sketch the circuit diagram, and 
explain why the shunt resistor connected in parallel with the 
ammeter allows it to measure larger currents. (b) Calculate 
the resistance the shunt resistor has to have to allow the am- 
meter to measure a maximum current of 15 A. 


26.56 Many electronics devices can be dangerous even after 
they are shut off. Consider an RC circuit with a 150.-\F ca- 
pacitor and a 1.00-M© resistor connected to a 200.-V power 
source for a long time and then disconnected and shorted, 
as shown in the figure. How long will it be until the potential 
difference across the capacitor drops to below 50.0 V? 


nanan 
F 


26.57 Design a circuit like 

that shown in the figure to op- 

erate a strobe light. The capaci- $R c 
tor discharges power through 


the light bulb filament (resistance of 2.5 kQ) in 0.20 ms and 
charges through a resistor R, with a repeat cycle of 1000 Hz. 
What capacitor and resistor should be used? 


26.58 An ammeter with an internal resistance of 53 Q mea- 
sures a current of 5.25 mA in a circuit containing a battery 
and a total resistance of 1130 Q. The insertion of the ammeter 
alters the resistance of the circuit, and thus the measurement 
does not give the actual value of the current in the circuit with- 
out the ammeter. Determine the actual value of the current. 


26.59 In the circuit shown in AAA x, 
the figure, a 10.0-\wF capacitor 100. Q k 
is charged by a 9.00-V battery 10.0 uF 


with the two-way switch kept in T 
position X for a long time. Then HE 

the switch is suddenly flicked to any 
position Y. What current flows through the 40.0-Q resistor 


a) immediately after the switch moves to position Y? 
b) 1.00 ms after the switch moves to position Y? 


26.60 How long will it take for the current in a circuit to 
drop from its initial value to 1.50 mA if the circuit contains 
two 3.8-uF capacitors that are initially uncharged, two 2.2-kO, 
resistors, and a 12.0-V battery all connected in series? 


26.61 An RC circuit has a time constant of 3.1 s. At t = 0, 
the process of charging the capacitor begins. At what time 
will the energy stored in the capacitor reach half of its maxi- 
mum value? 


°26.62 For the circuit 
shown in the figure, deter- 
mine the charge on each 
capacitor when (a) switch S f 


1.00 pF == 3 1.00 kQ 


has been closed for along 5 o9 pp $200 a 

time and (b) switch S has 

been open for a long time. HE 
10.0 V 

26.63 Three resistors, R = 10.00 


R; = 10.0 O, R, = 20.0 Q, and ae 
R; = 30.0 Q, are connected in i 

a multiloop circuit, as shown 
in the figure. Determine the | 
amount of power dissipated in V,=9.00V R= 2009 
the three resistors. 


ae 
Wy- H 

R, = 30.09 y =150V 
26.64 The figure shows a l NW- 
circuit containing two batteries Vemf1 Rı 
and three resistors. The batter- 
ies provide V.mf1 = 12.0 V and AM- 
Vemf2 = 16.0 V and have no R 
internal resistance. The resis- 
tors have resistances of 1 M- 
R; = 30.0 Q, R, = 40.0 Q, and Vni Ry 


R, = 20.0 Q. Find the magnitude 
of the potential drop across R}. 


26.65 The figure shows a 

spherical capacitor. The inner 
sphere has radius a = 1.00 cm, 

and the outer sphere has radius œR 
b=1.10 cm. The battery has 

Vm = 10.0 V, and the resistor 

has a value of R = 10.0 MQ. 


a) Determine the time 
constant of the RC circuit. 


em! 


b) Determine how much charge has accumulated on the 
capacitor after switch S has been closed for 0.1 ms. 


°26.66 Write the set of i 

i SS 
equations that deter- | 
mines the three currents 
in the circuit shown in 
the figure. (Assume that 
the capacitor is initially 


uncharged.) 
| 
26.67 Consider a series I WA 
80.0 V 100 


RC circuit with R = 10.0 Q, 
C= 10.0 pF and V = 10.0 V. 


a) How much time, expressed as a multiple of the time 
constant, does it take for the capacitor to be charged to half 
of its maximum value? 

b) At this instant, what is the ratio of the energy stored in 
the capacitor to its maximum possible value? 

c) Now suppose the capacitor is fully charged. At time t = 
0, the original circuit is opened and the capacitor is allowed 
to discharge across another resistor, R' = 1.00 Q, that is 
connected across the capacitor. What is the time constant 
for the discharging of the capacitor? 

d) How many seconds does it take for the capacitor to 
discharge half of its maximum stored charge, Q? 


AM- i| 26.68 a) What is the current in 
3.00 Q 10.0 V the 5.00-Q resistor in the circuit 
shown in the figure? 
pas b) What is the power dissipated 
` in the 5.00-Q resistor? 
li -wv 
6.00 V 2.00 Q 
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26.69 In the Wheatstone Rı R3 
bridge shown in the figure, 
the known resistances are 
R, = 8.00 Q, R, = 2.00 Q, and @ 
R; = 6.00 Q, and the battery 
has Ving = 15.0 V. The variable 


R R 
resistance R, is adjusted until AM- AMA 
the potential difference across 
R; is zero (V = 0). Find i, (the l 
current through resistor R,) at Vent 
this point. 

1.00 Q ee26.70 Consider the 
circuit with five resistors 
and two batteries (with no 

20V L 3000 internal resistance) shown 


in the figure. 


a) Write a set of equations 
that will allow you to solve 
for the current in each of 
the resistors. 


b) Solve the equations from part (a) for the current in the 
4.00-Q resistor. 


ee26.71 Consider an 
“infinite,” that is, very 
large, two-dimensional ál ole 
square grid of identical 
capacitors, C, shown — - | | | 
in the figure. Find the 
effective capacitance of z= == 
the grid, as measured 7 | | | 
across any individual 
capacitor. = = 


PART 6 MAGNETISM 


Magnetism 


WHAT WE WILL LEARN 865 
27.1 Permanent Magnets 865 
Magnetic Field Lines 866 
Earth’s Magnetic Field 866 
Superposition of Magnetic Fields 868 
27.2 Magnetic Force 868 
Magnetic Force and Work 868 
Units of Magnetic Field Strength 869 
Solved Problem 27.1 Cathode 

Ray Tube 869 

27.3 Motion Of Charged Particles 
in a Magnetic Field 871 


Paths of Moving Charged Particles 
in a Constant Magnetic Field 871 


Time Projection Chamber 872 
Example 27.1 Transverse Momentum 
of a Particle in the TPC 872 
Example 27.2 The Solar Wind 
and Earth’s Magnetic Field 873 
Cyclotron Frequency 874 
Example 27.3 Energy of a Cyclotron 874 
Mass Spectrometer 875 
Solved Problem 27.2 Velocity 
Selector 876 
Magnetic Levitation 877 
27.4 Magnetic Force ona 
Current-Carrying Wire 878 
Example 27.4 Force on the Voice 
Coil of a Loudspeaker 879 
27.5 Torque on a Current-Carrying Loop 880 
27.6 Magnetic Dipole Moment 881 
27.7 Hall Effect 881 
Example 27.5 Hall Effect 882 
WHAT WE HAVE LEARNED/ 
EXAM STUDY GUIDE 883 JRE | Hot ionized gases travel along magnetic field lines near the 
Problem-Solving Practice 884 surface of the Sun, forming coronal loops. The superimposed image of the Earth is 
Solved Problem 27.3 Torque on a at the correct scale to give an idea of the size of these coronal loops. 
Rectangular Current-Carrying Loop 884 
Multiple-Choice Questions 885 
Questions 886 
Problems 887 


864 


27.1 Permanent Magnets 865 


WHAT WE WILL LEARN 


- E 

= Permanent magnets exist in nature. A magnet always = Earth has a magnetic field. 
has amor thipole anda se aaa $ d Magnetic f = The force exerted on a charged particle moving in a 
north pole or south pole cannot be isolated—magnetic Laake. d ; 

ike te eto hein magnetic field is perpendicular to both the magnetic 

P way paai field and the velocity of the particle. 

= Opposite poles attract, and like poles repel. = The torque on a current-carrying loop can be 

= Breaking a bar magnet in half results in two new expressed in terms of the vector product of the 
magnets, each with a north and a south pole. magnetic dipole moment of the loop and the 

tic field. 

= A magnetic field exerts a force on a moving charged pg etic Held 

particle. = The Hall effect can be used to measure magnetic 
fields. 


This chapter is the first to consider magnetism, describing magnetic fields and magnetic 
forces and their effects on charged particles and currents. Magnetic fields can be huge and 
powerful, as the image of the Sun’s surface in Figure 27.1 shows. The Sun has enormous 
magnetic fields, and hot gases that erupt periodically from the Sun's surface tend to fol- 
low the field lines as they rise up, forming arches and loops much larger than the Earth. 
Astronomers believe that all stars possess powerful magnetic fields, making magnetism one 
of the most common and important phenomena in the universe. 

We'll continue to study magnetism in the next few chapters, describing the causes of 
magnetic fields and their connection to electric fields. You will see that electricity and mag- 
netism are really parts of the same universal force, called electromagnetic force; their con- 
nection is one of the most spectacular successes in physical theory. 


27.1 Permanent Magnets 


In the region of Magnesia (in central Greece), the ancient Greeks found several types of 
naturally occurring minerals that attract and repel each other and attract certain kinds of 
metal, such as iron. They also, if floating freely, line up with the North and South Poles of the 
Earth. These minerals are various forms of iron oxide and are called permanent magnets. 
Other examples of permanent magnets include refrigerator magnets and magnetic door 
latches, which are made of compounds of iron, nickel, or cobalt. 


If you touch an iron bar to a piece of the mineral lodestone (mag- E — N 
netic magnetite), the iron bar will be magnetized. If you float this —— | s 
iron bar in water, it will align with the Earth’s magnetic poles. The 
end of the magnet that points north is called the north magnetic S 7 
pole, and the other end is called the south magnetic pole. E A s 
If two permanent magnets are brought close together with the ©) D 
two north poles or two south poles almost touching, the magnets N |N 
repel each other (Figure 27.2a). If a north pole and a south pole are | sS 
brought close together, the magnets attract each other (Figure 27.2b). 7 E 
What is called the North Pole of Farth is actually a magnetic south A 1 S 
pole, which is why it attracts the north pole of permanent magnets. S | N 
Breaking a permanent magnet in half does not yield one 
north pole and one south pole. Instead, two new magnets, each |5 g 
with its own north and south pole result (Figure 27.3). Unlike E -_ N 
electric charge, which exists as separate positive (proton) and () — z 
negative (electron) charges, no separate magnetic monopoles X 
(isolated north and south poles) exist. Scientists have carried out | s 


extensive searches for magnetic monopoles, and none has been 
found. The discussion of the source of magnetism in this chapter 
will help you understand why there are no magnetic monopoles. 


FIGURE 27.2 (a) Like magnetic poles repel; (b) unlike magnetic 
poles attract. 
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s Magnetic Field Lines 


N a Permanent magnets interact with each other at some distance, without touching. In analogy with 
the gravitational field and the electric field, the concept ofa magnetic field is used to describe the 
magnetic force. The vector B(r) denotes the magnetic field vector at any given point in space. 


bs 5 Like an electric field, a magnetic field is represented using field lines. The magnetic 
= 2 field vector is always tangent to the magnetic field lines. The magnetic field lines from a 
|N permanent bar magnet are shown in Figure 27.4a. As with electric field lines, closer spacing 


FIGURE 27.3 Breaki between lines indicates higher field strength. In an electric field, the electric force on a posi- 
‘ reaking a bar mag- g , , , ` : 
net in half yields two magnets, each tive test charge points in the same direction as the electric field vector. However, because no 
with its own north and south pole. magnetic monopole exists, the magnetic force cannot be described in an analogous way. 
The direction of the magnetic field is established in terms of the direction in which a 
compass needle points. A compass needle, with a north pole and a south pole, will orient 
itself so that its north pole points in the direction of the magnetic field. Thus, the direction of 
the field can be determined at any point by noting the direction in which a compass needle 
placed at that point points, as illustrated in Figure 27.5 for a bar magnet. 
Externally, magnetic field lines appear to originate on north poles and terminate on 

south poles, but these field lines are actually closed loops that penetrate the magnet itself. 
This formation of loops is an important difference between electric and magnetic field lines 
(for static fields—this statement does not apply to time-dependent fields, as we'll see in sub- 
sequent chapters). Recall that electric field lines start at positive charges and end on negative 
charges. However, because no magnetic monopoles exist, magnetic field lines cannot start or 
stop at particular points. Instead, they form closed loops that do not start or stop anywhere. 
We'll see later that this difference is important in describing the interaction of electric and 
magnetic fields. If you see a field pattern and don't know at first if it is an electric field or a 
magnetic field, check for closed loops. If you find some, it is a magnetic field; if the field lines 
do not form loops, it is an electric field. 


Earth’s Magnetic Field 


Earth itself is a magnet, with a magnetic field similar to the magnetic field of a bar magnet 
(Figure 27.4). This magnetic field is important because it protects us from high-energy radia- 
tion from space called cosmic rays. These cosmic rays consist mostly of charged particles that 
are deflected away from Earth's surface by its magnetic field. The poles of Earth’s magnetic 
field do not coincide with the geographic poles, defined as the points where Earth’s rotation 
axis intersects its surface. 

Figure 27.6 shows a cross section of Earth’s magnetic field lines. The field lines are close 
together, forming a surface that wraps around Earth like a doughnut. Earth’s magnetic field is dis- 
torted by the solar wind, a flow of ionized particles, mainly protons, emitted by the Sun and mov- 
ing outward from the Sun at approximately 400 km/s. Two bands of charged particles captured 
from the solar wind circle the Earth. These are called the Van Allen radiation belts (Figure 27.6), 
after James A. Van Allen (1914-2006), who discovered them in the early days of space flight by 


(a) (b) 


FIGURE 27.4 (a) Computer-generated magnetic field lines from a permanent bar FIGURE 27.5 Using a compass needle to determine the 
magnet. (b) Iron filings align themselves with the magnetic field lines and make them direction of the magnetic field from a bar magnet. 
visible. 


putting radiation counters on satellites. The Van Allen radi- 
ation belts come closest to Earth near the north and south 
magnetic poles, where the charged particles trapped within 
the belts often collide with atoms in the atmosphere, excit- 
ing them. These excited atoms emit light of different colors 
as they collide and lose energy; the results are the fabulous 
aurora borealis (northern lights) in the northern latitudes 
(see Figure 27.7) and the aurora australis (southern lights) 
in the southern latitudes. Aurorae are not unique to Earth; 
they have been seen on other planets with strong magnetic 
fields, such as Jupiter and Saturn (shown in Figure 27.8). 
Earths magnetic poles move at a current rate of up 
to 40 km in a single year. Right now, the magnetic north 
pole is located approximately 2800 km away from the geo- 
graphic South Pole, at the edge of Antarctica, and is mov- 
ing toward Australia. The magnetic south pole is located 
in the Canadian Arctic and, if its present rate of motion 
continues, will reach Siberia in 2050. Earth’s magnetic field 
has decreased steadily at a rate of about 7% per century 
since it was first measured accurately around 1840. At that 


rate, Earth’s magnetic field will disappear in a few thousand years. However, some geologi- 
cal evidence indicates that the magnetic field of Earth has reversed itself approximately 170 
times in the past 100 million years. The last reversal occurred about 770,000 years ago. Thus, 
rather than disappear, Earth’s magnetic field may reverse its direction. What is the cause of 
Earth's magnetic field? Surprisingly, the answer to this question is not known exactly and is 
under intense current research. Most likely, it is caused by strong electrical currents inside the 
Earth, caused by the spinning liquid iron-nickel core. This spinning is often referred to as the 
dynamo effect. (We'll see how currents create magnetic fields in Chapter 28.) 
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Solar Wind 


FIGURE 27.6 Cross section through Earth’s magnetic field. The dashed 
lines represent the magnetic field lines. The axis defined by the north and 
south magnetic poles (red line) currently forms an angle of approximately 
11° with the rotation axis. 


Because the geographic North Pole and the magnetic north pole are not in the same loca- | FIGURE 27.7 Aurora borealis over 
tion, a compass needle generally does not point exactly to the geographic North Pole. This dif- Finland, photographed from the Inter- 
ference is called the magnetic declination. The magnetic declination is taken to be positive national Space Station. 


when magnetic north is east of true north and negative when magnetic north is west of true 
north. The magnetic north pole currently lies on a line that passes through central Missouri, 
eastern Illinois, western Iowa, and eastern Wisconsin. Along this line, the magnetic declina- 
tion is zero. West of this line, the magnetic declination is positive and reaches 18° in Seattle. 
East of this line, the declination is negative, up to -18° in Maine. A map showing the magnetic 
declinations in the United States as of 2004 is presented in Figure 27.9. 


120°W 110°W 100°W 90°W 


120°W 110°W 100°W 


FIGURE 27.9 Magnetic declinations in the United States in 2004 measured in degrees. Red lines 
represent negative magnetic declinations, and blue lines signify positive magnetic declinations. Lines 
of magnetic declination are separated by one degree. 


80°W 


FIGURE 27.8 Aurora on Saturn, 
photographed by the Hubble Space 
Telescope. 
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Magnetic declination (degrees) 
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1900 1920 1940 1960 1980 2000 
Year 

FIGURE 27.10 The magnetic decli- 

nation at Lansing, Michigan, from 1900 

to 2004. 


Because the positions of Earth’s magnetic poles move with time, the magnetic declina- 
tions for all locations on Earth’s surface also change with time. For example, Figure 27.10 
shows the estimated magnetic declination for Lansing, Michigan, for the period 1900-2004. 
A similar graph can be drawn for any location on Earth. 


Superposition of Magnetic Fields 


If several sources of magnetic field, such as several permanent magnets, are close together, 
the magnetic field at any given point in space is given by the superposition of the magnetic 
fields from all the sources. This superposition of fields follows directly from the superposition 
of forces introduced in Chapter 4. The superposition principle for the total magnetic field, 
Brotal(7)» due to n magnetic field sources can be stated as 


Boa (7) = By(7)+ BF) +--+ B, (7). (27.1) 


This superposition principle for magnetic fields is exactly analogous to the superposition 
principle for electric fields, presented in Chapter 22. 


27.2 Magnetic Force 


The qualitative discussion in the preceding section pointed out that a magnetic field 
has a direction, along the magnetic field lines. The magnitude of a magnetic field is 
determined by examining its effect on a moving charged particle. We'll start with 
a constant magnetic field and study its effect on a single charge. As a reminder, we 
saw in Chapter 22 that the electric field exerts a force on a charge given by F; =qE. 
Experiments such as the one shown in Figure 27.11 show that a magnetic field does 
not exert a force on a charge at rest but only on a moving charge. 


FIGURE 27.11 A beam of electrons (bluish A magnetic field is defined in terms of the force exerted by the field on a mov- 


green), made visible by a small amount of gas 
in an evacuated tube, is bent by a magnet (at 


the right edge of picture). 


FIGURE 27.12 Right-hand rule 1 
for the force exerted by a magnetic 
field, B, on a particle with charge q 
moving with velocity v. To find the 
direction of the magnetic force, point 
your thumb in the direction of the 
velocity of the moving charged particle 
and your index finger in the direction 
of the magnetic field, and your middle 
finger then gives you the direction of 
the magnetic force. 


ing charged particle. The magnetic force exerted by a magnetic field on a moving 
charged particle with charge q moving with velocity v is given by 


F =qv xB. (27.2) 


The direction of the force is perpendicular to both the velocity of the moving charged par- 
ticle and the magnetic field (Figure 27.12). This statement is right-hand rule 1. The right- 
hand rule gives the force direction on a positive charge given the known velocity and field 
directions. However, for a negative charge the force will be in the opposite direction. 

The magnitude of the magnetic force on a moving charged particle is 


F =|q|vBsin@, (27.3) 


where 0 is the angle between the velocity of the charged particle and the magnetic field. (The 
angle 6 is always between 0° and 180°, and therefore, sin 0 = 0.) You can see that no magnetic 
force acts on a charged particle moving parallel to a magnetic field because in that case 0 = 0°. 
If a charged particle is moving perpendicularly to the magnetic field, 0 = 90° and (for fixed 
values of v and B) the magnitude of the magnetic force has its maximum value of 


F = la|vB (for vL B). (27.4) 


Magnetic Force and Work 


Equation 27.2 established that the magnetic force is the vector product of the velocity vec- 
tor and magnetic field vector and thus is perpendicular to both vectors. This implies that 
F,°¥ =0 and, since the force is the product of mass and acceleration, also that dev =0. In 
Chapter 9 on circular motion, we saw that this condition means that the direction of the 
velocity vector can change but the magnitude of the velocity vector, the speed, remains the 
same. Therefore, the kinetic energy, mv’, remains constant for a particle subjected to a 
magnetic force, and the magnetic force does no work on the moving particle. 

This is a profound result: A constant magnetic field cannot be used to do work on a 
particle. The kinetic energy of a particle moving in a constant magnetic field remains con- 
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stant, even though the direction of the particles velocity vector can change as a function of 
time while the particle is moving through the magnetic field. An electric field, on the other 
hand, can easily be used to do work on a particle. 


Units of Magnetic Field Strength 


To discuss the motion of charges in magnetic fields, we need to know what units are used to 
measure the magnetic field strength. Solving equation 27.4 for the field strength and insert- 
ing the units of the other quantities gives 


E [Fs] _Ns 

[giv] Cm 
Because the ampere (A) is defined as 1 C/s, (N s)/(C m) = N/(A m). 
The unit of magnetic field strength has been named the tesla (T), 


in honor of Croatian-born American physicist and inventor Nikola 
Tesla (1856-1943): 


[Fe]=[][v][B]> [B] 


Te eee peg 
Cm Am 
A tesla is a rather large amount of magnetic field strength. Sometimes 


magnetic field strength is given in gauss (G), which is not an SI unit: 
1G=10* T. 


For example, the strength of Earths magnetic field at Earth’s surface 
is on the order of 0.5 G (5-10 T). It varies with location from 0.2G FIGURE 27.13 Global map of the strength of Earth’s mag- 
to 0.6 G, as illustrated in Figure 27.13. netic field. 


SOLVED PROBLEM 27.1 ( Cathode Ray Tube 
p 
PROBLEM Anodes Electron beam 
Consider a cathode ray tube similar to the one shown Hot filament 
in Figure 27.11. In this tube, a potential difference of 
AV = 111 V accelerates electrons horizontally (starting Pás 
essentially from rest) in an electron gun, as shown in Cathode 
Figure 27.14a. The electron gun has a specially coated 
filament that emits electrons when heated. A negatively 
charged cathode controls the number of electrons emit- (a) (b) 
ted. Positively charged anodes focus and accelerate the FIGURE 27.14 (a) A cathode ray tube. (b) Electrons moving with velocity 
electrons into a beam. Downstream from the anodes y enter a constant magnetic field. 
are horizontal and vertical deflecting plates. Beyond the 
electron gun is a constant magnetic field with magnitude B = 3.40 - 10 T. The direction of 
the magnetic field is upward, perpendicular to the initial velocity of the electrons. What is 
the magnitude of the acceleration of the electrons due to the magnetic field? (The mass of 
an electron is 9.11- 107° kg.) 


Horizontal and vertical 
deflecting plates 


SOLUTION 


THINK 

The electrons gain kinetic energy in the electron gun of the cathode ray tube. The gain in kinetic 
energy of each electron is equal to the charge of the electron times the potential difference. The 
speed of the electrons can be found from the definition of kinetic energy. The magnetic force 
on an electron can be found from the electron charge, the electron velocity, and the strength of 
the magnetic field, and it is equal to the mass of the electron times its acceleration. 


SKETCH 
Figure 27.14b shows an electron, moving with velocity v, entering a constant magnetic 
field that is perpendicular to the electron path. 


Continued— 
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ou 1 In-Class Exercise —, 


In what direction will the electron 
in Figure 27.14b be deflected as it 
enters the constant magnetic field? 


a) into the page 
b) out of the page 
c) up 

d) down 


e) no deflection 


RESEARCH 
The change in kinetic energy, AK, of the electrons plus the change in potential energy of 
the electrons is equal to zero: 


AK4 AU=1m/’ + qAV =0. 


Since, in this case, q = —e, we see that 
eAV = im’, (i) 


where AV is the magnitude of the potential difference across which the electrons were 
accelerated and m is the mass of an electron. We can solve equation (i) for the speed of 
the electrons: 


2eAV 
m 


(ii) 


The magnitude of the force exerted by the magnetic field on the electrons is given by 
equation 27.3: 
F =evBsin 90° = evB, 

where -e is the charge of an electron and B is the magnitude of the magnetic field. Ac- 
cording to Newton's Second Law, F et = ma. Since the only force present is the magnetic 
one, we have 

F =ma=evB, (iii) 
where a is the magnitude of the acceleration of the electrons. 


SIMPLIFY 
We can rearrange equation (iii) and substitute the expression for the speed of the elec- 
trons from equation (ii) to obtain the acceleration of the electrons: 


eB [2eAv - 
Š m pB pav=. 
m mw 
CALCULATE 


Putting in the numerical values gives us 


3 
(1602-10 c) 
5 =3.7357-10!* m/s”. 


a=(340-104 T) 2(111 V) (oa1-10 kg) 


ROUND 
We report our result to three significant figures: 


a=3.74-10'* m/s”. 


DOUBLE-CHECK 
The calculated acceleration is tremendously large, almost 40 trillion times the Earth's 
gravitational acceleration. So we certainly want to double-check. We first calculate the 
speed of the electrons: 


2 C 
RR 2(1.602- 10 (uv 
v= = Ak c) a m/s. 
9.11-10°*! kg 


A speed of 6250 km/s may seem large, but it is reasonable for electrons because it is only 
2% of the speed of light. The magnetic force on each electron is then 


F = evB =(1.602-10"” C)(6.25-10° m/s)(3.40- 10 T)=3.40-10"" N 


The acceleration is very large because the mass of an electron is very small. 
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27.1 Self-Test Opportunity 


Three particles, each with charge q = 
6.15 uC and speed v = 465 m/s, enter a 
uniform magnetic field with magnitude 
B = 0.165 T (see the figure). What is 
the magnitude of the magnetic force on 
each of the particles? 


27.3 Motion of Charged Particles in a Magnetic Field 


The fact that the force due to a magnetic field acting on a moving charged particle is per- 
pendicular to both the field and the particle’s velocity makes this force different from any 
we've considered so far. However, the tools we use to analyze this force—Newton’s laws and 
the laws of conservation of energy, momentum, and angular momentum—are the same. 


Paths of Moving Charged Particles in a Constant Magnetic Field 


Suppose you drive your car at constant speed around a circular track. The friction between 
the tires and the road provides the centripetal force that keeps the car moving in a circle. 
This force always points toward the center of the circle and creates a centripetal acceleration 
(discussed in Chapter 9). A similar physical situation occurs when a particle with charge q 
and mass m moves with velocity ¥ perpendicular to a uniform magnetic field, B, as illus- 
trated in Figure 27.15. 

In this situation, the particle moves in a circle with constant speed v and the magnetic 
force of magnitude F; = la|vB supplies the centripetal force that keeps the particle moving in 
a circle. Particles with opposite charges and the same mass will orbit in opposite directions 
at the same orbital radius. For example, electrons and positrons are elementary particles 
with the same mass; the electron has a negative charge, and the positron has a positive 
charge. Figure 27.16 is a bubble chamber photograph showing two electron-positron pairs. 
A bubble chamber is a device that can track charged particles moving in a constant mag- 
netic field. (The pairs of electrons and positrons were created by interactions of elementary 
particles, which will be covered in detail in Chapter 39.) Pair 1 has an electron and a posi- 
tron that have the same relatively low speed. The particles initially travel in a circle. How- 
ever, as they move through the bubble chamber, they slow down. (This slowdown is not due 
to the magnetic force but to collisions of the particles with the molecules of the gas in the 
bubble chamber.) Thus, the radius of the circle gets smaller and smaller, creating a spiral. 
The electron and positron in pair 2 have a much higher speed. Their tracks are curved but 
do not form a complete circle before the particles exit the bubble chamber. 


FIGURE 27.16 Bubble chamber photograph showing two electron-positron pairs. The bubble cham- 
ber is located in a constant magnetic field pointing directly out of the page. 


FIGURE 27.15 Electron beam bent 
into a circular path by the magnetic 
field generated by two coils. 
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(a) 


FIGURE 27.17 Curved tracks left by the motion of charged 
particles produced in collisions of (a) two protons, each with ki- 
netic energy 100 GeV, and (b) two gold nuclei, each with kinetic 


energy of 100 GeV. 


If the velocity of a charged particle is parallel (or antiparallel) to the magnetic field, the 
particle experiences no magnetic force and continues to travel in a straight line. 

For motion perpendicular to a magnetic field, as in Figure 27.15, the force required to 
keep a particle moving with speed v in a circle with radius r is the centripetal force: 


Setting this expression for the centripetal force equal to that for the magnetic force, we obtain 
2 
mv 
vB\q| =—. 
r 


Rearranging gives an expression for the radius of the circle in which the particle is 
traveling: 
mv 


pst (27.5) 
gi 
A common way to express this relationship is in terms of the magnitude of the momentum 
of the particle: 
Br=È. (27.6) 
g 


If the velocity ¥ is not perpendicular to B, then the velocity component perpendicular to B 
causes circular motion while the parallel component of ¥ is unaffected by B and drags this 
orbit into a helical shape. 


Time Projection Chamber 


Particle physicists create new elementary particles by colliding larger particles at the highest 
energies. In these collisions, many particles stream away from the interaction point at high 
speeds. A simple particle detector is not sufficient to identify these particles. A device that 
can help physicists study these collisions is a time projection chamber (TPC). The STAR 
TPC was described in Example 22.4 and is shown in Figure 3 of The Big Picture at the 
beginning of the book. 

Figure 27.17 shows collisions of two protons and two gold 
nuclei that occurred in the center of the STAR TPC. The proton- 
proton collision creates dozens of particles; the gold-gold collision 
creates thousands of particles. Each charged particle leaves a track 
in the TPC. The color assigned by a computer to the track repre- 
sents the ionization density of the track as particles pass through 
the gas of the TPC. As they pass through the gas, the particles ionize 
the atoms of the gas, releasing free electrons. The gas allows the free 
electrons to drift without recombining with positive ions. Electric 
fields applied between the center of the TPC and the end caps of the 
cylinder exert an electric force on the free electrons, making them 
drift toward the end caps, where they are recorded electronically. 
Using the drift time and the recording positions, computer software 
reconstructs the trajectories that the particles took through the TPC. 
The particles produced in the collisions have a velocity component 
that is perpendicular to the TPC’s magnetic field and thus have cir- 
cular trajectories. 


(b) 


EXAMPLE 27.1 | Transverse Momentum of a Particle in the TPC 


One track of a moving charged particle from Figure 27.17a is shown in Figure 27.18. The 
radius of the circular trajectory this particle is following is r = 2.3 m. The magnitude of 
the magnetic field in the TPC is B = 0.50 T. We can assume that the particle has charge 
|q| = 1.602-10°'° C. 
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PROBLEM 
What is the component of the particle’s momentum that is perpendicular to the magnetic 
field? 


SOLUTION 

We'll call this component the transverse momentum of the particle, p, We use equation 
27.6, replacing p with p, because the magnetic force depends only on p, and not on the 
component of the momentum that is parallel to B: 


Brat. 
i 


We can express the magnitude of the transverse momentum of the particle in terms of the 
magnitude of the TPC’s magnetic field and the absolute value of the charge of the particle: 


p: =|q|Br = (1602 Ao c](0.50 T)(2.3 m)=1.842-10- kg m/s. 


Instead of these SI units for momentum, particle physicists often use MeV/c (recall Ex- 
ample 7.5). Since 1 MeV =1.602- 107" J, we have 


pe=(1.842-10" kg m/s)(3.0-10° m/s} =5.53-10" J, 
or 


p= (5.53 10"! Hic =345 MeVic. 


The analysis of a particles transverse momentum carried out here can be done by auto- 
mated computer algorithms on up to approximately 5000 charged particles created in a 
single collision of two gold nuclei. This very complex task takes about 30 seconds for a 
computer (3-GHz processor) to finish. In contrast, the TPC can record up to 1000 events 
per second, which corresponds to 1 millisecond per event. 


EXAMPLE 27.2 | The Solar Wind and Earth’s Magnetic Field 


Section 27.1 discussed the Van Allen radiation belts that trap particles emitted from the 
Sun. The Sun throws approximately 1 million tons of matter into space every second. This 
matter is mostly protons traveling at a speed of around 400 km/s. 


PROBLEM 

If these protons are incident perpendicular to Earths magnetic field (which has a magni- 
tude of 50 wT at the Equator), what is the radius of the orbit of the protons? The mass of 
a proton is 1.67- 10” kg. 


SOLUTION 
Equation 27.5 relates the magnitude of the magnetic field, B, the radius of a circular or- 
bit, r, and speed, v, of a particle with mass m and charge q traveling perpendicular to a 
magnetic field: 

mv 


r=——. 
gi 
Putting in the numerical values, we get 


_ (167-107 kg](400-10° m/s) oe 


(1.602-107° C](50-10 T) 


Thus, the protons of the solar wind orbit around the Earth’s magnetic field lines at the Equa- 
tor in circles with radius of 83.5 m. Protons that are incident on the Earths magnetic field 


Continued— 


r=2.3m 


FIGURE 27.18 Circle fitted to the 
trajectory of one of the charged par- 
ticles produced from the proton-proton 
collision in the STAR TPC shown in 
Figure 27.17a. 
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FIGURE 27.19 (a) Computer-generated 
drawing of the central section of the 
K500 superconducting cyclotron at the 
National Superconducting Cyclotron 
Laboratory at Michigan State University, 
with the spiral trajectory of an acceler- 
ated particle superimposed. One of the 
three dees of the cyclotron is highlight- 
ed in green. (b) Top view of the K500, 
showing a proton being accelerated 
between two dees. 


away from the Equator are not traveling perpendicular to the magnetic field so their or- 
bital radius is larger. However, the magnetic field lines are closer together, meaning that 
the field is stronger toward the poles. The protons thus spiral along the field lines as they 
approach the poles. The shape of the Earth’s magnetic field forces these protons traveling 
toward the poles to reverse and travel back toward the Equator, trapping the protons in 
the Van Allen radiation belts. Thus, the Earth's magnetic field completely blocks the solar 
wind from reaching the Earth's surface. This is vital, because the blocked cosmic radiation 
would otherwise make it impossible for higher organisms to live on Earth by ionizing 
(removing electrons from) atoms and destroying large molecules, for example, DNA. 


Cyclotron Frequency 

If a particle performs a complete circular orbit inside a uniform magnetic field—for exam- 
ple, like the electrons in the beam shown in Figure 27.15—then the period of revolution, T, 
of the particle is the circumference of the circle divided by the speed: 


2mr 2mm 
T Se (27.7) 
v la|B 


The frequency, f, of the motion of the charged particle is the inverse of the period: 


1 _ alB 
nto , 27.8 
f T 27m ae) 
The angular speed, w, of the motion is 
ls 
w=27 f =—— (27.9) 
m 


Thus, the frequency and the angular speed of the particles motion are independent of 
the particles speed and thus independent of the particles kinetic energy. This fact is used 
in cyclotrons, which is why w as given in equation 27.9 is referred to as the cyclotron fre- 
quency. In a cyclotron, particles are accelerated to higher and higher kinetic energies, and 
the fact that the cyclotron frequency is independent of the kinetic energy makes designing 
a cyclotron much easier. 


EXAMPLE 27.3 | Energy of a Cyclotron 


A cyclotron is a particle accelerator (Figure 27.19). The golden horn-shaped pieces of metal 
shown in the figure (historically called dees) have alternating electric potentials applied 
to them, so a positively charged particle always has a negatively charged dee ahead when 
it emerges from under any dee, which is now positively charged. The resulting elec- 
tric field accelerates the particle. Because the cyclotron sits in a strong magnetic field, the 


(a) (b) 
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particle's trajectory is curved. The radius of the trajectory is proportional to the magnitude 
of the particles momentum, according to equation 27.6, so the accelerated particle spirals 
outward until it reaches the edge of the magnetic field (where its path is no longer bent by 
the field) and is extracted. According to equation 27.9, the angular frequency is independent 
of the particles momentum or energy, so the frequency with which the polarity of the dees 
is changed does not have to be adjusted as the particle is accelerated. (This holds true only as 
long as the speed of the accelerated particles does not approach a sizable fraction of the speed 
of light, as we'll see in Chapter 35 on relativity. To compensate for relativistic effects, the mag- 
netic field of a cyclotron increases with the orbital radius of the accelerated particles.) 


PROBLEM 

What is the kinetic energy, in mega-electron-volts (MeV), of a proton extracted from a 
cyclotron with radius r = 1.81 m, if the magnetic field of the cyclotron is uniform and has 
magnitude B = 0.851 T? The mass of a proton is 1.67- 10” kg. 


SOLUTION 
We can solve equation 27.5 for the speed, v, of the proton: 


r alB 
v=—. 
m 
We substitute this expression for v into the equation for kinetic energy: 
2 
Lf la |B rq B 
m = : 
m 2m 


1 
K=—mv = 
2 


Putting in the given numbers, we get the kinetic energy in joules: 


(1.81 m) (1602 10° al (0.851 T) 


K= =1.82-107" J. 
21.67107 kg) 
Since 1 eV = 1.602-10”? J and 1 MeV = 10° eV, we have 
K=1882-107! j h melas MeV. 
1.602-10” J Jl 10° eV 


Mass Spectrometer 


One application of the motion of charged particles in a magnetic field is a mass spectrometer, 
which allows precision determination of atomic and molecular masses and can be useful for 
carbon dating and the analysis of unknown chemical compounds. A mass spectrometer oper- 
ates by ionizing the atoms or molecules to be studied and accelerating them through an electric 
potential. The ions are then passed through a velocity selector (described further in Solved 
Problem 27.2), which allows only ions with a given velocity to pass through and blocks the 
remaining ions. The ions then enter a region of constant mag- 
netic field. In the magnetic field, the radius of curvature of the 
orbit of each ion is given by equation 27.5: r=mv/ alB. Assum Tn soürce a 
ing that all the atoms or molecules are singly ionized (have a 1 
charge of +1 or -1), the radius of curvature is proportional to 
the mass of the ion. A schematic diagram of a mass spectrom- 
eter is shown in Figure 27.20. 

Ions with different masses will have orbits with different radii 
in the constant magnetic field. For example, in Figure 27.20, ions 


27.2 Self-Test Opportunity 


A uniform magnetic field is directed 
out of the page (indicated by the 
standard “dot within a circle” nota- 
tion for looking at the arrowhead 
representing the field lines). A 
charged particle is traveling in the 
plane of the page, as shown by the 
arrows in the figure. 


[OMONC 4 ORONO MOMOMOROMOMORONO) 
(OMOMOKOTOMOROMOMOROMOROMONO) 
O KoKo Kookoo KoKo oko okoo koko] 


a) Is the charge of the particle 
positive or negative? 


b) Is the particle slowing down, 
speeding up, or moving at 
constant speed? 


c) Is the magnetic field doing 
work on the particle? 


27.2 In-Class Exercise 


Protons in the solar wind travel from 
the Sun and reach Earth’s magnetic 
field with a speed of 400 km/s. If 
the magnitude of Earth’s magnetic 
field is 5.0 - 10” T and the velocity 
of the protons is perpendicular to 
this magnetic field, what is the 
cyclotron frequency of the protons 
in the magnetic field? 


a) 122 Hz d) 432 Hz 
b) 233 Hz e) 763 Hz 
c) 321 Hz 
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with orbital radius r, have a smaller mass than ions with orbital 
radius r,. The particle detector measures the distances from the 
entrance point, d, and d,, which can be related to the orbital 
radii and thus the mass of the ions. 


FIGURE 27.20 Schematic diagram of a mass spectrometer showing 
an ion source, a velocity selector consisting of crossed electric and 
magnetic fields (see Solved Problem 27.2), a region of constant mag- 
netic field, and a particle detector. 
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=< 


(b) 
FIGURE 27.21 (a) A proton enter- 


ing a velocity selector, consisting of 
crossed electric and magnetic fields. 
(b) Electric and magnetic forces on a 
proton passing through the combined 
fields. 


SOLVED PROBLEM 27.2 [Velocity Selector 


Protons are accelerated from rest through an electric potential difference of AV = 14.0 kV. 
The protons enter a velocity selector, consisting of a parallel plate capacitor in a constant 
magnetic field, directed perpendicularly into the plane of the page in Figure 27.21a. The 
electric field between the plates of the parallel plate capacitor is E = 4.30-10° V/m, di- 
rected along the plane of the page and downward in Figure 27.21a. This arrangement of 
perpendicular electric and magnetic fields is referred to as crossed fields. 


PROBLEM 
What magnetic field is required for the protons to move through the velocity selector 
without being deflected? 


SOLUTION 


THINK 

For a proton to move on a straight line without deflection requires that the net force on 
the proton be zero. Since the proton has a certain velocity and since the magnetic force 
depends on the velocity, it is plausible that this condition of zero net force cannot be real- 
ized for arbitrary speeds of the proton—hence the name velocity selector. 


SKETCH 
Figure 27.21b shows the electric and magnetic forces on the protons as they pass through 
the velocity selector. Note that the two forces point in opposite directions. 


RESEARCH 
The change in kinetic energy of the protons plus the change in electric potential energy is 
equal to zero, which can be expressed as 


K=-U=im/’ =eAV, 
where m is the mass of a proton, v is the speed of the proton after acceleration, e is the 


charge of the proton, and AV is the electric potential difference across which the protons 
were accelerated. The speed of the proton after acceleration is 


2eAV 
m 


. (i) 


When the protons enter the velocity selector, the direction of the electric force is in the 
direction of the electric field, which is downward (negative y-direction). The magnitude 
of the electric force is 

F; =eE, (ii) 
where E is the magnitude of the electric field in the velocity selector. Right-hand rule 1 gives 
the direction of the magnetic force: With your thumb in the direction of the velocity of the 
protons (positive x-direction) and your index finger in the direction of the magnetic field 
(into the page), your middle finger points up (positive y-direction). Thus, the direction of the 
magnetic force on the protons is upward. The magnitude of the magnetic force is given by 


F =evB, (iii) 
where B is the magnitude of the magnetic field in the velocity selector. 
SIMPLIFY 
The condition that allows the protons to pass though the velocity selector without being 


deflected is that the electric force balances the magnetic force, or Fg = Fz. Using equations 
(ii) and (iii), we can express this condition as 


eE =evB. 


Solving for the magnetic field, B, and substituting for v from equation (i) we obtain 


po =E,|—_. 
[2eAV 2eAV 
m 
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CALCULATE 


Putting in the numerical values gives us 


1.67-10°”” kg 


= 0.262371 T. 
2{1.602-10" C)(14.0-10 v) 


B =(4.30-10° V/m) 


ROUND 
We report our result to three significant figures: 


B=0.262 T. 


DOUBLE-CHECK 
We verify that the electric force is equal to the magnetic force. The electric force is 


F; =eE =(1.602-107° C}(4.30-10° Vim) = 689-10" N. 
To calculate the magnitude of the magnetic force, we need to find the speed of the protons: 


2(1.602-10"” c)(140- 10° v) 
v=, a = =1,64-10° m/s. 
m 


1.67 -10 kg 


This speed is 0.55% of the speed of light, which is not totally impossible. The magnitude 
of the magnetic force is then 


F= evB=(1.602-10° C}(L.64-10° m/s)(0.262 T)=6.88-10™ N, 


which agrees with the value of the electric force within rounding error. Thus, our result 
seems reasonable. 


Magnetic Levitation 


An interesting application of magnetic force is magnetic levitation, a situation in which 
an upward magnetic force on an object balances the downward gravitational force, achiev- 
ing static equilibrium with no need for direct contact of surfaces. But if you try to balance 
a magnet over another magnet by orienting the north poles (or south poles) toward each 
other, you'll see right away that this is not possible. Instead, one of the magnets will sim- 
ply flip over, and then the opposite poles will point toward each other, and the attractive 
force between them will cause the two magnets to snap together. As we saw in Chapter 
11, a stable equilibrium requires a local minimum of the potential energy, which does not 
exist for the pure repulsive interaction of two like magnetic poles. 

Figure 27.22 shows a commercial toy called the Levitron demonstrating the prin- 
ciple of magnetic levitation. The magnetic top is spun on a plate and then lifted to the 
proper height and released. The top can remain suspended for several minutes. How 
does this toy work, considering the requirement for stable equilibrium just mentioned? 
The answer is that the rapid rotation of the top provides a sufficiently large angular 
momentum and creates a potential energy barrier that prevents the magnet from flip- 
ping over. 

Of course, there are other ways to create stable magnetic levitation systems, all of them 
involving multiple magnets attached rigidly to each other. Magnetic levitation has real- 
world applications in magnetic levitation (maglev) trains. Thes trains have several advan- 
tages over normal steel rail trains: There are no moving parts to wear out, there is less 
vibration, and reduced friction means that high speeds are possible. Several maglev trains 
are already in service around the world and more are being planned. One example is the 
Shanghai Maglev Train (Figure 27.23a), which operates between the Shanghai Pudong Air- 
port and downtown Shanghai and reaches speeds of up to 120 m/s (268 mph). 

The Shanghai Maglev Train operates using magnets attached to the cars (Figure 27.23b). 
These are normal, non-superconducting magnetic coils with electronic feedback to produce 


FIGURE 27.22 The Levitron, a com- 
mercial toy demonstrating the magnetic 
levitation of a spinning magnet above a 
base magnet. 
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FIGURE 27.23 (a) The Shanghai 
Maglev Train. (b) Cross section of one 
side of a train car. The levitation mag- 
nets lift the cars 15 cm off the guide- 
way, and the guidance magnets keep 
the cars centered on the guideway. The 
magnets are all mounted on the moving 
vehicle. 


Guidance 
magnet 


Levitation 
magnet 


(b) 


stable levitation and guidance. The train cars are held 15 cm above the guideway to allow 
clearance of any objects that may be on the guideway. The levitation and guidance magnets 
are held at a distance of 10 mm from the guideway, which is constructed of a magnetic 
material. The propulsion of the train is provided by magnetic fields built into the guideway. 
The train propulsion system operates like an electric motor (see Section 27.5) whose circu- 
lar loops have been unwrapped to a linear configuration. 

Maglev trains that use superconducting magnets have been tested, but some technical 
problems have yet to be resolved, including the maintenance of the superconducting coils 
and the exposure of the passengers to high magnetic fields. 


27.4 Magnetic Force on a Current-Carrying Wire 


(a) 


Consider a wire carrying a current, i, in a constant magnetic field, B 
(Figure 27.24a). The magnetic field exerts a force on the moving 
charges in the wire. The charge, q, flowing past a point in the wire 
in a given time, t, is q = ti. During this time, the charge occupies a 
length, L, of wire given by L = vat, where vy is the drift speed (the 
magnitude of the drift velocity) of the charge carriers in the wire. 
Thus, we obtain 


L 
q=ti=—i. (27.10) 
Va 


(b) 
FIGURE 27.24 (a) Magnetic force on a current-carrying 


The magnitude of the magnetic force is then 


wire. (b) A variant of right-hand rule 1 giving the direction of L 

the magnetic force on a current-carrying wire. To determine the Fz =qvaBsinð = R vB sin 6 =iLBsin0, (27.11) 
direction of the force on a current-carrying wire using your right Va 

hand, point your thumb in the direction of the current and your , : ; 

index finger in the direction of the magnetic field; then your where 6 is the angle between the direction of the current flow and 
middle finger will point in the direction of the force. the direction of the magnetic field. The direction of the force is per- 


pendicular to both the current and the magnetic field and is given 
by a variant of right-hand rule 1, with the current in the direc- 
tion of the velocity of a charged particle, as illustrated in Figure 27.24b. This variant of 
right-hand rule 1 takes advantage of the fact that current can be thought of as charges 
in motion. 
Equation 27.11 can be expressed as a vector product: 


R =iLxB, (27.12) 


where the notation iL represents the current in a length of wire. Equation 27.12 is simply a 
reformulation of equation 27.2 for the case in which the moving charges make up a current 
flowing in a wire. Since physical situations involving currents are far more common than 
those involving the motion of an isolated charged particle, equation 27.12 is the most useful 
form for determining the magnetic force in practical applications. 


27.4 Magnetic Force on a Current-Carrying Wire 


EXAMPLE 27.4 | Force on the Voice Coil of a Loudspeaker 


A loudspeaker produces sound by exerting a magnetic force on a voice coil in a magnetic 
field, as shown in Figure 27.25. The movable voice coil is connected to a speaker cone 
that actually produces the sounds. The magnetic field is produced by the two permanent 
magnets as shown in Figure 27.25. The magnitude of the magnetic field is B = 1.50 T. 
The voice coil is composed of n = 100 turns of wire carrying a current, i = 1.00 mA. The 
diameter of the voice coil is d = 2.50 cm. 


Back plate 


Voice coil 


Speaker cone 


(a) (b) (c) 


FIGURE 27.25 Schematic diagram of a loudspeaker: (a) an exploded three-dimensional view of the 
driver end of the loudspeaker; (b) a cross-sectional side view of the loudspeaker; (c) a front view of the 
driver end of the loudspeaker. 


PROBLEM 
What is the magnetic force exerted by the magnetic field on the loudspeaker’s voice coil? 


SOLUTION 
The magnitude of the magnetic force on the voice coil is given by equation 27.11: 


F=iLBsin6, 


where L is the length of wire carrying current i in the magnetic field with magnitude B. 
The wire makes an angle 6 with the magnetic field. In this case, the wire is always perpen- 
dicular to the magnetic field, so 0 = 90°. The length of wire in the voice coil is given by the 
number of turns, n, times the circumference, 7d, of each turn 


L=nrd. 


Thus, the force on the voice coil is 
F =i(n7d) B(sin 90°) = nid. 
Putting in the numerical values, we get 
F =nmidB =(100)(77)(1.00-10° A)(2.50-10? m](1.50 T) =0.01178 N=0.0118 N. 


From the right-hand rule 1 illustrated in Figure 27.24b, the direction of the force exerted 
by the magnetic field on the voice coil is toward the left in Figure 27.25b and perpendicu- 
larly into the page in Figure 27.25c. 

If the current in the voice coil is reversed, the force will be in the opposite direc- 
tion. If the current is proportional to the amplitude of a sound wave, sound waves can 
be reproduced in the cone of the loudspeaker. This basic idea is used in most speakers 
and headphones. 


27.3 In-Class Exercise —, 


An isolated segment of wire of 
length L = 4.50 m carries a current 
of magnitude 7 = 35.0 A at an 
angle @ = 50.3° with respect to a 
constant magnetic field with mag- 
nitude B = 6.70 - 107° T (see the 
figure). What is the magnitude of 
the magnetic force on the wire? 


a) 2.66 N 
b) 3.86 N 
c) 5.60 N 


d) 8.12 N 
e) 11.8 N 
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27.5 Torque on a Current-Carrying Loop 


Electric motors rely on the magnetic force exerted on a current-carrying wire. This force is 
used to create a torque that turns a shaft. Let’s consider a simple electric motor, consisting of 
a single square loop carrying a current, i, in a constant magnetic field, B. The loop is oriented 
so that its horizontal sections are parallel to the magnetic field and its vertical sections are 
perpendicular to the magnetic field, as shown in Figure 27.26. The magnitude of the magnetic 
force on the two vertical sections of the loop is given by equation 27.11 with 6 = 90°: 


F=iLB. 
FIGURE 27.26 A primitive element ae 
of an electric motor consisting of a The direction of the magnetic force is given by the variant of right-hand rule 1 illustrated in 


current-carrying loop in a magnetic field. Figure 27.24b. The two magnetic forces, F and —F,, shown in Figure 27.26 have equal mag- 
nitudes and opposite directions. These forces create a torque that tends to rotate the loop 
around a vertical axis of rotation. These two forces sum to zero. The two horizontal sections 
of the loop are parallel to the magnetic field and thus experience no magnetic force. Thus, 
no net force acts on the coil, even though a torque is produced. 

Now we consider the case where the loop rotates about its center. As the loop turns in 
the magnetic field, the forces on the vertical sides of the loop, perpendicular to the direction 
of the field, do not change. The forces on the square loop, with side length a, are illustrated 
in Figure 27.27, which shows a top view of the coil. In Figure 27.27, 6 is the angle between 
a unit vector, ñ, normal to the plane of the coil, and the magnetic field, B. The unit normal 
vector is perpendicular to the plane of the wire loop and points in a direction given by right- 


FIGURE 27.27 Top view of a hand rule 2 (Figure 27.28), based on the current flowing around the loop. 
current-carrying loop in a magnetic In Figure 27.27, the current is flowing out of the page in the right side of the loop, indi- 
Hie showing the forces acting on the cated by the point in a circle (representing the tip of an arrow) and flowing into the page in 
SRE the left side of the loop, indicated by the cross in a circle (representing the tail of an arrow). 
The magnitude of the force on each of these vertical segments is 
F =iaB. 
The forces on the two horizontal segments of the loop are parallel or antiparallel to the axis 
of rotation and do not cause a torque, and these two forces sum to zero. Therefore, there is 
no net force on the loop. 
The sum of the torques on the two vertical segments of the loop gives the net torque 
exerted on the loop about its center: 
pla]. nla], Po ee 
T= (iaB) 5 sin 64 (iaB) 5 sin = ia’Bsin @ =iABsin6, (27.13) 
FIGURE 27.28 Right-hand rule 2 where the index 1 on 7; indicates that it is the torque on a single loop and A = a’ is the area 
gives the direction of the unit normal of the loop. The reason that the loop continues to rotate and doesn’t stop at 0 = 0° is that it is 
vector for a current-carrying loop. connected to a device called a commutator, which causes the current to change directions 


According to the rule, if you curl the 


as the coil rotates. This commutator consists of a split ring, with one end of the loop con- 
fingers of your right hand in the direc- P a” P 


tion of heaunent ii the (dop, Yodi nected to each half of the loop, as shown in Figure 27.29. The current in the loop switches 

thumb points in the direction of the direction two times for every complete rotation of the loop. 

unit normal vector. Ifthe single loop is replaced with a coil consisting of many loops wound closely together, 
the torque on the coil is found by multiplying the torque on a loop, 7, from equation 27.13, 
by the number of windings (loops in the coil), N: 


T=Nz7, = NiABsinð. (27.14) 


Does this expression for the torque hold for other shapes with area A, other than squares? 
The answer is yes. 


27.4 In-Class Exercise 


A coil is composed of circular loops of radius r = 5.13 cm and has N = 47 windings. A current, 
i = 1.27 A, flows through the coil, which is inside a homogeneous magnetic field of strength 
0.911 T. What is the maximum torque on the coil due to the magnetic field? 


FIGURE 27.29 A wire loop con- 
nected to a source of current through a a) 0.148 N m b) 0.211 Nm c) 0.350 Nm d) 0.450 Nm e) 0.622 Nm 


commutator ring. 


A current-carrying coil can be described with one parameter, which contains information 
about a key characteristic of the coil in a magnetic field. The magnitude of the magnetic 
dipole moment, ñ, of a current-carrying coil of wire is defined to be 


u=NiA (27.15) 


where N is the number of windings, i is the current through the wire, and A is the area 
of the loops. The direction of the magnetic dipole moment is given by right-hand rule 2 
and is the direction of the unit normal vector, ñ. Using equation 27.15, we can rewrite 
equation 27.14 as 


7=(NiA)Bsind = wBsind. (27.16) 
The torque on a magnetic dipole is given by 
7= (xB. (27.17) 


That is, the torque on a current-carrying coil is the vector product of the magnetic dipole 
moment of the coil and the magnetic field. 

A magnetic dipole has potential energy in an external magnetic field. If the dipole 
moment is aligned with the magnetic field, the dipole has its minimum potential energy. If 
the dipole moment is oriented in a direction opposite to the external field, the dipole has its 
maximum potential energy. From Chapter 10, the work done by a torque is 


(27.18) 


Using the work-energy theorem and equation 27.16 and setting 0, = 90°, we can express the 
magnetic potential energy, U, of a magnetic dipole in an external magnetic field, B, as 


0 
w= | 7(o')ao'= f uBsino'do'=- pBcos6'), =U(8)-U(90"), 
b % 


or 


U(0)=- uBcos0 =- jieB, (27.19) 
where 6 is the angle between the magnetic dipole moment and the external magnetic field. 

The lowest value, -uB, of the potential energy of a magnetic dipole in an external mag- 
netic field is achieved when the dipole’s magnetic moment vector is parallel to the external 
magnetic field vector, and the highest value, +B, results when the two vectors are anti- 
parallel (see Figure 27.30). This dependence of potential energy on orientation occurs in 
diverse physical situations, for which magnetic dipoles in external magnetic fields are a 
simple model. So far, the only magnetic dipoles we have discussed are current-carrying 
loops. However, other types of magnetic dipoles exist, including bar magnets and even the 
Earth. In addition, elementary charged particles such as protons have intrinsic magnetic 
dipole moments. 
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27.6 Magnetic Dipole Moment 


U<0 


U>0 


(b) 


FIGURE 27.30 Magnetic dipole 
moment vector in an external magnetic 
field: (a) magnetic dipole and external 
magnetic field are parallel, resulting in 
a negative potential energy; b) mag- 
netic dipole and external magnetic field 
are antiparallel, resulting in a positive 
potential energy. 


27.3 Self-Test Opportunity 


What is the maximum difference in 
magnetic potential energy between 
two orientations of a loop with area 
0.100 m? carrying a current of 2.00 A 
in a constant magnetic field of 
magnitude 0.500 T? 


27.7 | Hall Effect 


Consider a conductor carrying a current, i, flowing in a direction perpendicular to a mag- 
netic field, B (Figure 27.31a). The electrons in the conductor are moving with velocity ¥, in 
the direction opposite to the current. The moving electrons experience a force perpendicu- 
lar to their velocity, causing them to move toward one edge of the conductor. After some 
time, many electrons have moved to one edge of the conductor, creating a net negative 
charge on that edge and leaving a net positive charge on the opposite edge of the conductor. 
This charge distribution creates an electric field, E, which exerts a force on the electrons in 
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FIGURE 27.31 (a) A conductor carrying a current in a magnetic 
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h 
|} —+| ¥ 
(a) 


a direction opposite to that exerted by the magnetic field. When 
the magnitude of the force exerted on the electrons by the electric 
field is equal to the magnitude of the force exerted on them by 
the magnetic field, the net number of electrons on the edges of 
the conductor no longer changes with time. This result is called 
the Hall effect. The potential difference, AV, between the edges 
of the conductor when equilibrium is reached is termed the Hall 
potential difference, given by 


AV; = Ed, (27.20) 


(b) 


field. The charge carriers are electrons. (b) The electrons have drifted where dis the width of the conductor and E is the magnitude of the 


to one side of the conductor, leaving a net positive charge on the 
opposite side. This distribution of charges creates an electric field. 
The potential difference across the conductor is the Hall potential 


difference. 


created electric field. (See Chapter 23 for the relationship between 
the electric potential difference and the constant electric field.) 

The Hall effect can be used to demonstrate that the charge 
carriers in metals are negatively charged. If the charge carriers in 
a metal were positive and moving in the direction of the current shown in Figure 27.31a, 
those positive charges would collect on the same edge of the conductor as the electrons in 
Figure 27.31b, giving an electric field with the opposite sign. Thus, the charge carriers in 
conductors are negatively charged and must be electrons. The Hall effect also establishes 
that in some semiconductors the charge carriers are electron holes (missing electrons), 
which appear to be positively charged carriers. 

The Hall effect can also be used to determine a magnetic field by measuring the cur- 
rent flowing through the conductor and the resulting electric field across the conductor. To 
obtain the formula for the magnetic field, we start with the equilibrium condition of the 
Hall effect, that the magnitudes of the magnetic and electric forces are equal: 


E AV% 


F =F >eE =v;Be > B= i 
Va vad 


(27.21) 


where substitution for E from equation 27.20 is used in the last step. In Chapter 25, we saw 
that the drift speed, v,, of an electron in a conductor can be related to the magnitude of the 
current density, J, in the conductor: 


i 
J=—=nev,, 
A 


where A is the cross-sectional area of the conductor and n is the number of electrons per 
unit volume in the conductor. As shown in Figure 27.31a, the cross-sectional area is given 
by A = dh, where d is the width and A is the height of the conductor. Solving i/A = nev, for 
the drift speed and substituting hd for A gives 
_ i i 

Ane hdne` 


Substituting this expression for v4 into equation 27.21, we have 


Va 


_ AV AVydhne _AVahne 


27.22 
vad id 1 ( ) 


Thus, equation 27.22 gives the magnetic field strength (magnitude) from a measured 
value of the Hall potential difference, A Vy, and the known height, h, and density of charge 
carriers, n, of the conductor. Equivalently, a rearranged form of equation 27.22 can be used 
to find the Hall voltage if the magnetic field strength is known: 

ie” (27.23) 
neh 


EXAMPLE 27.5 | Hall Effect 


Suppose we use a Hall probe to measure the magnitude of a constant magnetic field. The Hall 
probe is a strip of copper with a height, h, of 2.00 mm. We measure a voltage of 0.250 pV 
across the probe when we run a current of 1.25 A through it. 


PROBLEM 
What is the magnitude of the magnetic field? 


SOLUTION 
The magnetic field is given by equation 27.22: 


We have been given the values of Vy, h, and i, and we know e. The density of the electrons, 


B= A Vyhne 


1 


n, is defined as the number of electrons per unit volume: 


The density of copper is Pou = 8.96 g/cm? = 8960 kg/m’, and 1 mole of copper has a mass 
of 63.5 g and 6.02- 10” atoms. Each copper atom has one conduction electron. Thus, the b 


P number of electrons 
volume 


density of the electrons is 


1 atom 1 cm? 1m 


Pe 1 electron || 6.02-107° atoms 
63.5 g 


(ass “fe cm? 


We can now calculate the magnitude of the magnetic field: 


WHAT WE HAVE LEARNED | 


(0.250-10° V)(0.002 mlfss9-.0" electrons 


m 


| 8.49.10 electrons d 


|(so210” c) 
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27.5 In-Class Exercise 


A copper conductor has a current, 
i = 1.41 A, flowing in it, perpen- 
dicular to a constant magnetic field 
B = 4.94 T. The conductor is 

d = 0.100 m wide and h = 2.00 mm 
high. What is the electric potential 
difference between points 1 and 2? 


~ 


+p 
[ha] * 
2.56 - 10° V 
5.12 - 10° V 


2.56 -107 V 


m e 


) 
) 
c) 7.50 - 10° V 
) 
) 9.66 - 107 V 


1.25 A 


Magnetic field lines indicate the direction of a 
magnetic field in space. Magnetic field lines do not end 
on magnetic poles, but form closed loops instead. 


The magnetic force on a particle with charge q moving 
with velocity v in a magnetic field, B, is given by 

F =q xB. Right-hand rule 1 gives the direction of the 
force. 


For a particle with charge q moving with speed v 
perpendicular to a magnetic field of magnitude B, 
the magnitude of the magnetic force on the moving 
charged particle is F = la|vB. 


The unit of magnetic field is the tesla, abbreviated T. 


The average magnitude of the Earth’s magnetic field at 
the surface is approximately 0.5-10~* T. 


A particle with mass m and charge q moving with 
speed v perpendicular to a magnetic field with 
magnitude B has a trajectory that is a circle with radius 
r=mv/ alB. 


The cyclotron frequency, w, of a particle with charge 
q and mass m moving in a circular orbit in a constant 
magnetic field of magnitude B is given by w= la|Bim. 


=5.44 T. 


EXAM STUDY GUIDE 


= The force exerted by a magnetic field, B, on a length 


of wire, L, carrying a current, i, is given by F=iLxB. 
The magnitude of this force is F = iLB sin 0, where 0 is 
the angle between the direction of the current and the 
direction of the magnetic field. 


The magnitude of the torque on a loop carrying a 
current, i, in a magnetic field with magnitude B is 

7 = iAB sin 0, where A is the area of the loop and 6 is the 
angle between a unit vector normal to the loop and the 
direction of the magnetic field. Right-hand rule 2 gives 
the direction of the unit normal vector to the loop. 


The magnitude of the magnetic dipole moment of a 
coil carrying a current, i, is given by u = NiA, where N 
is the number of loops (windings) and A is the area of 
a loop. The direction of the dipole moment is given by 
right-hand rule 2 and is the direction in which the unit 
normal vector points. 


The Hall effect results when a current, i, flowing 
through a conductor with height h in a magnetic field 
of magnitude B produces a potential difference across 
the conductor (the Hall potential difference), given by 
AV,; = iB/neh, where n is the density of electrons per unit 
volume and e is the magnitude of charge of an electron. 
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KEY TERMS 


| permanent magnets, p. 865 
north magnetic pole, p. 865 
south magnetic pole, p. 865 
magnetic field, p. 866 
magnetic field lines, p. 866 


aurora borealis, p. 867 
aurora australis, p. 867 
magnetic declination, p. 867 
tesla, p. 869 


NEW SYMBOLS AND EQUATIONS 


| B, magnetic field 
F, =qv x B, magnetic force on a charged particle 


F; =iL x B, magnetic force on a current-carrying wire 


Van Allen radiation belts, p. 866 


cyclotron frequency, p. 874 Hall effect, p. 882 

mass spectrometer, p. 875 Hall potential difference, 
magnetic levitation, p. 877 p. 882 

commutator, p. 880 

magnetic dipole moment, p. 881 


ĀŪ, magnetic dipole moment 


AV, = iB/neh, Hall potential difference 


ANSWERS TO SELF-TEST OPPORTUNITIES 


| 27.1 Particle 1: Fy = qvB sin = 
(6.15-10°° C)(465 m/s)(0.165 T)(sin 30.0°) = 2.36 -10% N. 
Particle 2: Fy = qvB sin 0 = 
(6.15-10°° C)(465 m/s) (0.165 T)(sin 90.0°) = 4.72 -10 N. 
Particle 3: Fş = qvB sin 0 = 
(6.15-10°° C)(465 m/s)(0.165 T)(sin 150.0°) = 2.36-10 N 


PROBLEM-SOLVING PRACTICE 


27.2 a) positive 
b) slowing down 
c) no (Therefore, another force must be 
acting on the particle to slow it down.) 

27.3 AU = Unax- Upin = 2B = 2iAB = 


2(2.00 A)(0.100 m”)(0.500 T) = 0.200 J. 


| Problem-Solving Guidelines 
1. When working with magnetic fields and forces, you need 
to sketch a clear diagram of the problem situation in three 
dimensions. Often, a separate sketch of the velocity and 
magnetic field vectors (or the length and field vectors) is 
useful to visualize the plane in which they lie, since the 
magnetic force will be perpendicular to that plane. 


SOLVED PROBLEM 27.3 (Torque on a Rectangular Current-Carrying i 


oy 
E: 


* PROBLEM 
a mi SOLUTION 
FIGURE 27.32 (a) A rectangular loop carry- 
THINK 


ing a current in a magnetic field. (b) View of the 
rectangular loop looking down on the xy-plane. 
The magnetic dipole moment is perpendicular to 
the plane of the loop, with a direction deter- 
mined by right-hand rule 2. 


SKETCH 


Figure 27.32b is a view of the loop looking down on the xy-plane. 


A rectangular loop with height h = 6.50 cm and width w = 4.50 cm is in a uni- 
form magnetic field of magnitude B = 0.250 T, which points in the negative y- 
direction (Figure 27.32a). The loop makes an angle of 6 = 33.0° with the y-axis, 
as shown in the figure. The loop carries a current of magnitude i = 9.00 A in the 
direction indicated by the arrows. 


What is the magnitude of the torque on the loop around the z-axis? 


The torque on the loop is equal to the vector cross product of the magnetic 
dipole moment and the magnetic field. The magnetic dipole moment is perpen- 
dicular to the plane of the loop, with the direction given by right-hand rule 2. 


2. Remember that the right-hand rules apply for positive 
charges and currents. If a charge or a current is negative, you 
can use the right-hand rule but the force will then be in the 
opposite direction. 

3. A particle in both an electric and a magnetic field 
experiences an electric force, F, =qE, and a magnetic force, 
F =qv x B. Be sure you take the vector sum of the individual 
forces. 


~ Loop 


RESEARCH 


The magnitude of the magnetic dipole moment of the loop is 


w= NiA =iwh. 


The magnitude of the torque on the loop is 


T=pBsinG, 2, 
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(i) 


(ii) 


where „pg is the angle between the magnetic dipole moment and the magnetic field. 


From Figure 27.32b we can see that 


O.B = 0+ 90°. 


SIMPLIFY 
We can combine equations (i), (ii), and (iii) to obtain 


T=iwhBsin(0+90°). 


CALCULATE 


| Putting in the numerical values, we get 


(iii) 


7=(9.00 A)(4.50-107 m](6.50-10 m)(0.250 T)/sin(33.0° + 90°)| 


=0.0055195 N m. 


ROUND 
We report our result to three significant figures: 


T=5.52:-10° Nm. 
| DOUBLE-CHECK 


The magnitude of the force on each of the vertical segments of the loop is 


Fy =ihB =(9.00 A)(6.50-10° m)(0.250 T)=0.146 N. 


The magnitude of the torque is then the magnitude of the force on the vertical segment 


that is not along the z-axis times the moment arm (which is w) times the sine of the angle 


| between the force and the moment arm: 


T= Fwsin(33.0°+ 90°) =0.146 N(45-107 m][sin(33.0°+90°)| =5.52-10° Nm. 


| This is the same as the result calculated above. 


Rg 


MULTIPLE-CHOICE QUESTIONS 


| 27.1 A magnetic field is oriented in a certain direction 
in a horizontal plane. An electron moves in a certain 


direction in the horizontal plane. For this situation, there 


a) is one possible direction for the magnetic force on the 


electron. 

b) are two possible directions for the magnetic force on 
the electron. 

c) are infinite possible directions for the magnetic force 
on the electron. 


27.2 A particle with charge q is at rest when a magnetic 
field is suddenly turned on. The field points in the 
z-direction. What is the direction of the net force acting 


on the charged particle? 
a) in the x-direction c) The net force is zero. 


b) in the y-direction d) in the z-direction 


27.3 Which of the following has the largest cyclotron frequency? 
a) an electron with speed v in a magnetic field with magnitude B 
b) an electron with speed 2v in a magnetic field with magnitude B 
c) anelectron with speed v/2 in a magnetic field with magnitude B 
d) an electron with speed 2v in a magnetic field with 
magnitude B/2 

e) an electron with speed v/2 in a magnetic field with 
magnitude 2B 

27.4 In the Hall effect, a potential difference produced across 

a conductor of finite thickness in a magnetic field by a current 
flowing through the conductor is given by 

a) the product of the density of electrons, the charge of an 
electron, and the conductor’s thickness divided by the product 
of the magnitudes of the current and the magnetic field. 

b) the reciprocal of the expression described in part (a). 
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c) the product of the charge on an electron and the conductor's 
thickness divided by the product of the density of electrons 
and the magnitudes of the current and the magnetic field. 

d) the reciprocal of the expression described in (c). 

e) none of the above. 


27.5 An electron (with charge -e and mass m,) moving in 
the positive x-direction enters a velocity selector. The velocity 
selector consists of crossed electric and magnetic fields: 

E is directed in the positive y-direction, and B is directed 

in the positive z-direction. For a velocity v (in the positive 
x-direction), the net force on the electron is zero, and the 
electron moves straight through the velocity selector. With 
what velocity will a proton (with charge +e and mass 

m, = 1836 m,) move straight through the velocity selector? 


a) v c) v/1836 
b) -v d) -v/1836 


27.6 In which direction does a magnetic force act on an 
electron that is moving in the positive x-direction in a 
magnetic field pointing in the positive z-direction? 

a) the positive y-direction c) the negative x-direction 


b) the negative y-direction d) any direction in the xy-plane 


QUESTIONS 


27.9 Draw on the xyz- 
coordinate system and 
specify (in terms of the (a) 
unit vectors £, f, and 

2) the direction of the 
magnetic force on each 
of the moving particles 
shown in the figures. 
Note: The positive y-axis 
is toward the right, the . 
positive z-axis is toward 
the top of the page, and 
the positive x-axis is di- 


(b) 


rected out of the page. 00000005 A 
27.10 A particle with (a © © © 8&2 e . 
-=> | 5 5 
mass m, charge q, and DODO PLENO L 
ooooooo £ 


velocity v enters a mag- 
netic field of magnitude B and with direction perpendicular 
to the initial velocity of the particle. What is the work done 
by the magnetic field on the particle? How does this affect 
the particles motion? 


27.11 An electron is moving with a constant velocity. When 
it enters an electric field that is perpendicular to its velocity, 
the electron will follow a trajectory. When the 
electron enters a magnetic field that is perpendicular to its 
velocity, it will follow a trajectory. 


27.12 A proton, moving in negative y-direction in a mag- 
netic field, experiences a force of magnitude E acting in the 
negative x-direction. 


27.7 A charged particle is moving in a constant magnetic 
field. State whether each of the following statements 
concerning the magnetic force exerted on the particle is true 
or false? (Assume that the magnetic field is not parallel or 
antiparallel to the velocity.) 

a) It does no work on the particle. 

b) It may increase the speed of the particle. 

c) It may change the velocity of the particle. 

d) It can act only on the particle while the particle is in 
motion. 

e) It does not change the kinetic energy of the particle. 

27.8 An electron moves in a circular trajectory with radius 
r; in a constant magnetic field. What is the final radius of the 
trajectory when the magnetic field is doubled? 


a) ; ORA 
d) 2r; 

fi 
b) 2 e) 4r, 


a) What is the direction of the magnetic field producing 
this force? 

b) Does your answer change if the word “proton” in the 
statement is replaced by “electron”? 


27.13 It would be mathematically possible, for a re- 
gion with zero current density, to define a scalar mag- 
netic potential analogous to the electrostatic potential: 


Vg(r)=- f Beds, or B(7)=-VV,(7). However, this has 
not been done. Explain why not. 


27.14 A current-carrying wire is positioned within a large, 
uniform magnetic field, B. However, the wire experiences 
no force. Explain how this might be possible. 


27.15 A charged particle moves under the influence of an 
electric field only. Is it possible for the particle to move with 
a constant speed? What if the electric field is replaced with a 
magnetic field? 


27.16 A charged particle travels with speed v, at an angle 0 
with respect to the z-axis. It enters at time t = 0 a region of 
space where there is a magnetic field of magnitude B in the 
positive z-direction. When does it emerge from this region 
of space? 


27.17 An electron is traveling horizontally from the north- 
west toward the southeast in a region of space where the 
Earth’s magnetic field is directed horizontally toward the 
north. What is the direction of the magnetic force on the 
electron? 


27.18 At the Earth’s surface, there is an electric field that 
points approximately straight down and has magnitude 

150 N/m. Suppose you had a tuneable electron gun (you 
can release electrons with whatever kinetic energy you like) 
and a detector to determine the direction of motion of the 
electrons when they leave the gun. Explain how you could 
use the gun to find the direction toward the north magnetic 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One e and two ee 
indicate increasing level of problem difficulty. 


Section 27.2 


27.20 A proton moving with a speed of 4.0 - 10° m/s in the 
positive y-direction enters a uniform magnetic field of 0.40 T 
pointing in the positive x-direction. Calculate the magni- 
tude of the force on the proton. 


27.21 The magnitude of the magnetic force on a particle with 
charge -2e moving with speed v = 1.0- 10° m/s is 3.0- 107° N. 
What is the magnitude of the magnetic field component per- 
pendicular to the direction of motion of the particle? 


e27.22 A particle with a charge of +10.0 uC is moving at 
300. m/s in the positive z-direction. 


a) Find the minimum magnetic field required to keep 

it moving in a straight line at constant speed if there is a 
uniform electric field of magnitude 100. V/m pointing in 
the positive y-direction. 

b) Find the minimum magnetic field required to keep the 
particle moving in a straight line at constant speed if there is 
a uniform electric field of magnitude 100. V/m pointing in 
the positive z-direction. 


27.23 A particle with a charge of 20.0 uC moves along the 
x-axis with a speed of 50.0 m/s. It enters a magnetic field 
given by B =0.3009+ 0.7002, in teslas. Determine the magni- 
tude and the direction of the magnetic force on the particle. 


°e27.24 The magnetic field in a region in space (where x > 0 
and y > 0) is given by B=(x-az)+(xy-b)Z, where a and b 
are positive constants. An electron moving with a constant ve- 
locity, V = v£, enters this region. What are the coordinates of 
the points at which the net force acting on the electron is zero? 


Section 27.3 


27.25 A proton is accelerated from rest by a potential dif- 
ference of 400. V. The proton enters a uniform magnetic 
field and follows a circular path of radius 20.0 cm. Deter- 
mine the magnitude of the magnetic field. 


27.26 An electron with a speed of 4.0-10° m/s enters a uni- 
form magnetic field of magnitude 0.040 T at an angle of 35° to 
the magnetic field lines. The electron will follow a helical path. 
a) Determine the radius of the helical path. 


b) How far forward will the electron have moved after 
completing one circle? 


Problems 887 


pole. Specifically, what kinetic energy would the electrons 
need to have? (Hint: It might be easier to think about find- 
ing which direction is east or west.) 


27.19 The work done by the magnetic field on a charged 
particle in motion in a cyclotron is zero. How, then, can a 
cyclotron be used as a particle accelerator, and what essen- 
tial feature of the particle’s motion makes it possible? 


27.27 A particle with mass m and charge q is moving with- 
in both an electric field and a magnetic field, E and B. The 
particle has velocity ¥, momentum p, and kinetic energy, K. 
Find general expressions for dp/dt and dK/dt, in terms of 
these seven quantities. 


27.28 The Earth is showered with particles from space 
known as muons. They have a charge identical to that of an 
electron but are many times heavier (m = 1.88 - 10” kg). 
Suppose a strong magnetic field is established in a lab 

(B = 0.50 T) and a muon enters this field with a velocity of 
3.0-10° m/s at a right angle to the field. What will be the 
radius of the resulting orbit of the muon? 


27.29 An electron in a magnetic field moves counterclock- 
wise on a circle in the xy-plane, with a cyclotron frequency 
ofw = 1.2-10'? Hz. What is the magnetic field, B? 


27.30 An electron with energy equal to 4.00- 10° eV and 
an electron with energy equal to 2.00- 10° eV are trapped 
in a uniform magnetic field and move in circular paths in a 
plane perpendicular to the magnetic field. What is the ratio 
of the radii of their orbits? 


27.31 A proton with an initial velocity given by (1.0% + 
2.09 + 3.02)(10° m/s) enters a magnetic field given by 
(0.50 T)Z. Describe the motion of the proton. 


27.32 Initially at rest, a small copper sphere with a mass 
of 3.00- 10% kg and a charge of 5.00 - 10% C is accelerated 
through a 7000.-V potential difference before entering a 
magnetic field of magnitude 4.00 T, directed perpendicular 
to its velocity. What is the radius of curvature of the sphere’s 
motion in the magnetic field? 


27.33 Two particles with masses m, and m, and charges q 
and 2q travel with the same velocity, v, and enter a magnetic 
field of strength B at the same point, as shown in the figure. 
In the magnetic field, they move in semicircles with radii R 
and 2R. What is the ratio of 


B 

their masses? Is it possible oa 4 

, o0oo0oo0oo 
to apply an electric field that Si. O oO 
would cause the particles to 4 2q ©0000 
move in a straight line in the e e — 000o 
magnetic field? If yes, what i ° ia S A x 3 
would be the magnitude and So asian ven 
direction of the field? ©0000 


27.34 The figure shows a schematic diagram of a simple 
mass spectrometer, consisting of a velocity selector and a 
particle detector and being used to separate singly ionized 
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atoms (q = +e = 1.60- 107! C) of gold (Au) and molybdenum 
(Mo). The electric field inside the velocity selector has mag- 
nitude E = 1.789- 10 V/m and points toward the top of the 
page, and the magnetic field has magnitude B, = 1.00 T and 
points out of the page. 


Source Velocity selector Mass separator 
o2 ERREK 
oļloļjojo © oOjB 
29 3 000 00 oe B, 
ss “ielelejel —> © © 
E|lololole © © 
© © 
@ Q 
Mot — © © 
? © © 
2900 0 ie! 
At << ee 
© © 


a) Draw the electric force vector, Fz, and the magnetic force 
vector, Fy, acting on the ions inside the velocity selector. 

b) Calculate the velocity, vo, of the ions that make it through 
the velocity selector (those that travel in a straight line). Does 
vo depend on the type of ion (gold versus molybdenum), or is 
it the same for both types of ions? 

c) Write the equation for the radius of the semicircular path 
of an ion in the particle detector: R = R(m, vo, q, B3). 

d) The gold ions (represented by the black circles) exit the 
particle detector at a distance d, = 40.00 cm from the entrance 
slit, while the molybdenum ions (represented by the gray 
circles) exit the particle detector at a distance d, = 19.81 cm 
from the entrance slit. The mass of a gold ion is moi = 
3.27-10 ~ kg. Calculate the mass of a molybdenum ion. 


¢e27.35 A small particle accelerator for accelerating *He* 
ions is shown in the figure. The *He* ions exit the ion source 
with a kinetic energy of 4.00 keV. Regions 1 and 2 contain 
magnetic fields directed into the page, and region 3 contains 
an electric field directed from left to right. The *He* ion beam 
exits the accelerator from a hole on the right that is 7.00 cm 
below the ion source, as shown in the figure. 


a) If B, = 1.00 T and region 3 is 50.0 cm long with E = 60.0 kV/m, 
what value should B, have to cause the ions to move straight 
through the exit hole after being accelerated twice in region 3? 


b) What minimum width X should region 1 have? 


c) What is the velocity of the ions when they leave the 
accelerator? 


Section 27.4 


27.36 A straight wire of length 2.00 m carries a current of 
24.0 A. It is placed on a horizontal tabletop in a uniform hor- 


izontal magnetic field. The wire makes an angle of 30.0° with 
the magnetic field lines. If the magnitude of the force on the 
wire is 0.500 N, what is the magnitude of the magnetic field? 


27.37 As shown in the figure, a straight conductor paral- 

lel to the x-axis can slide without friction on top of two 
horizontal conducting rails that are parallel to the y-axis and 
a distance of L = 0.200 m apart, in a vertical magnetic field 

of 1.00 T. A 20.0-A current 
is maintained through the 
conductor. If a string is con- 
nected exactly at the center 
of the conductor and passes 
over a frictionless pulley, 
what mass m suspended 
from the string allows the 
conductor to be at rest? 


27.38 A copper wire of radius 0.500 mm is carrying a cur- 
rent at the Earth’s Equator. Assuming that the magnetic field 
of the Earth has magnitude 0.500 G at the Equator and is 
parallel to the surface of the Earth and that the current in 
the wire flows toward the east, what current is required to 
allow the wire to levitate? 


e27.39 A copper sheet with length 1.0 m, width 0.50 m, and 
thickness 1.0 mm is oriented so that its largest surface area 
is perpendicular to a magnetic field of strength 5.0 T. The 
sheet carries a current of 3.0 A across its length. What is the 
magnitude of the force on this sheet? How does this mag- 
nitude compare to that of the force on a thin copper wire 
carrying the same current and oriented perpendicularly to 
the same magnetic field? 


°27.40 A conducting rod of length L slides freely down an 
inclined plane, as shown in the figure. The plane is inclined 
at an angle 0 from the horizontal. A uniform magnetic field 
of strength B acts in the positive y-direction. Determine the 
magnitude and the direction of the current that would have 
to be passed through the rod to hold it in position on the 
inclined plane. 

Side view 


Front view 


e27.41 A square loop of wire, with side 
length d = 8.0 cm, carries a current of mag- 
nitude i = 0.15 A and is free to rotate. It is 
placed between the poles of an electromagnet 
that produce a uniform magnetic field of 1.0 T. 
The loop is initially placed so that its normal vector, A, is at 
a 35.0° angle relative to the direction of the magnetic field 
vector, with the angle 0 defined as shown in the figure. The 
wire is copper (with a density of p = 8960 kg/m’), and its 
diameter is 0.50 mm. What is the magnitude of the initial 
angular acceleration of the loop when it is released? 


d 


°27.42 A rail gun accelerates a projectile from rest by using 
the magnetic force on a current-carrying wire. The wire has 
radius r = 5.1-10~* m and is made of copper having a den- 
sity of p = 8960 kg/m’. The gun consists of rails of length 
L=1.0 m in a constant magnetic field of magnitude B = 2.0 T, 
oriented perpendicular to the plane defined by the rails. The 
wire forms an electrical connection across the rails at one 
end of the rails. When triggered, a current of 1.00- 10* A flows 
through the wire, which accelerates the wire along the rails. 
Calculate the final speed of the wire as it leaves the rails. 
(Neglect friction.) 


Sections 27.5 and 27.6 


27.43 A square loop of wire of side length Z lies in the 
xy-plane, with its center at the origin and its sides parallel to 
the x- and y-axes. It carries a current, i, in the counterclock- 
wise direction, as viewed looking down the z-axis from the 
positive direction. The loop is in a magnetic field given by 
B = (B,/a)(zk + x2), where By is a constant field strength, a is 
a constant with the dimension of length, and £ and Z are unit 
vectors in the positive x-direction and positive z-direction. 
Calculate the net force on the loop. 


27.44 A rectangular coil with 20 windings carries a current of 
2.00 mA flowing in the counterclockwise direction. It has two 
sides that are parallel to the y-axis and have length 8.00 cm and 
two sides that are parallel to the x-axis and have length 6.00 cm. A 
uniform magnetic field of 50.0 wT acts in the positive x-direction. 
What torque must be applied to the loop to hold it steady? 


27.45 A coil consists of 120 circular loops of wire of radius 
4.8 cm. A current of 0.49 A runs through the coil, which is 
oriented vertically and is free to rotate about a vertical axis 
(parallel to the z-axis). It experiences a uniform horizontal 
magnetic field in the positive x-direction. When the coil is 
oriented parallel to the x-axis, a force of 1.2 N applied to the 
edge of the coil in the positive y-direction can keep it from 
rotating. Calculate the strength of the magnetic field. 


27.46 Twenty loops of wire are tightly wound around a round 
pencil that has a diameter of 6.00 mm. The pencil is then 
placed in a uniform 5.00-T magnetic field, as shown in the 
figure. If a 3.00-A current is present in the coil of wire, what is 
the magnitude of the torque on the pencil? 


°27.47 A copper wire with density p = 8960 kg/m’ is formed 
into a circular loop of radius 50.0 cm. The cross-sectional 
area of the wire is 1.00 -10° m’, and a potential difference of 
0.012 V is applied to the wire. What is the maximum angular 
acceleration of the loop when it is placed in a magnetic field 
of magnitude 0.25 T? The loop rotates about an axis through 
a diameter. 


Problems 889 


27.48 A simple galvanometer is made from a coil that 
consists of N loops of wire of area A. The coil is attached to 
a mass, M, by a light rigid rod of length L. With no current 
in the coil, the mass hangs straight down, and the coil lies 
in a horizontal plane. The coil is in a uniform magnetic field 
of magnitude B that is oriented horizontally. Calculate the 
angle from the vertical of the rigid rod as a function of the 
current, i, in the coil. 


27.49 Show that the magnetic dipole moment of an 
electron orbiting in a hydrogen atom is proportional to its 
angular momentum, L: u = -eL/2m, where -e is the charge 
of the electron and m is its mass. 

ae o 
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27.50 ‘The figure shows a top 
view of a current-carrying ring of 
wire having a diameter d = 8.00 cm, 
which is suspended from the 
ceiling via a thin string. A 1.00-A 
current flows in the ring in the 
direction indicated in the figure. 
The ring is connected to one end 
of a spring with a spring constant 
of 100. N/m. When the ring is in the position shown in the 
figure, the spring is at its equilibrium length, /. Determine the 
extension of the spring when a magnetic field of magnitude 

B = 2.00 T is applied parallel to the plane of the ring as shown 
in the figure. 


B 


°27.51 A coil of wire consisting of 40 rectangular loops, 
with width 16.0 cm and height 30.0 cm, is placed in a 
constant magnetic field given by B = 0.065T% + 0.250T2. 
The coil is hinged to a fixed thin rod along the y-axis (along 
segment da in the figure) and is originally located in the xy- 
plane. A current of 0.200 A runs through the wire. 


a) What are the magnitude and the direction of the force, 
E,» that B exerts on segment ab of the coil? 

b) What are the magnitude y 

and the direction of force, Bo 
that B exerts on segment bc 
of the coil? 

c) What is the magnitude 

of the net force, F ep that B 
exerts on the coil? 

d) What are the magnitude 
and the direction of the 
torque, 7, that B exerts on the 
coil? z 


Hinge 


e) In what direction, if any, will the coil rotate about the 
y-axis (viewed from above and looking down that axis)? 


Section 27.7 

27.52 A high electron mobility transistor (HEMT) controls 
large currents by applying a small voltage to a thin sheet of 
electrons. The density and mobility of the electrons in the 
sheet are critical for the operation of the HEMT. HEMTs 
consisting of AlGaN/GaN/Si are being studied because they 
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promise better performance at higher powers, temperatures, 
and frequencies than conventional silicon HEMTs can 
achieve. In one study, the Hall effect was used to measure 
the density of electrons in one of these new HEMTs. When a 
current of 10.0 pA flows through the length of the electron 
sheet, which is 1.00 mm long, 0.300 mm wide, and 10.0 nm 
thick, a magnetic field of 1.00 T perpendicular to the sheet 
produces a voltage of 0.680 mV across the width of the 
sheet. What is the density of electrons in the sheet? 


27.53 The figure shows schematically a setup for a Hall 
effect measurement using a thin film of zinc oxide of thick- 
ness 1.50 um. The current, i, across the thin film is 12.3 mA 
and the Hall potential, V}, is -20.1 mV when the magnetic 
field of magnitude B = 0.90 T is applied perpendicular to the 
current flow. 


a) What are the charge carriers 
in the thin film? [Hint: They can 
be either electrons with charge 
-e or electron holes (missing 
electrons) with charge +e.] 

b) Calculate the density of 
charge carriers in the thin film. 


Additional Problems 

27.54 A cyclotron in a magnetic field of 9 T is used to ac- 
celerate protons to 50% of the speed of light. What is the 
cyclotron frequency of these protons? What is the radius 
of their trajectory in the cyclotron? What is the cyclotron 
frequency and trajectory radius of the same protons in the 
Earth’s magnetic field? Assume that the Earth’s magnetic 
field is about 0.5 G. 


27.55 A straight wire carrying a current of 3.41 A is placed 
at an angle of 10.0° to the horizontal between the pole tips 
of a magnet producing a field of 0.220 T upward. The poles’ 
tips each have a 10.0 cm diameter. The magnetic force 
causes the wire to move out of the space between the poles. 
What is the magnitude of that force? 


27.56 An electron is moving at v = 6.00- 10’ m/s perpen- 
dicular to the Earth’s magnetic field. If the field strength is 
0.500-10~* T, what is the radius of the electron’s circular path? 


27.57 A straight wire with a constant current running 
through it is in Earth's magnetic field, at a location where 
the magnitude is 0.43 G. What is the minimum current that 
must flow through the wire for a 10.0-cm length of it to 
experience a force of 1.0 N? 


27.58 A small aluminum ball with a mass of 5.00 g and 

a charge of 15.0 C is moving northward at 3000. m/s. You 
want the ball to travel in a horizontal circle with a radius 
of 2.00 m, in a clockwise sense when viewed from above. 
Ignoring gravity, what is the magnitude and the direction 
of the magnetic field that must be applied to the aluminum 
ball to cause it to have this motion? 


27.59 The velocity selector described in Solved Problem 
27.2 is used in a variety of devices to produce a beam of 


charged particles of uniform velocity. Suppose the fields 
in such a selector are given by E = (1.00-10* V/m)% and 
B = (50.0 mT). Find the velocity in the z-direction with 
which a charged particle can travel through the selector 
without being deflected. 


27.60 A circular coil with a radius of 10.0 cm has 100 turns 
of wire and carries a current, i = 100. mA. It is free to rotate 
in a region with a constant horizontal magnetic field given 
by B = (0.0100 T)<. If the unit normal vector to the plane of 
the coil makes an angle of 30.0° with the horizontal, what is 
the magnitude of the net magnetic torque acting on the coil? 


27.61 At t= 0 an electron crosses the positive y-axis (so 
x = 0) at 60.0 cm from the origin with velocity 2.00 - 10° m/s 
in the positive x-direction. It is in a uniform magnetic field. 


a) Find the magnitude and the direction of the magnetic field 
that will cause the electron to cross the x-axis at x = 60.0 cm. 


b) What work is done on the electron during this motion? 
c) How long will the trip take from y-axis to x-axis? 


°27.62 A 12.0-V battery 
is connected to a 3.00-0 


resistor in a rigid rectangular R ® ® Ai S 
loop of wire measuring E 
3.00 m by 1.00 m. As shown in p @ 8 859 


the figure, a length £ = 1.00 m emt 

of wire at the end of the loop extends into a 2.00 m by 2.00 m 
region with a magnetic field of magnitude 5.00 T, directed 
into the page. What is the net force on the loop? 


27.63 An alpha particle (m = 6.6- 10” kg, q = +2e) is acceler- 
ated by a potential difference of 2700 V and moves in a plane 
perpendicular to a constant magnetic field of magnitude 
0.340 T, which curves the trajectory of the alpha particle. De- 
termine the radius of curvature and the period of revolution. 


27.64 In a certain area, the electric field near the surface 
of the Earth is given by E = (-150. N/C)é, and the Earth’s 
magnetic field is given by B = (50.0 2T) fy - (20.0 2T)4, 
where Z is a unit vector pointing vertically upward and fy is 
a horizontal unit vector pointing due north. What velocity, 
Vv, will allow an electron in this region to move in a straight 
line at constant speed? 


°27.65 A helium leak detector uses a mass spectrometer to 
detect tiny leaks in a vacuum chamber. The chamber is evac- 
uated with a vacuum pump and then sprayed with helium 
gas on the outside. If there is any leak, the helium molecules 
pass through the leak and into the chamber, whose volume 
is sampled by the leak detector. In the spectrometer, helium 
ions are accelerated and released into a tube, where their 
motion is perpendicular to an applied magnetic field, B, and 
they follow a circular orbit of radius r and then hit a detec- 
tor. Estimate the velocity required if the orbital radius of the 
ions is to be no more than 5 cm, the magnetic field is 0.15 T, 
and the mass of a helium-4 atom is about 6.6- 10” kg. 
Assume that each ion is singly ionized (has one electron less 
than the neutral atom). By what factor does the required 


velocity change if helium-3 atoms, which have about + as 
much mass as helium-4 atoms, are used? 


e27.66 In your laboratory, you set up an experiment with 
an electron gun that emits electrons with energy of 7.50 keV 
toward an atomic target. What deflection (magnitude and 
direction) would Earth’s magnetic field (0.300 G) produce 
in the beam of electrons if the beam is initially directed due 
east and covers a distance of 1.00 m from the gun to the tar- 
get? (Hint: First calculate the radius of curvature, and then 
determine how far away from a straight line the electron 
beam has deviated after 1.00 m.) 


°27.67 A proton enters the region between the two plates 
shown in the figure moving in the x-direction with a speed 
v =1.35-10° m/s. The potential of the top plate is 200. V, and 
the potential of the bottom plate is 0 V. What is the direction 
and the magnitude of the magnetic field, B, that is required 
between the plates for the proton to continue trav- 
A eling in a straight line along the x-direction? 
Zz i= x 


200. V 


v = 1.35 - 106 m/s 
—p 
Proton Oo 0 V 


d = 35.0 mm 


27.68 An electron moving at a constant velocity, ¥ = v9x, 
enters a region in space where a magnetic field is pres- 
ent. The magnetic field, B, is constant and points in the 
z-direction. What is the magnitude and direction of the 
magnetic force acting on the electron? If the width of the 
region where the magnetic field is present is d, what is the 
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minimum velocity the electron must have in order to escape 
this region? 


27.69 A 30-turn square coil with a mass of 0.250 kg and 

a side length of 0.200 m is hinged along a horizontal side 
and carries a 5.00-A current. It is placed in a magnetic field 
pointing vertically downward and having a magnitude of 
0.00500 T. Determine the angle that the plane of the coil 
makes with the vertical when the coil is in equilibrium. Use 
g=9.81 m/s’, 


e27.70 A semicircular loop of wire of radius R is in the 
xy-plane, centered about the origin. The wire carries a cur- 
rent, i, counterclockwise around the semicircle, from x = -R 
to x = +R on the x-axis. A magnetic field, B, is pointing out 
of the plane, in the positive z-direction. Calculate the net 
force on the semicircular loop. 


°27.71 A proton moving at speed v = 1.00- 10° m/s enters 
a region in space where a magnetic field given by B = 
(-0.500 T)Z exists. The velocity vector of the proton is at an 
angle 0 = 60.0° with respect to the positive z-axis. 

a) Analyze the motion of the proton and describe its 
trajectory (in qualitative terms only). 

b) Calculate the radius, r, of the trajectory projected onto a 
plane perpendicular to the magnetic field (in the xy-plane). 
c) Calculate the period, T, and frequency, f, of the motion 
in that plane. 

d) Calculate the pitch of the motion (the distance traveled 
by the proton in the direction of the magnetic field in 1 
period). 
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FIGURE 28.1 Large magnets can be used to lift large metal objects. 


WHAT WE WILL LEARN 


28.1 Biot-Savart Law 893 


= Moving charges (currents) create magnetic fields. 


= The magnetic field created by a current flowing in a 
long, straight wire varies inversely with the distance 
from the wire. 


= Two parallel wires carrying current in the same 
direction attract each other. Two parallel wires 
carrying current in opposite directions repel each 
other. 


= Amperes Law is used to calculate the magnetic field 
caused by certain symmetrical current distributions, 
just as Gauss’s Law is useful in calculating electric 
fields in situations having spatial charge symmetry. 


= The magnetic field inside a long, straight wire varies 
linearly with the distance from the center of the wire. 


= A solenoid is an electromagnet that can be used 
to produce a constant magnetic field with a large 
volume. 


= Some atoms can be thought of as small magnets 
created by motion of electrons in the atom. 


= Materials can exhibit three kinds of intrinsic 
magnetism: diamagnetism, paramagnetism, and 
ferromagnetism. 


= Superconducting magnets can be used to produce 
very strong magnetic fields. 


Large magnets like the ones shown in Figure 28.1 are used in many industrial settings to 
move large metal objects. However, these magnets are not permanent magnets, but electro- 
magnets, which can be switched on and off. But just what is an electromagnet? We saw in 
Chapter 27 that a magnetic field can affect the path of a charged particle or the flow of a cur- 
rent. In this chapter, we consider magnetic fields caused by electric currents. Any charged 
particle generates a magnetic field, if it is moving. Various magnetic fields are caused by 
different distributions of current. The powerful electromagnets used in industry, in physics 
research, in medical diagnostics, and in other applications are primarily solenoids—coils of 
current-carrying wire with hundreds or thousands of loops. We'll see in this chapter why 
solenoids generate particularly useful magnetic fields, and in the next chapter, we'll look at 
some other important phenomena caused by the motion of a coil in a magnetic field. 

Chapter 27 introduced magnetic fields and field lines by showing how a compass nee- 
dle orients itself near a permanent magnet. In a similar demonstration, a strong current is 
run through a (very long, straight) wire (with or without insulation). If a compass needle 
is then brought close to the wire, the compass needle orients 
itself relative to the wire in the way shown in Figure 28.2. This 
observation was first made by the Danish physicist Hans Oer- =a 
sted (1777-1851) in 1819 while conducting a demonstration rh NU 

J 
- € 

parts (a) and (b) of Figure 28.2: When the direction of the cur- N — A 
rent is reversed, the orientation of the compass needle is also 
reversed. Although the figure doesn’t show this, if the compass (a) 


needle is moved farther and farther away from the wire, even- 
tually it again orients itself in the direction of the magnetic field 


for students during a lecture. We conclude that the current in 
the wire produces a magnetic field. Since the direction of the 
compass needle indicates the direction of the magnetic field, 
we further conclude that the magnetic field lines form circles 
around this current-carrying wire. Note the difference between 


Be 


D> 4 
Dag 


(b) 


FIGURE 28.2 Wire (yellow circle) with current running through it: 
(a) into the page (indicated by the cross); (b) out of the page (indicated 


of the Earth. This indicates that the magnetic field produced by by the dot). The orientation of a compass needle placed close to the wire 
the wire gets weaker as a function of increasing distance from is shown at different locations around the wire. 


the wire. 


28.1 Biot-Savart Law 


In Chapter 27, we saw that magnetic fields could change the trajectory of moving charges. 
However, experiments show that this interaction works in the other direction as well: Mov- 
ing charges can generate magnetic fields. How can we determine the magnetic field pro- 
duced by a moving charge? 
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FIGURE 28.3 (a) Three-dimensional 
depiction of the Biot-Savart Law. The dif- 
ferential magnetic field is perpendicular 
to both the differential current element 
and the position vector. (b) Right-hand 
rule 1 applied to the quantities involved 
in the Biot-Savart Law. 


To describe the electric field in terms of the electric charge, we showed that (see 
Chapter 22): 
d 
a l 
ATG r? 
where dq is a charge element. The electric field points in a radial direction (inward toward 
or outward from the electric charge, depending on the sign of the charge), so 


fe 


Ame, Ate r 


The situation is slightly more complicated for a magnetic field because a current ele- 
ment, ids, producing a magnetic field has a direction, as opposed to a nondirectional point 
charge producing an electric field. As a result of a long series of experiments involving tests 
similar to that depicted in Figure 28.2, conducted in the early 19th century, the French 
scientists Jean-Baptiste Biot (1774-1862) and Felix Savart (1791-1841) established that the 
magnetic field produced by a current element, ids, is given by 

dp— 40 ids XT [Mg ids xr 
3 2 


28.1 
4T r 4T r ( ) 


Here ds is a vector of differential length ds pointing in the direction in which the current 
flows along the conductor and ř is the position vector measured from the current element 
to the point at which the field is to be found. Figure 28.3 depicts the physical situation 
described by this formula, which is called the Biot-Savart Law. 

The constant mọ in equation 28.1 is called the magnetic permeability of free space 
and has the value 


[y= 470-1077 = (28.2) 


From equation 28.1 and Figure 28.3, you can see that the direction of the magnetic field 
produced by the current element is perpendicular to both the position vector and the cur- 
rent element, ids. The magnitude of the magnetic field is given by 


_ Mo idssinð 


dB= ; 
AT r 


(28.3) 


where 0 (with possible values between 0° and 180°) is the angle between the direction of 
the position vector and the current element. The direction of the magnetic field is given by 
a variant of right-hand rule 1, introduced in Chapter 27. To determine the direction of the 
magnetic field using your right hand, point your thumb in the direction of the differential 
current element and your index finger in the direction of the position vector, and your 
middle finger will point in the direction of the differential magnetic field. 


28.2 Magnetic Fields due to Current Distributions 


Chapter 27 addressed the superposition principle for magnetic fields. Using this superposi- 
tion principle, we can compute the magnetic field at any point in space as the sum of the 
differential magnetic fields described by the Biot-Savart Law. This section examines the 
magnetic fields generated by the most common configurations of current-carrying wires. 


Magnetic Field from a Long, Straight Wire 


Let’s first examine the magnetic field from an infinitely long, straight 
wire carrying a current, i. We consider the magnetic field, dB, at a point 
P at a perpendicular distance r | from the wire (Figure 28.4). The magni- 
tude of the field dB at that point due to the current element ids is given 


FIGURE 28.4 Magnetic field from a long, straight by equation 28.3, the direction of the field is given by ds x7, and is out of 


current-carrying wire. 


the page. We find the magnetic field from the right half of the wire and 


28.2 Magnetic Fields due to Current Distributions 


multiply by 2 to get the magnetic field from the whole wire. Thus, the magnitude of the 
magnetic field at a perpendicular distance r, from the wire is given by 
B=2 f aB=2 © lg idssinO _ mi f Ee 
0 0 


0 47 r 27 r 


We can relate rand 0 tor, ands (r, s, and 0) by r = 3 +r and sin 0 = sin(r - 0) =r, / $’ +r 
(see Figure 28.4). Substituting for r and sin 0 in the preceding expression for B gives 


co 


A oi f rds 
2T (2r 


0 
Evaluating this definite integral, we find 
_ Mijl rs _ Mol s 
2m (PEE 2m E | 


For s > r|, the term in the brackets approaches the value 1. Therefore, the magnitude of the 
magnetic field at a perpendicular distance r | from a long, straight wire carrying a current, i, is 


B= Mol 


. 28.4 
271, i ) 


The direction of the magnetic field at any point is found by applying right-hand rule 1 to the 
current element and position vectors shown in Figure 28.4. This results in a new right-hand 
rule, called right-hand rule 3, which can be used to determine the direction of the magnetic 
field from a current-carrying wire. If you grab the wire with your right hand so that your 
thumb points in the direction of the current, your fingers will curl in the direction of the 
magnetic field (Figure 28.5). 

Looking along a current-carrying wire would reveal that the magnetic field lines form 
concentric circles (Figure 28.6). Notice from the distance between the field lines that the field 
is strongest near the wire and drops off in proportion to 1/r,, as indicated by equation 28.4. 


FIGURE 28.6 Magnetic field lines around a long, straight wire (yellow circle at the center) carrying 
a current perpendicular to the page and pointing into the page, signified by the cross. 


28.3 In-Class Exercise 


Wire 1 has a current flowing out of the page, iut as shown in the figure. Wire 2 has a current flow- 
ing into the page, iin. What is the direction of the magnetic field at point P? 


a) upward in the plane 
of the page 


c) downward in the © 
plane of the page 


1, 
d) to the left 


out 


b) to the right e) The magnetic field 


at point P is zero. 
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FIGURE 28.5 Right-hand rule 3 
for the magnetic field from a current- 
carrying wire. 


28.1 In-Class Exercise = 


A wire is carrying a current, fin, into 
the page as shown in the figure. In 
which direction does the magnetic 

field point at points P and Q? 


eQ 


@ eP 
lin 


a) to the right at P and upward 
(toward the top of the page) at Q 


b) upward at P and to the right at Q 


c) downward at P and to the right 
at Q 


d) upward at P and to the left at Q 


28.2 In-Class Exercise — 


Assume that a lightning bolt can be 
modeled as a long, straight line of 
current. If 15.0 C of charge passes 
by a point in 1.50-10° s, what is 
the magnitude of the magnetic field 
at a perpendicular distance 26.0 m 
from the lightning bolt? 


a) 7.69-10° T d) 1.11-10 T 
b) 9.22-10° T e) 2.22-10° T 
c) 4.21-10°T 


896 Chapter 28 Magnetic Fields of Moving Charges 


FIGURE 28.7 (a) Magnetic field 
line from one current-carrying wire. 
(b) Magnetic field created by the 
current in one wire exerting a force 
on a second current-carrying wire. 
(c) Magnetic field created by the cur- 


rent in the second wire exerting a force 


on the first current-carrying wire. 


28.4 In-Class Exercise 


In Figure 28.2, compass needles 
show the magnetic field around a 
current-carrying wire. In the figure, 
the north-pointing end of the com- 
pass needle corresponds to 


a) the red end. 
b) the pale blue end. 


c) either the red end or the pale 
blue end, depending on how the 
compass is moved toward the 
wire, 


d) The end cannot be identified 
from the information contained 
in the figure. 


28.1 Self-Test Opportunity 


The wire in the figure is carrying a 
current 7 in the positive z-direction. 
What is the direction of the result- 
ing magnetic field at point P,? 
What is the direction of the result- 
ing magnetic field at point P,? 


28.2 Self-Test Opportunity 


Consider two parallel wires carrying 
the same current in the same direc- 
tion. Is the force between the two 
wires attractive or repulsive? Now 
consider two parallel wires carrying 


current in opposite directions. What 


is the force between the two wires? 


(a) (b) (c) 


Two Parallel Wires 


Let’s examine the case in which two parallel wires are carrying current. The two wires exert 
magnetic forces on each other because the magnetic field of one wire exerts a force on 
the moving charges in the second wire. The magnitude of the magnetic field created by a 
current-carrying wire is given by equation 28.4. This magnetic field is always perpendicular 
to the wire with a direction given by right-hand rule 3 (Figure 28.5). 

Let's first consider wire 1 carrying a current, i,, toward the right, as shown in Figure 
28.7a. The magnitude of the magnetic field a perpendicular distance d from wire 1 is 


Moby 
B= : 28.5 
1 2rd ( ) 


The direction of B, is given by right-hand rule 3 and is shown for a particular point in Fig- 
ure 28.7a. 

Now consider wire 2 carrying a current, i,, in the same direction as i,, and placed paral- 
lel to wire 1 at a distance d from it (Figure 28.7b). The magnetic field due to wire 1 exerts a 
magnetic force on the moving charges in the current flowing in wire 2. In Chapter 27, we 
saw that the magnetic force on a current-carrying wire is given by 


F=iLxB. 
The magnitude of the magnetic force on a length, L, of wire 2 is then 
F =iLBsin6 =i,LB,, (28.6) 


because B, is perpendicular to wire 2 and thus 0 = 90°. Substituting for B, from equation 
28.5 into equation 28.6, we find the magnitude of the force exerted by wire 1 on a length L 
of wire 2: 

Moh 
2rd 


_ MohbL 


28.7 
27d ( ) 


H~ =hL 


According to right-hand rule 1, Ę_, points toward wire 1 and is perpendicular to both 
wires. An analogous calculation allows us to deduce that the force from wire 2 on a length, 
L, of wire 1 has the same magnitude and opposite direction: E_,,=-_,,. This result is 
shown in Figure 28.7c and is a simple consequence of Newton's Third Law. 


28.5 In-Class Exercise 


Two parallel wires are near each other as shown in the figure. Wire 1 carries current 7, and wire 2 


carries current 27. Which statement about the magnetic forces that the two wires exert on each 
other is correct? 


a) The two wires exert no forces on each 


2i 
other. N 


b) The two wires exert attractive forces of the AN 
same magnitude on each other. 


c) The two wires exert repulsive forces of the same 
magnitude on each other. Wire 1 Wire 2 


d) Wire 1 exerts a stronger force on wire 2 than wire 2 exerts on wire 1. 


e) Wire 2 exerts a stronger force on wire 1 than wire 1 exerts on wire 2. 


28.2 Magnetic Fields due to Current Distributions 


Definition of the Ampere 


The force F,_,, described by equation 28.7 is used in the SI definition of the ampere: An 
ampere (A) is the constant current that, if maintained in two straight, parallel conductors 
of infinite length and negligible circular cross section, that are placed 1 m apart in vacuum, 
would produce between these conductors a force of 2-107 N per meter of length. This 
physical situation is described by equation 28.7 for the force between two parallel current- 
carrying wires with i, = i, = exactly 1 A, d = exactly 1 m, and F,_,, = exactly 2-107 N. We 
can solve that equation for pọ: 


i (27d) i 27(1 m)(2-107 N) 
m= EL (1 A)(1 A)(1 m) 


which indicates that the magnetic permeability of free space is defined to be exactly 
Ho = 477-10’ T m/A (see equation 28.2). 

In Chapter 21, when Coulomb's Law was introduced, the value of the electric permittivity 
of free space, €p, was given: €) = 8.85- 10° C’/(N m’). Since 1 A =1 C/s and 1 T = 1 (N s)/(C m) 
(see Chapter 27), the product of the two constants €g, and [ly is 


= exactly 477-107 m, 


Mok -famo Tm fesso 


which has the units of the inverse of the square of a speed. Thus, 1⁄4/ u6 gives the value of 
this speed as that of the speed of light, c = 3.00- 10° m/s. This is by no means an accident, as 
we'll see in later chapters. For now, it is sufficient to state the empirical finding: 


1 
Mo€ 


C= 


Since the magnetic permeability of free space is defined to be exactly zy = 477-10’ T m/A and 
the speed of light is defined as exactly c = 299,792,458 m/s (see the discussion in Chapter 1), 
the expression c = 1/,/ {4)€ also fixes the value of the electric permittivity of free space. 


EXAMPLE 28.1 | Force on a Loop 
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© © © 
A long, straight wire is carrying a current of magnitude i, = 5.00 A toward the 
right (Figure 28.8). A square loop with sides of length a = 0.250 m is placed A 

o A © 
with its sides parallel and perpendicular to the wire at a distance d = 0.100 m 
from the wire. The square loop carries a current of magnitude i, = 2.20 A in the 
counterclockwise direction. ® G 
PROBLEM 
What is the net magnetic force on the square loop? " a 
SOLUTION 
The force on the square loop is due to the magnetic field created by the current >x 
flowing in the straight wire. Right-hand rule 3 tells us that the magnetic field : 7 j 
from the current flowing in the wire is directed into the page in the region FIGURE 28.8 A current-carrying wire and a 


where the loop is located (see Figure 28.8). The right hand rule and equation 
28.4 tell us that the resulting force on the left side of the loop is toward the 
right, and the force on the right side of the loop is toward the left. In Figure 28.8, these 
two forces are represented by green arrows. These two forces are equal in magnitude and 
opposite in direction, so they sum to zero. The force on the top side of the loop is down- 
ward (red arrow in Figure 28.8, pointing in the negative y-direction), and its magnitude 
is given by equation 28.7 


Moba 
Fiown = T 


> 


Continued— 
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28.6 In-Class Exercise 


A wire is carrying a current, 7, in 
the positive y-direction, as shown 
in the figure. The wire is located 

in a uniform magnetic field, B, 
oriented in such a way that the 
magnetic force on the wire is maxi- 
mized. The magnetic force acting 
on the wire, Fg, is in the negative 
x-direction. What is the direction of 
the magnetic field? 


a) the positive x-direction 
b) the negative x-direction 
c) the negative y-direction 
d) the positive z-direction 


e) the negative z-direction 


FIGURE 28.9 U.S. Navy rail gun. 


where a is the length of the top side of the loop. The force on the bottom side of the loop 
is upward (the other red arrow in Figure 28.8, pointing in the positive y-direction), and 
its magnitude is given by 7 
p = Moha 
i 2n(d + a) 


Thus, we can express the net magnetic force on the loop as 


F =(Ep - Fiown ) f. 
Putting in the numbers results in 


' [477-107 T m/A)(5.00 A)(2.20 A)(0.250 m) 


2T 0.350m 0.100 m 


| : > |j=(-299:10°5 N. 


SOLVED PROBLEM 28.1 | Electromagnetic Rail Accelerator 


Electromagnetic rail accelerators are being studied for the purposes of accelerating fuel 
pellets in fusion experiments and for launching spacecraft into orbit. The U.S. Navy is 
experimenting with electromagnetic rail accelerators that can launch projectiles at very 
high speeds, such as the rail gun shown in Figure 28.9. This rail gun operates by running a 
current through two parallel conducting rails that are connected by a movable conductor 
oriented perpendicular to the rails. The projectile is attached to the movable conductor. 
For this example, we'll assume that the rail gun consists of two parallel rails of cross- 
sectional radius r = 5.00 cm, whose centers are separated by distance d = 25.0 cm, and 
which have length L = 5.00 m and that the rail gun accelerates the projectile to a kinetic 
energy of K = 32.0 MJ. The projectile also functions as the movable conductor. 


PROBLEM 


How much current is required to accelerate the projectile? 


SOLUTION 


THINK 

The currents in the two rails are in opposite directions. The current flowing through the 
movable conductor is perpendicular to the two currents in the rails. The magnetic fields 
from the two rails are in the same direction and exert forces on the movable conductor 
in the same direction. The force from the magnetic field of each rail depends on the dis- 
tance from the rail. Thus, we must integrate the force along the distance between the two 
rails to obtain the total force. The total force on the movable conductor is twice the force 
from the magnetic field from one rail. The kinetic energy gained by the projectile is the 
total force exerted by the magnetic fields of the two rails times the distance over which 
the force acts. 


SKETCH 


Figure 28.10 shows top and cross-sectional views of the rails and the movable conductor. 


RESEARCH 

The current-carrying movable conductor, which completes the circuit between the two 
rails, is also the projectile and is accelerated by the magnetic forces produced by the two 
rails. The force exerted on the projectile depends on the distance, x, from the center of a 
rail, as illustrated in Figure 28.10b. Thus, to calculate the total force on the projectile, we 
must integrate over the length of the projectile. We use equation 28.4 to find the mag- 
nitude of the magnetic field, B,, from current i flowing in rail 1 at a distance x from the 
center of the rail: 

gore. 
27x 


28.2 Magnetic Fields due to Current Distributions 


Moveable 
conductor/ Rail 1 Rail 2 


projectile 


Rail 1 Rail 2 
(a) (b) 
FIGURE 28.10 Schematic diagram of a rail gun: (a) top view; (b) cross-sectional view. 


According to equation 28.6, the magnitude of the differential force, dF}, exerted on a dif- 
ferential length, dx, of the projectile by the magnetic field from rail 1 is 


Mot 
27x 


dF =i(dx)B, =i(dx) 


The direction of the force is given by right-hand rule 3, which tells us that the force is upward 
in the plane of the page in Figure 28.10a and into the page in Figure 28.10b. The magnitude 
of the force on the projectile is given by integrating dF, over the length of the projectile: 


r. = f an 7 i Wo dx _ Moi” ia 7 ta (in(t—r)-tnr)= 42 nf (i) 


27 x 27 r 27 r 


Because the magnetic field from rail 2 is in the same direction as the magnetic field from 
rail 1, the force exerted by the magnetic field from rail 2 on the projectile is the same as 
that from rail 1. Thus, the magnitude of the total force exerted on the projectile is 


Fota =24. (ii) 
The kinetic energy gained by the projectile is equal (by the work-energy theorem intro- 


duced in Chapters 5 and 6) to the magnitude of the force exerted times the distance over 


which the force acts 
K = Fora L. (iii) 


SIMPLIFY 
We can combine equations (i), (ii), and (iii) to obtain 


2 2. 
K=2RL=2|40 in| 9 tl in| 
27 r 


Solving this equation for the current gives us 


CALCULATE 
Putting in the numerical values, we get 
32.0-10° J) a 
i= mo o =3397287 A. 
poLIn| E) fl azr-10-7 T [(5.00 m)in| 22-0 e500 om 
r A 5.00 cm 


Continued— 


899 


900 Chapter 28 Magnetic Fields of Moving Charges 


(a) (b) 


FIGURE 28.11 A circular loop of 
radius R carrying a current, 7: (a) side 
view; (b) front view. The cross on the 
upper yellow circle in part (a) signifies 
that the current at the top of the loop 
is into the page, and the dot on the 
lower yellow circle in part (a) signi- 
fies that the current at the bottom of 
the loop is out of the page. Point P is 
located at the center of the loop. 


ROUND 
We report our result to three significant figures: 


i=3.40-10° A=3.40 MA. 


DOUBLE-CHECK 

Let’s double-check our result by looking at the force exerted on the projectile. Putting 
our result for the current into equation (i) for the magnitude of the force exerted by the 
magnetic field of rail 1 gives 


2 
jrw Tm (a810 A) 


27 5.00 cm 


2 
R= Loi mf |- [2° cm -5.00 cm 
27 r 


| 3.20-10° N. 


We can approximate the magnitude of this force by assuming that the force is constant 
along the conductor and is equal to the value at x = d/2: 


' 2 
R =i(d-2r)B=id Moi(d-2r) | Ui d-2r 


2m 3 : a 
2 
7 Tm 


jiraw 240.0 a) | 


25.0 cm — 2(5.00 cm)| 


T 25.0 cm 


2.77-10° N. 


This value is within a factor of 2 of our calculated value for the force, which seems reason- 
able. However, just to be sure, let’s calculate the kinetic energy of the projectile using the 
calculated value of the force: 


K=Eyql=2KL= 2(3.20 -10° N}(5.00 m)=3.20-10° J. 


This result agrees with the specified 3.20 MJ. 
Note that if a projectile of mass m = 5.00 kg were given a kinetic energy of 32.0 MJ by 
this rail gun, its speed would be 


2(32.0-10° J) 


=3580 m/s. 
5.00 kg 


The rail gun would be capable of launching a projectile at 10 times the speed of sound, which 
is much larger than the typical speed of a bullet, at about 3 times the speed of sound. 


Magnetic Field due to a Wire Loop 


Now let's find the magnetic field at the center of a circular current-carrying loop of wire. 
Figure 28.11a shows a cross section of a circular loop with radius R carrying a current, i. 
Applying equation 28.3, dB = pyi ds sin 6/(47rr’), to this case, we can see that r = R and 0 = 90° 
for every current element ids along the loop. For the magnitude of the magnetic field at the 
center of the loop from each current element, we get 


My idssin90° py ids 


dB= : 
4T R 4T R? 


Going around the loop in Figure 28.11b, we can relate the angle ¢ to the current element 
by ds = Rd¢, allowing us to calculate the magnitude of the magnetic field at the center of 


the loop: 
2m . . 
B= f dB = Ha TRAD Hi (28.8) 
0o 4T R 2R 


28.2 Magnetic Fields due to Current Distributions 


Keep in mind that equation 28.8 only gives the magnitude of the magnetic field at the 
center of the loop, where the magnitude is B(r = 0) = +p1oi/R. To determine the direction of 
the magnetic field, we again use a variant of right-hand rule 1. Using your right hand, point 
your thumb in the direction of the current element (into the page for the upper circle in Figure 
28.11a marked with a cross), and your index finger in the direction of the radial vector from the 
current element (down); your middle finger then points to the left. Using 
right-hand rule 3 (Figure 28.5), we also find that the current shown in Fig- 
ure 28.11 produces a magnetic field B directed toward the left. 

Now let’s find the magnetic field from the loop along the axis of the loop 
rather than at the center (Figure 28.12). We set up a coordinate system such 
that the axis of the loop lies along the x-axis and the center of the loop is 


y 


901 


located at x =0, y = 0, and z= 0. The radial vector 7 is the displacement to any 
point along the x-axis from a current element, i ds, along the loop. The cur- 
rent element shown in Figure 28.12 lies in the negative z-direction. The radial 
vector 7 lies in the xy-plane and so is perpendicular to the current element. 
This situation is the same for any current element around the loop. Therefore, 
we can employ equation 28.3 with 0 = 90° and obtain an expression for the (a) 
magnitude of the differential magnetic field at any point along the x-axis: 


dB= 


4r r An r2 view, (b) side view 


A variant of right-hand rule 1 gives the direction of the differential magnetic field: 
Using your right hand, point your thumb in the direction of the differential current element 
(negative z-direction) and your index finger in the direction of the radial vector (positive 
x-direction and negative y-direction); the direction of the differential magnetic field will be 
given by your middle finger (negative x-direction and negative y-direction). The differential 
magnetic field is shown in Figure 28.12. To obtain the complete magnetic field, we need to 
integrate over the differential current element. From the symmetry of the situation, we can 
see that the y-component of the differential magnetic field, dB, , will integrate to zero. The 
x-component of the differential magnetic field, dB,, is given by 


dB, = dBsina= “9S sina, 


AT r 
where a is the angle between 7 and the x-axis (see Figure 28.12b). We can express the magni- 
tude of 7 in terms of x and Ras r =x? +R? and sina in terms of x and the radius of the loop 


Ras sina=R/y x? +R’. We can then rewrite the expression for the x-component of the dif- 
ferential magnetic field as 


dg — He ids R mids R 
«Ag L+R Jerk Aq (e+e x 


This expression for B, is independent of the location of the current element, and so the 
integral to find the magnitude of the total field can be simplified to 


B, = | dB, = Hah fa 


3/2 
4n(x? + Rè) 


Going around the loop, we can relate the angle ¢ to the current element by ds = R dọ (see 
Figure 28.12a), allowing us to calculate the magnetic field along the axis of the loop: 


, 27 i 2 
B= MoiR Rees Hoi T R 
x 7 4\3/2 Aq 5 2\3/2 : 
4n(x +R 0 [x +R 
or 5 
Moi R 
B= — > (28.9) 


FIGURE 28.12 Geometry for calculating the magnetic 
My idssin90° fg ids field along the axis of a current-carrying loop: (a) front 
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28.3 Self-Test Opportunity 


Show that equation 28.9 for the 
magnitude of the magnetic field 
along the axis of a current-carrying 
loop reduces to equation 28.8 for the 
magnitude of the magnetic field at 
the center of a current-carrying loop. 


28.7 In-Class Exercise 


Two identical wire loops carry the 
same current, 7, as shown in the 
figure. What is the direction of the 
magnetic field at point P? 


a) upward (toward the top of the 
page) 
b) toward the right 
c) downward 
d) toward the left 
) 


e) The magnetic field at point P is 
zero. 


(a) 


(b) 


FIGURE 28.14 (a) A loop with ra- 
dius r in a long, straight insulated wire 
carrying a current, 7. (b) The magnetic 
field from the wire and the magnetic 
field from the loop, displaced slightly 
for clarity. 


©) 


< < < 


@ 


FIGURE 28.13 Magnetic field lines from a loop of wire carrying a current, looking at the loop edge- 
on. The upper yellow circle with a cross indicates current directed into the page, and the lower yellow 
circle with a dot indicates current directed out of the page. 


From our earlier application of the variant of right-hand rule 1, we know that the magnetic 
field along the axis of the loop is in the negative x-direction, as shown in Figure 28.12. We can 
also apply right-hand rule 3 to obtain the direction of the magnetic field: At any point on the 
loop, point your thumb tangent to the loop in the direction of the current and your fingers will 
curl in a direction showing the field inside the loop is in the negative x-direction. 

Using more advanced techniques and with the aid of a computer, we can determine the 
magnetic field produced by a current-carrying loop at other points in space. The magnetic 
field lines from a wire loop are shown in Figure 28.13. The value for the magnetic field given 
by equation 28.8 is valid only at the center point of Figure 28.13. The value for the magnetic 
field given by equation 28.9 is valid only along the axis of the loop. 


SOLVED PROBLEM 28.2 | Field from a Wire Containing a Loop 


A loop with radius r = 8.30 mm is formed in the middle of a long, straight insulated wire 
carrying a current of magnitude i = 26.5 mA (Figure 28.14a). 


PROBLEM 
What is the magnitude of the magnetic field at the center of the loop? 


SOLUTION 


THINK 
The magnetic field at the center of the loop is equal to the vector sum of the magnetic 
fields from the long, straight wire and from the loop. 


SKETCH 
The magnetic field from the long, straight wire, Byire» and the magnetic field from the 
loop, Bigops are shown in Figure 28.14b. 


RESEARCH 

Using right-hand rule 3, we find that both magnetic fields point out of the page at the center 
of the loop, as illustrated in Figure 28.14b. Thus, we can add the magnitudes of the magnetic 
field produced by the wire and the magnetic field produced by the loop. The magnetic field 
produced by the wire at the center of the loop has a magnitude given by equation 28.4: 


Moi 
Bwire z TR > 
Tr, 
where r, is the perpendicular distance from the wire, which is equal to r, the radius of | 
the loop. The magnitude of the magnetic field produced by the loop at its center is given 
by equation 28.8: 


Moi 
Boop = a 
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SIMPLIFY 
We add the magnitudes of the two magnetic fields since the vectors are in the same direction: 
Mol | Mol _ Mol} 1 
B= Baire + Boop = 2-+ = +1). 
Bwire + Proop 2mr  2r orl a | 
CALCULATE 


Putting in the numerical values, we get 


B= Mol 


2r 


i | (47:107 T m/A)(26.5-10° A) 
T 


f ' 1]-268460-10° T. 
2(8.30-10° m) 7 


ROUND 
We report our result to three significant figures and note the direction of the field: 
B=2.64-10 © T, out of the page. 


DOUBLE-CHECK 
To double-check our result, we calculate the magnitudes of the magnetic fields from the 
wire and from the loop separately. The magnitude of the magnetic field from the wire is 


ae (47-107 T m/A)(26.5-10° A) 
Boire = = =6.385-10’ T. 
2mr 27(8.30-10° m) 
The magnitude of the magnetic field from the loop is 
re [47-107 T m/A)(26.5-10° A) 
Boop ==> = =2.006-10° T. 
2r 2(8.30-10° m) 


The sum of these two magnitudes matches our result: 


6.385-10” T+ 2.006-10 T =2.64-10° T. 


28.3 Amperes Law 


Recall from Chapter 22 that calculating the electric field resulting from a distribution of 
electric charge can require evaluating a difficult integral. However, if the charge distribution 
has cylindrical, spherical, or planar symmetry, we can apply Gauss’s Law and obtain the elec- 
tric field in an elegant manner. Similarly, calculating the magnetic field due to an arbitrary 
distribution of current elements using the Biot-Savart Law (equation 28.1) may involve the 
evaluation of a difficult integral. Alternatively, we can avoid using the Biot-Savart Law and 
instead apply Ampere’s Law to calculate the magnetic field from a distribution of current 
elements when the distribution has cylindrical or other symmetry. Often, problems can be 
solved with much less effort in this way than by using a direct integration. The mathematical 
statement of Ampere’s Law is 


f Bed = hoine- (28.10) 


The symbol q means that the integrand, Beds, is integrated over a closed loop, called an 


Amperian loop. This loop is chosen so that the integral in equation 28.10 is not difficult to 
evaluate, a procedure similar to that used in applying Gauss’s Law. The total current enclosed 
in this loop is ino which is also similar to Gauss’s Law, where the chosen closed surface 
encloses a total net charge. 

As an example of how Ampere’s Law is used, consider the five currents shown in 
Figure 28.15, which are all perpendicular to the plane. An Amperian loop, represented 
by the red line, encloses currents i,, i,, and i, and excludes currents i, and i;. By Ampere’s 


904 


i 


FIGURE 28.15 Five currents and an Amperian loop. 


28.8 In-Class Exercise — 


Three wires are carrying currents 

of the same magnitude, 7, in the 
directions shown in the figure. Four 
Amperian loops (a), (b), (c), and 
(d) are shown. For which Amperian 
loop is the magnitude of f Beds 
the greatest? 


i 


(d) 


(a) 


a) loop a e) All four 
loops yield 
b) loop b the same 
c) loop c value of 
d) loop d f Beds. 


FIGURE 28.16 Using Ampere’s Law 
to find the magnetic field produced 
inside a long, straight wire. 
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Law, the closed-loop integral over the magnetic field resulting from these 
three currents is given by 


pp Beds = Boos ds = Mo (i -i +i), 


where 6 is the angle between the direction of the magnetic field, B, and the 
direction of the element of length, ds at each point along the Amperian 
loop. The integration over the Amperian loop can be done in either direc- 
tion. Figure 28.15 indicates a direction of integration from the direction 
of ds, along with the resulting magnetic field. The sign of the contributing 
currents can be determined using a right-hand rule: Curl your fingers in the direction of inte- 
gration, and then currents in the same direction as your thumb are positive. Two of the three 
currents in the Amperian loop are positive, and one is negative. Adding the three currents is 


simple, but the integral (Ð) Bcos6@ ds cannot be easily evaluated. However, let’s examine some 


special situations in which Amperian loops contain symmetrical distributions of current that 
can be exploited to carry out the integral. 


Magnetic Field inside a Long, Straight Wire 


Figure 28.16 shows a current, i, flowing out of the page in a wire with a circular cross sec- 
tion of radius R. This current is uniformly distributed over the cross-sectional area of the 
wire. To find the magnetic field due to this current, we use an Amperian loop with radius 
r, represented by the red circle. If B had an outward (or inward) component, by symmetry, 
it would have an outward (or inward) component at all points around the loop, and the cor- 
responding magnetic field line could never be closed. Therefore, B must be tangential to the 
Amperian loop. Thus, we can rewrite the integral of Ampere’s Law as 


fp Beds = Bp d= B20". 


We can calculate the enclosed current from the ratio of the area of the Amperian loop to the 
cross-sectional area of the wire: 


Aloop =} nre 


aR? 


lenc =1 
Avire 
Thus, we obtain 
2 


27 Br, = Moi TL, 
T 
or 
Moi 
2R? 


B= t. (28.11) 


Lets compare the expressions for the magnitudes of the magnetic field outside and 
inside the wire—equations 28.4 and 28.11. First, substituting R for rı in both expressions, 
we obtain the same result for the magnetic field magnitude at the surface of the wire in both 
cases: B(R) = (yi/277R. Both equations provide the same solution at the wire’s surface. Inside 
the wire, we find that the magnetic field magnitude rises linearly with r; up to the value 
of B(R) = [4oi/(27R) and from there falls off with the inverse of r|. Figure 28.17 shows this 
dependence in the graph. The upper part of the figure depicts the cross section through the 
wire (golden area), the magnetic field lines (black circles, spaced to indicate the strength of 
the magnetic field), and the magnetic field vectors at selected points in space (red arrows). 


28.4 Magnetic Fields of Solenoids and Toroids 


We have seen that current flowing through a single loop of wire produces a magnetic field 
that is not uniform, as illustrated in Figure 28.13. However, real-world applications often 
require a uniform magnetic field. A device commonly used to produce a uniform magnetic 
field is the Helmholtz coil (Figure 28.18a). A Helmholtz coil consists of two coaxial wire 


loops. Each coaxial loop consists of multiple loops 
(windings or turns) of a single wire, which therefore 
acts magnetically like a single loop. 

The magnetic field lines from a Helmholtz coil 
are shown in Figure 28.18b. You can see that a region 
of uniform magnetic field (characterized by horizon- 
tal parallel segments of the field lines) in the center 
between the loops is present, in contrast to the field 
from a single loop shown in Figure 28.13. Again, 
these field lines were calculated with the aid of a 
computer to provide a qualitative understanding of 
the geometry of magnetic fields. 

Taking multiple loops a step further, Figure 28.19 
shows the magnetic field lines from four coaxial wire 
loops. The region of uniform magnetic field in the 
center of the loops is expanded, but note that the field 
is not uniform near the wires and near the two ends. 

A strong uniform magnetic field is produced by 
a solenoid, consisting of many loops of a wire wound 
close together. Figure 28.20 shows the magnetic field 
lines from a solenoid with 600 turns, or loops. You can 
see that the magnetic field lines are very close together 
on the inside of the solenoid and far apart on the out- 
side. Like that inside the Helmholtz coil (Figure 28.18b) 


(a) 
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r,/R 


FIGURE 28.17 Radial dependence of the magnetic field for a wire with current 
flowing out of the page. 


reg 


(b) 


FIGURE 28.18 (a) A typical Helmholtz coil used in physics labs to generate a nearly constant magnetic field in the interior. (b) Magnetic field 


lines for a Helmholtz coil. 


FIGURE 28.19 Magnetic field lines resulting from four 
coaxial wire loops with many windings. 


FIGURE 28.20 Magnetic field lines for a solenoid with 600 turns. The 
current along the top of the solenoid is directed into the page, and the 
current along the bottom of the solenoid is directed out of the page. 
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the magnetic field is uniform inside the solenoid coil. The spacing of the field lines 
is a measure of the strength of the magnetic field, and you can see that the magnetic 
field is much stronger inside the solenoid than outside the solenoid . 

An ideal solenoid has a magnetic field of zero outside and of a uniform con- 
stant finite value inside. To determine the magnitude of the magnetic field inside 
an ideal solenoid, we can apply Ampere’s Law (equation 28.10) to a section of a 
solenoid far from its ends (Figure 28.21). To do so, we first choose an Amperian 
loop over which to carry out the integration. A judicious choice, shown by the 
red rectangle in Figure 28.21, encloses some current and exploits the symmetry 


FIGURE 28.21 Amperian loop for determining of the solenoid as well as simplifying the evaluation of the integral: 


the magnitude of the magnetic field of an ideal 


solenoid. 


b Ë d a 
Beds = f Beds + Jf E Í AN I Bde 
a b c d 


The value of the third integral on the right-hand side, between points c and d in the interior 
of the solenoid, is Bh. The values of the second and fourth integrals are zero because the 
magnetic field is perpendicular to the direction of integration. The first integral, between the 
points a and b in the exterior of the ideal solenoid, is zero because the magnetic field outside of 
an ideal solenoid is zero. Thus, the value of the integral over the entire Amperian loop is Bh. 

The enclosed current is the current in the turns of the solenoid that are within the 
Amperian loop. The current is the same in each turn because the solenoid is made from one 
wire and the same current flows through each turn. Thus, the enclosed current is just the 
number of turns times the current: 


lone = Nhi, 


where n is the number of turns per unit length. Therefore, according to Ampere’s Law, 
we have 
Bh = bonhi. 


Thus, the magnitude of the magnetic field inside an ideal solenoid is 
B= pti. (28.12) 


Equation 28.12 is valid only away from the ends of the solenoid. Note that B does not 
depend on position inside the solenoid, so an ideal solenoid creates a constant and uniform 
magnetic field inside the solenoid and no field outside the solenoid. A real-world solenoid, 
like the one shown in Figure 28.20, has fringe fields near its ends but can still produce a 
high-quality uniform magnetic field. 


EXAMPLE 28.2 { Solenoid 


The solenoid of the STAR detector at the Brookhaven National Laboratory, New York, 
discussed in Chapter 27 has a magnetic field of magnitude 0.50 T when carrying a current 
of 400 A. The solenoid is 8.0 m long. 


PROBLEM 
What is the number of turns in this solenoid, assuming that it is an ideal solenoid? 
SOLUTION 
We use equation 28.12 to calculate the magnitude of the magnetic field of an ideal solenoid: 
B= yoni. (i) 

The number of turns per unit length is given by 

N ws 

n=—, 
T (ii) 


where N is the number of turns and L is the length of the solenoid. Substituting for n from 
equation (ii) into equation (i), we get 


N bs 
BSI (iii) 
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Solving equation (iii) for the number of turns, we obtain 


BL (0.50 T)(8.0 m) 


N = . 
Mo! jrw Tm (400 A) 
A 


= 8000 turns. 


Ifa solenoid is bent so that the two ends meet (Figure 28.22), it acquires a doughnut shape (a 
torus), with the wire forming a series of loops, each with the same current flowing through 
it. This device is called a toroidal magnet, or toroid. Just as for an ideal solenoid, the mag- 
netic field outside the coils of an ideal toroidal magnet is zero. The magnitude of the mag- 
netic field inside the toroid coil can be calculated by using Ampere’s Law and by assuming 
an Amperian loop in the form of a circle with radius r, with r, < r < ra, where r, and r, are 
the inner and outer radii of the toroid. The magnetic field is always directed tangential to 
the Amperian loop, so we have 


P Beds =27rB. 


The enclosed current is the number of loops (or turns), N, in the toroid times the current, i, 
in the wire (in each loop); so, Ampere’s law gives us 


277B = My Ni. 
Therefore, the magnitude of the magnetic field inside of a toroidal magnet is given by 
go (28.13) 
2r 


Note that, unlike the magnetic field inside a solenoid, the magnitude of the magnetic field 
inside a toroid does depend on the radius. As the radius increases, the magnitude of the 
magnetic field decreases. The direction of the magnetic field can be obtained using right- 
hand rule 4: If you wrap the fingers of your right hand around the toroid in the direction of 
the current, as shown in Figure 28.22, your thumb points in the direction of the magnetic 
field inside the toroid. 


SOLVED PROBLEM 28.3 | Field of a Toroidal Magnet 
p 

A toroidal magnet is made from 202 m of copper wire that is capable of carrying a cur- 

rent of magnitude i = 2.40 A. The toroid has an average radius R = 15.0 cm and a cross- 

sectional diameter d = 1.60 cm (Figure 28.23a). 


PROBLEM 
What is the largest magnetic field that can be produced at the average toroidal radius, R? 


j<—d 


Ti 


i I 
eS -« 
He 
I 


Ta 


(a) (b) 
FIGURE 28.23 (a) A toroidal magnet. (b) Cross section of the toroidal magnet. 


Continued— 


28.9 In-Class Exercise 


Two solenoids have the same length, 
but solenoid 1 has 15 times the 
number of turns, > the radius, and 

7 times the current of solenoid 2. 
Calculate the ratio of the magnetic 
field inside solenoid 1 to the mag- 
netic field inside solenoid 2. 


a) 105 d) 168 
b) 123 e) 197 
c) 144 


FIGURE 28.22 Toroidal magnet 
with Amperian loop (red) in the form of 
a circle with radius r. Right-hand rule 

4 states that if you place the fingers 

of your right hand in the direction of 
the current flow, your thumb shows the 
direction of the magnetic field inside 
the toroid. 
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SOLUTION 


THINK 

The number of turns in the toroidal magnet is given by the length of the wire divided 
by the circumference of the cross-sectional area of the coil. With these parameters, the 
magnetic field of the toroidal magnet at r = R can be calculated. 


SKETCH 


Figure 28.23b shows a cross-sectional cut of the toroidal magnet. 


RESEARCH 
The magnitude of the magnetic field of a toroidal magnet is given by equation 28.13: 


p= fo (i) 
T. 


where N is the number of turns and R is the radius at which the magnetic field is mea- 
sured. The number of turns, N, is given by the length, L, of the wire divided by the cir- 
cumference of the cross-sectional area: 

L 


=a 


where d is the diameter of the cross-sectional area of the toroid. 


N (ii) 


SIMPLIFY 
We can combine equations (i) and (ii) to obtain an expression for B: 


a flo (L/ 1rd i _ Moli 
2mR Qa Rd 


CALCULATE 


Putting in the numerical values gives us 


Ri [47-107 T m/A |(202 m)(2.40 A) 


= Hot 2 § DR U T. 
2m Rd 2m [150-107 m)(1.60-10° m) 


ROUND 
We report our result to three significant figures: 


B=1.29-107 T. 


DOUBLE-CHECK 

As a double-check, we calculate the magnitude of the field inside a solenoid that has the 
same length as the circumference of the toroidal magnet. The number of turns per unit 
length is 


„Umd_ L (202 m) 


oes — z ae ee turns/m. 
2R 2mRd 2r (15.0-10° m)(1.60-107 m) 


The magnitude of the magnetic field of a solenoid with that number of turns per unit 
length is 


B= mni =(47-107 T m/A)(4264 m` (2.40 A)=1.29-107 T. 


Thus, our answer for the magnitude of the field inside the toroid seems reasonable. 


EH 
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28.5 Atoms as Magnets 


The atoms that make up all matter contain moving electrons, which form current loops that 
produce magnetic fields. In most materials, these current loops are randomly oriented and 
produce no net magnetic field. Some materials have some fraction of these current loops 
aligned. These materials, called magnetic materials (Section 28.6), do produce a net mag- 
netic field. Other materials can have their current loops aligned by an external magnetic 
field and become magnetized. 

Let’s consider a highly simplified model of the atom: An electron moving at constant 
speed v in a circular orbit with radius r (Figure 28.24). We can think of the moving charge of 
the electron as a current, i. Current is defined as the charge per unit time passing a particular 
point. For this case, the charge is the charge of the electron, with magnitude e, and the time is 
related to the period, T, of the electron’s orbit. Thus, the magnitude of the current is given by 


FIGURE 28.24 An electron moving 


ae = . with constant speed in a circular orbit 
T 2mriv 2ar in an atom. 


e e ve 


The magnitude of the magnetic dipole moment of the orbiting electron is given by 
TAE E ve (mr?) = ver 
2r 


a (28.14) 


The magnitude of the orbital angular momentum of the electron is 
Low =rp=rm, 
where m is the mass of the electron. Solving equation 28.14 for v and substituting that 


expression into the expression for the orbital angular momentum gives us 


2 Horb 
er 


= 2M Horb 
e 


L p =rm 


orl 


Because the magnetic dipole moment and the angular momentum are vector quantities, we 
can write 


ee e 
Horb =~ Low > (28.15) 
2m 


where the negative sign is needed because of the definition of the current as the direction 
of the flow of positive charge. 


EXAMPLE 28.3 | Orbital Magnetic Moment of the Hydrogen Atom 


Assume that the hydrogen atom consists of an electron moving with speed v in a circular 
orbit with radius r around a stationary proton. Also assume that the centripetal force 
keeping the electron moving in a circle is the electrostatic force between the proton and 
the electron. The radius of the orbit of the electron is r = 5.29-10°!! m. (This radius is 
derived using concepts discussed in Chapter 38 on atomic physics.) 


PROBLEM 
What is the magnitude of the orbital magnetic moment of the hydrogen atom? 
SOLUTION 
The magnitude of the orbital magnetic moment is 
e e erv 
=— L= = i 
Mow 2m ‘orb 2m (rmv) 2 (i) 


Equating the magnitudes of the centripetal force keeping the electron moving in a circle 
to the electrostatic force between the electron and the proton gives us 
m? e 


E k Eg > . 
r r Continued— 
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where k is the Coulomb constant. We can solve this equation for the speed of the electron 


v= q (ii) 
mr 


Substituting for v from equation (ii) into equation (i) gives us 
-Tle k |e? |kr 
2 mr 2\m- 


When we put in the various numerical values, we get 


Horb 


2 
1.602-10 C) (8.99-10°N m? /C? )(5.29- 10" m) 


=9.27-:104 A m°. 
2 9.11-10°" kg 


Horb | = 


This result agrees with experimental measurements of the orbital magnetic moment of the 
hydrogen atom. However, other predictions about the properties of hydrogen atoms and other 
atoms based on the idea that electrons in atoms have circular orbits disagree with experimen- 
tal observations. Thus, detailed description of the magnetic properties of atoms must incor- 
porate phenomena described by quantum physics, which will be covered in Chapter 38. 


Spin 

The magnetic dipole moment from the orbital motion of electrons is not the only contribu- 
tion to the magnetic moment of atoms. Electrons and other elementary particles have their 
own, intrinsic magnetic moments, due to their spin. The phenomenon of spin will be covered 
thoroughly in the discussion of quantum physics in Chapters 36 through 40, but some facts 
about spin and its connection to a particle’ intrinsic angular momentum have been discovered 
experimentally and do not require an understanding of quantum mechanics. Electrons, pro- 
tons, and neutrons all have a spin of magnitude s = +. The magnitude of the angular momen- 


tum of these particles is S = fiy/s(s +1), and the z-component of the angular momentum can 


have a value of either S, = -+h or S, = ++h. h is Plancks constant divided by 277. This spin 
cannot be explained by orbital motion of some substructure in the particles. Electrons, for 
example, are apparently true point particles. Thus, spin is an intrinsic property, similar to mass 
or electric charge. 

The magnetic character of bulk matter is determined largely by electron spin magnetic 
moments. The magnetic moment of a particle with spin, ji,, is related to its spin angular 


momentum, S, via 43 
H =g8-—8S, (28.16) 


where qis the charge of the elementary particle and m its mass. The quantity gis dimensionless 
and is called the g-factor. For the electron, its numerical value is g = -2.0023193043622(15), 
one of the most precisely measured quantities in nature. If you compare this equation to 
equation 28.15 for the magnetic dipole moment due to the orbital angular momentum, you 
see that they are very similar. 


28.6 Magnetic Properties of Matter 


In Chapter 27, we saw that magnetic dipoles do not experience a net force in a homoge- 
neous external magnetic field, but do experience a torque. This torque drives a single free 
dipole to an orientation in which it is antiparallel to the external field, because this is the 
state with the lowest magnetic potential energy. We've just seen in Section 28.5 that atoms 
can have magnetic dipoles. What happens when matter (which is composed of atoms) is 
exposed to an external magnetic field? 

The dipole moments of the atoms in a material can point in different directions or 
in the same direction. The magnetization, M, of a material is defined as the net dipole 


moment created by the dipole moments of the atoms in the material per unit volume. The 
magnetic field, B, inside the material then depends on the external magnetic field, By, and 
the magnetization, M: 

B=B, + uM, (28.17) 


where pọ is again the magnetic permeability of free space. Instead of including the external 
magnetic field, Bp, it is customary to use the magnetic field strength, H: 
H=. (28.18) 
Ho 


With this definition of the magnetic field strength, equation 28.17 can be written 
B=p)(H+M). (28.19) 


Since the unit of magnetic field is [B] = T and the unit of the magnetic permeability is 
[uo] = T m/A, the units of magnetization and magnetic field strength are [M] = [H] = A/m. 


Diamagnetism and Paramagnetism 


The question not yet answered is how the magnetization depends on the external magnetic 
field, Bo or, equivalently, on the magnetic field strength, H. For most materials (not all!) 
this relationship is linear: 

M=yxnH, (28.20) 


where the proportionality constant Xm is called the magnetic susceptibility of the material 
(Table 28.1). But there are materials that do not obey the simple linear relationship of equa- 
tion 28.20, and the most prominent among those are ferromagnets, which we'll discuss in 
the next subsection. Let's first examine diamagnetic and paramagnetic materials, for which 
equation 28.20 holds. 

If Xm < 0, the dipoles inside the material tend to arrange themselves to oppose an exter- 
nal magnetic field, just like free dipoles. In this case, the magnetization vector points in the 
direction opposite to the magnetic field strength vector. Materials with y,, < 0 are said to 


EGP: Values of Magnetic Susceptibility for Some Common Diamagnetic 
and Paramagnetic Materials 


Material Magnetic Susceptibility y,, 
Aluminum ADD NO” 
Bismuth -1.66 - 10 
Diamond (carbon) =) ile 10 
Graphite (carbon) =o 1 
Hydrogen -22 I” 
Lead So 
Lithium +1.4-10° 
Mercury 22.9 105° 
Oxygen 21.9210" 
Platinum +2.65- 10 
Silicon = On 
Sodium HRD, WO 
Sodium chloride (NaCl) =i 10" 
Tungsten +6.8-10° 
Uranium +4.0-107 
Vacuum 0 


Water =o 1 
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FIGURE 28.25 A live frog being 
levitated by a strong magnetic field 
at the High Field Magnet Laboratory, 
Radboud University Nijmegen, The 
Netherlands. 
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FIGURE 28.26 Magnetic domains: 
(a) randomly oriented; (b) perfect ferro- 
magnetic order; (c) perfect antiferro- 
magnetic order. 


be diamagnetic. Most materials exhibit diamagnetism. In diamagnetic materials, a weak 
magnetic dipole moment is induced by an external magnetic field in a direction opposite to 
the direction of the external field. The induced magnetic field disappears when the exter- 
nal field is removed. If the external field is nonuniform, interaction of the induced dipole 
moment of the diamagnetic material with the external field creates a force directed from a 
region of greater magnetic field strength to a region of lower magnetic field strength. 

An example of biological material exhibiting diamagnetism is shown in Figure 28.25. 
Diamagnetic forces induced by a nonuniform external magnetic field of 16 T are levitating 
a live frog. (This experience apparently did not bother the frog.) The normally negligible 
diamagnetic force is large enough in this case to overcome gravity. 

If the magnetic susceptibility in equation 28.20 is greater than zero, Xm > 0, the mag- 
netization of the material points in the same direction as the magnetic field strength. Note 
that Xm for a vacuum is 0. This property is paramagnetism, and materials that exhibit 
it are said to be paramagnetic. Materials containing certain transition elements (includ- 
ing actinides and rare earths) exhibit paramagnetism. Each atom of these elements has a 
permanent magnetic dipole, but normally these dipole moments are randomly oriented 
and produce no net magnetic field. However, in the presence of an external magnetic 
field, some of these magnetic dipole moments align in the same direction as the external 
field. When the external field is removed, the induced magnetic dipole moment disap- 
pears. If the external field is nonuniform, this induced magnetic dipole moment interacts 
with the external field to produce a force directed from a region of lower magnetic field 
strength to a region of higher magnetic field strength—just the opposite of the effect of 
diamagnetism. 

Substituting the expression for M from equation 28.20 into equation 28.19 for the 
magnetic field, B, inside a material gives 


B= u(H + M)=po(H + XmH) = My (1+ Xm) A. (28.21) 


In analogy to the relative electric permittivity introduced in Chapter 24, the relative mag- 
netic permeability, «,,, is commonly defined as 


Km =1+ Xn- (28.22) 
Then, the magnetic permeability, u, of a material can be expressed as 
u =(1+ Xm) Mo = Km Ho: (28.23) 


Replacing mọ with u in the Biot-Savart Law (equation 28.1) and Amperes Law (equation 
28.10) enables us to use these laws for calculating the magnetic field in a particular material. 

Finally for paramagnetic materials, there is a temperature dependence to the magni- 
tude of the magnetization. Conventionally, this temperature dependence is expressed via 
Curies Law: 


B 
M:-2, (28.24) 
T 


where c is Curie’s constant, B is the magnitude of the magnetic field, and T is the tempera- 
ture in Kelvins. 


Ferromagnetism 


The elements iron, nickel, cobalt, gadolinium, and dysprosium—and alloys containing 
these elements—exhibit ferromagnetism. A ferromagnetic material shows long-range 
ordering at the atomic level, which causes the dipole moments of atoms to line up with 
each other in a limited region called a domain. Within a domain, the magnetic field can be 
strong. However, in bulk samples of the material, domains are randomly oriented, leaving 
no net magnetic field. Figure 28.26a shows randomly oriented magnetic dipole moments 
in a domain, and Figure 28.26b shows perfect ferromagnetic order. Figure 28.26c illustrates 
the interesting case of perfect antiferromagnetic order, in which the interaction between 
neighboring magnetic dipole moments causes them to be oriented in opposite directions. 
This ordering can be realized only at very low temperatures. 
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An external magnetic field can align domains as shown in Figure 28.26b, as a result 
of the interaction between the magnetic dipole moments of the domain and the external 
field. As a result, a ferromagnetic material retains all or some of its induced magnetism 
when the external magnetic field is removed, since the domains stay aligned. In addition, 
the magnetic field produced by a current in a solenoid or a toroid will be larger if a ferro- 
magnetic material is present in the device. But in contrast to diamagnetic and paramagnetic 
materials, ferromagnetic materials do not obey the simple linear relationship given in equa- 
tion 28.20. The domains retain their orientations, and thus the material exhibits a nonzero 
magnetization even in the absence of an external magnetic field. (This is why permanent 
magnets exist.) 

Figure 28.27 illustrates the dependence of the magnetization on the magnetic field 
strength for the three types of materials weve discussed. Figure 28.27a and Figure 28.27b 
show the linear dependence according to equation 28.20 for diamagnetic and paramagnetic 
materials, respectively. Figure 28.27c shows the typical hysteresis loop obtained for ferro- 
magnetic materials. The arrows on the red curve show the direction in which the mag- 
netization process develops, and the dashed lines represent the maximum magnetization 
(positive and negative) possible. For any point on this hysteresis loop, the magnetization 
can be expressed in terms of an effective value of the magnetic permeability, u, of the ferro- 
magnetic material, similar to what is given in equation 28.23; however, this permeability is 
not a constant but depends on the applied magnetic field strength and even on the path by 
which that value of the field strength was attained. Regardless, the values of the effective 
permeability, u, for ferromagnetic materials can be very large compared to those measured 
for paramagnetic materials (greater by a factor of up to 10°). 

Ferromagnetism exhibits temperature dependence. At a certain temperature, called the 
Curie temperature, ferromagnetic materials cease to exhibit ferromagnetism. At this point, 
the ferromagnetic order due to the interaction of the dipole moments in these materials 
is overwhelmed by the thermal motion. For iron, the Curie temperature is 768 °C. Figure 
28.28 shows a simple demonstration in which heating a permanent ferromagnet above its 
Curie temperature (Figure 28.28b) destroys the attraction between it and another perma- 
nent magnet (Figure 28.28c). As the magnet subsequently cools below its Curie tempera- 
ture (Figure 28.28d), it again becomes a permanent magnet (Figure 28.28e). 


a ai Demonstration of the Curie temperature: (a) A permanent magnet forms the bob 

of a pendulum and is deflected from the vertical and held there by another permanent magnet (lower 
left corner of each frame); (b) the magnet is heated and begins to glow red and approaches its Curie 
temperature; (c) the magnet is above its Curie temperature and hangs straight down, showing it is not 
magnetic any more at this temperature; (d) as the magnet cools below the Curie temperature, it begins 
to return to being a permanent magnet; and (e) it returns to its original equilibrium position. 


(a) 


(c) 


FIGURE 28.27 Magnetization as a 
function of the magnetic field strength: 
(a) for diamagnetic materials; (b) for 
paramagnetic materials; (c) the hyster- 
esis loop for ferromagnetic materials. 


28.7 Magnetism and Superconductivity 


Magnets for industrial applications and scientific research can be constructed using ordi- 
nary resistive wire with current flowing through it. A typical magnet of this type is a large 
solenoid. The current flowing through the wire of the magnet produces resistive heating, 
and the heat is usually removed by low-conductivity water flowing through hollow con- 
ductors. (Low-conductivity water has been purified so that it does not conduct electric- 
ity.) These room-temperature magnets typically produce magnetic fields with strengths up 
to 1.5 T and are usually relatively inexpensive to construct but are expensive to operate 
because of the high cost of electricity. 

Some applications, such as magnetic resonance imaging (MRI), require magnetic fields of 
the highest possible magnitude to ensure the best signal-to-noise ratio in the measurements. 


914 Chapter 28 Magnetic Fields of Moving Charges 


haul 


B(T<T, B(T>T,) 
FIGURE 28.29 The Meissner 


effect, in which a superconductor 
excludes external magnetic fields from 
its interior below the critical tempera- 
ture at which the material becomes 
superconducting. 


FIGURE 28.30 Through the Meiss- 
ner effect, a superconductor expels the 
magnetic field of a permanent magnet, 
which thus hovers above it. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


To achieve these fields, magnets are constructed using superconducting coils rather than resis- 
tive coils. Such a magnet can produce a stronger field than a room-temperature magnet, with a 
magnitude of 10 T or higher. Materials such as mercury and lead exhibit superconductivity at 
liquid helium temperatures, but some metals that are good conductors at room temperature, 
such as copper and gold, never become superconducting. The disadvantage of a superconduct- 
ing magnet is that the conductor must be kept at the temperature of liquid helium, which is 
approximately 4 K (although recent discoveries described later in this section are easing this 
limitation). Thus, the magnet must be enclosed in a cryostat filled with liquid helium to keep it 
cold. An advantage of a superconducting magnet is the fact that once the current is established 
in the coil of the magnet, it will continue to flow until it is removed by external means. How- 
ever, the energy saving realized by having no resistive loss in the coil is at least partially offset 
by the expenditure of energy required to keep the superconducting coil cold. 

When current flows through superconducting mercury or lead, the material becomes 
almost perfectly diamagnetic (Xm ~ -1). According to equation 28.21, this means that the 
magnetic field inside the material becomes zero. Thus, the magnetic field is excluded from the 
superconducting material, and only small current densities can be achieved. The zero mag- 
netic field inside a material cooled sufficiently so it becomes a superconductor is called the 
Meissner effect. Above the critical temperature, T, for the transition to superconductivity, the 
Meissner effect disappears, and the material becomes a normal conductor (Figure 28.29). 

Figure 28.30 shows an impressive demonstration of the Meissner effect: A piece of a 
superconductor (cooled to a temperature below its critical temperature) causes a perma- 
nent magnet to float above it by expelling the magnet’s intrinsic magnetic field. It achieves 
this because superconducting currents on its surface produce a magnetic field opposed to 
the applied field, which yields a net field of zero inside the superconductor and repulsion 
between the fields above the superconductor. 

The conductor used in a superconducting magnet is specially designed to overcome 
the Meissner effect. Modern superconductors are constructed from filaments of niobium- 
titanium alloy embedded in solid copper. The niobium-titanium filaments have microscopic 
domains in which a magnetic field can exist without being excluded. The copper serves as a 
mechanical support and can take over the current load should the superconductor become 
normally conducting. This type of superconductor can produce magnetic fields with magni- 
tudes as high as 15 T. 

During the last two decades, physicists and engineers have discovered new materials that 
are superconducting at temperatures well above 4 K. Critical temperatures of up to 160 K have 
been reported for these high-temperature superconductors, which means that they can be made 
superconducting by cooling them with liquid nitrogen. Many researchers around the world are 
looking for materials that are superconducting at room temperature. These materials would 
revolutionize many areas of industry, in particular, transportation and the power grid. 


= The magnetic permeability of free space, uo, is given by = The magnitude of the magnetic field inside a 


Am-10’ T m/A. 


= ids xr 
= The Biot-Savart Law, dB = m S 


differential magnetic field, dB, caused by a current element, 
ids, at position 7 relative to the current element. 


= The magnitude of the magnetic field at distance r, from a E 
long, straight wire carrying current i is B = mọi/27r |. 


solenoid carrying current i and having n turns per 


nit length is B = moni. 
, describes the u gt Mo 


r = The magnitude of the magnetic field inside a toroid 
having N turns and carrying current i at radius r is 
given by B = wyNi/271. 


For an electron with charge -e and mass m moving 
in a circular orbit, the magnetic dipole moment can 


= The magnetic field magnitude at the center of a loop with be related, to the orbital angular momentum through 
radius R carrying current i is B = pyi/2R. Hor =->—Lor: 


=» Amperes Law is given by 


the integration path and i 
chosen Amperian loop. 


enc İS the current enclosed in a 


2m 


Beds = oinc» Where di is = For diamagnetic and paramagnetic materials, 


magnetization is proportional to the magnetic field 
strength: M = y,,H. Ferromagnetic materials follow 


Answers to Self-Test Opportunities 915 


a hysteresis loop and thus deviate from this 
linear relationship. 


= The magnetic field inside a diamagnetic 
or paramagnetic material is due to the 
external magnetic field strength and the 
magnetization: 


B= p)(H+M)=po(H+ XmH)= 


bo (1+ Xm) H = hok, H = WH, where K, is the Musics ale Right-hand rule 2 
m 


relative magnetic permeability. 


= The four right-hand rules related to magnetic 
fields are shown in Figure 28.31. Right-hand 
rule 1 gives the direction of the magnetic 
force on a charged particle moving in a 
magnetic field. Right-hand rule 2 gives the 
direction of the unit normal vector for a 
current-carrying loop. Right-hand rule 3 
gives the direction of the magnetic field from 
a current-carrying wire. Right-hand rule 4 
gives the direction of the magnetic field inside 22.9 0% 
a toroidal magnet. 


Right-hand rule 3 Right-hand rule 4 
FIGURE 28.31 Four right-hand rules related to magnetic fields. 


KEY TERMS 
Biot-Savart Law, p. 894 Helmholtz coil, p. 904 magnetic field strength, paramagnetism, p. 912 
magnetic permeability of solenoid, p. 905 p. 911 relative magnetic 

free space, p. 894 toroid, p. 907 magnetic susceptibility, permeability, p. 912 
Ampere’s Law, p. 903 magnetization, p. 910 p. 911 ferromagnetism, p. 912 
Amperian loop, p. 903 diamagnetism, p. 912 domain, p. 912 


NEW SYMBOLS AND EQUATIONS 


= “10-7 . PE a 
Ho = 4mr-10"" T m/A, magnetic permeability of free space Lor» orbital angular momentum for an electron moving in 


ds, vector direction of integration in Ampere’s Law a circular orbit in an atom 


ino enclosed current inside an Amperian loop M, magnetization 


$ L E E T H = B,/ o, magnetic field strength 


Xm Magnetic susceptibility 
Loh» orbital magnetic dipole moment for an electron in 
circular orbit Kw relative magnetic permeability 


ANSWERS TO SELF-TEST OPPORTUNITIES 


28.1 The magnetic field at point P, points in the positive 


; R? in? ; 
y-direction. The magnetic field at point P, points in the 28.3 B.= Mol we Mot = -Hoi 
negative x-direction. 2 (0? 4 r?) 2 R 2R 


28.2 Two parallel wires carrying current in the same direction 
attract each other. Two parallel wires carrying current in the 
opposite direction repel each other. 
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PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 

1. When using the Biot-Savart Law, you should always draw a 
diagram of the situation, with the current element highlighted. 
Check for simplifying symmetries before proceeding with 
calculations; you can save yourself a significant amount of work. 


2. When applying Ampere’s Law, choose an Amperian loop 
that has some geometrical symmetry, in order to simplify the 
evaluation of the integral. Often, you can use right-hand rule 
3 to choose the direction of integration along the loop: Point 
your thumb in the direction of the net current through the 
loop and your fingers curl in the direction of integration. This 
method will also remind you to sum the currents through the 
Amperian loop to determine the enclosed current. 


3. Remember the superposition principle for magnetic fields: 
The net magnetic field at any point in space is the vector 
sum of the individual magnetic fields generated by different 
objects. Make sure you do not simply add the magnitudes. 
Instead, you generally need to add the spatial components of 
the different sources of magnetic field separately. 


4. All of the principles governing motion of charged 
particles in magnetic fields and all of the problem-solving 
guidelines presented in Chapter 27 still apply. It does not 
matter if the magnetic field is due to a permanent magnet 
or an electromagnet. 

5. In order to calculate the magnetic field in a material, you can 
use the formulas derived from Amperes Law and Biot-Savart's 
Law, but you have to replace mọ with u = KM = (1+ Xm) Mo- 


F SOLVED PROBLEM 28.4 | Magnetic Field from Four Wires 


wee J wire 3 
a 
FIGURE 28.32 Four wires located 


at the corners of a square. Two of the 
wires are carrying current into the 
page, and the other two are carrying 
current out of the page. 


PROBLEM 


SOLUTION 
THINK 


Four wires are each carrying a current of magnitude i =1.00 A. The wires are located at 
the four corners of a square with side a = 3.70 cm. Two of the wires are carrying current 
into the page, and the other two are carrying current out of the page (Figure 28.32). 


What is the y-component of the magnetic field at the center of the square? 


FIGURE 28.33 The magnetic fields 


from the four current-carrying wires. 


The magnetic field at the center of the square is the vector sum of the magnetic fields 
from the four current-carrying wires. The magnitude of the magnetic field from all four 
wires is the same. The direction of the magnetic field from each wire is determined using 
right-hand rule 3. 


SKETCH 

Figure 28.33 shows the magnetic fields from the four wires: B, is the magnetic field from 
wire 1, B, is the magnetic field from wire 2, B, is the magnetic field from wire 3, and B; is 
the magnetic field from wire 4. Note that B, and B, are equal and B, and B; are equal. 


RESEARCH 
The magnitude of the magnetic field from each of the four wires is given by 


B= Moi _ Moi 


2ar 2a(ar/2) 


where alN2 is the distance from each wire to the center of the square. 
Right-hand rule 3 gives us the directions of the magnetic fields, which are shown in Fig- 
ure 28.33. The y-component of each of the magnetic fields is given by 


B, = Bsin 45°. 
SIMPLIFY 
The sum of the y-components of the four magnetic fields is 
: o Mol 1 2 Moi 
By sum = 4B, = 4Bsin 45° = 4 = ; 
” d 2a(al2 ) | V2 ma 


where we have used sin 45° = v2 : 


CALCULATE 


Putting in the numerical values gives us 


27 
ami _2(47:107 Tm/A (1.00 A) 


=2.16216-10° T. 


nara (370-107 m) 
ROUND 
We report our result to three significant figures: 
B, sım = 21610” T. 


DOUBLE-CHECK 
To double-check our result, we calculate the magnitude of the magnetic field from one 
wire at the center of the square: 


g (47 107 T m/A |(1.00 A)y2 


pe =7.64-10° T. 
2n(alV2) 2(3.70-107 m) 
The sum of the y-components is then 
4(7.64-10° T) 
Bum = 7 =2.16-10° T, 
2 


which agrees with our result. 


E 


SOLVED PROBLEM 28.5 (Electron Motion in a Solenoid 


An ideal solenoid has 200.0 turns/cm. An electron inside the coil of a solenoid moves in 
a circle with radius r = 3.00 cm perpendicular to the solenoid’s axis. The electron moves 
with a speed of v = 0.0500c, where c is the speed of light. 


PROBLEM 
What is the current in the solenoid? 


SOLUTION 


THINK 

The solenoid produces a uniform magnetic field, which is proportional to the current 
flowing in the solenoid. The radius of circular motion of the electron is related to the 
speed of the electron and the magnetic field inside the solenoid. 


SKETCH 
Figure 28.34 shows the circular path of the electron in the uniform magnetic field of the 
solenoid. 


RESEARCH 
The magnitude of the magnetic field inside the solenoid is given by 


B= oni, (i) 
where i is the current in the solenoid and n is the number of turns per unit length. The 
magnetic force provides the centripetal force needed for the electron to move in a circle 
and so the radius of the electron’s path can be related to B: 

mv 
r=—, 
eB 
where m is the electron’s mass, v is its speed, and e is the magnitude of the electron’s 
charge. 


(ii) 


Continued— 
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FIGURE 28.34 Electron traveling in 
a circular path inside a solenoid. 


918 Chapter 28 Magnetic Fields of Moving Charges 


SIMPLIFY 


Combining equations (i) and (ii), we have 


Solving this equation for the current in the solenoid, we obtain 


CALCULATE 


The speed of the electron was specified in terms of the speed of light: 


v =0.0500c = 0.0500(3.00 108 m/s) =1.50:10 m/s. 


Putting this and the other numerical values into equation (iii), we get 


P mv 
i= = 


mv 


aie 


mv 


i= : 
er on 


(iii) 


(911-10 kg](1.50-107 m/s) 


er ugn (1.602-10 C)(3.00-10° m)(47:107 T m/A)(200-10? nm} 


=0.113132 A. 
ROUND 


We report our result to three significant figures: 


DOUBLE-CHECK 


To double-check our result, we use it to calculate the magnitude of the magnetic field 


inside the solenoid: 


B= uni = (47 07 m/A (200-107 m! J(o.us A) = 0.00284 T. 


This magnitude of magnetic field seems reasonable. Thus, our calculated value for the 
current in the solenoid seems reasonable. | 


i=0.113 A. 


S 


MULTIPLE-CHOICE QUESTIONS 


| 28.1 Two long, straight wires are parallel to each other. The 
wires carry currents of different magnitudes. If the amount 
of current flowing in each wire is doubled, the magnitude of 
the force between the wires will be 
a) twice the magnitude of the original force. 
b) four times the magnitude of the original force. 
c) the same as the magnitude of the original force. 
d) half of the magnitude of the original force. 
28.2 A current element produces a magnetic field in the 
region surrounding it. At any point in space, the magnetic field 
produced by this current element points in a direction that is 
a) radial from the current element to the point in space. 
b) parallel to the current element. 
c) perpendicular to the current element and to the radial 
direction. 
28.3 The number of turns in a solenoid is doubled, and its 
length is halved. How does its magnetic field change? 
a) it doubles 
b) itis halved 


c) it quadruples 
d) it remains unchanged 


28.4 The magnetic force cannot do work on a charged 
particle since the force is always perpendicular to the 
velocity. How then can magnets pick up nails? Consider two 
parallel current-carrying wires. The magnetic fields cause 
attractive forces between the wires, so it appears that the 
magnetic field due to one wire is doing work on the other 
wire. How is this explained? 


a) The magnetic force can do no work on isolated charges; 
this says nothing about the work it can do on charges 
confined in a conductor. 


b) Since only an electric field can do work on charges, it is 
actually the electric fields doing the work here. 


c) This apparent work is due to another type of force. 

28.5 In a solenoid in which the wires are wound such that 
each loop touches the adjacent ones, which of the following 
will increase the magnetic field inside the magnet? 

a) making the radius of the loops smaller 

b) increasing the radius of the wire 

c) increasing the radius of the solenoid 


d) decreasing the radius of the wire 

e) immersion of the solenoid in gasoline 

28.6 Two insulated wires cross at a 90° angle. Currents are 
sent through the two wires. Which one of the figures best 
represents the configuration of the wires, if the current in 
the horizontal wire flows in the positive x-direction and the 
current in the vertical wire flows in the positive y-direction? 


(a) (b) (c) (d) 


28.7 What is a good rule of thumb for designing a simple 
magnetic coil? Specifically, given a circular coil of radius 
~1 cm, what is the approximate magnitude of the magnetic 
field, in gauss per amp per turn? (Note: 1 G = 0.0001 T.) 


a) 0.0001 G/(A-turn) c) 1 G/(A-turn) 
b) 0.01 G/(A-turn) d) 100 G/(A-turn) 


28.8 A solid cylinder carries a current that is uniform over 
its cross section. Where is the magnitude of the magnetic 
field the greatest? 


QUESTIONS 


28.11 Many electrical applications use twisted-pair cables in 
which the ground and signal wires spiral about each other. 
Why? 

28.12 Discuss how the accuracy of a compass needle in 
showing the true direction of north can be affected by the 
magnetic field due to currents in wires and appliances in a 
residential building. 


28.13 Can an ideal solenoid, one with no magnetic field out- 
side the solenoid, exist? If not, does that render the derivation 
of the magnetic field inside the solenoid (Section 28.4) void? 


28.14 Conservative forces tend to act on objects in such a 
way as to minimize the system's potential energy. Use this 
principle to explain the direction of the force on the current- 
carrying loop described in Example 28.1. 


28.15 Two particles, each with charge q and mass m, are 
traveling in a vacuum on parallel trajectories a distance d 
apart, both at speed v (much less than the speed of light). 
Calculate the ratio of the magnitude of the magnetic force 
that each exerts on the other to the magnitude of the electric 
force that each exerts on the other: F,,/F.. 


28.16 A long, straight cylindrical tube of inner radius a and 
outer radius b, carries a total current i uniformly across its cross 
section. Determine the magnitude of the magnetic field from 
the tube at the midpoint between the inner and outer radii. 


28.17 Three identical straight wires are connect- 

ed in a T, as shown in the figure. Wire 2 
If current i flows into the junction, what is i, 
the magnetic field at point B a distance d Wire 1 
from the junction? Wire 3 
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a) at the center of the cylinder’s cross section 
b) in the middle of the cylinder 

c) at the surface 

d) none of the above 


28.9 Two long, straight wires have currents flowing in 
them in the same direction as shown in the figure. The force 


between the wires is Ss 
— 
a) attractive. b) repulsive. c) zero. 


28.10 In a magneto-optic experiment, a liquid sample in a 
10-mL spherical vial is placed in a highly uniform magnetic 
field, and a laser beam is directed through the sample. 
Which of the following should be used to create the uniform 
magnetic field required by the experiment? 


a) a 5-cm-diameter flat coil consisting of one turn of 
4-gauge wire 

b) a 10-cm-diameter, 20 turn, single layer, tightly wound 
coil made of 18-gauge wire 

c) a2-cm-diameter, 10-cm long, tightly wound solenoid 
made of 18-gauge wire 

d) a set of two coaxial 10-cm-diameter coils at a distance of 
5 cm apart, each consisting of one turn of 4-gauge wire 


28.18 In a certain region, there is a constant and uniform mag- 
netic field, B. Any electric field in the region is also unchanging 
in time. Find the current density, J, in this region. 


28.19 The magnetic character of bulk matter is determined 
largely by electron spin magnetic moments, rather than by or- 
bital dipole moments. (Nuclear contributions are negligible, as 
the proton’s spin magnetic moment is about 658 times smaller 
than that of the electron.) If the atoms or molecules of a sub- 
stance have unpaired electron spins, the associated magnetic 
moments give rise to paramagnetic behavior or to ferromag- 
netic behavior if the interactions between atoms or molecules 
are strong enough to align them in domains. If the atoms or 
molecules have no net unpaired spins, then magnetic perturba- 
tions of the electron orbits give rise to diamagnetic behavior. 


a) Molecular hydrogen gas (H,) is weakly diamagnetic. What 
does this imply about the spins of the two electrons in the 
hydrogen molecule? 

b) What would you expect the magnetic behavior of atomic 
hydrogen gas (H) to be? 

28.20 Exposed to sufficiently high magnetic fields, materials satu- 
rate, or approach a maximum magnetization. Would you expect 
the saturation (maximum) magnetization of paramagnetic materi- 
als to be much less than, roughly the same as, or much greater than 
that of ferromagnetic materials? Explain why. 


28.21 A long, straight wire carries a current, as shown in the fig- 
ure. A single electron is shot directly toward the wire from above. 
The trajectory of the electron and the wire are Ve 
in the same plane. Will the electron be deflected 

from its initial path, and if so, in which direction? ———>—— 
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PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Sections 28.1 and 28.2 


28.22 Two long parallel wires are separated by 3.0 mm. The 
current flowing in one of the wires is twice that in the other 
wire. If the magnitude of the force on a 1.0-m length of one of 
the wires is 7.0 uN, what are the values of the two currents? 


28.23 An electron is shot from an electron gun with a speed 
of 4.0- 10° m/s and moves parallel to and a distance of 5.0 cm 
above a long, straight wire carrying a current of 15 A. Deter- 
mine the magnitude and the direction of the acceleration of 
the electron the instant it leaves the electron gun. 


28.24 An electron moves in a straight line at a speed of 
5.10f m/s. What is the magnitude and the direction of the 
magnetic field created by the moving electron at a distance 
d=5 m ahead of it on its line of motion? How does the 
answer change if the moving particle is a proton? 


28.25 Suppose that the magnetic field of the Earth were due 
to a single current moving in a circle of radius 2.00-10° km 
through the Earth’s molten core. The strength of the Earth’s 
magnetic field on the surface near a magnetic pole is about 
6.00 - 10” T. About how large a current would be required to 
produce such a field? 


28.26 A square ammeter has sides of 
length 3.00 cm. The sides of the amme- 
ter are capable of measuring the 
magnetic field they are subject 
to. When the ammeter is 
clamped around a wire 3.00 cm 
carrying a DC current, as 
shown in the figure, the average 
value of the magnetic field measured in 
the sides is 3.00 G. What is the current 
in the wire? 


28.27 A long, straight wire carrying a 2.00-A current lies 
along the x-axis. A particle with charge q = -3.00 uC passes 
parallel to the z-axis through the point (x,y,z) = (0,2,0). 
Where in the xy-plane should another long, straight wire be 
placed so that there is no magnetic force on the particle at 


the point where it crosses the plane? 
= a 


28.28 Find the magnetic field 

in the center of a wire semicircle 

like that shown in the figure, with = = 
radius R = 10.0 cm, if the current is 
i=12.0A. 


28.29 Two very long wires run parallel to the z-axis, as 
shown in the figure. They each carry a current, i, = i, = 25.0 A, 
in the direction of the positive z-axis. The magnetic field of 
the Earth is given by B = (2.6-10~°)# T (in the xy-plane and 
pointing due north). A magnetic compass needle is placed 


at the origin. Determine the y 
angle 0 between the compass 
needle and the x-axis. (Hint: N 
The compass needle will align 
its axis along the direction of 
the net magnetic field.) 


> x 


28.30 Two identical coaxial coils of wire of radius 20.0 cm 
are directly on top of each other, separated by a 2.00-mm 
gap. The lower coil is on a flat table and has a current i in the 
clockwise direction; the upper coil carries an identical cur- 
rent and has a mass of 0.0500 kg. Determine the magnitude 
and the direction that the current in the upper coil has to 
have to keep the coil levitated at its current height. 


28.31 A long, straight wire lying along the x-axis carries a 
current, i, flowing in the positive x-direction. A second long, 
straight wire lies along the y-axis and has a current i in the 
positive y-direction. What is the magnitude and the direc- 
tion of the magnetic field at point z = b on the z-axis? 


e28.32 A square loop of wire with a side length of 10.0 cm 
carries a current of 0.300 A. What is the magnetic field in 
the center of the square loop? 


28.33 The figure shows the cross section 
through three long wires with a linear m 


-Pi 
mass distribution of 100. g/m. They carry 
currents i,, i,, and i, in the directions 
shown. Wires 2 and 3 are 10.0 cm apart m’ 


and are attached to a vertical surface, 
and each carries a current of 600. A. -0i 
What current, i, will allow wire 1 to 
“float” at a perpendicular distance d from the vertical sur- 
face of 10.0 cm? (Neglect the thickness of the wires.) 


28.34 A hairpin configuration is formed of two semi- 
infinite straight wires that are 2.00 cm apart and joined by 

a semicircular piece of wire (whose radius must be 1.00 cm 
and whose center is at the origin of xyz-coordinates). The 
top straight wire is along the line y = 1.00 cm, and the bot- 
tom straight wire is along the line y = -1.00 cm; these two 
wires are in the left side (x < 0) of the xy-plane. The current 
in the hairpin is 3.00 A, and it is directed toward the right in 
the top wire, clockwise around the semicircle, and to the left 
in the bottom wire. Find the magnetic field at the origin of 
the coordinate system. 


°28.35 A long, straight wire is located along the x-axis 

(y = 0 and z = 0). The wire carries a current of 7.00 A in the 
positive x-direction. What is the magnitude and the direc- 
tion of the force on a particle with a charge of 9.00 C located 
at (+1.00 m,+2.00 m,0), when it has a velocity of 3000. m/s 
in each of the following directions? 

a) the positive x-direction c) the negative z-direction 
b) the positive y-direction 

28.36 A long, straight wire has a 10.0-A current flowing in 
the positive x-direction, as shown in the figure. Close to the 


wire is a square loop of copper 


wire that carries a 2.00-A cur- a Ma 
rent in the direction shown. 

The near side of the loop is a 
d = 0.50 m away from the wire. 

The length of each side of the — 
square is a = 1.00 m. d 
a) Find the net force between 


the two current-carrying objects. 
b) Find the net torque on the loop. 


28.37 A square box with sides of length 1.00 m z 
has one corner at the origin of a coordinate 
system, as shown in the figure. Two coils are at- 
tached to the outside of the box. One coil is on z) 
the box face that is in the xz-plane at y = 0, and Lx i 
the second is on the box face in the yz-plane 

at x = 1.00 m. Each of the coils has a diameter of 1.00 m and 
contains 30.0 turns of wire carrying a current of 5.00 A in 
each turn. The current in each coil is clockwise when the coil 
is viewed from outside the box. What is the magnitude and 
the direction of the magnetic field at the center of the box? 


Section 28.3 


28.38 A square loop, with sides of length L, carries current 
i. Find the magnitude of the magnetic field from the loop at 
the center of the loop, as a function of i and L. 


28.39 The figure shows a 
cross section across the 
diameter of a long, solid, 
cylindrical conduc- 

tor. The radius of the 
cylinder is R = 10.0 cm. 

A current of 1.35 A is 
uniformly distributed 
through the conductor 
and is flowing out of 

the page. Calculate the 
direction and the magni- 
tude of the magnetic field 
at positions r, = 0.0 cm, 
Tp = 4.00 cm, r. = 10.00 cm, 
and ry = 16.0 cm. 


R =10.0 cm 


© 
i= 135A 


ra = 16.0 cme 


— D —| 


28.40 Parallel wires, a distance D apart, carry a 
current, i, in opposite directions as shown in the 
figure. A circular loop, of radius R = D/2, has 
the same current flowing in a counterclockwise 
direction. Determine the magnitude and the 
direction of the magnetic field from the loop 
and the parallel wires at the center of the loop as 
a function of i and R. 


28.41 A current of constant density, Jo, flows through a very 
long cylindrical conducting shell with inner radius a and 
outer radius b. What is the magnetic field in the regions 
r<aa<r<b,andr> b? Does B,.,., = B,s, for r = b? 
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28.42 The current density in a cylindrical conductor 
of radius R, varies as J(r) = Jor/R (in the region from zero 
to R). Express the magnitude of the magnetic field in the 
regions r < R and r > R. Produce a sketch of the radial 
dependence, B(r). 


28.43 A very large sheet of a conductor located in the 
xy-plane, as shown in the figure, has a uniform current flow- 
ing in the y-direction. The current density is 1.5 A/cm. Use 
Amperes Law to calculate the direction and the magnitude 
of the magnetic field just above the center of the sheet (not 
close to 
any edges). 


Current density = 1.5 A/cm 


i 


z 


y 
/ r BBGQVGQHGHHOHHHBHBOHBGOSO 


ee28.44 A coaxial wire consists of a copper core of radius 
1.00 mm surrounded by a copper sheath of inside radius 
1.50 mm and outside radius 2.00 mm. A current, i, flows in 
one direction in the core and in the opposite direction in the 
sheath. Graph the magnitude of the magnetic field as a func- 
tion of the distance from the center of the wire. 


ee28.45 The current density of a cylindrical conductor 
of radius R varies as J(r) = ler R (in the region from zero 
to R). Express the magnitude of the magnetic field in the 
regions r < R and r > R. Produce a sketch of the radial 
dependence, B(r). 


Section 28.4 

28.46 A current of 2.00 A is flowing through a 1000-turn 
solenoid of length L = 40.0 cm. What is the magnitude of 
the magnetic field inside the solenoid? 


28.47 Solenoid A has twice the diameter, three times the 
length, and four times the number of turns of solenoid B. 
The two solenoids have currents of equal magnitudes 
flowing through them. Find the ratio of the magnitude of 
the magnetic field in the interior of solenoid A to that of 
solenoid B. 


28.48 A long solenoid (diameter of 6.00 cm) is wound with 
1000 turns per meter of thin wire through which a current 
of 0.250 A is maintained. A wire carrying a current of 10.0 A 
is inserted along the axis of the solenoid. What is the magni- 
tude of the magnetic field at a point 1.00 cm from the axis? 


28.49 A long, straight wire carries a current of 2.5 A. 


a) What is the strength of the magnetic field at a distance of 
3.9 cm from the wire? 

b) Ifthe wire still carries 2.5 A, but is used to form a long 
solenoid with 32 turns per centimeter and a radius of 3.9 cm, 
what is the strength of the magnetic field at the center of the 
solenoid? 


28.50 Figure 28.18a shows a Helmholtz coil used to gener- 
ate uniform magnetic fields. Suppose the Helmholtz coil 
consists of two sets of coaxial wire loops with 15 turns of 
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radius R = 75.0 cm, which are separated by R, and each coil 
carries a current of 0.123 A flowing in the same direction. 
Calculate the magnitude and the direction of magnetic field 
in the center between the coils. 


e28.51 A particle detector utilizes a solenoid that has 550 
turns of wire per centimeter. The wire carries a current 

of 22 A. A cylindrical detector that lies within the solenoid 
has an inner radius of 0.80 m. Electron and positron beams 
are directed into the solenoid parallel to its axis. What is the 
minimum momentum perpendicular to the solenoid axis that 
a particle can have if it is to be able to enter the detector? 


Sections 28.5 through 28.7 


28.52 An electron has a spin magnetic moment of mag- 
nitude u = 9.285-10°~“A m”. Consequently, it has energy 
associated with its orientation in a magnetic field. If the dif- 
ference between the energy of an electron that is “spin up” 
in a magnetic field of magnitude B and the energy of one 
that is “spin down” in the same magnetic field (where “up” 
and “down” refer to the direction of the magnetic field) is 
9.460-10” J, what is the field magnitude, B? 


28.53 When a magnetic dipole is placed in a magnetic field, 
it has a natural tendency to minimize its potential energy 
by aligning itself with the field. If there is sufficient thermal 
energy present, however, the dipole may rotate so that it is 
no longer aligned with the field. Using k,T as a measure of 
the thermal energy, where kg is Boltzmann's constant and 
T is the temperature in kelvins, determine the temperature 
at which there is sufficient thermal energy to rotate the 
magnetic dipole associated with a hydrogen atom from an 
orientation parallel to an applied magnetic field to one that 
is antiparallel to the applied field. Assume that the strength 
of the field is 0.15 T. 


28.54 Aluminum becomes superconducting at a tempera- 
ture around 1.0 K if exposed to a magnetic field of magni- 
tude less than 0.0105 T. Determine the maximum current 
that can flow in an aluminum superconducting wire with 
radius R = 1.0 mm. 


28.55 If you want to construct an electromagnet by running 
a current of 3.0 A through a solenoid with 500 windings 

and length 3.5 cm and you want the magnetic field inside 
the solenoid to have magnitude B = 2.96 T, you can insert 

a ferrite core into the solenoid. What value of the relative 
magnetic permeability should this ferrite core have in order 
to make this work? 


28.56 What is the magnitude of the magnetic field inside a 
long, straight tungsten wire of circular cross section with di- 
ameter 2.4 mm and carrying a current of 3.5 A, at a distance 
of 0.60 mm from its central axis? 


e28.57 You charge up a small rubber ball of mass 200. g 
by rubbing it over your hair. The ball acquires a charge of 
2.00 uC. You then tie a 1.00-m-long string to it and swing 
it in a horizontal circle, providing a centripetal force of 
25.0 N. What is the magnetic moment of the system? 


°28.58 Consider a model of the hydrogen atom in which 
an electron orbits a proton in the plane perpendicular 

to the proton’s spin angular momentum (and magnetic 
dipole moment) at a distance equal to the Bohr radius, 

ap = 5.292.107"! m. (This is an oversimplified classical mod- 
el.) The spin of the electron is allowed to be either parallel to 
the proton’s spin or antiparallel to it; the orbit is the same in 
either case. But since the proton produces a magnetic field at 
the electron’s location, and the electron has its own intrinsic 
magnetic dipole moment, the energy of the electron differs 
depending on its spin. The magnetic field produced by the 
proton’s spin may be modeled as a dipole field, like the elec- 
tric field due to an electric dipole discussed in Chapter 22. 
Calculate the energy difference between the two electron- 
spin configurations. Consider only the interaction between 
the magnetic dipole moment associated with the electron’s 
spin and the field produced by the proton’s spin. 


ee28.59 Consider an electron to be a uniformly dense 
sphere of charge, with a total charge of -e = -1.60 - 10” C, 
spinning at an angular frequency, w. 


a) Write an expression for its classical angular momentum 
of rotation, L. 

b) Write an expression for its magnetic dipole moment, u. 
c) Find the ratio, y, = w/L, known as the gyromagnetic ratio. 


Additional Problems 


28.60 Two 50-turn coils, each with a diameter | 
of 4.00 m, are placed 1.00 m apart, as shown in 

the figure. A current of 7.00 A is flowing in the aie 
wires of both coils; the direction of the current WF pi 
is clockwise for both coils when viewed from ‘SP’ 

the left. What is the magnitude of the magnetic - m |- 


field in the center between the two coils? ' 


28.61 The wires in the figure are separated by a vertical 
distance d. Point B is at the midpoint between the two wires; 
point A is a distance d/2 from the 

lower wire. The horizontal distance 

between A and B is much larger than 

d. Both wires carry the same current, 

i. The strength of magnetic field at 


point A is 2.00 mT. i 
What is the , d eB 
strength of the OO — — —— 


field at point B? eA 


28.62 You are standing at a spot where the magnetic field 
of the Earth is horizontal, points due northward, and has 
magnitude 40.0 wT. Directly above your head, at a height of 
12.0 m, a long, horizontal cable carries a steady DC current of 
500.0 A due northward. Calculate the angle 0 by which your 
magnetic compass needle is deflected from true magnetic 
north by the effect of the cable. Don’t forget the sign of 06—is 
the deflection eastward or westward? 


28.63 The magnetic dipole moment of the Earth is approxi- 
mately 8.0- 10” A m’. The source of the Earth’s magnetic 


field is not known; one possibility might be the circulation 
of ions in the Earth’s molten outer core. Assume that the cir- 
culating ions move a circular loop of radius 2500 km. What 
“current” must they produce to yield the observed field? 


28.64 A circular wire loop has z 
radius R = 0.12 m and carries 
current i = 0.10 A. The loop 

is placed in the xy-plane in a 
uniform magnetic field given 
by B=-1.52 T, as shown in the 
figure. Determine the direction i 

and the magnitude of the loops * |: 

magnetic moment and calculate 

the potential energy of the loop 

in the position shown. If the wire loop can move freely, how 
will it orient itself to minimize its potential energy, and what 
is the value of the lowest potential energy? 


28.65 A 0.90 m-long solenoid has a radius of 5.0 mm. 
When the wire carries a 0.20-A current, the magnetic field 
in the solenoid is 5.0 mT. How many turns of wire are there 
in the solenoid? 


28.66 In a coaxial cable, the solid core carries a current i. 
The sheath also carries a current i but in the opposite 
direction and has an inner radius a and an outer radius 
b. The current density is equally distributed over each 
conductor. Find an expression for the magnetic field at a 
distance a < r < b from the center of the core. 


28.67 A 50-turn rectangular coil of wire of dimensions 
10.0 cm by 20.0 cm lies in a horizontal plane, as shown in 
the figure. The axis of rotation of the coil is aligned north 
and south. It carries a current i = 1.00 A, and is in a mag- 
netic field pointing N 
Axis of rotation 


from west to east. A 
mass of 50.0 g hangs 
from one side of the 
loop. Determine the 
strength the mag- 
netic field has to 
have to keep the loop 
in the horizontal 
orientation. 


28.68 Two long, straight parallel wires are separated by a 
distance of 20.0 cm. Each wire carries a current of 10.0 A in 
the same direction. What is the magnitude of the resulting 
magnetic field at a point that is 12.0 cm from each wire? 


28.69 A particle with a mass of 1.00 mg and a charge of 
q is moving at a speed of 1000. m/s along a horizontal path 
10.0 cm below and parallel to a straight current-carrying 
wire. Determine q if the magnitude of the current in the 
wire is 10.0 A. 


28.70 A conducting coil consisting of n turns of wire is 
placed in a uniform magnetic field given by B =2.00y T, 

as shown in the figure. The radius of the coil is R = 5.00 cm, 
and the angle between the magnetic field vector and the 
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Side view 


unit normal vector to 
the coil is 9 = 60.0°. The 
current through the coil 
isi=5.00 A. 

a) Specify the direction 
of the current in the 
coil, given the direction 
of the magnetic dipole 
moment, #4, in the 
figure. 

b) Calculate the 
number of turns, n, the 
coil must have for the 
torque on the loop to be 
3.40 N m. 

c) If the radius of the 
loop is decreased to 

R = 2.50 cm, what should the number of turns, N, be for the 
torque to remain unchanged? Assume that i, B, and 0 stay 
the same. 


28.71 A loop of wire of radius R = 25.0 cm has a smaller 
loop of radius r = 0.900 cm at its center such that the planes 
of the two loops are perpendicular to each other. When a 
current of 14.0 A is passed through both loops, the smaller 
loop experiences a torque due to the magnetic field produced 
by the larger loop. Determine this torque assuming that the 
smaller loop is sufficiently small so that the magnetic field 
due to the larger loop is same across the entire surface. 


28.72 Two wires, each 25.0 cm long, are 
connected to two separate 9.00-V batter- 
ies as shown in the figure. The resistance 
of the first wire is 5.00 ©, and that of the 
other wire is unknown (R). Ifthe separation | Vong Vemf 
between the wires is 4.00 mm, what value 
of R will produce a force of magnitude 
4.00- 10” N between them? Is the force attractive or repulsive? 


5.00 Q| JR 


qt 


28.73 A proton is moving under the combined influence 
of an electric field (E = 1000. V/m) and a magnetic field 
(B = 1.20 T), as shown in the figure. 


a) What is the e @/@ ® Binto the page 
acceleration of a ala 

the proton at the 

instant it enters the Sape 

crossed fields? ® 8/8 : Sapna 
b) What would ® o|o l 

the acceleration be ANER 

if the direction of 

the protons motion ® ° y ® j 

was reversed? E 


28.74 A toy airplane of mass 0.175 kg, with a charge of 

36 mG, is flying at a speed of 2.8 m/s at a height of 17.2 cm 
above and parallel to a wire, which is carrying a 25-A cur- 
rent; the airplane experiences some acceleration. Determine 
this acceleration. 
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28.75 An electromagnetic doorbell has been constructed by 
wrapping 70 turns of wire around a long, thin rod, as shown 
in the figure. The rod has a mass of 30.0 g, a length of 8.00 cm, 
and a cross-sectional area of 0.200 cm’. The rod is free to pivot 
about an axis through its center, which is also the center of 
the coil. Initially, the rod makes an angle of 0 = 25.0° with the 
horizontal. When 6 = 0.00°, the rod strikes a bell. There is a 
uniform magnetic field of 900.0 G directed along 0 = 0.00°. 


2.00-A current to coil 


Bell 


a) Ifa current of 2.00 A is flowing in the coil, what is the 
torque on the rod when 6 = 25.0°? 

b) What is the angular velocity of the rod when it strikes 
the bell? 


28.76 Two long, parallel wires separated by a distance, d, 
carry currents in opposite directions. If the left-hand wire 
carries a current i/2, and the right-hand wire carries a cur- 
rent i, determine where the magnetic field is zero. 


28.77 A horizontally oriented coil of N 
wire of radius 5.00 cm and carrying 
a current, i, is being levitated by the 
south pole of a vertically oriented bar _ 8 
magnet suspended above the center 


w 
lss 


g a! 
| | 


of the coil. If the magnetic field on all parts of the coil makes 
an angle 0 of 45.0° with the vertical, determine the magni- 
tude and the direction of the current needed to keep the coil 
floating in midair. The magnitude of the magnetic field 

is B = 0.0100 T, the number of turns in the coil is N = 10.0, 
and the total coil mass is 10.0 g. 


28.78 As shown in the figure, a long, hollow, conducting 
cylinder of inner radius a and outer radius b carries a current 
that is flowing out of the page. Suppose that a = 5.00 cm, 

b = 7.00 cm, and the current i = 100. mA, uniformly dis- 
tributed over the cylinder wall (between a and b). Find the 
magnitude of the magnetic field at each of 

the following distances r from the center 

of the cylinder: 


a) r= 4.00 cm 


b) r= 6.50 cm 
c) r= 9.00 cm 


28.79 A wire of radius R carries current i. The current 
density is given by J = J)(1 - r/R), where r is measured from 
the center of the wire and J, is a constant. Use Ampere’s Law 
to find the magnetic field inside the wire at a distance r < R 
from the central axis. 


28.80 A circular wire of radius 5.0 cm has a current of 3.0 A 
flowing in it. The wire is placed in a uniform magnetic field 
of 5.0 mT. 

a) Determine the maximum torque on the wire. 


b) Determine the range of the magnetic potential energy of 
the wire. 


Electromagnetic 
Induction 


FIGURE 29.1 The Grand Coulee Dam on the Columbia River in the state of 
Washington is the largest single producer of electricity in the United States. Shown 
here are the giant generators, which apply the physical principle of induction to 
produce electricity. 


WHAT WE WILL LEARN 


29.1 Faraday’s Experiments 
29.2 Faraday’s Law of Induction 
Induction in a Flat Loop inside 
a Magnetic Field 
Example 29.1 Potential Difference 
Induced by a Changing 
Magnetic Field 
Example 29.2 Potential Difference 
Induced by a Moving Loop 
29.3 Lenz's Law 
Eddy Currents 
Metal Detector 
Induced Potential Difference 
on a Wire Moving in a 
Magnetic Field 
Example 29.3 Satellite Tethered 
to a Space Shuttle 
Example 29.4 Pulled 
Conducting Rod 
29.4 Generators and Motors 
Regenerative Braking 
29.5 Induced Electric Field 
29.6 Inductance of a Solenoid 
29.7 Self-Inductance and 
Mutual Induction 
Solved Problem 29.1 Mutual 
Induction of a Solenoid and a Coil 
29.8 RL Circuits 
Solved Problem 29.2 Work Done 
by a Battery 
29.9 Energy and Energy Density 
of a Magnetic Field 
29.10 Applications to Information 
Technology 
Computer Hard Drive 


WHAT WE HAVE LEARNED/ 
EXAM STUDY GUIDE 


Problem-Solving Practice 
Solved Problem 29.3 Power 
from a Rotating Rod 
Multiple-Choice Questions 
Questions 
Problems 


926 


926 
928 


929 


930 


931 
932 
933 
934 


935 
936 
936 
937 
938 
939 
939 
940 


942 
943 


945 


946 


947 
947 


948 
949 


949 
951 
952 
953 


925 


926 


Chapter 29 Electromagnetic Induction 


WHAT WE WILL LEARN 
a 


A changing magnetic field inside a conducting loop = A changing magnetic field induces an electric field. 
i in the loop. ; r. : 
induces'a current inthe log = The inductance of a device is a measure of its 

A changing current in a loop induces a current in a opposition to changes in current flowing through it. 
nearby loop. 


Faraday’s Law of Induction states that a potential applications of magnetic induction. 
difference is induced in a loop when there is a 
change in the magnetic flux through the loop. 


Magnetic flux is the product of the magnitude of the the inductance divided by the resistance. 
average magnetic field and the perpendicular area 


that it penetrates. 


Lenz’s Law states that the current induced in a loop 
by a changing magnetic flux produces a magnetic 
field that opposes this change in magnetic flux. 


= Electric motors and electric generators are everyday 


= A simple single-loop circuit with an inductor and a 
resistor has a characteristic time constant given by 


= Energy is stored in a magnetic field. 


Most of us take electric power for granted—we flip a switch and we have power for lighting, 
heating, and entertainment. But the vast network that supplies this power—called the grid— 
depends on large generators that convert mechanical energy into electrical energy (Figure 
29.1). The physical principles that enable this conversion are the subject of this chapter. 

In Chapter 27, we saw that a magnetic field can affect the path of charged particles, or 
electric currents, and in Chapter 28, we saw that an electric current generates a magnetic 
field. In this chapter, we'll see that a changing magnetic flux generates an electric field, and 
thus an electric current. Note the word “changing” here; just as a magnetic field is gener- 
ated only when electrical charges are in motion, an electric field can be generated when a 
magnetic field is in motion (relative to a conductor) or otherwise changes as a function of 
time. This symmetry will turn out to be a key part of the unified description of electricity 
and magnetism presented in Chapter 31. 


29.1 Faraday's Experiments 


Some of the great discoveries about electricity and magnetism took place in the late 18th 
and early 19th centuries. In 1750, the American Benjamin Franklin showed that lightning 
is a form of electricity, with his famous kite-flying experiment. (Perhaps the most amazing 
aspect of that experiment was that he was not killed by the lightning strike.) In 1799, the 
Italian Alessandro Volta constructed the first battery, called a voltaic pile at the time. In 
1820, the Danish physicist Hans Christian Oersted demonstrated that an electric current 
could produce a magnetic field strong enough to deflect a compass needle. (He performed 
his experiment during a lecture to his students, making it one of the most productive lecture 
demonstrations in the history of science.) 

However, the experiments that are most relevant to this chapter were performed in 
the 1830s by the British chemist and physicist Michael Faraday and independently by the 
American physicist Joseph Henry. Their work demonstrated that a changing magnetic field 
could generate a potential difference in a conductor, strong enough to produce an electric 
current. This discovery is of basic importance to all the electrical and magnetic devices we 
use every day, from computers to cell phones, from television to credit cards, from the tini- 
est batteries to the largest electrical power grid. Both Faraday and Henry had fundamental 
electrical units named after them, and justifiably so. 

To understand Faraday’s experiments, consider a wire loop connected to an ammeter. A 
bar magnet is some distance from the loop with its north pole pointing toward the loop. While 
the magnet is stationary, no current flows in the loop. However, if the magnet is moved toward 
the loop (Figure 29.2a), a counterclockwise current flows in the loop as indicated by the posi- 
tive current in the ammeter. If the magnet is moved toward the loop faster, a larger current is 


induced in the loop. If the magnet is reversed so the south pole points toward the loop (Figure 
29.2b) and moved toward the loop, current flows in the loop in the opposite direction. If the 
north pole of the magnet points toward the loop, and the magnet is then moved away from the 
loop (Figure 29.3a), a negative clockwise current, as indicated on the meter in Figure 29.3a, is 
induced in the loop. If the south pole of the magnet points toward the loop, and the magnet is 
moved away from the loop (Figure 29.3b), a positive current is induced. 

The four results illustrated in Figures 29.2 and 29.3 can be replicated by holding the mag- 
nets stationary and moving the coils. For example, with the arrangement shown in Figure 
29.2a, if the coil is moved toward the stationary magnet, a positive current flows in the loop. 

Similar effects can be observed using two conducting loops (Figure 29.4). If a constant 
current is flowing through loop 1, no current is induced in loop 2. If the current in loop 1 
is increased, a current is induced in loop 2 in the opposite direction. Thus, not only does 
the increasing current in the first loop induce a current in the second loop, but the induced 
current is in the opposite direction. Furthermore, if current is flowing in loop 1 in the same 
direction as before and is then decreased (Figure 29.5), the current induced in loop 2 flows 
in the same direction as the current in loop 1. 

All of the phenomena illustrated in these four figures can be explained by Faraday’s 
Law of Induction, discussed in Section 29.2, and by Lenz’s Law, discussed in Section 29.3. 


29.1 In-Class Exercise 


The four figures show a bar magnet and a low-voltage light bulb connected to the ends of a 
conducting loop. The plane of the loop is perpendicular to the dotted line. In case 1, the loop is 
stationary, and the magnet is moving away from the loop. In case 2, the magnet is stationary, and 
the loop is moving toward the magnet. In case 3, both the magnet and loop are stationary, but 
the area of the loop is increasing. In case 4, the magnet is stationary, and the loop is rotating 
about its center. In which of these situations will the light bulb be burning? 


— = — = 
— 
Case 1 Case 2 
pau m- — a: 
Case 3 Case 4 


a) case 1 c) cases 1, 2, and 3 


b) cases 1 and 2 d) cases 1, 2, and 4 


Increasing 
current 


Decreasing 
current 


Loop 1 


FIGURE 29.4 An increasing current in loop 

1 induces a current in the opposite direction in 
loop 2. (The magnetic field lines shown are those 
produced by the current 1 flowing through loop 1.) 


Loop 1 


FIGURE 29.5 A decreasing current in loop 1 
induces a current in the same direction in loop 2. 


Loop 2 
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FIGURE 29.2 Moving a magnet 
toward a wire loop induces a current 
to flow in the loop. (a) With the north 
pole of the magnet pointing toward 
the loop, a positive current results. 
(b) With the south pole of the magnet 
pointing toward the loop, a negative 
current results. 


(b) 


FIGURE 29.3 Moving a magnet 
away from a wire loop also induces a 
current to flow in the loop. (a) With 
the north pole of the magnet pointing 
toward the loop, a negative current 
results. (b) With the south pole of the 
magnet pointing toward the loop, a 
positive current results. 


928 Chapter 29 Electromagnetic Induction 


29.2 Faraday’s Law of Induction 


FIGURE 29.6 A nonuniform 
magnetic field B passing through a dif- 
ferential area, dA. 


From the observations in the preceding section, we see that a changing magnetic field through 
a loop induces a current in the loop. We can visualize the change in magnetic field as a 
change in the number of magnetic field lines passing through the loop. Faraday’s Law of 
Induction in its qualitative form states: 


A potential difference is induced in a loop when the number of magnetic field lines 
passing through the loop changes with time. 


The rate of change of the magnetic field lines determines the induced potential difference. 
The existence of this potential difference means that the changing magnetic field actually 
creates an electric field around the loop! Thus, there are two ways of producing an electric 
field: from electric charges and from a changing magnetic field. If the electric field arises 
from a charge, the resulting electric force on a test charge is conservative. Conservative 
forces do no work when they act on an object whose path starts and ends at the same point 
in space. In contrast, electric fields generated by changing magnetic fields give rise to elec- 
tric forces that are not conservative. Thus, a test particle that moves around a circular loop 
once will have work done on it by this electric field. In fact, the amount of the work done is 
the induced potential difference times the charge of the test particle. 

The magnetic field lines are quantified by the magnetic flux, in analogy with the electric 
flux. Chapter 22 introduced Gauss’s Law for the electric field and defined the electric flux 
as the surface integral of an electric field passing through a differential element of area, dA. 
Mathematically, P; = EedA, where dA is a vector of magnitude dA that is perpendicu- 
lar to the differential area. By analogy, for a magnetic field, magnetic flux is defined as the 
surface integral of the magnetic field passing through a differential element of area: 


D, = i} f BedA, (29.1) 


where B is the magnetic field at each differential area element, dA, of a closed surface. 
The loop in the symbol for a surface integral means that the integration is over a closed 
surface. The two integrals signify integration over two variables. The differential area 
element, dA, must be described by two spatial variables, such as x and y in Cartesian 
coordinates or 0 and @ in spherical coordinates. With a closed surface, the differential 
area vector, dA, always points out of the enclosed volume and is perpendicular to the 
surface everywhere. 

Integration of the electric flux over a closed surface (see Chapter 22) yields Gauss’s Law: 


E+dA = q/e). That is, the integral of the electric flux over a closed surface is equal to the 


enclosed electric charge, q, divided by the electric permittivity of free space, €ọ. Integration 
of the magnetic flux over a closed surface yields zero: 


ff BedA =0. (29.2) 


This result is often termed Gauss’s Law for Magnetic Fields. You might think that 
the integral of the magnetic flux over a closed surface would be equal to the enclosed 
“magnetic charge” divided by the magnetic permeability of free space. However, there 
are no free magnetic charges, no magnetic monopoles, no separate north poles or sepa- 
rate south poles. Magnetic poles are always found in pairs. Thus, Gauss’s Law for Mag- 
netic Fields is another way of stating that magnetic monopoles do not exist. (Extensive 
searches for magnetic monopoles have been conducted since the 1980s, but not suc- 
cessfully. However, several string theories and grand unified theories—more on those 
in Chapter 39—predict that magnetic monopoles exist.) Another way to state Gauss’s 
Law for Magnetic Fields is that magnetic field lines have no beginning or end but form 
a continuous loop. 

Figure 29.6 shows a nonuniform magnetic field, B, passing through a differential 
area element, dA. A portion of the closed surface is also shown. The angle between the 
magnetic field and the differential area vector is 0. 


Consider the special case of a flat loop of area A in a constant magnetic field, as illus- 
trated in Figure 29.7. For this case, we can rewrite equation 29.1 as 


@, = BAcos0, (29.3) 


where B is the magnitude of the constant magnetic field, A is the area of the loop, and @ is the 
angle between the surface normal vector to the plane of the loop and the magnetic field lines. 
Thus, if the magnetic field is perpendicular to the plane of the loop, 6 = 0° and ®; = BA. If the 
magnetic field is parallel to the plane of the loop, 0 = 90° and ®, = 0. 

The unit of magnetic flux is [®,] = [B][A] = T m’. This unit has received a special name, 
the weber (Wb): 

1Wb=1T m°. (29.4) 
Faraday’s Law of Induction is stated quantitatively, in terms of the magnetic flux, as follows: 


The magnitude of the potential difference, AV,,,,, induced in a conducting loop is equal 
to the time rate of change of the magnetic flux through the loop. 


Faraday’s Law of Induction is thus expressed by the equation 
dP, 
dt ` 
The negative sign in equation 29.5 is necessary because the induced potential difference 
establishes an induced current whose magnetic field tends to oppose the flux change. Section 
29.3 on Lenz’s Law discusses this phenomenon in detail. 

The magnetic flux can be changed in several ways, including changing the magnitude of the 
magnetic field, changing the area of the loop, or changing the angle the loop makes with respect 
to the magnetic field. In all situations that involve some form of motion of a conductor relative 
to the source of a magnetic field, the induced potential difference is called a motional emf. 


AVing = (29.5) 


Induction in a Flat Loop inside a Magnetic Field 


Let’s apply equation 29.5 to a flat wire loop inside a uniform magnetic field, where uniform 
means that the field has the same value (same magnitude and same direction) at all points in 
space at a given time but can vary in time. This arrangement is the simplest case we can address. 
According to equation 29.3, the magnetic flux in this case is given by P; = BA cos @. According 
to equation 29.5, the induced potential difference is then 


d® d 
AV a =-— = - —(BAcos6). 29.6 
ind dt dt ( ) ( ) 
We can use the product rule from calculus to expand this derivative: 
Wise hee tens E A (29.7) 
dt dt dt 


Because the time derivative of the angular displacement is the angular velocity, d6/dt = w, the 
induced potential difference in a flat loop inside a uniform magnetic field is 


dB dA 
AV aa =- Acos6— - Bcos0— + wABsin 0. (29.8) 
dt dt 
Holding two of the three variables in equation 29.8 (A, B, and 0) constant results in the fol- 
lowing three special cases: 
1. Holding the area of the loop and its orientation relative to the magnetic field 
constant but varying the magnetic field in time yields 


Aand 6 constant: AV q =- Acos o, (29.9) 


2. Holding the magnetic field as well as the orientation of the loop relative to the 
magnetic field constant but changing the area of the loop that is exposed to the 
magnetic field yields 


Band @ constant: AV,,4 =- Boos S. (29.10) 
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FIGURE 29.7 A flat loop of area 
A in a constant magnetic field, B. The 
magnetic field makes an angle 8 with 
respect to the surface normal vector 
of the loop. 
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29.1 Self-Test Opportunity 


The plane of the circular loop 
shown in the figure is perpendicular 
to a magnetic field with magnitude 
B = 0.500 T. The magnetic field 
goes to zero at a constant rate in 
0.250 s. The induced voltage in the 
loop is 1.24 V during that time. 
What is the radius of the loop? 
®@200000 
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Solenoid 


Power supply Ammeter 


FIGURE 29.8 A time-varying current applied to a solenoid induces a potential 


difference in a coil. 


3. Holding the magnetic field constant and keeping the area of the loop fixed but 
allowing the angle between the two to change as a function of time yields 


Aand B constant: AV „qa =wABsinð. (29.11) 


The following examples illustrate the first two cases. Section 29.4 addresses the third 
case, which has the most useful technical applications, leading directly to electric motors 
and generators. 


EXAMPLE 29.1 { Potential Difference Induced by a Changing 
= Magnetic Field 


A current of 600 mA is flowing in an ideal solenoid, resulting in a magnetic field of 0.025 T. 
Then the current increases with time, t, according to 


i(t) =i) 1+ (2.4 s 7)e? |. 


PROBLEM 

Ifa circular coil of radius 3.4 cm with N = 200 wind- 
ings is located inside the solenoid with its normal 
vector parallel to the magnetic field (Figure 29.8), 
what is the induced potential difference in the coil 
at t = 2.0 s? 


Voltmeter 


Coil inside 
solenoid 
SOLUTION 

First, we compute the area of the coil. Since it is cir- 
cular, its area is mR?. However, it has N windings, 
and thus the area is that of N loops of area 77R’. The 
net effect is that the number of windings acts as a 
simple multiplier for the loop area, and the total 
effective area of the coil is 


A =NTR =2007(0.034 m° =0.73 m’. (i) 


The magnetic field inside an ideal solenoid is B = poni, where n is the number of windings 
per unit length, and i is the current (see Chapter 28). Because the magnetic field is pro- 
portional to the current, we immediately obtain for the time dependence of the magnetic 
field in this case 


B(t)=By|1+(24 s7)e |, 


with By = onio = 0.025 T, according to the problem statement. 


Further, in this case, the area of the coil and the angle between each loop and the 


magnetic field (which is zero) are constant. Therefore, equation 29.9 applies. We then find 
for the induced potential difference, where the area A already accounts for the number of 
windings, as shown in equation (i): 


AVind ae ey a 
dt 


=~ Acos-<(By(1+(24 s*\P)) 

=- AB, cos6(2(2.4 s*)t) 

=- (0.73 m? )(0.025 T)(coso”)(485?)t 
=(-0.088 V/s). 


At time t = 2.0 s, the induced potential difference in the coil is: A Vina = -0.18 V. 


An important general point is made by Example 29.1: The potential difference induced 
in a coil with N windings and area A is simply N times the potential difference induced in 
a single loop of area A. Equations 29.8 through 29.11 are valid for multiloop coils, and the 
only way that the number of windings enters the calculations is as a multiplier in determin- 
ing the effective area of the coil. 


29.2 In-Class Exercise 


A power supply is connected to loop 1 and an ammeter as shown in the figure. Loop 2 is close to 
loop 1 and is connected to a voltmeter. A graph of the current 7 through loop 1 as a function of 
time, t, is also shown in i 

the figure. Which graph 

best describes the in- 

duced potential 

difference, 

AVina in loop 2 t 
as a function of 
time, t? 


Voltmeter 
Ammeter 


AVina AVind AVina AVind 
A A A A 


>t >t t t 


Graph 1 Graph 2 Graph 3 Graph 4 


a) graph 1 b) graph 2 c) graph 3 d) graph 4 


EXAMPLE 29.2 ‘ Potential Difference Induced by a Moving Loop 
A rectangular wire loop of width w = 3.1 cm and depth d, = 4.8 cm is pulled out of the gap 
between two permanent magnets. A magnetic field of magnitude B = 0.073 T is present 
throughout the gap (Figure 29.9). 


PROBLEM 
If the loop is removed at a constant speed of 1.6 cm/s, what is the induced voltage in the 
loop as a function of time? 


SOLUTION 

This situation corresponds to the special case of induction due to an area change, gov- 
erned by equation 29.10. The magnetic field and the orientation of the loop relative to the 
field remain constant. We assume the angle between the magnetic field vector and the 
area vector is zero. What changes is the area of the loop that is exposed to the magnetic 
field. With such a narrow gap, shown in Figure 29.9, very little field occurs outside the 
gap, so the effective area of the loop exposed to the field is A(t) = (w)(d(t)), where d(t) = 
dy - vt is the depth of the part of the loop inside the magnetic field at time t. While the 


Continued— 
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FIGURE 29.9 A wire loop (blue) 
is pulled out of a gap between two 
magnets. 
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entire loop is still inside the gap, no voltage is produced. Letting the time of arrival of the 
right edge of the loop at the right end of the gap be t = 0, we have 


A(t) =(w)(d(t))=w(d - vt). 


This formula holds until the left edge of the loop reaches the right end of the gap, after 
which the area of the loop exposed to the magnetic field is zero. The left edge arrives at time 
t= d/v = (4.8 cm)/(1.6 cm/s) = 3.0 s, and A(t > tẹ) = 0. From equation 29.10, we find 


AVind = - Bcos0 


= -Bcos0Ż wid, -vt)| 


= wvBcos@ 
= (0.031 m)(0.016 m/s)(0.073 T)cos0° 


=3.6-10° V. 


During the time interval between 0 and 3 s, a constant potential difference of 36 wV is 
induced, and no potential difference is induced outside this time interval. 


29.3 In-Class Exercise 


A long wire carries a current, 7, as shown in the figure. A square loop moves in the same plane as 
the wire as indicated. In which cases will the loop have an induced current? 


a) cases 1 and 2 


b) cases 1 and 3 7 
c) cases 2 and 3 v 
i i) j 
d) None of the loops = 
will have an induced i 


current. 


e) All of the loops will 


have an induced Case 1 Case 2 Case 3 
current. 


29.3 Lenz’s Law 


Lenz’s Law provides a rule for determining the direction of an induced current in a loop. 
An induced current will have a direction such that the magnetic field due to the induced 
current opposes the change in the magnetic flux that induces the current. The direction of 
the induced current can be used to determine the locations of higher and lower potential. 

Let’s apply Lenz’s Law to the situations described in Section 29.1. The physical situation 
shown in Figure 29.2a involves moving a magnet toward a loop with the north pole pointed 
toward the loop. In this case, the magnetic field lines point away from the north pole of the 
magnet. As the magnet moves toward the loop, the magnitude of the magnetic field within 
the loop, in the direction pointing toward the loop, increases as depicted in Figure 29.10a. 
Lenz’s Law states that the current induced in the loop tends to oppose the change in mag- 
netic flux. The induced magnetic field, B,,4, then points in the opposite direction from that 
of the field due to the magnet. 

In Figure 29.2b, a magnet is moved toward a loop with the south pole pointed toward the 
loop. In this case, the magnetic field lines point toward the south pole of the magnet. As the 
magnet moves toward the loop, the magnitude of the field in the direction pointing toward 
the south pole increases, as depicted in Figure 29.10b. Lenz’s Law states that the induced cur- 
rent creates a magnetic field that tends to oppose the increase in magnetic flux. This induced 
field points in the opposite direction from that of the field lines due to the magnet. 


29.3 Lenz's Law 


ind ind 


increasing increasing decreasing decreasing 


(a) (b) (c) (d) 


FIGURE 29.10 Relationship of an external magnetic field, B, the induced current, i, and the mag- 
netic field, Bind» resulting from that induced current: (a) An increasing magnetic field pointing to the 
right induces a current that creates a magnetic field pointing to the left. (b) An increasing magnetic 
field pointing to the left induces a current that creates a magnetic field pointing to the right. (c) A de- 
creasing magnetic field pointing to the right induces a current that creates a magnetic field pointing to 
the right. (d) A decreasing magnetic field pointing to the left induces a current that creates a magnetic 
field pointing to the left. 


Similarly, Figure 29.10c and Figure 29.10d represent the physical situations depicted in 
Figure 29.3a and Figure 29.3b, respectively. In these two cases, the magnitude of the mag- 
netic flux is decreasing, and a current is induced that produces a magnetic field opposing 
this decrease. In both cases, a current is induced in the loop that creates a magnetic field 
pointing in the same direction as the magnetic field from the magnet. 

For two loops with one having a changing current, Lenz’s Law is applied in the same 
way. The increasing current in loop 1 in Figure 29.4 induces a current in loop 2 that creates 
a magnetic field opposing the increase in magnetic flux, as depicted in Figure 29.10b. The 
decreasing current in loop 1 in Figure 29.5 induces a current in loop 2 that creates a mag- 
netic field opposing the decrease in magnetic flux, as depicted in Figure 29.10d. 
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29.2 Self-Test Opportunity 29.3 Self-Test Opportunity 
A square conducting loop with very small resistance is moved at constant speed from a region with Suppose Lenz's Law instead stated 
no magnetic field through a region of constant magnetic field and then into a region with no mag- that the induced magnetic field 
netic field, as shown in the figure. As the loop enters the magnetic field, what is the direction of the augments the magnetic flux, mean- 
induced current? As the loop leaves the magnetic field, what is the direction of the induced current? ing that Faraday's Law of Induction 

Q Q Q Q @ Q @ Q would be written as Mina = +d ,/dt, 
that is, with a positive instead of a 

® ® ® ® © ® & @ negative sign. What would be the 

i B consequences? Can you explain why 
oe ime this would lead to a contradiction? 
® 8 © 8 4 
® ® ® 8 
® 8 ® 8 


Eddy Currents 


Let’s consider two pendulums, each with a nonmagnetic conducting metal plate at the end 
that is designed to pass through the gap between strong permanent magnets (Figure 29.11). 
One metal plate is solid and the other has slots cut in it. The pendulums are pulled to 
one side and released. The pendulum with the solid metal plate stops in the gap, while the 
slotted plate passes through the magnetic field, only slowing slightly. This demonstration 
illustrates the very important phenomenon of induced eddy currents. As the pendulum 
with the solid plate enters the magnetic field between the magnets, Lenz’s Law says that the 
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FIGURE 29.11 Two pendulums, one consisting of an arm and a solid metal plate and a second consisting of an arm and a slotted metal plate. 
The five frames are in time sequence from left to right, with the two pendulums starting their motion together in the second frame from the left. 
The pendulum with the solid plate stops in the gap, while the pendulum with the slotted plate passes through the gap. 


changing magnetic flux induces currents that tend to oppose the change in flux. These cur- 
rents produce induced magnetic fields opposing the external field that created the currents. 
These induced magnetic fields interact with the external magnetic field (via their spatial 
gradients) to stop the pendulum. Larger induced currents produce larger induced magnetic 
fields and thus lead to more rapid deceleration of the pendulum. In the slotted plate, the 
induced eddy currents are broken up by the slots, and the slotted plate passes through the 
magnetic field, only slowing slightly. Eddy currents are not like the undirected and uniform 
current induced in the loop in Example 29.2 but are swirling eddies like those we see in 
turbulent flowing water. 

Where does the energy contained in the motion of the pendulum with the solid plate in 
Figure 29.11 go—in other words, how do the eddy currents stop the pendulum? The answer 
is that the eddy currents disperse heat in the metal because of its finite resistance, as dis- 
cussed in Chapter 25. The stronger the induced eddy currents are, the more rapidly energy 
is converted from the pendulum’s motion into heat. This is why the slotted plate, with the 
much smaller induced eddy currents, is only slowed slightly as it passes through the gap 
between the magnets (although the slowing will stop it eventually). 

Eddy currents are often undesirable, forcing equipment designers to minimize them by 
segmenting or laminating electrical devices that must operate in an environment of chang- 
ing magnetic fields. However, eddy currents can also be useful and are employed in certain 
practical applications, such as the brakes of train cars. 


Metal Detector 


Passing through metal detectors, especially at airports, is an unavoidable part of life these 
days. A metal detector works by using electromagnetic induction, often called pulse induction. 
A metal detector has a transmitter coil and a receiver coil. An alternating current is applied to 
the transmitter coil, which then produces an alternating magnetic field. (Alternating means 
varying as a function of time between positive and negative values. Chapter 30 will provide 
more precise definitions, physical consequences, and mathematical details concerning 
alternating current.) As the magnetic field of the transmitter coil increases and decreases, it 
induces a current in the receiving coil that tends to counteract the change in the magnetic 
flux produced by the transmitter coil. The induced current in the receiver coil is measured 
when nothing but air is between the coils. If a conductor in the form of a metal object passes 
between transmitter and receiver coils, a current will be induced in the metal object in the 
form of eddy currents. These eddy currents will act to counter the increase and decrease 
in the changing magnetic field produced by the transmitter coil, which in turn induces a 
current in the receiver coil that tends to counter the increase in current in the metal. The 
measured current in the receiver coil will be less when any metal object is present between 
the two coils. 

A schematic diagram of an airport metal detector is shown in Figure 29.12. A transmitter 
coil and a receiver coil are located on opposite sides of an entry door. The person or object 
to be scanned passes through the door between the two coils. Suppose that the current 
in the transmitter coil is flowing in the direction shown and increasing. A current will 


be induced in the metal plate in the opposite direction and will tend to oppose the 
increase in the current in the transmitter coil. The increasing current in the metal plate 
will induce a current in the receiver coil that is in the opposite direction and tends to 
oppose the increase in the current in the metal plate (not shown in the diagram). Thus, 
the metal plate induces a current in the receiver coil that flows in the same direction as 
the current in the transmitter coil. Without the metal plate, the increasing current in 
the transmitter coil induces a current in the opposite direction in the receiver coil that 
tends to oppose the increase in the current in the transmitter coil (as shown in the dia- 
gram). Thus, the overall effect of the metal plate in the metal detector is to decrease the 
observed current in the receiver coil. The metal object does not have to be a flat plate; 
any piece of metal, provided it is large enough, will have currents induced in it that can 
be detected by measuring the induced current in the receiver coil. 


Transmitter 
coil 
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Receiver 


coil 


Metal detectors are also used to control traffic lights. In this application, a rectangu- FIGURE 29.12 schematic dia gram of an 
lar wire loop, which serves as both transmitter and receiver coil, is embedded in the road airport metal detector. 


surface. A pulse of current is passed through the loop, which induces eddy currents in 

any metal near the loop. The current in the loop is measured after the current pulse is com- 
pleted. When a car moves onto the road surface above the loop, eddy currents induced in the 
metal of the car cause a different current to be measured between pulses, which then triggers 
the traffic light to switch to green (after an appropriate delay to allow other vehicles to clear the 
intersection, of course!). On older road surfaces, you can often see rectangular-shaped scars in 
the asphalt resulting from retrofitting intersections with these induction loops. 


Induced Potential Difference on a Wire Moving in a Magnetic Field 


Consider a conducting wire of length ? moving with constant velocity v perpendicular to 
a constant magnetic field, B, directed into the page (Figure 29.13). The wire is oriented so 
that it is perpendicular to the velocity and to the magnetic field. The magnetic field exerts 
a force, F, on the conduction electrons in the wire, causing them to move downward. This 
motion of the electrons produces a net negative charge at the bottom end of the wire and a 
net positive charge at the top end of the wire. This charge separation produces an electric 
field, E, which exerts a force, F,, on the conduction electrons that tends to cancel the mag- 
netic force. After some time, the two forces become equal in magnitude (but opposite in 
direction) producing a zero net force: 


Fy =evB= Fy =e. (29.12) 
29.4 In-Class Exercise 5 

A metal bar is moving with constant velocity V Se Se ee ee 
through a uniform magnetic field pointing into the 
page, as shown in the figure. S ®% 9% o g. B 

® @ 8 ® ® 8 

v 

© 8 8 © © 8 

® 8® 8 © ® 8 
Which of the following most accurately represents ® ® ®© ®© ® 8 Q Q 
the charge distribution on 

== +++ 
the surface of the metal H 
bar? } 
a) distribution 1 
b) distribution 2 ! 
c) distribution 3 - 
d) distribution 4 PEt ==> 
e) distribution 5 Distribution Distribution Distribution Distribution Distribution 
1 2 3 4 5 


@ 


8 


8 
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FIGURE 29.13 A moving conduc- 
tor in a constant magnetic field. The 
magnetic and electric forces on the 


conduction electrons are shown. 
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FIGURE 29.14 (a) An artist's con- 

ception of the Space Shuttle Columbia 
and the tethered satellite. (b) A pho- 

tograph of the tethered satellite being 
deployed from Columbia. 


Thus, the induced electric field can be expressed by 
E=vB. (29.13) 


Because the electric field is constant in the wire, it produces a potential difference between 


the two ends of the wire given by 
= AVina 


E=— Me = vB. (29.14) 
The induced potential difference between the ends of the wire is then 
AVing = VEB. (29.15) 


This is one form of motional emf, mentioned in Section 29.2. 


EXAMPLE 29.3 | Satellite Tethered to a Space Shuttle 


In 1996, the Space Shuttle Columbia deployed a tethered satellite on a wire out to a 
distance of 20 km (Figure 29.14). The wire was oriented perpendicular to the Earth’s 
magnetic field at that point, and the magnitude of the field was B = 5.1 - 107° T. Colum- 
bia was traveling at a speed of 7.6 km/s. 


PROBLEM 
What was the potential difference induced between the ends of the wire? 


SOLUTION 

We can use equation 29.15 to determine the induced potential difference between the 
ends of the wire. The length of the wire is L = 20 km, and the speed of the wire through 
the magnetic field of the Earth (B = 5.1 -10° T) is the same as the speed of the Space 
Shuttle, which is v = 7.6 km/s. Thus, we have 


A Va =VLB=(7.6-10° m/s)(20-10° m)(5.1-10° T) =7800 V. 


The astronauts on the Space Shuttle measured a current of about 0.5 A at a voltage of 3500 V. 
The circuit consisted of the deployed wire and ionized atoms in space as the return path 
for the current. The wire broke just as the deployment length reached 20 km, but the gen- 
eration of electric current from the motion of a spacecraft had been demonstrated. 


Solved Problem 28.1 concerned an electromagnetic rail accelerator. The next example 
focuses on the phenomenon of induction in a similar system. 


EXAMPLE 29.4 | Pulled Conducting Rod 


A conducting rod is pulled horizontally by a constant force of magnitude, 
F = 5.00 N, along a set of conducting rails separated by a distance a = 0.500 m 
(Figure 29.15). The two rails are connected, and no friction occurs between 
the rod and the rails. A uniform magnetic field with magnitude B = 0.500 T is 
ə directed into the page. The rod moves at constant speed, v =5.00 m/s. 


e B® 


PROBLEM 
x “4 i j 2 4 ® What is the magnitude of the induced potential difference in the loop created by 
FIGURE 29.15 A conducting rod is pulled the connected rails and the moving rod? 
along two conducting rails with a constant 
velocity in a constant magnetic field directed SOLUTION 


into the page. 


The induced potential difference is given by equation 29.10, which applies to a 
loop in a magnetic field when the angle and magnetic field are held constant and 
the area of the loop changes with time: 


AVind sebo 
dt 


In this case, 0 = 0 and B = 0.500 T. The area of the loop is increasing with time. We can 
express the area of the loop in terms of Ao, the area before the rod started moving and an 
additional area given by the product of the speed of the loop and the time for which the 
loop has been moving times the distance, a, between the rails: 


A= A, +a(vt)= A + vta. 
The change of the loop’s area as a function of time is then 
dA d 
dt dt 


Thus, the magnitude of the induced potential difference is 


(A H vta)=va. 


-Bcosg t =vaB. (i) 
dt 


Inserting the numerical values, we obtain 
A Vna = (5.00 m/s) (0.500 m)(0.500 T)=1.25 V. 


Note that equation (i), AV;,q = vaB, which we derived from Faraday’s Law of Induction, 
has the same form as equation 29.15 for the potential difference induced in a wire moving 
in a magnetic field, which was derived using the magnetic force on moving charges. 
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29.5 In-Class Exercise — 


Calculate the potential difference in- | 
duced between the tips of the wings 

of a Boeing 747-400 with a wing- 

span of 64.67 m in level flight at a 
speed of 913 km/h. Assume that the 
downward component of the Earth’s 
magnetic field is B = 5.00 - 10° T. 


a) 0.821 V d) 30.1 V 
b) 2.95 V e) 225 V 
c) 10.4 V 


29.4 Generators and Motors 


The third special case of the basic induction process described in Section 29.2 is by far the 
most interesting technologically. In this case, the angle between the conducting loop and the 
magnetic field is varied over time, while keeping the area of the loop as well as the magnetic 
field strength constant. In this situation, equation 29.11 can be used to apply Faraday’s Law of 
Induction to the generation and application of electric current. A device that produces elec- 
tric current from mechanical motion is called an electric generator. A device that produces 
mechanical motion from electric current is called an electric motor. Figure 29.16 shows a 
very simple electric motor. 

A simple generator consists of a loop forced to rotate in a fixed magnetic field. The force 
that causes the loop to rotate can be supplied by hot steam running over a turbine, as occurs 
in nuclear and coal-fired power plants. (Power plants actually use multiple loops in order to 
increase the power output.) On the other hand, the loop can be made to rotate by flowing 
water or wind to generate electricity in a pollution-free way. 

Figure 29.17 shows two types of simple generators. In a direct-current generator, the 
rotating loop is connected to an external circuit through a split commutator ring, as illus- 
trated in Figure 29.17a. As the loop turns, the connection is reversed twice per revolution, 
so the induced potential difference always has the same sign. Figure 29.17b shows a similar 
arrangement used to produce an alternating current. An alternating current is a current 
that varies in time between positive and negative values, with the variation often showing a 
sinusoidal form. Each end of the loop is connected to the external circuit through its own 
solid slip ring. Thus, this generator produces an induced potential difference that varies 
from positive to negative and back. A generator that produces alternating voltages and the 
resulting alternating current is also called an alternator. Figure 29.18 shows the induced 
potential difference as a function of time for each type of generator. 

The devices in Figure 29.17 could also be used as motors by supplying current to the 
loop and using the resulting motion of the coil to do work. 

Real-world generators and motors are considerably more complex than the simple 
examples in Figure 29.17. For example, instead of permanent magnets, current flowing 
in coils creates the required magnetic field. Many closely spaced loops are employed to 
make more efficient use of the rotational motion. Multiple loops also resolve the prob- 
lem that a simple, one-loop motor could stop in a position where current through the 


FIGURE 29.16 A very simple 
electric motor used for lecture dem- 
onstrations. It consists of a pair of 
permanent magnets on the outside and 
two solenoids, through which current is 
sent, on the inside. 
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29.4 Self-Test Opportunity 


A generator is operated by rotating 
a coil of N turns in a constant mag- 
netic field of magnitude B at a fre- 
quency f. The resistance of the coil 
is R, and the cross-sectional area of 
the coil is A. Decide whether each 
of the following statements is true 
or false. 


a) The average induced potential 
difference doubles if the 
frequency, f, is doubled. 


b) The average induced potential 
difference doubles if the 
resistance, R, is doubled. 


c) The average induced potential 
difference doubles if the 
magnetic field magnitude, B, is 
doubled. 


d) The average induced potential 
difference doubles if the area, 
A, is doubled. 


(a) | 


Slip rings 


Commutator ring 


FIGURE 29.17 (a) A simple direct-current (DC) generator/motor. (b) A simple alternating-current 
(AC) generator/motor. 


AVind AVind 


mn. bng. 


(a) (b) 


FIGURE 29.18 Induced potential difference as a function of time for (a) a simple direct- 
current generator; (b) a simple alternating-current generator. 


FIGURE 29.19 Automobile hybrid engine, 


cut open to show the regenerative brake sys- 
tem, shown in close-up view in the inset. 


loop produces no torque. The magnetic field may also change with time in phase 
with the rotating loop. In some generators and motors, the loops (coils) are fixed 
and the magnet rotates. 


Regenerative Braking 


Hybrid cars are propelled by a combination of gasoline power and electrical 
power. One attractive feature of a hybrid vehicle is that it is capable of regenera- 
tive braking. When the brakes are used to slow or stop a nonhybrid vehicle, the 
kinetic energy of the vehicle is turned into heat in the brake pads. This heat dis- 
sipates into the environment, and energy is lost. In a hybrid car, the brakes are 
connected to the electric motor (Figure 29.19), which functions as a generator, 
charging the car’s battery. Thus, the kinetic energy of the car is partially recovered 
during braking, and this energy can later be used to propel the car, contributing to 
its efficiency and greatly increasing its gas mileage in stop-and-go driving. 
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29.5 Induced Electric Field 


Faraday’s Law of Induction states that a changing magnetic flux produces an induced potential 
difference, which can lead to an induced current. What are the consequences of this effect? 

Consider a positive charge q moving in a circular path with radius r in an electric field, 
E. The work done on the charge is equal to the integral of the scalar product of the force 
and the differential displacement vector. For now, let’s assume that the electric field E is 
constant, that it has field lines that are circular, and that the charge moves along one of these 
lines. In one revolution of the charge, the work done on it is given by 


fp Feas= faked = fqcos0? Eds=g8  ds=qE(277). 


Since the work done by a constant electric field is AV,,,4q, we get 
AVind =2771E. 


We can generalize this result by considering the work done on a charge q moving along an 


arbitrary closed path: 
w= $ Fed3=q $ Beds, 
Again substituting A Vinag for the work done, we obtain 
AV,a = f Eeds. (29.16) 


Now we can express the induced potential difference in a different way by combining equa- 
tion 29.5 with equation 29.16: 


$ Eare e, (29.17) 
dt 


Equation 27.17 states that a changing magnetic flux induces an electric field. This equation 
can be applied to any closed path in a changing magnetic field, even if no conductor exists 
in the path. 


29.6 Inductance of a Solenoid 


Consider a long solenoid with N turns carrying a current, i. This current creates a magnetic 
field in the center of the solenoid, resulting in a magnetic flux, P}. The same magnetic flux goes 
through each of the N windings of the solenoid. It is customary to define the flux linkage as 
the product of the number of windings and the magnetic flux, or NỌ}. Equation 29.1 defined 


the magnetic flux as B, = Í f BedA. Inside the solenoid, the magnetic field vector and the 


surface normal vector, dA, are parallel. And we saw in Chapter 28 that the magnitude of 
the magnetic field inside the solenoid is B = ugni, where uo = 477-10’ T m/A is the mag- 
netic permeability of free space, i is the current and n is the number of windings per unit 
length (n = N/¢). Therefore, the magnetic flux in the interior of a solenoid is proportional to 
the current flowing through the solenoid, which trivially means that the flux linkage is also 
proportional to the current. We can express this proportionality as 


N®, = Li, (29.18) 


using a proportionality constant, L, called the inductance. (Note: Use of the letter L to rep- 
resent the inductance is the convention. Although L is also used for the physical quantity 
of length and the physical quantity of angular momentum, inductance is not connected to 
either of these in any way.) 

Inductance is a measure of the flux linkage produced by a solenoid per unit of current. 
The unit of inductance is the henry (H) named after American physicist Joseph Henry 
(1797-1878), given by ; 
a Pal oyge t 


z [i] 1A 


(29.19) 
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The definition of the henry given in equation 29.19 means that the magnetic permeability 
of free space can also be given as fy = 477-10’ H/m. 

Now let’s use equation 29.18 to find the inductance of a solenoid with cross-sectional 
area A and length /. The flux linkage for this solenoid is 


NO, = (n¢\(BA), (29.20) 


where n is the number of turns per unit length and B is the magnitude of the magnetic field 
inside the solenoid. Thus, the inductance is given by 


_ ne (nde 


È = un’ LA. (29.21) 


This expression for the inductance of a solenoid is good for long solenoids because fringe 
field effects at the ends of such a solenoid are small. You can see from equation 29.21 that 
the inductance of a solenoid depends only on the geometry (length, area, and number of 
turns) of the device. This dependence of inductance on geometry alone holds for all coils 
and solenoids, just as the capacitance of any capacitor depends only on its geometry. 

Any solenoid has an inductance, and when a solenoid is used in an electric circuit, it is 
called an inductor, simply because its inductance is its most important property as far as the 
current flow is concerned. 


i (increasing) i (decreasing) 
— — 


(a) (b) 
FIGURE 29.20 (a) Self-induced po- 
tential difference in an inductor when 
the current is increasing. (b) Self- 
induced potential difference in an induc- 
tor when the current is decreasing. 


Coil 1 


29.7 Self-Inductance and Mutual Induction 


Consider the situation in which two coils, or inductors, are close to each other, and a chang- 

ing current in the first coil produces a magnetic flux in the second coil. However, the chang- 

ing current in the first coil also induces a potential difference in that coil, and thus the 

magnetic field from that coil also changes. This phenomenon is called self-induction. The 

resulting potential difference is termed the self-induced potential difference. Changing the 

current in the first coil also induces a potential difference in the second coil. This phenom- 
enon is called mutual induction. 

According to Faraday’s Law of Induction, the self-induced potential difference for any 

inductor is given by 
d(N®,) a(i) di 

A Vna, E7 m (29.22) 

where equation 29.18 allows us to substitute Li for N@,. Thus, in any inductor, a self-induced 

potential difference appears when the current changes with time. This self-induced potential 

difference depends on the time rate of change of the current and the inductance of the device. 

Lenz’s Law provides the direction of the self-induced 

potential difference. The negative sign in equation 29.22 pro- 

vides the clue that the induced potential difference always 

N,®,,, opposes any change in current. For example, Figure 29.20a 

shows current flowing through an inductor and increasing 


4 N; 
/\ ANA N [N ? with time. Thus, the self-induced potential difference will 
N AKA i oppose the increase in current. In Figure 29.20b, the current 
segi | flowing through an inductor is decreasing with time. Thus, 
amii a self-induced potential difference will oppose the decrease 
SN ili in current. We have assumed that these inductors are ideal 
N R inductors; that is, they have no resistance. All induced poten- 
y p 


tial differences manifest themselves across the connections 
of the inductor. Inductors with resistance are treated in the 
next section. 

Now let’s consider two adjacent coils with their cen- 
Coil 2 tral axes aligned (Figure 29.21). Coil 1 has N, turns, and 


FIGURE 29.21 Coil 1 has current i,. Coil 2 has a voltmeter capable of coil 2 has N, turns. The current in coil 1 produces a mag- 
measuring small, induced potential differences. netic field, B,. The flux linkage in coil 2 resulting from the 


29.7 Self-Inductance and Mutual Induction 


magnetic field in coil 1 is N,®,_,. The mutual inductance, M,_,5, of coil 2 due to coil 1 
is defined as 


N,®,_,, . 


M= (29.23) 


4 
Multiplying both sides of equation 29.23 by i, yields 
iMi =N,®,_.. 
If the current in coil 1 changes with time, we can write 


di d® 
M,_»—=N. pial laa 
= de? dt 

The right-hand side of this equation is similar to the right-hand side of Faraday’s Law of 

Induction (equation 29.5). Thus, we can write 
di 
2 d t z 
Now let’s reverse the roles of the two coils (Figure 29.22). The current, i,, in coil 2 produces 
a magnetic field, B,. The flux linkage in coil 1 resulting from the magnetic field in coil 2 is 
N,®,_,,. Using the same analysis applied to find the mutual inductance of coil 2 due to coil 1, 

we find 


AVina2 =- M, (29.24) 


(29.25) 


where M,_,, is the mutual inductance of coil 1 due to coil 2. 

We see that the potential difference induced in one coil is proportional to the change of 
current in the other coil. The proportionality constant is the mutual induction. If we switched 
the indexes 1 and 2 and repeated the entire analysis of the coils’ effects on each other, we could 
show that 

Mi= Mzn =M. 


We can then rewrite equations 29.24 and 29.25 as 


AVina,2 =- £ (29.26) 
and 
AVna 1 =- Be (29.27) 
m dt 


where M is the mutual inductance between the two coils. The SI unit of mutual inductance 
is the henry. One major application of mutual inductance is in transformers, which are 
discussed in Chapter 30. 


Coil 1 Coil 2 


FIGURE 29.22 Coil 2 has current i,. Coil 1 has a voltmeter capable of measuring small, induced 
potential differences. 
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FIGURE 29.23 (a) A 
of radius r, inside a short coil of radius 


long solenoid 


r. (b) View of the two coils looking 


down the central axis. 


ie . . a 
SOLVED PROBLEM 29.1 | Mutual Induction of a Solenoid and a Coil 
eee 
A long solenoid with circular cross section of radius r, = 2.80 cm and n = 290 turns/cm is 
inside and coaxial with a short coil with circular cross section of radius r, = 4.90 cm and 


N = 31 turns (Figure 29.23a). The current in the solenoid is increased at a constant rate 
from zero to i = 2.20 A over a time interval of 48.0 ms. 


Anna 7 
ee 


(a) (b) 


Short coil 


Solenoid 


PROBLEM 
What is the potential difference induced in the short coil while the current is changing? 


SOLUTION 


THINK 

The potential difference induced in the short coil is due to the changing current flowing 
in the solenoid. According to equation 29.23, the mutual inductance of the short coil due 
to the solenoid is the number of turns in the short coil times the magnetic flux of the so- 
lenoid, divided by the current flowing in the solenoid. We can then calculate the potential 
difference induced in the short coil. 


SKETCH 


Figure 29.23b shows a view of the two coils looking down their central axis. 


RESEARCH 
We can formulate the mutual inductance between the coil and the solenoid as 
M= N Pore ; (i) 
i 
where N is the number of turns in the short coil, N®,_,. is the flux linkage in the coil 
resulting from the magnetic field of the solenoid, and i is the current in the solenoid. The 


flux can be expressed as 
®,_,. =BA, (ii) 


where B is the magnitude of the magnetic field inside the solenoid and A is its cross-sectional 
area. Recall from Chapter 28 that for a solenoid, the magnitude of the magnetic field is 
B= ugni, 
where n is the number of turns per unit length. The cross-sectional area of the solenoid is 
A=rr. (iii) 
The potential difference induced in the short coil is then 


ge 
dt 


SIMPLIFY 
We can combine equations (i), (ii), and (iii) to obtain the mutual inductance between the 
two coils: 


_ NBA _ N(teonti)( mr?) 
i i 


=N Tuon? ; 
Then the potential difference induced in the short coil is 


AVing =- (Nan) Ë. 


CALCULATE 

The change in the current is constant, so 
eee 45.8333 A/s. 
dt 48.0-10° s 


The mutual inductance between the two coils is 
2 
M=(31) (47-107 T m/A (290-107 m“ )(2.80-10° m) =0.0027825 H. 


The potential difference induced in the short coil is then 


A Vna =-(0.0027825 H)(45.8333 A/s) =- 0.127531 V. 


ROUND 
We report our result to three significant figures: 


AV a =-0.128 V. 


DOUBLE-CHECK 

The magnitude of the potential difference induced in the short outer coil is 128 mV, which 
is a magnitude that could be attained by moving a strong bar magnet in and out of a coil. 
Thus, our result seems reasonable. 
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29.6 In-Class Exercise —, 


Suppose the current in the short 
coil in Solved Problem 29.1 is 
increased steadily from zero to 

7 = 2.80 A in 18.0 ms. What is 
the magnitude of the potential 
difference induced in the solenoid 
while the current in the short coil 
is changing? 


In Chapter 26, we saw that if a source of emf supplying a voltage, V mt is put into a single-loop 
circuit containing a resistor of resistance R and a capacitor of capacitance C, the charge, q, 
on the capacitor builds up over time according to 


1V1), 


where the time constant of the circuit, Tg. = RC, is the product of the resistance and the 
capacitance. The same time constant governs the decrease of the initial charge, qo, on the 
capacitor if the source of emf is suddenly removed and the circuit is short-circuited: 


q =qe "7 : 

If a source of emf is placed in a single-loop circuit containing a resistor with resistance 
R and an inductor with inductance L, called an RL circuit, a similar phenomenon occurs. 
Figure 29.24 shows a circuit in which a source of emf is connected to a resistor and an 
inductor in series. If the circuit included only the resistor and not the inductor, the current 
would increase almost instantaneously to the value given by Ohm’s Law, iV..,,/R, as soon 
as the switch was closed. However, in the circuit with both the resistor and the inductor, 
the increasing current flowing through the inductor creates a self-induced potential dif- 
ference that tends to oppose the increase in current. As time passes, the change in current 
decreases, and the opposing self-induced potential difference also decreases. After a long 
time, the current becomes steady at the value V,,,,,/R. 

We can use Kirchhoff’s Loop Rule to analyze this circuit, assuming that the current, 
i, at any given time is flowing through the circuit in a counterclockwise direction. With 
current flowing counterclockwise around the circuit, the source of emf represents a gain in 
potential, +V,,,5 and the resistor represents a drop in potential, -iR. The self-inductance of 
the inductor produces a drop in potential because it is opposing the increase in current. The 
drop in potential due to the inductor is proportional to the time rate of change of the cur- 
rent, as given by equation 29.22. Thus, we can write the sum of the potential drops around 
the circuit as 
di 


Vai 36 
= dt 


e 


a) 0.0991 V d) 0.433 V 
b) 0.128 V e) 0.750 V 
c) 0.233 V 
\ J 
R 
M— 
L 


(b) 
FIGURE 29.24 Single-loop circuit 


with a source of emf, a resistor, and an 
inductor: (a) switch open; (b) switch 
closed. When the switch is closed, the 
current flowing in the direction shown 
increases. A potential difference is 
induced across the inductor in the op- 
posite direction, as shown. 
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i/(Vemmp/R) 


We can rewrite this equation as 


di 
LAIR Vent: (29.28) 
The solution to this differential equation is obtained in exactly the same way 
as the solution to the differential equation for the RC circuit was obtained in 
Chapter 26. The solution, which can be checked by substituting it into equation 


29.28 is 


i/(Vem*/R) 


t (s) 


(b) 
FIGURE 29.25 Time dependence of the 


rent flowing through an RL circuit. (a) Current as 


a function of time when a resistor, an indu 
and a source of emf are connected in series. 
(b) Current as a function of time when the s 
of emf is suddenly removed from an RL circu 
has been connected for a long time. 


29.7 In-Class Exercise 


Consider the RL circuit shown in 
the figure. When the switch is 
closed, the current in the circuit 
increases exponentially to the value 
7 = Vome/R. If the inductor in this 
circuit is replaced with an inductor 
having three times the number 

of turns per unit length, the time 
required to reach a current of 


magnitude 0.97 


M- 


a) increases. 
b) decreases. 


c) stays the same. 


ie)= “ate (e i (29.29) 
R 
The quantity L/R is the time constant of the RL circuit: 
L 
Te =] (29.30) 


This time dependence of the current in an RL circuit is shown in Figure 29.25a for 
three different values of the time constant. 

Looking at equation 29.29, you can see that for t = 0, the current is zero. For 
t =o, the current is given by i= Vemt/ R, which is as expected. 

Now consider the circuit depicted in Figure 29.26, in which a source of emf 
had been connected and is suddenly removed. We can use equation 29.28 with 
Vemf = 0 to describe the time dependence of this circuit: 

LË + ir=0. (29.31) 
dt 
The resistor causes a potential drop, and the inductor has a self-induced poten- 
tial difference that tends to oppose the decrease in current. The solution of equa- 
tion 29.31 is 


cur- 


ctor, 7 
i(t) = ige, (29.32) 


ource 
it that The initial conditions when the source of emf was connected can be used to 


determine the initial current: ij = Vem¢/R. Equation 29.32 describes a single- 

loop circuit with a resistor and an inductor that initially has a current i) The 

current drops exponentially with time with a time constant Tp; = L/R, and after 
a long time, the current in the circuit is zero. The current in this RL circuit as a function 
of time for three different values of the time constant is plotted in Figure 29.25b. 

RL circuits can be used as timers to turn on devices at particular intervals and can also 
be used to filter out noise. However, these applications are usually handled with similar 
RC circuits because small capacitors are available in a wider range of capacitances than are 
inductors. The real value of inductors becomes apparent in circuits with all three compo- 
nents, resistors, capacitors, and inductors, which are covered in Chapter 30. 


R R 
M- M- 
ep L > 1 AVind 
nip 
| | 
=> - —— ale | 
i; Vemf Vemf 
(a) (b) 


FIGURE 29.26 Single-loop circuit with a source of emf, a resistor, and an inductor. (a) The circuit 
with the source of emf connected. Current is flowing in the direction shown. (b) The source of emf is 
removed, and the resistor and the inductor are connected. Current flows in the same direction as before 
but is decreasing. A potential difference is induced across the inductor in the same direction as the 
current, as shown. 
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R 

SOLVED PROBLEM 29.2 | Work Done by a Battery “WY 
p 
A series circuit contains a battery that supplies V mt = 40.0 V, an inductor with L = 2.20 H, z 
a resistor with R = 160.0 Q, and a switch, connected as shown in Figure 29.27. 
PROBLEM j 
The switch is closed at time t = 0. How much work is done by the battery between t = 0 ri p 
and t= 1.65- 10° s? E 
FIGURE 29.27 An RL circuit with a 

SOLUTION switch. 
THINK - 


When the switch is closed, current begins to flow and power E 
is provided by the battery. Power is defined as the voltage L 
times the current at any given time. Work is the integral of F 
the power over the time during which the circuit operates. 


SKETCH F 
Figure 29.28 shows a plot of the current in the RL circuit as a 
function of time. 


0 1 L 1 i 1 1 L 


0 0.004 0.008 0.012 0.016 
RESEARCH t (s) 
The power i e re Aaya ee alter the wyiick igloged FIGURE 29.28 Current in the RL circuit as a function of time. 
is given by 
P(t) =Vemei(t), (i) 

where i(t) is the current in the circuit. The current as a function of time for this circuit is 
given by equation 29.29, 

=t 1e), (ii) 


where Tp, = L/R. The work done by the battery is the integral of the power over the time 
in which the circuit has been in operation: 


T 
w= f P(t)dt, (iii) 
0 
where T is the time after the switch is closed. 


SIMPLIFY 
We can combine equations (i), (ii), and (iii) to obtain 


T y? 
we f Vino, a 
R 
0 


Evaluating the definite integral gives us 


2 T 2 
w = Vent [tt rae | = Vem [T +r [er -1). (iv) 
R 0 R 
CALCULATE 
First, we calculate the value of the time constant: 
L 220H _ 
Te === OM iaa a 
R 16000 


Putting all the numerical values into equation (iv) then gives 


2 
E (40.0 v) (1.65 Ir s] g (1375 102 yee" s}/(1.375107 s) g 1 


= =0.0689142 J. 
160.0 Q 
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ROUND 
We report our result to three significant figures: 


W =6.89-107 J. 


DOUBLE-CHECK 
To double-check our result, we assume that the current in the circuit is constant in time 
and equal to half of the final current: 


TI Tp, 40.0 V/160.0 Q || 1- {1.65107 s) ( ere ) 
7 D ~ nl - | = | | : = 0.0874 A. 


ive 


This current would correspond to the average current if the current increased linearly 
with time. The work done would then be 


W =PT = ive Vami T = (0.0874 A)(40.0 V) (1.65 107 s) =577-10° J 


a 


This value is less than, but close to, our calculated result. Thus, our result seems reasonable. 


29.9 Energy and Energy Density of a Magnetic Field 


29.8 In-Class Exercise —, 


Consider a long solenoid with a 
circular cross section of radius r = 
8.10 cm and n = 2.00 - 10° turns/m. 
The solenoid has length / = 0.540 m 
and is carrying a current of mag- 
nitude 7 = 4.04 - 10° A. How much 
energy is stored in the magnetic 
field of the solenoid? 


a) 2.11-107J d) 6.66 - 10° J 
b) 8.91-10J e) 4.55-10*J 
c) 4.55 -10° J 
X J 


We can think of an inductor as a device that can store energy in a magnetic field, similar 
to the way a capacitor can store energy in an electric field. The energy stored in the electric 
field of a capacitor is given by 


Consider an inductor connected to a source of emf. Current begins to flow through the 
inductor, producing a self-induced potential difference opposing the increase in current. 
The instantaneous power provided by the source of emf is the product of the current and 
the voltage of the emf source, V mf. Using equation 29.28 with R = 0, we can write 
P=Vemel = 


di 
L& |i. 29.33 
al ( ) 


Integrating this power over the time it takes to reach a final current i in the circuit yields the 
energy provided by the source of emf. Since there are no resistive losses in this circuit, this 
amount of energy must be stored in the magnetic field of the inductor. Therefore, 


t i 
v= | Pat= f Li'di'=4Lř. 
0 0 


Equation 29.34 has a form similar to the analogous equation for a capacitor’s electric field, 
with q replaced by i and 1/C replaced by L. 

Now let’s consider an ideal solenoid with length /, cross-sectional area A, and n turns 
per unit length, carrying current i. The energy stored in the magnetic field of the solenoid 
using equation 29.21 is 


(29.34) 


The magnetic field occupies the volume enclosed by the solenoid, which is given by @A. 
Thus, the energy density, ug, of the magnetic field of the solenoid is 


1 pon LAP 
© A 


Since B = yoni for a solenoid, the energy density of the magnetic field of a solenoid can be 
expressed as 


=] 222 
Up = Zot. 


1 
Up = — P. 
2 Mo 
Although we derived this expression for the special case of a solenoid, it applies to magnetic 
fields in general. 


(29.35) 
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29.10 Applications to Information Technology 


Computers and many consumer electronics devices use magnetization and induction to 
store and retrieve information. Examples are computer hard drives, videotapes, audiotapes, 
and the magnetic strips on credit cards. During the last decade, the use of storage media 
based on other technologies, such as the optical storage of information on CDs and DVDs 
and the flash memory cards in digital cameras, has increased; however, magnetic storage 
devices are still a technological mainstay and the basis of a multibillion dollar industry. 


Computer Hard Drive 


One device that stores information using magnetization and induction is the 
computer hard drive. The hard drive stores information in the form of bits, the 
binary code consisting of zeros and ones. Eight bits make a byte, which can rep- 
resent a number or an alphanumeric character. A modern hard drive can hold 
up to 2 terabyte (10'” bytes) of information. A hard drive consists of one or more 
rotating platters with a ferromagnetic coating accessed by a movable read/write 
head, as shown in Figure 29.29. 

The read/write head can be positioned to access any one of many tracks on the 
rotating platter. The operation of a read/write head in a conventional hard drive is 
illustrated in Figure 29.30a. As the coated platter moves below the read/write head, 
a pulse of current in one direction magnetizes the surface of the platter to represent FIGURE 29.29 The read/write head and spin- 
a binary one, or a pulse of current in the opposite direction magnetizes the surface ning platter inside a computer hard drive. 
representing a binary zero. In Figure 29.30a, a binary one is represented by a red 
arrow pointing to the right, and a binary zero is represented by a green arrow pointing to 
the left. In read mode, when the magnetized areas of the platter pass beneath the read sen- 
sor, a positive or negative current is induced, and the electronics of the hard drive can tell 
if the information is a zero or a one. The method used to encode and read back data shown 
in Figure 29.30 is called longitudinal encoding because the magnetic fields of the magne- 
tized areas of the platter are parallel or antiparallel to the motion of the platter. The data 
storage capacity of hard drives has been increased by making the magnetized areas smaller 


Read Write head 
sensor 
Shield 
Ferromagnetic coating 
Motion of platter ¢ B oo | "| a <— | —— | e1 
0 1 0 0 0 0 
(a) 
Write head 


Read sensor 
Coil 


Shield 


voon otra VANONI 


CRoRORO 010000110 


Ferromagnetic coating 


LUTUIN 


Soft magnetic layer 
(b) 


FIGURE 29.30 The read/write head of a computer hard drive. (a) Longitudinal encoding of informa- 
tion on the spinning platter. (b) Perpendicular encoding of information on the spinning platter. 
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and by adding more platters and read/write heads. However, manufacturers found it dif- 
ficult to construct hard drives holding more than 250 gigabytes (250- 10° bytes) using this 
technique. As the manufacturers made the bits smaller, the bits interfered with each other, 
causing some bits to flip randomly and introduce errors in the stored data. 

Recently, the technique of perpendicular encoding of data has been developed, illus- 
trated in Figure 29.30b. Again, a read/write head is used above a spinning platter coated 
with a ferromagnetic substance. However, in this case, the magnetic fields are perpendic- 
ular to the surface of the platter, which allows a tighter packing of the bits and increases 
the capacity of the hard drive. The platter is constructed with a thicker ferromagnetic 
coating and a soft magnetic material on the bottom that acts to contain the magnetic field 
lines. Note that the magnetic field lines at the pointed end of the write head are very close 
together, whereas the magnetic field lines returning to the blunt end of the write head are 
widely spaced. Thus, the ferromagnetic coating of the platter is strongly magnetized in 
the up or down direction, depending on the direction of the current pulse through the 
coil of the write head, while the bits closer to the read sensor are not affected. 

Hard drives using perpendicular encoding also incorporate the phenomenon called giant 
magnetoresistance (GMR), which allows the construction of a very small and sensitive read 
sensor. The French physicist Albert Fert and the German physicist Peter Grünberg received 
the Nobel Prize in Physics in 2007 for the discovery of this effect. Hard drives with informa- 
tion storage capacities of up to 2 terabyte (10'* bytes) or more that use perpendicular encod- 
ing and GMR read sensors are widely available. iPods with a storage capacity above 64 GB are 
an example of a device using this technology (iPod Touch and iPhones use a different storage 
technology that has no moving parts). The fact that you can watch full-length movies on your 
iPod and carry many thousands of songs in it as well is a direct result of physics research 
performed during the last two decades. And as research in nanoscience and nanotechnology 
continues to produce exciting results for technological applications, the amazing growth in 
the capabilities of consumer electronics devices will continue for the foreseeable future. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


According to Faraday’s Law of Induction, the induced 
potential difference, A Ving in a conducting loop is given 
by the negative of the time rate of change of the magnetic 
B 


dt 
The magnetic flux, Dz, is given by Bz = n ij BedA, 


flux passing through the loop: A V pqa =- 


where B is the magnetic field and dA is the differential 
area element defined by a vector normal to the surface 
through which the magnetic field passes. 


For a constant magnetic field, B, the magnetic flux, Dp, 
passing through an area, A is given by Bz = BAcos6, 
where 0 is the angle between the magnetic field vector 
and a normal vector to the area. 


Lenz’s Law states that a changing magnetic flux 
through a conducting loop induces a current in the 
loop that opposes the change in magnetic flux. 
A magnetic field that is changing in time induces 

=  d® 
an electric field given by $ Eeds=-—4, where 


t 
the integration is done over any closed path in the 
magnetic field. 


The inductance, L, of a device with conducting loops 
is the flux linkage (the product of the number of loops, 


N, and the magnetic flux, ®,) divided by the current, 
i L= N D; 


i 
The inductance of a solenoid is given by L = mọn”lA, 


where n is the number of turns per unit length, £ is 
the length of the solenoid, and A is the cross-sectional 
area of the solenoid. 


The self-induced potential difference, A Vina,» for any 


inductor is given by A Vna, =- Lo where L is the 


, ‘ di. ; 
inductance of the device and z is the time rate of 
change of the current flowing through the inductor. 


A single-loop circuit with an inductance L and a 


resistance R has a characteristic time constant of 
L 


Tr, ==: 


R 
The energy stored in the magnetic field Uz of an 
inductor with inductance L carrying current i is given 
by Ug =4L?. 


KEY TERMS 


Faraday’s Law of 
Induction, p. 928 
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Gauss's Law for Magnetic 
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motional emf, p. 929 
Lenz’s Law, p. 932 

eddy currents, p. 933 
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henry, p. 939 
self-induction, p. 940 
mutual induction, p. 940 
mutual inductance, p. 941 
RL circuit, p. 943 


NEW SYMBOLS AND EQUATIONS 


| OD, = ff Bead, magnetic flux 


In 


AV,.4 =- dP, , Faraday’s Law of Induction 
d dt y 


N® 
L=——4, inductance 
i 


L 
TRL = P time constant for an RL circuit 


ANSWERS TO SELF-TEST OPPORTUNITIES 


29.1 -00T __so0 T/s 
dt 0.250s 
ayga a(BA) > dB 
dt dt dt 
r= [Vinal _ [124V = 0.444 m. 
7 |dB/dt| (2.00 T/s) 


29.2 As the loop enters the magnetic field, the magnetic 
flux is increasing. The current induced in the loop will be in 
the counterclockwise direction to oppose the increase in the 
flux. As the loop exits the magnetic field, the magnetic flux 


PROBLEM-SOLVING PRACTICE 


| Problem-Solving Guidelines 

1. To solve a problem involving electromagnetic induction, 
first ask: What is making the magnetic flux change? If the 
magnetic field is changing, you need to use equation 29.9; 
if the area through which the flux passes is changing, you 
need to use equation 29.10; and if the orientation between 
the magnetic field and the area is changing, you need to use 
equation 29.11. You don't need to memorize these equations, 


is decreasing. The current induced in the loop will be in a 
clockwise direction to oppose the decrease in the flux. 


29.3 If the induced potential difference was equal to the 
change in the magnetic flux, then any increase in the flux 
going through a coil (perhaps from just a minute random 
fluctuation in the ambient magnetic field in the room) 
would lead to an induced potential difference, which would 
produce a current in the coil, which would act to increase 
the flux, which would lead to a larger induced potential dif- 
ference, a larger current, and an even larger increase in flux. 
In other words, a runaway situation would result, which 
clearly violates energy conservation. 


29.4 a) true b) false c) true d) true 


as long as you remember Faraday’s Law (equation 29.5) and 
the definition of magnetic flux (equation 29.1). 


2. Once you know which elements of the problem situation 
are constant and which are changing, use Lenz’s Law to 
determine the direction of the induced current and the 
locations of higher and lower potential. Then, you can pick 
a direction for the differential area vector, dA, of the flux and 
calculate the unknown quantities. 


SOLVED PROBLEM 29.3 (Power from a Rotating Rod 


A conducting rod with length £ = 8.17 cm rotates around one of its ends in a uniform mag- 
netic field that has magnitude B = 1.53 T and is directed parallel to the rotation axis of the 
rod (Figure 29.31). The other end of the rod slides on a frictionless conducting ring. The rod 
makes 6.00 revolutions per second. A resistor, R = 1.63 mQ, is connected between the rotat- 
ing rod and the conducting ring. 


PROBLEM 
What is the power dissipated in the resistor due to magnetic induction? 


Continued— 
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FIGURE 29.31 Conducting rod rotating in a 
constant magnetic field directed into the page. 
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SOLUTION 


THINK 

We can calculate the potential difference induced in a conductor of length ¢ moving 
with speed v perpendicular to a magnetic field of magnitude B. However, the rotating 
rod has different speeds at different radii, v(r). Therefore, we must calculate the poten- 
tial difference induced on the rod by integrating Bv(r) over the length of the rod. From 
the induced potential difference, we can calculate the power dissipated in the resistor. 


SKETCH 
Figure 29.32 shows the speed as a function of radius for the conducting rod. 


RESEARCH 
The potential difference, AV „œ induced on a conductor of length ¢ moving with 
speed v perpendicular to a magnetic field of magnitude B is given by equation 29.15: 


8e © @ 8 @ 8 © 8 @ Q 


A Vna = vB. 
3 
However, in this case, different parts of the conducting rod 
| are moving at different speeds. We can express the speed of 
2+ the different parts of the rod as a function of distance r from 
€ | the axis of rotation: 
ox _ 2ar 
T v(r)= T > 
F where v(r) is the speed of the rod at distance r and T is the pe- 
0 riod of the rotation. We can then find the potential difference 
0 002 E 0.06 0.08 induced in the rotating rod over its length, £: 
r (m) 
t 
PS 29.32 Speed as a function of radius for the conducting AVina = f v(r)Bar. (i) 
0 
The power dissipated in the resistor is given by 
AV 
Pp=—*.. ii 
R (ii) 
SIMPLIFY 
Evaluating the definite integral in equation (i) gives 
¢ (2a 2B È Be 
AVena = f Bdr= 2 (iii) 
T T 2 T 


0 
Substituting the expression for AV;nq from equation (iii) into equation (ii) leads to an 
expression for the power dissipated in the resistor: 


2 
p (7B /T) PBE’ 


R RT? 
CALCULATE 
The period is the inverse of the frequency. The frequency is f = 6.00 Hz, so the period is 
1 1 
=— =—— _§. 
f 6.00 


Putting in the numerical values gives us 


p PBA _ m (153 T} (0.0817 m} 


=22.7345 W. 
RT? 1 Y 
[1.63-10° o) A 
6.00 


ROUND 
We report our result to three significant figures: 


P=22.7 W. 


Multiple-Choice Questions 


DOUBLE-CHECK 

To double-check our result, we consider a conducting rod of the same length moving 
perpendicularly to the same magnetic field with a speed equal to the speed of the center 
of the rotating rod, which is 


2m(¢/2) aL | 27(0.0817 m) 
tt Te 
2| —— s 
6.00 


The induced potential difference across the conducting rod moving perpendicularly 
would be 


v(¢/2)= =1.54 m/s. 


AVing = V¢B=(1.54 m/s)(0.0817 m)(1.53 T) = 0.193 V. 
The power dissipated in the resistor would then be 


Av _ (0.193 VÝ 
R 16310 O 


which is close to our result within rounding error. Thus, our result seems reasonable. 

Finally, note that there is a possible additional source of potential difference between 
the two ends of the rod. Our solution assumed that the potential difference between the 
two ends is due exclusively to the magnetic induction. However, all charge carriers inside 
the rod are forced on a circular path due to the rotation. This requires a centripetal force, 
which should in principle reduce the potential difference between the two ends of the rod. 
| However, for the small angular velocity of the rod in this problem, this effect is negligible. 


h 


P 


=22.9 W, 


951 


MULTIPLE-CHOICE QUESTIONS 


| 29.1 A solenoid with 200 turns and a cross-sectional area 
of 60 cm” has a magnetic field of 0.60 T along its axis. If the 
field is confined within the solenoid and changes at a rate of 
0.20 T/s, the magnitude of the induced potential difference 
in the solenoid will be 


a) 0.0020 V. b) 0.02 V. c) 0.001 V. d) 0.24 V. 
29.2 The rectangular loop of wire in Figure 29.9 is pulled 
at constant acceleration from a region of zero magnetic 
field into a region of a uniform magnetic field. During this 
process, the current induced in the loop 

a) will be zero. 

b) will be some constant value that is not zero. 

c) will increase linearly with time. 

d) will increase exponentially with time. 

e) will increase linearly with the square of the time. 

29.3 Which of the following will induce a current in a loop 
of wire in a uniform magnetic field? 

a) decreasing the strength of the field 

b) rotating the loop about an axis parallel to the field 

c) moving the loop within the field 

d) all of the above 

e) none of the above 

29.4 Faraday’s Law of Induction states 


a) that a potential difference is induced in a loop when 
there is a change in the magnetic flux through the loop. 


b) that the current induced in a loop by a changing 
magnetic field produces a magnetic field that opposes this 
change in magnetic field. 

c) that a changing magnetic field induces an electric field. 
d) that the inductance of a device is a measure of its 
opposition to changes in current flowing through it. 

e) that magnetic flux is the product of the average magnetic 
field and the area perpendicular to it that it penetrates. 


29.5 A conducting ring is moving from left to right through 
a uniform magnetic field, as shown in the figure. In which 
regions is there an induced current in the ring? 
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a) regions B and D 
b) regions B, C, and D 


c) region C 
d) regions A through E 


29.6 A circular loop of wire moving in the xy-plane with 

a constant velocity in the negative x-direction enters a 
uniform magnetic field, which covers the region in which 
x < 0, as shown in the figure. The surface normal vector of 
the loop points in the direction of the magnetic field. Which 
of the following statements is correct? 
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a) The induced 
potential difference 
in the loop is ata 
maximum as the 
edge of the loop 
just enters the 
region with the 
magnetic field. 

b) The induced 
potential difference 
in the loop is at a 
maximum when 
one fourth of the loop is in the region with the magnetic field. 
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c) The induced potential difference in the loop is at a 
maximum when the loop is halfway into the region with the 
magnetic field. 

d) The induced potential difference in the loop is constant 
from the instant the loop starts to enter the region with the 
magnetic field. 


QUESTIONS 


29.9 When you plug a refrigerator into a wall socket, on oc- 
casion, a spark appears between the prongs. What causes this? 


29.10 People with pacemakers or other mechanical devices 
as implants are often warned to stay away from large ma- 
chinery or motors. Why? 


29.11 Chapter 14 discussed damped harmonic oscillators, 

in which the damping force is velocity dependent and always 
opposes the motion of the oscillator. One way of producing 
this type of force is to use a piece of metal, such as aluminum, 
that moves through a nonuniform magnetic field. Explain 
why this technique is capable of producing a damping force. 


29.12 In a popular lecture demonstration, a cylindrical per- 
manent magnet is dropped down a long aluminum 
tube as shown in the figure. Neglecting friction of 
the magnet against the inner walls of the tube and 
assuming that the tube is very long compared to 
the size of the magnet, will the magnet accelerate 
downward with an acceleration equal to g (free 
fall)? If not, describe the eventual motion of the 
magnet. Does it matter if the north pole or south 
pole of the magnet is on the lower side? 


29.13 A popular demonstration of eddy currents 
involves dropping a magnet down a long metal tube and 
a long glass or plastic tube. As the magnet falls through a 
tube, there is changing flux as the magnet falls toward or 
away from each part of the tube. 


a) Which tube has the larger voltage induced in it? 
b) Which tube has the larger eddy currents induced in it? 


29.14 The current in a very long, tightly wound solenoid 
with radius a and n turns per unit length varies in time ac- 
cording to the equation i(t) = Ct’, where the current i is in 


29.7 Which of the following statements regarding self 
induction is correct? 

a) Self-induction occurs only when a direct current is flowing 
through a circuit. 

b) Self-induction occurs only when an alternating current is 
flowing through a circuit. 

c) Self-induction occurs when either a direct current or an 
alternating current is flowing through a circuit. 

d) Self-induction occurs when either a direct current or an 
alternating current is flowing through a circuit as long as the 
current is varying. 

29.8 You have a light bulb, a bar magnet, a spool of wire that 
you can cut into as many pieces as you want, and nothing else. 
How can you get the bulb to light up? 

a) You can't. The bulb needs electricity to light it, not magnetism. 
b) You cut a length of wire, connect the light bulb to the two 
ends of the wire, and pass the magnet through the loop that is 
formed. 

c) You cut two lengths of wire and connect the magnet and the 
bulb in series. 


amps and the time t is in seconds, and C is a constant with 
appropriate units. Concentric with the solenoid is a con- 
ducting ring of radius r, as shown in the figure. 

a) Write an expression for the potential difference induced 
in the ring. 

b) Write an expression for the magnitude of the electric 
field induced at an arbitrary point on the ring. 

c) Is the ring necessary for the induced electric field to exist? 


29.15 A circular wire ring 
experiences an increasing 
magnetic field in the upward 
direction, as shown in the fig- 
ure. What is the direction of the induced current in the ring? 


Field due to 
the induced current 


29.16 A square conducting loop with sides of length L is ro- 
tating at a constant angular speed, w, in a uniform magnetic 
field of magnitude B. At time t = 0, the loop is oriented so 
that the direction normal to the loop is aligned with the 
magnetic field. Find an expression for the potential differ- 
ence induced in the loop as a function of time. 


29.17 A solid metal disk of radius R is rotating around its 
center axis at a constant angular speed of w. The disk is in 
a uniform magnetic field of magnitude B that is oriented 
normal to the surface of the disk. Calculate the magnitude 
of the potential difference between the center of the disk 
and the outside edge. 


29.18 Large electric fields are certainly a hazard to the human 
body, as they can produce dangerous currents, but what about 
large magnetic fields? A man 1.80 m tall walks at 2.00 m/s 
perpendicular to a horizontal magnetic field of 5.0 T; that is, 
he walks between the pole faces of a very big magnet. (Such a 
magnet can, for example, be found in the National Supercon- 
ducting Cyclotron Laboratory at Michigan State University.) 
Given that his body is full of conducting fluids, estimate the 
potential difference induced between his head and feet. 


29.19 At Los Alamos National Laboratories, one means of 
producing very large magnetic fields is known as the EPFCG 
(explosively-pumped flux compression generator), which is 
used to study the effects of a high-power electromagnetic 
pulse (EMP) in electronic warfare. Explosives are packed and 
detonated in the space between a solenoid and a small copper 
cylinder coaxial with and inside the solenoid, as shown in the 
figure. The explosion occurs in a very short time and collapses 
the cylinder rapidly. This rapid change creates inductive cur- 
rents that keep the magnetic flux constant while the cylinder’s 
radius shrinks by a factor of r;/r;. Estimate the magnetic field 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Sections 29.1 and 29.2 


29.22 A circular coil of wire with 20 turns and a radius of 
40.0 cm is laying flat on a horizontal table as shown in the 
figure. There is a uniform magnetic field extending over 
the entire table with a 05 
magnitude of 5.00 T and 
directed to the north and 
downward, making an 
angle of 25.8° with the 
horizontal. What is the 
magnitude of the magnet- 
ic flux through the coil? 


29.23 When a magnet 

in an MRI is abruptly shut down, the magnet is said to be 
quenched. Quenching can occur in as little as 20.0 s. Sup- 
pose a magnet with an initial field of 1.20 T is quenched in 
20.0 s, and the final field is approximately zero. Under these 
conditions, what is the average induced potential difference 
around a conducting loop of radius 1.00 cm (about the size 
of a wedding ring) oriented perpendicular to the field? 


29.24 An 8-turn coil has square loops measuring 0.200 m 
along a side and a resistance of 3.00 Q. It is placed in a mag- 
netic field that makes an angle of 40.0° with the plane of each 
loop. The magnitude of this field varies with time according 
to B = 1.50f, where t is measured in seconds and B in teslas. 
What is the induced current in the coil at t = 2.00 s? 


29.25 A metal loop has an area of 0.100 m? and is placed flat 
on the ground. There is a uniform magnetic field pointing 
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produced, assuming that the radius is compressed by a factor of 
14 and the initial magnitude of the magnetic field, B; is 1.0 T. 


29.20 A metal hoop is laid flat on the ground. A magnetic 
field that is directed upward, out of the ground, is increasing 
in magnitude. As you look down on the hoop from above, 
what is the direction of the induced current in the hoop? 


29.21 The wire of a tightly wound solenoid is unwound and 
then rewound to form another solenoid with double the di- 
ameter of the first solenoid. By what factor will the inductance 
change? 


due west, as shown in the figure. 
This magnetic field initially has 

a magnitude of 0.123 T, which 
decreases steadily to 0.075 T dur- 
ing a period of 0.579 s. Find the 
potential difference induced in the loop during this time. 


29.26 A respiration monitor has a flexible loop of copper 
wire, which wraps about the chest. As the wearer breathes, 
the radius of the loop of wire increases and decreases. When 
a person in the Earths magnetic field (assume 0.426- 10*T) 
inhales, what is the average current in the loop, assuming 
that it has a resistance of 30.0 Q and increases in radius 
from 20.0 cm to 25.0 cm over 1.00 s? Assume that the mag- 
netic field is perpendicular to the plane of the loop. 


e29.27 A circular con- Resistance = R, 
ducting loop with radius 

a and resistance R, is 
concentric with a circular 
conducting loop with ra- 

dius b > a (b much greater 
than a) and resistance R}. A 
time-dependent voltage is ap- 
plied to the larger loop, having 
a slow sinusoidal variation in 
time given by V(t) = Vo sin wt, 
where Vo and w are constants with 
dimensions of voltage and inverse 
time, respectively. Assuming that the 

magnetic field throughout the inner loop is uniform (con- 
stant in space) and equal to the field at the center of the loop, 
derive expressions for the potential difference induced in the 
inner loop and the current i through that loop. 


Resistance = R, 


V(t) = Vo sin wt 
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ee29.28 A long solenoid with cross-sectional area A, sur- 
rounds another long solenoid with cross-sectional area A, < A, 
and resistance R. Both solenoids have the same length and the 
same number of turns. A current given by i = iy cos wt is flowing 
through the outer solenoid. Find an expression for the mag- 
netic field in the inner solenoid due to the induced current. 


Section 29.3 


29.29 The conducting loop in the shape of a quarter- 
circle shown in the figure has a radius of 10.0 cm 
and resistance of 0.200 Q. The magnetic field 
strength within the dotted circle of radius 
3.00 cm is initially 2.00 T. The magnetic 
field strength then decreases from 
2.00 T to 1.00 T in 2.00 s. Find (a) the 
magnitude and (b) the direction of 
the induced current in the loop. 


29.30 A supersonic aircraft with a wingspan of 10.0 m is 
flying over the north magnetic pole (in a magnetic field of 
magnitude 0.500 G perpendicular to the ground) at a speed 
of three times the speed of sound (Mach 3). What is the po- 
tential difference between the tips of the wings? Assume that 
the wings are made of aluminum. 


29.31 A helicopter hovers above the north magnetic pole 
in a magnetic field of magnitude 0.426 G perpendicular to 
the ground. The helicopter rotors are 10.0 m long, are made 
of aluminum, and rotate about the hub with a rotational 
speed of 10.0 -10* rpm. What is the potential difference from 
the hub of the rotor to the end? 


29.32 An elastic circular conducting loop expands at a con- 
stant rate over time such that its radius is given by r(t) = rọ + vt, 
where rọ = 0.100 m and v = 0.0150 m/s. The loop has a constant 
resistance of R = 12.0 Q and is placed in a uniform magnetic 
field of magnitude By = 0.750 T, perpendicular to the plane of 
the loop, as shown in the B, 


figure. Calculate the direc- 


tion and the magnitude of 
W: 
8 2 


the induced current, i, at 
t= 5.00s. 
8 
@ 


29.33 A rectangular 2 2 
frame of conducting wire 


has negligible resistance © ia d i 
and width wandisheld = g 5 S 5 Š 
vertically in a magnetic 
field of magnitude B,as © ® 
shown in the figure. A é 5 
metal bar with mass m 

@ 


and resistance Ris placed ® 
across the frame, maintaining contact with the frame. 
Derive an expression for the terminal velocity of the bar if 
it is allowed to fall freely along this frame starting from rest. 
Neglect friction between the wires and the metal bar. 


29.34 Two parallel conducting rails with negligible resis- 
tance are connected at one end by a resistor of resistance R, 
as shown in the figure. The rails are placed in a magnetic 


Three-dimensional view 


field B,,,, which is perpendic- 
ular to the plane of the rails. 
This magnetic field is uniform 
and time independent. The 
distance between the rails is £. 
A conducting rod slides with- 
out friction on top of the two 
rails at constant velocity V. x 


Top view 


a) Using Faraday’s Law of Bex into the page 
Induction, calculate the 
magnitude of the potential 
difference induced in the 

moving rod. t 
b) Calculate the magnitude 

of the induced current in the 


rod, ind 


Bina out of page 


c) Show that for the rod to move at a constant velocity as 

shown, it must be pulled with an external force, Fyt, and 

calculate the magnitude of this force. 

d) Calculate the work done, Wsyp and the power generated, 

Px by the external force in moving the rod. 

e) Calculate the power used (dissipated) by the resistor, Pp. 

Explain the correlation between this result and those of part (d). 

29.35 A long, straight wire runs along the y-axis. The wire 

y carries a current in the positive y-direction that is 
changing as a function of time according to i = 2.00 A 


i} + (0.300 A/s)t. A loop of wire is located in the xy-plane 
near the y-axis, as shown in the 
ai figure. The loop has dimensions 
5m 7.00 m by 5.00 m and is 1.00 m 
ee away from the wire. What is the 


induced potential difference in the 
>x wire loop at t = 10.0 s? 


k—7 m——>| 


ee29.36 The long, straight wire in the figure has a current i= 1.00 A 
flowing in it. A square loop with 10.0-cm sides and a resistance of 
0.0200 2 is positioned 10.0 cm away from the wire. The loop is 
then moved in the positive x-direction with speed v = 10.0 cm/s. 


Y a) Find the direction of the induced current in the loop. 


b) Identify the directions of the magnetic forces acting on 
all sides of the square loop. 


c) Calculate the direction 
and the magnitude of the 
net force acting on the loop 
at the instant it starts to 
move. 


Section 29.4 


29.37 A simple generator consists of a loop rotating inside a con- 
stant magnetic field (see Figure 29.17). If the loop is rotating with 
frequency f, the magnetic flux is given by P(t) = BA cos (277ft). If 
B = 1.00 T and A = 1.00 m’, what must the value of f be for the 
maximum induced potential difference to be 110. V? 


29.38 A motor has a single loop inside a magnetic field of 
magnitude 0.87 T. If the area of the loop is 300. cm’, find the 


maximum angular speed possible for this motor when con- 
nected to a source of emf providing 170 V. 


°29.39 Your friend decides to produce electrical power 
by turning a coil of 1.00- 10° circular loops of wire around 
an axis parallel to a diameter in the Earth’s magnetic field, 
which has a local magnitude of 0.300 G. The loops have a 
radius of 25.0 cm. 


a) If your friend turns the coil at a frequency of 150.0 Hz, 
what peak current will flow in a resistor, R = 1500. Q, 
connected to the coil? 

b) The average current flowing in the coil will be 0.7071 
times the peak current. What will be the average power 
obtained from this device? 


Sections 29.6 and 29.7 


29.40 Find the mutual inductance of the solenoid and the 
coil described in Example 29.1 and the potential difference 
at t = 2.0 s using the techniques described in Section 29.7. 
How do the results compare? 


29.41 The figure shows i (A) 
the current through a age 
10.0-mH inductor over a 
time interval of 8.00 ms. 
Draw a graph showing 
the self-induced potential 
difference, A Vina, for the 
inductor over the same 
interval. 


29.42 A short coil with radius R = 10.0 cm contains N = 30.0 
turns and surrounds a long solenoid with radius r = 8.00 cm 
containing n = 60 turns per centimeter. The current in the 
short coil is increased at a constant rate from zero to i= 2.00 A 
in a time of t = 12.0 s. Calculate the induced potential differ- 
ence in the long solenoid while the current is increasing in 
the short coil. 


Section 29.8 


29.43 Consider an RL circuit with resistance R = 1.00 MQ and 
inductance L = 1.00 H, which is powered by a 10.0-V battery. 


-4.00 + 


a) What is the time constant of the circuit? 
b) Ifthe switch is closed at time t = 0, what is the current just 
after that time? After 2.00 us? When a long time has passed? 


29.44 In the circuit in the fig- 
ure, R = 120. Q, L = 3.00 H, and 


V mf = 40.0 V. After the switch is + 3 
closed, how long will it take the — Vemt 
current in the inductor to reach L 


300. mA? 


29.45 The current is increasing at a rate of 3.6 A/s in an 
RL circuit with R = 3.25 Q and L = 440 mH. What is the 
potential difference across the circuit at the moment when 
the current in the circuit is 3.0 A? 


e29.46 In the circuit in the figure, a battery supplies 
Veme = 18 V and R; = 6.0 Q, R, = 6.0 Q, and L = 5.0 H. 
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Calculate each of the following immediately after the switch 


is closed: —. 

a) the current flowing out of the $r 
battery + : 
b) the current through R, -T Veme R 

c) the current through R, 31 


d) the potential difference 

across R; 

e) the potential difference across R, 
f) the potential difference across L 
g) the rate of current change across R; 

29.47 In the circuit in the figure, a battery supplies 
Vemr= 18 V and R, = 6.0 O, R, = 6.0 Q, and L = 5.0 H. Calcu- 


emf 7 
late each of the following a long time after the switch is closed: 


a) the current flowing out of the a. 

battery 3 7 
b) the current through R, ae E 

c) the current through R, = cis í 

d) the potential difference 3! 


across R, 

e) the potential difference across R, 
f) the potential difference across L 
g) the rate of current change across R; 


e29.48 A circuit contains a 
battery, three resistors, and ng 
an inductor, as shown in the 

figure. What will be the current + 

through each resistor (a) imme- -T Vemt $: 
diately after the switch is closed? 
(b) a long time after the switch is closed? (c) Suppose the 
switch is reopened a long time after it has been closed. What 
is the current in each resistor? After a long time? 


Section 29.9 


29.49 Having just learned that there is energy associated 
with magnetic fields, an inventor sets out to tap the energy 
associated with the Earth’s magnetic field. What volume of 
space near Earth’s surface contains 1 J of energy, assuming 
the strength of the magnetic field to be 5.0-10°° T? 


29.50 Consider a clinical MRI (magnetic resonance imag- 
ing) superconducting mag- 
net has a diameter of 1.00 m, 
length of 1.50 m, anda 
uniform magnetic field of 
3.00 T. Determine (a) the 
energy density of the mag- 
netic field and (b) the total 
energy in the solenoid. 


29.51 A magnetar (magnetic neutron star) has a magnetic 
field near its surface of magnitude 4.0 - 10” T. 
a) Calculate the energy density of this magnetic field. 


b) The Special Theory of Relativity associates energy with 
any mass m at rest according to E, = mc’ (more on this in 
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Chapter 35). Find the rest mass density associated with the 
energy density of part (a). 

e29.52 An emf of 20.0 V is applied to a coil with an induc- 
tance of 40.0 mH and a resistance of 0.500 Q. 


a) Determine the energy stored in the magnetic field when 
the current reaches one fourth of its maximum value. 


b) How long does it take for the current to reach this value? 


29.53 A student wearing a 15.0-g gold band with radius 0.750 cm 
(and with a resistance of 61.9 uQ and a specific heat capac- 

ity of c = 129 J/kg °C) on her finger moves her finger from a 
region having a magnetic field of 0.0800 T, pointing along her 
finger, to a region with zero magnetic field in 40.0 ms. As a 
result of this action, thermal energy is added to the band due 
to the induced current, which raises the temperature of the 
band. Calculate the temperature rise in the band, assuming all 
the energy produced is used in raising the temperature. 


e29.54 A coil with N turns and area A, carrying a constant 
current, i, flips in an external magnetic field, Bax so that its 
dipole moment switches from opposition to the field to align- 
ment with the field. During this process, induction produces a 
potential difference that tends to reduce the current in the coil. 
Calculate the work done by the coil’s power supply to maintain 
the constant current. 


ee29.55 An electromagnetic wave propagating in 
vacuum has electric and magnetic fields given by 

E(X,t) = E,cos(keX— wt) and B(x,t) = By cos(kex - at), 
where B, is given by By =k x Ey/w and the wave vector k is 
perpendicular to both E, and By. The magnitude of k and 
the angular frequency w satisfy the dispersion relation, 


w/ lkl = (m6 w where mo and € are the permeability and 
permittivity of free space, respectively. Such a wave trans- 
ports energy in both its electric and magnetic fields. Cal- 
culate the ratio of the energy densities of the magnetic and 
electric fields, up/u,, in this wave. Simplify your final answer 
as much as possible. 


Additional Problems 


29.56 A wire of length / = 10.0 cm is moving with constant ve- 
locity in the xy-plane; the wire is parallel to the y-axis and moving 
along the x-axis. If a magnetic field of magnitude 1.00 T is point- 
ing along the positive z-axis, what must the velocity of the wire be 
in order to induce a potential difference of 2.00 V across it? 


29.57 The magnetic field inside the solenoid in the 
figure changes at the rate of 1.50 T/s. A conduct- 

ing coil with 2000 turns surrounds the solenoid, as 
shown. The radius of the solenoid is 4.00 cm, and the 
radius of the coil is 7.00 cm. What is the potential 
difference induced in the coil? 


29.58 An ideal battery (with no internal resistance) supplies 
Vem and is connected to a superconducting (no resistance!) 
coil of inductance L at time t = 0. Find the current in the coil 
as a function of time, i(t). Assume that all connections also 
have zero resistance. 


29.59 A 100-turn solenoid of length 8 cm and radius 6 mm 
carries a current of 0.4 A from right to left. The current 

is then reversed so that it flows from left to right. By how 
much does the energy stored in the magnetic field inside the 
solenoid change? 


29.60 What is the resistance in an RL circuit with L = 36.94 mH 
if the time taken to reach 75% of its maximum current value 
is 2.56 ms? 


29.61 The electric field near the Earth’s surface has a magni- 
tude of 150. N/C, and the magnitude of the Earth’s magnetic 
field near the surface is typically 50.0 wT. Calculate and com- 
pare the energy densities associated with these two fields. 
Assume that the electric and magnetic properties of air are 
essentially those of a vacuum. 


29.62 A wedding ring (of diameter 2.0 cm) is tossed into 
the air and given a spin, resulting in an angular velocity of 17 
rotations per second. The rotation axis is a diameter of the 
ring. Taking the magnitude of the Earth’s magnetic field to 
be 4.0-10~° T, what is the maximum induced potential differ- 
ence in the ring? 


29.63 What is the inductance in a series RL circuit in which 
R = 3.00 kQ if the current increases to one half of its final 
value in 20.0 prs? 


29.64 A 100.-V battery is connected in series with a 500.-0, 
resistor. According to Faraday’s Law of Induction, current 
can never change instantaneously, so there is always some 
“stray” inductance. Suppose the stray inductance is 0.200 pH. 
How long will it take the current to build up to within 
0.500% of its final value of 0.200 A after the resistor is con- 
nected to the battery? 


29.65 A single loop of wire with an 
area of 5.00 m? is located in the plane 
of the page, as shown in the figure. 

A time-varying magnetic field in the 
region of the loop is directed into the 
page, and its magnitude is given by 

B = 3.00 T + (2.00 T/s)t. At t = 2.00 s, 
what is the induced potential difference in the loop and the 
direction of the induced current? 


29.66 A 9.00-V battery is connected through a switch to 
two identical resistors and an ideal inductor, as shown in 
the figure. Each of the resistors has a resistance of 100. Q, 
and the inductor has an inductance of 3.00 H. The switch is 
initially open. 


_. 
a) Immediately after the switch 
is closed, what is the current in Ry 
resistor R, and in resistor R,? == Veme R, 
b) At 50.0 ms after the switch L 
is closed, what is the current in 


resistor R, and in resistor R,? 


c) At 500. ms after the switch is 
closed, what is the current in resistor R, and in resistor R,? 


d) After a long time (> 10.0 s), the switch is opened again. 
Immediately after the switch is opened, what is the current 
in resistor R, and in resistor R,? 

e) At 50.0 ms after the switch is opened, what is the current 
in resistor R, and in resistor R,? 

f) At 500. ms after the switch is opened, what is the current 
in resistor R, and in resistor R,? 


29.67 A long solenoid with length 3.0 m and n = 290 turns/m 
carries a current of 3.0 A. It stores 2.8 J of energy. What is 
the cross-sectional area of the solenoid? 


29.68 A rectangular conducting loop with dimensions a 
and b and resistance R, is placed in the xy-plane. A magnetic 
field of magnitude B passes through the loop. The magnetic 
field is in the positive z-direction and varies in time according 
to B = By(1 + ct), where c; is a constant with units of 1/s°. 
What is the direction of the current induced in the loop, and 
what is its value at t = 1s (in terms of a, b, R, Bo, and c)? 


29.69 A circuit contains a 12.0-V battery, a switch, anda 
light bulb connected in series. When the light bulb has a cur- 
rent of 0.100 A flowing in it, it just starts to glow. This bulb 
draws 2.00 W when the switch has been closed for a long 
time. The switch is opened, and an inductor is added to the 
circuit, in series with the bulb. If the light bulb begins to glow 
3.50 ms after the switch is closed again, what is the magnitude 
of the inductance? Ignore any time to heat the filament, and 
assume that you are able to observe a glow as soon as the cur- 
rent in the filament reaches the 0.100-A threshold. 


29.70 A circular loop of area A is placed perpendicular to 
a time-varying magnetic field of B(t) = By + at +bt’, where 
Bo, a, and b are constants. 

a) What is the magnetic flux through the loop at t = 0? 

b) Derive an equation for the induced potential difference 
in the loop as a function of time. 

c) What is the magnitude and the direction of the induced 
current if the resistance of the loop is R? 

29.71 A conducting rod of length 50.0 cm slides over two 
parallel metal bars placed in a magnetic field with a magni- 
tude of 1000. G, as shown in the figure. The ends of the rods 
are connected by two resistors, R, = 100. Q and R, = 200. Q. 
The conducting rod moves with a constant speed of 8.00 m/s. 


a) What are the currents 


flowing through the two =~ 
resistors? ® g 

b) What power is a ð s Ry 
delivered to the resistors? 

c) What force is needed = 2 

to keep the rod moving @ o 


with constant velocity? 


29.72 A rectangular wire loop (dimensions of h = 15.0 cm 
and w = 8.00 cm) with resistance R = 5.00 Q is mounted 
on a door. The Earth’s magnetic field, Bẹ = 2.6- 10” T, is 
uniform and perpendicular to the surface of the closed 
door (the surface is in the xz-plane). At time t = 0, the door 
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is opened (right edge moves toward the 
y-axis) at a constant rate, with an opening 
angle of 0(t) = wt, where w = 3.5 rad/s. 
Calculate the direction and the magni- 
tude of the current induced in the loop, 


Rotation axis 


i(t = 0.200 s). 
y 
® By Be 
10 
x z >x 
Front view Top view 


29.73 A steel cylinder with radius 2.5 cm and length 10.0 cm 
rolls without slipping down a ramp that is inclined at 15° 
above the horizontal and has a length (along the ramp) of 
3.0 m. What is the induced potential difference between the 
ends of the cylinder at the bottom of the ramp, if the surface 
of the ramp points along magnetic north? 


29.74 The figure shows a circuit in which a battery is con- 
nected to a resistor and an inductor in series. 
a) What is the current in the a 


circuit at any time t after the 3 È 
switch is closed? + 


emf 


b) Calculate the total energy 

provided by the battery from 31 
t=Otot=L/R. 
c) Calculate the total energy dissipated in the resistor over 
the same time period. 


d) Is energy conserved in this circuit? 


e29.75 As shown in the figure, a rectangular (60.0 cm long 
by 15.0 cm wide) circuit loop with resistance 35.0 Q is held 
parallel to the xy-plane with one half inside a uniform mag- 
netic field. A magnetic field given by B= 2.002 T is directed 
along the positive z-axis to the right of the dashed line; there 
is no external magnetic field to the left of the dashed line. 


a) Calculate the magnitude of the force required to move 
the loop to the left at a constant speed of 10.0 cm/s while the 
right end of the loop is still in the magnetic field. 

b) What power is expended to pull the loop out of the 
magnetic field at this speed? 

c) What is the power dissipated by the resistor? 


| B= 2.00T 
l 
R=350Q ! y 
OOMOO) 
© © © © 
ii looooloo0oo0oo 
15.0 cm| loooojoooo g x 
ROMMOMROMRON KOMOMEOMEC) 
'@ G20 0/0000 
[æ 60.0 cm >| 
= 
v = 10.0 cm/s 
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WHAT WE WILL LEARN 
pal 5 


— x 

= Voltages and currents in single-loop circuits containing = A single-loop circuit containing a time-varying | 
an inductor and a capacitor oscillate with a characteristic source of emf and a resistor, a capacitor, and an 
frequency. inductor has a time-varying current and voltage. 


The phase difference between the current and 
voltage depends on the values of the resistance, the 
capacitance, the inductance, and on the frequency of 
the emf source. 


= Voltages and currents in single-loop circuits containing 
a resistor, an inductor, and a capacitor also oscillate with 
a characteristic frequency, but these oscillations are 
damped over time. 


= A single-loop circuit containing a time-varying 
source of emf and a resistor, a capacitor, and an 
inductor has a resonant frequency determined by the 
value of the inductance and the capacitance. 


= A single-loop circuit containing a time-varying source 
of emf and a resistor has currents and voltages that are in 
phase and time-varying. 


= A single-loop circuit containing a time-varying source 
of emf and a capacitor has a time-varying current and 
voltage that are out of phase by +77/2 rad (+90°), with the 
current leading the voltage. The voltage and the current 
in such a circuit are related by the capacitive reactance. 


= The impedance of an alternating-current circuit is 
similar to the resistance of a direct-current circuit, 
but the impedance depends on the frequency of the 
time-varying source of emf. 


= Transformers can raise (or lower) alternating 
voltages while lowering (or raising) alternating 
currents. 


| = A single-loop circuit containing a time-varying source 

of emf and an inductor has a time-varying current and 
voltage that are out of phase by -77/2 rad (-90°), with the 
voltage leading the current. The voltage and the current = Rectifiers convert alternating current to direct current. 
in such a circuit are related by the inductive reactance. 


Chapters 24 through 26 examined circuits that have a constant current or a current that 
increases to a constant current or decreases to a constant current. These currents did not 
reverse their direction of flow. This chapter introduces circuits containing a resistor, an 
inductor, and a capacitor. Such circuits exhibit sinusoidal oscillations in voltage and cur- 
rent. This chapter also covers circuits that contain a time-varying source of emf. Although 
these alternating-current (AC) circuits have the same circuit elements (resistors, capacitors, 
and inductors) as in the direct-current (DC) circuits weve considered in previous chapters, 
alternating-current circuits display phenomena not observed in direct-current circuits, 
such as resonance. Alternating currents play a big role in everyday life, for example in the 
operation of electronic devices such as the boom box (Figure 30.1a). 

Speakers for sound reproduction (Figure 30.1b) generally have two parts: The small 
tweeter reproduces high-frequency sounds, and the larger woofer reproduces low-frequency 
sounds. But how does the electronic circuitry send one range of frequencies to one speaker 
and another range of frequencies to the other speaker? The answer is a filter, and we will 
find out how to construct one. 

The DC circuits we have studied until now contain a source of emf that provides a 
steady potential difference to the circuit in one direction. Alternating emfs change direction 
in a sinusoidal pattern, usually 50 or 60 times per second, depending on location around 
the world. This condition results in physical behavior not possible in DC circuits and makes 
AC circuits the standard in most electronic devices. 


30.1 LC Circuits 


Previous chapters introduced three circuit elements: capacitors, resistors, and inductors. We 
have examined simple single-loop circuits containing resistors and capacitors (RC circuits) 
or resistors and inductors (RL circuits). Now we'll consider simple single-loop circuits con- 
taining inductors and capacitors: LC circuits. We'll see that LC circuits have currents and 
voltages that vary sinusoidally with time, rather than increasing or decreasing exponentially 
with time, as in RC and RL circuits. These variations of voltage and current in LC circuits 
are called electromagnetic oscillations. 
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FIGURE 30.2 A single-loop circuit 
containing a capacitor and an inductor. 
(a) The capacitor is initially completely 
charged when it is connected to the 
circuit. (b)-(h) The current and the 
voltage in the circuit oscillate over 
time. 


To understand electromagnetic oscillations, consider a simple single-loop circuit con- 
sisting of an inductor and a capacitor (Figure 30.2). Recall that the energy stored in the 
electric field of a capacitor with capacitance C is given by (see Chapter 24) 


where q is the magnitude of the charge on the capacitor plates. The energy stored in the 
magnetic field of an inductor with inductance L is given by (see Chapter 29): 


—17;2 
Ug =5li 5 


where i is the current flowing through the inductor. Figure 30.2 shows how these energies 
vary with time in this LC circuit. 

In Figure 30.2a, the capacitor is initially fully charged (with the positive charge on the 
bottom plate) and then connected to the circuit. At that time, the energy in the circuit is 
contained entirely in the electric field of the capacitor. The capacitor begins to discharge 
through the inductor in Figure 30.2b. At this point, current is flowing through the induc- 
tor, which generates a magnetic field. (A green arrow or label below each circuit diagram 
indicates the direction and the magnitude of the instantaneous current, i.) Now part of the 
energy of the circuit is stored in the electric field of the capacitor and part in the magnetic 
field of the inductor. The current begins to level off as the inductor’s increasing magnetic 
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field induces an emf that opposes the current. In Figure 30.2c, max 
the capacitor is completely discharged, and maximum current 
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is flowing through the inductor. (When the magnitude of i has 
its maximum value, it is designated as i,,,, in the figure.) All 
the energy of the circuit is now stored in the magnetic field of 
the inductor. However, the current continues to flow, decreas- 


~Amax 


ing from its maximum value, which causes the magnetic field in 
the inductor to decrease. In Figure 30.2d, the capacitor begins 
to charge with the opposite polarity (positive charge on the top 
plate). Energy is again stored in the electric field of the capaci- 
tor, as well as in the magnetic field of the inductor. 

In Figure 30.2e, the energy in the circuit is again entirely con- 


tained in the electric field of the capacitor. Note that the electric 
field now points in the opposite direction from the original field 
in Figure 30.2a. The current is zero, as is the magnetic field in the 


>t 


inductor. In Figure 30.2f, the capacitor begins to discharge again, 
producing a current flowing in the direction opposite to that in 
parts (b) through (d) of the figure; this current in turn creates a 
magnetic field in the opposite direction in the inductor. Again, 
part of the energy is stored in the electric field and part in the mag- 
netic field. In Figure 30.2g, the energy is all stored in the magnetic 
field of the inductor, but with the magnetic field in the opposite direction from that in Figure 
30.2c and with the maximum current in the opposite direction from that in Figure 30.2c. In 
Figure 30.2h, the capacitor begins to charge again, meaning there is energy in both the electric 
and magnetic fields. The state of the circuit then returns to that shown in Figure 30.2a. The cir- 
cuit continues to oscillate indefinitely because there is no resistor in it, and the electric and mag- 
netic fields together conserve energy. A real circuit with a capacitor and an inductor does not 
oscillate indefinitely; instead, the oscillations die away with time because of small resistances in 
the circuit (covered in Section 30.3) or electromagnetic radiation (covered in Chapter 31). 

The charge on either capacitor plate and the current in the LC circuit vary sinusoidally, as 
shown in Figure 30.3. q max refers to the maximum charge on the capacitor plate that is initially 
positively charged (the lower plate in Figure 30.2a). The energy in the electric field depends on 
the square of the charge on the capacitor, and the energy in the magnetic field depends on the 
square of the current in the inductor. Thus, the electric energy, Up, and the magnetic energy, 
Up vary between zero and their respective maximum values as a function of time. 


0 L 
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FIGURE 30.3 Variation of the charge, current, electric energy, and 
magnetic energy as a function of time for a simple, single-loop LC 
circuit. The letters along the bottom refer to the parts of Figure 30.2. 


30.1 In-Class Exercise —, 


| Figure 30.2a shows that the charge 
| on the capacitor in an LC circuit is 

largest when the current is zero. 

| What about the potential difference 
across the capacitor? 


a) The potential difference across 
the capacitor is largest when the 
current is the largest. 


| b) The potential difference across 
| the capacitor is largest when the 
charge is the largest. 


c) The potential difference across 
the capacitor does not change. | 


\ } 
\ J 


30.2 Analysis of LC Oscillations 


This section presents a quantitative description of the phenomena described in the pre- 
ceding section. Consider a single-loop circuit containing a capacitor of capacitance C and 
an inductor of inductance L, but no resistor and no resistive losses in the circuit wire, as 
illustrated in Figure 30.4. We can write the total energy in the circuit, U, as the sum of the 
electric energy in the capacitor and the magnetic energy in the inductor: 

U =U; +U}. 


Using the expressions for the electric energy and the magnetic energy in terms of the charge 
and the current, Up = +(q°/C) and U; = 4Li’, we obtain 

1 1, 

U =U, +U,=-L +L? 

2C 2 
Because we have assumed zero resistance, no energy can be lost to heat, and the energy in the 
circuit will remain constant, because the electric field and the magnetic field together con- 
serve energy. Thus, the derivative with respect to time of the energy in the circuit is zero: 


du_d 
dt dt 


2 
ee tes 6 


2C 2 


-144 uf 
C dt dt 


L; 
- 


FIGURE 30.4 A single-loop LC 
circuit containing an inductor and a 
capacitor. 
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By definition, the current is the time derivative of the charge, i = dq/dt, and therefore, the 
time derivative of the current is the second derivative of the charge: 


di aa) ó 


dt dt\ dt de 


With this expression for di/dt, the preceding equation for the time derivative of the total 
energy, dU/dt, becomes 


2 2 
qq, 4a4q_44)q, ,44)_9 
C dt dt dq? dt|C dt? 
We can rewrite this equation as 
2 
Oa, Wg, (30.1) 
d LC 


(We discard the solution dq/dt = 0 because it corresponds to the situations where there is 
initially no charge on the capacitor.) This differential equation has the same form as that for 
simple harmonic motion, which describes the position, x, of an object with mass m con- 
nected to a spring with spring constant k: 


We saw in Chapter 14 that the solution of this differential equation for the position as a func- 
tion of time was a sinusoidal function: x = Xmax COS (Wot + b), where ¢ is a phase constant and 
the angular frequency, wo, is given by wọ = Vk/m. 

Simply substituting q for x and 1/LC for k/m in the differential equation for simple 
harmonic motion leads to the analogous solution for equation 30.1. Thus, the charge as a 
function of time in an LC circuit is given by 


q = max cos( apt E $) > (30.2) 


where gmax is the magnitude of the maximum charge in the circuit and ¢ is the phase con- 
stant, which is determined by the initial conditions for a given situation. (Note that the con- 
vention for electromagnetic oscillations is to use a negative sign in front of #.) The angular 


frequency is given by 
| 1 1 
@ =,- — =—=. (30.3) 
° NIC J LC 


The current is given by the time derivative of equation 30.2: 


. dq d : 
i= a a cos( apt - $)) =- W04max sin( apt - $). 
Since the maximum current in the circuit is imax = @04mav We get 
i=- imax Sin( apt -). (30.4) 


Equations 30.2 and 30.4 correspond to the top two curves in Figure 30.3 with @ = 0. We can 
write expressions for the electric energy and the magnetic energy as functions of time: 


1l g 1l dmax cos(ont-¢)| 2 


eerie C ~ a cos [irm 
and 
U; = sui = | R sin( pt - of =— ina sin (cot - $) 


Since imax = Wmax and wọ = 1/ VLC, we can write 


La _L 22 i 
5 bina = 5% Gu = E. 


Thus, we can express the magnetic energy as a function of time as follows: 
In 2 
Ug === sin’ ( wot - ). 
p = or sin? (wot -4) 


Note that both the electric energy and the magnetic energy have a maximum value equal to 
/2C and a minimum of zero. 

We can obtain an expression for the total energy in the circuit, U, by summing the elec- 
tric and magnetic energies and then using the trigonometric identity sin’@ + cos’6 = 1: 


Imax 


U =U; +Ug = Hrs cos? (yt) + 1 sin? (ot -4 


2 
n Ass sin? (ot - p) + cos? (wpt- 4) 


2 
—Amax _ 1 2 
27 g 


Thus, the total energy in the circuit remains constant with time and is proportional to 
the square of the original charge put on the capacitor. 


EXAMPLE 30.1 | Characteristics of an LC Circuit 


A circuit contains a capacitor, with C = 1.50 uF, and an inductor, with L = 3.50 mH 
(Figure 30.4). The capacitor is fully charged using a 12.0-V battery and is then connected 
to the circuit. 


PROBLEMS 
What is the angular frequency of the circuit? What is the total energy in the circuit? What 
is the charge on the capacitor after t = 2.50 s? 


SOLUTIONS 


The angular frequency of the circuit is given by 
1 


1 
Wo = = 
VLC [3.50-10° H(1.50-10° F] 


The total energy in the circuit is 


=1.38-10* rad/s. 


2 
= Imax 


2C ` 
The maximum charge on the capacitor is 


dmax = CV ect =(1.50-10° F)(12.0 v) 


=1.80-10°° C. 


Thus, we can calculate the initial energy stored in the electric field of the capacitor, which 
is the same as the total energy in the circuit: 
2 
2 (1.80-10° c) 
U = Imax t 


=1.08-10* J. 
2C 2(1.50-10% F) 


The charge on the capacitor as a function of time is given by 
q1 = Wmax cos( aot B $). 
To determine the constant h, we remember that q = qinax at t = 0, so 


q(0) = max = Imax cos| (wy)(0) = | = fmax cos(-) = A max COS Q. 


Continued— 


30.2 Analysis of LC Oscillations 963 


30.2 In-Class Exercise 


In Figure 30.3, suppose t = 0 
at point (c). What is the phase 
constant in this case? (Define a 
clockwise current as positive.) 


a) 0 d) 377/2 

b) 77/2 e) none of 
the above 

c) 7 


30.1 Self-Test Opportunity 


The frequency of oscillation of an 

LC circuit is 200.0 kHz. At t = 0, the 
charge on the capacitor has its maxi- 
mum positive charge on the lower 
plate. Decide whether each of the 
following statements is true or false. 


a) At t = 2.50 us, the charge on 
the lower plate has its maximum 
negative value. 


b) At t = 5.00 us, the current in the 
circuit is at its maximum value. 


c) At t = 2.50 us, the energy in the 
circuit is stored completely in 
the inductor. 


d) At t =1.25 us, half the energy 
in the circuit is stored in the 
capacitor and half the energy is 
stored in the inductor. 
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Thus, we see that @ = 0, and we can write the charge as a function of time as follows: 
q = max COS Wot. 


Putting in the values q,,,, = 1.80- 10” C, wp = 1.38-10* rad/s, and t = 2.50 s, we get 


q=(1.80-10° C)cos|(1.38-10' rad/s)(2.50 s)|=1.02-10° C. 


30.3 Damped Oscillations in an RLC Circuit 


L 


$r c= 


FIGURE 30.5 A single-loop RLC cir- 
cuit containing a resistor, an inductor, 
and a capacitor. 


30.2 Self-Test Opportunity 


Compare equation 30.5 for the 
charge on the capacitor as a func- 
tion of time to the differential 
equation for the position of a mass 
on a spring presented in Chapter 14: 
e E, 
d? m dt m 
quantity in the RLC electric circuit 
plays the role of the mass m, which 
that of the spring constant k, and 
which that of the damping con- 
stant b? 


30.3 In-Class Exercise = 


What is the condition for small 
damping that needs to be fulfilled 
for equation 30.6 to be a solu- 
tion for equation 30.5? (Hint: You 
can find this by analogy with the 
damped oscillation of a mass on a 
spring, for ven the differential 
equation is Ci ee, =0 
d? mdt m 
and the condition for small damp- 
ing is b< 2Vmk. Alternatively, 
you can use dimensional analysis.) 


a) R < 2 fL/C 


b) R < /2C/L 


c) R < V2LC 
Lo 


Now let’s consider a single-loop circuit that has a capacitor and an inductor but also a 
resistor—an RLC circuit, as shown in Figure 30.5. We saw in the preceding section that the 
energy of a circuit with a capacitor and an inductor remains constant and that the energy is 
transformed from electric to magnetic and back again with no losses. However, if a resistor 
is present in the circuit, the current flow produces ohmic losses, which show up as thermal 
energy. Thus, the energy of the circuit decreases because of these losses. The rate of energy 
loss is given by 


GT Pe 
dt 
We can rewrite the change in the energy in the circuit as a function of time: 
dU qdq S7 di ~_?R. 
dt Cdt dt 


Again, since i = dq/dt and di/dt = d’q/dt’, we can write 


2 2 
dq d 1af] T 


Ty Z +?R= A T, 


C dt d C dt dt de \dt 
or 
d’q. Rdg 1 
+ =0. 30.5 
d? Ldt 1c! ot) 


The solution of this differential equation (for small damping, meaning sufficiently small 


values of the resistance) is 


-Rt/2L 
q = Imax 


2 
- lo? -|2 
pela Ea 
and w= 1/ JIC : 

The calculus used in arriving at the solution in equation 30.6 is not shown. You can 
verify that the solution satisfies equation 30.5 by straightforward substitution from equa- 
tions 30.6 and 30.7 into 30.5. You can also refer back to Chapter 14, where it was shown that 
the equation of motion for a weakly damped (or underdamped) mechanical oscillator has a 
similar solution. Chapter 14 also covered overdamped and critically damped oscillations. 

If the capacitor in the single-loop circuit RLC circuit of Figure 30.5 is charged and 
then connected in the circuit, the charge on the capacitor will vary sinusoidally with time 
while decreasing in amplitude (Figure 30.6). Taking the derivative of equation 30.6 shows 
that the current, i = dq/dt, has an amplitude that is damped at the same rate that the charge 
is damped and that this amplitude also varies sinusoidally with time. After some time, no 
current remains in the circuit. 

We can analyze the energy in the circuit as a function of time by calculating the energy 
stored in the electric field of the capacitor: 


cos wt, (30.6) 


where 


(30.7) 
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Imax 


~ max 


FIGURE 30.6 Graph of the charge on the capacitor as a function of time in a circuit containing a 
capacitor, an inductor, and a resistor. 


Thus, U; and U; both decrease exponentially in time, and therefore so does the total energy 
in the circuit, Ug + Up. 


30.4 Driven AC Circuits 


So far, we have been studying circuits that contain a source of constant emf or that start with a 
constant charge and contain energy that then oscillates between electric and magnetic fields. 
However, many interesting effects occur in a circuit in which the current oscillates continu- 
ously. This section investigates some of these effects, starting with a time-varying source of emf 
and then considering in turn a resistor, a capacitor, and an inductor connected to this source. 


Alternating Driving emf 


A source of emf can be capable of producing a time-varying voltage, as opposed to the sources 
of constant emf considered in previous chapters. We'll assume that the source of time-varying 
emf provides a sinusoidal voltage as a function of time, the driving emf, given by 


Vaf = Vonax SiN ot, (30.8) 


where w is the angular frequency of the emf and V,,,,, is the maximum amplitude or value 
of the emf. 

The current induced in a circuit containing a source of time-varying emf will also vary 
sinusoidally with time. This time-varying current is called alternating current (AC). How- 
ever, the alternating current may not always remain in phase with the time-varying emf. 
The current, i, as a function of time is given by 


i=Isin(wt-$), (30.9) 


where I is the amplitude of the current and the angular frequency of the time-varying cur- 
rent is the same as that of the driving emf, but the phase constant @ is not zero. Note that, 
as is the convention, the phase constant is preceded by a negative sign. 


Circuit with a Resistor ANÈ 


Lets begin our analysis of RLC circuits with alternating current by considering a circuit 
containing only a resistor and a source of time-varying emf (Figure 30.7). Applying Kirch- 
hoff’s Loop Rule to this circuit, we obtain 


emf 


Vemf — Yr =0, 


where vp is the voltage drop across the resistor. Substituting in vp for Vem in equation 30.8, 


FIGURE 30.7 Single-loop circuit 
we get 


with a resistor and a source of time- 


Vp = Vmax Sin wt = Vp sin wt, varying emf. 
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FIGURE 30.8 Alternating voltage 
and current for a single-loop circuit 
containing a source of time-varying emf 
and a resistor: (a) voltage and current 
as functions of time; (b) phasors rep- 
resenting voltage and current, showing 
that they are in phase. 


emf 


FIGURE 30.9 Single-loop circuit 
with a capacitor and a source of time- 
varying emf. 


(a) (b) 


where Vp is the maximum voltage drop across the resistor. Note that the voltage as a func- 
tion of time is represented by a lowercase v and the amplitude of the voltage with uppercase 
V. According to Ohm's Law, V = iR, so we can write 


V; 
ip == sinwt = Ig sin ot. (30.10) 


Thus, the current amplitude and the voltage amplitude are related as follows: 
Vp = gR. (30.11) 
Figure 30.8a shows the voltage across the resistor and the current through it as func- 
tions of time. The time-varying current can be represented by a phasor, Ip, and the time- 
varying voltage by a phasor, Vp (Figure 30.8b). A phasor is a counterclockwise-rotating 
vector (with its tail fixed at the origin) whose projection on the vertical axis represents the 
sinusoidal variation of the particular quantity in time. The angular velocity of the phasors in 
Figure 30.8b is w of equation 30.10. The current flowing through the resistor and the voltage 


across the resistor are in phase, which means that the phase difference between the current 
and the voltage is zero. 


Circuit with a Capacitor 


Now let’s examine a circuit that contains a capacitor and a time-varying emf (Figure 30.9). 
The voltage across the capacitor is given by Kirchhoff’s Loop Rule, 


Vemf — Vc = 0, 
where vç is the voltage drop across the capacitor. Thus, we have 
Ve = Vmax SIN wt = Vo sin at, 
where Vois the maximum voltage across the capacitor. Since q = CV for a capacitor, we can 


write 
q = Cvç = CVç sin at. 


However, we want an expression for the current (rather than the charge) as a function of 
time. Therefore, we take the derivative with respect to time of the preceding equation: 
€ dt dt 


This equation can be written in a form comparable to that of equation 30.10 by defining a 
quantity that is similar to resistance, called the capacitive reactance, Xc: 


-l 
oC 


This definition allows us to express the current, ic, as 


=wCVo cosat. 


Xo (30.12) 


We 
ic =—— cos wt, 


C 


wt + (7/2) 


(a) (b) 


FIGURE 30.10 Alternating voltage and current for a single-loop circuit containing a source of emf 
and a capacitor: (a) voltage and current as functions of time; (b) phasors representing voltage and cur- 
rent, showing that they are out of phase by 77/2 rad (90°). 


or, with Ic = V_/Xc, as 
ic =Iccosat. 


We can use cos 6 = sin(@ + 77/2) to express this result in a form analogous to that of equa- 
tion 30.10: 
ic = Iç sin(wt + 7/2). (30.13) 

This expression for the current flowing in a circuit with only a capacitor is similar to the 
expression for the current flowing in a circuit with only a resistor, except that current and 
voltage are out of phase by 7/2 rad (90°). Figure 30.10a shows the voltage and current as 
functions of time. 

The corresponding phasors J, and V, shown in Figure 30.10b, indicate that for a cir- 
cuit with only a capacitor, the current leads the voltage. The amplitude of the voltage across 
the capacitor and the amplitude of the current through the capacitor are related by 


Vo = IcXc. (30.14) 


This equation resembles Ohm’s Law with the capacitive reactance replacing the resistance. 
One major difference between the capacitive reactance and the resistance is that the capaci- 
tive reactance depends on the angular frequency of the time-varying emf. 


Circuit with an Inductor 


Now let’s consider a circuit with a source of time-varying emf and an inductor (Figure 30.11). 
We again apply Kirchhoff’s Loop Rule to this circuit to obtain the voltage across the inductor: 


Vz = Vax SiN Œt = V; sin æt, 


where V; is the maximum voltage across the inductor. A changing current in an inductor 
induces an emf given by a 
i 
be 
dt 
Note that for positive di/dt the voltage drop across the inductor is positive because the 
direction of current is the direction of decreasing potential. Thus, we can write 


V= 


di 
A V, sinat, 
dt 

or 

d 
ay Vi inot 
dt L 


We are interested in the current rather than its time derivative, so we integrate the preced- 
ing equation: 


i, = di, d= f Vi sin wtdt =- cos at. 
dt L wL 


30.4 Driven AC Circuits 


30.4 In-Class Exercise 


A circuit containing a capacitor 


967 


(Figure 30.9) has a source of time- 
varying emf that provides a voltage 
given by vç = Vesin wt. What is the 


current, 7;, through the capaci- 


tor when the potential difference 


across it is largest (Vc = Vmax)? 


30.5 In-Class Exercise 
Consider a circuit with a source 
of time-varying emf given by 
Vemf = 120.0sin (377 rad/s) | v 


and a capacitor with capacitance 


C = 5.00 uF. What is the current 
in the circuit at t = 1.00 s? 


a) 0.226 A d) 0.750 A 
b) 0.451 A e) 1.25 A 
c) 0.555 A 
Ly 
L 
Vemt 


FIGURE 30.11 Single-loop circuit 


with an inductor and a source of time- 


varying emf. 
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FIGURE 30.12 Alternating voltage 
and current for a single-loop circuit 
containing a source of emf and an in- 
ductor: (a) voltage and current as func- 
tions of time; (b) phasors representing 
voltage and current, showing that they 
are out of phase by -77/2 rad (-90°). 


wt — (11/2) 


(a) (b) 


Here we set the constant of integration to zero because we are not interested in solutions 
that contain both an oscillating and a constant current. The inductive reactance, which, 
like the capacitive reactance, is similar to resistance, is defined as 


X, =o. (30.15) 
Using the inductive reactance, we can express i, as 
i, =- ae =-I, cosat, 
L 
where I, is the maximum current. Thus, 
Vi =X 
which again resembles Ohm’s Law except that the inductive reactance depends on the angu- 


lar frequency of the time-varying emf. 
Because -cos 0 = sin(0 — 7/2), we can rewrite i, = -I; cos wt as follows: 


i, =I, sin(wt - 7/2). (30.16) 


Thus, the current flowing in a circuit with an inductor and a source of time-varying emf 
is out of phase with the voltage by -7/2 rad. Figure 30.12a shows voltage and current as 
functions of time. The corresponding phasors, J, and V, , are shown in Figure 30.12b, which 
shows that for a circuit with an inductor, the voltage leads the current. 


30.5 Series RLC Circuit 


si c= 


Veit 


© 


FIGURE 30.13 A single-loop circuit 
containing a source of time-varying 
emf, a resistor, an inductor, and a 
capacitor. 


Now were ready to consider a single-loop circuit that has all three circuit elements, along 
with a source of time-varying emf (Figure 30.13). This section will not present a full math- 
ematical analysis of this RLC circuit but will use phasors to analyze the important aspects. 

The time-varying current in the simple RLC circuit can be described by a phasor, I, 
(Figure 30.14). The projection of I, on the vertical axis represents the current i flowing 
in the circuit as a function of time, t, where the angle of the phasor is given by wt - o 
such that 


i=1,, sin(wt-¢). 


The current i and the voltages across the circuit components have different phases with 
respect to the time-varying emf, as we have seen in the previous section: 


= For the resistor, the voltage vg and the current i are in phase with each other, and the 
voltage phasor, Vp, is in phase with Im- 


= For the capacitor, the current i leads the voltage vç by 7/2 rad (90°), so the voltage 
phasor, Vo, has an angle that is 77/2 rad (90°) less than the angles of I,, and Vp. 


= For the inductor, the current i lags behind the voltage v; by 77/2 rad (90°), so the voltage 
phasor, V,, has an angle that is 77/2 rad (90°) greater than the angles of I, and Ve. 


The voltage phasors for the RLC circuit are shown in Figure 30.15. The instantaneous 
voltage across each component is represented by the projection of the respective phasor on 
the vertical axis. 

The total voltage drop across all components, V, is given by 


V=vatvotvyz. (30.17) 


The total voltage, V; can be thought of as the projection on the vertical axis of the phasor V,,, 
representing the time-varying emf in the circuit (Figure 30.16). The phasors in Figure 30.15 
rotate together, so equation 30.17 holds at any time. The voltage phasors must sum as vectors 
to match V, in order to satisfy equation 30.17 at all times. This vector sum is shown in Figure 
30.16. In this figure, the sum of the two phasors V, and V, has been replaced with V, + Vo 
The vector sum of Y, + Vo and Vz must equal V,,. Thus, we can write 
Va =Vat(Vy ave); (30.18) 
because the vectors V, and V always point in opposite directions, and V,, is perpendicular 
to both. Now we can substitute our previously derived expressions for Vp, V;, and Vç into 
equation 30.18, taking the amplitude of the current in all three components to be Im because 
they are in series: 
2 2 2 
Van=(ImR) +(UmXt —ImXc) - 


We can then solve for the amplitude of the current in the circuit: 


In = Va 


JR+(x: aže) 


The denominator of the term on the right-hand side is called the impedance, Z: 


Ze ET. 


The impedance of a circuit depends on the frequency of the time-varying emf. This time 
dependence is expressed explicitly when substitutions are made for the capacitive reactance, 
Xo and the inductive reactance, X;: 


(30.19) 


(30.20) 


The impedance ofan AC circuit has the unit ohm (Q), just like the resistance in a DC circuit. 
We can then write 


(30.21) 


2 
R + or - | 

wC 
The current flowing in an AC circuit depends on the difference between the inductive 
reactance and the capacitive reactance and is called the total reactance. The phase constant, 
ġ, can be expressed in terms of this difference. The phase constant is defined as the phase 
difference between the voltage phasors Vp and V,, depicted in Figure 30.16. Thus, we can 


express the phase constant as 
V-V 
= tan | =— |. 


R 


Since V; = XI» Vc = Xclw and Vp = RI» this can be rewritten as follows: 


ny 


ieee | A -Xc 
gman | R | 


Using Xç = 1/wC and X, = wL, we can then obtain the frequency dependence of the phase 
constant: 


wL -(wC)y' 


= tan"! (30.22) 
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FIGURE 30.14 Phasor Iņ repre- 
senting the current 7 flowing in an RLC 
circuit. 


FIGURE 30.15 Voltage phasors for 
an RLC series circuit. The phasor Ve is in 
phase with the phasor In representing 
the current in the circuit. 


FIGURE 30.16 Sum of the voltage 


phasors in an RLC series circuit. 
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30.6 In-Class Exercise 


A circuit like that shown in Figure 
30.13 containing a capacitor, an 
inductor, and a resistor connected 
in series with a source of time- 
varying emf has Vene = V, Sinwt. 
At a point in time when Vn is 
increasing, how is the current in 
the circuit behaving? 


a) The current is increasing. 
b) The current is decreasing. 
c) The current is not changing. 


d) The current may be increasing or 
decreasing. 


30.3 Self-Test Opportunity 


Consider a series RLC circuit like the 
one shown in Figure 30.13. The cir- 
cuit is driven at an angular frequency 
w by the time-varying emf. The 
resonant angular frequency is wp. 
Decide whether each of the follow- 
ing statements is true or false. 


a) If w = œ , the voltage and the 
current are in phase. 


b) If w < w the voltage lags 
behind the current. 


c) If w > wp, then Xc > X. 


Chapter 30 Electromagnetic Oscillations and Currents 


The current in the RLC circuit can now be written as 
i=1,, sin(wt-¢), 


where I, is the magnitude of the phasor T. The voltage across all the components in the 
circuit is given by the time-varying source of emf: 


V =Vome (t) = Vn sin wt 


(30.23) 


(30.24) 


where V,, is the magnitude of the phasor V,,. 
Thus, three conditions are possible for an AC series circuit containing a resistor, a 
capacitor, and an inductor: 


= For X; > Xo ¢ is positive, and the current in the circuit lags behind the voltage in 
the circuit. This circuit is similar to a circuit with only an inductor, except that the 
phase constant is not necessarily 77/2 rad (90°), as illustrated in Figure 30.17a. 


= For X; < Xo ¢ is negative, and the current in the circuit leads the voltage in the 
circuit. This circuit is similar to a circuit with only a capacitor, except that the phase 
constant is not necessarily -7/2 rad (-90°), as illustrated in Figure 30.17b. 


= For X, = Xo ¢ is zero, and the current in the circuit is in phase with the voltage in 
the circuit. This circuit is similar to a circuit with only a resistance, as illustrated in 
Figure 30.17c. When ¢ = 0, the circuit is said to be in resonance. 


The current amplitude, I» in the series RLC circuit depends on the frequency of the 
time-varying emf, as well as on L and C. Inspection of equation 30.21 shows that the maxi- 
mum current occurs when 

wL- E =0, 
wC 
which corresponds to ¢ = 0 and X; = Xc. The angular frequency, wo, at which the maximum 


current occurs, called the resonant angular frequency, is 


A Practical Example 


Now let’s look at a real circuit (Figure 30.18). The diagram for this circuit is shown in Figure 
30.13. The circuit has a source of time-varying emf with V,, = 7.5 V and has L = 8.2 mH, 
C= 100 pF and R =10 ©. The maximum current, I was measured as a function of the ratio 


of the angular frequency of the time-varying emf to the resonant angular frequency, w/w» 
(Figure 30.19). Red circles indicate the results of the measurements. The maximum value 


m 


(a) 
FIGURE 30.17 Current and voltage as functions of time for an RLC circuit with: (a) X, > Xg (b) X, < Xg (c) Xi = Xe 


(b) (c) 


of the current occurs, as expected, at the resonant angular frequency. However, with R = 
10 Q, the relationship between I „ and w/w , given by equation 30.21, results in the green 
curve, which does not reproduce the measured results. To better describe the current, we 
must remember that in a real circuit, the inductor has a resistance, even at the resonant fre- 
quency. The black curve in Figure 30.19 corresponds to equation 30.21 with R =15.4 Q. 

The resonant behavior of an RLC circuit resembles the response of a damped mechani- 
cal oscillator (Chapter 14). Figure 30.20 shows the calculated maximum current, I» as a 
function of the ratio of the angular frequency of the time-varying emf to the resonant angu- 
lar frequency, w/w , for a series RLC circuit with V,, = 7.5 V, L = 8.2 mH, C =100 pF, and 
three different resistances. You can see that as the resistance is lowered, the maximum cur- 
rent at the resonant angular frequency increases, producing a more pronounced peak. 


Im (A) 
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FIGURE 30.18 Real series circuit 
containing an 8.2-mH inductor, a 10-0, 
resistor, and a 100-uF capacitor. 


> 
wlwg w/w 
FIGURE 30.19 Graph of the maximum current, I,,, versus the ratio FIGURE 30.20 Graph of the maximum current, J,,, versus the ratio 
of the angular frequency, w, of the time-varying emf to the resonance of the angular frequency, w, of the time-varying emf to the reso- 
frequency, wọ, for an RLC circuit. Red dots represent measurements. nance frequency, wo, for three series RLC circuits, with L = 8.2 mH, 
The text explains the green and black curves. C = 100 pF, and three different resistances. 


EXAMPLE 30.2 ( Characterizing an RLC Circuit 


Suppose an RLC series circuit like the one shown in Figure 30.13 has R = 91.00, C= 
6.00 uF, and L = 60.0 mH. The source of time-varying emf has an angular frequency of 
w = 64.0 rad/s. 


PROBLEM 
What is the impedance of this circuit? 


SOLUTION 

Normally, we would solve this problem by obtaining an expression for the impedance in 
terms of the quantities provided. However, instead we'll calculate several intermediate 
numerical answers to gain insight into the characteristics of this circuit. 


2 
The impedance is given by Z =4/R? + (x, -=Xc) . To see which of the quantities on 


the right-hand side has the greatest impact on the impedance, we calculate the quantities 
individually. The inductive reactance is given by 


X, =oL=(640 rad/s)(60.0 103 H) =3.84 0. 


The capacitive reactance is 
x-L-— |! -xoa 
WC (640 rad/s)(6.00-10 F) 


Continued— 


30.4 Self-Test Opportunity 


Consider a series RLC circuit like the 
one shown in Figure 30.13. Decide 
whether each of the following 
statements is true or false. 


a) The current through the resistor 
is the same as the current 
through the inductor at all times. 


b) In an ideal scenario energy is 
dissipated in the resistor but not 
in the capacitor or in the inductor. 


c) The voltage drop across the 
resistor is the same as the 
voltage drop across the inductor 
at all times. 
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30.7 In-Class Exercise 


A time-varying source of emf sup- 
plies V,, = 115.0 V at f = 60.0 Hz in 
a series RLC circuit with R = 374 Q, 
L =0.310 H, and C = 5.50 uF. What 
is the impedance of this circuit? 


a) 3210 d) 831 Q 
b) 523 Q e) 975 Q 
c) 622 Q 


FIGURE 30.21 A typical band-pass 
filter for phones connected to a house- 
hold circuit that has a DSL Internet 
connection. 


R 
(a) Vin : VW al ° Vout 
I 
L 
(b) Via . G08 s Vout 


FIGURE 30.22 Two low-pass filters: 
(a) RC version; (b) RL version. 


We see that the impedance of this circuit is dominated by the capacitive reactance at the 
given value of the angular frequency. This type of circuit is called capacitive. 

Putting in our results for the capacitive and inductive reactances, we calculate the 
impedance: 


Z= Je +(%,-Xe} = [oro Q) +(3.84 Q- 2600 OY =2600 0. 


That is, the inductive reactance and the resistance are completely negligible within round- 
ing error. For comparison, the impedance of this circuit when it is in resonance is 


Z= Je +(X,-Xc) = [oro QJ +0=910 Q. 


This result implies that the circuit as described in the problem statement is far from reso- 
nance, which is consistent with the very different values we obtained for the capacitive 
and inductive reactances. (Remember that at resonance these two reactances have the 
same value!) 


Frequency Filters 


We have been analyzing circuits that have a time-varying emf with a single frequency. 
However, many applications involve time-varying emfs that reflect a superposition of many 
frequencies. In some situations, certain frequencies need to be filtered out of this kind of 
circuit. (Series RLC circuits can be used as frequency filters.) One example of such a circuit 
can be found in DSL (digital subscriber line) filters for making connections to the Internet 
over a household telephone line. A typical DSL filter is shown in Figure 30.21. 

A DSL Internet connection operates at high frequencies and is connected to a house- 
hold’s regular phone line. The high operating frequency of the DSL connection causes noise 
on the phones in the house. Therefore, a band-pass filter is normally installed on all the 
phones in the house to filter out the high-frequency noise created by the DSL Internet con- 
nection. Frequency filters can be designed to pass low frequencies and block high frequen- 
cies (low-pass filter) or to pass high frequencies and block low frequencies (high-pass filter). 
A low-pass filter can be combined with a high-pass filter to allow a range of frequencies to 
pass (band-pass filter) and block the frequencies outside that range. 

Figure 30.22 shows two examples of a low-pass filter, where V,, is a time-varying emf 
with many frequencies. A low-pass filter is essentially a voltage divider. Part of the original 
voltage passes through the circuit, while part goes to ground. For the RC version of the 
low-pass filter, shown in Figure 30.22a, low frequencies essentially have an open circuit, 
while high frequencies are preferentially sent to ground. Thus, only signals with low fre- 
quencies will pass through the filter. This behavior makes sense because current going to 
ground must pass through a capacitor that essentially blocks the flow of current for low 
frequencies because the capacitor plates are charging, while rapidly changing current does 
not allow charge to build up on the plates of the capacitor, allowing current to flow. For the 
RL version, shown in Figure 30.22b, low frequencies easily pass through the inductor while 
high frequencies are blocked. This effect arises because the self-induced emf in an inductor 
opposes rapid changes in current, effectively blocking current through the inductor at high 
frequencies, while a slow change in current produces a much smaller opposing emf, allow- 
ing current to flow. 

To quantify the performance of the low-pass filter in Figure 30.22a, we define the input 
section of the circuit to be the resistor and the capacitor. The impedance of this section is 


Zin =\R? + XG. The impedance of the output section is just Z,u = Xc. The ratio of the emf 
into the filter and the emf emerging from the filter is 


Vout _ Zout : (30.25) 
V Z 


in In 


The ratio of emfs can then be written as 
V, Xo 1 1 


out _ 


Vin (rR +x2 


(30.26) 
R 


—| +1 
Xc 


For the RL version of the low-pass filter, shown in Figure 30.22b, Z,, =4/ R + X? and Zou = R, 


allowing us to write 


Vout _ R 1 


Vin (R+x2 Jir] 


(30.27) 


The breakpoint frequency, wp, between the response to low and high frequencies is the frequency 
at which the ratio Voy)/Vin is 1 J2 = 0.707. At that frequency for the RC version, we have 


1 1 
1+ @gR?C v2 
from which we can solve for the breakpoint frequency: 
eas 
RC 


For the RL version of the low-pass filter, the breakpoint frequency is obtained from equa- 
tion 30.27: 


wg (30.28) 


Opa (30.29) 
Figure 30.23 shows two examples of a high-pass filter. A high-pass filter is also a volt- 
age divider. For the RC version of the high-pass filter, shown in Figure 30.23a, signals with 
low frequencies cannot pass the capacitor while signals with high frequencies pass through 
easily. This behavior makes sense because the signal must pass through a capacitor that 
essentially blocks the flow of current for low frequencies because the capacitor plates are 
charging, while rapidly changing current does not allow charge to build up on the plates of 
the capacitor, allowing current to flow. For the RL version, shown in Figure 30.23b, signals 
with low frequency have essentially an open circuit to ground, while signals with high fre- 
quencies are blocked from reaching ground. Thus, only signals with high frequencies will 
be passed through the filter. This effect arises because the self-induced emf in an inductor 
opposes rapid changes in current, effectively blocking current through the inductor at high 
frequencies, while a slow change in current produces a much smaller opposing emf, allow- 
ing current to flow. 
For the RC version of the high-pass filter in Figure 30.23a, the impedance of the input 


section is Za =4/ R° +X, while the impedance of the output section is Z,,, = R. The ratio 
of the output emf to the input emf is then 


Vo R 1 1 


out _ = = 
W PAN VGO hd 
w RC 
For the RL version of the high-pass filter shown in Figure 30.23b, the ratio of the output 
emf to the input emf is 


(30.30) 


X 1 1 
Vout _ L - : (30.31) 
Vin (R +x? Reg: Meee 
or ag 
Xi wL 


For these high-pass filters, as the frequency increases, the ratio of output emf to input emf 
approaches 1, while for low frequencies, the ratio of output emf to input emf goes to zero. 
The breakpoint frequencies for the high-pass filters are the same as for the low-pass 
filters: wg = 1/(RC) for the RC version and wp = R/L for the RL version. 


30.5 Series RLC Circuit 973 


(a) Vae Hron 


FIGURE 30.23 Two high-pass 


filters: (a) RC version; (b) RL version. 
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High-pass filter Low-pass filter A 
Ci liO R i 1.0 F 
Vin —_—_ | l l W~ T l e Vut [_Low-pass filter oS“ High-pass filter 
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! i L i > L Band-pass filter 
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FIGURE 30.24 A band-pass filter consisting of a high-pass filter o1F ös 
connected in series with a low-pass filter. H 
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FIGURE 30.26 Crossover circuit for audio speakers. 


Tweeter 


Woofer 


FIGURE 30.25 The frequency response of a low-pass filter, a high- 
pass filter, and a band-pass filter. 


An example of a band-pass filter is shown in Figure 30.24. The band-pass filter consists 
of a high-pass filter in series with a low-pass filter. Thus, both high and low frequencies are 
suppressed and a narrow band of frequencies are allowed to pass through the filter. 

Figure 30.25 shows the frequency response of a low-pass filter and a high-pass filter 
with R = 50 Q and C = 20 mE For this combination of resistance and capacitance, the 


breakpoint frequency is 
1 1 


== =1 rad/s. 
mma (50 )(20-10° F) = 


Also shown in Figure 30.25 is the frequency response of a band-pass filter with R, = R, = 50 Q 
and C; = C, = 20 mF. 


EXAMPLE 30.3 J) Crossover Circuit for Audio Speakers 


One way to improve the performance of an audio sys- 
tem is to send high frequencies to a small speaker called 
a tweeter and low frequencies to a large speaker called a 
woofer. Figure 30.26 shows a simple crossover circuit that 
preferentially passes high frequencies to a tweeter and 
low frequencies to a woofer. The crossover circuit consists 
of an RC high-pass filter and an RL low-pass filter con- 
nected in parallel to the output of the audio amplifier. The 
speakers act as resistors, as shown in Figure 30.26. The 
capacitance and the resistance of this crossover circuit are 
C =10.0 uF and L =10.0 mH. The speakers each have a 
resistance of R = 8.00 Q. 


PROBLEM 


What is the crossover frequency for this crossover circuit? 


SOLUTION 
We can use equation 30.27 for the response for the RL low-pass filter and equation 30.30 
for the response for the RC high-pass filter and equate the two responses: 


V, R R 


out _ 


Vin J+ Eara 


Thus, the responses of the low-pass filter and the high-pass filter are the same when 
X, =Xc- (i) 
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We can rewrite equation (i) as A 
D = 1 1.0 H 
crossoveai o j C + Woofer Tweeter 
crossover M Í. 
where Werossover 1S the crossover angular frequency. Thus, the cross- z 
over angular frequency is = F 
1 žē F 
Werossover = [== + = 
VLC K 
We want to determine the crossover frequency, and since f= w/27, 
we have o1 
w, 1 a 
f. se Crossover __ . C 
2T 2m4 LC C rrr po iii bi iiiiil L 
100 1000 10,000 
Putting in the numerical values, we get (Hz) 
f. |! _ 1 =503 Hz FIGURE 30.27 The response of the crossover circuit as a func- 
crossover . K 
27 LC Im (10 mH)(10 uF) tion of frequency. 
Figure 30.27 shows the response of the crossover circuit as a function of frequency. The low- 
pass response and the high-pass response cross at ferossover = 503 Hz, sending higher frequen- 
cies predominantly to the tweeter and lower frequencies predominantly to the woofer. 
This simple crossover circuit would not produce ideal audio performance over a 
broad range of frequencies and speaker designs. More sophisticated crossover circuits 
that have better performance deal with mid-range frequencies as well. 


T 
30.6 Energy and Power in AC Circuits 


When an RLC circuit is in operation, some of the energy in the circuit is stored in the elec- 
tric field of the capacitor, some of the energy is stored in the magnetic field of the inductor, 
and some energy is dissipated in the form of heat in the resistor. In most applications, we are 
interested in the steady-state behavior of the circuit, behavior that occurs after initial (tran- 
sient) effects die out. (A full mathematical analysis would also account for the transient 
effects, which die out exponentially in a way similar to what equation 30.6 established for a 
single-loop RLC circuit with no emf source.) The sum of the energy stored in the capacitor 
and the inductor does not change in the steady state, as we saw in Section 30.1. Therefore, 
the energy transferred from the source of emf to the circuit is transferred to the resistor. 
The rate at which energy is dissipated in the resistor is the power, B, given by 


P=?R= |x sin(wt- p) R =P Rsin” (wt-¢), (30.32) 


where the alternating current, i, is given by equation 30.9. We can express the average power, 
(P), using the fact that the average value of sin?’(wt - #) over a full oscillation is +: 
2 

-1pPpe 
(P) aG R= 


In calculations of power and energy, it is common to use the root-mean-square (rms) cur- 
rent, Ims (In general, root-mean-square, or rms, means the square root of the mean of the 


2 
square of the specific quantity.) From equation 30.32, we have i” = |x sin( ot -$)| , and the 
mean (or average) of i” is I’/2. Thus, Ims = 1/ J2 . We can then write the average power as 


(P= (30.33) 


In a similar way, we can define the root-mean-square values of other time-varying 
quantities, such as the voltage: 


Views =È. (30.34) 
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The current and voltage values normally quoted for alternating currents and measured 
by AC ammeters and voltmeters are Ims and V,ms: For example, wall sockets in the United 
States provide Vms = 110 V, which corresponds to a maximum voltage of V2 (110 V) = 156 V. 
We can rewrite equation 30.21 in terms of root-mean-square values by multiplying 


both sides of the equation by 1/ J2 : 


V, 
Ims == = 30.35 
rms Z ( ) 


This form is used most often to describe the characteristics of AC circuits. 
We can describe the average power dissipated in an AC circuit in a different way by 
starting with equation 30.33: 
R 
(P)=FasR= “a Los R= Lms V, 


rms “rms `; * 
Z 


(30.36) 


From Figure 30.16, we see that the cosine of the phase constant is equal to the ratio of the maxi- 
mum value of the voltage across the resistor to the maximum value of the time-varying emf: 


cosp~=— 30.37 
¢ v, IĄZ Z red 

We can thus rewrite equation 30.36 as follows: 
(P)=InmsVims COS. (30.38) 


This expression gives the average power dissipated in an AC circuit, where the term cos 
is called the power factor. You can see that for @ = 0, maximum power is dissipated in the 
circuit; that is, the maximum power is dissipated in an AC circuit when the frequency of the 
time-varying emf matches the resonant frequency of the circuit. 

We can combine equations 30.19, 30.35, and 30.36 to obtain an expression for the aver- 
age power as a function of the angular frequency, the inductance, the resistance, and the 
resonant frequency: 


R Vims R 
(P) = Lms Vms Z = i 2 Vims i 2 > 
R+ oL-— R+ oL-— 
wC wC 
or simply 
Vias R 
p-e 
R for- 
wC 


Since Wy = 1/ VLC, we can write C = 1/ (Laws), and thus, we find for the average power for a 
series RLC circuit in terms of the angular frequency: 


2 2 
(P\= VaR ___VimeReo (30.39) 
> ; 
Log 


(0) 


7 
Ro +Ê (o - wi 


R+ oL- 


Typically all voltages, currents, and powers in AC circuits are specified as root-mean- 
squared values. For example, the typical 110 V AC wall circuit has Vms = 110 V and the 
ubiquitous 1000 W hair dryer uses Pms = 1000 W. 


rms 


The quality factor, Q, of a series RLC circuit is defined as 


@L 1 JL 
=-=]. 30.40 
OS RG (30.40) 
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The quality factor is the ratio of total energy stored in the system divided by the energy 
dissipated per cycle of the oscillation. This is the same definition used for mechanical oscil- 
lators in Chapter 14. For a series RLC circuit, the quality factor characterizes the selectivity 
of the circuit. The higher the value of Q the more selective the circuit, that is, the more 
precisely a given frequency can be isolated (as in an AM radio receiver, discussed next). The 
lower the value of Q, the less selective the circuit becomes. 


AM Radio Receiver 


Let’s look at a typical example of a selective series RLC circuit, an AM radio receiver. An 
AM radio receiver can be constructed using a series RLC circuit in which the time-varying 
emf is supplied by an antenna that picks up transmissions from a 

distant radio station broadcasting at a given frequency and converts A 


those transmissions to voltage, as illustrated in Figure 30.28. a 
f 140p | | 
Figure 30.29 is a plot of the average power as a function of the fre- i 
quency of the signal received on the antenna for the circuit shown in 120p | | 
Figure 30.28, assuming that R = 0.09111 Q, L = 5.000 uH, C = 6.693 nF, i i 
and V,ms = 3.500 mV. The resonant angular frequency for this circuit is z cata oak 
1 1 7 3 80F | | 
Wy = = =5.466-10° rad/s, a bo 
VLC [5000-105 H)(6.693-10° F) op oio] 
| l 
which corresponds to a resonance frequency of i ee 
l l 
.466-10° 20- ıı l 
Fe wg _ 5.466-10° rad/s = 870.0 kHz. I 

27 27 
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Antenna 


:3 
L 
658% 
FIGURE 30.28 A series RLC circuit 
with the source of time-varying emf 
replaced by an antenna. This circuit can 
function as an AM radio receiver. 


ifo 


830 840 850 860 870 880 890 900 910 


The quality factor for this circuit is 
6 -6 
aL _ (5466-10° rad/s)(5.000-10 H) 
R 0.09111 Q 


Q =300.0. 


f (kHz) 


FIGURE 30.29 Power response of a series RLC circuit func- 
tioning as an AM radio receiver. The label Af indicates the full 


width at half maximum, or the difference between the frequencies 


A method for determining the approximate quality factor of a 
series RLC circuit uses the formula 
oi Is 
Aw Af’ 
where Aw and Afare the full widths at half maximum for the angular frequency and the fre- 
quency, respectively, on the power response curve. The higher the value of Q, the narrower the 
power response to frequency. In Figure 30.29, Af = 2.9 kHz, which gives a quality factor of 
Q= Jo _ 870.0 kHz 
Af 2.9kHz 
This is the same result obtained using the formula that defines the quality factor in equation 
30.40. Note that these two formulas for the quality factor have the same results only for high Q! 
The alternative formula for the quality factor ofa series RLC circuit is similar to the expres- 


value, at frequency fo. 


= 300.0. 


sion given in Chapter 14 for the quality of a weakly damped mechanical oscillator, Q = 2 
where wg is the resonant angular frequency and w, is the damping angular frequency. ay 
In Figure 30.29, the frequencies of adjacent channels in the AM radio band are indi- 
cated by the vertical dashed lines located 10 kHz apart. The response of the series RLC 
circuit allows the AM receiver to tune in one station and exclude the adjacent channels. 


SOLVED PROBLEM 30.1 | Unknown Inductance in an RL Circuit 
p 
Consider a series RL circuit with a time-varying source of emf. In this circuit, Vms = 33.0 V 


rms ~ 
with f = 7.10 kHz and R = 83.0 Q. A current Ims = 0.158 A flows in the circuit. 


PROBLEM 


What is the magnitude of the inductance, L? , 
Continued— 


where the power has half the value that it has at its maximum 


30.8 In-Class Exercise 


Wireless WiFi networks are installed 
in most coffee shops and many 
residences to provide access to the 
Internet. The most common WiFi 
standard is known as 802.11 g, 
which supports communication rates 
of up to 54 Megabits per second. 
Wireless networks in the United 
States and Canada that follow this 
standard use a frequency around 
2.4 GHz, in 14 different channels in 
the band between 2.401 GHz and 
2.495 GHz. Each channel has a full 
width at half maximum of 22 MHz. 
What is the Q factor of these WiFi 
networks? 


a) 0.1 d) 109 
b) 9.9 e) 300 
c) 33 
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R= 83.00, 


FIGURE 30.30 A series RL circuit. 


30.9 In-Class Exercise 


In the series RL circuit in Solved 
Problem 30.1, what is the mag- 
nitude of the phase difference 
between the time-varying emf and 
the current in the circuit? 


a) 30.0° d) 75.0° 
b) 45.0° e) 90.0° 
c) 66.6° 


SOLUTION 
THINK 


The specified voltage and current are implicitly root-mean-square values. We can relate the 
voltage and current through the impedance of the circuit. The impedance of this circuit de- 
pends on the resistance and the inductance, as well as the frequency of the source of emf. 


SKETCH 
A diagram of the circuit is shown in Figure 30.30. 


1=0158A RESEARCH 


We can relate the time-varying emf, V» and the impedance Z in the circuit: 
V,, = IZ. (i) 


The impedance is given by 


Z= JR? +(X,-Xc) =yR’+X?, (ii) 


where R is the resistance, X; is the inductive reactance, and X; is the capacitive reactance, 
which is zero. The angular frequency, w, of the circuit is given by 


w=2rf, 
where fis the frequency. We can express the inductive reactance as 

X, =o. (iii) 
SIMPLIFY 
We can combine equations (i), (ii), and (iii) to obtain 


2 


amex} =| Me =R°+(wL) . 


(iv) 


Rearranging equation (iv) gives 
2 
oL= |m- R., 
P 


And, finally, we find the unknown inductance: 


CALCULATE 


Putting in the numerical values gives us 


1 (33.0 v) 


L= - (83.00) =0.0042963 H. 
27(7.10-10 s’) (0.158 Ay 


ROUND 
We report our result to three significant figures: 


L=4.30-10° H=4.30 mH. 
DOUBLE-CHECK 


To double-check our result for the inductance, we first calculate the inductive reactance: 
X,=20fL= 2a(7.10-10° s")(430-10° H) =192 Q. 


The impedance of the circuit is then 


Z=JRŘR +X = \(s30 OY +(192 QF =209 0. 
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We use this value of Z to calculate a value of V: 


Vin =IZ = (0.158 A)(209 0) =33.0 V, 


which agrees with the value specified in the problem statement. Thus, our result is 
consistent. 


30.7 Transformers 


This section discusses the root-mean-square values of currents and voltages, rather than the 
maximum or instantaneous values. The result obtained for the power is always the average 
power when root-mean-square values are used. This practice is the convention normally 30.5 Self-Test Opportunity 
followed by scientists, engineers, and electricians in dealing with AC circuits. 

In an AC circuit that has only a resistor, the phase constant is zero. Thus we can express 
the power as 


You might argue that power compa- 
nies should simply reduce the resis- 
tance in their transmission lines to 
P=IV. (30.41) avoid the substantial power losses. 
Typical wires for electric power 
transmission lines are finger-thick. 
How big would they need to be to 


For a given power delivered to a circuit, the application dictates the choice of high current 
or high voltage. For example, to provide enough power to operate a computer or a vacuum 


cleaner, using a high voltage might be dangerous. The design of electric generators is com- reduce the resistance by a factor 

plicated by the use of high voltages. Therefore, in these devices, lower voltages and higher of 100, assuming that all other 

currents are advantageous. parameters (material used, length) 
However, the transmission of electric power requires the opposite condition. The power remain the same? (Hint: Consult 


Section 25.3.) 


dissipated in a transmission line is given by P = PR. Thus, the power lost in a line, like those 
in Figure 30.31a is proportional to the square of the current in the line. As an example, con- 
sider a power plant that produces 500 MW of power. If the power is transmitted at 350 kV, 
the current in the power lines will be 


j- P -500MW _ 5-10" W 
V 350kV 35-10° V 


=1430 A. 


If the total resistance of the power lines is 50 Q, the power lost in the transmission lines is 
P= PR =(1430 A) (50 2)=100 Mw, 


or 20% of the generated power. A similar calculation would show that transmitting the 
power at 200 kV instead of 350 kV would increase the power loss by a factor of 3.1. Thus, 
60% of the power generated would be lost in transmission. This is why the transmission of 
electric power is always done at the highest possible voltage. 

The ability to change voltage allows electric power to be generated and used at low, safe 
voltages but transmitted at the highest practical voltage. Alternating currents and voltages 
are transformed from high to low values by a device called, appropriately, a transformer. A 
transformer that takes voltages from lower to higher values is called a step-up transformer; 
a transformer that takes voltages from higher to lower values is called a step-down trans- 
former. Transformers are the main components of, for example, your cell phone charger 
(Figure 30.32) and the power supply for your MP3 player, your laptop, and pretty much 
every other consumer electronics device. Most of these devices require voltages of 12 V or 
less, but the grid delivers 110 V to outlets in the United States, necessitating the transform- 
ers that clutter your desk drawers. 

A transformer consists of two sets of coils wrapped around an iron core (Figure 30.33). 
The primary coil, with Np turns, is connected to a source of emf described by 


Vet = Vinay Sin wt. 


We'll assume that the primary coil acts as an inductor. The primary circuit has the current 
and voltage out of phase by 77/2 rad (90°), so the power factor, cos ¢, is zero. Thus, the source FIGURE 30.31 (a) High-voltage 
of emf is not delivering any power to the transformer if only the primary coil is connected. power lines; (b) transformers for resi- 
In other words, if the secondary coil is not connected to a closed circuit, the transformer dential power lines. 


980 Chapter 30 Electromagnetic Oscillations and Currents 


FIGURE 30.32 A transformer (black 
rectangle with yellow core) is the main 
component of a cell phone charger. 
(The charger also includes a rectifier 
described in Section 30.8.) 


FIGURE 30.33 Transformer with 
Np primary windings and N, secondary 
windings. 


does not draw any power. For example, your cell phone charger does not draw power if it 
is plugged into the wall socket but the other end is not connected to the cell phone. (This 
statement is not absolutely true; there is finite resistance in the wires in the primary coil, 
which this description is neglecting.) 

The secondary coil of a transformer has N, turns. The time-varying emf in the primary 
coil induces a time-varying magnetic field in the iron core. This core passes through the 
secondary coil. Thus, a time-varying voltage is induced in the secondary coil, as described 
by Faraday’s Law of Induction: 


where N is the number of turns and ®, is the magnetic flux. Because of the iron core, both 
the primary and secondary coils experience the same changing magnetic flux. Thus, 


d® 
V, =- N, —2 
S Ss dt 
and 
d® 
Vp =-Np—4, 
P P dt 


where V; and V} are the voltages across the secondary and primary windings, respectively. 
Dividing the first of these two equations by the other and rearranging gives 


URA 
Np Ns i 
or 
N 
Vs = Ve (30.42) 


P 


The transformer changes the voltage of the primary circuit to a secondary voltage, given by 
the ratio of the number turns in the secondary coil divided by the number of turns in the 
primary coil. 

If a resistor, R, is connected across the secondary windings, a current, Is, will begin to 
flow through the secondary coil. The power in the secondary circuit is then Ps = I;Vs. This 
current induces a time-varying magnetic field that induces a voltage in the primary coil, so 
that the emf source then produces enough current, Ip, to maintain the original voltage. This 
current, Ip, is in phase with the voltage because of the resistor, so power can be transmitted 
to the transformer. Energy conservation requires that the power delivered to the primary 
coil be transferred to the secondary coil, so we can write 


Fb = IpVp = B= IVs. 
Using equation 30.42, we can express the current in the secondary circuit as 


N 
ra les Ren 


(30.43) 
Vs Ns 


The current in the secondary circuit is equal to the current in the primary circuit multiplied 

by the ratio of the number of primary turns divided by the number of secondary turns. 
When the secondary circuit begins to draw current, current must be supplied to the 

primary circuit. Since V; = I;R in the secondary circuit, we can use equations 30.42 and 


30.43 to write 


2 
Vp 


B 


1 


R 


Ns 


30.44 
N, (30.44) 


Ns -Ns Va Ns|y Ns 
Np R Nẹ|?’ Np 


The effective resistance of the primary circuit can be expressed in terms of Vp = IpRp, so that 
the effective resistance is 


R. (30.45) 


Note that we have assumed there are no losses in the transformer, that the primary coil is 
only an inductor, that there are no losses in magnetic flux between the primary and second- 
ary coils, and that the secondary circuit has the only resistance. Real transformers do have 
some losses. Part of these losses result from the fact that the alternating magnetic fields 
from the coils induce eddy currents in the iron core of the transformer. To counter this 
effect, transformer cores are constructed by laminating layers of metal to inhibit the forma- 
tion of eddy currents. Modern transformers can transform voltages with very little loss. 

Another application of transformers is impedance matching. The power transfer 
between a source of emf and a device that uses power is at a maximum when the impedance 
is the same in both. Often, the source of emf and the intended device do not have the same 
impedance. A common example is a stereo amplifier and its speakers. Usually, the amplifier 
has high impedance and the speakers have low impedance. A transformer placed between 
the amplifier and the speakers can help match the impedances of the devices, producing a 
more efficient power transfer. 
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30.8 | Rectifiers 


Many electronic devices require direct current rather than alternating current. However, 
many common sources of electrical power provide alternating current. Therefore, this cur- 
rent must be converted to direct current to operate electronic equipment. A rectifier is a 
device that converts alternating current to direct current. Most rectifiers use an electronic 
component that was described in Section 25.8—the diode. A diode is designed to allow 
current to flow in one direction and not in the other direction. The symbol for a diode is 
—PL- and the direction of the arrowhead signifies the direction in which the diode will 
conduct current. 

Let's start with a simple circuit containing a source of time-varying emf, a resistor, and 
a diode, as shown in Figure 30.34b. The voltage provided by the source of emf is alternately 
positive and negative, as shown in Figure 30.34a. Note that both ends of the source of emf 
are connected simultaneously so that when one end produces a positive voltage, the other 
end produces a negative voltage. The circuit in Figure 30.34b produces current in the resis- 
tor that indeed flows in only one direction. However, the circuit blocks half the current, as 
illustrated in Figure 30.34c. Thus, this type of circuit is often termed a halfwave rectifier. 

To allow all the current to flow in one direction, the type of circuit shown in Figure 
30.35 is employed. Again the voltage alternates between positive and negative, as shown 
in Figure 30.35a. Two equivalent circuit diagrams are shown in Figure 30.35b and Figure 
30.35c. All the current in the resistor flows in one direction, as illustrated in Figure 30.35d. 
This type of circuit is called a fullwave rectifier. 

To illustrate how the fullwave rectifier works, Figure 30.36 shows instantaneous views 
of the circuit with positive and negative voltage. In Figure 30.36a, the voltage from the 


(d) 


FIGURE 30.35 Circuit containing a source of time-varying emf, a resistor, and four diodes, forming 
a fullwave rectifier: (a) the emf as a function of time; (b) the circuit diagram; (c) alternative way of 
drawing the circuit diagram; (d) the current flowing through the circuit as a function of time. 


(b) 


(c) 
FIGURE 30.34 Circuit containing a 


source of time-varying emf, a resistor, 
and a diode, forming a halfwave recti- 
fier: (a) the emf as a function of time; 
(b) the circuit diagram; (c) the current 
flowing through the circuit as a func- 

tion of time. 
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FIGURE 30.36 A fullwave rectifier 
with the diodes that are not conducting 
current at the given instant in gray. The 
current in the resistor always flows in 
the same direction. (a) Positive volt- 
age. (b) Negative voltage. 


30.6 Self-Test Opportunity 


A typical alternator found in 
automobiles produces three-phase 
alternating current. Each phase 

is shifted by 120° from the next 
phase. Draw the circuit diagram for 
the fullwave rectifier for this alter- 
nator based on the circuit diagram 
in Figure 30.35c but incorporating 
six diodes instead of four. 


Weme mi Vat m? 


ng 


source of emf is positive. The black diodes are conducting current, while the gray diodes are 
not. The voltage is reversed in Figure 30.36b, and the current flows through the other pair 
of diodes; the current in the resistor is still in the same direction. 

Although the fullwave rectifier does indeed convert alternating current to direct cur- 
rent, the resulting direct current varies with time. This variance, often called ripple, can be 
smoothed out by adding a capacitor to the output of the rectifier, creating an RC circuit 
with a time constant governed by the choice of R and C, as shown in Figure 30.37. In Fig- 
ure 30.37a, the time-varying emf is shown, and the circuit diagram is presented in Figure 
30.37b. The direct current is filtered by the added capacitor. The resulting current as a func- 
tion of time is shown in Figure 30.37c. The current still varies with time but much less so 
than the current flowing out of the full wave rectifier without a capacitor. 

A 


(a) (b) 


Im 


(a) (b) (c) 


FIGURE 30.37 Circuit containing a source of time-varying emf, a resistor, a capacitor, and four diodes, 
forming a filtered fullwave rectifier: (a) the emf as a function of time; (b) the circuit diagram; (c) the current 
flowing through the circuit as a function of time. 


WHAT WE HAVE LEARNED | 


= The energy stored in the electric field of a capacitor n 
with capacitance C and charge q is given by 
U; = +(q°/C); the energy stored in the magnetic field 
of an inductor with inductance L that is carrying 
current i is given by U, = 4Li’. 


= The current in a single-loop circuit containing an 
inductor and a capacitor (an LC circuit) oscillates with 
Ic. 


a frequency given by w = 1 


= The current in a single-loop circuit containing a 
resistor, an inductor, and a capacitor (an RLC circuit) 


oscillates with a frequency given by w= 4/9 - (R/ 2L) 


where w =1/VLC. 


= The charge, q, on a capacitor in a single-loop RLC 
circuit oscillates and decreases exponentially with time 
cos(wt), where qmax is the 


according to q = qma € 


EXAM STUDY GUIDE 


For a single-loop circuit containing a source of time- 
varying emf and a resistor, R, Vp = IpR, where Vp and Ip 
are the voltage and the current, respectively. 


= For a single-loop circuit containing a source of time- 
varying emf that has frequency w and a capacitor, 
Vc = IcXc, where Vç and Iç are the voltage and the current, 
respectively, and Xç = 1/wC is the capacitive reactance. 


= Fora single-loop circuit containing a source of time- 
varying emf that has frequency w and an inductor, 
V, = 1X, where V, and I, are the voltage and the current, 
2 respectively, and X; = wL is the inductive reactance. 


= Fora single-loop RLC circuit containing a source of time- 
varying emf that has frequency w, V = IZ, where 
Vand I are the voltage and the current, respectively, 


and Z =4/ R° +(x -Xc P is the impedance. 


original charge on the capacitor. 


= ‘The phase constant, œ, between the current and 
voltage in a single-loop RLC circuit containing a 
source of time-varying emf that has frequency w is 


given by ġ = tan’ Pao : 


= The average power in a single-loop RLC circuit 
containing a source of time-varying emf that has 
frequency w is given by (P) = Ims Vms COS, where 


dns = I„/ V2 and Vims = V,,/V2. 


KEY TERMS 
LC circuit, p. 959 phasor, p. 966 
electromagnetic capacitive reactance, 
oscillations, p. 959 p. 966 
RLC circuit, p. 964 inductive reactance, p. 968 
alternating current (AC), impedance, p. 969 
p. 965 resonance, p. 970 


NEW SYMBOLS AND EQUATIONS 


w= , resonant frequency of LC and RLC circuits 


1 
VLC 
1 si 
Xc=—~, Capacitive reactance 
wC 


X, = øL, inductive reactance 


l 2 
Z=|R + (x ia Xc) , impedance of an alternating- 
current (AC) circuit 


Answers to Self-Test Opportunities 983 


All currents, voltages, and powers quoted for alternating- 
current (AC) circuits are typically root-mean-square values. 


A transformer with Np windings in the primary coil and 
N; windings in the secondary coil can convert a primary 


alternating voltage, Vp, to a secondary alternating voltage, Vs, 


N, 
given by V; = Vp a , and a primary alternating current, Ip, 
Ta : Np 
to a secondary alternating current, Is, given by Is = Ip we 
S 


resonant angular quality factor, p. 976 
frequency, p. 970 transformer, p. 979 
band-pass filter, p. 972 impedance matching, p. 981 
root-mean-square (rms) rectifier, p. 981 
current, p. 975 halfwave rectifier, p. 981 
power factor, p. 976 fullwave rectifier, p. 981 


rms rms 
circuit 


(P) = Ims Vms COS Ê, average power dissipated in an AC 


xX, -X 
=tan' =—— , phase constant between the voltage 
and the current in an AC circuit 
WoL : ; E 
Q= FE quality factor of a series RLC circuit 


Np and N, the numbers of primary and secondary 
windings in a transformer 


ANSWERS TO SELF-TEST OPPORTUNITIES 


30.1 w = 27f = 27(200 kHz) rad/s = 477- 10° rad/s; $ = 0 
since q(0) = q max 

a) true (cos wot = -1) 

b) false (sin wot = 0) 

c) false (cos wot = -1 and sin wot = 0) 

d) false (cos wot = 0 and sin wot = 1) 

30.2 k/m corresponds to 1/LC, and b/2m corresponds to 
R/2L. From this follows that the inductance, L, plays the 
role of the mass, m, the capacitance, C, corresponds to the 
inverse spring constant, 1/k, and the resistance, R, has the 
function of the damping constant, b. 

30.3 a) true b) true c) false 

30.4 a) true b) true c) false 


30.5 The resistance is inversely proportional to the inverse 
of the area of the wire and thus inversely proportional to 
the square of the radius. Therefore a wire, which is 10 times 
thicker, has a 100 times lower resistance. 


30.6 | 


Phase 
| 


3 phase bridge rectifier 
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PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 

1. Most problems concerning AC circuits require you to 
calculate resistance, capacitive reactance, inductive reactance, 
or impedance. Be sure that you understand what each of these 
quantities is and how to use them in calculating currents and 
voltages. 


2. You will often have to distinguish between the instantaneous 
current or voltage in a circuit and the root-mean-square 
or maximum value of current or voltage. The common 
convention is to use lowercase i and v for instantaneous values 
and uppercase I and V for constant values (with subscripts as 
necessary). Be sure you use notation that is clear so that you 
wont become confused during the calculations. 


3. Remember the phase relations for AC circuits: Fora resistor, 
current and voltage are in phase; for a capacitor, current leads 
voltage; for an inductor, current lags voltage. 


4. Phasors add by vector operations, not by simple scalar 
arithmetic. Whenever you use phasors to determine current or 
voltage, check the results by checking the phase relationships 
given in the preceding guideline. 


5. It is usually easier to work with angular frequency (w) than 
with frequency (f) in analyzing AC circuits. Most often, you 
will be given an angular frequency in the problem statement, 
but if you are given a frequency, convert it to an angular 
frequency by multiplying it by 277. 


SOLVED PROBLEM 30.2 { Voltage Drop across an Inductor 


A series RLC circuit has a time-varying source of emf providing V, 


= 170.0 V, a re- 


ms 


sistance R = 820.0 Q, an inductance L = 30.0 mH, and a capacitance C = 0.290 mF. The 
circuit is operating at its resonant frequency. 


PROBLEM 


What is the root-mean-square voltage drop across the inductor? 


SOLUTION 
THINK 


At the resonant frequency, the impedance of the circuit is equal to the resistance. We can 
calculate the root-mean-square current in the circuit. The voltage drop across the inductor is 
then the product of the root-mean-square current in the circuit and the inductive reactance. 


608% SKETCH 


RESEARCH 


FIGURE 30.38 A series RLC circuit. 


L A diagram of the series RLC circuit is shown in Figure 30.38. 


At resonance, the impedance of the circuit is 


Z=4|R’+(X,-Xc) =R. 


At resonance, the root-mean-square current, Imo in the circuit is given by 


Vans = Lams R- 


The root-mean-square voltage drop across the inductor, V}, at resonance is 


V; = Tims XL > 


where the inductive reactance X; is defined as 


X, =@L 


and w is the angular frequency at which the circuit is operating. The resonant frequency 


wp of the circuit is 


SIMPLIFY 


Combining all these equations gives us the voltage drop across the inductor at resonance: 


Vans (oy) = Vins ~ Vins z 
Ri R Jic RVC 


CALCULATE 


Putting in the numerical values gives us 
-3 
a 170.0 V | 30.0-10 H =2.10861 V. 
820.0 Q \ 0.290-10° F 
ROUND 


We report our result to three significant figures: 
V, =2.11 V. 


DOUBLE-CHECK 
The root-mean-square voltage drop across the capacitor is 


_ Vms JIC- 


RC 


V; 


rms 


R 


1 
wC 


V; 


rms 


R 


C’ 


which is the same as the root-mean-square voltage drop across the inductor. At reso- 
nance, the instantaneous voltage drop across the inductor is the negative of the voltage 
drop across the capacitor. Thus, the rms voltage across the capacitor should be the same 
as the rms voltage across the inductor. Thus, our result seems reasonable. 


a 


Vo = 


SOLVED PROBLEM 30.3 (Power Dissipated in an RLC Circuit 


A series RLC circuit has a source of emf providing Vms = 120.0 V and operating at frequency 
f= 50.0 Hz, an inductor, L = 0.500 H, a capacitor, C = 3.30 uF, and a resistor, R = 276 ©. 


PROBLEM 
What is the average power dissipated in the circuit? 


SOLUTION 
THINK 


The average power dissipated in the circuit is the root-mean-square current times the 
root-mean-square voltage, but it depends on the angular frequency of the source of emf. 
The current in the circuit can be found using the impedance. 


SKETCH 


A diagram of a series RLC circuit is shown in Figure 30.38. 


RESEARCH 
The angular frequency, w, of the source of emf is 


w=27f. 


The impedance, Z, of the circuit is 


ZR p cae One 


where the inductive reactance is given by 
X, =@L 
and the capacitive reactance is given by 
_1 
E 
We can find the root-mean-square current, Imo in the circuit using the relationship 


> “rms? 


Ving = bgl 


Xc 


The average power dissipated in the circuit, (P), is given by 


(P) = Lms Vims COS Q, Continued— 
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( 


where ¢ is the phase constant between the voltage and the current in the circuit: 
X-X, 
=tan | E], 
R 


SIMPLIFY 
We can combine all these equations to obtain an expression for the average power dis- 
sipated in the circuit: 


v 2 
(P) = y Vims cosh = Vims coso. 
2 
Je +(X,-X¢] 

CALCULATE 
First, we calculate the inductive reactance: 

X, = @L = 27 fL = 27(50.0 Hz)(0.500 H)=157.1 ©. 
Next, we calculate the capacitive reactance: 

1 1 1 


Se - =964.6 Q. 
oC 2mfC (50.0 Hz)(3.30-10% F] 


Xc 


The phase constant is then 


tan |Z Xc]- tape 15710-9646 Q 
R 276 0, 


| =-1.241 rad =-71.13°. 


We now calculate the average power dissipated in the circuit: 


(120.0 vy 


P\= cos(-1.241 rad) =5.46477 W. 


\(276 QF +(157.1 Q -964.6 OY 


ROUND 
We report our result to three significant figures: 


(P)=5.46 W. 


DOUBLE-CHECK 

To double-check our result, we can calculate the power that would be dissipated in the 
circuit if it were operating at the resonant frequency. At the resonant frequency, the maxi- 
mum power is dissipated in the circuit and the impedance of the circuit is equal to the 
resistance of the resistor. Thus, the maximum average power is 


_ v2, (1200 vy 
(Px R276 


=52.2 W. 


Our result for the power dissipated at f = 50.0 Hz is lower than the maximum average 
power, so it seems plausible. 


———————————— 


MULTIPLE-CHOICE QUESTIONS 


30.1 A 200-0 resistor, a 40.0-mH inductor and a 3.0- uF 30.2 For which values of fis X; > Xe? 
capacitor are connected in series with a time-varying source a) f > 2m(LC)"? c) f> (2r(LC Y! 
of emf that provides 10.0 V at a frequency of 1000 Hz. What b) f> nL)" d) f>2mLC 


is the impedance of the circuit? 
30.3 Which statement about the phase relation between the 


a) ne qaan electric and magnetic fields in an LC circuit is correct? 


b) 228 Q 282 Q 
) o a) When one field is at its maximum, the other is also, and 


the same for the minimum values. 


b) When one field is at maximum strength, the other is at 
minimum (zero) strength. 

c) The phase relation, in general, depends on the values of 
Land C. 

30.4 For the band-pass filter shown in Figure 30.24, how 
can the width of the frequency response be increased? 

a) increase R, 
b) decrease C, 
c) increase R, 


d) increase C, 
e) do any of the above 


30.5 The phase constant, h, between the voltage and the 
current in an AC circuit depends on the 


c) resistance 

d) all of the above 

30.6 The AM radio band covers the frequency range from 
520 kHz to 1610 kHz. Assuming a fixed inductance in a 


simple LC circuit, what ratio of capacitance is necessary to 
cover this frequency range? That is, what is the value of C,/C,, 


a) inductive reactance 
b) capacitive reactance 


QUESTIONS 


30.9 What is the impedance of a series RLC circuit when the 
frequency of time-varying emf is set to the resonant frequen- 
cy of the circuit? 


30.10 Estimate the total energy stored in the 5.00 km of 
space above Earth’s surface if the average magnitude of the 
magnetic field at Earth’s surface is about 0.500-10~* T. 


30.11 Ina DC circuit containing a capacitor, a current will 
flow through the circuit for only a very short time, while the 
capacitor is being charged or discharged. On the other hand, 
a steady alternating current will flow in a circuit containing 
the same capacitor but powered by a source of time-varying 
emf. Does it mean that charges are crossing the gap (dielec- 
tric) of the capacitor? 


30.12 In an RL circuit with alternating current, the current 
lags behind the voltage. What does this mean, and how can 
it be explained qualitatively, based on the phenomenon of 
electromagnetic induction? 


30.13 In Solved Problem 30.1, the voltage supplied by the 
source of time-varying emf is 33.0 V, the voltage across 
the resistor is Vp = IR = 13.1 V, and the voltage across the 
inductor is V; = IX, = 30.3 V. Does this circuit obey Kirch- 
hoff’s rules? 


30.14 Why is RMS power specified for an AC circuit, not 
average power? 


30.15 Why cant we use a universal charger that plugs into a 
household electrical outlet to charge all our electrical appliances— 
cell phone, toy dog, can opener, and so on—rather than using a 
separate charger with its own transformer for each device? 


30.16 If you use a parallel plate capacitor with air in the gap 
between the plates as part of a series RLC circuit in a generator, 
you can measure current flowing through the generator. Why 
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where C, is the capacitance for the highest frequency and C, 
is the capacitance for the lowest frequency? 

a) 9.59 c) 0.568 

b) 0.104 d) 1.76 

30.7 In the RLC circuit in the figure, R = 60 Q, L = 3 mH, 
C = 4 mE and the source of time-varying emf has a peak 
voltage of 120 V. What should the angular frequency, w, be 
to produce the largest current in the resistor? 

a) 4.2 rad/s d) 289 rad/s 
b) 8.3 rad/s e) 5000 rad/s 
c) 204 rad/s f) 20,000 rad/s 


30.8 A standard North American wall socket plug is labeled 
110 V. This label indicates the value of the voltage. 


a) average c) root-mean-square (rms) 


b) maximum d) instantaneous 


is it that the air gap in the capacitor does not act like an open 
switch, blocking all current flow in the circuit? 


30.17 A common configuration of wires has twisted pairs 
as opposed to straight, parallel wires. What is the technical 
advantage of using twisted pairs of wires versus straight, 
parallel pairs? 


30.18 Ina classroom demonstration, an iron core is insert- 
ed into a large solenoid connected to an AC power source. 
The effect of the core is to magnify the magnetic field in the 
solenoid by the relative magnetic permeability, K „ of the 
core (where K is a dimensionless constant, substantially 
greater than unity for a ferromagnetic material, introduced 
in Chapter 28) or, equivalently, to replace the magnetic per- 
meability of free space, mọ, with the magnetic permeability 
of the core, u = K mko: 


a) The measured root-mean-square current drops from 
approximately 10 A to less than 1 A and remains at the 
lower value. Explain why. 

b) What would happen if the power source were DC? 


30.19 Along Capitol Drive in Milwaukee, Wisconsin, there 
are a large number of radio broadcasting towers. Contrary 
to expectation, radio reception there is terrible; unwanted 
stations often interfere with the one tuned in. Given that 

a car radio tuner is a resonant oscillator—its resonant 
frequency is adjusted to that of the desired station—explain 
this crosstalk phenomenon. 


30.20 A series RLC circuit is in resonance when driven by 
a sinusoidal voltage at its resonant frequency, wọ = (LC "”. 
But if the same circuit is driven by a square-wave voltage 
(which is alternately on and off for equal time intervals), it 
will exhibit resonance at its resonant frequency and at 4, 4, 
>, ..., Of this frequency. Explain why. 
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30.21 Is it possible for the voltage amplitude across the 
inductor in a series RLC circuit to exceed the voltage ampli- 
tude of the voltage supply? Why or why not? 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Sections 30.1 and 30.2 


30.23 For the LC circuit in the figure, 

L = 32.0 mH and C = 45.0 uF. The ca- 

pacitor is charged to qy = 10.0 uC, and Č L 
at t = 0 s, the switch is closed. At what 

time is the energy stored in the capaci- 

tor first equal to the energy stored in 

the inductor? 


30.24 A 2.00-wF capacitor is fully charged by being con- 
nected to a 12.0-V battery. The fully charged capacitor is 
then connected to a 0.250-H inductor. Calculate (a) the 
maximum current in the inductor and (b) the frequency of 
oscillation of the LC circuit. 


30.25 An LC circuit consists of a 1.00-mH inductor and a 
fully charged capacitor. After 2.10 ms, the energy stored in the 
capacitor is half of its original value. What is the capacitance? 


30.26 The time-varying current in an LC circuit where 

C = 10.0 pF is given by i(t) = (1.00A) sin (1200.t), where t is 
in seconds. 

a) At what time after t = 0 does the current reach its 
maximum value? 

b) What is the total energy of the circuit? 

c) What is the inductance, L? 


30.27 A 10.0-«F capacitor is fully charged by a 12.0-V bat- 
tery and is then disconnected from the battery and allowed to 
discharge through a 0.200-H inductor. Find the first three times 
when the charge on the capacitor is 80.0-C, taking t = 0 as the 
instant when the capacitor is connected to the inductor. 


30.28 A 4.00-mF capacitor is connected in series with a 
7.00-mH inductor. The peak current in the wires between the 
capacitor and the inductor is 3.00 A. 


a) What is the total electric energy in this circuit? 

b) Write an expression for the charge on the capacitor as a 
function of time, assuming the capacitor is fully charged at 
t=0s. 


Section 30.3 


30.29 A series RLC circuit has resistance R, inductance L, 
and capacitance C. At what time does the energy in the circuit 
reach half of its initial value? 


30.30 An RLC oscillator circuit contains a 50.0-O resistor 
and a 1.00-mH inductor. What capacitance is necessary for 
the time constant of the circuit (the 1/e value) to be equal to 


30.22 Why can't a transformer be used to step up or step 
down the voltage in a DC circuit? 


the oscillation period? Plot the voltage across the resistor as 
a function of time. 


30.31 A 2.00-uF capacitor was fully charged by being con- 
nected to a 12.0-V battery. The fully charged capacitor is then 
connected in series with a resistor and an inductor: R = 50.0 Q 
and L = 0.200 H. Calculate the damped frequency of the 
resulting circuit. 


30.32 An LC circuit consists of a capacitor, C = 2.50 uF, and 
an inductor, L = 4.0 mH. The capacitor is fully charged using 
a battery and then connected to the inductor. An oscilloscope 
is used to measure the frequency of the oscillations in the cir- 
cuit. Next, the circuit is opened, and a resistor, R, is inserted 
in series with the inductor and the capacitor. The capacitor is 
again fully charged using the same battery and then con- 
nected to the circuit. The angular frequency of the damped 
oscillations in the RLC circuit is found to be 20% less than the 
angular frequency of the oscillations in the LC circuit. 

a) Determine the resistance of the resistor. 

b) How long after the capacitor is reconnected in the circuit 
will the amplitude of the damped current through the 
circuit be 50% of the initial amplitude? 

c) How many complete damped oscillations will have 
occurred in that time? 


Section 30.4 
30.33 At what frequency will a 10.0-wF capacitor have reac- 
tance Xç = 200. Q? 


30.34 A capacitor with capacitance C = 5.00-10°° F is con- 
nected to an AC power source having a peak value of 10.0 V 
and f= 100. Hz. Find the reactance of the capacitor and the 
maximum current in the circuit. 


30.35 An inductor with inductance L = 47.0 mH is con- 
nected to an AC power source having a peak value of 12.0 V 
and f = 1000. Hz. Find the reactance of the inductor and the 
maximum current in the circuit. 


Section 30.5 


30.36 The figure shows a circuit 
with a source of constant emf con- 
nected in series to a resistor, an 
inductor, and a capacitor. What is the steady-state current 
flow through the circuit? 


30.37 A series circuit contains a 100.0-O resistor, a 0.500-H 
inductor, a 0.400-F capacitor, and a time-varying source of 
emf providing 40.0 V. 


R L c 


[+ 


V. 


emf "T= 


a) What is the resonant angular frequency of the circuit? 


b) What current will flow through the circuit at the 
resonant frequency? 


30.38 A variable capacitor used in an RLC circuit produces 
a resonant frequency of 5.0 MHz when its capacitance is 

set to 15 pF. What will the resonant frequency be when the 
capacitance is increased to 380 pF? 


30.39 Determine the phase constant Wr 

and the impedance of the RLC circuit 

shown in the figure when the frequency $r e 
of the time-varying emf is 1.00 kHz, Vemf 


C= 100. uk L = 10.0 mH, and R = 100. Q. A 

30.40 What is the resonant frequency of the series RLC 
circuit of Problem 30.39 if C = 4.00 uF L = 5.00 mH, and 
R = 1.00 KQ? What is the maximum current in the circuit 
if Va = 10.0 V at the resonant frequency? 

30.41 Inaseries RLC circuit, V = (12.0 V)(sinw#), R = 10.0 Q, 
L = 2.00 H, and C = 10.0 uF At resonance, determine the 
voltage amplitude across the inductor. Is the result reason- 
able, considering that the voltage supplied to the entire 
circuit has an amplitude of 12.0 V? 

30.42 An AC power source with V» = 220 V and f= 60.0 Hz 
is connected in a series RLC circuit. The resistance, R, 
inductance, L, and capacitance, C, of this circuit are, re- 
spectively, 50.0 Q, 0.200 H, and 0.040 mF. Find each of the 
following quantities: 

a) the inductive reactance 

b) the capacitive reactance 

c) the impedance of the circuit 

d) the maximum current through the circuit 

e) the maximum potential difference across each circuit 
element 


-W- 
30.43 The series RLC circuit shown in R 

the figure has R = 2.20 Q, L = 9.30 mH, 

C = 2.27 mF, V,, = 110 V, and = Lg 
w = 377 rad/s. 7 

a) What is the maximum current, I,,, Q 


in this circuit? 

b) What is the phase constant, h, between the voltage and 
the current? 

c) The capacitance, C, can be varied. What value of C will 
allow the largest current amplitude oscillations to occur, and 
what are the magnitudes of this current, I',,,, and the phase 
angle, ġ', between the current and the voltage? 


30.44 Design an RC band-pass filter that passes a signal 
with frequency 5.00 kHz, has a ratio V,ut/ Vin = 0.500, and 


out 


has an impedance of 1.00 KQ at very high frequencies. 
a) What components will you use? 


b) What is the phase of V ut relative to V,, at the frequency 
of 5.00 kHz? 


ee30.45 Design an RC high-pass filter that rejects 

60.0 Hz line noise from a circuit used in a detector. Your 
criteria are reduction of the amplitude of the line noise 
by a factor of 1000. and total impedance at high frequen- 
cies of 2.00 kQ. 
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a) What components will you use? 


b) What is the frequency range of the signals that will be 
passed with at least 90.0% of their amplitude? 


Section 30.6 


30.46 What is the maximum value of the AC voltage whose 
root-mean-square value is (a) 110 V or (b) 220 V? 


30.47 The quality factor, Q of a circuit can be defined by 
Q = w,(U; + Up)/P. Express the quality factor of a series 
RLC circuit in terms of its resistance R, inductance L, and 
capacitance C. 


30.48 A label on a hair dryer reads “110V 1250W? What is 
the peak current in the hair dryer, assuming that it behaves 
like a resistor? 


30.49 A radio tuner has a resistance of 1.00 uQ, a capaci- 
tance of 25.0 nF, and an inductance of 3.00 mH. 

a) Find the resonant frequency of this tuner. 

b) Calculate the power in the circuit if a signal at the 
resonant frequency produces an emf across the antenna of 
Vms = 1.50 mV. 

30.50 A circuit contains a 100.-( resistor, a 0.0500-H 
inductor, a 0.400-F capacitor, and a source of time-varying 


emf connected in series. The time-varying emf corresponds 
to Vins = 50.0 V at a frequency of 2000. Hz. 


rms 
a) Determine the current in the circuit. 

b) Determine the voltage drop across each component of 
the circuit. 

c) How much power is drawn from the source of emf? 
30.51 The figure shows a simple FM antenna circuit in which 
L = 8.22 uH and C is variable (the capacitor can be tuned 
to receive a specific station). The radio signal from your 


favorite FM station “ee 

produces a sinusoidal 

time-varying emf with an Ac kA A 
amplitude of 12.9 uV and 

a frequency of 88.7 MHz i 

in the antenna. LUY- 


a) To what value, Cy, should you tune the capacitor in order 
to best receive this station? 

b) Another radio station’s signal produces a sinusoidal 
time-varying emf with the same amplitude, 12.9 wV, but 
with a frequency of 88.5 MHz in the antenna. With the 
circuit tuned to optimize reception at 88.7 MHz, what 
should the value, Ro, of the resistance be in order to reduce 
by a factor of 2 (compared to the current if the circuit were 
optimized for 88.5 MHz) the current produced by the signal 
from this station? 


Section 30.7 


30.52 The transmission of electric power occurs at the 
highest possible voltage to reduce losses. By how much 
could the power loss be reduced by raising the voltage by a 
factor of 10? 
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30.53 Treat the solenoid and coil of Solved Problem 29.1 as 
a transformer. 


a) Find the root-mean-square voltage in the coil if the 
solenoid has a root-mean-square voltage of 120 V anda 
frequency of 60 Hz. The length of the solenoid is 12.0 cm. 
b) What is the voltage in the coil if the frequency is 0 Hz 
(DC current)? 


30.54 A transformer has 800 turns in the primary coil and 
40 turns in the secondary coil. 


a) What happens if an AC voltage of 100. V is across the 
primary coil? 

b) Ifthe initial AC current is 5.00 A, what is the output 
current? 

c) What happens if a DC current at 100. V flows into the 
primary coil? 

d) Ifthe initial DC current is 5.00 A, what is the output 
current? 


30.55 A transformer contains a primary coil with 200 turns 
and a secondary coil with 120 turns. The secondary coil 
drives a current I through a 1.00-kQ resistor. If an input 
voltage Vms = 75.0 V is applied across the primary coil, 
what is the power dissipated in the resistor? 


Section 30.8 


30.56 Consider the filtered fullwave rectifier shown in the 
figure. If the frequency of the source of time-varying emf 
is 60. Hz, what is 

the frequency of the > 
resulting current? y 


emf 


> 


> + 


cae SR 


30.57 A voltage V,,,,, = 110 V at a frequency of 60. Hz is 
applied to the primary coil of a transformer. The trans- 
former has a ratio Np/N, = 11. The secondary coil is used 
as the source of V „mp for the filtered fullwave rectifier of 
Problem 30.56. 


a) What is the maximum voltage in the secondary coil of 
the transformer? 
b) What is the DC voltage provided to the resistor? 


Additional Problems 

30.58 A vacuum cleaner motor can be viewed as an inductor 
with an inductance of 100. mH. For a 60.0-Hz AC voltage, 
Vims = 115 V, what capacitance must be in series with the mo- 
tor to maximize the power output of the vacuum cleaner? 


30.59 When you turn the dial on a radio to tune it, you 
are adjusting a variable capacitor in an LC circuit. Suppose 
you tune to an AM station broadcasting at a frequency of 
1000. kHz, and there is a 10.0-mH inductor in the tuning 
circuit. When you have tuned in the station, what is the 
capacitance of the capacitor? 


30.60 A series RLC circuit has a source of time-varying emf 
providing 12.0 V at a frequency fọ with L = 7.00 mH, 
R = 100. QO, and C = 0.0500 mF. 


a) What is the resonant frequency of this circuit? 


b) What is the average power dissipated in the resistor at 
this resonant frequency? 


30.61 What are the maximum values of (a) current and 
(b) voltage when an incandescent 60-W light bulb (at 110 V) 
is connected to a wall plug labeled 110 V? 


30.62 A 360-Hz source of emf is connected in a circuit con- 
sisting of a capacitor, a 25-mH inductor, and an 0.80-0 resis- 
tor. For the current and voltage to be in phase what should 
the value of C be? 


30.63 What is the resistance in an RLC circuit with L = 65.0 mH 
and C = 1.00 pF if the circuit loses 3.50% of its total energy as 
thermal energy in each cycle? 


30.64 A transformer with 400 turns in its primary coil and 
20 turns in its secondary coil is designed to deliver an average 
power of 1200. W with a maximum voltage of 60.0 V. What is 
the maximum current in the primary coil? 


30.65 A 5.00-\F capacitor in series vw- 
with a 4.00-Q resistor is charged with a 
9.00-V battery for a long time by closing 
the switch (position a in the figure). The k g 
capacitor is then discharged through an \a 
inductor (L = 40.0 mH) by closing the by 
switch (position b) at t = 0. 


a) Determine the maximum current through the inductor. 


b) What is the first time at which the current is at its 
maximum? 

30.66 In the RC high-pass 

filter shown in the figure,  Vin® | Vout 
R =10.0 kQ and C = 0.0470 pF. 

What is the 3.00-dB frequen- R 

cy of this circuit (where dB 

means basically the same 

for electric current as it did = 
for sound in Chapter 16)? That is, at what frequency 
does the ratio of output voltage to input voltage satisfy 
20 log (Vout/ Vin) = -3.00? 


°30.67 The discussion of RL, RC, and RLC circuits in this 
chapter has assumed a purely resistive resistor, one whose 
inductance and capacitance are exactly zero. While the 
capacitance of a resistor can generally be neglected, induc- 
tance is an intrinsic part of the resistor. Indeed, one of the 
most widely used resistors, the wire-wound resistor, is noth- 
ing but a solenoid made of highly resistive wire. Suppose 

a wire-wound resistor of unknown resistance is connected 
to a DC power supply. At a voltage of V = 10.0 V across the 
resistor, the current through the resistor is 1.00 A. Next, the 
same resistor is connected to an AC power source providing 


Vms = 10.0 V at a variable frequency. When the frequency is 
20.0 kHz, a current, I,,,,, = 0.800 A, is measured through the 
resistor. 


a) Calculate the resistance of the resistor. 
b) Calculate the inductive reactance of the resistor. 
c) Calculate the inductance of the resistor. 


d) Calculate the frequency of the AC power source at which 
the inductive reactance of the resistor exceeds its resistance. 


30.68 An RLC circuit has 
a capacitor, a resistor, and 
an inductor connected in 
parallel, as shown in the ==c 3r L 8 
figure, and connected to a 

time-varying source of emf v 
providing V,,,,, at fre- A 
quency f. Find an expres- 
sion for Ims in terms of V 


rms? 


J L, C, and R. 


30.69 a) A loop of wire 5.00 cm in diameter is carrying a 
current of 2.00 A. What is the energy density of the mag- 
netic field at its center? 


b) What current has to flow in a straight wire to produce 
the same energy density at a point 4.00 cm from the wire? 


30.70 A 75,000-W light bulb (yes, there are such things!) 
operates at I„ms = 200. A and V,,,, = 440. V in a 60.0-Hz AC 
circuit. Find the resistance, R, and self-inductance, L, of this 
bulb. Its capacitive reactance is negligible. 


30.71 Show that the power dissipated in a resistor con- 
nected to an AC power source with frequency w oscillates 
with frequency 2w. 
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©30.72 A 300.-Q resistor is connected in series with a 4.00-pF 
capacitor and a source of time-varying emf providing 
Vms = 40.0 V. 


rms 
a) At what frequency will the potential drop across the 
capacitor equal that across the resistor? 
b) What is the rms current through the circuit when this 
occurs? 


30.73 An electromagnet consists of 200 loops and has a 
length of 10.0 cm and a cross-sectional area of 5.00 cm’, 
Find the resonant frequency of this electromagnet when 
it is attached to the Earth (treat the Earth as a spherical 
capacitor). 


°30.74 Laboratory experiments with series RLC circuits 
require some care, as these circuits can produce large volt- 
ages at resonance. Suppose you have a 1.00-H inductor (not 
difficult to obtain) and a variety of resistors and capacitors. 
Design a series RLC circuit that will resonate at a frequency 
(not an angular frequency) of 60.0 Hz and will produce at 
resonance a magnification of the voltage across the capacitor 
or the inductor by a factor of 20.0 times the input voltage or 
the voltage across the resistor. 


30.75 A particular RC low-pass filter has a breakpoint 
frequency of 200. Hz. At what frequency will the output 
voltage divided by the input voltage be 0.100? 

°30.76 Ina certain RLC circuit, a 20.0-Q resistor, a 10.0- 
mH inductor, and a 5.00-wF capacitor are connected in 
series with an AC power source for which V,,.,, = 10.0 V and 
f= 100. Hz. Calculate 

a) the amplitude of the current, 

b) the phase between the current and the voltage, and 

c) the maximum voltage across each component. 
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WHAT WE WILL LEARN 


31.1 Induced Magnetic Fields 


993 


Changing electric fields induce magnetic fields, and 
changing magnetic fields induce electric fields. 


Maxwell’s equations describe electromagnetic 
phenomena. 


Electromagnetic waves have both electric and 
magnetic fields. 


Solutions of Maxwell's equations can be expressed in 
terms of sinusoidally varying traveling waves. 


For an electromagnetic wave, the electric field is 
perpendicular to the magnetic field and both fields 
are perpendicular to the direction in which the wave 


The speed of light can be expressed in terms of 
constants related to electric and magnetic fields. 


Light is an electromagnetic wave. 


Electromagnetic waves can transport energy and 
momentum. 


The intensity of an electromagnetic wave is 
proportional to the square of the root-mean-square 
magnitude of the electric field of the wave. 


The direction of the electric field of a traveling 
electromagnetic wave is called the polarization 
direction. 


is traveling. 


Comet Hale-Bopp made a spectacular appearance in 1997 (Figure 31.1). Particularly strik- 
ing in the photo are the comet's two tails. The white tail follows the comet’s trajectory. It 
consists of dust from the comet’s body, evaporated by the Sun’s heat and illuminated by 
sunlight. The blue tail points directly away from the Sun and consists of gas ionized by the 
solar wind—the stream of high-energy particles emitted by the Sun (mentioned in Section 
27.1 in connection with Earths magnetic field). 

In this chapter, we'll examine the nature of light, including how it can transmit energy 
and pressure to other objects. We’ll see that light is one type of wave, called an electromag- 
netic wave, consisting of interacting electric and magnetic fields. Other types of electro- 
magnetic waves that are also familiar to you range from TV and radio waves to microwaves 
to X-rays. We'll see how the various types are alike and how they are different. The next 
chapter is the first to focus on optics—the properties and behavior of light—and many of 
those properties apply to other electromagnetic waves as well. 

Note that most of the results in this chapter apply only to electromagnetic waves propa- 
gating through vacuum. For all practical purposes, there is no difference for electromag- 
netic waves propagating through media like Earth’s atmosphere. There are some significant 
differences for electromagnetic waves propagating through other media, but these are not 
addressed in this chapter. 


31.1 Induced Magnetic Fields 


In Chapter 29, we saw that a changing magnetic field induces an electric field. According to 
Faraday’s Law of Induction, 
fp Eyes 


dt 


where E is the electric field induced around a closed loop by the changing magnetic flux, 
P, through that loop. In a similar way, a changing electric field induces a magnetic field. 
Maxwell’s Law of Induction (named for British physicist James Clerk Maxwell, 1831- 
1879) describes this phenomenon as follows: 


ff Beds = nye, 2r > 


where B is the magnetic field induced around a closed loop by a changing electric flux, 
®,, through that loop. This equation is similar to equation 31.1 except for the constant 
HoE and the lack of a negative sign. The constant is a consequence of the SI units used 
for magnetic fields. The fact that the right-hand side of equation 31.2 does not have a 
negative sign implies that the induced magnetic field has the opposite sign from that of 


(31.1) 


(31.2) 
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(a) (b) 


FIGURE 31.2 (a) A charged circular ca- 
pacitor. The red arrows represent the electric 
field between the plates. (b) A capacitor 
with charge increasing with time. The red 
arrows represent the electric field, and the 
purple loops represent the induced magnetic 
field. 
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(a) (b) 
FIGURE 31.3 (a) A constant uniform 
magnetic field. (b) A uniform magnetic 
field increasing with time, which induces 
an electric field represented by the red 
loops. 


an induced electric field when both are induced under similar conditions, as we'll 
see shortly. 

First, note that it is not at all obvious that equation 31.2 can be written in analogy 
to equation 31.1. When Maxwell first wrote this equation, it represented a major step 
forward in the unification of electricity and magnetism. Faraday discovered his law in 
1831, but it took a quarter of a century for Maxwell to come up with the counterpart. 
What is stated here as simple fact is in reality the first great conceptual leap toward the 
unification of all physical forces of nature. This unification began with Maxwell’s work 
one and a half centuries ago and continues in modern physics research today. 

A circular capacitor can be used to illustrate an induced magnetic field (Figure 31.2). 
For the capacitor shown in Figure 31.2a, the charge is constant, and a constant electric 
field appears between the plates. There is no magnetic field. For the capacitor shown in 
Figure 31.2b, the charge is increasing with time. Thus, the electric flux between the plates 
is increasing with time. A magnetic field, B, is induced, represented by the purple loops, 
which also indicates the direction of B. Along each loop, the magnetic field vector has the 
same magnitude and is directed tangentially to the loop. When the charge stops increas- 
ing, the electric flux remains constant and the magnetic field disappears. 

Next, consider a uniform magnetic field that is also constant in time as in Figure 
31.3a. In Figure 31.3b, the magnetic field is still uniform in space but is increasing with 
time, which induces an electric field, shown by the red loops. The electric field vector 
has constant magnitude along each loop and is directed tangentially to the loops as 
shown. Note that this induced electric field points in the opposite direction from the 
induced magnetic field caused by an increasing electric field (Figure 31.2b). 

Now recall Ampere’s Law: 


(31.3) 


f Beds = Hohne > 
which relates the integral around a loop of the dot product of the magnetic field and the 
differential displacement along the loop, Beds, to the current flowing through the loop. 
However, Maxwell realized that this equation is incomplete because it does not account 

for contributions to the magnetic field caused by changing electric fields. Equations 31.2 

and 31.3 can be combined to produce a description of magnetic fields created by moving 

charges and by changing electric fields: 


= d® ; 
fias = Moo T + Molenc: (31.4) 


Equation 3.14 is called the Maxwell-Ampere Law. You can see that for the case of 
constant current, such as current flowing in a conductor, this equation reduces to Ampere’s 
Law. For the case of a changing electric field without current flowing, such as the electric 
field between the plates of a capacitor, this equation reduces to Maxwell’s Law of Induction. 
It is important to realize that the Maxwell-Ampere Law describes two different sources of 
magnetic field: the conventional current (as discussed in Chapter 28) and the time-varying 
electric flux (examined in more detail in the following section). 


31.2 Displacement Current 


Looking at the Maxwell-Ampere Law (equation 31.4), you can see that the term €,d®,/dt 
on the right-hand side of the equation must have the units of current. Although no actual 
“current” is “displaced,” this term is called the displacement current, i,: 
d®,, 
i, =e, (31.5) 
a= 


With this definition, we can rewrite equation 31.4 as 
fp Beas = polia 25 hnc): 


Again, let’s consider a parallel plate capacitor with circular plates, now placed in a circuit 
in which a current, i, is flowing while the capacitor is charging (Figure 31.4). For a parallel 
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FIGURE 31.4 A parallel plate capacitor in a circuit being charged by a current, i: (a) the electric 
field between the plates at a given instant; (b) the magnetic field around the wires and between the 
plates of the capacitor. 


plate capacitor, the charge, q, is related to the electric field between the plates, E, as follows 
(see Chapter 24) 
q=€)AE 


where A is the area of the plates. The current, i, in the circuit can be obtained by taking the 
time derivative of this equation: 
d dE 
ree €&A—. 
dt dt 
Assuming that the electric field between the plates of the capacitor is uniform, we can obtain 
an expression for the displacement current: 


(31.6) 


d(AE) dE 
=€ =€)A—. 
dt dt dt 
Thus, the current in the circuit, i, given by equation 31.6, is equal to the displacement current, 
ig given by equation 31.7. Although no actual current is flowing between the plates of the 
capacitor, in the sense that no actual charges move across the capacitor gap from one plate to 
the other, the displacement current can be used to calculate the induced magnetic field. 

To calculate the magnetic field between the two circular plates of the capacitor, we 
assume that the volume between the two plates can be replaced with a conductor of radius R 
carrying current i4. In Chapter 28, we saw that the magnetic field at a perpendicular dis- 
tance r from the center of the capacitor is given by 


-dð 


lq = €o 


(31.7) 


Hola 


2m R? 


B= r  (forr<R). 


The system outside the capacitor can be treated as a current-carrying wire; so the magnetic 
field at a perpendicular distance r from the wire is 


B= Mola 
TT 


(forr >R). 


31.2 In-Class Exercise 


The displacement current, iy, for the charging circular capacitor with radius R shown in the figure is 
equal to the conduction current, 7, in the wires. Points 1 and 3 are located a 1 

perpendicular distance r from the wires, and point 2 is located the same per- ° 
pendicular distance r from the center of the capacitor, such that r < R. Rank . |! 


the magnetic fields at points 1, 2, and 3, from largest magnitude to smallest. N 
a) B, > B, > B; d) B, > B, = B; / 
b) B; > B, > B, e) B; = B, =B; 


c) B, = B; > B, 
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31.1 In-Class Exercise 


The displacement current, iy, for the 
charging circular capacitor with ra- 
dius R shown in the figure is equal 
to the conduction current, i, in the 
wires. Points 1 and 3 are located a 
perpendicular distance r from the 
wires, and point 2 is located the 
same perpendicular distance r from 
the center of the capacitor, such 
that r > R. Rank the magnetic fields 
at points 1, 2, and 3, from largest 
magnitude to smallest. 
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a) B, > B, > B3 
b) B; > B, > B, 
c) B, = B; > B, 
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31.3 Maxwell's Equations 


The Maxwell-Ampere Law (equation 31.4) completes the set of four equations known as 
Maxwell’s equations, which describe the interactions between electrical charges, currents, 
electric fields, and magnetic fields. These equations treat electricity and magnetism as two 
aspects of a unified force called electromagnetism. All of the results described previously 
for electricity and magnetism are still valid, but these equations show how electric and mag- 
netic fields interact with each other, giving rise to a broad range of electromagnetic phe- 
nomena. This chapter focuses on electromagnetic waves and Chapter 34 on wave optics. A 


summary of Maxwell’s equations is given in Table 31.1. (Again, as a reminder, the ff dA 


in the first two equations represents integration over a closed surface, and $ ds in the last 
two equations indicates integration over a closed curve.) 

If you scrutinize Maxwell’s equations, you might notice a lack of symmetry between E 
and B. This difference arises from the fact that electric charges exist in isolation and a corre- 
sponding current appears when charges move, but apparently no isolated, stationary mag- 
netic charges occur in nature. Particles that hypothetically have a single magnetic charge (a 
north pole or a south pole, but not both) are called magnetic monopoles, but empirically it 
has been found that magnetic poles always come in pairs, a north pole together with a south 
pole. There is no fundamental reason for the absence of magnetic monopoles, and many 
experiments have searched unsuccessfully for them. The most sensitive of these experi- 
ments was MACRO, which used a massive detector that operated for many years in a labo- 
ratory located deep under the Gran Sasso mountain in Italy. MACRO searched for magnetic 
monopoles in cosmic rays, without success. 

We'll now begin our study of electromagnetic waves. Electromagnetic waves consist of 
electric and magnetic fields, can travel through vacuum without any supporting medium, and 
do not involve moving charges or currents. The existence of electromagnetic waves was first 
demonstrated in 1888 by the German physicist Heinrich Hertz (1857-1894). Hertz used an 
RLC circuit that induced a current in an inductor that drove a spark gap. A spark gap consists of 
two electrodes that, when a potential difference is applied across them, produce a spark by excit- 
ing the gas between the electrodes. Hertz placed a loop and a small spark gap several meters 
apart. He observed that sparks were induced in the remote loop in a pattern that correlated with 
the electromagnetic oscillations in the primary RLC circuit. Thus, electromagnetic waves were 
able to travel through space without any medium to support them. For this contribution and 
others, the basic unit of oscillation, cycles per second, was named the hertz (Hz) in his honor. 


Table 31.1 | 

Name Equation Description 

Gauss’s Law for BedA -fc The net electric flux through a 
Electric Fields a a closed surface is proportional to the 


net enclosed electric charge. 
Gauss’s Law for ff BedA=0 The net magnetic flux through a 


Magnetic Fields closed surface is zero (no magnetic 
monopoles exist). 
Faraday’s Law -> . ad, An electric field is induced by a 
3 Eeds =- ‘ c 
of Induction dt changing magnetic flux. 


Maxwell- Bedi = d®, ’ A magnetic field is induced by a 
Ampere Law $ Beds = o€ dt F Motenc changing electric flux or by a current. 


31.4 Wave Solutions to Maxwell's Equations 


As Section 31.11 will show, it is possible to use advanced calculus to derive a general wave 
equation from Maxwell's equations starting with Maxwell's equations in differential form. 
However, we'll first assume that electromagnetic waves propagating in vacuum (no mov- 
ing charges or currents) have the form of a traveling wave and show that this form satisfies 
Maxwell’s equations. 
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Proposed Solution 


We assume the following equations express the electric and magnetic fields in a particular 
electromagnetic wave that happens to be traveling in the positive x-direction: 


E(F,t) = Ena sin(x- wt) 9 
and 
B(F,t) = Brax sin(Kx - wt )2, 


where k = 277/A is the wave number and w = 27fis the angular frequency of a wave 
with wavelength A and frequency f. Note that the magnitudes of both fields have 
no dependence on the y- or z-coordinates, only on the x-coordinate and time. This 
type of wave, in which the electric and magnetic field vectors lie in a plane, is called 
a plane wave. Equation 31.8 indicates that this particular electromagnetic wave is 
traveling in the positive x-direction because, as the time t increases, the coordinate 
x has to increase to maintain the same value for the fields. The wave described by 
equation 31.8 is shown in Figure 31.5. 

In the particular case illustrated in Figure 31.5, the electric field is completely in the 
y-direction and the magnetic field is completely in the z-direction; that is, both fields 
are perpendicular to the direction of wave propagation. It turns out that the electric 
field is always perpendicular to the direction the wave is traveling and is always perpendicular 34.3 [n-Class Exercise 
to the magnetic field. However, in general, for an electromagnetic wave that is propagating 
along the x-axis, the electric field can point anywhere in the yz-plane. 


FIGURE 31.5 Representation of an electro- 
magnetic wave traveling in the positive 
x-direction at a given instant. 


An electromagnetic plane wave 
is traveling through vacuum. The 


The representation of the wave in Figure 31.5 is an instantaneous abstraction. The electric field of the wave is given 
vectors shown represent the magnitude and direction for the electric and magnetic fields; by E = Emax cos(kx - wt) 7. Which 
however, you should realize that these fields are not solid objects. Nothing made of matter of the following equations describes 
actually moves left and right or up and down as the wave travels. The vectors pointing left the magnetic field of the wave? 


and right and up and down represent the electric and magnetic fields. 

Showing that the traveling wave described by equation 31.8 satisfies all of Maxwell's 
equations involves quite a bit of vector calculus but also uses many of the concepts that have 
been developed in the preceding chapters. The following subsections work through this 
process in detail, one equation at a time. 


Gauss’s Law for Electric Fields 


Let’s start with Gauss’s Law for Electric Fields. For an electromagnetic wave in vacuum, 
there is no enclosed charge anywhere (qene = 0); thus, we must show that the proposed solu- 


tion of equation 31.8 satisfies 
ff E-dA =0. (31.9) 


We choose a rectangular box as a Gaussian surface enclosing a portion of the vector rep- 
resentation of the wave (Figure 31.6). For the faces of the box in the yz-plane, E«dA is zero ma 
because the vectors E and dA are perpendicular to each other. The same is true for the faces FIGURE 31.6 Gaussian surface (gray 
in the xy-plane. The faces in the xz-plane contribute +EA, and -EA,, where A, is the area box) around a portion of the vector rep- 
of the top face and the bottom face. Thus, the integral is zero, and Gauss’s Law for Electric resentation of an electromagnetic wave 
Fields is satisfied. traveling in the positive x-direction. 

If we analyzed the vector representation at different times, we would get a different The area vector is shown for the front 
electric field. However, because the electric field is always in the y-direction, the integral face of the Gaussian surface. 
will always be zero. 


Gauss’s Law for Magnetic Fields 


For Gauss’s Law for Magnetic Fields, we must show that 


ff Bead =o. (31.10) 


We again use the closed surface in Figure 31.6 for the integration. For the faces in the 
yz-plane and for the faces in the xz-plane, BedA is zero because the vectors B and dA are 
perpendicular to each other. The faces in the xy-plane contribute +BA, and -BA,, where 
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FIGURE 31.7 Two snapshots of 
the electric and magnetic fields in an 
electromagnetic wave. The gray area 
represents an integration loop for 
Faraday’s Law. 


A, is the area of each of the two faces in the xy-plane. Thus, the integral is zero, and Gauss’s 
Law for Magnetic Fields is satisfied. 


Faraday’s Law of Induction 


Now let’s address Faraday’s Law of Induction: 


PBase, (31.11) 


To evaluate the integral on the left-hand side of this equation, we assume a closed loop in 
the xy-plane that has width dx and height h and goes from a to b to c to d and back to a, as 
depicted by the gray rectangle in Figure 31.7. The differential area dA =ndA =nhdx of this 
rectangle has its unit surface normal vector, ñ, pointing in the positive z-direction. Note 
that the electric and magnetic fields change with distance along the x-axis. Thus, going from 
point x to point x + dx, the electric field changes from E(x) to E(x +dx)=E(x)+ dE. 

To evaluate the integral of equation 31.11 over the closed loop, we split the loop into four 
pieces, integrating counterclockwise from a to b, b to c, c to d, and d to a. The contributions 
to the integral that are parallel to the x-axis, from integrating from b to c and from d to a, are 
zero because the electric field is always perpendicular to the direction of integration. For the 
integrations in the y-direction, a to b and c to d, the electric field is parallel or antiparallel to 
the direction of integration; therefore, the scalar product reduces to a conventional product. 
Because the electric field is independent of the y-coordinate, it can be taken out of the integral. 
Thus, the integral along each of the segments in the y-direction is a simple product of the inte- 
grand (the magnitude of the electric field at the corresponding x-coordinate) and the length 
of the integration interval (A), times -1 for the integration in the negative y-direction because 
E is antiparallel to the direction of integration. Thus, the integral evaluates to 


fBas=E f ds- f ds =(E+ aen) -En =(aE)(1). 


The right-hand side of equation 31.11 is given by 


Thus, we have 


dB 
(eae) =-(0)(ae) 
or 
Z.Z (31.12) 


The derivatives dE/dx and dB/dt are each taken with respect to a single variable, although 
both E and B depend on both x and t. Thus, we can more appropriately write equation 31.12 
using partial derivatives: 


=-—, (31.13) 


Using the assumed forms for the electric and magnetic fields (equation 31.8), we can 
expand the partial derivatives: 


Z = Z (Enas sin(Kx 7 wt) = KE nax cos|Kx - wt) > 
and 
= = Z (Ba sin(«x = wt) =- wB nax cos(«x = wt). 


Substituting these expressions into equation 31.13 gives 


KE max cos( ix - wt) =- [- Bax cos(«x - wt), 
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The angular frequency and wave number are related via 
wo af | 
K (27/A) 


fre, (31.14) 


where c is the speed of the wave. (In general, we could use the v for the speed of this wave. 
However, we choose to use c, because, as we'll see, all electromagnetic waves propagate in 
vacuum with a characteristic speed, the speed of light, which is conventionally represented 
by c.) Thus, we have 


Emax 8 _ 
Bax K 


We can use equation 31.8 to rewrite this equation in terms of the ratio of the magnitudes of 
the fields at a fixed place and time as 


E_ lé(#.1)| 7 Bas Jsin(xx- wt) 7 
B |B (7.0) Brax [sin(x - ot | 


(31.15) 


Thus, equation 31.8 satisfies Faraday’s Law of Induction if the ratio of the electric and mag- 
netic field magnitudes is c. 


Maxwell-Ampere Law 


Finally, we address the Maxwell-Ampere Law. For electromagnetic waves, in which no cur- 
rent flows, we can write dö 


fp Beas = Mo ae ; (31.16) 


To evaluate the integral on the left-hand side of this equation, we assume a closed loop in 
the xz-plane that has width dx and height h, represented by the gray rectangle in Figure 
31.8. The differential area of this rectangle is oriented in the positive y-direction. 
The integral around the loop in the counterclockwise direction (a to b to c to d to a) is 
given by 
P Beds = Bh-(B+aB)(n)=-(aB)(h). (31.17) 


As before, the parts of the loop parallel to the x-axis do not contribute to the integral. The 
right-hand side of equation 31.16 can be written as 
FIGURE 31.8 Representations of 
d®, dE dE aie 
= Uy€,A— = My €, |h || dx |—. 31.18 the electric and magnetic fields in an 
dt Mofo dt Mo€o(I)( ie ( ) 


electromagnetic wave at a given instant. 
Substituting from equations 31.17 and 31.18 into equation 31.16, we get The gray area represents an integration 
dE 


loop for the Maxwell-Ampere Law. 
-(d8)(4)= meola) E. 


Expressing this equation in terms of partial derivatives, as we did for equation 31.12, we get 
oB OE 
—Z_ = Fof0 =: 


Ox ot 


Mo€o 


Now, using equation 31.8, we have 


-|KBnax cos(«x - wt )| == Mp EgW Emax cos(«x - ot), 
or 
K 1 


Banax Mo€o@ Mo€ oe 


We can express this equation in terms of the electric and magnetic field magnitudes as before: 


# 1 
Bi pg€yc_ 


(31.19) 


Equation 31.8 satisfies the Maxwell-Ampere Law if the ratio of the electric and magnetic 
field magnitudes is given by 1/j1p€9¢. 
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31.5 The Speed of Light 


31.4 In-Class Exercise —, 


What is the time required for laser 
light to travel from the Earth to the 
Moon and back again? The distance 
between the Earth and the Moon is 
3.84-10° m. 


a) 0.640 s d) 15.2 s 

b) 1.28 s e) 85.0 s 

c) 2.56 s 
W J 


31.1 Self-Test Opportunity 


The brightest star in the night sky 
is Sirius, which is at a distance of 
8.30-10*® m from Earth. When we 
see the light from this star, how 
far back in time (in years) are we 
looking? 


From equations 31.15 and 31.19, we can conclude that 


E 1 
— z= = Cy 
B Moc 
which leads to 
1 


y Mo€o 


Thus, the speed of an electromagnetic wave can be expressed in terms of the two funda- 
mental constants related to electric and magnetic fields: the magnetic permeability and the 
electric permittivity of free space (vacuum). Putting the accepted values of these constants 


into equation 31.20 gives 


c= l =3.00-10 m/s. 


47-10” H/m || 8.85 -107 F/m 
| I 


This calculated speed is equal to the measured speed of light. This equality means that all 
electromagnetic waves travel (in vacuum) at the speed of light and suggests that light is an 
electromagnetic wave. 

Equation 31.15 states E/B = c. Even though c is a very large number, equation 31.15 does 
not mean that the electric field magnitude is much larger than the magnetic field magnitude. 
In fact, electric and magnetic fields are measured in different units, so a direct comparison is 
not possible. 

The speed of light plays an important role in the theory of special relativity, which we'll 
examine in Chapter 35. The speed of light is always the same in any reference frame. Thus, if you 
send an electromagnetic wave out in a specific direction, any observer, regardless of whether 
that observer is moving toward you or away from you or in another direction, will see that wave 
moving at the speed of light. This amazing result, along with the plausible postulate that the laws 
of physics are the same for all inertial observers, leads to the theory of special relativity. 

The speed of light can be measured extremely precisely, much more precisely than the 
meter could be determined from the original reference standard. Therefore, the speed of 
light is now defined to be precisely 


c =299,792,458 m/s. (31.21) 


The definition of the meter is now simply the distance that light can traverse in vacuum in 
a time interval of 1/299,792,458 s. 


FIGURE 31.9 (a) Very Large Array 
radio telescope. (b) False color radar 
image of the surface of Venus. (c) X-ray 
image of a hand. 


31.6 The Electromagnetic Spectrum 


All electromagnetic waves travel at the speed of light. However, the wavelength and the 
frequency of electromagnetic waves vary dramatically. The speed of light, c, the wavelength, 
A, and the frequency, f, are related by 


c=Af. (31.22) 


Examples of electromagnetic waves are light, radio waves, microwaves, X-rays, and gamma 
rays. Three applications of electromagnetic waves are shown in Figure 31.9. 


(b) 
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The electromagnetic spectrum is illustrated in Figure 31.10, which includes electro- 
magnetic waves with wavelengths ranging from 1000 m and longer to less than 10°’ m, 
with corresponding frequencies ranging from 10° to 10% Hz. Electromagnetic waves with 
wavelengths (and frequencies) in certain ranges are identified by characteristic names: 


= Visible light refers to electromagnetic waves that we can see with our eyes, with 
wavelengths from 400 nm (blue) to 700 nm (red). The response of the human eye 
peaks at around 550 nm (green) and drops off quickly away from that wavelength. 
Other wavelengths of electromagnetic waves are invisible to the human eye. 
However, we can detect them by other means. 


=" Infrared waves (with wavelengths just longer than visible up to around 104 m) 
are felt as warmth. Detectors of infrared waves can be used to measure heat leaks 
in homes and offices, as well as locate brewing volcanoes. Many animals have 
developed the ability to see infrared waves, so they can see in the dark. Infrared 
beams are also used in automatic faucets in public restrooms and in remote control 
units for TV and DVD players. 


= Ultraviolet rays with wavelengths just shorter than visible down to a few nanometers 
(10° m) can damage skin and cause sunburn. Fortunately, Earth’s atmosphere, 
particularly its ozone layer, prevents most of the Sun’s ultraviolet rays from reaching 
Earth’s surface. Ultraviolet rays are used in hospitals to sterilize equipment and also 
produce optical properties such as fluorescence. 


=" Radio waves have frequencies ranging from several hundred kHz (AM radio) to 
100 MHz (FM radio). They are also widely used in astronomy because they can pass 
through clouds of dust and gas that block visible light; the Very Large Array shown 
in Figure 31.9a is a collection of telescopes that utilize radio waves. 


= Microwaves, used to pop popcorn in microwave ovens and transmit phone 
messages through relay towers or satellites, have frequencies around 10 GHz. Radar 
uses waves with wavelengths between those of radio waves and microwaves, which 
enable them to travel easily through the atmosphere and reflect off objects from the 
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FIGURE 31.10 The electromagnetic spectrum. 
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31.2 Self-Test Opportunity 


An FM radio station broadcasts at 
90.5 MHz, and an AM radio station 
broadcasts at 870 kHz. What are 
the wavelengths of these electro- 
magnetic waves? 


size of a baseball to the size of a storm cloud. Figure 31.9b shows a radar image of 
the surface of Venus, which is always obscured by clouds that block visible light. 


= X-rays used to produce medical images, such the one shown in Figure 31.9c, have 
wavelengths on the order of 10°’ m. This length is about the same as the distance 
between atoms in a solid crystal, so X-rays are used to determine the detailed 
molecular structure of any material that can be crystallized. 


= Gamma rays emitted in the decay of radioactive nuclei have very short wavelengths, 
on the order of 10°'* m, and can cause damage to human cells. They are often used in 
medicine to destroy cancer cells or other malignant tissues that are hard to reach. 


Communication Frequency Bands 


The frequency ranges assigned to radio and television broadcasts are shown in Figure 31.11. 
The range of frequencies assigned to AM (amplitude modulation) radio is from 535 kHz to 
1705 kHz. FM (frequency modulation) radio use the frequencies between 88.0 MHz and 
108.0 MHz. VHF (very high frequency) television operates in two ranges: 54.0 MHz to 
88.0 MHz for channels 2 through 6, and 174.0 MHz to 216.0 MHz for channels 7 through 
13. UHF (ultra-high frequency) television channels 14 through 83 broadcast in the range 
from 512.0 MHz to 698.0 MHz. Most high-definition television (HDTV) broadcasts use the 
UHF band and channels 14 through 83. 

A radio or television station transmits a carrier signal on a given frequency. The carrier 
signal is a sine wave with a frequency equal to the frequency of the broadcasting station. In 
the case of AM broadcasts, the amplitude of the carrier wave is modified by the informa- 
tion being transmitted, as illustrated in Figure 31.12a. The modulation of the amplitude of 
the carrier signal carries the transmitted message. Figure 31.12a shows a simple sine wave, 
indicating that a simple tone is being transmitted. The signal is received by a tuned RLC 
circuit whose resonant frequency is equal to the frequency of the carrier signal. The current 
induced in the circuit is proportional to the message being transmitted. AM transmission is 
vulnerable to noise and signal loss because the message is proportional to the amplitude of 
the signal, which can change if conditions vary. 


FM radio UHF TV 
(100 possible bands) Ch. 14-83 


AM radio VHFTV | VHF TV Cell 
(106 possible bands) Ch. 2-6 Ch. 7-13 phones WiFi 
O E 1 P oe E E 1 14 i i—i it al 1) 


10° 10° 107 10° 10° 101° 
f (Az) 


FIGURE 31.11 The frequency bands assigned to radio broadcasts, television broadcasts, cell phones, 
and WiFi computer connections in the United States. 


Carrier signal Modulated signal 


| Amplitude 
Y ¢ modulation 


(b) 


Message 


FIGURE 31.12 (a) Amplitude modulation. (b) Frequency modulation. For both cases, the green 
curve represents the carrier signal, the red curve represents the modulated signal, and the blue curve 
signifies the information being transmitted. 
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For FM transmission, the frequency of the carrier signal is modified by the message to 
produce a modulated signal, as shown in Figure 31.12b. This type of transmission is much 
less affected by noise and signal loss because the message is extracted from frequency shifts 
of the carrier signal, rather than from changes in the amplitude of the carrier signal. FM 
radio receivers commonly use a Foster-Seeley discriminator to demodulate the FM signal. 
A Foster-Seeley discriminator uses an RLC circuit tuned to the frequency of the carrier 
signal and connected to two diodes, resembling the fullwave rectifier discussed in Chapter 
30. If the input equals the carrier frequency, the two halves of the tuned circuit produce the 
same rectified voltage and the output is zero. As the frequency of the carrier signal changes, 
the balance between the two halves of the rectified circuit changes, resulting in a voltage 
proportional to the frequency deviation of the carrier signal. A Foster-Seeley discrimina- 
tor is sensitive to amplitude variations and is usually coupled with a limiter amplifier stage 
to desensitize it to variations in the strength of the carrier wave by allowing lower power 
signals to pass through it unaffected while removing the peaks of the signals that exceed a 
certain power level. 

HDTV transmitters broadcast information digitally in the form of zeros and ones. One 
byte of information contains eight bits, where a bit is a zero or a one. The screen is subdivided 
into picture elements (pixels) with digital representations of the red, green, and blue color 
of each pixel. Currently, the highest resolution for HDTV is 1080i, which has 1920 pixels 
in the horizontal direction and 1080 pixels in the vertical direction. Half the picture (every 
other horizontal line) is updated 60 times every second, and the two halves of the image are 
interlaced to form the complete image. (See Section 31.10 for more information on video for- 
mats.) HDTV is broadcast using a compression-decompression (codec) technique, typically 
the standard known as MPEG-2, to reduce the amount of data that must be transmitted. A 
typical HDTV station broadcasts about 17 megabytes of information per second. 

Cell phone transmissions occur in the frequency bands from 824.04 to 848.97 MHz 
and 1.85 to 1.99 GHz. WiFi wireless data connections for computers operate in the ranges 
from 2.401 to 2.484 GHz (for the international standard; the U.S. standard band has an 
upper limit of 2.473 GHz) and from 5.15 to 5.85 GHz. These frequencies are in the micro- 
wave range, and some people worry about prolonged exposure to electromagnetic waves 
emitted by cell phones and WiFi. However, the relatively low power of these devices com- 
bined with the fact that the energy of these waves is much lower than that of other waves 
that are commonly encountered, such as visible light, argue that there is little danger from 
cell phones and WiFi. Chapter 37 on quantum mechanics will discuss the energy of the 
photons associated with electromagnetic waves. 


31.7 Traveling Electromagnetic Waves 


Subatomic processes can produce electromagnetic waves such as gamma rays, 
X-rays, and light. Electromagnetic waves can also be produced by an RLC cir- 


Transformer 


cuit connected to an antenna (Figure 31.13). The connection between the RLC 

circuit and the antenna occurs through a transformer. A dipole antenna is used vw- 
to approximate an electric dipole. The voltage and current in the antenna vary $ 
sinusoidally with time and cause the flow of charge in the antenna to oscillate V, 


with the frequency, wo, of the RLC circuit. The accelerating charges create travel- C 


=m 


ing electromagnetic waves. These waves travel from the antenna at speed c and 
frequency f = w)/(27). 

The traveling electromagnetic waves propagate as wave fronts spreading out 
spherically from the antenna. However, at a large distance from the antenna, the 
wave fronts appear to be almost flat, or planar. Thus, such a traveling wave is 
described by equation 31.8. Ifa second RLC circuit tuned to the same frequency, 
wp as the emitting circuit is placed in the path of these electromagnetic waves, 
voltage and current will be induced in this second circuit. These induced oscilla- 
tions are the basic idea of radio transmission and reception. If the second circuit 
has w = 1/VLC, different from wp much smaller voltages and currents will be 
induced. Only if the resonant frequency of the receiving circuit is the same as or 


|_| 


Antenna 


Electromagnetic waves 


FIGURE 31.13 An RLC circuit coupled to an an- 
tenna that emits traveling electromagnetic waves. 
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very close to the transmitted frequency will any signal be induced in the receiving circuit. 
Thus, the receiver can select a transmission with a given frequency and reject all others. 

The principle of transmission of electromagnetic waves was discovered by Heinrich 
Hertz in 1888, as described in Section 31.3, and was used by the Italian physicist Guglielmo 
Marconi (1874-1937) to transmit wireless signals. 


31.8 Poynting Vector and Energy Transport 


When you walk out into the sunlight, you feel warmth. If you stay out too long in the bright 
sunshine, you become sunburned. These phenomena are caused by electromagnetic waves 
emitted from the Sun. These electromagnetic waves carry energy that was generated in the 
nuclear reactions in the core of the Sun. 

The rate at which energy is transported by an electromagnetic wave is usually defined 
in terms of a vector, S, given by 


ExB. (31.23) 


This quantity is called the Poynting vector, after British physicist John Poynting (1852- 
1914), who first discussed its properties. The magnitude of S is related to the instantaneous 
rate at which energy is transported by an electromagnetic wave over a given area, or more 
simply, the instantaneous power per unit area: 


s5)- [Bore 


(31.24) 


area | 
instantaneous 


The units of the Poynting vector are thus watts per square meter (W/m’). 
For an electromagnetic wave, where E is perpendicular to B, equation 31.23 yields 
1 
S=— EB. 
Mo 
According to equation 31.15, the magnitudes of the electric field and the magnetic field are 
directly related via E/B = c. Thus, we can express the instantaneous power per unit area of an 
electromagnetic wave in terms of the magnitude of the electric field or that of the magnetic 
field. It is usually easier to measure an electric field than a magnetic field, the instantaneous 
power per unit area is given by 
1 
S=— P. (31.25) 
Cho 
We can now substitute a sinusoidal form for the electric field, E = Emax sin(kx - wt), and 
obtain an expression for the transmitted power per unit area. However, the usual means 
of describing the power per unit area in an electromagnetic wave is the intensity, I, of the 
wave, given by 


ne | s Ea sin? (Kx - wt)| 
C 


area Mo ave 


The units of intensity are the same as the units of the Poynting vector, W/m”. The time- 
averaged value of sin*(«x — wt) is +, so we can express the intensity as 


~E (31.26) 


where E ms = Emax/ V2. 

Because the magnitudes of the electric and magnetic fields of an electromagnetic wave 
are related by E = cB and c is such a large number, you might conclude that the energy 
transported by the electric field is much larger than the energy transported by the magnetic 
field. Actually these energies are the same. To see this, recall from Chapters 24 and 29 that 
the energy density of an electric field is given by 


—1 2 
ug =F 6E m 
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and the energy density of a magnetic field is given by 
1 
Up = — P. 
2 uo 
If we substitute E = cB and c = 1/4 Mo€ into the expression for the energy density of the 
electric field, we get 


2 
1 2 1 B 1 
Ug = r €,(cB) =—6) = 7 B =Up. (31.27) 
Af Mo€o Mo 


Thus, the energy density of the electric field is the same as the energy density of the mag- 
netic field everywhere in the electromagnetic wave. 


EXAMPLE 31.1 J Using Solar Panels to Charge an Electric Car 
j : = 
| Photovoltaic (solar power to electric power) solar panels (Figure 31.14a) can be mounted 
on the roof of your house at a cost per area of 7 = $1430/m°. You have an electric car 
(Figure 31.14b) that requires a charge corresponding to an energy of U = 8.0 kW h fora 
day of local driving. The solar panels convert solar power to electricity with an efficiency 
e = 10.7% and have an area A. Suppose that sunlight is incident on your solar panels for 


At = 8.0 h with an average intensity of S,,.= 600 W/m’. 


PROBLEM 
How much do you need to spend on solar panels to give your electric car its daily charge? 


SOLUTION 
We equate the total amount of energy produced by the solar panels to the energy required 
to charge the car: 


U, 


produced 7 PAt=U. 


The amount of power incident on the solar panels is the average intensity of the sunlight 
times the area of the solar panels times the efficiency of the solar panels: 

P=€AS,,¢- 
Thus, the total area required is 


P (Urat) U 
ES, ES, ES At 


ave ave ave 


The total cost will then be 


rer E 
ES „At 


ave 


Putting in the numerical values gives us 


mu ($1430/m? )(8.00 kw h) 


Cost = = $22,000. 


ESyeAt (0.107)(0.6 kW/m? |(8.0 h) 


If you drove your electric car 40 miles per day each day for 10 years, that would work 
out to 15 cents per mile. In contrast, the cost would be 20 cents per mile for a gasoline- 
powered car with a 20 mpg rating and gas costing $4.00 per gallon. 

Obviously, this is not a large cost savings. However, your solar-powered electric car 
would be a completely carbon-neutral, zero emission mode of transportation (the same 
as riding your bicycle, without the exercise benefits). Material scientists are working in- 
tensely to increase the efficiency of commercially available solar cells, and mass produc- 
tion is expected to lower the costs dramatically. So solar-powered electric cars should 
soon be a viable and attractive alternative to gasoline-powered cars. 


(b) 


FIGURE 31.14 (a) Photovoltaic 
solar panels mounted on the roof of 

a house. (b) A plug-in electric car 
capable of driving 40 miles on electric 
power. 
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31.5 In-Class Exercise — 


The average intensity of sunlight at 
the Earth’s surface is approximately 
1400 W/m’, if the Sun is directly 
overhead. The average distance 
between the Earth and the Sun is 
1.50-101! m. What is the average 
power emitted by the Sun? 


a) 99.9-10° Wd) 4.3-107° W 
b) 4.0-10°° W e) 5.9-10°° W 


c) 6.3-107 W 
S 


EXAMPLE 31.2 | The Root-Mean-Square Electric and Magnetic Fields 
from Sunlight 


The average intensity of sunlight at the Earth's surface is approximately 1400 W/m’, if the 
Sun is directly overhead. 


PROBLEM 
What are the root-mean-square electric and magnetic fields of these electromagnetic 
waves? 


SOLUTION 
The intensity of sunlight can be related to the root-mean-square electric field using 
equation 31.26: 


Solving for the root-mean-square electric field gives us 


Ems = fehl = [mo Wim? (3.00- 10° m/s}(4z- 107 T m/A) 
=730 V/m. 


In comparison, the root-mean-square electric field in a typical home is 5-10 V/m. Stand- 
ing directly under an electric power transmission line, one would experience a root- 
mean-square electric field of 200-10,000 V/m depending on the conditions. 

The root-mean-square magnetic field is 


rms -_730Vi yg ay 


c 3,00-10° m/s 
In comparison, the root-mean-square value of the Earth’s magnetic field is 50 wT, the 
root-mean-square magnetic field found in a typical home is 0.5 wT, and the root-mean- 
square magnetic field under a power transmission line is 2 wT. 


B 


rms 


31.9 Radiation Pressure 


When you walk out into the sunlight, you feel warmth, but you do not feel any force from 
the sunlight. Sunlight is exerting a pressure on you, but that pressure is so small that you 
cannot notice it. Because the electromagnetic waves making up sunlight are radiated from 
the Sun and travel to the Earth, they are referred to as radiation. Chapter 18 discussed 
radiation as one way to transfer heat. As we'll see in Chapter 40 on nuclear physics, this type 
of radiation is not necessarily the same as radioactive radiation resulting from the decay 
of unstable nuclei. However, radio waves, infrared waves, visible light, and X-rays are all 
fundamentally the same electromagnetic radiation. (Which is not to say, however, that all 
kinds of electromagnetic radiation have the same effect on the human body. For example, 
UV light can give you sunburn and even trigger skin cancer, whereas there is no credible 
evidence that radiation emitted from cell phones can cause cancer.) 

Let’s calculate the magnitude of the pressure exerted by these radiated electromagnetic 
waves. Electromagnetic waves carry energy, U, as shown in Section 31.8. Electromagnetic 
waves also have linear momentum, p. This concept is subtle because electromagnetic waves 
have no mass, and we saw in Chapter 7 that momentum is equal to mass multiplied by 
velocity. Maxwell showed that if a plane wave of radiation is totally absorbed on a surface 
(perpendicular to the direction of the plane wave) for a time interval, At, and an amount of 
energy, AU, is absorbed by the surface in that process, then the magnitude of the momen- 
tum transferred to that surface by the wave in that time interval is 


_AU 
l 


Ap 


Chapter 35 on relativity will show that this relationship between energy and momentum 
holds for massless objects; for now, it is stated as a fact, without proof. 

The magnitude of the force on the surface is then F = Ap/At (Newton's Second Law). 
The total energy, AU, absorbed by area A of the surface during the time interval At is equal 
to the product of the area, the time interval, and the radiation intensity, I (introduced in 
Section 31.8): AU = IAAt. Therefore, the magnitude of the force exerted by the electro- 
magnetic wave on this area is 
_Ap AU _IAAt IA 

At cAt cAt c` 


Since pressure is defined as force (magnitude) per unit area, the radiation pressure, p,, is 


F 


P: 7 A > 
and, consequently, 
P- = (for total absorption). (31.28) 
Equation 31.28 states that the radiation pressure due to electromagnetic waves is simply 
the intensity divided by the speed of light, but only for the case of total absorption of the 
radiation on the surface. 

The other limiting case is total reflection of the electromagnetic waves. In that case, 
the momentum transfer is twice as big as for total absorption, just like the momentum 
transfer from a ball to a wall is twice as big in a perfectly elastic collision as in a per- 
fectly inelastic collision. In the perfectly elastic collision, the ball’s initial momentum is 
reversed and Ap = p; - (-p;) = 2p;, whereas for the totally inelastic collision, Ap = p; - 0 =p; 
as explained in Chapter 7. So, the radiation pressure for the case of perfect reflection of the 
electromagnetic waves off a surface is 


p= z (for perfect reflection). (31.29) 
c 


The radiation pressure from sunlight is comparatively small. The intensity of sunlight 
at the Earth’s surface is at most 1400 W/m’, when the Sun is directly overhead and there are 
no clouds in the sky. (This can happen only between the Tropics of Cancer and Capricorn, 
located at +23° latitude relative to the Equator.) Thus, the maximum radiation pressure for 
sunlight that is totally absorbed is 


_I_ 1400 W/m? 

€ 3-10 m/s 

For comparison, atmospheric pressure is 101 kPa (see Chapter 13), which is greater than 

the sunlight’s radiation pressure on the surface of Earth by more than a factor of 20 billion. 

Another useful comparison is the lowest pressure difference that human hearing can detect, 

which is generally quoted as approximately 20 Pa for sounds in the 1-kHz frequency range, 
where the human ear is most sensitive (see Chapter 16). 


=4.67-10°° N/m? = 4.67 Pa. 


EXAMPLE 31.3 f Radiation Pressure from a Laser Pointer 


A green laser pointer has a power of 1.00 mW. You shine the laser pointer perpendicu- 
larly on a white sheet of paper, which reflects the light. The spot of light on the paper is 
2.00 mm in diameter. 


PROBLEM 
What force does the light from the laser pointer exert on the paper? 
SOLUTION 
The intensity of the light is given by 
-3 
pa Power _ 1.00-10 ~ W -318 Wim”. 
area 2 


77(1.00-107 m) 


Continued— 
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31.6 In-Class Exercise 


What is the radiation pressure due 
to sunlight incident on a perfectly 
absorbing surface, 
whose surface 
normal vector is 
at an angle of 70° 
relative to the 
incident light? 


a) (4.67 Pa) (cos 70°) 


) \( 
b) (4.67 pPa)(sin 70°) 
c) (4.67 pPa)(tan 70°) 
d) (4.67 Pa) (cot 70°) 


31.7 In-Class Exercise 


What is the maximum radiation 
pressure due to sunlight incident 
on a perfectly reflecting surface? 


a) 0 c) 4.67 Pa 


b) 2.34 pPa d) 9.34 pPa 
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FIGURE 31.15 A satellite with a 
solar sail near the Sun. 


The radiation pressure for a perfectly reflecting surface is given by equation 31.29 and 
also is equal to the force exerted by the light divided by the area over which it acts: 


_ force _ 2I 
area ci 
Thus, the force exerted on the paper is 
2 2(318 W/m?) 


Force = rea Z] = z(1.010° m) =6.66:10 7 N. 


c 3.00-10 m/s 


31.3 Self-Test Opportunity 


Suppose you have a satellite in orbit around the Sun, as shown in the figure. The orbit is in the 
counterclockwise direction looking down on the north pole of the Sun. You want to deploy a solar 
sail consisting of a large, totally reflecting mirror, which can be oriented so that it is perpendicular 
to the light coming from the Sun or at an angle with respect to the light coming from the Sun. De- 
scribe the effect on the orbit of your satellite for the three deployment angles shown in the figure. 


Angle 3 


SOLVED PROBLEM 31.1 | Solar Stationary Satellite 


Suppose researchers want to place a satellite above the north pole of the Sun and station- 
ary with respect to the Sun in order to study its long-term rotational characteristics. The 
satellite will have a totally reflecting solar sail and be located at a distance of 1.50-10'' m 
from the center of the Sun. The intensity of sunlight at that distance is 1400 W/m”. The 
plane of the solar sail is perpendicular to a line connecting the satellite and the center of 
the Sun. The mass of the satellite and sail is 100.0 kg. 


PROBLEM 
What is the required area of the solar sail? 


SOLUTION 


THINK 

In an equilibrium position for the satellite, the area of the solar sail times the radiation pres- 
sure from the Sun produces a force that is balanced by the gravitational force between the 
satellite and the Sun. We can equate these two forces and solve for the area of the solar sail. 


SKETCH 


Figure 31.15 is a diagram of the satellite with a solar sail near the Sun. 


RESEARCH 
The satellite will be stationary if the force of gravity, F,, is balanced by the force from the 
radiation pressure of sunlight, F,p: 


31.9 Radiation Pressure 


The force corresponding to the radiation pressure from sunlight is equal to the radiation 
pressure, p,, times the area of the solar sail, A: 


Fp = pA. 


The radiation pressure can be expressed in terms of the intensity of the sunlight, I, inci- 
dent on the totally reflecting solar sail: 


Pr =—- 


c 


The force of gravity between the satellite and the Sun is given by 


where G is the universal gravitational constant, m is the mass of the satellite and sail, mgun 
is the mass of the Sun, and d is the distance between the satellite and the Sun. 


SIMPLIFY 
We can combine all these equations to obtain 


om 


c 

Solving for the area of the solar sail gives us 

gT Ms. 
21d 

CALCULATE 


Putting in the numerical values, we get 


(3.00-10° m/s)(100.0 kg)(1.99-10” kg) 


A= (6.7 10 m° kg? s? = 63,206.2 m°. 


(1400 W/m*}(1.50-10"" m) 
ROUND 

We report our result to three significant figures: 

A=6.32-10* m’. 


DOUBLE-CHECK 
If the solar sail were circular, the radius of the sail would be 


4 2 
n= j- [6.32-10" m aren 
T T 


which is an achievable size. We can relate the thickness of the sail, t, times the density, p, 
of the material from which the sail is constructed to the mass per unit area of the sail: 


If the sail were composed of a sturdy material such as kapton (p = 1420 kg/m’ ) and had 
a mass of 75 kg, the thickness of the sail would be 


75kg 
(1420 kg/m? |(6.32 10! m?) 


=8.36-10” m=0.836 um. 


Kapton is a polyimide film developed to remain stable in the wide range of temperatures 
found in space; from near absolute zero to over 600 K. Current production techniques 
cannot produce kapton this thin. However, the required areal mass density may be realiz- 
able using other materials in the future. 


ee a aaam 
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31.10 | Polarization 


y For the electromagnetic wave represented in Figure 31.5, the electric field always points along 


the y-axis. The direction in which the wave is traveling is the positive x-direction, so the elec- 
tric field of the electromagnetic wave lies within a plane of oscillation (Figure 31.16). 

We can visualize the polarization of an electromagnetic wave by looking at 
the electric field vector of the wave in the yz-plane, which is perpendicular to the 
direction in which the wave is traveling (Figure 31.17a). The electric field vec- 
tor changes from the positive y-direction to the negative y-direction and back 

* again as the wave travels. The electric field of the wave oscillates in the y-direction 


only, never changing its orientation. This type of wave is called a plane-polarized 
FIGURE 31.16 An electromagnetic wave wave in the y-direction. 


with the plane of oscillation of the electric 
field shown in pink. 


The electromagnetic waves making up the light emitted by most common 
light sources, such as the Sun or an incandescent light bulb, have random polariza- 


tions. Each wave has its electric field vector oscillating in a different plane. Such 
light is called unpolarized light. Light from an unpolarized source can be represented by 
many vectors like the one shown in Figure 31.17a, but with random orientations (Figure 
31.17b). Unpolarized light can also be represented by summing the y-components and the 
z-components separately to produce the net y- and z-components. Unpolarized light has 
equal components in the y- and z-directions (Figure 31.18a). If there is less net polariza- 
tion in the y-direction than in the z-direction, then the light is said to be partially polarized 
in the z-direction (Figure 31.18b). 
Unpolarized light can be transformed to polarized light by passing the unpolarized 
light through a polarizer. A polarizer allows only one component of the electric field vec- 
tors of the light waves to pass through. One way to make a polarizer is to produce a material 


S 


y 


ty 


Z< Z< 


mm 


(a) (b) 


FIGURE 31.17 (a) Electric field vectors in the yz-plane, defining 
the plane of polarization to be the xy-plane. (b) Electric field vectors 
oriented at random angles. 


(a) (b) 
FIGURE 31.18 (a) Net components of the electric field for un- 
polarized light. (b) Net components of the electric field for partially 
polarized light. 


that consists of long parallel chains of molecules, which effectively 
let components of the light with polarization parallel to the chains 
pass through and block components of the light with polarization 
perpendicular to that direction. 

This discussion will not go into the details of the molecular 
structure but will simply characterize each polarizer by a polar- 
izing direction. Unpolarized light passing through a polarizer 
emerges polarized in the polarizing direction (Figure 31.19). The 
components of the light that have the same direction as the polar- 
izer are transmitted, but the components of the light that are per- 
pendicular to the polarizer are absorbed. 

Now let’s consider the intensity of the light that passes through 
a polarizer. Unpolarized light with intensity I) has equal compo- 
nents in the y- and z-directions. After passing through a vertical 


Unpolarized light 


Polarizer 


Polarized light 


FIGURE 31.19 Unpolarized light passing through a vertical 
polarizer. After the light passes through the polarizer, it is verti- 
cally polarized. 


polarizer, only the y-component (or vertical component) remains. The intensity, 
I, of the light that passes through the polarizer is given by 


T= Fh; (31.30) 


because the unpolarized light had equal contributions from the y- and z-components 
and only the y-components are transmitted by the polarizer. The factor + applies 
only to the case of unpolarized light passing through a polarizer. 

Let’s consider polarized light passing through a polarizer (Figure 31.20). If 
the polarizer axis is parallel to the polarization direction of the incident polarized 
light, all of the light will be transmitted with the original polarization (Figure 
31.20a). If the polarizing angle of the polarizer is perpendicular to the polariza- 
tion of polarized light, no light will be transmitted (Figure 31.20b). 

What happens when polarized light is incident on a polarizer and the polar- 
ization of the light is neither parallel nor perpendicular to the polarizing angle 
of the polarizer (Figure 31.21)? Let’s assume that the angle between the incident 
polarized light and the polarizing angle is 0. The magnitude of the transmitted 
electric field, E, is given by 


E= E cos90, 
where E, is the magnitude of the electric field of the incident polarized light. 


From equation 31.26, we can see that the intensity of the light before passing 
through the polarizer, Ip, is given by 


1 1 
h=— Es = Ej. 
CHo 2cho 


After the light passes through the polarizer, the intensity, I, is given by 
1 


= F. 
2cho 


I 


We can express the transmitted intensity in terms of the initial inten- 
sity as follows: 


_ ol 
2cho 


I F (Eo cos 6) = I, cos” 0. (31.31) 


7 2cho 


This equation is called the Law of Malus. It applies only to polarized 
light incident on a polarizer. 
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Polarized light 


Polarizer 


(a) 


Polarized light 


Polarized light 


Polarizer 


No light 


FIGURE 31.20 (a) Vertically polarized light 
incident on a vertical polarizer. (b) Vertically polar- 
ized light incident on a horizontal polarizer. 


Polarized light 


Polarizer 


Polarized light 


FIGURE 31.21 Polarized light passing through a polarizer 


whose polarizing angle is neither parallel nor perpendicular to 
the polarization of the incident light. 


EXAMPLE 31.4 | Three Polarizers 


Suppose that unpolarized light with intensity I) is initially incident on the first of three 
polarizers in a line. The first polarizer has a polarizing direction that is vertical. The sec- 
ond polarizer has a polarizing angle of 45° with respect to the vertical. The third polarizer 


has a polarizing angle of 90° with respect to the vertical. 


PROBLEM 


What is the intensity of the light after passing through all three polarizers, in terms of the 


initial intensity? 


SOLUTION 


Figure 31.22 illustrates the light passing through the three polarizers. The intensity 
of the unpolarized light is Ij. The intensity of the light after passing through the first 


polarizer is 


Continued— 
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FIGURE 31.22 Unpolarized light 


passing through three polarizers. Polärizer 1 


Polarizer 2 
05 = 45° 
Unpolarized light i 


Polarizer 3 
Polarized light sau 


Polarized light 


Polarized light 


The intensity of the light after passing through the second polarizer is 
I, =I, cos” (45° - 0°) =I, cos? 45° = sh cos” 45°. 
31.8 In-Class Exercise —, 


Unpolarized light with intensity P j i 
Iin = 1.87 W/m? passes through two I, =I, cos (90° - 45°) =I, cos 45°= ih cos’ 45°, 
polarizers. The emerging polarized 


The intensity of the light after passing through the third polarizer is 


A ; ; _ 2 or I, = [,/8. 

Wises he ae OTAR a The fact that = of the light’s initial intensity is transmitted is somewhat surprising be- 

polarizers? cause polarizers 1 and 3 have polarizing angles that are perpendicular to each other. Act- 
o o ing by themselves, polarizers 1 and 3 would block all of the light. Yet by adding an addi- 

ayes a) 72:7 tional obstacle (polarizer 2) between these two polarizers, + of the original intensity gets 

b) 34.6° e) 88.9° through. A series of polarizers with small differences in their polarizing angles can thus 

c) 50.2° be used to rotate the polarization direction of light with only modest losses in intensity. 

N 


31.9 In-Class Exercise 


The figure shows unpolarized light incident on polarizer 1 with polarizer angle 6, = 0° and then on polarizer 2 with polarizer angle 8, = 90°, 
which results in no light passing through. If polarizer 3 with polarizer angle 6; = 50° is placed between polarizers 1 and 2, which of the fol- 
lowing statements is true? 


Unpolarized light Unpolarized light 


Polarizer 1 Polarizer 1 


Polarizer 3 
3 = 50° 


Polarizer 2 
6, = 90° 


Polarizer 2 

6, = 90° 

a) No light passes through the three polarizers. a 

b) Less than half, but more than zero, of the light 
passes through the three polarizers. 


c) Exactly half of the light passes through the 
three polarizers. 


No light passes 


d) More than half, but not all, of the light passes 
through the three polarizers. 


e) All of the light passes through the three polarizers. 
Xx 


Applications of Polarization 


Polarization has many practical applications. Sunglasses often have a polarized coating 
that blocks reflected light, which is usually polarized. A computer’s or television's liquid 
crystal display (LCD) has an array of liquid crystals sandwiched between two polarizers 
whose polarizing angles are rotated 90° with respect to each other. Normally, the liquid 
crystal rotates the polarization of the light between the two polarizers so that light passes 
through. An array of addressable electrodes applies a varying voltage across each of the 
liquid crystals, causing the liquid crystals to rotate the polarization less, darkening the 
area covered by the electrode. The television or computer monitor screen (Figure 31.23) 
can then display a large number of picture elements, or pixels, that produce a high- 
resolution image. 

Figure 31.24a shows a top view of the layers of an LCD screen. Unpolarized light is 
emitted by a backlight. This light passes through a vertical polarizer. The polarized light 
then passes through a transparent layer of conducting pixel pads. These pads are designed 
to put varying amounts of voltage across the next layer, which is composed of liquid 
crystals, with respect to the transparent common electrode. If no voltage is applied across 
the liquid crystals, they rotate the polarization of the incident light by 90°. This light with 
rotated polarization can then pass through the transparent common electrode, the color 
filter, the horizontal polarizer, and the screen cover. When voltage of varying magnitude 
is applied to the pixel pad, the liquid crystals rotate the polarization of the incident light 
by a varying amount. When the full voltage is applied to the pixel pad, the polarization of 
the incident light is not rotated, and the horizontal polarizer blocks any light transmitted 
through the transparent common electrode and the color filter. 

Figure 31.24b shows a front view of a small segment of the LCD screen, illustrat- 
ing how the screen produces an image. The image is created by an array of pixels. Each 
pixel is subdivided into three subpixels: one red, one green, and one blue. By varying 
the voltage across each subpixel, a superposition of red, green, and blue light is created, 
producing a color on that pixel. It is difficult to connect a single wire to each subpixel, 
however. A high-definition 1080p LCD screen has 1080 times 1920 times 3 subpixels, 
or 6,220,800 subpixels. These subpixels are connected in columns and rows, as shown in 
Figure 31.24b. To turn on a subpixel, a voltage from both a column and a row must be 
applied. Thus, the subpixels are turned on one row at a time. With the voltage for one row 
on, the voltages for the subpixels in the desired columns are turned on. A small capacitor 
holds the voltage until the row is turned on again. 

A high-definition 1080p LCD screen is scanned 60 times a second, producing a com- 
plete image in each scan. On a high-definition 1080i screen, every other row of the image 
is scanned 60 times a second and then the two images are interlaced. Another high- 
definition standard is 720p, which scans 720 rows 60 times a second with a horizontal 
resolution of 1280 pixels. The 720p and 1080i standards are in common use in television 
broadcasting. The standard resolution for a television image is 480p, with 480 rows being 
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FIGURE 31.23 An LCD computer 


monitor. 


pixel pads 


Vertical polarizer 


updated 60 times a second and producing 640 columns of pixels. 
Cover E - 
Horizontal polarizer 
Color filter = eo ae = 
Common electrode 
Liquid crystal 


Backlight P Pixel 
(a) 


M 


Subpixel 
(b) 


FIGURE 31.24 (a) Top view of the layers making up an LCD screen. (b) Front view of a subset of pixels and subpixels on an LCD screen. 


1014 


Chapter 31 Electromagnetic Waves 


31.11 Derivation of the Wave Equation 


31.4 Self-Test Opportunity 


Derive the wave equation for the 
magnetic field (equation 31.33) in 
the same way as presented in Deri- 
vation 31.1 for the wave equation 
for the electric field. 


31.5 Self-Test Opportunity 


Show that E(F, t) = Emax Sin(Kx - wt)V 
and B(r, t) = Bmax Sin(kx - wt)2 are 
indeed solutions of the wave equa- 
tion for the electric and magnetic 
fields. 


Table 31.1 lists the four equations known as Maxwell’s equations in integral form. There is 
also an equivalent differential version of these equations, which is the way they are usually 
printed on T-shirts and posters: 


Viet. 
€o 
a o es 
at 
V-B=0, 


and 
Wx B= ety SE + m), 


where p is the charge density (charge q per unit volume) and j is the current density. In 
vacuum and in the absence of charges, both are zero; p = 0 and j = 0. The symbol V was 
introduced in Chapter 6 and represents the vector with the partial derivatives in each spatial 
direction. In Cartesian coordinates, it is V =(0/dx,0/dy,0/dz). 

In Section 31.4, we saw that electromagnetic waves as described by equation 31.8 are 
valid solutions to all the Maxwell equations in vacuum. However, strictly speaking, we have 
not yet written the wave equation that the electric field and the magnetic field obey. Now, 
with the aid of the differential form of Maxwell’s equations, we can derive the wave equation 


for the electric field, which is A 


- E-CV°E=0. (31.32) 
ot 
The wave equation for the magnetic field is 
2 
<,8-eV'B=0 (31.33) 
t 


DERIVATION 31.1 | Wave Equation for the Electric Field in Vacuum 


To derive the wave equation for the electric field in vacuum, we take the vector product of 
the second Maxwell equation and the gradient operator, V: 


UxVxB=-Vx FB, (i) 
On the right-hand side of equation (i), we can interchange the order of the time derivative 
and the spatial derivative: 
a 2 
E ae - E E. (ii) 
ot ot ot ar” 
The second step of this transformation makes use of the third Maxwell equation with 
j = 0, which is appropriate in vacuum. The left-hand side of equation (i) is a double 
vector product. Chapter 10 introduced the BAC-CAB rule for double vector products: 
Ax(BxC)= B(A*C)-C(AsB). Applying this rule, we find 


VXVXE=V(V:E)-VE=-VE, (iii) 


= = d 
VxB)=- 
( ) at Eo Ho 


where the first Maxwell equation (in vacuum: VE = 0) is used in the second step. The symbol 

V’ is the scalar product of the gradient operator with itself: V’ = 0°/0x° + 0°/ dy’ + 3°/ ƏZ. If 

we substitute from equations (ii) and (iii) into equation (i) and use the fact that the speed of 

light is c = 1/,/ Mo€p (equation 31.20) we obtain the desired wave equation: 

oe 1 woe Os 2m5 

E-—_VWE=—_E-2V’E=0. 

Ə Mo ot’ 

This implies that electromagnetic waves moving at the speed of light are indeed a solu- 

tion of Maxwell's equations, as discussed (but not exactly proven) in Section 31.4. 


WHAT WE HAVE LEARNED | 


When a capacitor is being charged, a displacement 
current can be visualized between the plates, given by 
iq = €)d®,/dt, where ®, is the electric flux. 


Maxwell’s equations describe how electrical charges, 
currents, electric fields, and magnetic fields affect each 


other, forming a unified theory of electromagnetism. 
e Gauss’s Law for Electric Fields, EedA = Goncl€o> 


relates the net electric flux through a closed surface 
to the net enclosed electric charge. 


BedA = 0, states 


that the net magnetic flux through any closed 
surface is zero. 


e Gauss’s Law for Magnetic Fields, 


E-ds =-d®,/dt, 
relates the induced electric field to the changing 


e Faraday’s Law of Induction, $ 


magnetic flux. 


Beds = Mo€od® p/dt + 
Koleno relates the induced magnetic field to the 
changing electric flux and to the current. 


e The Maxwell-Ampere Law, $ 


For an electromagnetic wave traveling in the positive 
x-direction, the electric and magnetic fields can 
be described by E(7,t) = Emax Sin(Kx - wt)y and 
B(F,t) = Bmax Sin (kx — wt)Z, where k = 277/A is the 
wave number and w = 27f is the angular frequency. 


The magnitudes of the electric and magnetic fields of 
an electromagnetic wave at any fixed time and place 
are related by the speed of light, E = cB. 


KEY TERMS 
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EXAM STUDY GUIDE 


The speed of light can be related to the two basic 
electromagnetic constants: c =1/,/ Uy€p. 


The instantaneous power per unit area carried by 
an electromagnetic wave is the magnitude of the 
Poynting vector S = [1/(ci19)|E’, where E is the 
magnitude of the electric field. 


The intensity of an electromagnetic wave is defined as 
the average power per unit area carried by the wave, 
T= Saye = [1/(cho)]EZn Where E,ms is the root-mean- 
square magnitude of the electric field. 


For an electromagnetic wave, the energy density 
carried by the electric field is up = +€,E°, and the 
energy density carried by the magnetic field is 

Up = [1/(2fy)]B’. For any such wave, up = up. 


The radiation pressure exerted by electromagnetic 
waves of intensity I is given by p, = I/c if the 
electromagnetic waves are totally absorbed or p, = 2I/c 
if the waves are perfectly reflected. 


The polarization of an electromagnetic wave is given 
by the direction of the electric field vector. 


The intensity of unpolarized light that has passed 
through a polarizer is I = Ip/2, where I, is the intensity 
of unpolarized light incident on the polarizer. 


The intensity of polarized light that has passed through 
a polarizer is I = I, cos?9, where I, is the intensity of 
polarized light incident on the polarizer and 6 is the 
angle between the polarization of the incident polarized 
light and the polarizing angle of the polarizer. 


Maxwell’s Law of Induction, electromagnetism, p. 996 
p. 993 electromagnetic waves, p. 996 
Maxwell-Ampere Law, plane wave, p. 997 


ultraviolet rays, p. 1001 
radio waves, p. 1001 
microwaves, p. 1001 


Poynting vector, p. 1004 
radiation, p. 1006 
plane-polarized wave, 


p. 994 electromagnetic spectrum, X-rays, p. 1002 p. 1010 
displacement current, p. 1001 gamma rays, p. 1002 unpolarized light, p. 1010 
p. 994 visible light, p. 1001 traveling electromagnetic polarizer, p. 1010 


Maxwell's equations, p. 996 infrared waves, p. 1001 waves, p. 1003 Law of Malus, p. 1011 


NEW SYMBOLS AND EQUATIONS 


2 

.  € dP, ,. E ; : 

i ==, displacement current I= Swe =—™*, average power per unit area carried by an 
t CHo 

electromagnetic wave 


27 
K= ze , wave number 


E 

S =—, magnitude of the Poynting vector, representing 
CHo 

the instantaneous power per unit area carried by an 


electromagnetic wave 
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ANSWERS TO SELF-TEST OPPORTUNITIES 


d _ 830-10'° m 


31.1 t=—= 
c 3,00-10° m/s 


=2.77-10° s=8.77 yr. 


31.2 EAA 


.00-10° 
se ee 
90.5-10° Hz 
8 
_ 3.00 10 M345 m. 


AM ~ 3 
870-10° Hz 


31.3 Deployment angle 1 will produce an elliptical orbit 
with the Sun at one focus. The force from radiation pressure 
depends on the inverse square of the distance, just as the 
force of gravity does. Thus, the orbit will become an ellipse 
just as if the mass of the Sun or the mass of the object were 
suddenly reduced slightly. Because the force is perpendicu- 


velocity of the spacecraft. Thus, the spacecraft loses energy 
and the radius of the orbit decreases. Note that the speed of 
spacecraft increases but its total energy decreases. 


31.4 Take the vector product of the gradient operator V 
and the fourth Maxwell equation: VxVXxB= Eo MAY x 25 : 


The right-hand side of this equation is 7 

Za 

=- Egh B. 
oo 2 


B 
ot 


Vx—E= VXxE)= 
Eo Mo at €oMo zí ) Eko zi 
The left-hand side is Y x VX B= V(V-B)- V>B=-V°B. 
os 2. 
31.5 —~sin(kx - wt)=-@* sin(Kx - at) 
ot’ 


and 
2 


oO ., : 
oo ~wt)=—K’ sin(Kx - af). 
x 


lar to the velocity of the satellite, the energy of the satellite is 
not affected. 


Deployment angle 2 will result in a growing orbit. The 
resulting force from the reflected light produces a compo- 
nent of force that is in the same direction as the velocity of 
the spacecraft. Thus, the spacecraft 
gains energy, and the radius of the 
orbit increases. Note that the speed 
of the spacecraft decreases, but its 
total energy increases. 


Thus, this function is a solution for c = w/k. 


Deployment angle 3 will result in a 
shrinking orbit. The resulting force 
from the reflected light produces 

a component of force that is in 

the opposite direction from the 


Angle 1 


Angle 2 Angle 3 


PROBLEM-SOLVING PRACTICE 


| Problem-Solving Guidelines 
1. The same basic relationships that characterize any waves 
apply to electromagnetic waves. Remember that c = Af and 
w = ck, where cis the speed of an electromagnetic wave. Review 
Chapter 15 if necessary. 


2. It is often helpful to draw a diagram showing the direction 
of the wave motion and the orientation of both electric and 
magnetic fields. Remember the relationships between E and B 
for both magnitude and directions, including E/B = (m€) = c 
for electromagnetic waves. 


SOLVED PROBLEM 31.2 [Multiple Polarizers 
== ————” 


Suppose you have light polarized in the vertical direction and want to rotate the polar- 
ization to the horizontal direction (0 = 90.0°). If you pass the vertically polarized light 
through a polarizer whose polarization angle is horizontal, all the light will be blocked. 
If, instead, you use a series of ten polarizers, each of which has a polarizing angle 6 that 
is 9.00° more than that of the preceding one, with the first polarizer having 6 = 9.00°, you | 
can rotate the polarization by 90.0° and still have light passing through. 


PROBLEM 
What fraction of the intensity of the incident light is transmitted through the ten 
polarizers? 


SOLUTION 


THINK 
Each polarizer is rotated 9.00° from the preceding polarizer. Thus, each polarizer trans- 
mits a fraction of the intensity equal to f= cos”9°. The fraction transmitted is then f '°. 


SKETCH 
Figure 31.25 shows the direction of the initial polarization and the orientations of the ten 
polarizers. 
A0 = 9° 
Incident 
polarization 9° 18° 27° 36° . 90° 


(tp F y y Aera 


FIGURE 31.25 The direction of the polarization of the incident light and the direction of the 
polarizing angles of ten polarizers. 


RESEARCH 
The intensity, I, of polarized light passing through a polarizer whose polarizing direction 
makes an angle 6 with the polarization of the incident light is given by 


I=h cos*0, 


where I, is the intensity of the incident polarized light. In this case, the polarizing direc- 
tion of each successive polarizer is A0 = 9° larger than the polarizing direction of the 
preceding polarizer. Thus, each polarizer reduces the intensity by the factor 


L cos’ A9. 
0 

SIMPLIFY 
The reduction in intensity after the light has passed through ten polarizers, each with its 
polarization direction differing from that of the preceding polarizer by A0 is 

10 
ho _ [cos*a 6) 
h 


CALCULATE 


Putting in the numerical values, we get 


10 
do = (cos?) = 0.780546. 
0 
ROUND 
We report our result to three significant figures: 


£ =0.781 = 78.1%. 


0 


DOUBLE-CHECK 

Using ten polarizers, each rotated by 9° more than the preceding one, the polarization 
of the incident polarized light was rotated by 90° and 78.1% of the light was transmitted, 
whereas using one polarizer rotated by 90° would have blocked all of the incident light. 
To see if our answer is reasonable, lets assume that instead of ten polarizers, we use n 
polarizers, each rotated by an angle A0 = 0 max/ where Omax = 90°. For each polarizer, 
the angle between that polarizer and the preceding polarizer is small, so we can use the 
small-angle approximation for cosA@ to write 


Continued— 
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The intensity of the light that passes through the n polarizers is then 
s\ 2n 

Onax” 

(Bax!) | _ i Ee | | 


2n? 


For large n, I 
= ~1=100%. 

lo 

Using ten polarizers to rotate the polarization of the incident polarized light allowed 78.1 % 
of the light to pass. Using more polarizers with smaller changes in the polarization direction 
would allow the transmission to approach 100%. Thus, our result seems reasonable. 


SOLVED PROBLEM 31.3 (Laser-Powered Sailing 
ee 


One idea for propelling long-range spacecraft involves using a high-powered laser beam, 
rather than sunlight, focused on a large totally reflecting sail. The spacecraft could then be 
propelled from Earth. Suppose a 10.0-GW laser could be focused at long distances. The 
spacecraft has a mass of 200.0 kg, and its reflecting sail is large enough to intercept all of 
the light emitted by the laser. 


PROBLEM 
Neglecting gravity, how long would it take the spacecraft to reach a speed of 30.0% of the 
speed of light, starting from rest? 


SOLUTION 
THINK 


The radiation pressure from the laser produces a constant force on the spacecraft, result- 
ing in a constant acceleration. Using the constant acceleration, we can calculate the time 
to reach the final speed starting from rest. 


SKETCH 
Figure 31.26 is a diagram of a laser focusing light on the spacecraft with a totally reflect- 
ing sail. 

Spacecraft 


Laser 
= H => 


v 


FIGURE 31.26 A laser focusing its light on a spacecraft with a totally reflecting sail. 


RESEARCH 
The radiation pressure, p,, from the light with intensity I produced by the laser is 
e 
i ig c s 


Pressure is defined as force, F, per unit area, A, of the spot the beam produces on the sail, 


so we can write 
2I_ F 


c A 


The intensity of the laser is given by the power, P, of the laser divided by the spot’s 
area, A. Assuming that the sail of the spacecraft can intercept the entire laser beam, we 


can write 
F_ 2( P/A) 
Ac. 


Solving for the force exerted by the laser beam on the sail and using Newton’s Second 


Law, we can write 


c 


F ma. (i) 


Multiple-Choice Questions 


SIMPLIFY 
We can solve equation (i) for the acceleration: 
2P 
a=—. 
mc 


Assuming that all the power of the laser remains focused on the sail of the spacecraft, the 
spacecraft will experience a constant acceleration. Then, the final speed, v, of the space- 
craft can be related to the time it takes to reach that speed through 

v =at =0.300c. 


Solving for the time gives us 
p 0300c _ 0.300mc 
2P/mc 2P ` 


CALCULATE 


Putting in the numerical values gives us 


2 

2 0.300(200.0 kg (3.00 -10° m/s) 
0300m. _ 0.300(200.0 kg){3.00-10° m/s) = 270,000,000 s. 
2P 2(10.0-10 w) 


ROUND 
We report our result to three significant figures: 
t = 270,000,000 s = 8.56 yr. 


DOUBLE-CHECK 
To double-check our result, we calculate the acceleration of the spacecraft: 


9 
ap _2{10.0-10” w) 


me (200 kg)(3.00-10* m/s) 


=0.333 m/s’. 


This acceleration is 3% of the acceleration due to gravity at the surface of the Earth. This 
acceleration is produced by a laser with 10 times the power of a typical power station, which 
must run continuously for 8.56 yr. The distance the spacecraft will travel during that time is 


2 
x= Lat? = 1(0.333 m/s* (2.70 -10° s) =1.21-10 m =1.28 light year, 


| which is slightly more than 14 times the distance light travels in a year. The laser must re- 


main focused on the spacecraft at this distance. Thus, although our calculations seem rea- 
sonable, the requirements for a laser-driven spacecraft with sail seem difficult to achieve. 
In Chapter 35, we'll see that we must modify this calculation because the speed involved 
is a significant fraction of the speed of light. 


C 


1019 


MULTIPLE-CHOICE QUESTIONS 


31.1 Which of the following phenomena can be observed for 
electromagnetic waves but not for sound waves? 


a) interference 
b) diffraction 
c) polarization 


d) absorption 
e) scattering 


31.2 Which of the following statements concerning 
electromagnetic waves are incorrect? (Select all that apply.) 
a) Electromagnetic waves in vacuum travel at the speed of light. 


b) The magnitudes of the electric field and the magnetic field 
are equal. 


c) Only the electric field vector is perpendicular to the 
direction of the wave’s propagation. 


d) Both the electric field vector and the magnetic field vector 
are perpendicular to the direction of propagation. 

e) An electromagnetic wave carries energy only when E = B. 
31.3 The international radio station Voice of Slobbovia 
announces that it is “transmitting to North America on the 
49-meter band” Which frequency is the station transmitting on? 
a) 820 kHz 
b) 6.12 MHz 
c) 91.7 MHz 


d) The information given 
tells nothing about the 
frequency. 
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31.4 Which of the following exerts the largest amount of 
radiation pressure? 

a) a 1-mW laser pointer on a 2-mm-diameter spot 1 m away 
b) a200-W light bulb on a 4-mm-diameter spot 10 m away 
c) a 100-W light bulb on a 2-mm-diameter spot 4 m away 
d) a 200-W light bulb on a 2-mm-diameter spot 5 m away 
e) All of the above exert the same pressure. 


31.5 What is the direction of the net force on the moving 
positive charge in the figure? ste 


a) into the page c) out of the page B 
b) toward the right d) toward the left ofe-—— 
31.6 A proton moves perpendicularly to crossed electric 

and magnetic fields as shown in the figure. What is the 
direction of the net force on the proton? 

a) toward the left B 

b) toward the right 
c) into the page 


® eAogo æ 
d) out of the page E 

e eje æ 

e eje æ 


QUESTIONS 


31.9 In a polarized light experiment, a setup similar to the 
one in Figure 31.22 is used. Unpolarized light with intensity 
Iis incident on polarizer 1. Polarizers 1 and 3 are crossed 
(at a 90° angle), and their orientations are fixed during the 
experiment. Initially, polarizer 2 has its polarizing angle at 
45°. Then, at time t = 0 s, polarizer 2 starts to rotate with an- 
gular velocity w about the direction of propagation of light 
in a clockwise direction as viewed by an observer looking 
toward the light source. A photodiode is used to monitor 
the intensity of the light emerging from polarizer 3. 


a) Determine an expression for this intensity as a function 
of time. 


b) How would the expression from part (a) change if 
polarizer 2 were rotated about an axis parallel to the 
direction of propagation of the light but displaced by a 


distance d < R, where R is the radius of the polarizer? 


31.10 A dipole antenna is A 


located at the origin with its 

axis along the z-axis. As electric 

current oscillates up and down 

the antenna, polarized electro- A 
magnetic radiation travels away 
from the antenna along the 
positive y-axis. What are the possible directions of electric 
and magnetic fields at point A on the y-axis? Explain. 


x 


31.7 Itis speculated that isolated magnetic “charges” 
(magnetic monopoles) may exist somewhere in the 
universe. Which of Maxwell’s equations, (1) Gauss’s Law 
for Electric Fields, (2) Gauss’s Law for Magnetic Fields, 

(3) Faraday’s Law of Induction, and/or (4) the Maxwell- 
Ampere Law, would be altered by the existence of magnetic 
monopoles? 


a) only (2) c) (2) and (3) 
b) (1) and (2) d) only (3) 


31.8 According to Gauss’s Law for Magnetic Fields, all 
magnetic field lines form a complete loop. Therefore, the 


direction of the magnetic field B points from pole 
to pole outside of an ordinary bar magnet and from 
pole to pole inside the magnet. 


a) north, south, north, south 
b) north, south, south, north 
c) south, north, south, north 
d) south, north, north, south 


31.11 Does the information in Section 31.10 affect the 
answer to Example 31.2 regarding the root-mean-square 
magnitude of electric field at the Earth’s surface from the Sun? 


31.12 Maxwell’s equations predict that there are no mag- 
netic monopoles. If these monopoles existed, how would the 
motion of charged particles change as they approached such 
a monopole? 


31.13 Iftwo communication signals were sent at the same 
time to the Moon, one via radio waves and one via visible 
light, which one would arrive at the Moon first? 


31.14 Show that Ampere’s Law is not necessarily consistent 
if the surface through which the flux is to be calculated is a 
closed surface, but that the Maxwell-Ampere Law always is. 
(Hence, Maxwell’s introduction of his law of induction and 
the displacement current are not optional; they are logically 
necessary.) Show also that Faraday’s Law of Induction does 
not suffer from this consistency problem. 


31.15 Maxwell’s equations and Newton's laws of motion are 
mutually inconsistent; the great edifice of classical physics is 
fatally flawed. Explain why. 


31.16 Practically everyone who has studied the electromag- 
netic spectrum has wondered how the world would appear 

if we could see over a range of frequencies of the ten octaves 
over which we can hear rather than the less than one octave 


over which we can see. (An octave refers to a factor of 2 in 
frequency.) But this is fundamentally impossible. Why? 


31.17 Electromagnetic waves from a small, isotropic 
source are not plane waves, which have constant maximum 
amplitudes. 


a) How does the maximum amplitude of the electric field of 
radiation from a small, isotropic source vary with distance 
from the source? 


b) Compare this with the electrostatic field of a point charge. 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One e and two ee 
indicate increasing level of problem difficulty. 


Section 31.1 


31.20 An electric field of magnitude 200.0 V/m is directed 
perpendicular to a circular planar surface with radius 6.00 cm. 
If the electric field increases at a rate of 10.0 V/(m s), de- 
termine the magnitude and the direction of the magnetic 
field at a radial distance 10.0 cm away from the center of the 
circular area. 


e31.21 A wire of radius 1.0 mm carries a current of 20.0 A. 
The wire is connected to a parallel plate capacitor with cir- 
cular plates of radius R = 4.0 cm and a separation between 
the plates of s = 2.0 mm. What is the magnitude of the mag- 
netic field due to the changing electric field at a point that is 
a radial distance of r = 1.0 cm from the center of the parallel 
plates? Neglect edge effects. 


°31.22 The current flowing in a solenoid that is 20.0 cm 
long and has a radius of 2.00 cm and 500 turns decreases 
from 3.00 A to 1.00 A in 0.1.00 s. Determine the magnitude 
of the induced electric field inside the solenoid 1.00 cm 
from its center. 


Section 31.2 


31.23 A parallel plate capacitor has air between disk-shaped 
plates of radius 4.0 mm that are coaxial and 1.0 mm apart. 
Charge is being accumulated on the plates of the capacitor. 
What is the displacement current between the plates at an 
instant when the rate of charge accumulation on the plates is 
10.0 uC/s? 


31.24 A parallel plate capacitor has circular plates of ra- 
dius 10.0 cm that are separated by a distance of 5.0 mm. The 
potential across the capacitor is increased at a constant rate 
of 1200 V/s. Determine the magnitude of the magnetic field 
between the plates at a distance r = 4.0 cm from the center. 


31.25 The voltage across a cylindrical conductor of radius 
r, length L, and resistance R varies with time. The time- 
varying voltage causes a time-varying current, i, to flow 

in the cylinder. Show that the displacement current equals 
€,pdi/dt, where p is the resistivity of the conductor. 
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31.18 A pair of sunglasses is held in front of a flat-panel 
computer monitor (which is on) so that the lenses are 
always parallel to the display. As the lenses are rotated, it is 
noticed that the intensity of light coming from the display 
and passing through the lenses is varying. Why? 


31.19 Two polarizing filters are crossed at 90°, so when 
light is shined from behind the pair of filters, no light passes 
through. A third filter is inserted between the two, initially 
aligned with one of them. Describe what happens as the 
intermediate filter is rotated through an angle of 360°. 


Section 31.5 


31.26 The amplitude of the electric field of an electro- 
magnetic wave is 250 V/m. What is the amplitude of the 
magnetic field of the electromagnetic wave? 


31.27 Determine the distance in feet that light can travel in 
vacuum during 1.00 ns. 


31.28 How long does it take light to travel from the Moon 
to the Earth? From the Sun to the Earth? From Jupiter to the 
Earth? 


31.29 Alice made a telephone call from her home telephone 
in New York to her fiancé stationed in Baghdad, about 
10,000 km away, and the signal was carried on a telephone 
cable. The following day, Alice called her fiancé again from 
work using her cell phone, and the signal was transmitted 
via a satellite 36,000 km above the Earth's surface, halfway 
between New York and Baghdad. Estimate the time taken 
for the signals sent by (a) the telephone cable and (b) via the 
satellite to reach Baghdad, assuming that the signal speed in 
both cases is the same as speed of light, c. Would there be a 
noticeable delay in either case? 


31.30 Electric and magnetic fields in many materials can be 
analyzed using the same relationships as for fields in vacuum, 
only substituting relative values of the permittivity and the 
permeability, € = Key and u = K „kto for their vacuum values, 
where x is the dielectric constant and K the relative perme- 
ability of the material. Calculate the ratio of the speed of 
electromagnetic waves in vacuum to their speed in such a 
material. 


Section 31.6 


31.31 The wavelength range for visible light is 400 nm to 
700 nm (see Figure 31.10) in air. What is the frequency 
range of visible light? 


31.32 The antenna of a cell phone is a straight rod 8.0 cm 
long. Calculate the operating frequency of the signal from 
this phone, assuming that the antenna length is + of the 
wavelength of the signal. 


e31.33 Suppose an RLC circuit in resonance is used to 
produce a radio wave of wavelength 150 m. If the circuit has 
a 2.0-pF capacitor, what size inductor is used? 
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31.34 Three FM radio stations covering the same geo- 
graphical area broadcast at frequencies 91.1, 91.3, and 

91.5 MHz, respectively. What is the maximum allowable 
wavelength width of the band-pass filter in a radio receiver 
so that the FM station 91.3 can be played free of interfer- 
ence from FM 91.1 or FM 91.5? Use c = 3.00-10° m/s, and 
calculate the wavelength to an uncertainty of 1 mm. 


Section 31.8 


31.35 A monochromatic point source of light emits 1.5 W 
of electromagnetic power uniformly in all directions. Find 
the Poynting vector at a point situated at each of the follow- 
ing locations: 


a) 0.30 m from the source 
b) 0.32 m from the source 
c) 1.00 m from the source 


31.36 Consider an electron in a hydrogen atom, which is 
0.050 nm from the proton in the nucleus. 


a) What electric field does the electron experience? 
b) In order to produce an electric field whose root-mean- 


square magnitude is the same as that of the field in part (a), 
what intensity must a laser light have? 


31.37 A 3.00-kW carbon dioxide laser is used in laser weld- 
ing. If the beam is 1.00 mm in diameter, what is the ampli- 
tude of the electric field in the beam? 


31.38 Suppose that charges on a dipole antenna oscillate 
slowly at a rate of 1.00 cycle/s, and the antenna radiates 
electromagnetic waves in a region of space. If someone 
measured the time-varying magnetic field in the region 

and found its maximum to be 1.00 mT, what would be the 
maximum electric field, F, in the region, in units of volts per 
meter? What is the period of the charge oscillation? What is 
the magnitude of the Poynting vector? 


31.39 Calculate the average value of the Poynting vector, 
Sawo for an electromagnetic wave having an electric field of 
amplitude 100. V/m. 


a) What is the average energy density of this wave? 
b) How large is the amplitude of the magnetic field? 


31.40 The most intense beam of light that can propagate 
through dry air must have an electric field whose maximum 
amplitude is no greater than the breakdown value for air: 
E*" =3.0-10° V/m, assuming that this value is unaffected 
by the frequency of the wave. 


a) Calculate the maximum amplitude the magnetic field of 
this wave can have. 


b) Calculate the intensity of this wave. 
c) What happens to a wave more intense than this? 


ee31.41 A continuous-wave (cw) argon-ion laser beam 

has an average power of 10.0 W and a beam diameter of 
1.00 mm. Assume that the intensity of the beam is the same 
throughout the cross section of the beam (which is not 
true, as the actual distribution of intensity is a Gaussian 
function). 


a) Calculate the intensity of the laser beam. Compare this 
with the average intensity of sunlight at Earth’s surface 
(1400. W/m”). 

b) Find the root-mean-square electric field in the laser beam. 
c) Find the average value of the Poynting vector over time. 
d) Ifthe wavelength of the laser beam is 514.5 nm in 
vacuum, write an expression for the instantaneous Poynting 
vector, where the instantaneous Poynting vector is zero at 
t=Oandx=0. 

e) Calculate the root-mean-square value of the magnetic 
field in the laser beam. 


ee31.42 A voltage, V, is applied across a cylindrical con- 
ductor of radius r, length L, and resistance R. As a result, 

a current, i, is flowing through the conductor, which gives 
rise to a magnetic field, B. The conductor is placed along the 
y-axis, and the current is flowing in the positive y-direction. 
Assume that the electric field is uniform throughout the 
conductor. 


a) Find the magnitude and the direction of the Poynting 
vector at the surface of the conductor. 


b) Show that f SedÄ = PR. 


Section 31.9 

31.43 Radiation from the Sun reaches the Farth at a rate of 
1.40 kW/m? above the atmosphere and at a rate of 1.00 kW/m? 
on an ocean beach. 


a) Calculate the maximum values of E and B above the 
atmosphere. 

b) Find the pressure and the force exerted by the radiation on 
a person lying flat on the beach who has an area of 0.750 m? 
exposed to the Sun. 


31.44 Scientists have proposed using the radiation pressure 
of sunlight for travel to other planets in the Solar System. 

If the intensity of the electromagnetic radiation produced 
by the Sun is about 1.40 kW/m’ near the Earth, what size 
would a sail have to be to accelerate a spaceship with a mass 
of 10.0 metric tons at 1.00 m/s”? 


a) Assume that the sail absorbs all the incident radiation. 


b) Assume that the sail perfectly reflects all the incident 
radiation. 


31.45 A solar sail is a giant circle (with a radius R = 10.0 km) 
made of a material that is perfectly reflecting on one side 
and totally absorbing on the other side. In deep space, 

away from other sources of light, the cosmic microwave 
background will provide the primary source of radiation 
incident on the sail. Assuming that this radiation is that of 
an ideal black body at T = 2.725 K, calculate the net force on 
the sail due to its reflection and absorption. 


e31.46 Two astronauts are at rest in outer space, one 20.0 m 
from the Space Shuttle and the other 40.0 m from the 

shuttle. Using a 100.0-W laser, the astronaut located 40.0 m 
away from the shuttle decides to propel the other astronaut 
toward the Space Shuttle. He focuses the laser on a piece of 


totally reflecting fabric on her space suit. If her total mass 
with equipment is 100.0 kg, how long will it take her to 
reach the Space Shuttle? 


31.47 A laser that produces a spot of light that is 1.00 mm 
in diameter is shone perpendicularly on the center of a thin, 
perfectly reflecting circular (2.00 mm in diameter) aluminum 
plate mounted vertically on a flat piece of cork that floats on 
the surface of the water in a large beaker. The mass of this 
“sailboat” is 0.100 g, and it travels 2.00 mm in 63.0 s. Assum- 
ing that the laser power is constant in the region where the 
sailboat is located during its motion, what is the power of the 
laser? (Neglect air resistance and the viscosity of water.) 


°31.48 A tiny particle of density 2000. kg/m’ is at the same 
distance from the Sun as the Earth is (1.50-10'! m). Assume 
that the particle is spherical and perfectly reflecting. What 
would its radius have to be for the outward radiation pres- 
sure on it to be 1.00% of the inward gravitational attraction 
of the Sun? (Take the Sun’s mass to be 2.00- 10°” kg.) 


31.49 Silica aerogel, an extremely porous, thermally 
insulating material made of silica, has a density of 

1.00 mg/cm’. A thin circular slice of aerogel has a diam- 
eter of 2.00 mm and a thickness of 0.10 mm. 

a) What is the weight of the aerogel slice (in newtons)? 

b) What is the intensity and radiation pressure of a 5.00-mW 
laser beam of diameter 2.00 mm on the sample? 

c) How many 5.00-mW lasers with a beam diameter of 
2.00 mm would be needed to make the slice float in the 
Earth’s gravitational field? Use g = 9.81 m/s’. 


Section 31.10 


31.50 Two polarizers are out of alignment by 30.0°. If light 
of intensity 1.00 W/m’ and initially polarized halfway be- 

tween the polarizing angles of the two filters passes through 
the two filters, what is the intensity of the transmitted light? 


31.51 A 10.0-mW vertically polarized laser beam passes 
through a polarizer whose polarizing angle is 30.0° from 
the horizontal. What is the power of the laser beam when it 
emerges from the polarizer? 


31.52 Unpolarized light of intensity I) is incident on a se- 
ries of five polarizers, each rotated 10.0° from the preceding 
one. What fraction of the incident light will pass through 
the series? 


31.53 A laser produces light that is polarized in the verti- 
cal direction. The light travels in the positive y-direction and 
passes through two polarizers, which have polarizing angles 
of 35.0° and 55.0° from the vertical, as shown in the figure. 
The laser beam is collimated (neither converging nor expand- 
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ing), has a circular cross section with a diameter of 1.00 mm, 
and has an average power of 15.0 mW at point A. At point 
C, what are the magnitudes of the electric and magnetic 
fields, and what is the intensity of the laser light? 


Additional Problems 


31.54 A laser beam takes 50.0 ms to be reflected back from 
a totally reflecting sail on a spacecraft. How far away is the 
sail? 


31.55 A house with a south-facing roof has photovol- 
taic panels on the roof. The photovoltaic panels have an 
efficiency of 10.0% and occupy an area with dimensions 
3.00 m by 8.00 m. The average solar radiation incident on 
the panels is 300. W/m’, averaged over all conditions for a 
year. How many kilowatt hours of electricity will the solar 
panels generate in a 30-day month? 


31.56 What is the radiation pressure due to Betelgeuse 
(which has a luminosity, or power output, 10,000 times that of 
the Sun) at a distance equal to that of Uranus’s orbit from it? 


31.57 A 200.-W laser produces a beam with a cross-sectional 
area of 1.00 mm? and a wavelength of 628 m. What is the 
amplitude of the electric field in the beam? 


31.58 What is the wavelength of the electromagnetic waves 
used for cell phone communications in the 850-MHz band? 


31.59 As shown in the figure, sunlight is coming straight 
down (negative z-direction) on a solar panel (of length 

L = 1.40 m and width W = 0.900 m) on the Mars rover Spir- 
it. The amplitude of the electric field in the solar radiation 

is 673 V/m and is uniform (the radiation has the same am- 
plitude everywhere). 
If the solar panel 

has an efficiency of 
18.0% in convert- 
ing solar radiation 
into electrical power, 
how much average 
power can the panel 
generate? 


31.60 A 14.9-F capacitor, a 24.3-kO resistor, a switch, and 
a 25.-V battery are connected in series. What is the rate of 
change of the electric field between the plates of the capaci- 
tor at t = 0.3621 s after the switch is closed? The area of the 
plates is 1.00 cm’. 


31.61 A focused 300-W spotlight delivers 40% of its light 
within a circular area with a diameter of 2 m. What is the 
average root-mean-square electric field in this illuminated 
area? 


Zz 


oe 


31.62 What is the electric field amplitude of an electromag- 
netic wave whose magnetic field amplitude is 5.00- 10° T? 


31.63 What is the distance between successive heating 
antinodes in a microwave oven's cavity? A microwave oven 
typically operates at a frequency of 2.4 GHz. 
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31.64 The solar constant measured by Earth satellites is 
roughly 1400 W/m’. 

a) Find the maximum electric field of the electromagnetic 
radiation from the Sun. 

b) Find the maximum magnetic field of these 
electromagnetic waves. 


e31.65 The peak electric field at a distance of 2.25 m froma 
light bulb is 21.2 V/m. 


a) What is the peak magnetic field there? 
b) What is the power output of the bulb? 


31.66 If the peak electric field due to a star whose radius 
is twice that of the Sun is 0.015 V/m at a distance of 15 AU, 
what is its temperature? Treat the star as a blackbody. 


31.67 A 5.00-mW laser pointer has a beam diameter of 
2.00 mm. 


a) What is the root-mean-square value of the electric field 
in this laser beam? 

b) Calculate the total electromagnetic energy in 1.00 m of 
this laser beam. 


e31.68 At the surface of the Earth, the Sun delivers an esti- 
mated 1.00 kW/m’ of energy. Suppose sunlight hits a 10.0 m 
by 30.0 m roof at an angle of 90.0°. 


a) Estimate the total power incident on the roof. 
b) Find the radiation pressure on the roof. 


°31.69 The National Ignition Facility has the most powerful 
laser in the world, using 192 lasers to aim 500. TW of power 
at a spherical pellet of diameter 2.00 mm. How fast would a 
pellet of density 2.00 g/cm’ move if only a single laser hits it 
and 1.00% of the light is reflected? 


31.70 A resistor consists of a solid cylinder of radius r 
and length L. The resistor has resistance R and is carrying 
current i. Use the Poynting vector to calculate the power 
radiated out of the surface of the resistor. 

31.71 What is the Poynting vector at a distance of 12.0 km 
from a radio tower that transmits 3.00- 10* W of power? 
Assume that the radio waves that hit the Earth are reflected 
back into space. 

a) Are the radio waves coming from this transmitter 
polarized or not? 

b) What is the root-mean-square value of the electric force 
on an electron at this location? 


¢31.72 Quantum theory says that electromagnetic waves 
actually consist of discrete packets—photons—each with en- 
ergy E = hw, where ñ =1.054573-10™ J s is Planck’s reduced 
constant and w is the angular frequency of the wave. 

a) Find the momentum ofa photon. 

b) Find the angular momentum of a photon. Photons 

are circularly polarized; that is, they are described by a 
superposition of two plane-polarized waves with equal 
field amplitudes, equal frequencies, and perpendicular 
polarizations, one-quarter of a cycle (90° or 77/2 rad) out 
of phase, so the electric and magnetic field vectors at any 
fixed point rotate in a circle with the angular frequency 

of the waves. It can be shown that a circularly polarized 
wave of energy U and angular frequency w has an angular 
momentum of magnitude L = U/w. (The direction of the 
angular momentum is given by the thumb of the right hand, 
when the fingers are curled in the direction in which the 
field vectors circulate.) 

c) The ratio of the angular momentum of a particle to h 

is its spin quantum number. Determine the spin quantum 
number of the photon. 


¢31.73 A microwave operates at 250. W. Assuming that the 
waves emerge from a point source emitter on one side of the 
oven, how long does it take to melt an ice cube 2.00 cm on 

a side that is 10.0 cm away from the emitter if 10.0% of the 
photons are absorbed by the cube? How many photons of 
wavelength 10.0 cm hit the ice cube per second? Assume a 
cube density of 0.960 g/cm’. 


°31.74 An industrial carbon dioxide laser produces a beam 
of radiation with average power of 6.00 kW at a wavelength 

of 10.6 um. Such a laser can be used to cut steel up to 25 mm 
thick. The laser light is polarized in the x-direction, trav- 

els in the positive z-direction, and is collimated (neither 
diverging or converging) at a constant diameter of 100.0 um. 
Write the equations for the laser light’s electric and magnetic 
fields as a function of time and of position z along the beam. 
Recall that E and B are vectors. Leave the overall phase 
unspecified, but be sure to check the relative phase between 
E and B. 
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FIGURE 32.1 Primary and secondary rainbows formed by refraction and reflec- 
tion of light in raindrops over Ka'anapali Beach on Maui, Hawaii. 
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WHAT WE WILL LEARN 
a 


= In cases where the wavelength is small compared to = Snell’s Law states that the product of the index 
other length scales in a physical system, light waves of refraction of the medium of the incident light 
can be modeled by light rays, moving on straight- ray times the sine of the angle of incidence on the 
line trajectories and representing the direction of a boundary is equal to the product of the index of 
propagating light wave. refraction of the medium of the refracted light ray 


AT ; i he sine of th le of th itted light. 
= The law of reflection states that the angle of incidence is Barge ooo) he iple of the transmitted ighi 


equal to the angle of reflection. = When light crosses the boundary between two 
media, and the index of refraction of the second 
medium is less than the index of refraction of the 
first medium, there is a critical angle of incidence 
above which refraction cannot take place, where 
instead the light is totally reflected. 


= Mirrors can focus light and produce images governed 
by the mirror equation, which states that the inverse of 
the object distance plus the inverse of the image distance 
equals the inverse of the focal length of the mirror. 


= Light is refracted (changes direction) when it is incident 
on a boundary between two optically transparent media. 


The study of light is divided into three fields: geometric optics, wave optics, and quantum 
optics. In Chapter 31 we learned that light is an electromagnetic wave, and in Chapter 34 
we will deal with the wave properties of light. This chapter discusses geometric optics, in 
which light is characterized as rays. Quantum optics makes use of the fact that light is quan- 
tized, its energy localized in point particles called photons (Chapters 36 and 37). 

Rainbows (Figure 32.1) can be seen only when there are water droplets in the air and 
the Sun is behind the observer. Why is that? The reason has to do with how raindrops reflect 
and refract light—the two optical processes that are the main subjects of this chapter. 

We have seen that light is a wave, but in this chapter we will examine systems in which 
its wavelength is small as compared to other physical dimensions of the system. Then we 
can ignore the wave character of light and consider only how light travels through air—or 
glass, or water, or any other medium. It turns out that thinking about light in this way is 
enough to explain the optics of mirrors, lenses, and other optical devices, including prisms 
and even rainbows. Later, in Chapter 34, we will examine systems in which the wavelength 
is not negligibly small and see how that gives rise to other optical effects. 

This chapter primarily considers visible light, but keep in mind that the laws of reflec- 
tion, refraction, and image formation also apply to other kinds of electromagnetic waves. 
For instance, many useful properties of radio waves are based on reflection and refraction. 


32.1 Light Rays and Shadows 


In Chapter 31 we saw that electromagnetic waves spread spherically from a point 
source. The concentric yellow spheres in Figure 32.2 represent the spreading of spher- 
ical wave fronts of the light emitted from a light bulb. (A front is a locus of points 
that have the same instantaneous value for the electric field.) The black arrows are the 
light rays, which are perpendicular to the wave fronts at every point in space and 
point in the direction of propagation of the light. The undulating red lines represent 
the oscillating electric field. 

Light waves far away from their source can be treated as plane waves whose 
wave fronts are traveling in a straight line (Figure 32.3). These traveling planes can 
be further represented by parallel vectors or arrows perpendicular to the surface 
of the planes. In this chapter, we will treat light as a ray traveling in a straight line 
while in one homogeneous medium. Viewing light as rays will enable us to analyze 
and solve a broad range of practical problems, both geometrically and by means of 
FIGURE 32.2 Light spreading from a various constructions. 
source. Yellow: spherical wave fronts; red: Everyday experience tells us that light travels in a straight line. We cannot easily 
oscillating electric field; black: rays. see that light has a wave structure or a quantum structure. The reason for this is simply 
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FIGURE 32.3 Planes representing wave fronts of a traveling light FIGURE 32.4 Light shining through an opening onto a screen. 


wave. The red sinusoidal oscillations represent the oscillating electric 
or magnetic field. The black arrows are the corresponding light rays 
that are always perpendicular to the wave front. 


that the wavelengths of visible light (400-700 nm) are small compared to the structures 
that form our everyday experiences. (The few notable exceptions, like soap films, will be 
discussed in Chapter 34.) 

A person standing outside in the bright sunshine sees shadows cast by objects in the 
sunlight. The edges of the shadows appear reasonably sharp, so the person theorizes that 
light travels in straight lines and the objects block the light rays from the Sun when they 
strike the object. A shadow is created where light is intercepted, while bright areas are cre- 
ated where the unintercepted light continues in straight lines and strikes the ground or 
other surface. The shadow is not completely black, because light scatters from other sources 
and partially illuminates the shadowed area. And the edge of the shadow is also not com- 
pletely sharp, because the Sun has a diameter that is not negligible. But still, the creation of 
shadows lends credibility to the hypothesis of straight-line motion of light. 

This observation can be made in a more controlled manner by placing a piece of card- 
board containing a small hole in front of a bright projector light bulb (Figure 32.4). This 
produces a round bright spot on the screen (the image). A smaller hole produces a smaller 
image on the screen. A larger hole produces a larger image. 

If the size of the light source is small enough (“pointlike”), the similar triangles in Fig- 
ure 32.4 can be used to find the relationship between the size of the hole (r), the size of the 
image (R), the distance between light source and the hole (d), and the distance between the 
hole and the screen (D): 

a (32.1) 
d d+D 


This equation is sometimes referred to as the law of rays. 


SOLVED PROBLEM 32.1 ( Shadow of a Ball 


The light from a small light bulb creates a shadow of a ball on a wall. The diameter of the 
ball is 14.3 cm and the diameter of the shadow of the ball on the wall is 27.5 cm. The ball 
is 1.99 m away from the wall. 


PROBLEM 
How far is the light bulb from the wall? 
SOLUTION 


THINK 
The light bulb is small, which means that we can neglect its size and treat it as a point 
source. The triangle formed by the light bulb and the ball is similar to the triangle formed 
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by the light bulb and the shadow. The distance from the ball to the wall is given, so we can 
solve for the distance from the light bulb to the ball, add that distance to the distance of 
the ball from the wall, and obtain the distance of the light bulb from the wall. 


Light bulb Ball Wall SKETCH 
i d oe D Figure 32.5 shows a sketch of a light bulb casting a shadow of a ball 
l on a wall. 
| 
RESEARCH 


Vee Sl 


| y The triangle formed by the light bulb and the ball is similar to the 
triangle formed by the light bulb and the shadow. Using equation 32.1 
we can write 


FIGURE 32.5 A light bulb casts a shadow of a ball on a wall. r R 


TaD 
where r is the radius of the ball, R is the radius of the shadow cast on the wall, d is the 
distance of the light bulb from the ball, and D is the distance of the ball from the wall. 


SIMPLIFY 
We can rearrange the law of rays to obtain 


doe 
r 


Collecting the terms involving the distance from the light bulb to the ball on the left side 


gives us 
R 
I= 
F 


d =-D. 


Solving for the distance from the light bulb to the ball leads to 
D rD 


Ra Rey 


7 
The distance of the light bulb from the wall dightpu is then 
rD 


R-r 


+D. 


diightbulb =4 + D = 
CALCULATE 
Putting in our numerical values gives us 


D g (1.99 m)(0.143 m) 
R-r (0.275 m)- (0.143 m) 


diightbulb = +1.99 m =2.15583 +1.99 = 4.14583 m. 


ROUND 
We report our result to three significant figures, 


diightbulb =4.15 m. 
DOUBLE-CHECK 
To double-check our result, we calculate the ratio of r/d and compare that result with the ra- 


tio R/(d + D), which must be equal according to the law of rays, equation 32.1. We note from 
above, that the value of d, the distance from the bulb to the ball is 2.16 m. The first ratio is 


—=— =0.0662 
d 216 
The second ratio is 
R -0275m 0.0663. 
d+D 415m 


Our ratios agree to within rounding errors, so our answer seems reasonable. 
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As a second double-check we can examine limiting cases and see if they agree with 
our expectations. What happens to our result in the limiting case where the distance d 
from the light bulb to the ball is large compared to the distance D from the ball to the 
wall? This is a case similar to sunlight hitting the ball and throwing a shadow. We know 
that the shadow is approximately the same size as the ball in this case. And the limiting 
case of our formula r/d = R/(d + D) bears this out, because for d >> D we see that r/d = 
R/(d + D) = R/d and sor = R. 

What happens in the reverse case, with d « D, where the light bulb is very close to the 
ball, as compared to the distance between ball and wall? The size of the shadow diverges. 
Our formula also shows this limiting case, because in this case R = (d+ D)r/d = rD/d> 1, 
that is the radius of the shadow becomes very large relative to the radius of the ball. 


Let us finish this introductory discussion of light rays and ray tracing with a very important 
observation: The direction of the rays is reversible. In the following discussions of reflection 
off surfaces and refraction through boundaries between different media, light rays will be 
drawn with an implied direction as emerging from objects and then scattering or refracting. 
But all of the drawings are equally valid if the direction of the rays is reversed. Keep this in 
mind as we proceed through the following examples and derivations. 


32.2 Reflection and Plane Mirrors 


Some objects (light bulbs, fire, the Sun, ...) emit light and are thus primary light sources. 

Objects that are not primary light sources can be seen because they reflect light. There are two ñ 

different kinds of reflection, diffuse and specular. In diffuse reflection, light waves hitting the 

object’s surface are scattered randomly. In specular reflection, they are all reflected in the same 

way. Most objects show diffuse reflection, where the color of the reflected light is a property (a) 

not just of the wavelength of the incoming light before reflection, but also of the surface prop- 

erties of the object reflecting the light. The difference between diffuse and specular reflection ñ 

lies in the roughness of the surface on the scale of the wavelength of the light. For a surface | | | | | | | | | | 
showing specular reflection, the local surface normal vectors (red arrows in Figure 32.6b) are 
aligned, whereas they are not for a surface showing diffuse reflection (Figure 32.6a). 

A mirror is a surface that reflects light in specular fashion. Here we will only deal 
with “perfect” mirrors. A perfect mirror is a mirror that does not absorb any light and : 

; : . : : : . : normal vectors for a surface showing 
that reflects 100% of incoming light, independent of the intensity of the incoming light. (a) diffuse reflection and one showing 
In Chapter 31 we saw that light is a type of electromagnetic wave. Visible light consists of (p) specular reflection. 
electromagnetic waves with wavelengths of approximately 400 nm to 700 nm. For a mirror 
to be considered perfect, it must reflect 100% of the incoming light in at least this range of 
wavelengths. Mirror perfection is not easily achieved. 

Conventional bathroom mirrors consist of a piece of glass with a metal coating on 
the backside. They are usually sufficient for our purposes, but they are not perfect mir- 
rors. You can see this with the aid of a medicine cabinet with three mirrored doors. Fold 
out the left and right doors to the point where they are facing each other and look paral- 
lel, and then stick your head between them. You will see a huge number of your own 
reflections, with the light emitted from your head bouncing back and forth many times 
between the two mirrors until it reaches your eyes. The images formed from light that 
has undergone multiple reflections are noticeably dimmer (Figure 32.7). The reason is 
that each reflection absorbs a fraction of the incoming intensity of the light, perhaps on 
the order of 1%. 

In 1998 Yoel Fink, then a graduate student at MIT, invented the “omnidirectional 
dielectric mirror,’ which can be considered perfect in the sense defined above, with absorp- 
tion losses of less than 0.0001%. He did this by using many alternating, approximately 1 wm 
thick, layers of a polymer and a semiconducting glass. While this was done initially with 
a grant from the Defense Advanced Research Projects Agency (DARPA), this technology FIGURE 32.7 Light reflection between 
has now been implemented successfully to create vastly improved laser surgery tools. This two almost exactly parallel plane mirrors. 


(b) 
FIGURE 32.6 Orientation of surface 
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FIGURE 32.8 The angle of inci- 
dence equals the angle of reflection for 
reflection of light off a plane mirror. 
The dashed line is normal (perpendicu- 
lar) to the mirror. 


(b) 


FIGURE 32.9 (a) Parallel light rays 
reflect off a plane mirror. (b) Arrows 
superimposed on the light rays. 


is yet another example of how modern advanced physics research continues to lead to stunning 
technological breakthroughs, even in a field as long-established as geometrical optics. 

We start with flat, plane mirrors. For reflection from plane mirrors, there is a simple 
rule for light rays incident on the surface of the mirror, known as the law of reflection: the 
angle of incidence 6; is equal to the angle of reflection 6.. These angles are always measured 
from the surface normal, which is defined to be a line perpendicular to the surface of the 
plane mirror. In addition, the incident ray, the normal, and the reflected ray all lie in the 
same plane (Figure 32.8). 

Mathematically, the law of reflection is given by 


6. = 6. (32.2) 


Parallel rays incident on a plane mirror are reflected such that the reflected rays are also 
parallel (Figure 32.9), because every normal to the surface (dashed line in Figure 32.8) is 
parallel to the other normals. 


Image Formed by a Plane Mirror 


An image can be formed by light reflected from a plane mirror. For example, when you 
stand in front of a mirror, you see an image of yourself that appears to be behind the mir- 
ror. This perception occurs because the brain assumes that light rays reaching the eyes have 
traveled in straight lines with no change in direction. Thus, if light rays appear to originate 
at a point (say behind the mirror), the eye (or a camera) sees a source of light at that point, 
whether or not an actual light source is there. This type of image, from which the light does 
not emanate, is referred to as a virtual image. By their nature, virtual images cannot be 
displayed on a screen. In contrast, real images are formed at a location at which you could 
physically put an object, like a screen or a charge coupled device (CCD) from a camera. 

An example will clarify the notion of a virtual image. In Figure 32.10, every point on 
the surface of the candle flame emits light, with the light rays moving out in radial direc- 
tions. An observer can locate the candle flame in space by tracing back the light rays to the 
point where they intersect. Most of these light rays are drawn in gray. The rays that hit the 
mirror are highlighted in black. Each of them gets reflected according to the basic law of 
reflection (equation 32.2), with the angle of reflection relative to the surface normal being 
equal to the angle of incidence. The reflected rays also have a point at which they intersect. 
This point is found by continuing the reflected rays behind the mirror (dashed black lines). 
Therefore, for the observer, the light seems to come from a point behind the mirror. This 
point is the location of the image formed by the mirror. 


FIGURE 32.10 Image of a candle, as seen in a mirror (blue line). 


Images formed by plane mirrors appear to be left-right reversed because the light rays 
incident on the surface of the mirror are reflected back on the other side of the normal. 
Thus, we have the term mirror image. We will deepen this point a bit more below with the 
aid of Figure 32.12 and Figure 32.13. 

But first let’s consider quantitatively the process of forming images with a plane mirror 
(Figure 32.11) by using the techniques of ray tracing. It turns out that a few rays are suf- 
ficient to construct the image, and we are free to select the most convenient ones. 

For this image construction, we choose the case where an object with height h, is placed 
a distance d, from the mirror. Following the common convention, the object is represented 
by an arrow, which indicates the object’s height and orientation. The object is oriented so 
that the tail of the arrow is on the optic axis, which is defined as a normal to the plane of 
the mirror. (For a plane mirror, the optic axis can be shown as going through any point of 
the mirror, but later when we examine curved mirrors we will find that there is a unique 
location of the optic axis.) Three light rays determine where the image is formed. 


1. The first light ray emanates from the bottom of the arrow along the optic axis. This 
ray is reflected directly back on itself. The extrapolation of this reflected ray along 
the optic axis to the right of the mirror indicates that the bottom of the image is 
located on the optic axis. 


2. The second light ray starts from the top of the arrow parallel to the optic axis and 
is reflected directly back on itself. The extrapolation of this ray past the mirror is 
shown in Figure 32.11 as a dashed line. 


3. The third ray starts from the top of the arrow, strikes the mirror where the optic axis 
intersects the mirror, and is reflected with an angle equal to its angle of incidence. 
The extrapolation of the reflected ray is shown as a dashed line in Figure 32.11. 


The extrapolations of these last two rays intersect at the point where the top of the image 
forms (Figure 32.11). It turns out that all rays from the arrow tip that hit the mirror—not 
just the two rays shown here—extrapolate such that they intersect at the image. Thus, the 
mirror produces a virtual image on the opposite side of the mirror. This image has a height 
h, and is located a distance d; to the right of the mirror. In Figure 32.11 the yellow triangle 
is congruent with the blue triangle. Thus, 


h,=h, (32.3) 
and 
d;|=|d,|. (32.4) 


By convention, the sign of the image distance for a virtual image produced by a mir- 
ror is negative. Thus, we use the absolute value of the image distance in equation 32.4. The 
image produced by a plane mirror is the same distance behind the mirror as the object is in 
front of the mirror. In addition, the image appears upright and the same size as the object. 

Why do mirror images seem to be left-right reversed but not up-down reversed? A 
person standing in front of a plane mirror sees an image of herself standing at the same dis- 
tance behind the mirror as she is standing in front of the mirror (Figure 32.12). The image 
seen by the person can be constructed with two light rays as shown, but of course light rays 


Plane 
I mirror l 


a —- j Image hi 
Optic eed Seecessccos l- 


axis 


FIGURE 32.11 Ray diagram for the image formed by a plane mirror. 
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FIGURE 32.12 A person standing 
in front of a mirror sees a virtual image 
of herself. 
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FIGURE 32.13 A person sitting in front of a 


mirror sees a mirror image of himself. 


are coming from every visible point of the person. The image is upright (it has the 
same orientation as the object, not “upside-down”) and virtual (the image is formed 


is again constructed with two rays, but all other rays behave the same way. The 
figure shows that the mirror actually does a front-to-back reversal, not a left-right 
or top-bottom reversal. If you hold an arrow pointing to the right and look in the 
mirror, the arrow still points to the right! You can see that the real live person has 
his watch on his right arm. He perceives that his virtual self has his watch on his left 
arm only because the brain imagines that the image was formed by a 180° rotation 
through a vertical axis, and not by a front-back reversal. If you find this too complicated, 
perhaps the following visualization works for you: Suppose you paint the letters of your 
university on your forehead to get yourself ready for the big game. Then you take a length 
of clear packaging tape and tape it over the letters on your forehead. As you pull the tape off, 
some of the paint sticks to it. If you pull the tape straight away from you, you see the back- 
side of the tape that contacted the paint, and the letters are on it mirror-reversed. Looking 
at your image in the mirror is just like looking at the backside of the tape. 

If you look at an image of yourself using a webcam on your computer, you see yourself 
as other people see you—the image from the webcam is not reversed back-to-front. This 
image of yourself is confusing after your long experience with seeing yourself in a mir- 
ror. Every movement you make seems to go in the opposite direction in the image from 
what you expect. For this reason, some videoconferencing software now presents a reversed 
image that represents the back-to-front reversal inherent in a mirror image, which makes 
for a more natural experience. 


4 behind the surface of the mirror). 
| What about the apparent left-right reversal? In Figure 32.13, the virtual image 


EXAMPLE 32.1 | Full-Length Mirror 


PROBLEM 

A person who is 184 cm (6 ft 1/2 inch) tall wants to buy a mirror in which he can see his 
entire body. His eyes are 8 cm from the top of his head. What is the minimum height of 
the mirror that is needed? 


SOLUTION 

For simplicity, represent the person as a pole 184 cm tall with “eyes” 8 cm from the top 
of the pole (this number does not matter, as the discussion below will show), as shown 
in Figure 32.14. 


Top of head - 4 TRE 


184 


Feet — ¥ 


Person Image 


FIGURE 32.14 Distances and angles for a person standing in front of a mirror, which is the 
blue line. 
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First, consider where the light from the person's feet must travel to Eyes -z --- 
reach his eyes. The light leaving the feet is represented by a red arrow in 
Figure 32.14. The angle of incidence on the mirror, 0, is equal to the angle 
of reflection from the mirror, 0,. We can draw two triangles that include (184 cm - 8 cm)/2 
these angles (Figure 32.15). 

These two triangles are congruent because 6; = 0,, they each have a right 
angle, and they share a common side. Thus, the vertical sides of each triangle = e 
must have the same length. The sum of these two sides is equal to the height 
of the person minus the distance from the top of the person’s head to his eyes. 
Therefore, the vertical side of each triangle has the length (184 cm - 8 cm)/2, (184 cm - 8 cm)/2 
as indicated in Figure 32.15. 

We can now see that the bottom of the mirror only needs to extend to 
a height of (184 cm - 8 cm)/2 = 88 cm above the floor. A similar analysis of ee 
two congruent triangles gives us the top edge of the mirror, which needs to Person 
be (8 cm)/2 = 4 cm below the top of the persons head. Therefore, the mini- FIGURE 32.15 Two congruent triangles formed by 
mum height of the mirror is 184 cm - 4 cm - 88 cm = 92 cm. This mirror the light from the person's feet. 
is exactly half the height of the person. Thus, a mirror that is half a person’s 
height affords the person a full-length view. This result does not depend on the distance 
of the eyes from the top of the person's head, or on how close to the mirror the person 
stands. However, it does depend on how the mirror is hung. It must be positioned so the 
top of the mirror is halfway between your eyes and the top of your head. 


32.3 Curved Mirrors 


When light is reflected from the surface of a curved mirror, the light rays follow the law of 
reflection at each point on the surface. The light rays that are parallel before they strike the 
mirror are reflected in different directions, depending on the part of the mirror that they 
strike. Depending on whether the mirror is concave or convex, the light rays can be made 
to converge or diverge. 


Focusing Spherical Mirrors 


Consider a spherical mirror with a reflecting surface on its inside. This is a concave mirror. 
Figure 32.16 represents this spherical reflecting surface as a segment of a circle. The optic 
axis of the mirror, represented in this drawing by a horizontal dashed line, is a line through 
the center of the sphere, marked as C in Figure 32.16. Imagine that a horizontal light ray 
above the optic axis is incident on the surface of the mirror, parallel to the optic axis. The 
law of reflection applies at the point where the light ray strikes the mirror. The normal to the 
surface at this point, a dashed line in Figure 32.16, is a radial line that goes through the cen- 
ter of the sphere. On the isosceles triangle in Figure 32.16, you can see that each short side FIGURE 32.16 A horizontal light 
of the triangle is about half the length of the long side, provided that 0, is small. Thus, the "ay is reflected through the focal point 
reflected ray crosses the optic axis approximately halfway between the mirror and point C. _°f a concave mirror. 

Now suppose there are many horizontal light rays incident on this spherical mirror 
(Figure 32.17). Each light ray obeys the law of reflection at each point. Thus, each ray will 
cross the optic axis halfway between the mirror and point C. This crossing point F is called 
the focal point. Note that only horizontal rays incident on the mirror close to the optic axis 
will be reflected through the focal point. Unless otherwise specified, all horizontal rays are 
assumed to be close enough to the optic axis to pass through F on reflection. 

Point F is halfway between point C and the surface of the mirror. Point C is located at 
the center of the sphere, so the distance of C from the surface of the mirror is just the radius 
of the mirror, R. Therefore the focal length f of a converging spherical mirror is 


R ; i 
J=; wonverging muro). (32.5) FIGURE 32.17 Many parallel light 
rays reflected through the focal point 
Light rays incident on an actual converging mirror are shown in Figure 32.18. of a concave mirror. 
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Now let’s consider forming actual images with a converging mirror, such as the 
one in Figure 32.19. An object with height h, is placed a distance d, from the mir- 
ror, where d, > f. The object is represented by an arrow, which indicates the height 
and orientation of the object. The object is oriented so that the tail of the arrow 
is on the optic axis, which, as before, is a normal to the surface of the spherical 
mirror along a line passing through the center C of the sphere. Four light rays 
determine where the image is formed. 


1. The first light ray emanates from the bottom of the arrow along the optic 
axis and is usually not shown. This ray merely indicates that the bottom 
of the image is located on the optic axis. 


2. The second light ray starts from the top of the arrow parallel to the optic 
axis and is reflected through the focal point of the mirror. 

3. The third ray starts from the top of the arrow, passes through the center 
of the sphere, C, and is reflected back on itself. 


4. The fourth ray starts from the top of the arrow, passes through the focal 
point, F, and is reflected back parallel to the optic axis. 


The last three rays intersect at the point where the image of the top of the object is 
formed (Figure 32.19). It turns out that all rays from the arrow tip that strike the 
(b) mirror—not just the three shown here—intersect at the image. Thus, we say that 
the mirror focuses the rays to form the image. 

The reconstruction of the special case shown in Figure 32.19 shows a real 
image (on the same side of the mirror as the object, not behind the mirror) with 
height h; a distance d; from the surface of the mirror. This image has a height h, 
which is assigned a negative value to denote that the image is inverted, and is a distance d; 
from the mirror. By convention, this image distance is defined as positive because the image 
is on the same side of the mirror as the object. The image is inverted and in this example is 
reduced in size relative to the object that produced the image. An image is called real when 
a screen placed at the image location obtains a sharp projection of the image at that point. 
For a virtual image, the light rays do not go through the image and thus no light reaches a 
screen placed at the image location. 

Now let’s reconstruct another case for a converging mirror, where d, < f (Figure 32.20). 
The object stands on the optic axis, and three light rays determine where the image is 
formed. 


FIGURE 32.18 (a) Parallel light rays reflected 
to the focal point by a converging mirror. (b) Same 
image with arrows superimposed. 


1. The first ray merely indicates that the tail of the image lies on the optic axis and is 
usually not shown. 


2. The second ray starts from the top of the object parallel to the optic axis and is 
reflected through the focal point. 


3. The third ray leaves the top of the object along a radius and is reflected back on 
itself through the center of the sphere. 


Mirror 


FIGURE 32.19 Image produced by a converging mirror of an object with object distance greater than the focal length of the mirror. 


Mirror 
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FIGURE 32.20 Image produced by a converging mirror of an object with object distance less than the focal length of the mirror. 


The reflected rays are clearly diverging. To determine the location of the image, we must 
extrapolate the reflected rays to the other side of the mirror. These two rays intersect at a 
distance d; from the surface of the mirror, producing an image with height h;. 

In this case, the image is formed on the opposite side of the mirror from the object, a 
virtual image. (By convention, the quantity d; is assigned a negative value to denote that the 
image is virtual.) To an observer, the image appears to be behind the mirror, as was the case 
for the plane mirror. The image is upright and larger than the object. These results for d, < f 
are quite different from those for d, > f. Mirrors used for shaving or applying cosmetics are 
usually converging mirrors; they are used with the face placed closer than the focal length, 
producing a large, upright image. 

Before treating diverging mirrors, let’s formalize the sign conventions for distances 
and heights. 


1. All distances on the same side of the mirror as the object are defined to be positive, 
and all distances on the opposite side of the mirror from the object are defined to 
be negative. Thus fand d, are positive for converging mirrors. 


2. For real images, d; is positive. For virtual images, d; is negative. 
3. If the image is upright, then h; is positive, while if the image is inverted, h; is 
negative. 
We can derive the mirror equation (equation 32.6), which relates the object distance d,, 
the image distance dj, and the focal length of the mirror f: 
1 11 
d, di f 


The signs of the terms in this equation are based on the conventions just defined. 


(32.6) 


DERIVATION 32.1 { Spherical-Mirror Equation 


The spherical-mirror equation can be derived by starting with a 
converging mirror that has a focal length f. An object h, tall stands 
at a distance d, from the surface of the mirror on the optic axis 
(Figure 32.21). 

Trace a ray from the top of the object parallel to the optic axis 


Mirror 


and reflect it through the focal point. Trace a second ray from the 
top of the object through the focal point that is reflected parallel 
to the optic axis. The image is formed with height h; at distance 


d; from the mirror. Form a right triangle with height h and FIGURE 32.21 The two similar triangles 1 and 2 in the deriva- 
base d, (green triangle 1 in Figure 32.21). Form a second right tion of the spherical-mirror equation. 
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triangle with —h, > 0 as the height and d; as the base (green 
triangle 2 in Figure 32.21). Given the law of reflection for a 
ray striking the mirror on the optic axis, the indicated angles 


in the two triangles are the same, so the two triangles are 
similar. Thus, 

“hyd 
h, dy 


1 o fo) 


(i) 


Now let us look at the same geometry but consider two different 


FIGURE 32.22 The two similar triangles 3 and 4 in the derivation 
of the spherical-mirror equation. 


FIGURE 32.23 Reflection of a 
horizontal light ray from a diverging 
spherical mirror. 


triangles. One right triangle (yellow triangle 4 in Figure 32.22) 
is defined by the height -h; and the base length d; - f. The sec- 
ond triangle (yellow triangle 3 in Figure 32.22) is defined by the 
height h, and the base f. The two triangles are similar, so 
hoh p h å-f 
Tal ke f 
Substituting equation (i) for the ratio of the heights derived above gives 
dh-f 
d fo 


Multiplying both sides of this equation by f: 


Sd; fd; 
d f d, f 


o 


Finally, dividing both sides of this equation by the product fd; leads to the spherical-mirror 
equation: 


|= 
= 


1 
ad, F 


The magnification m of the mirror is defined to be 
m=—=-, (32.7) 


Note that the magnification m is negative for the situation used in the derivation. Alge- 
braically, this occurs because h, < 0. The significance of a negative m is that m < 0 tells us 
that the image is inverted. Table 32.1 summarizes the characteristics of images formed by a 
converging mirror for five different classes of object distances. 


Diverging Spherical Mirrors 


Suppose we have a spherical mirror with the reflecting surface on the outside of the sphere 
(Figure 32.23). 


iE) ) (ey) Image Characteristics for Converging Mirrors 


Case Image Type Image Orientation Magnification 
Be Sif Virtual Upright Enlarged 

gai Real Upright Image at infinity 
JERSI Real Inverted Enlarged 
2y Real Inverted Same size 

al, > Dif Real Inverted Reduced 
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This is a convex mirror, and the reflected rays diverge. In Figure 32.23 this spher- 
ical reflecting surface is indicated by a semicircle. The optic axis of the mirror is a 


line through the center of the sphere, represented by the horizontal dashed line. C 
Imagine that a horizontal light ray above the optic axis is incident on the surface 
of the mirror. At the point where the light ray strikes the mirror, the law of reflec- Se Ale 
tion applies. S33 => oo 
In contrast to the converging mirror, the normal points away from the center 222 =e 
A7 ean 


of the sphere. When we extrapolate the normal through the surface of the sphere, it 

intersects the optic axis of the sphere at its center, marked C in Figure 32.23. When 

we observe the reflected ray, it seems to be coming from inside the sphere. 
Suppose many horizontal light rays are incident on this spherical mirror (Figure 


32.24). Each light ray obeys the law of reflection. The rays diverge and do not seem to FIGURE 32.24 The reflection of parallel light 
rays from the surface of a diverging mirror. 


form any kind of image. However, if the reflected rays are extrapolated through the 
surface of the mirror, they all intersect the optic axis at one point. 
This point is called the focal point of this diverging mirror. 

Figure 32.25a shows five parallel light rays incident on an actual 
diverging spherical mirror. The dashed lines in Figure 32.25b repre- 
sent the extrapolation of the reflected rays to show the focal point. 

Now let’s discuss images formed by diverging mirrors (Fig- 
ure 32.26). Again we use three rays. 


1. The first ray establishes that the tail of the arrow lies on 
the optic axis and is usually not shown. 


2. The second ray starts from the top of the object, 
traveling parallel to the optic axis, and is reflected from 
the surface of the mirror such that its extrapolation 
crosses the optic axis a distance from the surface of the 
mirror equal to the focal length of the mirror. 


3. The third ray begins at the top of the object and is 
directed so that its extrapolation would intersect the 
center of the sphere. This ray is reflected back on itself. 


The reflected rays diverge, but the extrapolated rays converge a 
distance d; from the surface of the mirror on the side of the mir- 
ror opposite the object. The rays converge at a distance h; above 
the optic axis, forming an upright, reduced image on the side 
of the mirror opposite the object. This image is virtual because 
the light rays do not actually go through it. These characteristics 
(upright, reduced, virtual image) are valid for all object distances 
for a diverging mirror. Such mirrors are often used in stores to 
give clerks at the front of the store a wide view down the aisles (b) 
and for passenger side rear-view mirrors on cars. FIGURE 32.25 (a) Parallel light rays reflected from a diverging 
In the case of a diverging mirror, the focal length f is nega- spherical mirror. (b) Arrows corresponding to the light rays, with the 
tive because the focal point of the mirror is on the side opposite dashed lines representing the extrapolated light rays. 
the object. A negative value is also assigned to the radius of a 
diverging mirror. Thus, 


f= Z (with R <0 for a diverging mirror). 


The object distance d, is always taken to be positive. Rearranging the mirror equation 
(equation 32.6), which is also valid for a diverging mirror, gives 


d -Af (32.8) 32.1 Self-Test Opportunity 


i : 
d,- f You are standing 2.50 m from a 
diverging mirror with focal length 
f= -0.500 m. What do you see in 
the mirror? (The answer “Myself” is 

not good enough!) 


If d, is always positive and f is always negative, d; is always negative. Applying equation 32.7 
for the magnification, we find that m is always positive. Looking at Figure 32.26 will also con- 
vince you that the image is always reduced in size. Thus, a diverging mirror (even if d, > | f | 
always produces a virtual, upright, and reduced image. 
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FIGURE 32.26 Image formed by an object placed in front of a diverging spherical mirror. 


32.1 In-Class Exercise 


A small object is placed in front 
of a converging mirror with radius 
R = 7.50 cm such that the image 
distance equals the object dis- 
tance. How far is this small object 
from the mirror? 


a) 2.50 cm d) 10.0 cm 
b) 5.00 cm e) 15.0 cm 
c) 7.50 cm 


EXAMPLE 32.2 f Image Formed by a Converging Mirror 


Consider an object 5.00 cm tall placed 55.0 cm from a converging mirror with focal 
length 20.0 cm (Figure 32.27). 


FIGURE 32.27 An object (green arrow) 
that forms an image using a converging 
mirror. 


PROBLEM 1 
Where is the image produced? 


SOLUTION 1 
We can use the mirror equation to find the image distance d; in terms of the object dis- 
tance d, and the focal length of the mirror f, 


1 1 1 
—+—=— 


d, di f 
The mirror is specified as converging, so the focal length is positive. The image distance is 


odf (55.0 cm)(20.0 cm) 


di =31.4 cm. 
d,- f 55.0 cm- 20.0 cm 

PROBLEM 2 

What are the size and orientation of the produced image? 
SOLUTION 2 

The magnification m is given by 

hi di 
h dy 


where h, is the height of the object and h; is the height of the produced image. The image 
height is then 


=- 2.85 cm. 


hi=-h, co (5.00 cm) e 
d, 55.0 cm 


The magnification is 
h; _ -2.85 cm 


m= = = 0570. 
h 5.00 cm 


o 


Thus the produced image is inverted and reduced. 
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Spherical Aberration 


ç 
1 RA TS 
The equations we have derived for spherical mirrors 1+ —=— and AAAA 
d f EANAN IUU 
h; d; f BS NA A | OU AS 
m=— =-— apply only to light rays that are close to a. optic axis. If - ~~ DNL W/Z 
h, d, SSAA EE 
the light rays are far from the optic axis, they will not be focused through Sy = a 
the focal point of the mirror, leading to a distorted image. Strictly speak- Ly TORS = D 
; ; , ae ae ; ; ee ITS I 
ing, there is no precise focal point in this situation. This condition is ATI OO 
i i € Z Z AASI INNO 
called spherical aberration. l re Sar a A E E 
Figure 32.28 shows several light rays not close to the optic axis inci- eE Z LJN 
fff E 


dent on a spherical converging mirror. The rays farther from the optic 
axis are reflected in such a way that they cross the optic axis closer to 
the mirror than do rays that strike the mirror closer to the axis. As the 
rays approach the optic axis, they are reflected through points closer and 
closer to the focal point. 


FIGURE 32.28 Parallel light rays incident on a spherical 
converging mirror, demonstrating spherical aberration. 


DERIVATION 32.2 | Spherical Aberration for Converging Mirrors 


Up until now we assumed that light rays parallel to the optic axis that are close to the 
axis are reflected such that they cross the optic axis at the focal point of the mirror. The 
focal point is at half the radius of curvature of the mirror. However, light rays that are 
far from the optic axis are not reflected through the focal point. To derive an expres- 
sion for the point at which rays parallel to but far from the optic axis cross the axis, we 
draw the geometry in Figure 32.29. 

Start with a light ray parallel to the optic axis and at a distance d from it. The ray 
reflects and crosses the axis a distance y from the mirror. The ray makes an angle 0 
with respect to the normal to the mirror surface, which is a radius R of the spherical 
mirror. The law of reflection tells us that the angle of incidence of the ray on the surface 
of the mirror is equal to the angle of reflection. 

Define the distance from the center of the spherical mirror to the point at which 
the reflected ray crosses the optic axis as x. Draw a line from the point where the ray 
crosses the axis perpendicular to the normal. This forms two congruent right tri- 
angles with angle 0, hypotenuse x, and adjacent side R/2, such that 


R/2 x= R 
x 2cosd 


FIGURE 32.29 Geometry for the spheri- 
cal aberration of a converging spherical 
mirror. 


cos = 


We can also express 0 in terms of d as 


sinĝ = E >0= sf] 
R R 
The distance y is given by 
1 


Remembering the trigonometric identity cos(sin"'(x)) = ¥1-x’, we can rewrite our 
result for y as 


y=R-x=R- 


1 
c le 
2cos0 | 2cos0 


y=R l1- L R 2- = 2-l1-|— 


Continued— 
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32.2 Self-Test Opportunity 


Consider a converging spherical 
mirror with R = 7.20 cm without 
assuming that the incident light 
rays are close to the optic axis of 
the mirror. However, the incident 
light rays are parallel to the axis. 
Calculate the position at which the 
reflected light rays intersect the 
optic axis if the incoming ray is 


a) 0.720 cm away from the optical 
axis. 


b) 0.800 cm away from the optical 
axis. 


c) 1.80 cm away from the optical 
axis. 


d) 3.60 cm away from the optical 
axis. 


FIGURE 32.30 Light rays reflected by a para- 


bolic mirror. 


FIGURE 32.31 (a) Headlight as- 
sembly for a car. The left light is the 
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We can see that for d« R, 1 - (d/R)* = 1 and y = R/2, which agrees with equation 32.5. We 


can make a better approximation by writing the Maclaurin series expansion 


h-e” a4 (x<1). 


Taking x = (d/R) « 1, we can make the approximation 


2 
_R 


2 


d 
2R? 


ap hl2 ; 
x&—}2-|1+ 
2 2 


R 


d 
=—|]2-|]- 
y 2 


R 


d 
R 


Thus, the amount of spherical aberration is given approximately by 


Parabolic Mirrors 


Parabolic mirrors have a surface that reflects light from a distant source to the focal point 
from anywhere on the mirror. Thus, the full size of the mirror can be used to collect light 
and form images that do not suffer from spherical aberrations. Figure 32.30 shows vertical 


light rays incident on a parabolic mirror. All rays are reflected through the focal 
point of the mirror. 

If a parabola is described by an equation y(x) = ax’, then its focal point is 
located at the point (x = 0, y = 1/(4a)). Its focal length is therefore 


1 
f a (32.9) 

Parabolic mirrors are more difficult to produce than spherical mirrors and are 
accordingly more expensive. Most large reflecting telescopes use parabolic mirrors 
in order to avoid spherical aberration. Many automobile headlights use parabolic 
reflectors with the same idea but send light in the opposite direction: The light 
source is placed at the focal point and the reflector sends the light out in a strong 
beam parallel to the optic axis, as illustrated in Figure 32.31. (However, in the not- 
so-distant future, incandescent headlights are likely going to be replaced with LED 
headlights, which likely will use small lenses to accomplish the same.) 

Figure 32.31a shows the low-beam and high-beam headlights for a car. The 
parabolic reflectors for headlights are faceted. A facet is a flat area on the reflector. 
These facets help produce the light distribution required for the headlight. Figure 
32.31b shows the light bulb for the high-beam headlight at the focus of a para- 


bolic mirror that functions as a reflector for the light produced by the light bulb, producing 
a focused parallel beam of light. 


The satellite TV antennas (“dishes”) found on many rooftops are also parabolic in 


shape. These satellite dishes are not mirrors in the sense that they do not reflect visible light 
in specular fashion. But they are still reflecting parabolic mirrors in the wavelength range 
used for satellite TV transmission. 


low-beam headlight and the right light 


is the high-beam headlight. (b) Draw- 


ing showing the high-beam headlight 


with the light bulb at the focus of the 


parabolic reflector. 


Parabolic 
reflector A 


Light bulb 


(b) 


32.4 Refraction and Snell's Law 1041 


Rotation Parabolas 


For precise optical applications, clearly it is best to have parabolic mir- 
rors. For example, in Chapter 33 we will see that huge parabolic mirrors 
are used in telescopes. One very interesting way to create parabolic mir- 
rors is to put a liquid into rotational motion. At every point on the sur- 
face of the liquid, the surface will be perpendicular to the force from the 
fluid acting on that surface element. This force, F, has to add with the 
force of gravity acting on the surface element, -mgŷ, to provide the net 
centripetal force, which is needed to keep the surface element on a cir- 
cular path (Figure 32.32). In the xy-coordinate system chosen here, the ! 
centripetal force is -mw*x< (compare Chapter 9 on circular motion). 
The angle 0 of the surface element with respect to the horizontal is 
erent Dy tang = dyi (bee igure 22/22), The Bg angle alsa can be by the fluid on a surface element is shown in magenta. It needs 
used to express the components of the force F. The vertical component t balance the force of gravity (red) and provide the centripetal 
of F has to balance the force of gravity, and the horizontal component force (green) necessary to keep the surface element moving in 


~mgy 


FIGURE 32.32 Geometry of a rotation parabola and free- 
body diagram for a fluid surface element. The force F exerted 


has to provide the net centripetal force, a circular path. 
F cos0 = mg 
Fsin@ =marx. 32.3 Self-Test Opportunity 
Dividing these two equations by each other leads to tan @ = (w*/g)x. Previously we showed Snom dnei ne Ce) Reine oi ye) = 
that tan @ = dy/dx, so (w*/2g)x° for the surface of a ro- 
ae dy w tating liquid can be accomplished 
+ =—x. 


dx g using energy arguments. 
Integration then results in the desired shape of the surface 
pe 
y(x)=—x’, 
28 


which is a parabola. Because the focal length of a parabola of the form y = ax’ is f = 1/(4a), 
the focal length of this parabolic mirror made of a rotating liquid is 


__§ 
f 20" 

Rotation of liquid surfaces has been successfully used to construct large telescope mir- 
rors. One such mirror is shown in Figure 32.33. There are now designs to construct a very 
large version of such a telescope on the Moon. While this may sound like science fiction at the 
present, such a telescope would be much cheaper to construct than one with a solid mirror. 
Since the Moon has no atmosphere, the telescope would not suffer from the atmospheric dis- 
tortions that all ground-based telescopes suffer from on Earth. And it could be constructed on 
a much larger scale than what is possible with satellite-based telescopes like the Hubble Space 
Telescope. (We will cover telescopes in much greater detail in Chapter 33.) 


32.2 In-Class Exercise 


Suppose you have a liquid-mirror telescope of focal length f,, and you want to double this focal z T 
length. What adjustment do you have to make to the rotational angular velocity of your mirror liquid? FIGURE 32.33 University of British 
Columbia liquid-mirror telescope. 


a) reduce it by a factor of 0.5 c) keep it the same e) increase it by a 


factor of 2 
b) reduce it by a factor of 0.707 d) increase it by a factor of 0.707 


32.4 Refraction and Snell's Law 


Light travels at different speeds in different optically transparent materials. The ratio of the 
speed of light in vacuum divided by the speed of light in a material is called the index of 
refraction of the material. The index of refraction n is given by 


n=4, (32.10) 
Vv 
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1E (ey Indices of 
Refraction for 
Some Common 


Materials* 
Index of 

Material Refraction 
Gases 
Air 1.000271 
Helium 1.000036 
Carbon dioxide 1.00045 
Liquids 
Water 1333 
Methyl alcohol 1329 
Ethyl alcohol 1.362 
Glycerine 1.473 
Benzene 1.501 
Typical oil IES 
Solids 
Ice 1.310 
Calcium fluoride 1.434 
Fused quartz 1.46 
Salt 1.544 
Polystyrene 1.49 
Typical lucite 15 
Typical glass IES 
Quartz 1.544 
Diamond 2.417 


*for light with wavelength 589.3 nm 


ny m > Ny 


m 


FIGURE 32.34 Light rays refracted at 
the boundary between two optical media with 
n, < Np. (The reflected light ray is not shown.) 


where c is the speed of light in vacuum and v is the speed of light in the medium. The 
speed of light in a physical medium such as glass is always less that the speed of light in 
vacuum. Thus, the index of refraction of a material is always greater than or equal to 1, 
and by definition the index of refraction of vacuum is 1. Table 32.2 lists the indices of 
refraction for some common materials. In general, the index of refraction is a function 
of the wavelength of the light, but the table gives typical average values for visible light. 
We will return to the wavelength dependence at the end of this section in the discussion 
of chromatic dispersion. 

When light crosses the boundary between two transparent materials, some of it is 
reflected, but usually some of the light crosses the boundary into the other material and in 
the process is refracted. Refraction means that the light rays do not travel in a straight line 
across the boundary, but change direction. When light crosses a boundary from a medium 
with a lower index of refraction n, to a medium with a higher index of refraction n,, the 
light rays change their direction and bend toward the normal to the boundary (Figure 
32.34). Changing direction toward the normal means that the angle of refraction 0, is less 
than the angle of incidence 6). 

Figure 32.35 shows actual light rays in air incident on the boundary between air and 
glass. The light rays are refracted toward the normal. (The reflected light is also observable.) 

When light crosses a boundary from a medium with a higher index of refraction n, to 
a medium with a lower index of refraction n, the light rays are bent away from the normal 
(Figure 32.36). Bending away from the normal means 0, > 6). 

Figure 32.37 shows actual light rays in glass incident on the boundary between glass 
and air. The light rays are refracted away from the normal. 

From measurements of the angles of incident and refracted rays in media with different 
indices of refraction, we can construct a law of refraction based on empirical observations. 
This law of refraction can be expressed as 


n, sin 6, =n, sinb, (32.11) 


where n; and 0, are the index of refraction and angle of incidence (relative to the sur- 
face normal) in the first medium, and n, and 0, are the index of refraction and angle of 
the transmitted ray (relative to the surface 
normal) in the second medium. This law 
of refraction is also called Snell’s Law. It 
cannot be proven by using ray optics alone; 
however, in Chapter 34 this law is derived 
using wave optics. 


FIGURE 32.35 (a) Light rays refracted when 
crossing the boundary between air and glass. 
(b) Arrows superimposed on the light rays. The 
dashed lines are normal to the surface. 


FIGURE 32.36 Light rays refracted at 
the boundary between two optical media with 
Ny >No. 
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The index of refraction of air is very close to 1, as shown in Table 32.2, and in this 
book we will always assume that the index of refraction of air n,;, = 1. It is very com- 
mon for light to be incident on various media from air, so we write the formula for 


refraction of light incident on a surface with index of refraction Nyedium aS 
sin Qi 
“medium = — a > (32.12) 
sim Onedium 


where Oir is the angle of incidence (relative to the surface normal) for light in air 
and O nedium is the angle of the refracted light (relative to the surface normal) in the 
medium. Note that 6,,, is always greater than 0 medium! 

Also note that for light coming out of a medium into air, the formula is the same 
(equation 32.12)! This is a special case of the general statement advanced earlier: All 
ray-tracing figures remain valid if the direction of the light rays is reversed. For exam- 
ple, changing the direction of the arrows on the red line in Figure 32.36 still yields a 
physically valid path for a light ray crossing the boundary between the two media. 


Fermat's Principle 


We have just stated that Snell’s Law cannot be proven by ray optics alone. But there is 
a qualifier to this statement, in that if you accept Fermat's Principle, then Snell’s Law when crossing the boundary betwen glass aiid 
emerges automatically. Fermat’s Principle, or the principle of least time, as expressed ‘iy, (b) Arrows superimposed on the light rays. 
by Fermat in 1657, states that the path taken by a ray of light between two pointsin space The dashed lines are normal to the surface. 
is the path that takes the least time. 
How can we prove Snell’s Law this way? The key is the connection between the speed of 
light in a medium, v, and the index of refraction, n, which was established in equation 32.10. 
If light moves at different speeds in two media, then Fermat’s Principle is completely equiva- 
lent to winning the aquathlon race, which we already solved in Chapter 2, Example 2.6, and 
the following text. In that problem, we calculated the angle at which a contestant must swim 
to shore in a race that consists of a swim to shore (with one given speed) and a run along the 
shore (with another speed). Winning the race means taking the minimum time, which is 
exactly what Fermat’s Principle postulates. 
If you accept Fermat’s Principle and you want to prove Snell’s Law, then all you have to 
do is to revisit the solution to Example 2.6. But of course you can ask where Fermat's Principle 


comes from. Using the minimum time to win a race seems obvious. 
N i 
< = 4 


(b) 


FIGURE 32.37 (a) Light rays refracted 


minimum time to get from point A to point B? The answer to this 
can be found in Huygens’s Principle. However, to gain an under- 
standing of the physics underlying that principle, we need to wait 


But what makes the light rays understand that they should take the | h 
until Chapter 34, when we revisit the model of light as a wave. eua 


EXAMPLE 32.3 | Apparent Depth 


You are standing on the edge of a pond and looking at the water at 
an angle of 0, = 45.0° to the vertical as shown in Figure 32.38. 
You see a fish in the pond. The actual depth of the fish is 


d i= 1.50 m. 


+ 


actual = Cire 


PROBLEM 
What is the apparent depth of fish from your vantage point? 


SOLUTION 

Light rays from the fish are refracted at the surface of the water 
into your eyes at a 45.0° angle as shown in Figure 32.38. In the 
figure we show not just one ray, but a collection of rays emit- 
ted from one point on the body of the fish around this central 


FIGURE 32.38 You are looking at the surface of a pond at an 
angle of 8, = 45.0°, and you see a fish under the water. The rays 
emitted from one point on the body of the fish that hit your eye are 
shown as the semitransparent cone, with the center line of the cone 
Continued— represented by a solid line. 
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32.3 In-Class Exercise 


If the same fish swimming at the 
same depth is seen by a different 
observer, but that observer sees the 
fish at a larger angle 0, than the 
value specified in Example 32.3, 
then she sees the fish at an appar- 
ent depth that is 


a) larger than the one calculated in 
Example 32.3. 


b) the same as the one calculated 
in Example 32.3. 


c) smaller than the one calculated 
in Example 32.3. 


(b) 


FIGURE 32.39 (a) Light ray incident 
on a sheet of transparent material with 
thickness t and index of refraction n. 
(b) Angles of incidence and refraction 
as the ray enters and exits the sheet. 


ray (semitransparent cone). Where the eyes see these rays intersect is where we locate 
the fish. 

The apparent depth of the fish is located along the dotted red line shown in Figure 
32.38 extrapolated from the direction of the light rays as they enter our eye. This extrapo- 
lated line makes an angle 6, = 45.0° with the normal to the surface of the water. 

Using Snell’s Law, we can calculate the angle 6, that the light rays from the fish must 
make at the surface of the water: 


Nnair SIN A, =N water SiN 0}. 


= 1.333 from Table 32.2, we can calculate 0}: 


=sin™ | m | 32.0°. 


Taking nar = 1.00 and n 


water 


n 1.333 


water 


9 = ii | sin 0, 
1 


We define the horizontal distance between the point where the light rays intersect the 
surface of the water and the fish as x, as shown in Figure 32.38. We can then define the 
red triangle and the blue triangle. From the red triangle we get 


x 
tanb, = ; 


apparent 


and from the blue triangle we obtain 


tanti =- 


actual 
Solving each of these two equations for x and setting them equal to each other gives us 


dactual tan 6; = dapparent tan 0z > 


which we can solve for the apparent depth of the fish: 


wai tan, _ (1.50 m) tan(32.0°) 
tan 0, tan(45.0°) 


| ee 


apparent 


= 0.937 m. 


Thus, the fish appears to be closer to the water surface than it actually is. 


SOLVED PROBLEM 32.2 | Displacement of Light Rays in Transparent 
Material 


A light ray in air is incident on a sheet of transparent material with thickness t = 5.90 cm 
and with index of refraction n = 1.50. The angle of incidence is 6,;, = 38.5° (Figure 32.39a). 
PROBLEM 

What is the distance d that the light ray is displaced after it passes through the sheet? 


SOLUTION 


THINK 

The light ray refracts toward the normal as it enters the transparent sheet and refracts 
away from the normal as it exits the transparent sheet. After passing through the sheet, 
the light ray is parallel to the incident light ray, but is displaced. Using Snell’s Law, we 
can calculate the angle of refraction in the transparent sheet. Having that angle, we 
can use trigonometry to calculate the displacement of the light ray passing through 
the sheet. 


SKETCH 
Figure 32.39b shows a sketch of the light ray passing through a transparent sheet. 


32.4 Refraction and Snell's Law 


RESEARCH 

The light ray is incident on the sheet with an angle 6 
angle to the refracted angle 0 
material n, 


air: Snell’s Law relates the incident 


medium through the index of refraction of the transparent 


_ sind, 
sin O medium 
We can solve this equation for the refraction angle: 
sin Oir 
m. 


medium = sin’ | (i) 
We call L the distance the light ray travels in the transparent sheet. Using Figure 32.39b, 
we can relate the thickness of the sheet ¢ to the refraction angle: 
t T 
cos Ô imedium = T (ii) 

If Ogi is the difference between the incident angle and the refraction angle, as shown in 
Figure 32.39b, then 

Bite = Bair D medium: (iii) 
We can see in Figure 32.39b that the displacement of the light ray d can be related to the 
distance the light ray travels in the sheet and the difference between the incident angle 
and the refracted angle, 


d 
sin hji =—- i 
dill = (iv) 
SIMPLIFY 
We can combine the preceding three equations (ii), (iii), and (iv) to obtain 
d = Lsin Ogg =—— —sin( Oj, - Oped)» (v) 
COS Ô nedium 


where from equation (i) 
. | sin Oy 
Onedium = SiN [= | 
n 


CALCULATE 
We first calculate the angle of refraction, using equation (i) 
„f sin(38.5°) 
0 =sin =24,5199°, 
1.50 


medium 


Then we calculate the displacement of the light ray, using equation (v) 


= om  sin(38.5° - 24.5199°) = 1.56663 cm. 
cos(24.5199°) 
ROUND 
We report our result to three significant figures, 


d=1.57 cm. 


DOUBLE-CHECK 
If the light ray were incident perpendicularly on the sheet (6,;, = 0°), the displacement 


alr 
of the ray would be zero. To calculate what the displacement would be in the limit as the 
incident angle approaches 0,;, = 90°, we can rewrite equation (v) as 
J- tsin( Oi, = medium} _, sin Oir COS Omodium — COS Oxir SİN Omediuum 


cos. 


cosé edin 


medium 


Continued— 
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32.4 In-Class Exercise 


In Solved Problem 32.2, we as- 
sumed that the transparent material 
was embedded in air. If we embed- 
ded in another medium, say water, 
what would you expect for the 
displacement of the light ray under 
the same angle of incidence? (As- 
sume that the index of refraction 

of that transparent material is still 
larger than that of water.) 


a) It would be larger. 
b) It would be the same. 


c) It would be smaller. 


using the trigonometric identity sin (a - B) = sinacosB - cosa sin $. Taking 6,;, = 90°, 


we get 


d= 1(cos C adim )-0(sin Onedium ) = 


COS O.nedium 


t. 


Thus, our result must be between zero and the thickness of the sheet. Our result is 
d = 1.57 cm, compared with d = 5.90 cm for 6,;, = 90°, so our result seems reasonable. 


—— 


Total Internal Reflection 


Now let’s consider light traveling in an optical medium with index of refraction n, that 
crosses a boundary with another optical medium with a lower index of refraction n, such 
that n, < nj. In this case, the light is bent away from the normal. As we increase the angle of 
incidence 0, the angle of the transmitted light 6, can approach 90°. When 6, exceeds the 
angle for which 0, = 90°, total internal reflection takes place instead of refraction; all of 
the light is reflected internally. The critical angle 0, at which total internal reflection takes 
place is given by f , 

m sin _ sind, 
sin 90° 


n sinb, 
or 


sind. = (m <n), (32.13) 
n 


l 
because sin 90° = 1. You can see from this equation that total internal reflection can occur 
only for light traveling from a medium with a higher index of refraction to a medium with 
a lower index of refraction, because the sine of an angle cannot be greater than 1. At angles 
less than @,, some light is reflected and some is transmitted. At angles greater than 6,, all the 
light is reflected and none is transmitted. 

If the second medium is air, then we can take n, = 1 and obtain an expression for the 
critical angle for total internal reflection for light leaving a medium with index of refraction 
n and entering air: 


sin 6. = = (32.14) 


n 
Total internal reflection is illustrated in Figure 32.40. In this figure, light rays are traveling 
in glass with index of refraction n from lower right to upper left. In Figure 32.40a, light rays 
are incident on the boundary between glass and air and are refracted according to Snell’s Law. 
In Figure 32.40b, light rays are incident on the boundary at the critical angle of total internal 
reflection, 0.. At this angle, the refracted rays would have an angle of 0, = 90°, as depicted 
by the dashed arrow. Light rays in Figure 32.40c are incident on the boundary with an angle 
greater than the critical angle of total internal reflection, 0, > 0, so all the light is reflected. 


9 8, = 90°! I 
l Air 2 ; Air l Air 
(a) (b) (c) 


FIGURE 32.40 Light rays traveling through glass with index of refraction n from the lower right 

to the upper left are incident on the boundary between glass and air. The top panels are photographs 
and the lower panels are drawings illustrating the paths of the light rays. (a) Light is refracted at the 
boundary. (A small amount of light is also reflected by the boundary, but is too weak to show up in the 
photograph.) (b) Light is incident on the boundary at the critical angle for total internal reflection. 
(c) Light is totally internally reflected at the boundary. 


Optical Fibers 


An important application of total internal reflection is the transmission of light in optical 
fibers. Light is injected into a fiber so that the angle of incidence at the outer surface of the 
fiber is greater than the critical angle for total internal reflection. The light is then trans- 
ported the length of the fiber as it bounces repeatedly from the fiber surface. Thus, optical 
fibers can be used to transport light from a source to a destination. Figure 32.41 shows a 
bundle of optical fibers with the end of the fibers open to the camera. The other end of the 
fibers is optically connected to a light source. Note that optical fibers can transport light in 
directions other than a straight line. The fiber may be bent, as long as the radius of curvature 
of the bend is not small enough to allow the light traveling in the optical fiber to have angles 
of incidence 6; less than 6.. If 0; < 0o the light will be absorbed by the cladding around the 
surface of the fiber. These arguments are applicable to optical fibers with core diameters 
greater than 10 um, that is, a core diameter large compared to the wavelength of light. 

One type of optical fiber used for digital communications consists of a glass core sur- 
rounded by cladding, which is composed of glass with a lower index of refraction than the 
core. The cladding is then coated to prevent damage (Figure 32.42). 

For a typical commercial optical fiber, the core material is SiO, doped with Ge to 
increase its index of refraction. The typical commercial fiber can transmit light 500 m with 
small losses. The light is generated using light-emitting diodes (LEDs) that produce light 
with a long wavelength. The light is generated as short pulses. Small light losses do not affect 
digital signals because digital signals are transmitted as binary bits rather than as analog 
signals. As long as the bits are registered correctly, the information is transmitted flawlessly, 
as opposed to analog signals, which would be directly degraded by any signal loss. Every 
500 m the signals are received, amplified, and retransmitted. Thus, very high data rates that 
are immune to interference can be transmitted long distances. This scenario explains the 
physics behind the fiber-optics backbone of the modern Internet. 

Optical fibers are also used for analog signal transmission, if the distance over which 
the signal has to be transported is not too long, up to a few meters. One application of ana- 
log signal transmission fiber optics is the endoscope, and related devices such as the bore- 
scope. An endoscope is used to look inside the human body without performing surgery, 
while a borescope is used to view hard-to-reach places in machinery. A typical endoscope 
is shown in Figure 32.43a. An endoscope uses a small lens to produce an image of the area 


Viewing lens 


Lens 


Light source 


Fiber optics 
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FIGURE 32.41 Light transported 
from a light source by fiber optics. 


FIGURE 32.42 The structure of an 
optical fiber incorporating total internal 
reflection. 


FIGURE 32.43 (a) An endoscope. 
(b) An image inside the stomach using 
an endoscope. 
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FIGURE 32.44 Light entering an opti- 
cal fiber and undergoing total internal 
reflection. 


of interest. The image produced by the lens is focused on one end of a bundle of thousands 
of optical fibers. The fiber-optics bundle is small enough in diameter and flexible enough to 
be inserted into the human body through various orifices such as the esophagus. Each fiber 
transports one pixel of the image to the other end of the bundle of fibers where a second 
lens reproduces the image for viewing by the health professional. An endoscope may have 
7,000 to 25,000 image-producing fibers. In addition, another set of optical fibers carries 
light to illuminate the region of interest. Often the end of the endoscope can be moved 
(articulated) remotely to view the desired area. 


SOLVED PROBLEM 32.3 | Optical Fiber 


Consider a long optical fiber with index of refraction n = 1.265 that is surrounded by air. 
(There is no cladding.) The end of the fiber is polished to be flat and is perpendicular to 
the length of the fiber. A light ray from a laser is incident from air onto the center of the 
circular face of the optical fiber. 


PROBLEM 
What is the maximum angle of incidence for this light ray such that it will be confined and 
transported by the optical fiber? (Neglect any reflection as the light ray enters the fiber.) 


SOLUTION 


THINK 

The light ray will refract as it enters the optical fiber. Once inside the fiber, if the angle 
of incidence on the surface of the optical fiber is greater than the critical angle for total 
internal reflection, then the light is transmitted without loss. 


SKETCH 
Figure 32.44 shows a sketch of the light ray entering the optical fiber and reflecting off 
its inner surface. 


RESEARCH 
The critical angle for total internal reflection 6, in the fiber for light entering from air 
is given by 
sing, = 4, (i) 
n 
where n is the index of refraction of the optical fiber. For the light entering the optical 
fiber, Snell’s Law tells us that since n = 1, 
sin 6,;, = n SiN Onedium> (ii) 
where 0 medium is the angle of the refracted light ray in the fiber. From Figure 32.44 we can 
see that 
6, 


‘medium 


=90°-6.. (iii) 


SIMPLIFY 


We can solve equation (ii) to obtain the maximum angle of incidence, 
bi =sin (n sin Onedium ). 
Using equation (iii) we can write 
Qir = sin! (n sin(90° -6. )) =sin’ (n cos 6.) 


where we have used the trigonometric identity sin(90° - a) = cosa. We can then use 


equation (i) to obtain 
bir = sin” h cossir All 
n 
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CALCULATE 
Putting in the numerical values, we get 


Oir = sin” | (1.265)cos| sin” —*_]|]=so.7816° 
1.265 


ROUND 
We report our result to four significant figures, because the index of refraction was given 
with this accuracy: 

Oir = 50.78°. 


DOUBLE-CHECK 
The critical angle of total internal reflection for the optical fiber is 


6. = sin -l | 59,239, 
1.265 


Snell’s Law at the entrance of the optical fiber gives us 


—— sin(50.78°) 


l =37.77°. 
Deum 1.265 


Thus O nedium = 37-77° = 90° - 0. = 90° - 52.23° = 37.77°, and our result appears reasonable. 


Mirages 

A mirage is often associated with traveling in the desert. You seem to see an oasis with water 
in the distance. As you approach the welcome sight, it disappears. However, you don't have 
to be traveling in the desert to observe this phenomenon. You can often see a mirage when 
traveling on a long, straight highway on a hot day. An example of such a mirage is shown 
in Figure 32.45a. 

The mirage is caused by refraction in the air near the surface of the hot road. The air 
near the surface of the road is warmer than air farther from the surface. As shown in Figure 
32.45b, the index of refraction of air goes down as its temperature goes up. Thus, the air near 
the road has a lower index of refraction than the cooler air above it. As light from distant 
objects passes through this layer, it is refracted upward, as illustrated in Figure 32.45c. The 
appearance of water is created by light refracted from the sky. You see the image as seeming 
to be light reflected off the surface of water, as you can see in Figure 32.45a. Other objects 


1.00030 
1.00028 
1.00026 
1.00024 
1.00022 
1.00020 
0 


air 


Distant 
object 
Cooler air, higher n 
(a) 
FIGURE 32.45 (a) A mirage on a hot road. There appears to be Road Warmer air, lower n` ~ “Apparent 
water on the road and objects appear to be reflected from the surface image 


of that water. (b) The index of refraction of air as a function of tem- 

: le ad ; : À (c) 
perature. (c) A ray diagram showing light from a distant object being 
refracted in the air layer near a hot road surface. 
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FIGURE 32.46 Chromatic disper- 
sion for light refracted across the 
boundary of two optical media. 


are also visible in the mirage shown in Figure 32.45a, such as trees and car headlights. As 
you keep driving, you soon find that there is no water standing on the road. 


Chromatic Dispersion 


The index of refraction of an optical medium depends on the wavelength of the light trav- 
eling in that medium. This dependence of the index of refraction on the wavelength of the 
light means that light of different colors is refracted differently at the boundary between 
two optical media. This effect is called chromatic dispersion. 

In general, the index of refraction for a given optical medium is greater for shorter 
wavelengths than for longer wavelengths. Therefore, blue light is refracted more than red 
light. We can see that 0, < 6, in Figure 32.46. 

White light consists of a superposition of all visible wavelengths. 
When a beam of white light is projected onto a glass prism (Figure 32.47), 
the incident white light separates into the different visible wave- 
lengths, because each wavelength is refracted at a different angle. Fig- 
ure 32.47 shows three refracted light rays, for red, green, and blue 
light, but of course white light contains a continuum of wavelengths, 
as seen in a rainbow. 

A rainbow is a common example of chromatic dispersion (Figure 
32.48). When water drops are suspended in the air and you observe 
these water drops with the Sun at your back, you see a rainbow. The 
white light from the Sun enters the water drop, refracts at the surface of 
the drop, and is transmitted through the drop to the far side. Here it is 
totally internally reflected, and is transmitted again to the surface of the 


FIGURE 32.47 White light incident on a glass prism is drop, where it exits the drop and is refracted again. In the two refrac- 


separated into its component colors by chromatic dispersion. 


FIGURE 32.48 Chromatic dis- 
persion in a spherical drop of water 
produces a rainbow. 


tion steps, the index of refraction is different for different wavelengths. 
The index of refraction for green light in water is 1.333, while the index 
of refraction for blue light is 1.337, and for red light it is 1.331. A con- 
tinuum of indices of refraction occurs for all the colors. 

A typical rainbow is shown in Figure 32.1. You can see the blue light in the inner part 
of the rainbow and the red light on the outside of the rainbow. The arc of the rainbow 
represents an average 42° angle from the direction of the sunlight. Another feature of 
rainbows is evident in this photograph: The region inside the arc of the rainbow appears 
to be brighter than the region outside the arc. You can understand this phenomenon by 
looking at the path light rays take as they are refracted and reflected in the raindrops 
(Figure 32.49). 

You can see from this diagram that most of the light that is refracted and reflected 
back to the observer has an angle less than 42°. At angles smaller than 42°, most of the 
light is refracted and reflected back to the observer, although no separation of the differ- 
ent wavelengths is observed because dispersed colors from one ray merge with those from 
another ray and form white light. At larger angles, no light is sent back to an observer 
by this process—thus, outside the arc of the rainbow, much less light 
appears. However, some light still appears there because it is scat- 
tered from other sources. 

Figure 32.1 also contains a secondary rainbow. The secondary 
rainbow appears at a larger angle than the primary rainbow, and in 
it the order of the colors is reversed. The secondary rainbow is cre- 
ated by light that reflects twice inside the raindrop (Figure 32.50). In 
contrast to the situation shown in Figure 32.48, when the ray in Fig- 
ure 32.50 strikes the drop surface the third time (after one refraction 
and one reflection), not all of the light gets refracted and leaves the 
water drop. Instead some of it gets internally reflected again and then 
refracted out of the drop, forming the secondary rainbow. In Figure 
32.50, you can see that the angle of the emerging blue and red light 


FIGURE 32.49 The paths taken by parallel light rays in a is reversed compared to the blue and red light shown in Figure 32.48 


spherical drop of water. 


for the primary rainbow. (For the secondary rainbow there is also a 


FIGURE 32.50 Chromatic dispersion and double reflec- 
tion in a raindrop that produces a secondary rainbow. 
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Secondary 
rainbow 


Primary 
rainbow 


FIGURE 32.51 Geometry of the scattering of light in forming primary and 


secondary rainbows. 


preferred angle, in this case approximately 50°, into which parallel rays entering the drop 
scatter for the secondary rainbow.) 

Finally, combining our observations for the primary and secondary rainbows yields 
a quantitative understanding of the physical phenomena underlying Figure 32.1. The 
observed angles of the primary and secondary rainbows with respect to the sunlight are 
sketched in Figure 32.51. 


Polarization by Reflection 


The phenomenon of polarization was described in Chapter 31. Here we deal with a special 
way to create polarized, or at least partially polarized, light. When light is incident from 
air on an optical medium such as glass or water, some light is reflected and some light is 
refracted. The light reflected in this situation is partially polarized. When light is reflected at 
a certain angle, called the Brewster angle, 0p, the reflected light is completely horizontally 
polarized, as illustrated in Figure 32.52. 

The Brewster angle is named after Scottish physicist Sir David Brewster 
(1781-1868), who demonstrated this effect in 1815. The Brewster angle 
occurs when the reflected rays are perpendicular to the refracted rays. 
Snell’s Law tells us that Nelass = 


Unpolarized 
Nair Z 
Nair SIN Og =M gass SİN,» 
where 6, is the angle of the refracted ray. Figure 32.52 shows that 
180° = 0, +6, +90° 


because the reflected rays and the refracted rays are perpendicular to 
each other. This relationship between the angles can be rewritten as 


32.5 In-Class Exercise 


Sunlight strikes a piece of glass at 
an angle of incidence of 6; = 33.4°. 
What is the difference in the angle 
of refraction between a red light ray 
(A = 660.0 nm) and a violet light ray 
(A = 410.0 nm) inside the glass? The 
index of refraction for red light is 
n = 1.520, and the index of refrac- 
tion for violet light is n = 1.538. 


a) 0.03° d) 0.26° 
b) 0.12° e) 0.82° 
c) 0.19° 


l Polarized perpendicular 
to the plane of incidence 


Partially polarized parallel 
to the plane of incidence 


FIGURE 32.52 Unpolarized light is incident from air 
on glass. When the incident angle is equal to the Brewster 
angle, 8g, the reflected light is 100% polarized perpendicu- 


lar to the plane of incidence. The refracted light is partially 


0, = 90° - 63. 
Substituting this result into Snell’s Law gives 
Nair SIN Ôg = Ngtacs sin(90° - 6s) = Nghass cos(43), 
which can be rearranged to finally obtain 


n glass 


a =tan(4,), 


(32.15) 
where we have made use of the trigonometric identity tan = sinO/cos6. Equation 32.15 is 
called Brewster’s Law. 

The fact that light in air reflected off the surface of water is partially horizontally polar- 
ized means that the glare of sunlight off surfaces of water can be blocked by sunglasses that are 
covered with a polarization filter that only allows vertically polarized light to pass through. 


polarized parallel to the plane of incidence. 
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The angle of incidence equals the angle of reflection, 
0, = 0,. 


The focal length of a spherical mirror is equal to half 
its radius of curvature, f = 4R. The radius R is positive 
for converging (concave) mirrors and negative for 
diverging (convex) mirrors. 


For images formed with spherical mirrors, the object 
distance, the image distance, and the focal length 


of the mirror are related by the mirror equation, 
1 1 1 


a af 
positive if the image is on the same side of the mirror as 
the object and negative if the image is on the other side. 
The focal length fis positive for converging (concave) 
mirrors and negative for diverging (convex) mirrors. 


Here d, is always positive, while d; is 
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NEW SYMBOLS AND EQUATIONS 


6;, angle of incidence 
6,, angle of reflection 
0, = 0; law of reflection 


6., critical angle of total reflection 


da object distance 
d, image distance 
f focal length 


ho object height 


EXAM STUDY GUIDE 


= Light is refracted (changes direction) as it crosses the 
boundary between two media with different indices of 
refraction. This refraction is governed by Snell’s Law: 


n sin 0; =n, sin 0. 


= The critical angle for total internal reflection at the 
boundary between two media with different indices of 


refraction is given by sin 8, = 2 (m <n). 
n 


= The Brewster angle, 0p, is the angle of incidence of 
light from air to a medium with a higher index of 
refraction at which the reflected light is completely 
horizontally polarized. The angle is given by Brewster's 
Law: tan 0, = n,/n,, where n, > nj. 
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ANSWERS TO SELF-TEST OPPORTUNITIES 


32.1 d,= 


d f _ (250 m)(-0.500 m) 


y=R|l- 


1 


d,-f (2.50 m)-(-0.500 m) SARA 
m=- å =- = =0.167 


Thus, you see an upright, smaller version of yourself. 


2cos( sin’ (d/ R) 


We can see that as we get closer 
to the optic axis, the distance of 
the crossing point gets closer to 


the focal length f= R/2 = 3.60 cm. 


principle of least time, p. 1043 
total internal reflection, 

p. 1046 
optical fibers, p. 1047 
chromatic dispersion, p. 1050 
Brewster angle, p. 1051 
Brewster’s Law, p. 1051 


h, image height 
c 
n=—, index of refraction 
v 
n, sin 8, = n, sin 0,, Snell’s Law 


tan 6, = m/n; m > n,, Brewster’s Law 


32.2 We can use the result in Derivation 32.2 


Distance from |Distance from 
Axis (cm) Mirror (cm) 
0.72 3.58 

0.8 3.58 

1.8 3.48 

3.6 3.04 


32.3 Kinetic energy of rotation K = +mw’x’; Potential energy U = mgy. 
Set them equal and find y = x*w7/2g. 


PROBLEM-SOLVING PRACTICE 
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Í Prablemselind Guidelines 
1. Drawing a large, clear, well-labeled diagram should be the 
first step in solving almost any optics problem. Include all the 
information you know and all the information you need to 
find. Remember that angles are measured from the normal to 
a surface, not to the surface itself. 


2. You normally need to draw only two principal rays to 
locate an image formed by mirrors, but you should draw a 
third ray as a check that they are drawn correctly. Even if 


MULTIPLE-CHOICE QUESTIONS 


you need to solve a problem using the mirror equation, an 
accurate drawing can help you approximate the answers as a 
check on your calculations. 


3. When you calculate distances for mirrors, remember the 
sign conventions and be careful to use them correctly. If a 
diagram indicates an inverted image, say, but your calculation 
does not have a negative sign, go back to the starting equation 
and check the signs of all distances and focal lengths. 


32.1 Legend says that Archimedes set the Roman fleet on d) is equal to 90°—the angle of reflection. 


fire as it was invading Syracuse. Archimedes created a huge 
mirror, and he focused the Sun’s rays on the 

Roman vessels. 

a) plane c) parabolic focusing 

b) parabolic diverging 

32.2 Which of the following interface combinations has the 

smallest critical angle? 

a) light traveling from ice to diamond 

b) light traveling from quartz to lucite 

c) light traveling from diamond to glass 

d) light traveling from lucite to diamond 

e) light traveling from lucite to quartz 

32.3 For specular reflection of a light ray, the angle of 

incidence 

a) must be equal to the angle of reflection. 

b) is always less than the angle of reflection. 


e) may be greater than, less than, or equal to the angle of 
reflection. 


32.4 Standing by a pool filled with water, under what 
condition will you see a reflection of the scenery on the 
opposite side through total internal reflection of the light 
from the scenery? 

a) Your eyes are level with the water. 

b) You observe the pool at an angle of 41.8°. 

c) Under no condition. 

d) You observe the pool at an angle of 48.2°. 

32.5 You are using a mirror and a camera to make a self- 
portrait. You focus the camera on yourself through the 
mirror. The mirror is a distance D away from you. To what 
distance should you set the range of focus on the camera? 


a) D b) 2D c) D/2 d) 4D 


32.6 What is the magnification for a plane mirror? 


c) is always greater than the angle of reflection. a) +1 c) greater than +1 

b) -1 d) not defined for a plane mirror 
QUESTIONS 
32.7 The figure shows the difference Refractive index, n Refractive index, n 
between the refraction index profile as A E 
of a so-called step index fiber vs. the Reore = (r) 
refraction index profile of a so- "cladding "cladding 
called graded index fiber. Analyzing > = 
light propagation through the fiber Radius Radius 
from a ray-optics perspective, com- cue ies Sa Seis 


ment on the path followed by a light 
ray entering each of the two fibers. 


“| 


Step index 


|. um 
i 


Cladding 


Graded index 
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32.8 A slab of Plexiglas 2.00 cm thick with index of refrac- 
tion 1.51 is placed over a physics textbook. The slab has 
parallel sides. The text is at height y = 0. Consider two rays 
of light that are leaving the letter “t” in the text under the 
Plexiglas and going toward an observer who is above the 
Plexiglas, looking down. Draw on the figure the apparent 
y-position of the text under the Plexiglas as seen by the 
observer. Hint: From where in the Plexiglas do these rays 
appear to originate for the observer? Using the two rays A 
and B after they have exited the Plexiglas, determine the 
apparent height (y-position) of the text under the Plexiglas 
as seen by the observer. You can easily do this experiment 
yourself. If you do not have a block of glass or Plexiglas, you 
can try placing a flat-bottomed drinking glass over the text. 


Observer PN 


Air 
n = 1.00 
| 
f 3 
25.0° Plexiglas 
Ni n =151 


32.9 A single concave spherical mirror is used to create 
an image of a source 5.00 cm tall that is located at posi- 
tion x = 0 cm which is 20.0 cm to the left of Point C, the 
center of curvature of the mirror, as shown in the figure. 
The magnitude of the radius of curvature for the mirror is 
10.0 cm. With- 
out changing the 
mirror, how can 
one reduce the 
spherical aberra- 
tion produced by 
this mirror? Will 
there be any dis- 
advantages to your 
approach to reduc- 
ing the spherical 
aberration? 


C 
20.0 cm >e<— 10.0 cm—> 


| >x 
x=0 


32.10 If you look at an object at the bottom of a pool, the 
pool looks less deep than it actually is. 


a) From what you have learned, calculate how deep a pool 
seems to be if it is actually 4 feet deep and you look directly 
down on it. The refractive index of water is 1.33. 

b) Would the pool look more or less deep if you look at it 
from an angle other than vertical? Answer this qualitatively, 
without using an equation. 

32.11 Why does refraction happen? That is, what is the 
physical reason a wave moves in a new medium with a dif- 
ferent velocity than it did in the original medium? 


32.12 Many fiber-optics devices have minimum specified 
bending angles. Why? 


32.13 A physics student is eying a steel drum, the top part 
of which has the approximate shape of a concave spherical 
surface. The surface is sufficiently polished that she can just 
barely make out the reflection of her finger when she places 
it above the drum. As she slowly moves her finger toward 
the surface and then away from it, you ask her what she is 
doing. She replies that she is estimating the radius of curva- 
ture of the drum. How can she do that? 


32.14 Answer as true or false with an explanation for the 
following: The wavelength of He-Ne laser light in water is less 
than its wavelength in the air. (The refractive index of water 
is 1.33.) 


32.15 Among the instruments Apollo astronauts left on 
the Moon were reflectors used to bounce laser beams back 
to Earth. These made it possible to measure the distance 
from the Earth to the Moon with unprecedented precision 
(uncertainties of a few centimeters out of 384,000 km), for 
the study both of celestial mechanics and of plate tectonics 
on Earth. The reflectors consisted not of ordinary mirrors, 
but of arrays of corner cubes, each consisting of three square 
plane mirrors fixed perpendicular to each other, as adjacent 
faces of a cube. Why? Explain the function and advantages 
of this design. 


32.16 A 45°-45°-90° triangular prism can be used to 
reverse a light beam: The light enters perpendicular to the 
hypotenuse of the prism, reflects off each leg, and emerges 
perpendicular to the hypotenuse again. The surfaces of the 
prism are not silvered. If the prism is made of glass with in- 
dex of refraction ng),,, = 1.520 and the prism is surrounded 
by air, the light beam will be reflected with a minimum loss 
of intensity (there are reflection losses as the light enters and 
leaves the prism). 


a) Will this work if the prism is under water, which has 
index of refraction my,9 = 1.333? 

b) Such prisms are used, in preference to mirrors, to bend 
the optical path in quality binoculars. Why? 


32.17 An object is imaged by a converging spherical mirror 
as shown in Figure 32.19, repeated below. Suppose a black 
cloth is put between the object and the mirror so that it 
covers everything above the axis of the mirror. How will the 
image be affected? 


; ] 
Mirror 
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32.18 You are under water in a pond and look up at the 
smooth surface of the water, noticing the sun in the sky. Is 
the sun in fact higher in the sky than it appears to you while 
under water, or is it lower? 


32.19 Holding a spoon in front of your face, convex side toward. 
you, estimate the location of the image and its magnification. 


32.20 A solar furnace uses a large parabolic mirror (mirrors 
several stories high have been constructed) to focus the light 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One e and two ee 
indicate increasing level of problem difficulty. 


Section 32.2 


32.21 A person sits 1.0 m in front of a plane mirror. What 
is the location of the image? 


32.22 A periscope consists of two flat mirrors and is used 
for viewing objects when an obstacle impedes direct view- 
ing. Suppose that Curious George is looking through a 
periscope at the Man in the Yellow Hat, whose hat is at 
d, = 3.00 m from the upper mirror, and suppose that the 
two flat mirrors are separated by a distance L = 0.400 m. 
What is the distance D of the final image of the yellow hat 
from the lower mirror? 


32.23 A person stands at a point P relative to 
two plane mirrors oriented at 90°, as shown in 
the figure? How far away do the person’s images 2m 
appear from each other to the viewer? 


e<2m> 


—$—$—_— 
32.24 Even the best mirrors absorb or transmit some of the 
light incident on them. The highest-quality mirrors might 
reflect 99.997% of incident light intensity. Suppose a cubical 
“room,” 3.00 m on an edge, were constructed with such mir- 
rors for the walls, floor, and ceiling. How slowly would such 
a room get dark? Estimate the time required for the intensity 
of light in such a room to fall to 1.00% of its initial value after 
the only light source in the room is switched off. 


Section 32.3 


32.25 The radius of curvature of a convex mirror is -25 cm. 
What is its focal length? 


32.26 A single concave spherical mirror is used to create an 
image of a source 5.00 cm tall that is located at position 

x = 0 cm which is 20.0 cm to the left of Point C, the center 

of curvature of the mirror, as shown in the figure. The mag- 
nitude of the radius of curvature for the mirror is 10.0 cm. 
Calculate the position x, where the image is formed. Use 

the coordinate 
system given in the 
drawing. What is 
the height h; of the 
image? Is the image 
upright or inverted 
(upright = pointing 
up, inverted = 
pointing down)? Is 
it real or virtual? si 


Cc 
20.0 cm >e<— 10.0 cm—> 
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of the Sun to heat a target. A large solar furnace can melt 
metals. Is it possible to attain temperatures exceeding 6000 K 
(the temperature of the photosphere of the Sun) in a solar 
furnace? How, or why not? 


32.27 Convex mirrors are often used in sideview mirrors 
on cars. Many such mirrors display the warning “Objects in 
mirror are closer than they appear? Assume a convex mirror 
has a radius of curvature of 14.0 m and that there is a car 
that is 11.0 m behind the mirror. For a flat mirror, the image 
distance would be 11.0 m and the magnification would be 

1. Find the image distance and magnification for this mirror. 


32.28 A 5.00-cm object is placed 30.0 cm away from a con- 
vex mirror with a focal length of -10.0 cm. Determine the 
size, orientation, and position of the image. 


32.29 The magnification of a convex mirror is 0.60x for an 
object 2.0 m from the mirror. What is the focal length of this 
mirror? 


32.30 An object is located at a distance of 100. cm from 

a concave mirror of focal length 20.0 cm. Another concave 
mirror of focal length 5.00 cm is located 20.0 cm in front of 
the first concave mirror. The reflecting sides of the two mir- 
rors face each other. What is the location of the final image 
formed by the two mirrors and the total magnification by 
the combination? 


ee32.31 The shape of an elliptical mirror is described by the 
2 2 
y 


curve Z4 nls with semimajor axis a and semiminor 
a 

axis b. The foci of this ellipse are at points (c,0) and(-c,0), 

with c = (a? - b’)"””. Show that any light ray in the xy-plane, 

which passes through one focus, is reflected through the 

other. “Whispering galleries” make use of this phenomenon 

with sound waves. 


Section 32.4 


32.32 What is the speed of light in crown glass, whose 
index of refraction is 1.52? 


32.33 An optical fiber with an index of refraction of 1.5 is 
used to transport light of wavelength 400 nm. What is the 
critical angle for light to transport through this fiber without 
loss? If the fiber is immersed in water? In oil? 


32.34 A helium-neon laser produces light of wavelength 
A vac = 632.8 nm in vacuum. If this light passes into water, 
with index of refraction n = 1.333, what then will be its 

a) speed? c) wavelength? 


b) frequency? d) color? 


32.35 A light ray is incident from water of index of refrac- 
tion 1.33 on a plate of glass whose index of refraction is 
1.73. What is the angle of incidence, to have fully polarized 
reflected light? 
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32.36 Suppose you are standing at the bottom of a swim- 
ming pool looking up at the surface, which we assume to be 
calm. Looking up, you will see a circular window to the “outer 
world.” If your eyes are approximately 2.00 meters beneath the 
surface, what is the diameter of this circular window? 


32.37 A ray of light of a par- 
ticular wavelength is incident on 
an equilateral triangular prism 
with an index of refraction for 
this wavelength of 1.23. The 

ray is parallel to the base of the 
prism when it approaches the 
prism. The ray enters the prism at the midpoint of one of its 
sides, as shown in the figure. What is the direction of the ray 
when it emerges from the triangular prism? 


32.38 A collimated laser beam strikes the left side (A) of a 
glass block at an angle 20.0° with respect to horizontal, as 
shown in the figure. The block has an index of refraction 
of 1.55 and is surrounded by air with an index of 1.00. The 
left side of the glass 
block is vertical (90.0° 
from horizontal) 
while the right side 
(B) is 60.0° from hor- 
izontal. Determine 
the angle 63; with 
respect to horizontal 
at which the light 
exits surface B. 


n= 1.00 


“Horizontal 
°32.39 Ina step-index fiber, the index of refraction under- 
goes a discontinuity (jump) at the core-cladding interface, 
as shown in the figure. Infrared light with wavelength 
1550 nm propagates 
through such a step- 
index fiber through n 
total internal reflection 
at the core-cladding 
interface. The index of 
refraction for the core at 
1550 nm is Meore = 1.48. 
If the maximum angle 
Qmax at which light can 
be coupled into 
the fiber such that 
no light will leak 
into the cladding 
iS d nax = 14.033°, 
calculate the 
percent difference 
between the index 
of refraction of the 
core and the index 
of refraction of the 


Refractive index, n 
A 


core 


"cladding 


Core 


Cladding 


125 wm 


lo Cladding, di cu ttre 


Core, 1o.e.= 1.48 


cladding. 


32.40 Refer to Figure 32.49 and prove that the arc of the 
primary rainbow represents the 42° angle from the direction 
of the sunlight. 


ee32.41 Use Fermat's Principle to derive the law of 
reflection. 


ee32.42 Fermat's Principle, from which geometric op- 

tics can be derived, states that light travels by a path that 
minimizes the time of travel between the points. Consider a 
light beam that travels a horizontal distance D and a vertical 
distance h, through two large flat slabs of material, with a 
vertical interface between the materials. One material has 

a thickness D/2 and index of refraction n,, and the second 
material has a thickness D/2 and index of refraction n,. De- 
termine the equation involving the indices of refraction and 
angles from horizontal that the light makes at the interface 
(0; and 0,) which minimize the time for this travel. 


Additional Problems 


32.43 Suppose your height is 2.0 m and you are standing 
50 cm in front of a plane mirror. 


a) What is the image distance? 

b) What is the image height? 

c) Is the image inverted or upright? 
d) Is the image real or virtual? 


32.44 A light ray of wavelength 700. nm traveling in air 
(n, = 1.00) is incident on a boundary with a liquid (n, = 1.63). 
a) What is the frequency of the refracted ray? 

b) What is the speed of the refracted ray? 

c) What is the wavelength of the refracted ray? 


32.45 You have a spherical mirror with a radius of curva- 
ture of +20.0 cm (so it is concave facing you). You are look- 
ing at an object whose size you want to double in the image, 
so you can see it better. Where should you put the object? 
Where will the image be, and will it be real or virtual? 


32.46 You are submerged in a swimming pool. What is the 
maximum angle at which you can see light coming from 
above the pool surface? That is, what is the angle for total 
internal reflection from water into air? 


32.47 Light hits the surface of water at an incident angle 
of 30.0° with respect to the normal line. What is the angle 
between the reflected ray and the refracted ray? 


32.48 A spherical metallic Christmas tree ornament has 
a diameter of 8.00 cm. If Saint Nicholas is by the fireplace, 
1.56 m away, where will he see his reflection in the orna- 
ment? Is the image real or virtual? 


32.49 One of the factors that cause a diamond to sparkle is 
its relatively small critical angle. Compare the critical angle 
of diamond in air compared to that of diamond in water. 


32.50 What kinds of images, virtual or real, are formed by a 
converging mirror when the object is placed a distance away 
from the mirror that is 


a) beyond the center of curvature of the mirror, 


b) between the center of curvature and half the center of 
curvature, and 


c) closer than half of the center of curvature. 


32.51 At what angle 0 shown in the 
diagram must a beam of light enter 
the water such that the reflected beam 
makes an angle of 40.0° with respect 
to the normal of the water’s surface? 


32.52 A concave mirror forms a real image twice as large as 
the object. The object is then moved such that the new real 
image produced is three times the size of the object. If the 
image was moved 75 cm from its initial position, how far was 
the object moved and what is the focal length of the mirror? 


32.53 How deep does a point in the middle of a 3.00-m-deep 
pool appear to a person standing outside of it 2.00 meters 
horizontally from the point? Take the refractive index for the 
pool to be 1.30 and for air to be 1.00. 


32.54 In the figure, what is the 
smallest incident angle 0; for the 
beam of a particular wavelength to 
undergo total internal reflection at 
the surface of the prism having an 
index of refraction for this wave- 
length of 1.5? 


32.55 Reflection and refraction, like all classical features of 
light and other electromagnetic waves, are governed by the 
Maxwell equations. The Maxwell equations are time-reversal 
invariant, which means that any solution of the equations 
reversed in time is also a solution. 
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a) Suppose some configuration of electric charge density 
p, current density j, electric field E, and magnetic field 
B isa solution of the Maxwell equations. What is the 
corresponding time-reversed solution? 

b) How, then, do “one-way mirrors” work? 


ee32.56 Refer to Example 32.3 and use the numbers pro- 
vided there. Further, assume that your eyes are at a height of 
1.70 m above the water. 


a) Calculate the time it takes for light to travel on the path 
from the fish to your eyes. 


b) Calculate the time light would take on a straight-line 
path from the fish to your eyes. 

c) Calculate the time light would take on a path from the 
fish vertically upward to the water surface and then straight 
to your eyes. 

d) Calculate the time light would take on the straight-line 
path from the apparent location of the fish to your eyes. 


e) What can you say about Fermat's Principle from the 
above numbers? 


32.57 If you want to construct a liquid mirror of focal 
length 2.50 m, with what angular velocity do you have to 
rotate your liquid? 


ee32.58 One proposal for a space-based telescope is to put a 
large rotating liquid mirror on the Moon. Suppose you want 
to use a liquid mirror 100.0 m in diameter, and you want it 
to have a focal length of 347.5 m. The gravitational accelera- 
tion on the Moon is 1.62 m/s”. 


a) What angular velocity does your mirror have? 

b) What is the linear speed of a point on the perimeter of 
the mirror? 

c) How high above the center is the perimeter of the 
mirror? 
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WHAT WE WILL LEARN 


33.1 Lenses 1059 


Lenses can focus light and produce images governed 
by the Thin-Lens Equation, which states that the 
inverse of the object distance plus the inverse of the 
image distance equals the inverse of the focal length 
of the lens. 


Optical instruments are combinations of mirrors and 
lenses. 


A single converging lens can be used as a magnifier. 


Two-lens systems are often used in optical 


Placing a converging lens close to a diverging lens 
can produce a zoom lens. 


A camera is an optical instrument that records real 
images produced by a lens. 


The human eye is an optical instrument governed by 
the Thin-Lens Equation. Various types of lenses are 
used to correct defects in vision. 


Microscopes are systems of lenses designed to 
magnify the image of close but very small objects. 


instruments. : 3 
= ‘Telescopes are systems of lenses or mirrors designed 


to magnify the image of distant but very large objects. 


The two images in Figure 33.1 are some of the largest and smallest objects we can optically 
observe with visible light. The image in Figure 33.1a is the Whirlpool Galaxy (M51), with a 
diameter of about 76,000 light years (7 - 10% m), and a distance from Earth of about 23 mil- 
lion light years (2- 10° m). The image in Figure 33.1b shows assorted diatoms found living 
between crystals of annual sea ice in Antarctica. Diatoms are on the order of 20 microns 
(2-10°m) in length. Over the years, the ability to form images of these kinds of objects 
has completely changed our understanding of biology, astronomy, geology, engineering—in 
fact, just about every branch of science and technology. 

All optical image-forming instruments work from a combination of lenses or mirrors. 
In a sense, the ideas in this chapter are simply applications of the principles discussed in 
Chapter 32. However, understanding how an image is formed is essential to interpreting 
the subject of the image. In this chapter we will examine a variety of image-forming instru- 
ments, including the human eye. The same principles of geometric optics govern image 
formation using other kinds of radiation; we will see some examples of this as well. 


33.1 | Lenses 


When light is refracted while crossing a curved boundary between two different media, the 
light rays obey the law of refraction at each point on the boundary. The angle at which the 
light rays cross the boundary (with respect to the local normal to the boundary) is differ- 
ent along the curve, so the refracted angle is different at different points along the curve. A 
spherical curved boundary between two optically transparent media forms a spherical sur- 
face. If light enters a medium through one spherical surface and then returns to the original 
medium through another spherical surface, the device that has the spherical surfaces is 
called a lens. Light rays that are initially parallel before they strike the lens are refracted in 
different directions, depending on the part of the lens they strike. Depending of the shape 
of the lens, the light rays can be focused or can diverge. 

If the front surface of a lens with index of refraction n is part of the surface of a sphere 
with radius of curvature R, and the back surface of the lens is part of the surface of a sphere 
with radius of curvature R,, then we can calculate the focal length f for a thin lens using the 
Lens-Maker’s Formula, 


l =(=: e } (33.1) 


We derive this equation, which applies to thin lenses in air, in Derivation 33.1. We will see 
that a thin lens is defined as a lens whose thickness is much smaller than any object and 
image distances, and so the thickness can be neglected. There we will learn a sign conven- 
tion for the radii, because they can be positive or negative. 
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DERIVATION 33.1 / Lens-Maker’s Formula and the Lens Equation 
-= for Thin Lenses 


We start the derivation of the Lens-Maker’s Formula by assuming 
that we have light traveling in air incident on a spherical surface 
of an optical medium with index of refraction n and radius of cur- 
vature R (Figure 33.2). We draw the optic axis as a line perpendic- 
ular to the spherical face of the medium, through the center C of 
the spherical face. We assume a light ray originating from a point 
source at a distance d, from the lens at an angle æ with respect to 
the optic axis. This ray makes an angle 6, with respect to a normal 
to the surface of the optical medium. Using Snell’s Law of refrac- 
FIGURE 33.2 Light traveling in air incident on a spherical tion (see Chapter 32), and taking n, = 1 and n, = n, we get 

surface of an optical medium with index of refraction n. 


sin, =nsin6,, 


where 0, is the angle the refracted light ray makes with respect to the normal to the surface. 
If æ is a small angle, then the angles 0, and 0, will be small and we can write 6,= n60». 

Looking at Figure 33.2, we can see the relationship between the angles 0, = a + B and 
B =0,+ y. We can rewrite these equations as n0, = a + B and 0, = B - y. We insert the 
second into the first to eliminate 0,, obtaining 


a+ 
B g-y, 
n 
which we can rearrange to get 
a+ny=ß(n-1). (i) 
From Figure 33.2 and making the small-angle approximation, we can write 
y y y ;; 
= tana = —, =tanb=—, y=t =e, 
a=ztana=2, B=tanB=~, y~tanp~> (i) 


o 1 


Substituting the expressions for a, 6, and y from equation (ii) into equation (i) we 
can write 


y ny _(n-ly 
La E 
or 
hegeli a 


We have now derived an expression for the image distance 
formed by one surface. Since d; is independent of a, all of the 
light from the source goes through the same point and therefore 
the light is focused. Now let’s put two surfaces together to make 
a lens (Figure 33.3). 

The light ray originating from the left of the lens can be described 
by our result (iii) for the image distance and object distance derived 
above (with an added subscript “1” to denote the first surface): 


FIGURE 33.3 A lens of thickness L composed of an optical me- 
dium with index of refraction n in air. The left face of the lens has (n -1) 


radius R, and the right face of the lens has radius R}. —+— = (iv) 
da Ri 
For the second surface, the light ray is passing from the optical medium with refractive 
index n, = n into air with refractive index n, = 1. The image formed of the source by the first 
refracting surface acts as the “object” for this second surface. We can therefore now describe 
the relationship between image distance and object distance for the second surface as 


n 1 (1-n) 


+ = > 
a E w 


Where d,,, is the distance of the “object” from the second surface. From Figure 33.3 we 
can see that 


di 


d2. 


If we assume a thin lens, then L is much smaller than any other object or image distances 
and we can safely neglect the thickness of the lens. Therefore, 


di 


do> 


Next, we choose a sign convention for distances. Agreeing that the light goes from left to 
right, object distances are positive for objects on the left of the lens and negative for objects 
on the right of the lens. Image distances are positive for objects on the right of the lens and 
negative for images on the left of the lens. Just as for mirrors, image distances are positive 
for images formed where the light eventually goes, that is, for real images. Because the 
object for the second surface of the lens is to the right of the lens, we then have 


—d,, = di1- (vi) 


Substituting this equation (vi) into our equation (v) for the second surface, we get 


n a 1 _(I-n) 


or 


zod a) (vii) 


diy di» R, 


Equation (vii) can now be used with our expression (iv) for the first surface to eliminate d; ;: 


1 a 1 (1=n) _(n-1) 
0,1 di» R3 R, 


The object distance of the lens as a whole is the same as the object distance for the first 
surface of the lens, d, = d. The image distance of the lens as a whole is the same as the 
image distance for the second surface of the lens, d; = diz. We then obtain 


1 1 


J ti =(n-1) 


1 


1 1l 
Ry R3 


o 


The focal length is defined as the image distance when the object is at infinity, which gives us 


1 1 1 1 1 
+—=—= (n = 1) - | F 
o f f R, R 
This result is the Lens Maker’s Formula. This formula shows that a thin lens has a focus (or 
focal point) on both sides of the lens which are equidistant from the lens. 


We can take this expression for the Lens Maker’s Formula together with our expression 
relating the image and object distances of the lens and get the Thin-Lens Equation, 


Skan, (33.2) 


In the above derivations, it is tacitly assumed that the light would strike a convex surface as 
seen by the light. If the surface is concave as seen by the light, the results are still valid pro- 
vided that a negative value is used for the radius of curvature. 

When we observe the second surface of a lens, we see it from the opposite perspec- 
tive from that seen by the light, so care must be taken to assign the proper signs to the radii 
of curvature. What we would call a double convex lens would have R, > 0 and R, < 0 because 
the light would perceive the second surface as being concave. These complications can be 
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33.1 In-Class Exercise 


A single lens with two convex sur- 
faces made of sapphire with index 
of refraction n = 1.77 has surfaces 
with radii of curvature R} = 27.0 cm 
and R, = -27.0 cm. What is the 
focal length of this lens in air? 


a) 17.5 cm d) 54.0 cm 
b) 20.0 cm e) 60.0 cm 


c) 27.0 cm 


Converging Diverging Converging 
meniscus 


avoided by adopting the following convention: If the focal length of a lens is positive, the lens 
is said to be converging, while if the focal length is negative, the lens is said to be diverging. 

Lenses do not necessarily have the same curvature on the entrance and exit surfaces. 
Lenses can be formed in several different ways, as illustrated in Figure 33.4. For example, 
light incident from the left on the converging meniscus lens shown in Figure 33.4 would 
first encounter a convex surface (R; > 0) and then a second convex surface (R, > 0). For 
the converging meniscus lens, R, < R, therefore 1/R, > 1/R,, so the focal length of the lens 
given by the Lens-Maker’s Formula (equation 33.1) is positive, producing a converging lens. 
For the diverging meniscus lens shown in Figure 33.4, the first surface is convex (R, > 0) 
and the second surface is also convex (R, > 0). However, for the diverging meniscus lens, 
R, > R, and 1/R, < 1/R,, so the focal length is negative, producing a diverging lens. Menis- 
cus lenses are commonly used in corrective eyeglasses. 


Converging Lenses 


A converging lens, which has f> 0 , is shaped such that rays incident parallel to the optical 
axis are focused by refraction at the focal distance f from the center of the lens. Figure 33.5 
shows a light ray incident on a converging glass lens. At the surface of the lens, the light ray 
is refracted toward the normal. When the ray leaves the lens, it is refracted away from the 
normal. The resulting twice-refracted ray passes through the focal point of the lens on the 
opposite side of the lens from the incident ray. 

Consider the case of several horizontal light rays incident on a converging lens. These 
rays are focused to a point a distance f from the center of the lens on the opposite side of 
the lens from the incident rays. Figure 33.6 is a photograph of a converging lens with five 
parallel lines of light incident on the surface from the left. 

In Figure 33.6a, the parallel lines of light are focused to one point on the right of the 
lens. In Figure 33.6b, red lines have been superimposed to represent the light rays. The rays 
enter the lens, refract at the first surface, traverse the lens in a straight line, and refract when 
they exit the lens. In Figure 33.6c, a black dotted line is drawn at the center of the lens. In 
this panel, the rays are drawn using the thin-lens approximation, whereby the incident rays 
refract just once at the center of the lens. Instead of following the detailed trajectory of the 
light rays inside a thin lens, the incident rays are drawn to the centerline and then on to 
the focal point. Our real-life lens (Figure 33.6a) is a thick lens, and displacement occurs 
between the refraction at the entrance and exit surfaces. In this book, we will only consider 
thin lenses and we will treat the lens as a line at which refraction takes place. 

Converging lenses can be used to form images. Figure 33.7 shows the geometric 
construction of the formation of an image using a converging lens. An object, repre- 
sented by the green arrow, stands on the optic axis. This object has a height h, and is 
located a distance d, from the center of the lens, such that d, > f. Four particular rays 
are often useful for constructing images: 


1. A ray from the bottom of the object is drawn to 
pass straight through the lens along the optic axis. 
This ray goes through the bottom of the image and 
is usually not shown. 


2. A second ray is then drawn from the top of the 
object parallel to the optic axis. This ray goes 
through the focal point on the other side of the lens. 


Diverging Planar Planar 
meniscus converging diverging 


FIGURE 33.4 Different types of lenses created by different radii of curvature FIGURE 33.5 Refraction of a horizontal light ray 


on the entrance and exit surfaces. 


through a converging lens. 
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FIGURE 33.6 (a) Parallel light 
rays incident on a converging lens. 

(b) Arrows are superimposed on the 
light rays. (c) The optical center of the 
lens is indicated by a dashed line. 


(b) 


3. A third ray is drawn from the top of the object 
through the center of the lens; this ray has no net 
refraction in the thin-lens approximation. (It goes 
through surfaces that are approximately parallel, 
as in Solved Problem 32.2.) 


4. A fourth ray is drawn from the top of the object 
through the focal point on the same side of the 
lens, which is then parallel to the optic axis after 
refraction. 


The three rays starting at the top of the object intersect, | FIGURE 33.7 Real image produced by a converging lens. 
locating the top of the image formed. Any two of these 
three rays from the top of the object can be used to locate 
the top of the image. 

In this case, with d, > f a real, inverted, and enlarged image with height h; < 0 is 
formed at a distance d; > 0 from the center of the lens. 

Now let us consider the image formed by an object with height h, placed at a 
distance d, from the center of the lens such that d, < f (Figure 33.8). Once again, four 
particular rays are useful for constructing the image: 


1. The first ray again is drawn from the bottom of the object along the optic axis 
and is usually not shown. 


2. The second ray is drawn from the top of the object parallel to the optic axis 
and is refracted through the focal point on the opposite side of the lens. 


FIGURE 33.8 Virtual image produced by a 
3. A third ray is drawn from the top of the object straight through the center converging lens. 


of the lens. 


4. A fourth ray is drawn from the top of the object such that it appears to have 
originated from the focal point on the same side of the lens and is then refracted 
parallel to the optic axis. 


You can see that these three rays are diverging. A virtual image is formed on the same 
side of the lens as the object by extrapolating the three rays back until they intersect. Red- 
and-black dashed lines represent the extrapolated rays. In this case, with d, < f a virtual, 
upright, and enlarged image is formed with h; > 0 and d; < 0. 
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FIGURE 33.9 Horizontal light ray 
refracted by a diverging lens. 


FIGURE 33.10 (a) Parallel light 
rays incident on a diverging lens. 

(b) Arrows are superimposed on the 
light rays. (c) The optical center of the 
lens is indicated by a vertical dashed 
line. 


FIGURE 33.11 Image produced 
by a diverging lens of object placed a 
distance from the lens larger than the 
focal length of the lens. 


Diverging Lenses 


A diverging lens, which has f < 0, is shaped such that parallel rays striking the lens 
diverge by refraction. The extrapolation of the diverging rays would intersect at a focal 
distance from the center of the lens on the same side of the lens as the object. Figure 33.9 
shows a light ray parallel to the optic axis incident on a diverging glass lens. At the first 
surface of the lens, the light rays are refracted toward the normal. When the rays leave 
the lens, they are refracted away from the normal. The extrapolated line is shown as a 
red-and-black dashed line and points to the focal point on the same side of the lens as 
the incident ray. 

Consider the case of several horizontal light rays incident on a diverging lens. After 
passing through the lens, the rays diverge such that their extrapolations intersect at a point 
a distance f from the center of the lens, on the same side of the lens as the incident rays. 
Figure 33.10 is a photograph of a diverging lens with five parallel lines of light incident from 
the left on the surface of a diverging lens. 

Figure 33.10 shows red lines representing light rays. The light rays diverge after passing 
through the lens. Red-and-black dashed lines show the extrapolation of the diverging rays. 
The extrapolated rays intersect at a distance equal to one focal length away from the center 
of the lens. In part (c), the diverging rays are drawn using the thin-lens approximation, 
whereby the incident rays refract just once at the center of the lens. The diverging rays are 
drawn so that their extrapolations intersect at the focal point. 

Diverging lenses can also be used to form images. Figure 33.11 shows the geometric 
construction for the formation of an image using a diverging lens. Consider an object rep- 


(a) 


(b) 


resented by the taller green arrow standing on the optic axis. This object has a height h, and 
is located a distance d, from the center of the lens, such that d, > | f l. 
Three rays are useful to construct the image: 


1. Start with a ray along the optic axis of the lens, which passes straight through the 
lens and defines the bottom of the image. This ray is usually not shown. 


2. A second ray is then drawn from the top of the object parallel to the optic axis. 
This ray is refracted such that the extrapolation of the diverging ray passes through 
the focal point on the left side of the lens. 


3. A third ray drawn from the top of the object through the center of the lens is not 
refracted in the thin-lens approximation. This ray is extrapolated back along its 
original path. 


The two extrapolated rays intersect at the top of the produced image. The image formed is 
virtual, upright, and reduced in size. 
The images that we have formed by ray tracing can all be described algebraically with 
the Thin-Lens Equation (derived above), 
1 1 1 


do di f 
Note that this is the same relationship between focal length, image distance, and object 
distance that we found for mirrors. 

We now introduce and review our sign conventions. We earlier defined the focal length 
of a converging lens to be positive and the focal length of a diverging lens to be negative. The 
object distance d, and height h, for a single lens are both positive. (With multi-lens systems, 
we can encounter negative object distances and heights.) If the image is on the opposite 
side of the lens from the object, the image distance d; is positive and the image is real. If the 
image is on the same side of the lens as the object, the image distance is negative and the 
image is virtual. The linear magnification formula for lenses is the same as for mirrors, 


If the image is upright, then h; and the linear magnification m are positive, while if the 
image is inverted, h; and m are negative. 

For a converging lens, we find that for d, > f we always get a real, inverted image formed 
on the opposite side of the lens. If d, = f, then 1/d; = 0 and the image is located at infinity. For 
a converging lens and d, < f, we always get a virtual, upright, and enlarged image on the same 
side of the lens as the object. The results for all values of d, are summarized in Table 33.1. 

Diverging lenses always produce an image that is virtual, upright, and reduced in size. 

Instrument makers often quote the power of a lens rather than its focal length. The 
power of a lens D, in diopters, a dimensionless number, is given by the equation 

pan (33.3) 
f 


where f is the focal length of the lens expressed in meters. Eyeglass lenses are typically char- 
acterized in terms of diopters. 


IE Okk Image Characteristics for Converging Lenses 


Case Image Type Image Orientation Magnification 
FERE Real Inverted Enlarged 
=R Real Inverted Same size 

Gh Dip Real Inverted Reduced 
a= Infinity 


hy Sif Virtual Upright Enlarged 
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An object is placed 15.0 cm to the 
left of a converging lens with focal 
length f = 5.00 cm, as shown in the 
figure. Where is the image formed? 


ta 


+ + 


a) 1.25 cm to the right of the 
b 


) 
) 
c) 3.75 cm to the right of the 
d) 
) 


e) 7.50 cm to the right of the 


lens 
2.75 cm to the left of the lens 
lens 


5.00 cm to the left of the lens 


ens 
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FIGURE 33.12 An object placed in 


front of a thin converging lens. 


FIGURE 33.13 Image formed by a 


converging thin lens. 
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33.1 Self-Test Opportunity 
In the four diagrams shown in the figure below, the solid arrow represents the object and the 
dashed arrow represents the image. The dashed rectangle represents a single optical element. The 
possible optical elements include a plane mirror, a converging mirror, a diverging mirror, a diverg- 
ing lens, and a converging lens. Match each diagram with the corresponding optical element. 


Uai i 


Ç- 


(b) (c) (d) 


EXAMPLE 33.1 | Image Formed by a Thin Lens 


We place an object with height h, = 5.00 cm at a distance d, = 16.0 cm from a thin con- 
verging lens with focal length f = 4.00 cm (Figure 33.12). 


PROBLEM 
What is the image distance? What is the linear magnification of the image? What is the 
image height? 


SOLUTION 

The image distance can be calculated using the Thin-Lens Equation (equation 33.2), 
aed 
d, di f l 


Solving for the image distance, we get 
16.0 cm }| 4.00 cm 
pdaf (160 om(400m) 
d,-f 16.0 cm- 4.00 cm 


The image distance is positive. Therefore, the image is real and appears on the opposite 
side of the lens from the object. The magnification formula for lenses is given by 


=5.33 cm. 


Thus, we can calculate the magnification using the given object distance and the calcu- 
lated image distance: 
d. 


i _ 3.33 cm 
d 


- =- 0.333. 
16.0 cm 


o 


The magnification is negative, so the image is inverted. The magnitude of the magnifica- 
tion is less than one, so the image is reduced. We can now calculate the image height: 


h; = mh, =(-0.333)(5.00 cm) =-1.67 cm. 


The image height is negative, so the image is inverted, as we expected from the negative 
magnification. 
The resulting image is illustrated in Figure 33.13. 
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33.2 | Magnifier 


One way to make an object appear larger is to bring it closer. However, if the object is 
brought too close to the eye, the object will appear fuzzy. The position closest to the eye 
that an object can be placed at and remain in focus is called the “near point, as discussed in 
detail below. Another way to make an object appear larger is to use a magnifier or magnify- 
ing glass (Figure 33.14). 

A magnifier is nothing more than a converging lens that produces an enlarged virtual 
image of an object. This image appears at a distance that is at or beyond the near point of 
the eye, so an observer can clearly see the image. The angular magnification m, of the 
magnifier is defined as the ratio of the apparent angle subtended by the image to the angle 
subtended by the object when located at the near point. 

Figure 33.15 shows the geometry of a magnifier. Assume an object with height h.. 
Without a magnifier, the largest angle 6, that you can attain and still see the object clearly 
occurs when you place the object at the near point d,,.,, (Figure 33.15a). You can get a mag- 
nified image of the object by placing the object just inside the focal length of a converging 
lens (Figure 33.15b). You then look through the lens at the image, which is intentionally 
located at least as far away as the near point. Therefore you can see the enlarged, upright, 


virtual image. The angle subtended by the image is 6,. FIGURE 33.14 A typical magnify- 
The angular magnification of the magnifier is defined as ing glass. 
Mg 2 (33.4) 


“eo. 


(a) 
Figure 33.15a shows that the angle subtended by the object without the 
magnifier is given by 


o 


tan0, = 
Figure 33.15b shows that the angle subtended by the image of the object 
is given by 


tan 0, „Po. (b) 
f 


where f is the focal length of the lens. We assume that the object is 
placed at the focal length of the lens, so the image is at minus infinity. 
(Recall from Section 33.1 that a ray through the center of the lens is not 
bent. It is this ray that forms the hypotenuse of the right triangle used 
for this equation.) We then make a small-angle approximation to get 


FIGURE 33.15 The geometry of a magnifier. (a) Viewing 
an object at the near point. (b) Viewing a magnified image of 


the object. 
tan 6, ~ 6, and tan 0, = 0,. Thus, the angular magnification of a magni- 
fier can be written as 33.3 In-Class Exercise — 
nee 4, = half = drear What is the focal length (in meters) 
á O holdnear f of a magnifying glass that gives an 


angular magnification of 6? 
Assuming a typical value for the near point of 25 cm (which is the value for a middle-aged 


person; for a 20-year-old the near point may be closer to 10 cm), the angular magnification a eae d) 0.042. m 
can be written as b) 0.021 m e) 0.055 m 
Mg~ drear a as (33.5) c) 0.035 m 
f f \ J 


Alternatively, the final image can be placed at the near point. Using the lens equation with 
d; = -dea to find d, and then using 0, = h,/d,, we find my = (0.25 m/f) + 1, if d pear = 0.25 m. 
Henceforth, unless otherwise stated, we will assume that the image is at infinity and will use 
equation 33.5. 
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FIGURE 33.16 A system of two 


converging lenses. 


FIGURE 33.17 A two-lens system 
consisting of a converging lens and a 
diverging lens. 


33.3 Systems of Two or More Optical Elements 


We have seen that a lens or mirror can produce an image of an object. This image can then, 
in turn, be used as the object for a second lens or mirror. The recurring theme for all two- 
lens systems is that the image of the first lens becomes the object of the second lens. Let’s 
start our study of multi-lens systems by considering a two-lens system consisting of two 
converging lenses, placed as shown in Figure 33.16. 

An object with height h, is placed a distance d, from the first lens, which has a focal 
length f;. An image is produced at a distance d;, given by the Thin-Lens Equation (33.2), 


1 1 1 


da da fi 


Given the value of d, that we have chosen, this image is real and inverted. This image then 
becomes the object for the second lens. The height of this object is the same as the height 
of the image produced by the first lens. The object is located a distance d, from the second 
lens, which has a focal length f}. An image is formed at a distance d; , again governed by the 


Thin-Lens Equation, 
1 1 1 


d d2 h 


For the parameters of the system depicted in Figure 33.16, the final image of the second lens 
is real and inverted, compared to the second object (first image). The linear magnification 
of the first lens is given by m, = h,,/h,,; and the linear magnification of the second lens is 
given by m, = h,»/h,>. The product of the linear magnifications of the two lenses gives the 
linear magnification of the two-lens system: 


My =mm, = fia || ia a, (33.6) 
hoi ho2 hog 


From equation 33.6 we can see that the image produced by this two-lens system is real and 
upright. Thus, this system of lenses can be used to produce real images that are not inverted. 
This kind of image formation cannot be done with a single converging lens. 

Now let’s consider a two-lens system with one converging lens and one diverging lens 
(Figure 33.17). An object with height h, is placed a distance d,, from the first lens, which 
has a focal length f;. Again, an image is produced at a distance d,, given by the Thin-Lens 
Equation (equation 33.2). This particular image is real, inverted, and enlarged. Just like in 
the previous case, this image generated by the first lens then becomes the object for the sec- 
ond lens. This second image is virtual, upright with respect to the first image, and reduced. 


33.3 Systems of Two or More Optical Elements 


The combined linear magnification of the two lenses is again the product of the linear mag- 
nifications of the individual lenses and also given by m,, = m,m, = h; 3/ho p just like in the 
case discussed previously. Figure 33.17 shows that the final image produced by this two-lens 
system is virtual and inverted with respect to the original object. 

Now let’s take this same two-lens system of a converging lens followed by a diverging lens 
and put the two lenses close together. Place the two lenses a distance x apart (Figure 33.18). 
This two-lens system acts as a converging lens. By varying the distance x we can vary the effec- 
tive focal length of the converging lens system. This arrangement is called a zoom lens. 

The effective focal length of this two-lens system is defined as the distance from the 
center of the first lens to the position of the final image for an object originally located at 
infinity. The first lens has a focal length f,, which means that objects placed at a large dis- 
tance will produce an image at an image distance of d;, = fı. We can understand this result 
using the Thin-Lens Equation, 

1 1 1 1 1 1 1 
+s 4+ =04+— = ==. 
dy, diy œ diy di, dy f 
Assuming f, > x, the image produced by the first lens is generated on the right side of the 
second lens. This means that the object distance for the second lens must be negative in this 
case, because we have defined positive object distances to be to the left of a lens. The object 
distance for the second lens is 


doo =-(di, - x) =x-d,,=x- fi 


Using this image as the object for the second lens, we get 
1 1 1 1 1 
+—= t—=—. 
don din x-fi din h 


This equation can be solved for d;, to get the effective focal length of the zoom lens system, 


filx—Ai) 
x-(AtA) 


Equation 33.7 and Figure 33.18 show that when the lenses are close together, the effective 
focal length is longer; when the lenses are farther apart, the effective focal length is shorter. 
Thus, by adjusting the distance between the converging lens and the diverging lens, we can 
produce an effective lens with varying focal length, as is done in zoom lenses of cameras. 
Note that for cameras, this result is useful only for fi > x because objects at infinity must 
produce a real image on the digital image recorder (for a digital camera) or on the film (for 
an old-fashioned conventional camera). 


fee =X +d, ,=x+ (33.7) 


SOLVED PROBLEM 33.1 | Image Produced by Two Lenses 
mit 

Consider a system of two lenses. The first lens is a converging lens with a focal length 

fi = 21.4 cm. The second lens is a diverging lens with focal length f, = -34.4 cm . The cen- 

ter of the second lens is d = 80.0 cm to the right of the center of the first lens. An object is 

placed a distance d, = 63.5 cm to the left of the first lens. These lenses produce an image 

of the object. 


PROBLEM 

Where is the image produced by the second lens located with respect to the center of the 
second lens? What are the characteristics of the image? What is the linear magnification 
of the final image with respect to the original object? 


SOLUTION 


THINK 
The Thin-Lens Equation (which we will here call simply the lens equation) tells us where 
the first lens produces an image of the object placed to the left of the first lens. The image 


Continued— 
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(b) 


FIGURE 33.18 A zoom lens system 
consisting of a converging lens fol- 
lowed by a diverging lens. Two different 
distances between the two lenses are 
shown. (a) Long focal length. (b) Short 
focal length. 


33.2 Self-Test Opportunity 


Use equation 33.7 to show that 
the effective focal length far, of 
two thin lenses with focal lengths 
f, and f, close together is given by 
1 1 1 
—==+ 


Sete “Th 1 


33.3 Self-Test Opportunity 


A normal 35-mm camera has a 

lens with a focal length of 50 mm. 
Suppose you replace the normal 
lens with a zoom lens whose focal 
length can be varied from 50 mm 
to 200 mm and use the camera to 
photograph an object at a very 
large distance. Compared to a 50-mm 
lens, what magnification of the 
image would be achieved using the 
200-mm focal length? 
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FIGURE 33.19 A system of two lenses 
with focal lengths and object distance 
marked. 


produced by the first lens becomes the object for the second lens. We again use the 
lens equation to locate the image produced by the second lens. 


SKETCH 
Figure 33.19 shows a sketch of the object, the first lens, and the second lens. 


RESEARCH 

The lens equation applied to the first lens gives 
ait, a 
dor da fi 

where d; is the image distance for the first lens. Solving for the image distance of the first 

lens gives: 


> 


d, Aah, (i) 
doy T fi 
The lens equation applied to the second lens gives: 
Ap L 
dor diz fy 


where d,,, is the object distance for the second lens and d;, is the image distance for the 
second lens. We can solve for the image distance for the second lens, 


d 
diy = Forfa A (ii) 
-f 
The object for the second lens is the image produced by the first lens. Thus, we can relate 


the object distance for the second lens to the image distance of the first lens and the dis- 
tance between the two lenses: 


d,2=d-d;1. (iii) 


SIMPLIFY 


We can substitute equation (iii) into equation (ii) to obtain 
(d-din) f 
(d-d.,)-f, 


We can then substitute equation (i) into equation (iv) to obtain an expression for the im- 
age distance of the second lens in terms of the quantities given in the problem: 


_ ott 
|: e5 Al 
_ ott 
C pe hn h 
CALCULATE 


Putting in the numerical values gives us 


(iv) 


io 


diz = 


(63.5 cm)(21.4 cm) 


C seal are fO 
(atten 


=-19.9902 cm. 


diz = 
(63.5 cm)(21.4 cm) 


Eo 


ROUND 
We report our result for the location of the image to three significant figures, 


d; =- 20.0 cm. 
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DOUBLE-CHECK 
To double-check our result and calculate the quantities needed to answer the remaining 
parts of the problem, we calculate the position of the image produced by the first lens: 


J -ah (63.5 cm)(21.4 cm) 
"O dosz fi | (63.5 cm)-(21.4 cm) 


The image distance for the first lens is positive, so the image is real and formed 32.3 cm to 
the right of the first lens. The object distance for the second lens is then 


do,2=d-d;; =47.7 cm. 


| = 32.3 cm. 


The image formed by the first lens is 47.7 cm to the left of the second lens, which seems 
reasonable. We can then calculate the image distance for the second lens: 


da ofr = cm)(~34.4 cm) 


a arg 47.7 cm) -(-34.4 cm) acide 


which agrees with our result. Thus, our answer for the distance of the image from the 
center of lens 2 seems reasonable. 

The final image is virtual because it is on the same side of lens 2 as the object for lens 
2, which we know because the image distance for lens 2 is negative. The linear magnifica- 
tion for the final image compared with the original object is 


neni | di; f- diz | <f- 32.3 =| -20.0 = LAGE. 


d dy 63.5cm]| 47.7cm 


0,1 


The image is reduced because m| < 1. The image is inverted because m < 0. 


33.4 Human Eye 


The human eye can be considered an optical instrument. The eye is 
nearly spherical in shape, about 2.5 cm in diameter (Figure 33.20). The 
front part of the eye is more sharply curved than the rest of the eye and 
is covered with the cornea. Behind the cornea is a fluid called the aque- 
ous humor. Behind that is the lens, composed of a fibrous jelly. The lens 
is held in place by ligaments that connect it to the ciliary muscles, which 
allow the lens to change shape and thus change its focus. Behind the 
lens is the vitreous humor. 

The index of refraction of the two fluids in the eye is 1.34, close to that 
of water (1.33). The index of refraction of the material making up the lens 
is about 1.40. Thus, most refraction of light rays occurs at the air/cornea 
boundary, which has the largest ratio in indices of refraction. 

Refraction at the cornea and lens surfaces produces a real, inverted 
image on the retina of the eye. Cells in the retina called rods and cones con- ; 
vert the image from light to electrical impulses. These impulses are then FIGURE 33.20 Drawing of the human eye, showing its 
sent to the brain through the optic nerve. The brain interprets the inverted major features. 
image so that we see it upright. In front of the lens is the iris, the colored part 
of the eye, which partially opens or closes to regulate the amount of light incident on the retina. 

For an object to be seen clearly, the image must be formed at the location of the retina (Figure 
33.21a). The shape of the eye cannot be changed; so changing the shape of the lens must control 
the distance of the image. For a distant object, relaxing the lens focuses the image at the retina. For 
close objects, the ciliary muscle increases the curvature of the lens to again focus the image on the 
retina. This process is called accommodation. 

The extremes over which distinct vision is possible are called the far point and near point. The 
far point of a normal eye is infinity. The near point of a normal eye depends on the ability of the eye 
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FIGURE 33.21 (a) Image produced 
by the lens of a normal-sighted person; 
(b) image produced by the lens of a 
nearsighted person; (c) image produced 
by a the lens of farsighted person. 


(a) (b) (c) 


to focus. This ability changes with age. A young child can focus on objects as near as 7 cm. As a 
person ages, the near point increases. Typically, a 50-year-old person has a near point of 40 cm. 

Several common vision defects result from incorrect focal distances. In the case of 
myopia (nearsightedness), the image is produced in front of the retina (Figure 33.21b). 
In the case of hyperopia (farsightedness), the image would be produced behind the retina 
(Figure 33.21c) if it could, but the retina absorbs the light before an image can be formed. 
Myopia can be corrected using diverging lenses, while hyperopia can be corrected using 
converging lenses. 


EXAMPLE 33.2 | Corrective Lenses 


PROBLEM 

Optometrists often quote the power of a corrective lens rather than its focal length. The 
power of a lens, D, in diopters, is given by equation 33.3 D = 1 m/f, where f is the focal 
length of the lens in meters. What is the power of the corrective lens for a myopic (near- 
sighted) person whose uncorrected far point is 15 cm? 


SOLUTION 
The corrective lens must form a virtual, upright image ofan object located at infinity, with 
the image located 15 cm in front of the lens (Figure 33.22). 


$ Virtual image at uncorrected far point _ 


A ft» 


Object at large distance 


FIGURE 33.22 Geometry of a corrective lens for nearsightedness. 


Thus, the object distance d, is co and the image distance d; is -15 cm. From the lens equation 


1 1_1 
d, d; 
we have 
1 1 1 
=— =-6.7 diopter. 


+ 
co -0.15m f 


The required lens is a diverging lens with a power of -6.7 diopter and a focal length of 
-0.15 m. 


PROBLEM 

A hyperopic (farsighted) person whose uncorrected near point is 75 cm wishes to read a 
newspaper at a distance of 25 cm. What is the power of the corrective lens needed for this 
person to read the paper? 


SOLUTION 
The corrective lens must produce a virtual, upright image of the newspaper at the uncor- 
rected near point of the person's vision (Figure 33.23). 

The object and image are on the same side of the lens, so the image distance is nega- 
tive. Thus, the object distance is 25 cm and the image distance is -75 cm: 


1 1 1 , 
=— =+ 2.7 diopter. 
0.25m -0.75m f 


Virtual image at uncorrected near point 


t Close object 


The required lens is a converging lens with a power of +2.7 diopter, corresponding to a 
focal length of +0.37 m. 


Contact Lenses 


The corrective lenses described in Example 33.2 consist of converging and diverging lenses. 
The converging lenses are convex on both surfaces and the diverging lenses are concave on 
both surfaces. These lenses correct vision well, but can be inconvenient. 

A more convenient type of corrective lens is the contact lens. A contact lens is placed 
directly on the cornea of the eye, relieving the person from having to wear external glasses. 
These lenses are convex on the entrance surface and concave on the exit surface, similar 
to the meniscus lenses discussed in Section 33.1 (Figure 33.4). The concave exit surface is 
placed directly on the eye. It is possible to produce contact lenses that are converging or 
diverging (Figure 33.24). 

We can use the Lens-Maker’s Formula (equation 33.1), 


1 be if 1 1 
f R R 
to calculate the focal length of a contact lens, where R, is the radius of curvature of the 
entrance surface and R, is the radius of curvature of the exit surface. Because the light enter- 
ing the contact lens sees a convex surface, R; > 0. The light exiting the contact lens sees a 
convex surface also, so R, > 0 as well. 
The contact lens shown in Figure 33.24a has R, > R, and thus has a negative focal 
length, corresponding to a diverging lens. The contact lens shown in Figure 33.24b has R}, < R» 
which gives a positive focal length and a converging lens. 


LASIK Surgery 


An alternative to corrective lenses has been developed in which the cornea is altered to pro- 
duce the desired optical response of the human eye. One such method, laser-assisted in situ 
keratomileusis (LASIK) surgery, uses a laser to modify the curvature of the cornea. 

An example of LASIK surgery used to correct myopia is shown in Figure 33.25. Part (a) 
shows a myopic human eye, with the image produced in front of the retina. The effective 
focal length of this eye is too short. The LASIK procedure begins with the cutting of a flap 
off the surface of the cornea and folding it back (Figure 33.25b), exposing the inner part 


Myopic LASIK surgery Normal 
Cornea / D) Cornea/ N Cornea / N 
| UV laser 
i f AS 
(a) (b) (c) 


FIGURE 33.25 (a) A myopic (nearsighted) human eye, where the image is formed in front of the 
retina. (b) In LASIK surgery, a flap is cut from the surface of the cornea and part of the stroma is re- 
moved using a UV laser. The flap is then folded back and the cornea heals. (c) Normal vision is produced 
by focusing the image on the retina. 
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FIGURE 33.23 Geometry of a correc- 


tive lens for farsightedness. 


33.4 In-Class Exercise 


A hyperopic (farsighted) person can 
read a newspaper at a distance of 
d = 125 cm, but no closer. What 
power lens should this person use 
for reading if they wish to hold the 
newspaper at a distance of 25 cm 
from their eyes? 


a) -3.5 diopter 
b) -1.25 diopter 
c) +0.50 diopter 
d) +2.5 diopter 


e) +3.2 diopter 


Diverging Converging 
ie = 
(a) (b) 


FIGURE 33.24 (a) A diverging 
contact lens. (b) A converging contact 
lens. The green arrows represent the 
direction of the light traveling through 
the lenses. 


33.5 In-Class Exercise 


Suppose the radius of curvature 
of the cornea of a myopic person 
is 8.0 mm. The exit surface of a 
contact lens would be designed to 
have a radius of curvature of 8.0 mm 
to fit on the surface of the cornea. 
What radius of curvature should 

a contact lens constructed from a 
material with n = 1.5 have on the 
entrance surface to produce a lens 
with a power of -1.5 diopter? 


a) 7.6 mm d) 8.2 mm 
b) 7.8 mm e) 8.4 mm 
c) 8.0 mm 
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of the cornea, called the stroma. An ultraviolet (UV) laser (wavelength 193 nm) is used to 
remove material in the stroma with very short laser pulses of duration on the order of 10 ns 
and energy of the order of 1 mJ, producing a flatter surface. This flatter surface corresponds 
to a larger radius of curvature for the cornea. (The laser operates with ultraviolet light that 
breaks down the molecular structure of the cornea without heating the surface.) The flap is 
then folded back and the cornea heals. The Lens-Maker’s Formula (equation 33.1) tells us 
that increasing the front radius R, will increase the effective focal length f of the eye. Thus, 
the surgery allows the image to be produced on the retina (Figure 33.25c). 

The technique described here is specific for myopic patients. The LASIK procedure 
does not work as well for hyperopic patients or for patients with astigmatism (irregular 
curvature of the cornea). To treat hyperopic patients, the laser must remove material in the 
stroma around the center of the cornea to increase the curvature of the surface. 


33.5 | Camera 


Iris/shutter 
Object > " 


System of ina | i 


Digital sensor 


The camera is an optical instrument consisting of a body that excludes light 
and contains a system of lenses that focuses an image of an object on a record- 


Camera body ing medium such as photographic film or a digital sensor. A camera with a 


digital sensor is often called a digital camera, which is our main interest in 
the present section. A drawing of a digital camera is shown in Figure 33.26. 
Normally we refer to the system of lenses in the camera as just the lens of 
LCD the camera, neglecting the sophisticated multiple elements required to pro- 
a display duce a high-quality image. The lens of the camera produces a real, inverted 
screen image of an object on the digital sensor. The camera lens is designed so that 
it can be moved to produce a sharp, focused image on the digital image 
recorder, depending on the image distance and the focal length of the lens. 
Many digital cameras have lenses that can be adjusted to have different focal 
lengths. A small digital camera, such as the one in Figure 33.26, with a 6x 
zoom lens can vary the focal length of the lens from 5.8 mm to 34.8 mm. 


Image 


FIGURE 33.26 A typical digital camera produces an The lens has an opening area. An iris can be used to limit this opening 


image on a digital sensor. 


area. The opening area is termed the aperture of the lens. The aperture is 
important because the amount of light that the camera can collect is proportional to the 
aperture. Because the aperture is usually a circle, we usually characterize the aperture by 
its diameter. 
The size of the lens is often referred to as the f-number of the lens. The f number ofa lens 
is defined as the focal length of the lens divided by the diameter of the aperture of the lens: 


focallength _ f 
aperture diameter D` 


f-number = (33.8) 


A lens with a small f-number is called a fast lens, and a lens with a large f-number is called a 
slow lens. A small f-number implies a large aperture, which means that the lens can collect a 
large amount of light. A large f-number implies a small aperture, which means that the lens 
cannot collect a large amount of light. By convention, the f-number ofa lens is usually writ- 
ten as f/#, where # represents the ratio of the focal length of the lens divided by the aperture 
diameter. For example, the small digital camera in Figure 33.26 has a lens with f-number 
ranging from f/2.8 to f/4.8. 

The aperture of the camera can be controlled by a variable iris, which limits the amount 
of light incident on the digital sensor. Conventionally, the f-number of a lens was set by 
twisting a ring on the lens. The ring had multiple indents placed at stops to help the pho- 
tographer select the required amount of light. These f-stops were placed at intervals that 
changed the amount of light accepted by a factor of two. Because the aperture depends on 
the square of the diameter, the f-stops were spaced a factor of J2 apart. Some of the stan- 
dard f-stops are f/2, f/2.8, f/4, f/5.6, f/8, f/11, and f/16. Modern digital cameras usually set 
the required f-number automatically. 

The digital image sensor requires a specific amount of light to form a good image. The 
iris can function as a shutter to control the amount of time the sensor sees and the total 


33.5 Camera 1075 


amount of light that is incident on the sensor. Unlike a film camera, the shutter of a digital 
camera is usually open to allow the photographer to see exactly what the camera sees on the 
LCD screen on the back of the camera. The total amount of light energy is the product of 
the time the light is incident on the digital sensor times the aperture times the light inten- 
sity. A digital sensor can also be programmed to accept light only over a given time interval 
without the use of a mechanical shutter. A typical time interval for an exposure varies from 
1/60" of a second to 1/1000" of a second. Short exposure times allow the camera to capture 
a moving image without blurring. To prevent unwanted light interfering with a recorded 
image, the shutter closes while the image is being read out. 

In addition to controlling the amount of light incident on the digital sensor, the iris 
can also affect the image by changing the depth of field of the image, which is the range 
in object distance where the image is in focus. If the iris is small (larger fnumber ), the 
range of angles of incident light is restricted, and a wider range of object distances will still 
produce a focused image on the digital sensor. If the iris is wide open (smaller f-number), 
a larger range of angles are admitted into the camera, meaning that only a narrow range of 
object distances will produce a focused image on the digital sensor. Thus, the photographer 
can increase the depth of field of an image by closing down the aperture and increasing the 
exposure time, or decrease the depth of field by opening the aperture and decreasing the 
exposure time. 

The standard photographic film used for many years was 36 mm wide and 24 mm tall 
and was usually called 35-mm film. Most digital sensors are much smaller than 35-mm 
film. A typical small digital camera has a digital sensor that is 5.76 mm wide and 4.29 mm 
tall. This small size affects the magnification of the image produced by the camera, depend- 
ing on the focal length of the lens. The angle of view of the camera, a, is more relevant to 
photography than the magnification. The angle of view can be defined in terms of the hori- 
zontal angle, the vertical angle, or the diagonal angle, where horizontal and vertical refer 
to the geometry of the film or digital sensor. We will consider the horizontal angle of view 
here, but the other two versions can be easily calculated from our results for the horizontal 
angle of view. 

We can derive an expression for the horizontal angle of view, a, starting with our defi- 
nition of linear magnification, m, 


~e -d> Film or 


where h; is the image height, h, is the object height, d; is the t n 
image distance, and d, is the object distance. Because photogra- ho 


: j í r- Lens digital sensor 
phers are not concerned about whether the image is upright or i S 
inverted, we will use the absolute value of the heights and dis- l a =f y aA 
tances in this calculation. In Figure 33.27 we show a schematic i pee \ ty 7 
drawing containing an object, its corresponding image on film Re = d | 4 
or a digital sensor, and the lens. t-77 


The horizontal width of the sensor is w. The object as shown FIGURE 33.27 Schematic drawing of a camera showing the angle 
in Figure 33.27 subtends an angle of œ/2 and the horizontal angle of view. 
of view is a. The maximum image size that the film or digital 
sensor can detect occurs when the image height is equal to half the width of the film or 
digital sensor, h, = w/2. If the object is not too close to the camera, the image distance is 
approximately equal to the focal length f of the lens, so we can use the definition of the 
linear magnification to write 


w2 d f h w 
h d, d 


>22 yx —. 
o o d, 2f 
From Figure 33.27, we can see that the horizontal angle of view can be related to the object 
height and object distance as 


o 


e = tan(a/2). 


o 
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FIGURE 33.28 Photos of a statue 
using three different zooms: (a) 1x zoom; 
(b) 3x zoom; (c) 6x zoom. 


Combining these two equations for the ratio h,/d, gives us 


h, 
a. = os = tan(a/2). 


Thus, the horizontal angle of view is 


a =2tan™ [| (33.9) 
2f 

As an example of the effect of changing the focal length on a picture taken with a cam- 
era, we show three photos of a statue taken with different zoom settings in Figure 33.28. 

The 1x zoom setting corresponds to a focal length of 5.8 mm, the 3x setting corre- 
sponds to a focal length of 17.4 mm, and the 6x setting corresponds to a focal length of 
34.8 mm. The horizontal angle of view is shown for the each of the three zoom settings in 
Figure 33.29. 

The horizontal angle of view for the 1x zoom setting of a = 52.8° is close to the horizon- 
tal angle of view of normal human vision of a ~ 50°- 60°. (Our peripheral vision extends to 
approximately 180°, but the inner 50°- 60° dominate our perception.) The 6x zoom setting 
has a narrow horizontal angle of view of a = 9.5°, providing a magnified image of the statue. 
For the camera to have a wider horizontal angle of view (wide-angle view), it would need a 
lens with a focal length less than 5.8 mm. 

The digital sensor is composed of millions of electronic picture elements (pixels). For 
example, the small digital camera in Figure 33.26 uses a charge-coupled device (CCD) digital 
sensor with an array of pixels 3072 pixels wide and 2304 pixels tall for a total of 7,077,888 pixels 
(7.1 megapixels). Each pixel responds to light by liberating electrons. An analog-to-digital 
converter (ADC) reads out the pixels by digitizing the number of liberated electrons. The 
pixels in each row are digitized in order. Then the next row is shifted down and digitized 
until all the pixels are digitized. The question now remains: How does the CCD produce 
a color picture? The CCD responds only to the intensity of light, not the wavelength. The 
answer is that light from the image focused on the CCD first passes through a Bayer filter 
as illustrated in Figure 33.30. 

The Bayer filter consists of rows of alternating pixels of red and green, followed by a 
row of alternating pixels of blue and green. There are more green pixels than red or blue pix- 
els because the eye responds better to green than to red or blue. A small microprocessor in 
the camera calculates the best color for each pixel, based on the intensity of the red, green, 
FIGURE 33.30 A portion of a Bayer and blue light passed by the Bayer filter. 
filter used to produce color images with A computer projector works much like a digital camera, except that the object is 
digital sensors. at the focus of the lens, which projects an image on a distant screen. The object for the 


FIGURE 33.29 The horizontal angle 
of view for a small digital camera with 
1x, 3x, and 6x zooms. 
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projector can be a small light-transmitting LCD (liquid crystal display, see Chapter 31) 
screen that displays the image to be projected. A bright light shines through the LCD to 
produce the object for the lens. Another type of projector is the DLP (digital light pro- 
cessor), which uses small mirrors etched on a computer chip to produce the image. Each 
mirror represents a pixel. Colors are produced by alternately bathing the chip in red, 
green, and blue light. The image produced by the mirrors becomes the object for a lens, 
which projects the image on a screen. Movie theaters commonly use digital projectors 
based on DLP. 


EXAMPLE 33.3 [ Focal Length of a Simple Point-and-Shoot Camera 


For many occasions, a simple point-and-shoot camera is sufficient. One example is an 
inexpensive commercial camera that uses 35-mm film (36 mm wide and 24 mm tall) like 
the one shown in Figure 33.31. You could also envision another version that uses a digital 
sensor that is 4.0 mm wide and 3.0 mm tall. 


PROBLEM 
What are the required focal lengths of the lenses for these cameras if they are to have a 
horizontal angle of view of a = 46°? 


FIGURE 33.31 A simple point-and- 
SOLUTION shoot camera with fixed focal length. 


The expression for the horizontal angle of view is given by equation 33.9: 


a =2tan! [=| 
2f 


We can rearrange this equation to obtain the focal length 


f 


2 w 
7 2tan(a/2) 


The focal length for the 35-mm film version is 


w 36 mm 


= = = 42 mm. 
f 2tan(a/2) 2 tan(46°/2) 
The focal length for the digital sensor version is 
fs w _ 40mm 247 mm. 
2tan(a/2) 2tan(46°/2) 


The digital sensor version would be considerably smaller than the 35-mm film version. 


33.6 | Microscope 


The simplest microscope is a system of two lenses. For example, Figure 33.32 shows a 
microscope constructed of two thin lenses. The first lens is a converging lens of short focal 
length, f,, called the objective lens. The second lens is another converging lens of greater 
focal length, fẹ called the eyepiece. 

The object to be observed is placed just outside the focal length f, of the objective 
lens, so that d,, = fo This arrangement allows the objective lens to form a real, inverted, 
and enlarged image of the object some distance from the objective lens. This image then 
becomes the object for the eyepiece lens. This intermediate image is placed just inside the 
focal length f, of the eyepiece lens, so that the eyepiece lens produces a virtual, upright, and 
enlarged image of the intermediate image and d,, = fẹ The resulting magnification of the 
microscope is the product of the magnification from each lens. 
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FIGURE 33.32 Geometry of the 


image formed by a microscope. The 


objective lens, eyepiece, and object for 


a real microscope are also shown. 


33.6 In-Class Exercise — 


A microscope is intended to have 


eyepiece lens has a power of 10.0 
diopter, how long must the micro- 
scope be? Assuming final image is 
produced at a distance of 25 cm. 


a) 37.7 cm d) 65.0 cm 
b) 40.0 cm e) 75.0 cm 
c) 51.3 cm 

a 


a linear magnification whose mag- 
nitude is 330. If the objective lens 
has a power of 350 diopter and the 


a L 


\ Objective lens 


1 Oi 
PA 


Image 


Object placed here 


Let L be the distance between the two lenses, and assume L > fy fe Using the notation 
of Section 33.3, this means that d; ,~ L. Thus, the linear magnification of the microscope is 
= didi» ee (0.25 m)L 

dior ofe 


where we have used d;, = -0.25 m because we assume that the final image is produced at a 
comfortable viewing distance of 0.25 m. 


EXAMPLE 33.4 | Magnification of a Microscope 


Consider a microscope that consists of an objective lens and an eyepiece lens separated by 
15 cm. The focal length of the objective lens is 2 mm, and the focal length of the eyepiece 
lens is 20 mm. Assume the final image is produced at a distance of 25 cm. 


PROBLEM 
What is the magnitude of the linear magnification of this microscope? 


SOLUTION 
Taking our expression for the linear magnification of a microscope (equation 33.10), 
we have 


> (33.10) 


=940 


PEA (0.25 m)(0.15 m) 


fafa (0.002 m)(0.020 m) 


33.7 Telescope 


Telescopes come in many forms, including refracting telescopes and reflecting tele- 
scopes. In this chapter we study the magnification of the telescope, which is a measure of 
the telescope’s ability to help us see large but distant objects. The resolution of a telescope, 
which is the capability to distinguish two nearby objects, is equally important and will be 
covered in Chapter 34. 


Refracting Telescope 


The refracting telescope consists of two converging lenses—the objective and the eyepiece. 
A modern commercial refracting telescope used by amateur astronomers is shown in Fig- 
ure 33.33. In the following examples, we represent a telescope using two thin lenses. How- 
ever, an actual refracting telescope uses more sophisticated lenses. 

Because the object to be viewed is at a large distance, the incoming light rays can 
be considered to be parallel. Thus, the objective lens forms a real image of the distant 
object at distance f, (Figure 33.34). The eyepiece is placed so that the image formed by 
the objective is a distance f, from the eyepiece. Thus, the eyepiece forms a virtual, mag- 
nified image at infinity of the image formed by the objective, again producing parallel 
rays. In Figure 33.34, the parallel light rays from the distant object are shown incident 
on the objective lens. Red-and-black dashed lines depict the parallel light rays forming 
the virtual image. 

Because the telescope deals with objects at large distances, it is not helpful to deter- 
mine the magnification of the telescope using the formula for linear magnification which 
involves distances found from the lens equation. Therefore, we define the angular magni- 
fication of the telescope as -1 times the angle observed in the eyepiece 6, divided by the 
angle subtended by the object being viewed 6, (Figure 33.34), 


ee eee (33.11) 
GO, Je 


Light from Eyepiece 


distant object 


Virtual image 
of distant object 


FIGURE 33.34 Geometry of an image formed by a refracting telescope. 


DERIVATION 33.2 { Angular Magnification 


The angle 0, is the angle subtended by a distant object. The height of the image produced 
by the objective lens is d (Figure 33.34). This image is produced at the focal length of the 
objective lens, f,. Because the focal length of the objective lens is large compared with the 
image size, 


The image is placed at the focal point of the eyepiece lens. The apparent angle in the eye- 
piece, 0., can be written as 


again assuming that the image size is small compared with the focal length of the eyepiece. The 
ratio of the apparent eyepiece angle to the objective angle gives the angular magnification: 


0 _aIfe _ fo 


6, dif, fo 


Thus the angular magnification of a refracting telescope is 


where the minus signs means that the image is inverted. 
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FIGURE 33.33 A modern telescope 
used by amateur astronomers. This tele- 
scope has an 80-mm diameter objective 
lens with a 400-mm focal length. 
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FIGURE 33.35 The SOAR telescope 


with a 4.1-m diameter primary mirror. 


For example, the refracting telescope shown in Figure 33.33 has an objective lens with focal 
length f, = 400 mm and an eyepiece with focal length fẹ = 9.70 mm, which gives the tele- 
scope a magnification of 

fa _ 400mm _ 


f: 9.7 mm 


-41. 


EXAMPLE 33.5 | Magnification of a Refracting Telescope 


The world’s largest refracting telescope at that time was completed in 1897 and is still 
in use and housed at the Yerkes Observatory in Williams Bay, Wisconsin (between 
Chicago and Milwaukee). It has an objective lens of diameter 1.0 m (40 in) with a focal 
length of 19 m (62 ft). 


PROBLEM 
What should the focal length of the eyepiece be to give a magnification of magni- 
tude 250? 


SOLUTION 

The focal length of the objective lens is given as f, = 19 m. The absolute value of the mag- 
nification is to be bm = 250. The magnification is given by bm = f,/f.. This gives us the focal 
length of the eyepiece lens as 


1 
fe Sem =0.076 m =7.6 cm. 
m| 250 


Reflecting Telescope 


Most large astronomical telescopes are reflecting telescopes, with the objective lens replaced 
with a concave mirror. (However, the eyepiece of a reflecting telescope is still a lens.) An 
example of such a telescope is the Southern Astrophysical Research (SOAR) telescope 
shown in Figure 33.35, which has a 4.1-m diameter primary mirror. Large mirrors are nec- 
essary to gather as much light as possible to produce high-quality images from distant, faint 
astronomical objects. The light-gathering capability of a telescope is in practice much more 
important than the resulting magnification of the telescope. 

Large mirrors are easier to fabricate and maintain in position than large lenses. 
Also, mirrors dont have chromatic aberration, so they work for a larger range of wave- 
lengths. Finally, the size of refracting telescopes is limited because large lenses, which 
can be supported only around their edges, tend to sag due to their own weight. By con- 
trast, modern reflecting telescopes use a large number (on the order of 100) individual 


33.4 Self-Test Opportunity 


A refracting telescope using two converging lenses is often called a Keplerian telescope. The 

eyepiece lens is placed a distance d = f, + fẹ from the objective lens. Another type of refracting 

telescope uses a converging lens for the objective lens and a diverging lens for the eyepiece lens. 
The eyepiece lens in 

this telescope is placed at A Virtual image of 

a distance d = f, + f, where Objective j distant object 

fa < 0. This type of telescope 

is often called a Galilean 

telescope. Discuss some 

advantages of a Galilean 

telescope versus a Keplerian 

telescope. 


distant object |) Eyepiece 


computer-controlled force actuators on the backside of the mirror to 
keep it as closely as possible in the ideal parabolic shape required for 
optimum image quality. These force actuators typically can each exert 
pulling or pushing forces of the order of 100 N on the mirror. They 
enable the mirror surface to stay within a few tens of nanometers of the 
ideal parabolic shape, even as the entire telescope is gradually rotated 
and tilted to stay locked on the astronomical object that it is tracking 
through the night sky during long-exposure imaging. 

Various types of reflecting telescopes have been developed. Figure 
33.36 shows three simple examples. The simplest form of reflecting tele- 
scope incorporates a parabolic mirror and an eyepiece (Figure 33.36a). 
This geometry is impractical because the observer must be placed in the 
direction from which the light comes. In the Newtonian solution to a 
reflecting telescope, a plane mirror at an angle of 45° reflects the light 
outside the structure of the telescope to an eyepiece (Figure 33.36b). 
In the Cassegrain geometry, a secondary convex hyperboloid mirror, 
placed perpendicular to the optic axis of the mirror, reflects the light 
through a hole in the center of the mirror (Figure 33.36c). In the last two 
cases, the secondary mirror is small enough that it absorbs a small (but 
not insignificant!) fraction of the incoming light. In all three cases, an 
eyepiece is used to magnify the image produced by the objective mirror. 
The SOAR telescope shown in Figure 33.35 uses the geometry shown in 
Figure 33.36b. 


Hubble Space Telescope 


The Hubble Space Telescope (HST), named for American astronomer 
Edwin Hubble (1889-1953), was deployed April 25, 1990, from the Space 
Shuttle (Figure 33.37). The HST orbits Earth 590 km above its surface, 
far above the atmosphere that disturbs the images gathered by ground- 
based telescopes. The HST is a reflecting telescope of Ritchey-Chrétian 
design arranged in Cassegrain geometry, but using a concave hyper- 
bolic objective mirror, rather than a paraboloid mirror and a convex 
hyperbolic secondary mirror as is used in the traditional Cassegrain 
design. This design gives the HST a wide field of view and eliminates 
spherical aberration. The objective mirror is 2.40 m in diameter and has 


(b) 


33.7 Telescope 1081 


Objective 


Eyepiece 


Objective 


(b) Eyepiece 


Objective 


|| Eyepiece 


——— 


(c) 

FIGURE 33.36 (a) Geometry of a standard reflecting tele- 
scope. (b) Geometry of a Newtonian reflecting telescope, with 
the eyepiece to the side. (c) Geometry of a Cassegrain reflect- 
ing telescope, with a secondary mirror and an eyepiece in the 
rear. (The relative sizes of the secondary mirror and eyepieces 
are not to scale with the primary mirror and are exaggerated.) 


33.7 In-Class Exercise 


Suppose a reflecting telescope 
consists of a concave spherical 
mirror with a radius of curvature 

R = 17.0 m and an eyepiece lens of 
focal length fẹ = 29.0 cm. What is 
the magnitude of the magnification 
of this telescope? 


a) 29.3 d) 66.1 
b) 45.0 e) 78.9 
c) 58.6 


FIGURE 33.37 The Hubble Space Telescope is arguably the world’s most famous optical instrument 
and has changed our understanding of the universe. (a) The Hubble Space Telescope in orbit. (b) Hubble 
photo of the gas pillars in the Eagle Nebula (M16): Pillars of Creation in a star-forming region. 
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(a) 


FIGURE 33.38 Two images of the galaxy 
M100. (a) An image produced by the Hubble 
Space Telescope just after it was launched. 

(b) The same object photographed after the 


optics were corrected. 


Secondary mirror 


Sun shield 


FIGURE 33.39 The planned James Webb Space Tele- 


Solar panels 


an effective focal length of 57.6 m. The secondary mirror is 0.267 m in diameter 
and is located 4.91 m from the objective mirror. The secondary mirror can be 
moved under ground control to produce the best focus. The eyepiece is replaced 
by a set of electronic instruments specialized for various astronomical tasks. 

The original HST objective mirror was produced with a flaw caused by a 
defective testing instrument. The mirror had been polished very precisely, but 
unfortunately it was polished very precisely to a wrong shape. The maximum 
deviation from the perfect shape of the mirror was only 2.3 um, but the result- 
ing spherical aberrations were catastrophic (see Figure 33.38a). In Decem- 
ber 1993, a Space Shuttle Servicing Mission deployed the Corrective Optics 
Space Telescope Axial Replacement (COSTAR) package, which corrected the 
flaw in the objective mirror and allowed the HST to begin revolutionizing 
our understanding of the universe. The two images of the galaxy M100 shown 
in Figure 33.38 demonstrate the image quality of the HST before and after 
the installation of COSTAR. In February 1997, two new instrument packages 
were installed in the HST on Shuttle Servicing Mission 2. These instruments 
contained their own optical corrections. In December 1997, the Shuttle Ser- 
vicing Mission 3A was launched to correct a serious problem with the HST’s 
stabilizing gyroscopes. In March 2002, the Shuttle Servicing Mission 3B added 
several new instruments. Shuttle Servicing Mission 4 in May 2009 replaced 
two failed instruments (spectrograph and advanced camera) and installed two 
new instruments (spectrograph and wide field camera) as well as new batteries 
and gyroscopes. 


James Webb Space Telescope 


The planned replacement for the HST is the James Webb Space Telescope (JWST), 
named for NASA's second administrator, James E. Webb (1906-1992). This proj- 
ect is planned for launch in the year 2014. The objective mirror for the JWST will 
be 6.5 m in diameter and will be composed of 18 mirror segments. An artist’s 
conception of the JWST is shown in Figure 33.39. 

The JWST will use infrared light to study the universe. Infrared light can 
penetrate the dust clouds that occur in our galaxy and elsewhere and block vis- 
ible light. The JWST will orbit the Earth at a distance of 1.5 million km (about 
four times the Earth-Moon distance), in such a way that Earth will always be 
between the Sun and the JWST. Having the Sun always blocked by Earth will 
allow continuous viewing and shield the cryogenic infrared detectors aboard the 

JWST from changes in sunlight. The JWST is also equipped with a 
multiple-layer sunshield as shown in Figure 33.39. 


Main mirror 


CHANDRA X-Ray Observatory 


The JWST will carry out observations using infrared light, which 
reflects well from mirrors. However, other types of electromagnetic 
waves do not reflect from the surfaces of mirrors. For example, if 
X-rays are incident on the surface of a mirror perpendicularly, they 
will penetrate the surface of the mirror rather than reflect. How- 


angle, the X-rays will be reflected. The CHANDRA X-ray Observa- 
tory (CXO) produces images with X-rays using the mirrors shown 
in Figure 33.40a. 

The mirrors of the CXO form images just as lenses and reflect- 
ing mirrors do (Figure 33.40b), although the geometry of the X-ray 
lenses is different. These images formed using X-rays can give us 
information about high-energy regions of the universe such as the 
very active galactic center of the Milky Way Galaxy, shown in Fig- 


| ever, if the X-rays are incident on the surface of the mirror at a large 
a 


scope. (Drawing from the Space Telescope Science Institute) ure 33.40c. 
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(a) 


(b) (c) 


The CHANDRA X-ray Observatory. (a) The cylindrical mirrors used to focus X-rays. (b) The path of X-rays through CHANDRA. c) An 
X-ray image produced by CHANDRA of the center of the Milky Way Galaxy. 


After discussing the largest optical instruments with which we can explore the largest struc- 
tures of the universe, we want to devote the last section of this chapter to an optical instru- 
ment with which we can manipulate some of the smallest structures. 

As shown in Example 31.3, the force exerted on an object by light is on the order of 
10°” N (= 1 piconewton). This force is too small to affect macroscopic objects. However, phys- 
icists using very intense lasers focused to a small area can exert forces sufficient to manipulate 
objects as small as a single atom. These devices are called optical traps or laser tweezers. 

Laser tweezers are constructed by focusing an intense laser beam to a point using the 
objective lens of a microscope. The force exerted by a laser pointer on a piece of paper pro- 
duces a force in the direction of the origi- 
nal laser beam. In the physical realization 
of laser tweezers, the laser beam is focused 
in such a way that the light is more intense 
in the middle of the light distribution. In 
addition, the focusing produces light rays 
that converge on a point. 

Let’s consider the effect of the focused 
laser light on a spherical, optically trans- 
parent object. This object could be a small Serevarssi z-component of 
plastic sphere or a living cell that is approxi- abject se aes 
mately spherical. Define the original direc- 
tion of the laser light as the z-direction, so (a) (b) 


the xy-plane lies perpendicular to the inci- The effect of focused laser light on a small, spherical, optically transpar- 
dent direction. Figure 33.41a shows the ent object. (a) The curved red line on the left represents the varying intensity of the wave. In 
object in the yz-plane, displaced slightly in addition, the restoring force in the y-direction is shown. (b) A restoring force also occurs in 
the negative y-direction. Light coming from the z-direction. 


>< 
>< 


y-component of Transparent 
resultant force object 
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the center of the distribution of light is more intense and also (as we will see in Chapter 34) 
is refracted (or bent) downward. Light coming from the edge of the distribution is less 
intense and is refracted upward. The resultant change in momentum of the incident light 
rays in the y-direction is downward. To conserve momentum, the object must recoil in the 
positive y-direction. Thus, the intense focused light of the laser produces a restoring force 
on the object if it is not positioned at y = 0, and the object is trapped in the y-direction. 

In the z-direction, which is the direction of the incident laser light, trapping also occurs 
because of the converging rays produced by the focusing of the light by the lens (Figure 
33.41b). In this case, the object is just to the right of the focus point. The incident rays are 
refracted such that they are more parallel to the incident direction than before. Thus the 
component of the momentum of light in the z-direction has been increased and the trans- 
parent object must recoil in the opposite direction to conserve momentum. If the object 
were to the left of the focus point, it would experience a force to the right. Thus the object is 
trapped in the direction parallel to the incident laser light as well as the direction perpen- 
dicular to the light. 

This technique relies on the transmission of the incident light. If this technique is 
applied to an object that is not transparent, the incident light will be reflected and will pro- 
duce a force pushing the object in the general direction of the incident light. 

Laser tweezers have been used to trap cells, bacteria, viruses, and small polystyrene beads. 
They have also been used to manipulate DNA strands and to study molecular-size motors. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= For images formed by lenses, the object distance, the 7 
image distance, and the focal length of the lens are 


1 1 
related by the Thin-Lens Equation, ra + ~ A 
is always positive, whereas d; is positive ifthe image is on 
the opposite side of the lens as the object and negative 
if on the same side. The focal length fis positive for 
converging lenses and negative for diverging lenses. 


The Lens-Maker’s Formula relates the curvature of both 
sides of a lens and its index of refraction to its focal 


length, 7 -pfi T : 


The diopter is a dimensionless number defined as the 
inverse of the focal length in meters. 


The angular magnification of a simple magnifier with 
0.25 m 


an image at infinity is given by mg= . (Assumed 


here is a typical value of 0.25 m for the near point of 
the average middle-aged person.) 


KEY TERMS 


lens, p. 1059 

Lens-Maker’s Formula, p. 1059 
Thin-Lens Equation, p. 1061 
converging lens, p. 1062 
diverging lens, p. 1064 

diopter, p. 1065 

magnifier, p. 1067 


zoom lens, p. 1069 
accommodation, p. 1071 
far point, p. 1071 

near point, p. 1071 
myopia, p. 1072 
hyperopia, p. 1072 


angular magnification, p. 1067 


The linear magnification of a microscope is given by 
(0.25 m)L ; : 
m=- E where L is the distance between the 
O. 


two lenses, F, is the focal length of the objective lens, 
and f, is the focal length of the eyepiece lens. (Final 
image assumed formed at distance of 0.25 m.) 


The angular magnification of a telescope is given by 


m=- eee at , where f, is the focal length of the 
6, 


objective lens or mirror and fz is the focal length of the 
eyepiece lens. 


The f-number of a camera lens is defined as the 

focal length of the lens f divided by the diameter 

of the aperture of the lens D, f-number = 
focallength _ f 


aperture diameter D` 


The horizontal angle of view of a camera is a = 
2tan” + , where w is the width of the film or digital 


image sensor and fis the focal length of the camera lens. 


contact lens, p. 1073 
LASIK surgery, p. 1073 
camera, p. 1074 
aperture, p. 1074 
f-number, p. 1074 
f-stops, p. 1074 

depth of field, p. 1075 


angle of view, p. 1075 
microscope, p. 1077 
objective lens, p. 1077 
eyepiece, p. 1077 

refracting telescope, p. 1078 
reflecting telescope, p. 1078 
laser tweezers, p. 1083 


| 33.1 a) plane mirror 


NEW SYMBOLS 


di ,. : ; 
=— =- —, linear magnification 
o d, 


1 
D= rs power ofa lens, in diopters 


mg, angular magnification 


fo focal length of the objective lens or mirror 


c) diverging lens 
b) diverging mirror d) converging lens 


33.2 Taking x = 0 in equation 33.7 gives us fog =f, filh + fi). 
We can invert this equation to get 
1 hth 1 _ 1 
se hh A h 


33.3 The magnitude of the magnification is given by 
|m| = d;/d,. If the object distance is infinity, then d; = f. Thus 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 

Basically the same guidelines as in the previous chapter also 
apply here, because for lenses and optical instruments we 
simply use the same ray-tracing laws as for mirrors. 


1. Drawing a large, clear, well-labeled diagram should be the 
first step in solving almost any optics problem. Include all the 
information you know and all the information you need to 
find. Remember that angles are measured from the normal to 
a surface, not to the surface itself. 


2. You need to draw only two principal rays to locate an image 
formed by mirrors or lenses, but you should draw a third ray 
as a check that they are drawn correctly. Even if you need 


SOLVED PROBLEM 33.2 (Image of the Moon 
p 


PROBLEM 
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fo focal length of the eyepiece 


f-number, ratio of the focal length divided by the diameter of the 
aperture for a camera 


a, horizontal angle of view of a camera 


ANSWERS TO SELF-TEST OPPORTUNITIES 


the 200-mm focal length lens will produce a magnification 
of four times that of the normal 50-mm lens. 


33.4 Comparing with Figure 33.34, we can see that a Gali- 
lean telescope produces an upright image, which is useful 
for terrestrial telescopes, opera glasses, and binoculars. The 
Keplerian telescope produces an inverted image. A Galilean 
telescope can be shorter than a Keplerian telescope, which 
is also useful for optical devices such as opera glasses or 
binoculars. 


to solve a problem using the mirror equation or Thin-Lens 
Equation, an accurate drawing can help you approximate the 
answers as a check on your calculations. But keep in mind that 
in some lens configurations with large magnification factors, 
even minute drawing inaccuracies can translate into large 
errors in image size or location. So it is also not a good idea to 
rely strongly on your drawing alone. 


3. When you calculate distances for mirrors or lenses, 
remember the sign conventions and be careful to use them 
correctly. If a diagram indicates an inverted image, say, but your 
calculation does not have a negative sign, go back to the starting 
equation and check the signs of all distances and focal lengths. 


An image of the Moon is focused onto a screen, using a converging lens of focal length 
f= 50.0 cm. The radius of the Moon is R = 1.737-10° m, and the mean distance between 
Earth and the Moon is d = 3.844- 10° m. What is the radius of the Moon in the image on 


the screen? 


SOLUTION 
THINK 


The linear magnification of the image produced by the lens can be expressed in terms of 
the ratio of the image size to the object size and in terms of the ratio of image distance to 


the object distance. 


Continued— 
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SKETCH 
f | Figure 33.42 shows a sketch of the image of the Moon produced by a converging lens. A 
J blue arrow represents the image of the Moon. 


RESEARCH 
FIGURE 33.42 Image of the Moon The relationship between the object distance d, and the image distance d; for a lens with 
produced by a converging lens. focal length f is given by the Thin Lens Equation, 
lege st 
d, di f l 
We can solve this equation for the image distance, 


d 
di = of . 
d, = f 
In this case, the object distance is the distance from Earth to the Moon. Because the ob- 
ject distance is much greater than the focal length of the lens, we can write 


d, 
d;~ =f. 
The linear magnitude of the magnification m for a lens can be written as 
oak 
d, h 


where h; is the height (radius) of the image and h, is the height of the object, which in this 
case is the radius of the Moon. 


SIMPLIFY 
We can solve the previous equation for the image height, 
h,=-h, mi, 
d, 


Taking the object height to be the radius of the Moon R, the object distance to be the 
distance from Earth to the Moon d, and the image distance to be the focal length of the 
lens f, we can write 


eet 
d 
CALCULATE 
Putting in the numerical values, we have 
bene (1.737 -10° m = -0.00225937 m. 
d 3.844-10° m 


ROUND 

We report our result for the radius of the image of the Moon on the screen to three sig- 
nificant figures, 5 
h, =-2.26-10° m =- 2.26 mm. 


i = 


DOUBLE-CHECK 

The Moon is relatively close to Earth and we can see the Moon as a disk easily with the 
naked eye. Thus, it seems reasonable that we could produce an image of the Moon with 
radius 2.26 mm on a screen with a lens of focal length 50.0 cm. The negative sign for the 
image height means that our image of the Moon is inverted. | 


Seen 


$ 


SOLVED PROBLEM 33.3 (Image Produced by a Lens and a Mirror 


An object is placed a distance d,; = 25.6 cm to the left of a converging lens with focal 
length fı = 20.6 cm. A converging mirror with focal length f, = 10.3 cm is placed a dis- 
tance d = 120.77 cm to the right of the lens. 


PROBLEM 


What is the magnification of the image produced by the lens-and-mirror combination? 


SOLUTION 


THINK 

The lens will produce a real, inverted image of the object. This image becomes the object 
for the converging mirror. The object distance for the mirror is the distance between the 
lens and the mirror minus the image distance of the lens. The overall magnification is the 
magnification of the lens times the magnification of the mirror. 


SKETCH 
Figure 33.43 shows a sketch of the object, the lens, and the mirror. 


RESEARCH 
The Thin Lens Equation tells us that the image distance d; , for the lens is given by 


Bosh 

doaz fi 

The mirror equation tells us that the image distance for the mirror is 
dah 
doa fy’ 

where the object distance for the mirror is 
d,,=d-diy. (iii) 


The magnification m of the lens-and-mirror system is given by 


diy = (i) 


(ii) 


m=mm), (iv) 


where m, is the magnification of the lens and m, is the magnification of the mirror. The 
magnification of the lens using equation (i) is 


| doh | 
dii doi-h = f f 


m = == = = . (v) 
dy, doy do = fi fi = day 
Similarly, the magnification of the mirror using equation (ii) is 
| dozh | 
ta lis 
m,=- 42 _ 2 R a h h (vi) 


dy» dy» d, -h h -d,2 l 
SIMPLIFY 


We can then write for the overall magnification, using equations (iii), (v), and (vi) in 


equation (iv) f f f f 
mA) 4) eo} 


Finally, substituting from equation (i) for the image distance for the lens gives us 


CALCULATE 


Putting in the numerical values gives us 


me 


20.6 cm) a (25.6 cm) 


(10.3 cm) 
(25.6 cm)(20.6 cm) | 
(25.6 cm) -(20.6 cm) 


loam cn)- 


m = 8.490596. 
Continued— 
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aimi 

I 

a [A A kf 
oo --H----4--4-6 - 

| 

do 1 l 


FIGURE 33.43 An object being im- 


aged by a lens-and-mirror combination. 
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FIGURE 33.44 A lens is placed 


between a light bulb and a screen. 


ROUND 
We report our result to three significant figures, 


m= 8.49. 
DOUBLE-CHECK 
To double-check our result, we first calculate the image distance for the lens, 
pedal a (25.6 cm)(20.6 cm) 
il 


da1- fi (25.6 cm) -(20.6 cm) E 


The object distance for the mirror is then 
d= d-d;1=120.77 cm -105.47 cm =15.3 cm. 


The image distance for the mirror is then 


dozh E (15.3 cm)(10.3 cm) 


din = = 31.52 cm. 
s da2- h (15.3 cm)-(10.3 cm) 
The magnification of the image is then 
dii dip 105. ; 
_ Gi Gin _ 05.5 cm 31.52 cm 8.49, 


dy, dy, 25.6cm 15.3cm 


which agrees with our result. 


a) 


N 


SOLVED PROBLEM 33.4 (Two Positions of a Converging Lens 
ee ee 


A light bulb is at a distance d = 1.45 m away from a screen. A converging lens with focal 
length f = 15.3 cm forms an image of the light bulb on the screen for two lens positions. 


PROBLEM 
What is the distance between these two positions? 


SOLUTION 


THINK 

The sum of the object distance of the lens plus the image distance of the lens is equal to 
the distance of the light bulb from the screen. Using the lens equation, we can solve for 
the possible image distances using the quadratic equation. The distance between the two 
image distances is the distance between the two lens positions. 


SKETCH 
Figure 33.44 shows a sketch of the lens placed between the light bulb and the screen. 
RESEARCH 
The Thin-Lens Equation is 
1 1 1 
Se; i 
d, di f l i 


where d, is the object distance, d; is the image distance, and f is the focal length. We can 
express the object distance in terms of the image distance and the distance of the light 
bulb from the screen d, 


d,=d-d;. (ii) 
Substituting equation (ii) into equation (i) gives us 
1 1 1 


d-d d f 


Multiple-Choice Questions 


We can rearrange this equation to get 
d;(d-d; 
d; t (d = d i) = l ) 
f 


Collecting terms and multiplying by f gives us 
df = d,d-d}. (iii) 
SIMPLIFY 


We can rewrite equation (iii) so that we can recognize it as a quadratic equation, for 
which we can find the solutions: 


d? -d,d+df =0. 


The solutions of this equation are 


d+ d -4d 
g ENE 


where one solution corresponds to the + sign and the other solution corresponds to the 
- sign. 


CALCULATE 
The solution corresponding to the + sign is 


(1.45 m)+ [us m) -4(1.45 m)(0.153 m) 


=1.27616 m. 


i+ 


The solution corresponding to the - sign is 


f (1.45 m)-y(145 m) - 4(1.45 m)(0.153 m) 


i- 3 = 0.173842 m. 


The difference between the two positions is Ad, = 1.10232 m. 


ROUND 
We report our result to three significant figures, 


Ad, =1.10 m. 


(Note: Even though we have found two positions for the lens that allow an image to be 
formed, it is not correct to assume that the image has the same size in both cases.) 


DOUBLE-CHECK 
To double-check our answer, we substitute our solutions for the image distance into the 
Thin-Lens Equation and show that they work. For the first solution, d; = 1.276 m, so the 
corresponding object distance is d, = d - d; = 0.174 m. The lens equation then tells us 
1 1-4 
0.174 1.276 0.153 m° 


which agrees within round-off errors. For the second solution, we simply reverse the role 
of the image distance and object distance in the Thin-Lens Equation, and we get the same 
answer. Thus our result seems reasonable. 


t 


MULTIPLE-CHOICE QUESTIONS 


| 33.1 Fora microscope to work as intended, the separation a) slightly larger than the focal length. 
between the objective lens and the eyepiece must be such b) slightly smaller than the focal length. 
that the intermediate image produced by the objective lens 
will occur at a distance (as measured from the optical center 
of the eyepiece) 


c) equal to the focal length. 


d) The position of the intermediate image is irrelevant. 
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33.2 Which one of the following is not a characteristic of a 
simple two-lens astronomical refracting telescope? 

a) The final image is virtual. 

b) The objective forms a virtual image. 

c) The final image is inverted. 

33.3 A converging lens will be used as a magnifying glass. In 
order for this to work, the object must be placed at a distance 
a) d,>f. c) d,<f. 

b) d =f. d) None of the above. 

33.4 An object is moved from a distance of 30 cm to a 
distance of 10 cm in front of a converging lens of focal 
length 20 cm. What happens to the image? 

a) Image goes from real and upright to real and inverted. 

b) Image goes from virtual and upright to real and inverted. 
c) Image goes from virtual and inverted to real and upright. 
d) Image goes from real and inverted to virtual and upright. 
e) None of the above. 

33.5 What type of lens is a magnifying glass? 

a) converging d) cylindrical 
b) diverging e) plain 

c) spherical 

33.6 LASIK surgery uses a laser to modify the 
a) curvature of the retina. 

b) index of refraction of the aqueous humor. 
c) curvature of the lens. 

d) curvature of the cornea. 


QUESTIONS 


33.12 Several small drops of paint (less than 1 mm in diame- 
ter) splatter on a painter’s eyeglasses, which are approximately 
2 cm in front of the painter’s eyes. Do the dots appear in what 
the painter sees? How do the dots affect what the painter sees? 


33.13 When a diver with 20/20 vision removes her mask 
underwater, her vision becomes blurry. Why is this the 

case? Does the diver become nearsighted (eye lens focuses 
in front of retina) or farsighted (eye lens focuses behind reti- 
na)? As the index of refraction of the medium approaches 
that of the lens, where does the object get imaged? Typically, 
the index of refraction for water is 1.33, while the index of 
refraction for the lens in a human eye is 1.40. 


33.14 In H.G. Wells’s classic story The Invisible Man, a man 
manages to change the index of refraction of his body to 1.0; 
thus, light would not bend as it enters his body (assuming he 
is in air and not swimming). If the index of refraction of his 
eyes were equal to one, would he be able to see? If so, how 
would things appear? 


33.15 Astronomers sometimes place filters in the path of 
light as it passes through their telescopes and optical equip- 
ment. The filters allow only a single color to pass through. 
What are the advantages of this? What are the disadvantages? 


33.7 What is the focal length of a flat sheet of transparent glass? 
c) thickness of the glass 

d) undefined 

33.8 Where is the image formed if an object is placed 25 cm 


from the eye of a nearsighted person. What kind of a 
corrective lens should the person wear? 


a) zero 
b) infinity 


a) Behind the retina. Converging lenses. 

b) Behind the retina. Diverging lenses. 

c) In front of the retina. Converging lenses. 
d) In front of the retina. Diverging lenses. 


33.9 An object is placed on the left of a converging lens at a 
distance that is less than the focal length of the lens. The image 
produced will be 


a) real and inverted. c) virtual and inverted. 


b) virtual and erect. d) real and erect. 


33.10 What would you expect to happen to the magnitude of 
the power of a lens when it is placed in water (n = 1.33)? 

d) It would depend if the 

lens was converging or 
diverging. 


a) It would increase. 
b) It would decrease. 
c) It would stay the same. 


33.11 An unknown lens forms an image of an object that is 
24 cm away from the lens, inverted, and a factor of 4 larger in 
size than the object. Where is the object located? 


a) 6cm from the lens on the same side of the lens 
b) 6cm from the lens on the other side of the lens 
c) 96 cm from the lens on the same side of the lens 
d) 96 cm from the lens on the other side of the lens 
e) No object could have formed this image. 


33.16 Is it possible to start a fire by focusing the light of the 
Sun with ordinary eyeglasses? How, or why not? 


33.17 Will the magnification produced by a simple magni- 
fier increase, decrease, or stay the same when the object and 
the lens are both moved from air into water? 


33.18 Is it possible to design a system that will form an im- 
age without lenses or mirrors? If so, how? and what draw- 
backs, if any, would it have? 


33.19 A lens system widely used in machine vision for 
dimensional measurement is the so-called telecentric 

lens system. In its basic configuration, it consists of two 
thin lenses of focal lengths f, and f,, respectively, placed 

a distance d = f, + fa apart, and a small circular aperture 
called a stop aperture placed at the common focal point 
between the two lenses. The purpose of such a system is to 
provide a magnification that is independent of the distance 
between the object and the lens system, within a specified 
range of distances that define the so-called depth of field of 
the system. 


a) Draw a ray diagram through the system. 
b) Determine the magnification of such a system. 


c) Determine the requirements that must be met by the two 
lenses in order for a telecentric system to be able to image 
with maximum resolution an object with a diameter of 

50.0 mm on a so-called +-inch CCD camera head (detector 
dimensions are ~ 6.50 mm x 5.00 mm). 

33.20 Lenses or lens systems for photography are rated by 
both focal length and “speed” The “speed” of a lens is mea- 
sured by its number or f-stop, the ratio of its focal length to 
its aperture diameter. For many commercially available lenses 
this number is approximately a power of ape e.g., 1.4, 2.0, 2.8, 
4.0, etc.; the lens is provided with a mechanical iris diaphragm 
that can be set to different apertures or f-stops. The smaller 
the number, the “faster” the lens. “Faster” lenses are more 
expensive, as a wide aperture requires a higher-quality lens. 


a) Explain the connection between f-number, (i-e., aperture 
diameter) and “speed.” 

b) Look up the necessary data and calculate the f-numbers 
of (the primary mirrors of) the Keck 10-meter telescope, the 
Hubble Space Telescope, and the Arecibo radio telescope. 
33.21 The f-number of a photographic system determines 
not just its speed but also its “depth of field? the range of 
distances over which objects remain in acceptable focus. 
Low f-numbers correspond to small depth of field, high 
f-numbers to large depth of field. Explain this. 


33.22 Mirrors for astronomical instruments are invariably 
first-surface mirrors: The reflective coating is applied on the 
surface exposed to the incoming light. Household mirrors, 
on the other hand, are second-surface mirrors: The coating 
is applied to the back of the glass or plastic material of the 
mirror. (You can tell the difference by bringing the tip of an 
object close to the surface of the mirror. Object and image 
will nearly touch with a first-surface mirror; a gap will re- 
main between them with a second-surface mirror.) Explain 
the reasons for these design differences. 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One e and two ee 
indicate increasing level of problem difficulty. 


Section 33.1 


33.28 An object of height h is placed at a distance d, on the 
left side of a converging lens of focal length f ( f < d,). 


a) What must d, be in order for the image to form at a 
distance 3f on the right side of the lens? 


b) What will be the magnification? 


33.29 An object is 6.0 cm from a converging thin lens along 
the axis of the lens. If the lens has a focal length of 9.0 cm, 
determine the image magnification. 


33.30 A biconvex ice lens is made so that the radius of cur- 

vature of the front surface is 15.0 cm and that for the back is 
20.0 cm. Determine how far you would put dry twigs if you 

wish to start a fire with your ice lens. 


Problems 1091 


33.23 When sharing binoculars with a friend, you notice that 
you have to readjust the focus when he has been using it (he 
wears glasses, but removes them to use the binoculars). Why? 


33.24 Using ray tracing in the diagram below, find the 
image of the object (upright arrow) in the following system 
having a diverging (double-concave) lens. Is the image real 
or virtual? Is the image height less than or greater than the 
object height? 

A 


v 
33.25 You have made a simple telescope from two convex 
lenses. The objective lens is the one of the two lenses that 
is closer to the object being observed. What kind of image 
is produced by the eyepiece lens if the eyepiece is closer to 
the objective lens than the image produced by the objective 
lens? 


33.26 What kind of lens is used in eyeglasses to correct the 
vision of someone who is 

a) nearsighted? 

b) farsighted? 

33.27 A physics student epoxies two converging lenses to 
the opposite ends of a 2.0 - 10'-cm-long tube. One lens has 
a focal length of f, = 6.0 cm and the other has a focal length 
of f = 3.0 cm. She wants to use this device as a microscope. 
Which end should she look through to obtain the highest 
magnification of an object? 


33.31 Asa high-power laser engineer you need to focus a 
1.06-mm diameter laser beam to a 10.0-um diameter spot 
20.0 cm behind the lens. What focal length lens would you use? 


33.32 A plastic cylinder of length 3.0- 10’ cm has its ends 
ground to convex (from the rod outward) spherical surfaces, 
each having radius of curvature 1.0-10' cm. A small object is 
placed 1.0-10' cm from the left end. How far will the image of 
the object lie from the right end, if the index of refraction of 
the plastic is 1.5? 


33.33 The object (upright arrow) in the following system 
has a height of 2.5 cm and is placed 5.0 cm away from a 
converging (convex) lens with a focal length of 3.0 cm. What 
is the magnification 

of the image? Is the Í 
image upright or . 
inverted? Confirm f f 
your answers by 

ray tracing. 
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¢33.34 Demonstrate that the minimum distance possible 
between a real object and its real image through a thin con- 
vex lens is 4f, where fis the focal length of the lens. 


33.35 An air-filled cavity bound by two spherical surfaces 
is created inside a glass block. The two spherical surfaces 
have radii of 30.0 cm and 20.0 cm, respectively, and the 
thickness of the cavity is 40.0 cm (see diagram below). A 
light-emitting diode (LED) is embedded inside the block a 
distance of 60.0 cm in front of the cavity. Given ngjass = 1.50 
and n,;, = 1.00, and using only paraxial light rays (i.e., in the 
paraxial approximation): 


a) Calculate the 


final position of roint Glass 

: object na... = 1.50 
the image of the (LED) N 
LED through the 


na 0g 
air-filled cavity. J =| 
b) Draw a ray i 20.0 cm 
diagram showing 
how the image is 60.0 cm sea = 40.0 cm 
formed. 
Section 33.2 
33.36 To study a tissue sample better, a pathologist holds 
a 5.00-cm focal length magnifying glass 3.00 cm from the 
sample. How much magnification can he get from the lens? 


33.37 Suppose a magnifying glass has a focal length of 5.0 cm. 
Find the magnifying power of this glass when the object is 
placed at the near point. 

33.38 What is the focal length of a magnifying glass if a 1.0-mm 
object appears to be 10. mm? 

¢33.39 A person with a near-point distance of 24.0 cm finds 
that a magnifying glass gives an angular magnification that 
is 1.25 times larger when the image of the magnifier is at the 
near point than when the image is at infinity. What is the 
focal length of the magnifying glass? 


Section 33.3 

33.40 A beam of parallel light, 1.00 mm in diameter passes 
through a lens with a focal length of 10.0 cm. Another lens, 
this one of focal length 20.0 cm, is located behind the first 
lens so that the light traveling out from it is again parallel. 

a) What is the distance between the two lenses? 

b) How wide is the outgoing beam? 

33.41 How large does a 5.0-mm insect appear when viewed 
with a system of two identical lenses of focal length 5.0 cm 
separated by a distance 12 cm if the insect is 10.0 cm from the 
first lens? Is the image real or virtual? Inverted or upright? 
33.42 Three converging lenses of focal length 5.0 cm are 
arranged with a spacing of 2.0-10' cm between them, and 
are used to image an insect 2.0-10' cm away. 

a) Where is the image? 

b) Is it real or virtual? 

c) Is it upright or inverted? 


33.43 Two identical thin convex lenses, each of focal 
length f, are separated by a distance d = 2.5f. An object is 
placed in front of the first lens at a distance d,, = 2f. 

a) Calculate the position of the final image of an object 
through the system of lenses. 

b) Calculate the total transverse magnification of the system. 
c) Draw the ray diagram for this system and show the final 
image. 

d) Describe the final image (real or virtual, erect or 
inverted, larger or smaller) in relation to the initial object. 
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33.44 Two converging lenses with focal lengths 5.00 cm 
and 10.0 cm, respectively, are placed 30.0 cm apart. An 
object of height h = 5.00 cm is placed 10.0 cm to the left of 


the 5.00-cm lens. What will be the position and height of the 
final image produced by this lens system? 


f i f >l 
< d= 2f- < d=25f 


33.45 Two lenses are used to create an image for a source 
10.0 cm tall that is located 30.0 cm to the left of the first lens, 
as shown in the figure below. Lens L, is a biconcave lens 
made of crown glass (index of refraction n = 1.55) and has a 
radius of curvature of 20.0 cm for both surface 1 and 2. Lens 
L, is 40.0 cm to the right of the first lens L,. Lens L, is a con- 
verging lens with a focal length of 30.0 cm. At what distance 
relative to the object does the image get formed? Determine 
this position by sketching rays and calculating algebraically. 


|R| = 20.0cm |R| = 20.0 cm f= 30.0cm 


40.0 cm | 


30.0 cm ap 


ee33.46 Sophisticated optical systems can be analyzed and 
designed with the aid of techniques from linear algebra. 
Light rays (or particle beams) are described at any point 
along the axis of the system by a two-component column 
vector containing y, the distance of the ray from the optic 
axis, and dy/dx, the slope of the ray. Components of the 
system are described by 2x2 matrices which incorporate 
their effects on the ray; combinations of components are 
described by products of these matrices. 


a) A thin lens does not alter the position of a ray, but 
increases (diverging) or decreases (converging) its slope 


an amount proportional to the distance of the ray from the 
axis. Construct the matrix for a thin lens of focal length f 
b) A space between components does not alter the slope 
of a ray; the distance of the ray from the axis changes by 
the slope of the ray times the length of the space. Write the 
matrix for a space of length x. 

c) Write the matrix for the two-lens “zoom lens” system 
described in Section 33.3. 


Section 33.4 

33.47 The typical length of a human eyeball is 2.50 cm. 

a) What is the effective focal length of the two-lens system 
made from a normal person's cornea and lens when viewing 
objects far away? 

b) What is the effective focal length for viewing objects at 
the near point? 

33.48 Using your answers from the previous question, and 
given that the cornea in a typical human eye has a fixed 
focal length of 2.33 cm, what range of focal lengths does the 
lens in a typical eye have? 

33.49 Jane has a near point of 125 cm and wishes to read 
from a computer screen 40. cm from her eye. 

a) What is the object distance? 

b) What is the image distance? 

c) What is the focal length? 

d) What is the power of the corrective lens needed? 

e) Is the corrective lens diverging or converging? 

33.50 Bill has a far point of 125 cm and wishes to see dis- 
tant objects clearly. 

a) What is the object distance? 

b) What is the image distance? 

c) What is the focal length? 

d) What is the power of the corrective lens needed? 

e) Is the corrective lens diverging or converging? 

33.51 A person wearing bifocal glasses is reading a news- 
paper a distance of 25 cm. The lower part of the lens is 
converging for reading and has a focal length of 70. cm. The 
upper part of the lens is diverging for seeing at distances far 
away and has a focal length of 50. cm. What are the uncor- 
rected near and far points for the person? 

33.52 The radius of curvature for the outer part of the cornea 
is 8.0 mm, the inner portion is relatively flat. If the index of 
refraction of the cornea and the aqueous humor is 1.34: 

a) Find the power of the cornea. 

b) Ifthe combination of the lens and the cornea has a 
power of 50. diopter, find the power of the lens (assume the 
two are touching). 

33.53 As objects are moved closer to the human eye, the 
ciliary muscle causes the lens at the front of the eye to become 
more curved, thereby decreasing the focal length of the lens. 
The shortest focal length fnin of this lens is typically 2.3 cm. 
What is the closest one can bring an object to a normal 
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human eye (see left side of figure below) and still have the 
image of the object projected sharply on the retina, which 
is 2.5 cm behind the lens? Now consider a nearsighted hu- 
man eye that has the same fin but is stretched horizontally, 
with a retina that is 3.0 cm behind the lens (see right side of 
figure below). What is the closest one can bring an object to 
this nearsighted human eye and still have the image of the 
object projected sharply on the retina. Compare the maxi- 
mum angular magnification produced by this nearsighted 
eye with that of the normal eye. 


Normal 20/20 vision 


Retina 
fin = 2-3 cm (| \ 


hers 


33.54 A person is nearsighted (myopic). The power of his 
eyeglass lenses is -5.75 diopters, and he wears the lenses 
1.00 cm in front of his corneas. What is the prescribed 
power of his contact lenses? 


Nearsighted 


Frnin = 2.3 cm | y senina 
NJ 
~S 


<— 3.0 cm—>| 


Section 33.5 


33.55 An amateur photographer attempts to build a custom 
zoom lens using a converging lens followed by a diverging 
lens. The two lenses are separated by a distance x = 50. mm 
as presented in Figure 33.18 (reproduced below). If the focal 
length of the first lens is 2.0- 10° mm and the focal length of 
the second lens is -3.0 - 10°? mm, what will the effective focal 
length of this compound lens be? What will fog be if the lens 
separation is changed to 1.0- 10° mm? 


33.56 For a certain camera, the distance between the lens 
and the film is 10.0 cm. You observe that objects that are 
very far away appear properly focused. How far from the 
film would you have to move the lens in order to properly 
focus an object 100. cm away? 


33.57 A camera has a lens with a focal length of 60. mm. 
Suppose you replace the normal lens with a zoom lens 
whose focal length can be varied from 35. mm to 250. mm 
and use the camera to photograph an object at infinity. 
Compared to a 60.-mm lens, what magnification of the im- 
age would be achieved using the 240.-mm focal length? 


33.58 A camera lens usually consists of a combination 

of two or more lenses to produce a good-quality image. 
Suppose a camera lens has two lenses—a diverging lens of 
focal length 10.0 cm and a converging lens of focal length 
5.00 cm. The two lenses are held 7.00 cm apart. A flower of 
length 10.0 cm, to be pictured, is held upright at a distance 
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50.0 cm in front of the diverging lens; the converging lens 
is placed behind the diverging lens. What are the location, 
orientation, size, and the magnification of the final image? 


Section 33.6 


33.59 A student finds a tube 20. cm long with a lens at- 
tached to one end. The attached lens has a focal length 
of 0.70 cm. The student wants to use the tube and lens 
to make a microscope with a magnification of 3.0-10°x. 
What focal length lens should the student attach to the 
other end of the tube? 


33.60 The objective lens in a laboratory microscope has a 
focal length of 3.00 cm and provides an overall magnifica- 
tion of 1.0- 10°. What is the focal length of the eyepiece if 
the distance between the two lenses is 30.0 cm? 


33.61 You have found in the lab an old microscope, which 
has lost its eyepiece. It still has its objective lens, and markings 
indicate that its focal length is 7.00 mm. You can put in a new 
eyepiece, which goes in 20.0 cm from the objective. You need 
a magnification of about 200. Assume you want the comfort- 
able viewing distance for the final image to be 25.0 cm. You 
find in a drawer eyepieces marked 2.00-, 4.00-, and 8.00-cm 
focal length. Which is your best choice? 


33.62 A microscope has a 2.0-cm focal length eyepiece and 
a 0.80-cm objective lens. For a relaxed normal eye, calculate 
the position of the object if the distance between the lenses 
is 16.2 cm. 


e33.63 Suppose you want to design a microscope so that for 
a fixed distance between the two lenses, the magnitude of 
the magnification will vary from 150 to 450 as you substitute 
eyepieces of various focal lengths. 


a) If the longest focal length for an eyepiece is 6.0-10' mm, 
what will the shortest focal length be? 

b) Ifyou want the distance between the eyepiece and 
objective to be 35 cm, what should the focal length of the 
objective be? 


Section 33.7 


33.64 A refracting telescope has the objective lens of focal 
length 10.0 m. Assume it is used with an eyepiece of focal 
length 2.00 cm. What is the magnification of this telescope? 


33.65 What is the magnification of a telescope with 
fa = 1.00- 10° cm and f, = 5.00 cm? 


33.66 A simple telescope is formed using an eyepiece 
of focal length 25.0 mm and an objective of focal length 
80.0 mm. Calculate the angle subtended by the image of 
the Moon when viewed through this telescope from the 
Earth. 


33.67 Galileo discovered the moons of Jupiter in the fall 
of 1609. He used a telescope of his own design that had an 
objective lens with a focal length of f, = 40.0 inches and an 
eyepiece lens with a focal length of f, = 2.00 inches. Calcu- 
late the magnifying power of Galileo’s telescope. 


33.68 Two distant stars are separated by an angle of 

35 arcseconds. If you have a refracting telescope whose ob- 
jective lens focal length is 3.5 m, what focal length eyepiece 
do you need in order to observe the stars as though they 
were separated by 35 arcminutes? 


¢33.69 A 180x astronomical telescope is adjusted for a re- 
laxed eye when the two lenses are 1.30 m apart. What is the 
focal length of each lens? 


33.70 Two refracting telescopes are used to look at craters 
on the Moon. The objective focal length of both telescopes 
is 95.0 cm and the eyepiece focal length of both telescopes is 
3.80 cm. The telescopes are identical except for the diameter 
of the lenses. Telescope A has an objective diameter of 10.0 cm 
while the lenses of telescope B are scaled up by a factor of 
two, so that its objective diameter is 20.0 cm. 


a) What are the angular magnifications of telescopes A and B? 


b) Do the images produced by the telescopes have the same 
brightness? If not, which is brighter and by how much? 


ee33.71 Some reflecting telescope mirrors utilize a rotating 
tub of mercury to produce a large parabolic surface. If the 
tub is rotating on its axis with an angular frequency w, show 
that the focal length of the resulting mirror is: f = g/2%°. 


Additional Problems 


33.72 An object 4.0 cm high is projected onto a screen 
using a converging lens with a focal length of 35 cm. The 
image on the screen is 56 cm. Where are the lens and the 
object located relative to the screen? 


33.73 A person with normal vision picks up a nearsighted 
friend’s eyeglasses and attempts to focus on objects around 
her while wearing them. She is able to focus only on very 
distant objects while wearing the eyeglasses, and is com- 
pletely unable to focus on objects that are near to her. Esti- 
mate the prescription of her friend’s eyeglasses in diopters. 


33.74 Suppose the near point of your eye is 2.0-10' cm and 
the far point is infinity. If you put on -0.20 diopter spec- 
tacles, what will be the range over which you will be able to 
see objects distinctly? 


33.75 A fish is swimming in an aquarium at an apparent 
depth d = 1.0-10' cm. At what depth should you grab in 
order to catch it? 


33.76 A classmate claims that by using a 40.0-cm focal length 
mirror, he can project onto a screen a 10.0-cm tall bird locat- 
ed 100. m away. He claims that the image will be no less than 
1.00 cm tall and inverted. Will he make good on his claim? 


33.77 An object is 6.0 cm from a thin lens along the axis of 
the lens. If the lens has a focal length of 9.0 cm, determine 
the image distance. 


33.78 A thin spherical lens is fabricated from glass so that 
it bulges outward in the middle on both sides. The glass lens 
has been ground so that the surfaces are part of a sphere 
with a radius of 25 cm on one side and a radius of 3.0-10' cm 
on the other. What is the power of this lens in diopters? 


33.79 A diverging lens is fabricated from glass such that 
one surface of the lens is convex and the other surface is 
concave. The glass lens has been ground so that the convex 
surface is part of a sphere with a radius of 45 cm and the 
concave surface is part of a sphere with a radius of 2.0- 10! cm. 
What is the power of this lens in diopters? 


33.80 A person who is farsighted can see clearly an 
object that is at least 2.5 m away. To be able to read a book 
2.0-10' cm away, what kind of corrective glasses should 
he purchase? 


33.81 You are experimenting with a magnifying glass (con- 
sisting of a single converging lens) at a table. You discover 
that by holding the magnifying glass 92.0 mm above your 
desk, you can form a real image of a light that is directly 
overhead. If the distance between the light and the table is 
2.35 m, what is the focal length of the lens? 


33.82 A girl forgets to put on her glasses and finds that she 
needs to hold a book 15 cm from her eyes in order to clearly 
see the print. 


a) Ifshe were to hold the book 25 cm away, what type of 
corrective lens would she need to use to clearly see the print? 


b) What is the focal length of the lens? 


33.83 The focal length of the lens of a camera is 38.0 mm. 
How far must the lens be moved to change focus from a 
person 30.0 m away to one that is 5.00 m away? 


33.84 A telescope is advertised as providing a magnifica- 
tion of magnitude 41 using an eyepiece of focal length 
4.0-10' mm. What is the focal length of the objective? 


e33.85 Determine the position and size of the final image 
formed by a system of elements consisting of an object 
2.0 cm high located at x = 0 m, a converging lens with focal 
length 5.0- 10’ cm located at x = 3.0-10' cm and a plane 
mirror located at x = 7.0-10' cm. 


33.86 The distance from the lens (actually a combination of 
the cornea and the crystalline lens) to the retina at the back 
of the eye is 2.0 cm. If light is to focus on the retina, 


a) what is the focal length of the lens when viewing a 
distant object? 

b) what is the focal length of the lens when viewing an 
object 25 cm away from the front of the eye? 


33.87 You visit your eye doctor and discover that you 
require lenses having a diopter value of -8.4. Are you near- 
sighted or farsighted? With uncorrected vision, how far 
away from your eyes must you hold a book to read clearly? 
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33.88 Jack has a near point of 32 cm and uses a magnifier of 
25 diopter. 

a) What is the magnification if the final image is at infinity? 

b) What is the magnification if the final image is at the near 

point? 

33.89 Where is the image and what is the magnification if 


you hold a 2.0-inch-diameter clear glass marble 1.0 ft in front 
of you, and admire your image? 


33.90 A diverging lens with f = -30.0 cm is placed 15.0 cm 
behind a converging lens with f = 20.0 cm. Where will an 
object at infinity in front of the converging lens be focused? 


e33.91 An instructor wants to use a lens to project a real 
image of a light bulb onto a screen 1.71 m from the bulb. In 
order to get the image to be twice as large as the bulb, what 
focal length lens will be needed? 


33.92 An old refracting telescope placed in a museum as an 
exhibit is 55 cm long and has magnification of 45. What are 
the focal lengths of its objective and eyepiece lenses? 


33.93 A converging lens of focal length f= 50.0 cm is placed 
175 cm to the left of a metallic sphere of radius R = 100. cm. 
An object of height h = 20.0 cm is placed 30.0 cm to the left 
of the lens. What is the height of the image formed by the 
metallic sphere? 


e33.94 When performing optical spectroscopy (for example, 
photoluminescence or Raman spectroscopy), a laser beam is 
focused on the sample to be investigated by means of a lens 
having a focal distance f. Assume that the laser beam exits a 
pupil D, in diameter that is located at a distance d, from the 
focusing lens. For the case when the image of the exit pupil 
forms on the sample, calculate 

a) at what distance d; from the lens is the sample located and 
b) the diameter D; of the laser spot (image of the exit pupil) 
on the sample. 

c) What are the numerical results for: f= 10.0 cm, 

D, = 2.00 mm, d, = 1.50 m? 

33.95 For a person whose near point is 115 cm, so that he 
can read a computer monitor at 55 cm, what power of read- 
ing glasses should his optician prescribe, keeping the lens- 
eye distance of 2.0 cm for his spectacles? 


33.96 A telescope has been properly focused on the Sun. 
You want to observe the Sun visually, but to protect your 
sight you don't want to look through the eyepiece; rather, you 
want to project an image of the Sun on a screen 1.5 m behind 
(the original position of) the eyepiece, and observe that. 

If the focal length of the eyepiece is 8.0 cm, how must you 
move the eyepiece? 
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Wave Optics 


FIGURE 34.1 Soap bubbles showing colors from interference phenomena. 


WHAT WE WILL LEARN 
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The wave nature of light leads to phenomena that 
cannot be explained using geometric optics. 


Superposed light waves that are in phase interfere 
constructively; superposed light waves that are 180° 
out of phase interfere destructively. 


Superposed light that has traveled different distances 
can interfere constructively or destructively, 
depending on the path length difference. 


Light waves spread out after passing through a 
narrow slit or after encountering an obstacle. This 
spreading out is called diffraction. 


Interference can occur in light that is partially 
reflected from each of the two surfaces (front and 
back) of a thin optical film. 


An interferometer is a device designed to measure 
lengths or changes in length using interference 
of light. 


Diffraction can limit the ability of a telescope or 
camera to resolve distant objects. 


A diffraction grating consists of many narrow slits 
or rulings that can be used to produce an intensity 
pattern that consists of narrow bright fringes 


separated by wide dark areas for a single-wavelength 


= Light waves that have the same phase and frequency o. 


are called coherent light waves. 
= X-ray diffraction can be used to study the atomic 


= Coherent light incident on one narrow slit produces ; 
structure of materials. 


a diffraction pattern; coherent light incident on two 
narrow slits produces an interference pattern. 


Soap bubbles consist of clear water with a bit of dish soap mixed in. Why, then, do we see 
the colors of the rainbow when we look at soap bubbles in the air (Figure 34.1)? It turns out 
that the optics of soap bubbles are not the same as the reflections and refractions that give 
rise to rainbows (Chapter 32). Instead, the colors of bubbles appear due to interference of 
light of various wavelengths—a wave effect, not explained by geometric optics. 

We have studied image formation by assuming that light travels in straight rays, with- 
out regard to the nature of light: for example whether light consists of particles or waves. 
In this chapter we look at optical effects best explained by the wave nature of light—a study 
sometimes called physical optics, as distinct from geometric optics. You may want to review 
material on waves in Chapter 15, especially the concept of interference of waves. We will also 
study a wave property called diffraction, which we did not discuss in Chapter 15 but which 
becomes important when dealing with very small wavelengths such as those of light. The two 
properties, interference and diffraction, explain not only the colors of soap bubbles, but also 
such issues as how well we can see distant objects as separate and not blurred together. 

The material in this chapter does not completely answer the questions of what is light 
and how it behaves. We will see in following chapters that wondering about the nature of 
light led to some of the greatest developments in physics in the 20th century, ideas that are 
often grouped together by the name modern physics. The ideas in this chapter will be pivotal 
in our examination of the modern understanding of light, matter, time, and space. 


34.1 | Light Waves 


We learned in Chapter 31 that light is an electromagnetic wave. However, normally we do 
not think of light as a wave, because its wavelength is so short that we usually do not notice 
its wave behavior. Thus, in Chapters 32 and 33, we discussed light as rays, a description that 
is appropriate for all physical situations where we can neglect the wavelength of light in 
comparison to all other physical dimensions. These rays travel in straight lines except when 
they are reflected off a mirror or refracted at the boundary between two optical media. 

Now we want to address physical situations where we cannot approximate the wave- 
length of light as negligibly small any more. In this chapter, we discuss the wave nature of 
light, and we will apply to light many of the wave concepts (superposition, coherence, inter- 
ference, boundary reflection, and others) we developed in Chapter 15. This will sometimes 
lead to rather surprising results. But all of these results can be verified experimentally. 
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FIGURE 34.2 Huygens construction 
for a plane wave traveling vertically 
upward. 
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One way to reconcile the wave nature of light with the geometric optical properties 
of light is to use Huygens’s Principle, developed by Dutch physicist Christiaan Huygens 
(1629-1695). Huygens proposed a wave theory of light in 1678, long before Maxwell devel- 
oped his theories of light. Huygens’s Principle states that every point on a propagating wave 
front serves as a source of spherical secondary wavelets. Later, the envelope of these second- 
ary wavelets becomes a new wave front. If the original wave has frequency f and speed v, 
the secondary wavelets have the same fand v. Diagrams of phenomena based on Huygens’s 
Principle are called Huygens constructions. 

Figure 34.2 shows a Huygens construction for a plane wave. We start with a plane wave 
traveling at the speed of light, c. Assume point sources of spherical wavelets along the wave 
front, as shown. These wavelets also travel at c, so at a time At the wavelets have traveled a 
distance of cAt. Assuming many point sources along the wave front, Figure 34.2 shows that the 
envelope of these wavelets forms a new wave front parallel to the original wave front. Thus, the 
wave continues to travel in a straight line with the original frequency and speed. 

In Chapter 32 the index of refraction n in a medium was defined as the ratio of the 
speed of light in vacuum, c, divided by the speed of light in that medium, v, 


we (34.1) 
v 
Using this definition, Snell’s Law can be expressed as 
n sin 8; = m sin 8. (34.2) 


Chapter 32 showed that this law correctly describes refraction phenomena at the boundar- 
ies between different media, but the derivation of Snell's Law was deferred to the present 
chapter. With Huygens’s Principle in hand, we can now perform this derivation. 


DERIVATION 34.1 Snell’s Law 


A Huygens construction can be used to derive Snell’s Law for 
refraction between two optical media with different indices 
of refraction. Assume a wave with wave fronts separated by a 
wavelength À; traveling with speed v, in an optically clear me- 
dium incident on the boundary with a second optically clear 
medium (Figure 34.3). 

The angle of the incident wave front (green line in medi- 
um 1) with respect to the boundary is 6,, which is also the an- 
gle the light ray (black arrow) makes with respect to a normal 
to the boundary. When the wave enters the second medium, 
it travels with speed v,. According to Huygens’s Principle, the 
wave fronts are the result of wavelet propagation at the speed 
of the original wave, so the separation of the wave fronts in the 


FIGURE 34.3 A Huygens construction of a traveling wave in an opti- 
cal medium incident on the boundary with a second optical medium. The 
green lines represent wave fronts, while the black arrows denote rays. 


second medium can be written in terms of the wavelength in 
the second medium A,. Thus, the time interval between wave 
fronts for the first medium is A,/v, and the time interval for the 


second medium is A.,/v,. The essential point is that this time interval is the same for waves 
on either side of the boundary. (If these intervals were not equal, fronts would be appear- 
ing or disappearing mysteriously!) So: 

A, An AV 

a NG pg NS 
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Thus, the wavelengths of the light in the two media are proportional to the 
speed of the light in those media. 

We can get a relation between the angle of the incident wave fronts 6, with the bound- 
ary and the angle of the transmitted wave fronts 6, with the boundary by analyzing the 
yellow shaded region of Figure 34.3, shown in more detail in Figure 34.4. 

From Figure 34.4, and using trigonometry, it follows that 


À 
sin0, = Mead sin0, ==. 
x x 


Dividing these two equations by each other gives 

sin®; Ay _ vy 

sind, A, v, 
Given the definition of the index of refraction n of an optical medium is n = c/v, where c is 
the speed of light in a vacuum and v is the speed of light in the optical medium, 


sin®, n c/n, ny 


sinf, v, c/n, ny 
or 
nsin 0; =n, sinb, 


which is Snell’s Law. 


We have seen that the wavelength of light changes when going from vacuum to an opti- 
cal medium with index of refraction greater than one. Taking the result A ,/v, = A,/v, from 
Derivation 34.1 with medium 1 being a vacuum while medium 2 has an index of refraction 
n, we can write 
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Thus, the wavelength of light is shorter in a medium with index of refraction greater than 
one than it is in a vacuum. The frequency f of this light can be calculated from v = Af. The 
frequency f, of light traveling in the medium is then given by 
v cin c 

= —— = ———— Z= — Z 2 (34.3) 
fa A, Aln À f 
Thus, the frequency of light traveling in an optical medium with n > 1 is the same as the 
frequency of that light traveling in a vacuum. (Equation 34.3 is equivalent to the statement 
made earlier that the time interval between wave fronts for the first medium equals the time 
interval between wave fronts for the second medium.) 


34.2 In-Class Exercise 


A light ray with wavelength A = 560.0 nm enters a block of clear plastic from air at an incident 
angle of 6; = 36.1° with respect to the normal. The angle of refraction is 0, = 21.7°. What is the 
speed of the light ray inside the plastic? 


a) 1.16 - 10° m/s c) 1.67 - 10° m/s e) 3.00 - 10° m/s 
b) 1.31 - 108 m/s d) 1.88 - 108 m/s 
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FIGURE 34.4 Expanded section of 
Figure 34.3, showing the incident wave 
front and direction as well as the trans- 
mitted wave front and direction. 


34.1 Self-Test Opportunity 


Water has an index of refraction 

of 1.33, which means that the 
wavelengths of light emitted from 
objects are different while propa- 
gating in water from those propa- 
gating in air. Does this mean that 
you see objects in different colors 
when looking at them underwater? 
(You can do this experiment in your 
bathtub, if you want.) 


34.1 In-Class Exercise 


Blocks of two different transpar- 
ent materials are sitting in air and 
have identical light rays of single 
wavelength incident on them at the 
same angle. Examining the figure, 
what can you say about the speed 
of light in these two blocks? 


a) The speed of light is the same in 
both blocks. 


b) The speed of light is greater in 
the block on the Left. 


c) The speed of light is greater in 
the block on the right. 


d) The information on which speed 
of light is greater cannot be 
determined from the information 
given. 
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Definition 

Coherent light is light made up of waves with the same wavelength that are in phase 
with each other. A great source of coherent light is a laser. Light from light bulbs or 
sunlight, on the other hand, is incoherent, meaning the waves may have different 
wavelengths and phase relationships with each other. 


34.2 Interference 


FIGURE 34.5 (a,b) Light waves 

in phase with the same amplitude and 
wavelength A; (c) in-phase superposi- 
tion of the two light waves demonstrates 
constructive interference, producing a 
wave with twice the amplitude. 


(c) 


FIGURE 34.6 (a,b) Light waves out 
of phase by A/2 with the same ampli- 
tude and wavelength; (c) superposition 
of the two light waves demonstrates 
destructive interference. 


Sunlight is composed of light containing a broad range of frequencies and correspond- 
ing wavelengths. We often see different colors separated out of sunlight after it refracts 
and reflects in raindrops, forming a rainbow. We also sometimes see various colors from 
sunlight due to constructive and destructive interference phenomena in thin transparent 
layers of materials, such as soap bubbles or thin films of oil floating on water. In contrast to 
rainbows, this thin-film effect is due to interference. 

The geometric optics of Chapters 32 and 33 cannot explain interference. Interference 
phenomena can be understood only by taking into account the wave nature of light. This 
section considers light waves that have the same wavelength in vacuum. Interference takes 
place when such light waves are superposed. If the light waves are in phase, they interfere 
constructively, as illustrated in Figure 34.5. 

In Figure 34.5a and Figure 34.5b, the electric field component in the y-direction is 
plotted for two electromagnetic waves traveling in the x-direction. The two waves are in 
phase. Saying that the two waves are in phase is the same as saying that the phase difference 
between the two waves is zero. A phase difference of 277 radians (360°), corresponding to 
starting with two waves in phase and then displacing one of the waves by one wavelength, 
will also produce two waves that are in phase. If each light wave is traveling from its own 
point of origin, a phase difference will occur where they meet, related to the path difference 
between the two waves, even though they start in phase. The criterion for constructive 
interference is characterized by a path difference Ax given by 


Ax=mA (m=0,41,42,...). (34.4) 


Figure 34.5c shows the two waves constructively interfering. The amplitudes of the two 
waves add, giving a wave with the same frequency but twice the amplitude of the two origi- 
nal waves. 

If the two light waves are out of phase by 7 radians (180°) (Figure 34.6a and Figure 
34.6b), the amplitudes of the waves will sum to zero everywhere when they meet. This is the 
condition for destructive interference (Figure 34.6c). 

Figure 34.6a and Figure 34.6b show that this situation is equivalent to starting with two 
waves in phase and then displacing one of the waves by half of one wavelength (A/2). Again, 
if we think of the two light waves as being emitted from different sources, the phase differ- 
ence can be related to the path difference. Destructive interference takes place if the path 
difference is a half wavelength plus an integer times the wavelength: 


Ax=(m+4)A (m=0,+1,+2,...) (34.5) 


The following sections will discuss interference phenomena caused by light waves with 
the same wavelength that are initially in phase but travel different distances or travel with 
different speeds (in different media) to reach the same point. At this point, the light waves 
are superposed and can interfere. Whether the interference is constructive or destructive 
for coherent light depends only on the path length difference, which is a recurring theme 
that will dominate all of the discussions that follow. 

The different interference phenomena caused by various path differences of coherent 
light are summarized in Figure 34.7. Most of this chapter will explore the different conditions 
that lead to the interference patterns shown on the screens in the three parts of this figure. 
Section 34.3 will explore pure double-slit interference (Figure 34.7a), which assumes that two 
very narrow slits of width comparable to the wavelength of the light are separated a distance 


Two slits Single slit 


DAA aay 


FIGURE 34.7 Coherent light from a laser is 
incident on three different slit arrangements, and the 
resulting patterns are observed on a translucent screen 
some distance away. (a) Two very narrow (width 
comparable to the wavelength of light) slits widely 
separated. (b) A single slit with width a few times the 
wavelength of light. (c) Two slits with width a few 
times the wavelength of light. 


Screen 


(a) 
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Two slits 


Screen 


(b) (Q) 


Screen 


that is large compared to their individual widths. Section 34.7 will explore the case of coherent 
light hitting a single slit with width a few times the wavelength of the coherent light hitting it 
(Figure 34.7b). Section 34.9 combines the effects of both cases to discuss double-slit interfer- 
ence with diffraction (Figure 34.7c). Detailed discussion of these cases will clarify the idea that 
path length differences between coherent light waves are responsible for all of them. 


34.3 Double-Slit Interference 


Our first example of the interference of light is Young’s double- 
slit experiment, named for English physicist Thomas Young 
(1773-1829), who carried out this investigation in 1801. Assume 
monochromatic coherent light such as that from a laser incident 
on a pair of slits of width comparable or even smaller than the 
wavelength of light, as shown in Figure 34.7a. (Strictly speaking, it 
is not necessary to use monochromatic coherent light from a laser 
to carry out this experiment, but doing so simplifies the following 
discussion and explanation of double-slit interference.) If sepa- 
rate sources of light are used for illuminating the two slits, then 
random and uncontrollable phase differences in the light from the 
two sources mean that these two light sources are incoherent. 
For each slit we use a Huygens construction, assuming that 
all the light passing through the slit is due to wavelets emitted 
from a single point at the center of the slit (Figure 34.8a). In this 
figure, spherical wavelets are emitted from this point. Assume 
that the slit is much narrower than the wavelength of light (the 
wavelength of the green laser light is approximately 532 nm) so 
that the source of the wavelets can be represented with one point. 
Note that the slit opening is barely visible to the naked eye in this 
case. Even the two very narrow lines representing the magnified 
slits in the drawing of Figure 34.7a are drawn much too wide in 
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FIGURE 34.8 Huygens construction for a coherent light wave 
incident from the left on (a) a single slit, and (b) two slits, S4 and 
S,. The dashed lines represent lines of constructive interference. 


comparison with the limiting case of extremely narrow slits that we are studying here. 
Figure 34.8b shows two slits like the one in Figure 34.8a. A distance d separates the slits. 
Again, monochromatic coherent light is incident from the left and a source of spherical 
wavelets is at the center of each slit. The dashed lines represent lines along which construc- 
tive interference occurs. Placing a screen to the right of the slits will produce an alternating 
pattern of bright lines and dark lines, corresponding to constructive and destructive inter- 


ference between the light waves emitted from the two slits. 
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FIGURE 34.9 Expanded view of coherent light incident 
on two slits. The green lines to the right of the slits repre- 
sent the distance light must travel from 5, and S, to a point 


To quantify these lines of constructive interference, we expand and 
simplify Figure 34.8b in Figure 34.9. In this figure, the two lines r, and r, 
represent the distances from the centers of slit S} and slit S,, respectively, to 
a point P on a screen placed a distance L away from the slits. A line drawn 
from a point midway between the two slits to point P on the screen makes 
an angle 0 with respect to a line drawn from the slits perpendicular to the 
screen. The point P on the screen is a distance y above this centerline. 

To further quantify the two-slit geometry, we expand and simplify 
Figure 34.9 in Figure 34.10. In this figure, assume that the screen has been 
placed a large distance L away from the slits, such that the lines $,P and 
S,P are essentially parallel to each other and to the line drawn from the 
center of the two slits to point P. Draw a line from S} perpendicular to S,P 
and S,P, making a triangle with sides d, b, and Ax. The quantity Ax is the 
path length difference r, - r}. 

This path length difference Ax = r, - rı produces a phase difference 
for light originating from the two slits and illuminating the screen at point 
P. The path length difference can be expressed in terms of the distance 


P on the screen. 


FIGURE 34.10 Expanded view of 
two slits, where the screen is placed far 
enough away that the green lines 5,P 
and S,P are parallel. 


between the slits d and the angle 6 at which the light is observed, 


eee 
d 


or 
Ax =dsiné. 


For constructive interference, this path length difference must be an integer multiple of the 
wavelength of the incident light, 


(34.6) 


sites 
Ax=dsind=mA (m=0,+1,+2...] ts Pinge | 


constructive interference 
A bright fringe on the screen signals constructive interference. 


For destructive interference, the path length difference must be an integer plus one- 
half times the wavelength, 


(34.7) 


dark fringe, 
Ax =dsin@= ME À (m=0, 1,42 “| percutis ? 
2 destructive interference 


A dark fringe on the screen signals destructive interference. 

Note that for constructive interference and m = 0, we obtain 0 = 0, which means that 
Ax = 0 and there is a bright fringe at zero degrees. This bright fringe is called the central 
maximum. The integer m is called the order of the fringe. The order has a different meaning 
for bright fringes and for dark fringes. For example, using equation 34.6 with m = 1 would 
give the angle of the first-order bright fringe, m = 2 would give the second-order fringe, etc. 
Using equation 34.7 with m = 0 would give the angle of the first-order dark fringe, m = 1 would 
give the second-order fringe, etc. For both bright and dark fringes, the first-order fringe is 
the one closest to the central maximum. 

If the screen is placed a sufficiently large distance from the slits, the angle 6 is small 
and can be approximated as sin 0 = tan 0 = y/L (see Figure 34.9). Thus, equation 34.6 can 
be expressed as 


dsinO=d~=maA (m=0, 1, 
L 
or 
_ maAL 
d 


which gives the distances along the screen of the bright fringes from the central maximum. 
Similarly, the distances along the screen of the dark fringes from the central maximum 


can be expressed as 
| 1 
2 


d 


(m=0,41, (34.8) 


(m =0,+1, (34.9) 


y= 
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The positions of the centers of the bright and dark fringes are described by 
equations 34.8 and 34.9. But the intensity of the light at any point on the screen can 
also be calculated. Begin by assuming that the light emitted at each slit is in phase. 
The electric field of the light waves can be described by E, = Emax Sin wt, where Emax 
is the amplitude of the wave and w is the angular frequency. When the light waves 
arrive at the screen from the two slits, they have traveled different distances, so can 
have different phases. The electric field of the light arriving at a given point on the 
screen from S, can be expressed as 


En = Enax sin( ot) 


and the electric field of the light arriving at the same point from S, can be 
expressed as 


Enz = Emax Sin(wt +), 


where @ is the phase constant of E, with respect to E,,,. Figure 34.11a shows the 
two phasors E,,, and Ép. 

The sum of the two phasors E and E,,) is shown in Figure 34.11b, which 
also shows that the magnitude E of the sum of the two phasors is 


E=2E wax cos(p/ 2). 


Chapter 31 showed that the intensity of an electromagnetic wave is proportional 
to the square of the amplitude of the electric field; so 


I EP 


I 


me E 
Using the result for the electric field just obtained, this gives 


I= 4I max COS” ($/2) 


for the intensity of the total wave at point P as a function of the phase difference 
between the two light waves. 
Now the phase difference must be related to the path length difference. Fig- 


ure 34.10 shows that the path length difference Ax causes a phase shift given by FIGURE 34.11 (a) Two phasors Em1 and Eno 
separated by a phase ®. (b) Sum of the two pha- 


= —(27), sors En, and Eno. 


(b) 


because when Ax = À, the phase shift @ = 277. Noting that Ax = 
dsin 0, the phase constant can be expressed as 


27d 
=—— sin. 
(o x sin 


Thus, we can write an equation for the intensity of the light pro- (a) 
duced by the interference from two slits as 
Al ax - 


max 


T=4I ax COS” K sin | F 


Finally, we can obtain an expression for the intensity pattern on 
a screen resulting from coherent light incident on two narrow 
widely separated slits using the approximation discussed before 
that is valid when the screen is sufficiently far from the slits and 
0 is small that sin 6 = tan 0 = y/L: 
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max 


(34.10) Jen) 


(b) 
roe example, if the screen is L ed m away from the slits, the FIGURE 34.12 Intensity pattern for two-slit interference using light 
slits are separated by d = 1.0- 10” m, and the wavelength of the with wavelength 550 nm incident on two narrow slits separated by 10° m 
incident light is A = 550 nm, we get the intensity pattern shown at a distance of 2 m from the screen. (a) Photograph of light intensity on 
in Figure 34.12. In this figure, the intensity varies from 4I,,.. the screen. (b) Calculation of the light intensity on the screen. 
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to zero. Covering one slit produces an intensity of Imax at all values of y. Illuminating both 
slits with light that has random phases produces an intensity of 2/,,,,, at all values of y. Only 
when both slits are illuminated with coherent light do we observe the oscillatory pattern in 
y that is characteristic of two-slit interference. 


34.3 In-Class Exercise 


A pair of slits is separated by a distance d = 1.40 mm and is illuminated with light of wave- 
length A = 460.0 nm. What is the separation of adjacent interference maxima on a screen a 
distance L = 2.90 m away? 


a) 0.00332 mm c) 0.953 mm e) 3.23 mm 


b) 0.556 mm d) 1.45 mm 


34.4 Thin-Film Interference and Newton's Rings 


FIGURE 34.13 Light traveling in an 
optical medium with index of refrac- 
tion n, is incident on a boundary with 
a second optical medium with index 

of refraction n,. (a) Light is transmit- 
ted with no phase change for n, < np. 
(b) Light is transmitted with no phase 
change for n, > n,. (c) Light is reflected 
with a 180° phase change for n, < Np. 
(d) Light is reflected with no phase 
change for n, > np. 


Another way of producing interference phenomena is by using light that is partially reflected 
from the front and back layers of thin films. A thin film is an optically clear material with 
thickness on the order of a few wavelengths of light. Examples of thin films include the walls 
of soap bubbles and thin layers of oil floating on water. When the light reflected off the front 
surface interferes with the light reflected off the back surface of the thin film, we see the 
color corresponding to the particular wavelength of light that is interfering constructively. 

Consider light traveling in an optical medium with an index of refraction n; that strikes 
a second optical medium with index of refraction n, as illustrated in Figure 34.13. 

One possibility is that the light can be transmitted through the boundary, as illustrated 
in Figure 34.13a and Figure 34.13b. In these cases, the phase of the light does not change 
independent of whether n, < n, or n, > n,. A second process that can occur is that the light 
is reflected. In this case, the phase of the light can change, depending on the index of refrac- 
tion of the two optical media. If n, < n, the phase of the reflected wave is changed by 180° 
(corresponding to half a wavelength), as shown in Figure 34.13c. If n, > n, then no phase 
change occurs, as depicted in Figure 34.13d. (The reflected waves have been displaced verti- 
cally for clarity’s sake!) 

The reason for this phase change upon reflection follows from the theory of electromag- 
netic waves, and the derivation is beyond the scope of this book. However, in Chapter 15, 
Section 15.4, we already studied the reflection of waves on a string from a boundary, and this 
mechanical analog is sufficient to understand the basic reason for a 180° phase change in one 
case and none in the other. Figure 34.14 reproduces the two figures showing a rigid (left) and 
a flexible (right) connection of the rope to the wall. The reflection of light in the optically less 
dense (lower value of n) boundary to the optically denser (higher value of n) medium corre- 
sponds to the situation on the left, and the reverse case to the situation on the right. 
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No phase change À <À] 
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FIGURE 34.14 Sketch of the time sequence (top to bottom) of the reflection of a wave pulse on a string at a wall. Left: Rigid connection to a 
wall results in a 180° phase change in the reflected wave; right: A movable connection to the wall results in no phase change. 


Let’s begin our analysis of thin films by studying a thin film 
of thickness t with index of refraction n and with air on both 
sides of the film (Figure 34.15). Assume that monochromatic 
light is incident perpendicular to the surface of the film. An 
angle of incidence is shown for the light waves in the figure for 
clarity. When the light wave reaches the boundary between air 
and the film, part of the wave is reflected and part of the wave is 
transmitted. The reflected wave undergoes a phase shift of half 
a wavelength when it is reflected because n,;, < n. The light that 
is transmitted has no phase shift and continues to the back sur- 
face of the film. At the back surface, again part of the wave is 
transmitted and part of the wave is reflected. The transmitted 
light passes through the film completely. (We do not show the 
transmitted wave in Figure 34.15, as this wave does not interest 
us for the present analysis.) The reflected light has no phase shift because n > n,;, and travels 
back to the front surface of the film. At the front surface, some of the light reflected from the 
back surface is transmitted and some is reflected. We don’t need to consider the reflected 
light. The transmitted light has no phase shift and emerges from the film and interferes with 
the light that was reflected when the light first struck the film. The transmitted and then 
reflected light has traveled a longer distance than the originally reflected light and has a 
phase shift determined by the path length difference. This difference is twice the thickness 
t of the film. 

The fact that the originally reflected light has undergone a phase shift of half a wave- 
length, and the transmitted and then reflected light has not, means that the criterion for 
constructive interference is given by Ax = (m + +)A = 2t (m = 0,1,2.,...). The wavelength A 
refers to the wavelength of the light traveling in the thin film, which has index of refraction 
n. The wavelength of the light traveling in air is related to the wavelength of the light travel- 
ing in the film by A = A,,,/n. We can then write 


Phase change 


, thin film, 
m+2|Asit — 2 (m=0,41,42,..) | . (3411) 
2)\ n constructive interference 


The minimum thickness tnin that will produce constructive interference corresponds to m = 0, 
tin =, (34.12) 


An oil slick or a soap bubble has varying thicknesses and thus affects different wavelengths 
differently, often creating a rainbow effect. 


Air 


No phase change 


Air 


FIGURE 34.15 Light waves in air incident on a thin film with 
index of refraction n and thickness t. 
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Phase change 


Air 


FIGURE 34.16 Light incident on a coated lens. 


34.4 In-Class Exercise 


If you were to use the same coat- 
ing material of the same thickness 


as in Example 34.1, but on a differ- 


ent lens with an index of refraction 
less than that of the coating, this 
would result in 


a) reduced reflection and thus more 


light entering the lens than in 
the case without coating. 


b) enhanced reflection and thus 
less light entering the lens than 
in the case without coating. 


c) no change in the amount of light 


entering the lens relative to the 
case without coating. 


d) no light at all (or close to none) 
entering the lens. 


34.5 In-Class Exercise 


A thin soap film with index of 
refraction n = 1.35 hanging in air 
reflects dominantly red light with 
A = 682 nm. What is the minimum 
thickness of the film? 


a) 89.5 nm d) 302 nm 
b) 126 nm e) 432 nm 
c) 198 nm 


FIGURE 34.17 Newton’s rings 
produced with white light. 


EXAMPLE 34.1 | Lens Coating 

Many high-quality lenses are coated to prevent reflections. 
This coating is designed to set up destructive interference for 
light reflected from the surface of the lens. Assume that the 
coating is magnesium fluoride, which has n.cating = 1.38, and 
that the lens is glass with niens = 1.51. 


PROBLEM 


coating Mens What is the minimum thickness of the coating that produces 


destructive interference for light with a wavelength in air of 
550 nm? 


SOLUTION 

Assume that the light is incident perpendicularly (or at least 
close to perpendicularly) on the surface of the coated lens 
(Figure 34.16). Light reflected at the surface of the coating undergoes a phase change 
of half a wavelength, because air < Meoating The light transmitted through the coating 
has no phase change. Light reflected at the boundary between the coating and the 
lens also undergoes a phase change of half a wavelength, because negating < Mens: This 
reflected light travels back through the coating and exits with no other phase change. 
Thus, both the light reflected from the coating and the light reflected from the lens 
have undergone a phase change of half a wavelength. Therefore, the criterion for de- 
structive interference is 


me Aar 94 (m=0, 1, 255) 
2)n 


coating 


The minimum thickness for the coating to provide destructive interference corresponds 
tom=0, 
A 


7 _ 550-10? m 
4n 


4(1.38) 


t air =9.96-10 m=99.6 nm. 


min 


coating 


Lens coatings that fulfill this destructive interference condition are referred to as 
“quarter-lambda” coatings. Because they cause destructive interference for reflected 
light, they prevent light from reflecting off the coating and thus allow more light to en- 
ter the lens than would be the case without the coating. Expensive camera lenses have 
quarter-lambda coatings for wavelengths in the middle of the optical wavelength band, 
around 500 nm. But remember that a quarter-lambda coating can work only if the index 
of refraction of the coating is less than that of the lens. 


A phenomenon similar to thin-film interference is Newton’s rings. This effect is an 
interference pattern caused by the reflection of light between two glass surfaces, a spherical 
surface and an adjacent flat surface, as shown in Figure 34.17. 

Newton's rings are caused by interference between light reflected from the bottom of 
the spherically curved glass and light reflected from the top of the flat plate of glass, as 
shown in Figure 34.18. (Note that the curvature of the spherical surface is exaggerated in 
this diagram. In real situations R would be much larger than x.) 

Newton's rings are concentric circles, alternately dark and bright. The dark circles 
correspond to destructive interference, and the bright circles correspond to constructive 
interference. The photo shown in Figure 34.17 was taken in white light to show different 
colored rings. For the calculation of Newton's rings, assume a monochromatic, coherent 
light source with wavelength A in air. The distance between the curved surface and the flat 
surface, t, is a function of the horizontal distance from where the spherical surface touches 


the flat surface, as shown in Figure 34.18. The Pythagorean Theorem applied to the 
yellow triangle in Figure 34.18 gives the relationship 
2 
ia 
= l 


t=R-VR?-x? =R-R,|1- 


where R is the radius of curvature of the spherical glass surface and x is the hori- 
zontal distance from the point where the curved glass touches the flat glass to the 
point where the light enters the glass. 

In Figure 34.18, the curvature of the spherical surface has been exaggerated for 
clarity. The actual glass surface used to produce Newton's rings has a large radius 
of curvature compared with the distance from the touching point, so that x/R « 1. 
Thus we can approximate 
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change 
Now we can write an approximate expression for the distance between the surfaces N 

2 
lj x 1x t 
t=R-R|1-4Ž| |=+2 
2 B 2 R Phase 
change 


The path difference between the light reflecting off the bottom of the curved sur- 
face and the top of the flat surface is 2t, which can be written 


2 


FIGURE 34.18 The geometry of Newton’s 
rings. The bottom surface of the top glass plate 
is a spherical surface while the bottom plate is 


1x planar. 


2R 


2 
2t=2 ae. 
R 


The light reflecting off the bottom of the curved surface has no phase change because the 
index of refraction of glass is higher than the index of refraction of air. The light reflecting 
off the top of the flat glass plate suffers a phase change of half a wavelength because the 
index of refraction of glass is larger than the index of refraction of air. Thus, the criterion 
for constructive interference is 


1 
me Sama (m=0,1,2,...). 
2 
Combining this constructive interference criterion with the result for the thickness, and 
defining x, as the radius of the mth bright circle, gives 
1 2 
m+- =% 
2 R 


which can be solved for the radius of the bright circles 


(m=0,1,2....), 


mx] 
R 


Xp = afm a (m=0,1,2....) (34.13) 


34.5 Interferometer 


An interferometer is a device designed to measure lengths or small changes in length by 
using interference of light. An interferometer can measure changes in lengths to an accu- 
racy of a fraction of the wavelength of the light it is using. The interferometer works by 
using interference fringes. The interferometer described here is similar to, but simpler than, 
the one constructed by Albert Michelson at the Case Institute in Cleveland, Ohio, in 1887. 

A photograph and drawing of a commercial interferometer used in physics labs is 
shown in Figure 34.19. A more detailed drawing of this same interferometer is shown in Fig- 
ure 34.20. This particular interferometer consists of a laser light source that emits coherent 
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light with wavelength A = 632.8 nm. The light passes through a defocusing lens to spread out 
the normally very narrowly focused laser beam. The light then passes through a half-silvered 
mirror m,. Part of the light is reflected toward the adjustable mirror m, and part of the light is 
transmitted to the movable mirror m,. The distance between m; and m, is x,, and the distance 
between m; and m, is x3. The transmitted light is totally reflected from m, back toward m,. The 
reflected light is also totally reflected from m, back toward m,. Part of the light reflected from 
mz, is then reflected by m toward the viewing screen; the rest of the light is transmitted and not 
considered. Part of the light from m, is transmitted through m; the rest is reflected and not 
considered. The actual alignment of the light is such that the two beams that strike the viewing 
screen are collinear; the separation shown in Figure 34.20 is simply for clarity. 

The light from mirrors m, and m, that strikes the viewing screen interfere, based on 
their path length difference. Both paths undergo two reflections, each resulting in a phase 
change of half a wavelength, so the condition for constructive interference is 


Ax =mA (m=0, 1, Beale 


The two different paths have a path length difference of 


Ax =2x, -2x3 = 2%; - x3). 


The viewing screen displays concentric circles or linear fringes corresponding to construc- 
tive and destructive interference, depending on the type of defocusing lens used and the 
tilt of the mirrors. If the movable mirror m, is moved a distance of 4/2, the fringes shift by 
one fringe. Thus, this type of interferometer can be used to measure changes in distance on 


(b) 


FIGURE 34.19 A Michelson interferometer used in an introductory 
physics laboratory. (a) Photograph; (b) schematic drawing of the light 
paths. The laser light is split by the central half-silvered mirror. One part 
of the light continues in the same direction, is reflected, returns, and is 
reflected by the half-silvered mirror to the screen. A second part of the 
light is reflected by the half-silvered mirror, and is then reflected back 
through the half-silvered mirror to the screen. 


Laser light 


the order of a fraction of a wavelength of light, depend- 
ing on how well the shift of the interference fringes can be 
measured. 

Another type of measurement can be made with this 
interferometer by placing a material with index of refrac- 
tion n and thickness t in the path of the light traveling to the 
movable mirror m, as depicted in Figure 34.20. The path 
length difference in terms of the number of wavelengths 
will change because the wavelength of light in the material 
A,, is different from A. The wavelength in this material is 
related to the wavelength of light in air by 


Viewing screen 


Defocusing lens 


Half-silvered 
central mirror 
mı 


Movable mirror 
m 


x3 


Adjustable mirror 
nis 


FIGURE 34.20 Top view of a Michelson-type interferometer, 
showing the detailed light path. 
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Thus the number of wavelengths in the material is 34.2 Self-Test Opportunity 
N aterial 2% 2n The wavelength of a monochro- 
Àn À matic light source is measured 
using a Michelson interferometer. 
The number of wavelength that would have been there if the light traveled through only When the movable mirror is moved 
air is a distance d = 0.250 mm, N = 1200 
Noir za fringes move by the screen. What 
À is the wavelength of the light? 


Thus the difference in the number of wavelengths is 


2tn 2t 2t 

N material ~ Nair m el (34.14) 
When the material is placed between m, and m,, an observer will see a shift of one fringe for 
every wavelength shift in the path length difference. Thus, we can substitute the number of 
fringes shifted for N naterial — Nair in equation 34.14 and, given the index of refraction, we can 
obtain the thickness of the material. Alternatively, we can insert material with a well-known 


thickness and determine the index of refraction. 


34.6 Diffraction 


Any wave passing through an opening experiences diffraction. Diffraction means that the wave 
spreads out on the other side of the opening rather than the opening casting a sharp shadow. 
Diffraction is most noticeable when the opening is about the same size as the wavelength of 
the wave. With water surface waves, this is easily visualized, and the same effect applies to light 
waves. If light passes through a narrow slit, it produces a characteristic pattern of light and dark 
areas called a diffraction pattern. Light passing a sharp edge also exhibits a diffraction pattern. 
Huygens’s Principle describes this spreading out, and a Huygens construction can be 
used to quantify the diffraction phenomenon. For example, Figure 34.21 shows coherent light 
incident on an opening, which has dimensions comparable to the wavelength of the light. 
Rather than casting a sharp shadow, light spreads out on the other side of the opening. We 
can describe this spreading out by using a Huygens construction and assuming that spherical 
wavelets are emitted at several points inside the opening. The resulting light waves on the right 
side of the opening undergo interference and produce a characteristic diffraction pattern. 
Light waves can also go around the edges of barriers, as shown in Figure 34.22. In this 
case, the light far from the edge of the barrier continues to travel like the light waves shown 
in Figure 34.2. The light near the edge of the barrier seems to bend around the barrier and 
is described by the sources of wavelets near the edge. FIGURE 34.21 Coherent light inci- 
Figure 34.23 shows a picture of an experiment, where light from a green laser is blocked dent on an opening with a width com- 
by the vertical edge of a razor blade, and the resulting diffraction pattern is viewed on a dis- parable to the wavelength of the light. 
tant screen. The dots represent sources of spherical 
wavelets in a Huygens construction. 


FIGURE 34.22 Coherent light 
FIGURE 34.23 Light from a green laser incident on the vertical edge of a razor blade as viewed ona incident on a barrier. The light diffracts 
distant screen. around the barrier. 
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The bright spot is the central maximum and the less bright lines are higher-order dif- 
fraction maxima. 

Diffraction phenomena cannot be described by geometric optics. As we will see, diffrac- 
tion effects rather than geometric effects often limit the resolution of an optical instrument. 
The following sections will present a quantitative examination of single-slit diffraction, dif- 
fraction by a circular opening, double-slit diffraction, and diffraction by a grating. In all 
cases similar relationships for the location of the diffraction maxima and minima result, 
which are modified by the individual geometries. 


34.7 Single-Slit Diffraction 


y Consider the diffraction of light through a single slit of width a, 
A which is comparable to the wavelength of light passing through 


the slit, as illustrated in Figure 34.7b. The calculation is aided by 
a Huygens construction, as shown in Figure 34.21. 

Assume that the light passing through the single slit is 
described by spherical wavelets emitted from a distribution of 
points located in the slit. The light emitted from these points will 
superpose and interfere, based on the path length for each wave- 
let at each position. At a distant screen, we observe an inten- 
sity pattern characteristic of diffraction, consisting of bright and 
dark fringes. For the case of two-slit interference, we were able 
to work out the equations for the bright fringes based on con- 
structive interference. For diffraction, we will restrict ourselves 
to analyze the dark fringes of destructive interference. 

To study the interference, we redraw and simplify Figure 34.21 


Screen 


FIGURE 34.24 Geometry for determining the location of the first as shown in Figure 34.24. Assume that coherent light with wave- 
dark fringe from a single slit, using two rays from the slit. length A is incident on a slit with width a, producing an interfer- 


FIGURE 34.25 Expanded version 
of the geometry for determining the 
location of the first dark fringe from 
diffraction from a single slit. 


ence pattern on a screen a distance L away. We employ a simple 
method of analyzing pairs of light waves emitted from points in the slit. Start with light emit- 
ted from the top edge of the slit and from the center of the slit, as shown in Figure 34.24. To 
analyze the path difference, we show an expanded version of Figure 34.24 in Figure 34.25. 
For this quantitative analysis, assume that the screen distance L is very large compared 
to the size of the slit opening a. This way the two green lines representing the paths of 
lengths r, and r, in Figure 34.25 are parallel and both make an angle 6 with the central axis. 
Therefore, the path length difference for these two rays is given by 


Py a | 
a/2 2 


The criterion for the first dark fringe is 


Tau, =>asinĝ =À. 
2 2 


Although we chose one ray originating from the top edge of the slit and one from the mid- 
dle of the slit to locate the first dark fringe, we could have used any two rays that originated 
a/2 apart inside the slit. That is, all wavelets can be paired up so that the separation within a 
pair is a/2. (Thus, we have taken into account the entire slit.) Each pair destructively inter- 
feres, so an overall dark fringe appears at the screen. 

Now consider four rays instead of two (Figure 34.26). Here we choose a ray from the 
top edge of the slit and three more rays originating from points spaced a/4 apart. This draw- 
ing can be expanded to represent the case of the screen being far away, as shown in Figure 
34.27. Clearly the path length difference between the pairs of rays labeled r, and r, r, and 
T> and r, and r, is given by 


Ax 


P eee ae gene. 
al4 4 
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The criterion for a dark fringe arising from these three pairs of y 
rays is ^ 
asinO A ‘ 
= —=> asinO=2A. F 
4 2 


All wavelets could be grouped into four rays similar to those 
shown in Figure 34.27. Each group destructively interferes, so an 
overall dark fringe is visible on the screen. Thus, the condition 
asin 0 = 2d describes the second dark fringe. 

At this point, we can easily generalize and take groups of six 


and eight rays and describe the third and fourth dark fringes, etc. 
The result is that the dark fringes from single-slit diffraction can 
be described by | 


asinĝð=mà (m=1,2,3..... (34.15) 


®la ala ala als 


If the screen is placed a sufficiently large distance from the slits, FIGURE 34.26 Geometry for determining the location of the sec- 


the angle 0 is small and can be approximated as sin 0 = tan 6 = y/L. 
Thus, the position of the dark fringes on the screen can be 
expressed as 

A =mÀ (m = 1,2,3) 

L 

or 


eaor 
jen (m=1,2,3.... ee (34.16) 
a dark fringes 


Detailed analysis of the spherical wavelets shows that the intensity I relative to Imax that we 
would get if there were no slit is 


m , (34.17) 
a 
where 

a=" "sind, (34.18) 


Equation 34.17 shows that this expression for the intensity I is zero for sin a = 0 (unless 
a = 0), which means a = mr for m = 1,2,3,.... For the special case of a = 0 correspond- 
ing to 0 = 0, we use that 


Therefore, 
ma="* sind (m=1,2,3,...) 
or 
asind=mA (m=1,2,3,...), 


which gives the same result for the diffraction minima as equation 34.15. 
If the screen is placed a sufficiently large distance from the slits, the angle @ is small and 
can be approximated as sin 0 ~ tan 0 = y/L. Thus, equation 34.18 can be expressed as 


gT. (34.19) 
AL 
If the screen is L = 2.0 m away from the slit, the slit has a width of a = 5.0- 10™% m, and the 
wavelength of the incident light is A = 550 nm, we get the intensity pattern shown in Figure 
34.28. Such an intensity distribution as shown in Figure 34.28 is called a Fraunhofer dif- 
fraction pattern. 


ond dark fringe from a single slit, using four rays from the slit. 


=[8—_— >< 4s >< —__-# |» —___> 


FIGURE 34.27 Expanded version 
of the geometry for determining the 
location of the second dark fringe from 
diffraction from a single slit. 
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FIGURE 34.29 Single-slit diffraction 


pattern observed on a screen. 


Ay=5 


FIGURE 34.30 Single-slit diffrac- 
tion pattern with the distance from 
the center of the central maximum to 
the position of the first diffraction 
minimum. 


>y 


FIGURE 34.28 Intensity pattern 
for diffraction through a single slit. 
(a) Photograph of light on the screen. 
(b) Calculation of the intensity along 
the screen. 


(a) 


max 


Intensity along screen 


y (cm) 
(b) 


SOLVED PROBLEM 34.1 / Width of Central Maximum 


The single-slit diffraction pattern shown in Figure 34.29 was produced with light of wave- 
length A =510.0 nm. The screen on which the pattern was projected was located a dis- 
tance L =1.40 m from the slit. The slit had a width of a = 7.00 mm. 


PROBLEM 
What is the width w of the central maximum? (The width is equal to the distance between 
the two first diffraction minima located on either side of the center.) 


SOLUTION 


THINK 

The diffraction pattern produced by light incident on a single slit peaks at y = 0 and 
falls to a minimum on both sides of the peak. The first minimum corresponds to m = 1. 
Therefore, the width of the central maximum is equal to twice the y-coordinate of the 
first minimum. 


SKETCH 
Figure 34.30 shows a sketch of the single-slit diffraction pattern, marked with the dis- 
tance from the center of the central maximum to the position of the first minimum. 


RESEARCH 
The locations of the dark fringes along a screen corresponding to diffraction minima 
when the screen is sufficiently far from the slit are given by equation 34.16 
maAL 
y = 
a 


(m=1,2,3,...), 


where À is the wavelength of the light incident on the single slit, m is the order of the 
minimum, L is the distance from the slit to the screen, and a is the width of the slit. For 
single-slit diffraction, the position y = 0 corresponds to the position of the central maxi- 
mum. The first diffraction minimum corresponds to m = 1. Therefore, the distance Ay 
from the central minimum to the position of the first minimum is given by 


_ML 
2 


Ay 


SIMPLIFY 


The width of the central maximum w is then 


pti, 
a 


34.8 


CALCULATE 


Putting in the numerical values gives us 


2(510.0-10° m|(1.40 m) 
=0.000204 m. 


me 
(7.00-10° m) 


ROUND 
We report our result to three significant figures, 


w =0.000204 m = 0.204 mm. 


DOUBLE-CHECK 

The width of the central maximum projected on the screen is relatively small. A slit that is 
large compared with the wavelength of light shows little diffraction, while a slit that has a 
width comparable to or smaller than the wavelength of light produces a broad diffraction 
spectrum. The ratio of the wavelength of the light to the slit width is 


k =510.0 nm /7.00-10° m=7.29-10°. 
a 


Thus, our answer showing a narrow central maximum appears reasonable. 
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Se 
34.8 Diffraction by a Circular Opening 


So far, we have considered interference through two slits and diffraction through a single 
slit. Now we consider diffraction of light through a circular opening. Diffraction through a 
circular opening applies to observing objects with telescopes having circular mirrors/lenses 
or with cameras having a circular lens. The resolution of a telescope or camera (that is, its 
ability to distinguish two point objects as being separate) is limited by diffraction. 

The first diffraction minimum from light with wavelength passing through a circular 
opening with diameter d is given by 


sin @ =1.22 Z 5 (34.20) 


where 0 is the angle from the central axis through the opening to the first diffraction mini- 
mum. This result is similar to the result from a single slit except for the factor of 1.22. We 
will not derive this expression here. In Figure 34.31, we show a diffraction pattern for red 
laser light with wavelength A = 633 nm passing through a circular opening with diameter 
0.04 mm projected on a screen located 1.00 m from the opening. The diameter of the inner- 
most dark circle is measured to be 3.9 cm. The first diffraction minimum is clearly visible 
in Figure 34.31. 

Figure 34.32 depicts three different situations for the observation of two distant point 
objects using a lens. In Figure 34.32a, the angular separation is clearly large enough to 
resolve the objects. In Figure 34.32b, the angular separation is large enough to just barely 
resolve the objects, but not by much. In Figure 34.32c, the angular separation is too small 
to resolve the objects. 

Ifa circular lens is used to observe two distant point objects, whose angular separation 
is small (such as two stars), diffraction limits the ability of the lens to distinguish these two 
objects. The criterion for being able to separate two point objects is based on the idea that 
if the central maximum of the first object is located at the first diffraction minimum of the 
second object, the objects are just resolved. This criterion, called Rayleigh’s Criterion, is 
expressed as 


Og = sin" =>, (34.21) 


where 9x is the minimum resolvable angular separation in radians, À is the wavelength of 
the light used to observe the objects, and d is the diameter of the lens or mirror. 


FIGURE 34.31 The diffraction pat- 
tern for red laser light with A = 633 nm 
passing through a circular opening with 
diameter 0.04 mm and projected on a 
distant screen. 
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FIGURE 34.32 Diffraction 
through a circular opening: repre- 
senting the image you might see 
with a lens observing two distant 
point objects. The top row is a two- 
dimensional representation of the 
same result in a three-dimensional 
representation of the intensity pat- 
tern in the bottom row. (a) The 
angular separation is large enough 
to clearly resolve the two objects; 
(b) the angular separation is margin- 
ally large enough to resolve the two 
objects; (c) the angular separation 
of the two objects is too small to 
allow them to be resolved. 


(a) (b) (c) 


EXAMPLE 34.2 [ Rayleigh’s Criterion for the Hubble Space Telescope 


PROBLEM 
The diameter of the main mirror in the Hubble Space Telescope (Figure 34.33) is 2.4 m. 
What is the minimum angular resolution of the Hubble Space Telescope for green light? 


SOLUTION 
pk = oar Using Rayleigh’s Criterion, with green light of wavelength A = 550 nm, we get 
FIGURE 34.33 The main mirror of 550-10? m 7 A 
the Hubble Space Telescope has a diam- Op =1.22=—————— = 28-10 “ rad =1.6 -10° degrees, 
eter of 2.4 m. The hyperbolic shape of 2.4m 
the mirror is accurate to 32 nm, which which corresponds to the angle subtended by a dime (diameter 17.9 mm) located 
means that if the mirror were the size 64 km away. | 
of Earth, any bumps in the glass would | 
be 17 cm high or less. = 
34.3 Self-Test Opportunity 3, 6 In-Class Exercise : 
Can individual watchtowers on You are driving in your car listening to music on the radio. Your car is equipped with AM radio 
the Great Wall of China be seen by (f= 1 MHz), FM radio (f = 100 MHz), and XM satellite radio (f= 2.3 GHz). You enter a tunnel with 
astronauts on the Space Shuttle a circular opening of diameter 10 m. Which kind of radio signal will you be able to receive the 
orbiting the Earth at an altitude of longest as you continue to travel in the tunnel? 
190 km? Assume that the Great Wall 
is 10.0 m wide. a) AM b) FM c) XM 


34.9 Double-Slit Diffraction 


Section 34.3 discussed the interference pattern produced by two slits. That analysis assumed 
that the slits themselves were very narrow compared with the wavelength of light, a « A. 
For these narrow slits, the diffraction maximum is very wide, with peaks in the intensity 
that have the same value at all angles (see Figure 34.12). 

However, with double slits for which the condition a « A is not met, as illustrated in 
Figure 34.7c, not all the interference fringes have the same intensity. With diffraction effects, 
the intensity of the interference pattern from double slits can be shown to be given by 

0 y2 
T= ii cos” =s] ; 
a 


(34.22) 


Intensity along screen 


—40 —20 0 20 40 
y (cm) 


where a = ma sin 0/À, B = md sin@/A, and d is the distance between the slits. If 
the screen is placed a sufficiently large distance from the slits, the angle 6 is small 
and can be approximated as sin 0 ~ tan 0 = y/L. Then « and $ can be approxi- 
mated as a = may/AL and B = mdy/AL. 

If the screen is L = 2.0 m away from the slits, each slit has a width of 
a =5.0-10°° m, the slits are d =1.0-10~° m apart, and the wavelength of the 
incident light is A = 550 nm, we get the intensity pattern shown by the dark 
green line in Figure 34.34. 

Figure 34.34 shows that the positions of the maxima on the screen are 
not changed from those for the double slit with very narrow slits. However, 
the maximum intensity is modulated by the diffraction intensity distribution, 
shown in faint grey. The diffraction pattern in Figure 34.34 forms an envelope 
for the interference intensity distribution. If one of the two slits were covered, 
only the diffraction pattern would be seen. 

Figure 34.35 shows a photograph ofan interference/diffraction pattern from 
a double slit projected on a screen that is 2 m away using light of wavelength 
À = 532 nm from a green laser. The slits have a width of a = 4.52- 10° m and are 
d = 3.00-10* m apart. The central maxima, which consist of all the two-slit 
maxima located within the single-slit central maximum envelope, are inten- 
tionally overexposed in the photograph to allow the secondary maxima to be 
observed. Figure 34.35 also shows the predicted intensity pattern, effectively 
overexposed by choosing the maximum value of the plotted intensity to be 38% 
of the maximum predicted intensity, which allows the secondary maxima to be 
visible. The first two single-slit diffraction minima on each side of the central 
maxima are marked with dashed lines. 
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FIGURE 34.34 Intensity pattern 
from a double slit. The dark green line 
is the observed intensity pattern. The 
faint grey line is the intensity for a 
single slit with the same width as the 
two slits. The faint green line is the in- 
tensity distribution for two very narrow 
slits separated by the same distance as 
the double slits that produced the dark 
green line. 
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FIGURE 34.35 Photograph of the intensity pattern 
produced by a double slit illuminated by green light from 
a laser. The calculated intensity for the central lines 
extends above the plotted scale in the vertical direction 
to allow the lower intensity lines to be visible. The 
predicted intensity pattern is shown for a = 0.0452 mm, 
d = 0.300 mm, and A = 532 nm. The dashed lines mark 
the diffraction minima. 


34.10 | Gratings 


We have discussed diffraction and interference for a single slit and for two 
slits. How do diffraction and interference apply to a system of many slits? 
Putting many slits together forms a device called a diffraction grating. A 
diffraction grating has a large number of slits, or rulings, placed very close 
together. A diffraction grating can also be constructed using an opaque 
material containing grooves rather than actual slits, which is called a reflec- 
tion grating. A diffraction grating produces an intensity pattern consisting 
of narrow bright fringes separated by wide dark areas. This characteristic 
pattern results because having many slits means there can be destructive 
interference a small distance away from the maxima. 

A portion of a diffraction grating is shown in Figure 34.36. This draw- 
ing shows coherent light with wavelength A incident on a series of narrow 
slits, each separated by a distance d. A diffraction pattern is produced ona 
screen a long distance L away. 

Figure 34.36 can be expanded, as we did for the single-slit and double- 
slit cases (again using the limit that L > d so that all of the rays drawn are 
parallel), to enable us to analyze the path length difference for the light 


Screen 


FIGURE 34.36 A portion of a diffraction grating. 
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d from each of the slits to the screen (Figure 34.37). Assume that L is so large that the light 
rays are approximately parallel to one another. 
The distance d is called the grating spacing. If the grating’s width is W, the number N of 
slits or gratings is N = W/d. Diffraction gratings are often specified in terms of the number 
n of slits or rulings per unit length. We can obtain d from the specified n using d = 1/n,. 
Let’s calculate the path length differences for the paths shown in Figure 34.37. Using 
an adjacent pair of rays, the path length difference is Ax = d sin 0. To produce bright lines, 
d or constructive interference, this path length difference must be an integer multiple of the 
wavelength, so 
dsinO=mA (m =0,1,2,...). (34.23) 
! 
| 


The values of m correspond to different bright lines. For m = 0 we have the central maxi- 
mum at 0 = 0. For m = 1 we have the first-order maximum. For m = 2 we have the second- 
order maximum, etc. Typically, diffraction gratings are designed to produce large angular 
separations between the maxima, so we do not make the small-angle approximation when 
discussing diffraction gratings. 

Because diffraction gratings produce widely spaced narrow maxima, they can be used 
to determine the wavelength of monochromatic light by rearranging equation 34.23, 


ERT (m=0,1,2,...). (34.24) 
m 
Monochromatic light incident on a diffraction grating produces lines on a screen at widely 
separated angles. For example, when a focused laser beam strikes a diffraction grating, a set 
of widely spaced spots is created, as illustrated in Figure 34.38. 

In addition, diffraction gratings can be used to separate out different wavelengths of 
light from a spectrum of wavelengths. For example, sunlight is dispersed into multiple sets 
of rainbow-like colors as a function of 0. If the light is composed of several discrete wave- 
lengths, the light is separated into sets of lines corresponding to each of those wavelengths. 

The quality of a diffraction grating can be quantified in terms of its dispersion. The dis- 
persion describes the ability of a diffraction grating to spread apart the various wavelengths 
in a given order. Dispersion is defined by D = A@/AA, where A9 is the angular separation 


FIGURE 34.37 Expanded drawing 
of a diffraction grating, assuming that 
the screen is far away compared to 


the spacing between the slits of the between two lines with wavelength difference AA. We can get an expression for the disper- 
grating. sion by differentiating equation 34.24 with respect to A: 
dð d| . i| mà 1 m m 
da dal a zd z 
[a a? -(m) 
Fa 


Because mA/d = sin 0, we can express d0/dÀ as 


d0 _ 1 m m 
da yi-sin26 4 dcos0’ 


where we have used the identity sin? 6 + cos? 0 = 1. Taking intervals of @ and A that are not 
too large, we can thus write an expression for the dispersion of a diffraction grating as 
A0 m 
Aà dcos 


(m=1,2,3,..). (34.25) 


FIGURE 34.38 The diffraction pattern produced on a screen by a green laser light incident on a diffraction grating with line spacing 
n, = 787 lines/cm. The spots corresponding to the central maximum, to m = +1 and to m = +2 are shown. 


The dispersion of a diffraction grating increases as the distance d between rulings gets 
smaller, and as the order m gets higher. Note that the dispersion does not depend on the 
number of rulings N. 

The resolving power R of a diffraction grating describes its ability to resolve closely 
spaced maxima. This ability depends on the width of each maximum. Consider a diffraction 
grating used to resolve two wavelengths A, and A,, with À ve = (A, +A,)/2 and AA= |à 2- àl. 
Define the resolving power of the grating as 

À 


ave 34.26 
ie (34.26) 


R= 


where AÀ min is the minimum value of AA such that the wavelengths are resolved. 

In order to discuss the resolving power, we need an expression for the width of each 
maximum. The width of each maximum is determined by the position of the first minimum 
on one side of the central maximum. Define the angular half-width 6,,, of the maximum as 
the angle between the maximum and this first minimum (Figure 34.39). 

Equation 34.25 tells us the angular spread for a given AA. The two wavelengths can 
barely be resolved if this spread A90 = 6,,,. To determine the position of the first minimum, 
we do a single-slit diffraction analysis using the whole grating as the single slit (Figure 
34.40). This approach is justified if the number of slits N is large. In any case, it provides a 
useful and meaningful approximation, as opposed to a precise mathematical calculation, 
which would tend to obscure the physics involved. 

The angle of the first minimum for single-slit diffraction can be obtained from the con- 
dition asin 0 = A, where Nd is substituted for the slit width a: Nd sin Ohw =A. Because 6},,, is 
small, we can write sin 0), = A, or 

À 


S 
hw Nd 


We can show (though we dont do so here) that the width of the maxima for other orders 


can be written as 
À 


~ Ndcos@’ 


where 6 is the angle corresponding to the maximum intensity for that order. Substituting 
Ow for A0 in equation 34.25, 


hw 


A0 À _ om 
AA Ndcos@AA_ dcosé 
or 
À 
R=—=Nm, (34.27) 
AÀ 


where we have taken A=(A+(A+AA))/2. Note that the resolving power of a diffraction 
grating depends only on the total number of rulings and the order. 


EXAMPLE 34.3 (CD or DVD as Diffraction Grating 


Diffraction gratings can take the form of a series of narrow slits that light passes 
through or a series of closely spaced grooves that reflect light. The resulting diffrac- 
tion pattern is the same. We can therefore think of the spiral grooves of a CD or a 
DVD as a diffraction grating. In Figure 34.41, a DVD is shown reflecting various 
colors from sunlight. 

If we shine a green laser pointer with wavelength 532 nm perpendicular to the sur- 
face of a CD, we observe a diffraction pattern in the form of bright spots on a screen 
placed perpendicular to the CD located a perpendicular distance L =1.6 cm away from 
the point where the laser beam hits the CD (Figure 34.42 and Figure 34.43). The spacing 
between the grooves in the CD is d =1.60- 10% m =1.6 pm. 


Continued— 
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I= Or 


0 
FIGURE 34.39 The angular half- 


width of the central maximum for a 
diffraction grating. 


FIGURE 34.40 Calculation of the 
half-width of the central maximum for a 
diffraction grating, treating the entire 
grating as a single slit. 


FIGURE 34.41 Different colors 
resulting from constructive interference 
from sunlight striking a blank DVD. 
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(b) 


FIGURE 34.42 Using a CD as a diffraction 
grating. (a) A green laser pointer shining per- 
pendicularly on the bottom surface of a CD. 
(b) Green lines illustrate the light from the 
laser pointer, and the order of each diffraction 
spot is labeled. The vertical and horizontal 
rulers have markings every centimeter. 


FIGURE 34.43 Geometry of using 

a CD as a diffraction grating. (a) Side 
view of the geometry of the measure- 
ment shown in Figure 34.42. A hori- 
zontal white screen is used to locate 
the diffraction maxima. (b) Expanded 
drawing of the diffraction grating inside 
the polycarbonate structure of the CD, 
illustrating the diffraction and refrac- 
tion that occur. 


— a 


PROBLEM 
What is the horizontal distance from the surface of the CD edge to the spots ob- 
served on the screen? 


SOLUTION 
We start with our expression for the angle of constructive interference from a dif- 
fraction grating, 

dsing,,=mA (m=0,1,2,3,...), 


where d is the distance between adjacent grooves, A is the wavelength of the light, m 
is the order, and @,,, is the angle of the mth order maximum. 

The wavelength that we need for this calculation is the wavelength of light in 
the polycarbonate plastic from which the CD is made, which has an index of refrac- 
tion n = 1.55: A =A,;,/n. Thus, the criteria for diffraction maxima is given by 

dsing, = PON acy ies Hidan, 
n d 
This light ray must now pass through the surface of the CD, where it is refracted. 
Applying Snell’s Law at the surface and taking n,;, = 1, we get 


MAX air 

d 
We can rewrite this equation as dsin6,, = MÀ, which is exactly what we would 
have gotten if we had treated the CD as a diffraction grating in air. 

Starting with m = 0, we find that the central maximum produces a spot at 0) = 0°, 
which means that the spot is produced in front of the laser pointer. You can see this 
diffraction maximum in the reflection of the laser pointer from the surface of the 
CD in Figure 34.42. 

Moving to m =1, we find the angle of the first-order diffraction maximum, 6,, 


using 9 
| il Àair |_|. -1] 332-10” m 
Q =sin d =sin 


nsing,, =1-sind,, =sin6,, = 


=19.4°. 


1.60-10°° m 


Looking at Figure 34.43a, we can see that tan 0, = L/y,, so we calculate the distance 
of the first-order spot along the screen as y, = (1.6 cm)/(tan 19.4°) = 4.54 cm. The 
photograph in Figure 34.42 shows that this calculation is in good agreement with 
what we observe for m = 1. 

The angle of the second-order spot is given by 


oa __-1| 2-532-10° m 
= sin 
d 1.60-10 m 


0, = sn" | 41.7°. 


Qı 


$2 
/\ 


[] CD edge view 
Laser pointer 
i 6, 
| 02 
S 
|] 
| | 02 | 0, l 
i T pm 
K 4 yy >l 
l 


(a) (b) 


Thus, the position of the second-order spot is y, = (1.6 cm)/(tan 41.7°) = 1.80 cm, which 
is also in good agreement with what we observe for m = 2 in Figure 34.42. 
The angle of the third-order spot is 


de -532-10° 
bssan sin ese Z Z =85.9°, 
d 1.60-10 m 


The position of the third-order spot is y, = (1.6 cm)/(tan 85.9°) = 0.11 cm. The third- 
order spot is not clearly visible in Figure 34.42 because the third-order maximum is dim- 
mer than the first and second maxima and because the angle at which the spot must be 
observed is very close to 90°. 

What about a fourth-order spot? For the angle of the fourth-order spot, we would 
have 0, = sin™'(4A,,/d). However, for this order 4A,,,/d = 4(532 nm)/(1.6 um) = 1.33, 
which cannot occur because |sin 6[<1. Therefore, only three spots can appear on the 
screen, only two of which are easily visible. 

If we carried out the same experiment using a common red laser with Ài, = 633 nm, 
we would get only two maxima, occurring at 0, = 23.3° and 0, =52.3°. 


Blu-Ray Discs 

Earlier, in Example 9.2, we calculated the length of a CD track and also showed microscopic 
images of CD surfaces. Now we want to explore how Blu-ray discs and other optical discs 
store digital information, and how computers and consumer electronic devices read them. 
CDs, DVDs, and Blu-ray optical discs all operate on similar principles. Figure 34.44c and 
Figure 34.44d show a schematic cross section of a Blu-ray disc. 

A Blu-ray disc, like a CD or DVD, stores digital information in terms of ones and zeros. 
These ones and zeros are encoded in the location of the edges of the high areas and low areas 
in the aluminum layer shown in Figure 34.44. The high and low areas rotate with the Blu-ray 
disc and pass over a blue solid-state laser that emits light with a wavelength of A = 405 nm in 
air. A schematic drawing of the blue laser assembly is shown in Figure 34.45. 

The Blu-ray player incorporates several concepts of wave optics presented in this chap- 
ter, including a diffraction grating and destructive interference, as well as polarization from 
Chapter 31. A solid-state laser produces light with wavelength A = 405 nm in air. This wave- 
length is almost a factor of two shorter than the wavelength of the laser light used to read CDs. 
The shorter wavelength allows the tracks and pits to be smaller, which allows more data to be 
stored. This light is passed through a diffraction grating. The central maximum and the two 
first-order lines are shown in Figure 34.45. The higher-order lines are not used. The light in the 
central maximum is used to read the data from the disc and to maintain the focus of the beam. 
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Tracking Readout and focus 
Label 


Polycarbonate plastic Land Pit 1.2mm 
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Blue laser light 
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34.4 Self-Test Opportunity 


What would happen if we repeated 
this experiment with a DVD and a 
green laser pointer? (The separation 
between tracks on a DVD is 740 nm 
compared with 1600 nm for a CD.) 


FIGURE 34.44 Cross section of a Blu-ray disc. (a) View from the bottom showing the laser data beam reflecting from only the aluminum land. 
(b) View from the bottom showing the laser data beam reflecting from both the aluminum land and pit simultaneously. (c) Edge view showing the 
laser data beam focused on the aluminum land. (d) Edge view showing the laser beam focused on the aluminum pit (and land). 
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First-order beams Data readout The light from the two first-order maxima is used for tracking 
for tracking and focus the data on the disc. 
E, F A, B, C, D . . : : . 
After passing through the diffraction grating, the light 
passes through a polarizer and then proceeds to a polarizing 
beam splitter. The light is directed upward with a turning 
mirror. The light is then focused on the Blu-ray disc after 
{ passing through a quarter-wave plate that rotates the polar- 
ization. The effect of the polarizing elements is to separate 
the light reflected from the Blu-ray disc surface and direct it 
into the photodiode array while minimizing the direct light 
from the laser traveling into the photodiode array. 
When the light from the central maximum is shining 
completely on the land, as illustrated in Figure 34.44a and 
Turning Figure 34.44c, all the light is reflected into the photodiode. 
mirror When the light from the laser is shining on a pit, as shown 
in Figure 34.44b,d, light is reflected from both the pit and 
| the land. In this case, the light that reflects from the land 
H area travels farther than the light reflected from the pit area. 
| ; In both cases, the light undergoes a phase change when it is 
AT Photodiode array reflected. Thus, the analysis of destructive interference of a 
© édo 


Blu-ray disc 


Diffraction 
grating Polarizer 


Blue 
laser 


splitter 


coating on a lens can be applied to this case. Denote the dif- 
ference in height between the land and pit areas as t, so the 


FIGURE 34.45 A schematic drawing of the blue laser assembly of a path length difference for the light from the high and low 
Blu-ray disc reader. areas is 2t. The criterion for destructive interference is 
1 A... 
[+ | at 32 (yn =0,41,49,..), 
2 M polycarbonate 


where Mpolycarbonate is the index of refraction of polycarbonate in the Blu-ray disc and A ,;, is 
the wavelength of the light emitted by the laser. For m = 0, 


pe 
4n 


polycarbonate 


For the Blu-ray laser, A,;, = 405 nm and the refractive index of the polycarbonate is 1.58; 
therefore, the thickness required for destructive interference is 


À _ 405 nm 


t= air 


4n 


=64.1 nm, 
polycarbonate 4( 1.5 8) 


which is close to the difference of the high and low areas shown in Figure 34.44. 

As the disc spins, the land and pit areas pass over the laser. When the land areas are 
over the laser, all of the light is reflected and the photodiode registers a given voltage. When 
the pit areas pass over the laser, part of the light is lost to destructive interference and the 
photodiode reads a lower voltage. Whenever the voltage changes—from high to low, or low 
to high—the electronics of the Blu-ray player records a one. Otherwise, the player records a 
zero. This pattern of zeros and ones get translated into the normal digital code used in com- 
puters using the 8-14 method, which converts the 14 bits encoded on the disc into 8 bits of 
digital information. In addition, 3 bits are added to each set of 14 bits to allow the reader to 
maintain its tracking. The light from the central maximum is projected onto a photodiode 
that is segmented into four parts, A, B, C, and D, as shown in Figure 34.45. The balance of 
these four signals is used to adjust the distance of the movable objective lens from the sur- 
face of the disc. The tracking is done by comparing the signals from the two first-order lines 
that are registered in the photodiode as E and F, as shown in Figure 34.45. 

A Blu-ray disc is similar to a CD or a DVD except that the high and low areas are 
smaller. The distance between tracks is 1.6 4m on a CD and 0.74 pm on a DVD. In addi- 
tion, a DVD uses a laser that emits light with a wavelength of 650 nm, while a CD uses a 
laser with a wavelength of 780 nm. A Blu-ray disc uses a track spacing of 0.30 um and can 
hold 25 gigabytes of digital information. A CD can hold up to 700 megabytes of digital 
information, while a DVD can hold 4.7 gigabytes. 


34.11 X-Ray Diffraction and Crystal Structure 1121 


34.11 X-Ray Diffraction and Crystal Structure 


Wilhelm Röntgen (1845-1923) discovered X-rays in 1895. His experiments suggested that 
X-rays were electromagnetic waves with a wavelength of about 10°’? m. At about the same 
time, the study of crystalline solids suggested that their atoms were arranged in a regular 
repeating pattern with a spacing of about 10-'° m between the atoms. Putting these two ideas 
together, Max von Laue (1879-1960) proposed in the early 1900s that a crystal could serve 
as a three-dimensional diffraction grating for X-rays. In 1912, von Laue, Walter Friederich 
(1883-1963), and Paul Knipping (1883-1935) did the first X-ray diffraction experiment, 
which showed diffraction of X-rays by a crystal. Soon afterward, Sir William Henry Bragg 
(1862-1942) and his son William Lawrence Bragg (1890-1971) derived Bragg’s Law (given 
below) and carried out a series of experiments involving X-ray diffraction from crystals. 

Let's assume we have a cubic crystal, with each atom in the lattice a distance a away from its 
neighboring atoms in all three directions (Figure 34.46). We can imagine various planes of atoms 
in this crystal. For example, the horizontal planes are composed of atoms spaced a distance a 
apart, with the planes themselves spaced a distance a from one another. If X-rays are incident on 
these planes, the rows of atoms in the crystalline lattice can act like a diffraction grating for the 
X-rays. The X-rays can be thought of as scattering from the atoms (Figure 34.47). 

Interference effects are caused by path length differences. When X-rays scatter off one 
plane, all the waves remain in phase as long as the incident angle equals the reflected angle. 
However, for two adjacent planes, Figure 34.48 shows that the path length difference for the 
scattered X-rays from the two planes is 


Ax = Ax, + Ax, =2asin6, (34.28) 


where 6 is the angle between the incoming X-rays and the plane of atoms. (Note that unfor- 
tunately this convention in the literature is different from all of our other cases, where the 
angle is always measured relative to the surface normal!) Thus, the criterion for constructive 
interference from Bragg scattering is given by 


2asind=mA (m=0,1,2,...) (34.29) 


This equation is known as Bragg’s Law. 

When X-rays are incident on a crystal, several different planes can function as diffrac- 
tion gratings. Some examples are illustrated in Figure 34.49. These planes do not have the 
spacing a between the planes. 


FIGURE 34.46 A cubic crystal lat- 


tice with spacing a. 


FIGURE 34.47 Schematic drawing 
of X-rays scattering off planes of atoms 
in a crystal. 


FIGURE 34.48 Path length difference for X-rays scat- FIGURE 34.49 Examples of planes that could function as diffraction gratings 


tered from two adjacent planes. for X-rays in a cubic crystalline lattice. 
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FIGURE 34.50 Two geometries 
for studying the atomic structure 

of a sample using X-ray diffraction. 
(a) X-rays scattered nearly parallel to 
the surface; (b) X-rays transmitted 
through the sample. 


20 


Incoming X-rays 


(a) (b) 


To study the atomic structure of a substance using X-ray diffraction, X-rays can be scat- 
tered nearly parallel to the surface of a sample (Figure 34.50a). Alternatively, the X-rays can 
be transmitted through the sample and detected on the opposite side of the sample (Figure 
34.50b). For the parallel scattering method, the angle of incidence 0 should equal the angle 
of observation. For the transmission method, the observed angle is twice the Bragg angle 6. 
By measuring the intensity of the X-rays as a function of 0, we can determine details of the 
structure of the material being studied. 

Figure 34.51 shows a sample image obtained from the scattering of X-rays of a protein, 


in this case “3Clpro.’ In order for this imaging technique to work, the protein has to be fixed 


FIGURE 34.51 X-ray diffraction 
image of a protein. 


FIGURE 34.52 Advanced Photon Source. 


in a crystalline structure. From the diffraction pattern obtained, one can reconstruct the 
three-dimensional spatial structure with the aid of computer programs. 


Modern particle accelerators—such as the National Synchrotron Light 
Source at Brookhaven National Laboratory, the Advanced Light Source at Law- 
rence Berkeley National Laboratory, or the Advanced Photon Source at Argonne 
National Laboratory (Figure 34.52), and many others around the world—are 
used to produce high-quality, intense beams of X-rays to carry out research 
in condensed matter and materials science. In addition, we can gather simi- 
lar scattering information by bombarding crystalline structures with intense 
neutron beams. (To understand how this works, we have to wait a few more 
chapters until we examine quantum mechanics.) Intense neutron beams for 
materials science research have now become available at the Spallation Neutron 
Source at Oak Ridge National Laboratory. These huge X-ray and neutron scat- 
tering facilities cost hundreds of millions of dollars, but are absolutely essential 
tools for investigating the nanoscale structure of materials. They are the basic 
research tools for modern and future nanotechnology advances. 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


Huygens’s Principle states that every point on a 
propagating wave front serves as a source of spherical 
secondary wavelets. A geometric analysis based on this 
principle is called a Huygens construction. 


The requirement that two coherent waves with 
wavelength A interfere constructively is Ax = mA 
(m = 0,£1,+2,...), where Ax is the path difference 
between the two waves. 


The requirement that two coherent waves with wavelength 
A interfere destructively is Ax = (m + 5)A (m = 0,41,+2....), 
where Ax is the path difference between the two waves. 


The angle of bright fringes from two narrow slits spaced 
a distance d apart and illuminated by coherent light with 
wavelength A is given by d sin 0 = mA (m = 0,+£1,42....). 
On a screen a long distance L away, the position y of 

the bright fringes from the central maximum along the 


screen is given by y= m (m= 0,4l i1. 


The angle of dark fringes from two narrow slits spaced 
a distance d apart and illuminated by coherent light 
with wavelength A is given by d sin 0 = (m+ })À (m = 
0,+1,+2,...). On a screen a long distance L away, 

the position y of the dark fringes from the central 


(m + 1) AL 
d 


maximum along the screen is given by y = 
(m = 0,+1,+2....). 


= ‘The condition for constructive interference for light 
with wavelength A in a thin film of thickness t and 


index of refraction n in air is (m + 1) —ait — Qf 
(m = 0,+1,+2....). n 


= The radii of the bright circles in Newton's rings are 
given by Xm = R(m+ 1), (m = 0,1,2,...), where R 


is the radius of curvature of the upper curved glass 
surface and A is the wavelength of the incident light. 


= The angle of dark fringes from a single slit of width a 
illuminated by light with wavelength A is given by 
a sin 0 =mÀ (m = 1,2,3....). 


= The angle 6 of the first minimum from a circular 
aperture with diameter d illuminated with light 


A 
of wavelength A is sin@ =1.22 T This expression 


is known as Rayleigh’s Criterion. The angle in the 


KEY TERMS 

Huygens’s Principle, constructive interference, 
p. 1098 p. 1100 

coherent light, p. 1100 destructive interference, 

incoherent, p. 1100 p. 1100 

interference, p. 1100 Young's double-slit 


experiment, p. 1101 


NEW SYMBOLS AND EQUATIONS 


Ax = mÀ (m = 0,+1,+2,...), path length difference for 
constructive interference 


Ax = (m+ +)A (m = 0,+£1,+2,...), path length difference for 
destructive interference 


N, number of rulings in a diffraction grating 
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equation expresses the minimum resolvable angle 
between 2 distant objects for a telescope primary lens 
or mirror or camera lens with diameter d. 


= The angle 6 of the maxima from a diffraction grating 
illuminated with light of wavelength A is given by 


1 


d=sin m (m = 0,1,2,...), where d is the distance 


between the rulings of the grating. 


= The dispersion of a diffraction grating is given by 


eo (m = 1,2,3,...), where d is the distance 
dcos@ 


between the rulings of the grating. 


= The resolving power of a diffraction grating is given 
by R= Nm (m = 1,2,3....), where N is the number of 
rulings in the grating. 


= For X-rays scattering off planes of atoms separated by a 
distance a, the condition for constructive interference 
is 2a sin@ = mA (m = 0,1,2.,...). The angle 6 is the angle 
between incoming X-rays and the plane of atoms and 
the angle of observation of the X-rays. 


order, p. 1102 Rayleigh’s Criterion, p. 1113 
thin film, p. 1104 diffraction grating, p. 1115 
Newton's rings, p. 1106 dispersion, p. 1116 
interferometer, p. 1107 resolving power, p. 1117 
diffraction, p. 1109 X-ray diffraction, p. 1121 
resolution, p. 1113 Bragg’s Law, p. 1121 


n, number of rulings per unit length for a diffraction grating 


D= zm (m = 1,2,3,...), dispersion of a diffraction grating 
dcos@ 


R= Nm (m = 1,2,3....), resolving power of a diffraction grating 


ANSWERS TO SELF-TEST OPPORTUNITIES 


34.1 There is no change in colors. After all, the light has to 
propagate through your eyeball before it reaches your retina, 
and the index of refraction of your eyeball does not change 
when your head is underwater. 


2a _2(025-10° m) 
34.2 A=j— =—— -417-107 m=417 nm. 

N 1200 
34.3 Assume that A = 550 nm and that the diameter of the 
human pupil is d = 10.0 mm. 


Op = sin! Ea =6.71-10° rad 


y 10.0 m 
L 190-10 m 

Individual watchtowers on the Great Wall of China are difficult 

to see from the orbiting Space Shuttle. 

34.4 We get for the first maximum 6, = sin | (532 nm/740 nm) = 

46.0°. No other maxima are possible. 


=5.26-10° rad 
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PROBLEM-SOLVING PRACTICE 


| Problem-Solving Guidelines 

1. A sketch of the optical situation is almost always helpful. 
It is simplest to use rays, not wave fronts, but remember that 
you are dealing with wave effects. Use the diagram to clearly 
identify any path differences involved in the problem. 

2. The basic idea of wave optics is that constructive interference 
occurs when the path difference is an integer number of 
wavelengths, while destructive interference occurs when the 


SOLVED PROBLEM 34.2 [Spy Satellite 


You have been assigned the job of designing a camera lens for a spy satellite. This satel- 
lite will orbit the Earth at an altitude of 201 km. The camera is sensitive to light with a 
wavelength of 607 nm. The camera must be able to resolve objects on the ground that are 


0.490 m apart. 


PROBLEM 


SOLUTION 


SKETCH 
FIGURE 34.53 A spy satellite at 
height h observing two objects on the 
ground a distance Ax apart. 


RESEARCH 


The Rayleigh Criterion for resolving two objects separated by an angle 6, using light with 
wavelength A is given by 


where d is the diameter of the circular camera lens in the spy satellite. 
The angle required for the performance requirement of the spy satellite is given by 


where Ax is the distance between the two objects on the ground and h is the height of the 
spy satellite above the ground. 


SIMPLIFY 


We can equate Opg and 0, to get 


Solving for the diameter of the camera lens gives us 


What is the minimum diameter of the lens? 


THINK 
; This camera lens will be limited by diffraction. We can apply Rayleigh’s Criterion to cal- 
culate the minimum diameter of the lens, given the angle subtended by two objects on the 
ground as viewed from the spy satellite orbiting above. 


Figure 34.53 shows a sketch of the spy satellite observing two objects on the ground 


path difference is an odd-integer number of half wavelengths. 
Always start from this concept and take into account in any 
additional phase changes due to reflection. 


3. Remember that a phase change occurs when light reflects 
from a more dense medium after being incident in a less dense 
medium. If light reflects from a less dense medium, no phase 
change occurs. 


Og =sin 


> 


F 24 


6.=tan! = 
s h > 


1.22A 


d= 


CALCULATE 


Putting in the numerical values gives us 


1.22(607-10° m) 


sin| tan”? oem 
201-10° m 


= 0.30377 m. 


ROUND 
We report our result to three significant figures, 


d=0.304 m. 


DOUBLE-CHECK 
To double-check our result, we make the small-angle approximation for the Rayleigh 
Criterion and the angle subtended by the two objects. For the case where the wavelength 
of light is much smaller than the aperture of the camera, we can write 

1.22A 


sin(0,)= Ti 


For the angle seen by the camera in the spy satellite, we can write 


tan(6,) = =6,. 


h 
Thus, 
122A _ Ax 
d h’ 


which can be solved for the minimum diameter of the camera lens 


1.22Ah 1.22(607-10° m}(201-107 m) 
Ax 0.490 m 


which agrees with our result within round-off errors. Thus, our result seems reasonable. 


er 


d 


=0.304 m, 


SOLVED PROBLEM 34.3 | Air Wedge 
Light of wavelength A = 516 nm is incident perpendicularly on two glass plates. The glass 
plates are spaced at one end by a thin piece of kapton film. Due to the wedge of air created 
by this film, 25 bright interference fringes are observed across the top plate, with a dark 
fringe at the end by the film. 


PROBLEM 
How thick is the film? 


SOLUTION 


THINK 

Light passes through the top plate, reflects from the top surface of the bottom plate, and 
then interferes with light reflected from the bottom surface of the top plate. A phase 
change occurs when the light is reflected from the bottom plate, so the criterion for con- 
structive interference is that the path length is equal to an integer plus one-half times 
the wavelength. The criterion for destructive interference is that the path difference is an 
integer times the wavelength. 


Continued— 


Problem-Solving Practice 
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SKETCH 

Figure 34.54 is a sketch showing the two glass plates with a 
thin piece of film separating the plates at one end. Light is 
incident vertically from the top. 


y 
i RESEARCH 
| At any point along the plates, the criterion for constructive 
| r m". interference is given by 
2t = (m + 1) À, 
FIGURE 34.54 Two glass plates with a thin film separating the 2 
plates at one end. The green arrows represent the incident light from where t is the separation between the plates, m is an in- 


the top. The angle of the light is exaggerated for clarity. The interfer- 
ing light is reflected off the bottom of the top plate and the top of the 


bottom plate. 


teger, and A is the wavelength of the incident light. There 
are 25 bright fringes visible. The first bright fringe corre- 
sponds to m = 0, and the 25th bright fringe corresponds 
to m = 24. 

Immediately past the 25th is a dark fringe where the piece of film is located. The criterion 
for destructive interference is 2t = nA, where n is an integer. 


SIMPLIFY 
The dark fringe located at the end of the glass plate where the film is located is given by 


at=(24+4+4)A=25a, 


where the factor 24 + + describes the constructive interference and the extra + produces 
the dark fringe at the end of the plate with the film. Thus we can solve for the separation 
of the plates, which corresponds to the thickness of the film: 


t= a, 
2 
CALCULATE 
Putting in the numerical values gives 
t= + (516 -10° m) =0.00000645 m. 
ROUND 


We report our result to three significant figures, 
t=6.45-10° m. 


DOUBLE-CHECK 

Occasionally throughout this book we need to add reminders that checking our results 
just for the right units and expected order of magnitude can do a lot to prevent simple 
errors. Here the unit m is certainly the right one for a physical length, in this case the 
film thickness. At first glance you may think that ~10~ m, on the order of 1/100th of the 
thickness of a fingernail, may be impossibly thin for a solid film. However, an Internet 
search on kapton film will show that 6.5 jm is well within the range of thicknesses in 
which kapton film is produced. Thus, our answer seems plausible. 


ee 


MULTIPLE-CHOICE QUESTIONS 


| 34.1 Suppose the distance between the slits in a double-slit 34.2 When two light waves, both with wavelength A and 
experiment is 2.00 -10° m. A beam of light with a wavelength amplitude A, interfere constructively, they produce a light 
of 750 nm is shone on the slits. What is the angular separation wave of the same wavelength but with amplitude 2A. What 
between the central maximum and the adjacent maximum? will be the intensity of this light wave? 
a) 5.00-10° rad c) 3.75-10 rad a) same intensity as before c) quadruple the intensity 


b) 4.50-107 rad d) 2.50-107 rad b) double the intensity d) not enough information 


34.3 A laser beam with wavelength 633 nm is split into two 
beams by a beam splitter. One beam goes to Mirror 1, a distance 
L from the beam splitter, and returns to the beam splitter, while 
the other beam goes to Mirror 2, a distance L + Ax from the 
beam splitter, and returns to the same beam splitter. The beams 
then recombine and go to a detector together. 


If L = 1.00000 m and Ax = 1.00 mm, which best describes 
the kind of interference at the detector? (Hint: To double- 
check your answer, you may need to use a formula that was 
originally intended for combining two beams in a different 
geometry, but which still is applicable here.) 


a) purely Mirror 1 
constructive A i 
b) purely i 
destructive i A 
c) mostly Lil H x 
constructive i 

l 
d) mostly Beam splitter | ! 
destructive X) 2 

EO OO >| Mirror 2 
e) neither I pe 
constructive nor 1 ; 
destructive 

Detector 


34.4 Which of the following light types on a grating with 
1000 rulings with a spacing of 2.00 um would produce the 
largest number of maxima on a screen 5.00 m away? 

a) blue light of wavelength 450 nm 

b) green light of wavelength 550 nm 

c) yellow light of wavelength 575 nm 

d) red light of wavelength 625 nm 

e) need more information 


QUESTIONS 


34.9 What would happen to a double-slit interference 
pattern if 

a) the wavelength is increased? 

b) the separation distance between the slits is increased? 

c) the apparatus is placed in water? 

34.10 What would be the frequency of an ultrasonic 
(sound) wave for which diffraction effects were as small in 
daily life as they are for light? (Estimate) 

34.11 Why are radio telescopes so much larger than optical 
telescopes? Would an X-ray telescope also have to be larger 
than an optical telescope? 

34.12 Can light pass through a single slit narrower than its 
wavelength? If not, why not? If so, describe the distribution 
of the light beyond the slit. 

34.13 One type of hologram consists of bright and dark 
fringes produced on photographic film by interfering laser 
beams. If this is illuminated with white light, the image will 
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Questions 


34.5 If the wavelength of light illuminating a double slit is 
halved, the fringe spacing is 

a) halved. 

b) doubled. 

c) not changed. 


d) changed bya 
factor of 1/42. 


34.6 A red laser pointer with a wavelength of 635 nm shines on 
a diffraction grating with 300 lines/mm. A screen is then placed 
a distance of 2.0 m behind the diffraction grating to observe the 
diffraction pattern. How far away from the central maximum 
will the next bright spot be on the screen? 

a) 39cm c) 94cm e) 9.5m 

b) 76cm d) 4.2m 

34.7 Newton's rings displayed are interference patterns caused 


by the reflection of light between two surfaces. What color is the 
center of the Newton's rings when viewed with white light? 


c) red 
d) violet 


a) white 
b) black 


34.8 In Young’s double-slit experiment, both slits were 
illuminated by a laser beam and the interference pattern was 
observed on a screen. If the viewing screen is moved farther 
from the slit, what happens to the interference pattern? 


a) The pattern gets brighter. 

b) The pattern gets brighter and closer together. 
c) The pattern gets less bright and farther apart. 
d) There is no change in the pattern. 

e) The pattern becomes unfocused. 

f) The pattern disappears. 


appear reproduced multiple times, in different pure colors at 
different sizes. 

a) Explain why. 

b) Which colors correspond to the largest and smallest 
images, and why? 

34.14 A double slit is positioned in front of an incandescent 
light bulb. Will an interference pattern be produced? 


34.15 Many astronomical observatories, and especially 
radio observatories, are coupling several telescopes together. 
What are the advantages of this? 


34.16 Ina single-slit diffraction pattern, there is a bright 
central maximum surrounded by successively dimmer 
higher-order maxima. Farther out from the central maxi- 
mum, eventually no more maxima are observed. Is this 
because the remaining maxima are too dim? Or is there an 
upper limit to the number of maxima that can be observed, 
no matter how good the observer's eyes, for a given slit and 
light source? 
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34.17 Which close binary pair of stars will be more easily 
resolvable with a telescope —two red stars, or two blue 
ones? Assume the binary star systems are the same distance 
from Earth and are separated by the same angle. 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 34.1 
34.19 A helium-neon laser has a wavelength of 632.8 nm. 


a) What is the wavelength of this light as it passes through 
Lucite with an index of refraction n = 1.500? 


b) What is the speed of light in the Lucite? 


34.20 It is common knowledge that the visible light spectrum 
extends approximately from 400 nm to 700 nm. Roughly, 
400 nm to 500 nm corresponds to blue light, 500 nm to 

550 nm corresponds to green, 550 nm to 600 nm to yellow- 
orange, and above 600 nm to red. In an experiment, red light 
with a wavelength of 632.8 nm from a HeNe laser is refracted 
into a fish tank filled with water with index of refraction 
1.333. What is the wavelength of the same laser beam in wa- 
ter, and what color will the laser beam have in water? 


Sections 34.2 and 34.3 


34.21 What minimum path difference is needed to cause a 
phase shift by 77/4 in light of wavelength 700. nm? 


34.22 Coherent, monochromatic light of wavelength 
450.0 nm is emitted from two locations and detected at an- 
other location. The path difference between the two routes 
taken by the light is 20.25 cm. Will the two light waves inter- 
fere destructively or constructively at the detection point? 


34.23 A Young’ interference experiment is performed with 
monochromatic green light (A = 540 nm). The separation be- 
tween the slits is 0.100 mm, and the interference pattern on a 
screen shows the first side maximum 5.40 mm from the cen- 
ter of the pattern. How far away from the slits is the screen? 


34.24 For a double-slit experiment, two 1.50-mm wide slits 
are separated by a distance of 1.00 mm. The slits are illumi- 
nated by a laser beam with wavelength 633 nm. Ifa screen is 
placed 5.00 m away from the slits, determine the separation 
of the bright fringes on the screen. 


¢34.25 Coherent monochromatic light with wavelength 

A = 514 nm is incident on two slits that are separated by a 
distance d = 0.500 mm. ‘The intensity of the radiation at a 
screen 2.50 m away from each slit is 180.0 W/cm’. Deter- 


34.18 A red laser pointer is shined on a diffraction grating, 
producing a diffraction pattern on a screen behind the diffrac- 
tion grating. If the red laser pointer is replaced with a green 
laser pointer, will the green bright spots on the screen be closer 
together or farther apart than the red bright spots were? 


mine the position yı; at which the intensity of the central 


peak (at y = 0) drops to Imax/3- y 


Screen 


> it d = 0.500 mm L 0 


L= 2,50m >| 


34.26 In a double-slit experiment, He-Ne laser light of 
wavelength 633 nm produced an interference pattern on a 
screen placed at some distance from the slits. When one of 
the slits was covered with a thin glass slide of thickness 
12.0 um, the central fringe shifted to the point occupied 
earlier by the 10th dark fringe (see figure). What is the 
refractive index of the glass slide? 


Screen Screen 


Sy Central fringe 


Sp 


(a) Without the glass slide (b) With glass slide 


Section 34.4 


34.27 Suppose the thickness of a thin soap film ( = 1.32) sur- 
rounded by air is nonuniform and gradually tapers. Mono- 
chromatic light of wavelength 550 nm illuminates the film. At 
the thinnest end, a dark band is observed. How thick is the 
film at the next two dark bands closest to the first dark band? 


34.28 White light (400 nm <A < 750 nm) shines onto a 
puddle of water (n = 1.33). There is a thin (100.0 nm thick) 
layer of oil (n = 1.47) on top of the water. What wavelengths 
of light would you see reflected? 


34.29 Some mirrors for infrared lasers are constructed with 
alternating layers of hafnia and silica. Suppose you want to 
produce constructive interference from a thin film of hafnia 
(n = 1.90) on BK-7 glass (n = 1.51) when infrared radiation 
of wavelength 1.06 um is used. What is the smallest film 
thickness that would be appropriate, assuming the laser 
beam is oriented at right angles to the film? 


34.30 Sometimes thin films are used as filters to prevent 
certain colors from entering a lens. Consider an infrared 
filter, designed to prevent 800.0-nm light from entering a 
lens. Find the minimum film thickness for a layer of MgF, 
(n = 1.38) to prevent this light from entering the lens. 


34.31 White light shines on a sheet of mica that has a 
uniform thickness of 1.30 um. When the reflected light 

is viewed using a spectrometer, it is noted that light with 
wavelengths of 433.3 nm, 487.5 nm, 557.1 nm, 650.0 nm, and 
780.0 nm is not present in the reflected light. What is the 
index of refraction of the mica? 


°34.32 A single beam of coherent light (A = 633- 10° m) is 
incident on two glass slides, which are touching at one end 
and are separated by a 0.0200-mm thick sheet of paper on 
the other end, as shown in the figure below. Beam 1 reflects 
off the bottom surface of the top slide, and Beam 2 reflects 
off the top surface of the bottom slide. Assume that all the 
beams are perfectly vertical and that they are perpendicular 
to both slides, i.e., the slides are nearly parallel (the angle is 
exaggerated in the figure); the beams are shown at angles in 
the figure so that they are easier to identify. Beams 1 and 2 
recombine at the location of the eye in the figure below. The 
slides are 8.00 cm long. Starting from the left end (x = 0), 
at what positions Xp,ign do 
bright bands appear to the 
observer above the slides? mS 
142 


How many bright bands 
are observed? 
y Incident Reflected 
A light light 
A = 633 nm 
Air 
pi 0.0200 mm 
m=i | Paper sheet 
7 Air ee 
1.00 mm n = 1.50 
[< 8.00 cm J 


34.33 A common interference setup consists of a plano- 
convex lens placed on a plane mirror and illuminated from 
above at normal incidence with monochromatic light. The 
pattern of circular interference fringes (fringes of equal 
thickness)—bright and dark circles—formed due to the air 
wedge defined by the two glass surfaces, is known as New- 
tons rings. In an experiment using a plano-convex lens with 
focal length f = 80.00 cm and index of refraction n = 1.500, 
the radius of the third bright circle is found to be 0.8487 mm. 
Determine the wavelength of the monochromatic light. 
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Section 34.5 


34.34 The Michelson interferometer is used in a class of 
commercially available optical instruments called wave- 
length meters. In a wavelength meter, the interferometer 

is illuminated simultaneously with the parallel beam of a 
reference laser of known wavelength and that of an un- 
known laser. The movable mirror of the interferometer is 
then displaced by a distance Ad, and the number of fringes 
produced by each laser and passing by a reference point (a 
photo detector) is counted. In a given wavelength meter, 

a red He-Ne laser (À geq = 632.8 nm) is used as a reference 
laser. When the movable mirror of the interferometer is 
displaced by a distance Ad, a number ANg, = 6.000- 10* red 
fringes and AN unknown = 7-780: 10* fringes pass by the refer- 
ence photodiode. 


a) Calculate the wavelength of the unknown laser. 
b) Calculate the displacement, Ad, of the movable mirror. 


34.35 Monochromatic blue light (A = 449 nm) is beamed 
into a Michelson interferometer. How many fringes move by 
the screen when the movable mirror is moved a distance d = 
0.381 mm? 


34.36 At the Long-baseline Interferometer Gravitational- 
wave Observatory (LIGO) facilities in Hanford, Washing- 
ton, and Livingston, Louisiana, laser beams of wavelength 
550.0 nm travel along perpendicular paths 4.000 km long. 
Each beam is reflected along its path and back 100 times 
before the beams are combined and compared. Ifa gravita- 
tional wave increases the length of one path and decreases 
the other, each by 1.000 part in 10%, what is the phase dif- 
ference between the two beams as a result? 


Sections 34.6 and 34.7 


34.37 Light of wavelength 653 nm illuminates a slit. If the 
angle between the first dark fringes on either side of the 
central maximum is 32.0°, What is the width of the slit? 


34.38 An instructor uses light of wavelength 633 nm to create 
a diffraction pattern with a slit of width 0.135 mm. How far 
away from the slit must the instructor place the screen in order 
for the full width of the central maximum to be 5.00 cm? 


34.39 What is the largest slit width for which there are no 
minima when the wavelength of the incident light on the 
single slit is 600. nm? 


34.40 Plane light waves are incident on a single slit of width 
2.00 cm. The second dark fringe is observed at 43.0° from 
the central axis. What is the wavelength of the light? 


Section 34.8 


34.41 The Large Binocular Telescope (LBT), on Mount 
Graham near Tucson, Arizona, has two primary mirrors. 
The mirrors are centered a distance of 14.4 m apart, thus 
improving the Rayleigh limit. What is the minimum angular 
resolution of the LBT for green light, A = 550 nm? 
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34.42 A canvas tent has a single, tiny hole in its side. On the 
opposite wall of the tent, 2.0 m away, you observe a dot (due to 
the Sun’ light incident upon the hole) of width 2.0 mm, with a 
faint ring around it. What is the size of the hole in the tent? 


34.43 Calculate and compare the angular resolutions of the 
Hubble Space Telescope (aperture diameter 2.40 m, wave- 
length 450. nm; illustrated in the text), the Keck Telescope 
(aperture diameter 10.0 m, wavelength 450. nm), and the 
Arecibo radio telescope (aperture diameter 305 m, wave- 
length 0.210 m). Assume that the resolution of each instru- 
ment is diffraction limited. 


34.44 The Hubble Space Telescope (Figure 34.33) is capable 
of resolving optical images to an angular resolution of 
2.80-10°’ rad with its 2.40-m mirror. How large would a 
radio telescope have to be in order to image an object in 

the radio spectrum with the same resolution, assuming the 
wavelength of the waves is 10.0 cm? 


34.45 Think of the pupil of your eye as a circular aperture 
5.00 mm in diameter. Assume you are viewing light of wave- 
length 550 nm, to which your eyes are maximally sensitive. 


a) What is the minimum angular separation at which you 
can distinguish two stars? 

b) What is the maximum distance at which you can 
distinguish the two headlights of a car mounted 1.50 m apart? 


Section 34.9 


34.46 A red laser pointer with a wavelength of 635 nm is 
shined on a double slit producing a diffraction pattern on 

a screen that is 1.60 m behind the double slit. The central 
maximum of the diffraction pattern has a width of 4.20 cm, 
and the fourth bright spot is missing on both sides. What 
is the size of the individual slits, and what is the separation 
between them? 


¢34.47 A double slit is opposite the center of a 1.8-m wide 
screen 2.0 m from the slits. The slit separation is 24 ym and 
the width of each slit is 7.2 um. How many fringes are vis- 
ible on the screen if the slit is illuminated by 600.-nm light? 


34.48 A two-slit apparatus is covered with a red (670 nm) 
filter. When white light is shone on the filter, on the screen 
beyond the two-slit apparatus, there are nine interfer- 

ence maxima within the 4.50-cm-wide central diffraction 
maximum. When a blue (450 nm) filter replaces the red, 
how many interference maxima will there be in the central 
diffraction maximum, and how wide will that diffraction 
maximum be? 


34.49 The irradiance pattern observed in a two-slit 
interference-diffraction experiment is presented in the figure. 
The red line represents the actual intensity measured as a 
function of angle, while the green line represents the enve- 
lope of the interference patterns. 

a) Determine the slit width a in terms of the wavelength A 
of the light used in the experiment. 

b) Determine the center-to-center slit separation d in terms 
of the wavelength À. 


c) Using the information in the graph, determine the ratio of slit 
width a to the center-to-center separation between the slits, d. 
d) Can you calculate the wavelength of light, actual slit 
separation, and slit width? 

Single-Slit and Two-Slit Irradiance Distribution 


1.0 


0.8 


0.6 


Irradiance 


0.4 


Angle (radians) 


Section 34.10 


34.50 Two different wavelengths of light are incident on a 
diffraction grating. One wavelength is 600. nm and the other 
is unknown. If the 3rd order of the unknown wavelength 
appears at the same position as the 2nd order of the 600. nm 
light, what is the value of the unknown wavelength? 


34.51 Light from an argon laser strikes a diffraction grating 
that has 7020 grooves per centimeter. The central and first- 
order principal maxima are separated by 0.332 m ona wall 
1.00 m from the grating. Determine the wavelength of the 
laser light. 


°34.52 A 5.000-cm-wide diffraction grating with 200 grooves 
is used to resolve two closely spaced lines (a doublet) in a 
spectrum. The doublet consists of two wavelengths, A, = 
629.8 nm and À, = 630.2 nm. The light illuminates the entire 
grating at normal incidence. Calculate to four significant digits 
the angles 0,, and 6,,, with respect to the normal at which 

the first-order diffracted beams 

for the two wavelengths, A, and Àp, | 
respectively, will be reflected from s 

the grating. Note that this is not 0°! l 
What order of diffraction is required 

to resolve these two lines using this 


grating? oe 5.000 m— 
34.53 A diffraction grating has 4.00- 10° lines/cm and has 


white light (400-700. nm) incident on it. What wavelength(s) 
will be visible at 45.0°? 


Section 34.11 


34.54 What is the wavelength of the X-rays if the first-order 
Bragg diffraction is observed at 23.0° related to the crystal 
surface, with inter atomic distance of 0.256 nm? 


Additional Problems 

34.55 How many lines per centimeter must a grating have if 
there is to be no second-order spectrum for any visible wave- 
length (400-750 nm)? 


34.56 Many times, radio antennas occur in pairs. The 
effect is that they will then produce constructive interfer- 
ence in one direction while producing destructive interfer- 
ence in another direction—a directional antenna—so that 
their emissions don't overlap with nearby stations. How far 
apart at a minimum should a local radio station, operating 
at 88.1 MHz, place its pair of antennae operating in phase 
such that no emission occurs along a line 45.0° from the 
line joining the antennae? 


34.57 A laser produces a coherent beam of light that 

does not spread (diffract) as much in comparison to other 
light sources like an incandescent bulb. Lasers therefore 
have been used for measuring large distances, such as the 
distance between the Moon and the Earth with very great 
accuracy. In one such experiment, a laser pulse (wavelength 
633 nm) is fired at the Moon. What should be the size of 
the circular aperture of the laser source that would produce 
central maximum of 1.00-km diameter on the surface of the 


Moon? Distance 

between the Moon = 
and the Earth is 

3.84- 10% km. 


34.58 A diffraction grating with exactly 1000 lines per centi- 
meter is illuminated by a He-Ne laser of wavelength 633 nm. 


a) What is the highest order of diffraction that could be 
observed with this grating? 

b) What would be the highest order if there were exactly 
10,000 lines per centimeter? 


34.59 The thermal stability of a Michelson interferometer 
can be improved by submerging it in water. Consider an 
interferometer that is submerged in water, measuring light 
from a monochromatic source that is in air. If the movable 
mirror moves a distance of d = 0.200 mm, exactly N = 800 
fringes move by the screen. What is the original wavelength 
(in air) of the monochromatic light? 


34.60 A Blu-ray disc uses a blue laser with a free-space 
wavelength of 405 nm. If the disc is protected with polycar- 
bonate (n = 1.58), determine the minimum thickness of the 
disc for destructive interference. Compare this value to that 
for CDs illuminated by infrared light. 


34.61 An airplane is made invisible to radar by coating it 
with a 5.00-mm -thick layer of an antireflective polymer with 
the index of refraction n = 1.50. What is the wavelength of 
radar waves for which the plane is made invisible? 


34.62 Coherent monochromatic light passes through paral- 
lel slits and then onto a screen that is at a distance L = 2.40 m 

from the slits. The narrow slits are a distance d = 2.00- 10° m 

apart. If the minimum spacing between bright spots is 

y = 6.00 cm, find the wavelength of the light. 


34.63 Determine the minimum thickness of a soap film 
(n = 1.32) that would produce constructive interference 
when illuminated by light of wavelength of 550. nm. 
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34.64 You are making a diffraction grating that is re- 
quired to separate the two spectral lines in the sodium D 
doublet, at wavelengths 588.9950 and 589.5924 nm, by at 
least 2.00 mm on a screen that is 80.0 cm from the grating. 
The lines are to be ruled over a distance of 1.50 cm on the 
grating. What is the minimum number of lines you should 
have on the grating? 


34.65 A Michelson interferometer is illuminated with a 
600.-nm light source. How many fringes are observed if one 
of the mirrors of the interferometer is moved a distance of 
200. wm? 


34.66 What is the smallest object separation you can 
resolve with your naked eye? Assume the diameter of your 
pupil is 3.5 mm, and that your eye has a near point of 25 cm 
and a far point of infinity. 


34.67 When using a telescope with an objective of diameter 
12.0 cm, how close can two features on the Moon be and 
still be resolved? Take the wavelength of light to be 550 nm, 
near the center of the visible spectrum. 


34.68 There is air on both sides of a soap film. What is the 
smallest thickness of the soap film (n = 1.420) that would 
appear dark if illuminated with 500.-nm light? 


34.69 X-rays with a wavelength of 1.00 nm are scattered 
off of two small tumors in the human body. If the two 
tumors are a distance of 10.0 cm away from the X-ray de- 
tector, which has an entrance aperture of 1.00 mm, what is 
the minimum separation between the two tumors that will 
allow the X-ray detector to determine that there are two 
tumors instead of one? 


34.70 A glass with a refractive index of 1.50 is inserted 
into one arm of a Michelson interferometer that uses a 
600.-nm light source. This causes the fringe pattern to shift 
by exactly 1000 fringes. How thick is the glass? 


34.71 White light is shone on a very thin layer of mica 

(n = 1.57), and above the mica layer, interference maxima 
for two wavelengths (and no other in between) are seen: one 
blue wavelength of 480 nm, and one yellow wavelength of 
560 nm. What is the thickness of the mica layer? 


°34.72 Ina double-slit arrangement the slits are 1.00: 10° m 
apart. If light with wavelength 500. nm passes through the 
slits, what will be the distance between the m = 1 and m = 3 
maxima on a screen 1.00 m away? 


34.73 A Newton's ring apparatus consists of a convex lens 
with a large radius of curvature R placed on a flat glass disc. 
(a) Show that the distance x from the center to the air, thick- 
ness d, and the radius of curvature R are given by x” = 2Rd. 
(b) Show that the radius of nth constructive interference 
is given by x, = [(m + +) AR] 1/2. (c) How many bright 
fringes may be seen if it is viewed by red light of wavelength 
700. nm for R = 10.0 m, and the plane glass disc diameter is 
5.00 cm? 


PART 8 RELATIVITY AND QUANTUM PHYSICS 


Relativity , 


WHAT WE WILL LEARN 1133 
35.1 Search for the Aether 1133 
35.2 Einstein’s Postulates and 

Reference Frames 1134 
Beta and Gamma 1135 
Example 35.1 Apollo Spacecraft 1136 
Light Cone 1136 
Space-Time Intervals 1137 
35.3 Time Dilation and Length 
Contraction 1138 
Time Dilation 1138 
Example 35.2 Muon Decay 1139 
Length Contraction 1140 
Example 35.3 Length Contraction 
of a NASCAR Race Car 1141 
Twin Paradox 1141 
35.4 Relativistic Frequency Shift 1144 
Solved Problem 35.1 Galactic 
Red-Shift 1144 
35.5 Lorentz Transformation 1145 
Invariants 1147 


35.6 Relativistic Velocity Transformation 1148 
Solved Problem 35.2 Particles in 


an Accelerator 1150 

35.7 Relativistic Momentum and Energy 1151 
Momentum 1151 

Energy 1151 


Momentum-Energy Relationship 1153 
Speed, Energy, and Momentum 1153 
Example 35.4 Electron at 0.99c 1154 


Example 35.5 Kaon Decay 1154 
Lorentz Transformation 1155 
Two-Body Collisions 1156 

Example 35.6 Colliders vs. 

Fixed-Target Accelerators 1156 A photograph of Einstein's Cross, which is formed by gravitational 
35.8 General Relativity 1158 lensing of a distant quasar by the galaxy in the center. 

Black Holes 1159 
Gravitational Waves 1160 


35.9 Relativity in Our Daily Lives: GPS 1160 
WHAT WE HAVE LEARNED/ 


EXAM STUDY GUIDE 1161 
Problem-Solving Practice 1163 

Solved Problem 35.3 Same Velocity 1163 
Multiple-Choice Questions 1164 
Questions 1165 
Problems 1165 


1132 


35.1 Search for the Aether 1133 


WHAT WE WILL LEARN 


= Light always moves at the same speed in vacuum, = For high speeds, the Lorentz transformation must 
independent of the velocity of the source or the be used between reference frames instead of the 
observer. Galilean transformation. 

= The two postulates of special relativity are that = Velocities do not add linearly. Velocity addition must 
(1) all physical laws are the same in all inertial follow the Lorentz transformation so it conforms 
reference frames, and (2) the speed of light in to the postulate that the speed of light cannot be 
vacuum is invariant. Inertial frames are reference exceeded. 


frames, which move with constant velocity. E energy ad o angie 


= From the postulates of special relativity, it follows relationship need new definitions. 
that measurements of time and space intervals are 
different for different observers who move relative to 
each other. 


= All of Newtonian mechanics derives from relativistic 
mechanics as a limiting case for speeds small | 
compared to the speed of light. 


The picture in Figure 35.1 is not a cluster of stars, as you might assume at first glance. 
Instead, the central bright spot is a galaxy at a great distance from Earth, and the four spots 
around it are all images of an even more distant object behind it. The path traveled by the 
light from the more distant object (called a quasar, or quasi-stellar object) is curved by the 
gravitational pull of the intermediate galaxy to form four surrounding images. The fact that 
light can be bent by gravitation was not predicted by Newton’s laws but was deduced from 
Einstein’s theory of relativity. The image in this photograph, called Einstein's Cross, is one of 
many observations that confirm Einstein's theory of relativity. 

The theory of relativity changes our understanding of space and time in very basic 
ways. And some of the consequences seem contradictory to our everyday experiences. The 
idea that a meter stick in a train station may not be the same length for a person standing 
in the station as for a person passing by on a train seems preposterous. Some people believe 
it is impossible, and claim that relativity only describes human perceptions or is “only a 
theory.” However, relativity has been tested as much as any idea in science and has been 
confirmed every time. Time and space are not independent of the reference frame, and it is 
not just a wild idea or an optical illusion—it is how our universe works. 

This chapter focuses primarily on the special theory of relativity, which is called special 
because it deals with the special case of motion with constant velocity; that is, zero accel- 
eration. Brief mention will also be made of some ideas from the general theory of relativity, 
which does deal with accelerated motion. Although the concepts may seem strange at first, 
the mathematics are not particularly difficult. Newtonian mechanics can be thought of as a 
special case of Einstein’s work, giving the same results in ordinary situations. But special rela- 
tivity arrives at quite different results for motion at a significant fraction of the speed of light. 
These results play a major role in the physics of the very small (high-energy particle physics 
and quantum mechanics) and the physics of the very large (astronomy and cosmology). 


35.1 Search for the Aether 


Chapters 15 and 16 demonstrated that sound waves and mechanical waves need a medium 
in which to propagate. Chapter 31 showed that light is an electromagnetic wave, and that 
all electromagnetic waves can propagate through vacuum. However, this knowledge is rela- 
tively new in science, only about 100 years old. Up until 1887, scientists believed that light 
would also need a medium in which to propagate, and they called this medium the luminif- 
erous aether, or simply the aether. (There is also another spelling, ether, for the same idea, 
but since this word is also used for a chemical compound, we avoid it here.) This idea of 
the aether brought up the question, What exactly is this medium? Light from very distant 
stars and galaxies reaches our eyes, so it is evidently able to propagate outside of Earth’s 
atmosphere. This observation implies that all of space must be filled with this medium. How 
could this medium be detected? 
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If all of space were filled with aether, then Earth would have to move relative to this 
aether on its path around the Sun. Chapter 3 demonstrated that the motion of the medium 
makes a clear difference to a trajectory. For example, an airplane moving through wind has 
a different ground speed if it moves perpendicularly to the wind than if it moves with or 
against the wind. Earlier chapters showed this same basic principle at work with the propa- 
gation of sound waves though a medium. 

In the 19th century, huge efforts were made to measure the speed of light. From the 
point of view of science history, this quest is a fascinating story in itself. However, detecting 
the aether does not require knowing the precise speed of light. It only requires knowing that 
the motion of Earth relative to the aether would imply different speeds of light measured 
in the lab, depending on the direction of the light’s velocity with respect to the aether. This 
effect is exactly what Albert Michelson and Edward Morley at the Case Institute in Cleve- 
land, Ohio, set out to measure in 1887. They used an ingenious device called an interferom- 
eter, (see Chapter 34, which also shows a picture of a Michelson-type interferometer). 

What they found stunned the world of physics: A null result! No measurable differ- 
ence! Light moves with exactly the same speed in every direction, and no motion relative to 
the aether could be detected. 

Physicists struggled to explain this astounding result. Two leading theorists, Hendrik 
Lorentz (1853-1928) and George Fitzgerald (1851-1922), came up with the idea that objects 
moving through the aether become length-contracted just enough to offset the change in 
the speed of light with direction. It took the genius of Albert Einstein (1879-1955), however, 
to make the conceptual leap required for a new insight and its astounding consequences: 
The aether does not exist. Thinking through the fact that the speed of light is constant for 
all observers, independent of the observer’s motion, led Einstein to the formulation of the 
theory of special relativity, the subject of this chapter. 


35.2 Ejinstein’s Postulates and Reference Frames 


In the year 1905, a 26-year-old Swiss patent clerk fresh out of a rather undistinguished 
university physics career wrote three scientific articles that shook the scientific world. And 
what’s more amazing, he did this in his spare time! These three papers were: 


1. A paper explaining the so-called photoelectric effect as due to the quantum nature 
of light. This explanation earned Einstein the 1921 Nobel Prize in Physics. We will 
come back to this effect in Chapter 36. 


2. A paper explaining the effect of Brownian motion, which is the motion of very 
small particles in water or other solutions, as due to collisions with molecules and 
atoms. This result provided compelling arguments that atoms really exist. (This 
fact was not at all clear before his work.) 


3. Finally, the most important for the present chapter: a paper presenting the theory 
of special relativity. 


Einstein made two postulates, from which all of special relativity followed. To understand this, 
we first need a definition: An inertial reference frame is a reference frame in which an object 
accelerates only when a net external force is acting on it. An inertial reference frame moves 
with constant velocity with respect to any other inertial reference frame. A noninertial frame is 
a frame where the point of origin experiences an acceleration. For example, a diver who jumps 
off a diving board and is in free fall is not in an inertial reference frame, because she is expe- 
riencing a net acceleration. Unless stated otherwise, the phrase reference frame in this chapter 
refers to an inertial reference frame. With this definition, we can state Einstein's postulates: 


Postulate 1: The laws of physics are the same in every inertial reference frame, 
independent of the motion of this reference frame. 


Postulate 2: The speed of light c is the same in every inertial reference frame. 
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The value of the speed of light is 
c = 299,792,458 m/s. (35.1) 


As we stated in Chapter 1, this value for the speed of light is the accepted exact value, 
because it serves as the basis for the definition of the SI unit of the meter. Handy approxi- 
mate values for the speed of light are c ~ 186,000 miles/s or c ~ 1 foot/ns in British units, or 
the very commonly used c = 3- 10° m/s. 

The first of Einsteins two postulates should not raise any objections. In its motion 
around the Sun, the Earth moves through space around the Sun with a speed of more than 
29 km/s = 65,000 mph. Because the Earth orbits very nearly in a circle, the Earth’s veloc- 
ity vector relative to the Sun continually changes direction. However, we still expect that a 
physics measurement follows laws of nature that are independent of the season in which 
the measurement was made (neglecting minor effects due to the small accelerations of the 
Earth and of the Sun relative to the Milky Way). 

The second postulate explains the null result that Michelson and Morley measured. 
However, this idea is not quite so easy to digest. Let’s conduct a thought experiment: You 
fly in a rocket through space with a speed of c/2, directly toward Earth. Now you shine a 
laser in the forward direction. The light of the laser has a speed c. Naively, and with what we 
know about velocity addition so far, we would expect the light of the laser to have a speed of 
c +(c/2) = 1.5c when observed on Earth. This result is what we would have predicted in the 
section on relative motion in Chapter 3. 

This velocity addition, however, only works for speeds that are small relative to the 
speed of light. Einstein’s second postulate says that the speed of light as seen on Earth is still 
c. Later in this chapter we will state a rule for velocity addition that is correct for all speeds. 
For now, note that this constant c is the maximum possible speed that any object can have 
in any reference frame. This statement is astounding and leads to all kinds of interesting and 
seemingly counterintuitive consequences—all of which have nonetheless been experimen- 
tally verified. Therefore, we now know that this theory is almost certainly correct. We may 
never think of space and time the same way again! 


Beta and Gamma 


Because the speed of light plays such an important role in relativity, we will introduce two 
commonly used dimensionless quantities, beta and gamma, that depend only on the (con- 
stant) speed of light, c, and the velocity, v, of an object: 


(35.2) 


and 


(35.3) 


r 11 
J-e Vi-(vic? 


We will use the notation B= (4 Note that for v= [| <c, the equations 35.2 and 35.3 mean 
that 6 < land y2 1. 

It is instructive to plot y as a function of 6 (Figure 35.2). For speeds that are small 
compared to the speed of light, 6 is very small, approximately equal to zero. In that case, y 
is very close to the value 1. However, as 8 approaches 1, y diverges—that is, y grows larger 
and larger and eventually becomes infinite when £ = 1. 

A useful approximation, valid for low speeds, is also common. In this case, |¥| is small 
compared to c and therefore B is small compared to 1. By using the mathematical series 
expansion (1 - x)!” =1 + 4x + 2x*+..., we can approximate y as 


2 
y= Hie =1+ f (for B small compared to 1). 35.4) 
c 


35.1 Self-Test Opportunity 


A light-year is the distance light 
travels in a year. Calculate that 
distance in meters. 


FIGURE 35.2 Dependence of y on £. 


35.2 Self-Test Opportunity 


At what fraction of the speed of 
light would relativistic effects 
(deviation between the correct 
relativistic expression and its 
classical approximation) be a 5% 
effect? At what fraction of the 
speed of light would relativistic 
effects be a 50% effect? 
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FIGURE 35.3 Light cone of a point 


in space. 


(b) 


FIGURE 35.4 Conventional repre- 
sentation of the positive and negative 
light cones, with the time axis pointing 
vertically up. (a) 1+1 dimensional space- 
time, (b) 2+1 dimensional space-time. 


EXAMPLE 35.1 J Apollo Spacecraft 


On its way to the Moon, the Apollo spacecraft reached speeds of 4.0 - 10* km/h relative to 
Earth, almost an order of magnitude (10 times) faster than any jet aircraft. 


PROBLEM 
What are the values of the relativistic factors B and y in this case? 


SOLUTION 

First convert the speed to SI units: 
v =4.0-10* km/h =4.0-10* km/h- (1000 m/km)/(3600 s/h) = 1.1-10* m/s 

To compute $, simply divide the spacecraft’s speed by the speed of light: 
v 1.1-10* m/s 
¢ 3,0-10° m/s 
Now substitute this result into the formula for y and obtain 
1 1 


Be ~ 37-108) 


=3.7-10°. 


=1+6.9-10-'° =1.00000000069. 


From Example 35.1 you can see that almost all motion of macroscopic objects involves 
values of B that are very close to zero and values of y that are very close to one. In all such 
cases, as we will see throughout this chapter, it is safe to neglect the effects of relativity and 
calculate the nonrelativistic approximation. However, in many interesting situations, rela- 
tivity must be kept in mind. This difference is the subject of this chapter. 


Light Cone 


As a corollary of the two Einstein postulates, we find that nothing can propagate with a 
speed greater than the speed of light in vacuum. (Strictly speaking, there is the possibility 
that there exists particles for which the speed of light is not the upper, but the lower limit 
to their speed. These hypothetical particles are called tachyons. These will not be discussed 
any further in this book.) If nothing can propagate with speed greater than the speed of 
light in vacuum, then limits exist on how events can influence each other. Two people can- 
not exchange signals with each other at speeds exceeding the speed of light. Therefore, 
instantaneous effects of events originating from one point in space on another point in 
space are impossible. It simply takes time for a signal or cause-and-effect to propagate 
through space. 

To investigate this result, let’s consider the one-dimensional case shown in Figure 35.3. 
An event occurs at time t = 0 at location x = x, (red dot). A signal that announces this event 
in space and time can propagate no faster than the speed of light; that is, with a velocity in 
the interval between v = -c and v = +c. The tan-colored triangle in Figure 35.3 shows the 
region in space and time in which the event can be observed. This region is called the posi- 
tive light cone of the event (0,x,). The blue point located at time t, and position x, is able 
to receive a signal that the original event has happened; however, the green point located at 
time t, and position x, is not able to receive such a signal. This implies that the event rep- 
resented by the red dot cannot possibly have caused the event represented by the green dot 
in Figure 35.3. The two events, red and green, cannot be causally connected—one cannot 
have caused the other. 

Conversely, there is a region in the past that is able to influence the event at (0,x)). This 
region is the negative light cone. Figure 35.4a shows both light cones in the conventional 
representation of a vertical time axis. The event for which the light cone is displayed is 
conveniently moved to the origin of the coordinate system. Why is the light cone called a 
“cone, and not a “triangle”? The answer is shown in Figure 35.4b. For two space coordinates 
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x and y, the condition v =,/v2 + =c sweeps out a cone in the (2+1)-dimensional x,y,t 
space. Only events inside the negative light cone can influence events at the origin, at the 
apex of the light cone. Conversely, only events inside the positive light cone can be influ- 
enced by the event located at the origin. 

Often the axes of light-cone diagrams are scaled so that they have the same units. One 
way to scale the axes is to multiply the time axis by the speed of light, so that both axes have 
the units of length. Another method involves dividing the x-axis by the speed of light, so 
that both axes have the units of time. In this way the speed of light becomes a diagonal line 
in the light-cone diagram, which is very useful for making quantitative arguments, as can 
be seen in the following example. 

In a light-cone diagram we can draw world lines. A world line is the trajectory of an 
object in space and time. This kind of plot is often referred to as a graph in space-time, reflect- 
ing how these two dimensions are intertwined in relativity theory. A typical plot containing 
several world lines is shown in Figure 35.5. In this type of plot, we imagine motion in only 
one space dimension, x, along with time. Let’s imagine we have an object initially located at 
x= 0 and t= 0 in this plot. If the object is not moving in the x-direction, the object traces out 
a vertical line in this plot (vector 1). If the object is moving in the positive x-direction with 
a constant speed, its trajectory is represented by a path pointing up and to the right (vector 
2). If the object is moving with a constant speed in the negative x-direction, its trajectory is 
depicted by a path pointing up and to the left (vector 3). An object traveling with the speed 
of light in the positive x-direction is shown as a trajectory with a 45° angle with respect to the 
vertical axis (vector 4). An object traveling with the speed of light in the negative x-direction 
is given by a trajectory with a -45° angle with respect to the vertical axis (vector 5). 


Space-Time Intervals 


In classical mechanics, we can easily write down the distance between two points: 


Ar= li -7,|= Ja -xÝ +71 - y7 +(% -z227 . If two events take place at different times, 
then the time difference between them is At = t, - t4. In view of the discussion of the light 
cone and causality above, we introduce the space-time interval s between two events 1 and 2. 
We define s through 

$° =e (At? - (Ary. (35.5) 


Depending on the sign of s*, we can now distinguish three types of space-time intervals— 
time-like intervals, light-like intervals, and space-like intervals: 


°>0 => CAt>Ar’ time-like 
° =0 = cAt’=Ar’ _ light-like | space-time intervals. (35.6) 
<0 => CA <Ar  space-like 


Light-like space-time intervals are on the surface of the light cone, time-like space-time 
intervals are in the interior of the light cone, and space-like intervals are on the exterior. In 
a time-like interval we can define a proper time interval Ar, which is the time between two 
events measured by an observer traveling with his clock in an inertial frame between these 
events, with the observer’s path intersecting the world line of each event as that event 


occurs. This proper time is 
Ar=VAt—Ar ic’. (35.7) 


Note that with the time-like condition of s* > 0, the proper time is a real number (+ time 
unit). The existence of time-like (or light-like) intervals between two events means that 
these two events can be causally connected. 

If two events are separated by a space-like interval, then they cannot be causally con- 
nected—that is, neither of the two events can possibly trigger the other one. We can define 
a proper distance Ag between these two events, 


Ac=yVAr -At’, (35.8) 


which is a real number (+ length unit) for space-like events. 


35.1 In-Class Exercise 


An event 0 takes place at some 
point in space-time, as shown in 
the figure. Which of the five other 
events A, B, C, D, E in space-time 
can be influenced by the event 0? 
Check all that apply! 
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FIGURE 35.5 A space-time plot 


showing a positive light cone. 


35.2 In-Class Exercise 


An event 0 takes place at some 
point in space-time, as shown in the 
figure. Which of the five other events 
A, B, C, D, E in space-time form a 
time-like space-time interval with 
the event 0? Check all that apply! 
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35.3 Time Dilation and Length Contraction 


In our everyday experience, we consider time and space as absolute, without restriction or 
qualification. By “absolute” we mean that observers in all inertial reference frames measure 
the same value for the length of any object and the duration of any event. However, if we 
follow Einstein’s postulates to their logical conclusions, this is not the case any more. The 
concepts of nonabsolute time and space lead to conclusions that sound like science fiction, 
but they have been verified experimentally. 


Time Dilation 


One of the most remarkable consequences of the theory of relativity is that time measure- 
ment is not independent of the reference frame. Instead, time that elapses between two 
events in a moving reference frame where events occur at different locations is dilated 
(made longer) when compared to the time interval in the rest frame (where the events 
occur at the same location): 

At 


Vy1l-(v/cY l 


This time dilation means that if a clock advances At, while at rest, an observer sees the clock 
advancing by At > At, when she moves relative to the clock. That time interval At depends on 
the speed v with which she is moving relative to the clock! This result is truly revolutionary. 
However, it has experimentally verifiable consequences, as we will see in Example 35.2. 


At = At = (35.9) 


DERIVATION 35.1 | Time Dilation 

How can we derive this result? We know that relativistic effects involve the 

1 Mirror speed of light, so let’s construct a clock that keeps time by bouncing a vertical 
a light beam off a mirror and detecting the reflection (Figure 35.6a). 

Light Light . : : ; 

source Y detector If we know the distance h between mirror and light source, then the time 

| A for the beam to go up and down is 


(a) Kea”, 
c 


"MA 


where the subscript “0” refers to the fact that the observer of this time interval 
is not moving relative to the measurement apparatus. (It takes the same time, 
hlc, for the light beam to go up as it does to go down.) 

Now let’s have an observer move to the left with a speed of v in the hori- 
zontal direction. We call this the negative x-direction, so that this observer 


ke P | —_—_ sees the clock moving in the positive x-direction with a speed v (Figure 35.6b). 
(b) You can see from Figure 35.6c that in this case the observer sees the light beam 
have a path length of 
L L L=2yh +(x/2), 
2 2 


where x is the distance that the clock moves while the light is in the air. This 
result is simply a consequence of the Pythagorean Theorem. We have tacitly 
assumed that h is the same for observers in the two reference frames depicted 


FIGURE 35.6 Measuring time in two different 
reference frames: (a) The mirror is at rest in this refer- 
ence frame; (b) the apparatus is seen moving with 
velocity v in this reference frame. (c) Triangle formed 
by the reflected light in the moving reference frame. 


in Figure 35.6. If h were not the same, then we could distinguish one reference 
frame from the other, in violation of Einsteins postulate 1. 

This second observer would say that x = vAt, where At refers now to the time 
interval for the light to be emitted and then detected in her or his system. We can 
also use the above equation relating h and At, h = cAt,/2, to eliminate h. 

At this point the second postulate enters in its essential way. The light 
beams can travel only with c, the constant speed of light, which is independent 
of the velocity of the observer! Thus we have the relation 


L=cAt. 
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We insert this last result into the result of the Pythagorean Theorem and then substitute 
for h and x to get: 


L= JR + (x12)? = cAt=2y(cAt/2? + (At =A? + (vat? 
Solving this equation for At, we obtain 
Ato 
1- (v/c? 


At= = yAt. 


In the clock’s rest frame—Figure 35.6a—the time interval is At); this quantity could 
represent the time between two clicks of the clock. In the frame in which the clock is mov- 
ing—Figure 35.6b—the time interval between these two clicks is At = yAt) > Atọ. Thus we 
say that “moving clocks run slow,’ meaning that the time interval measured is longer when 
measured in any reference frame in which the clock is moving. 

Because the velocity of light is independent of the speed of the observer, we had to admit 
that the time measured by the two observers is different. This step is remarkably bold. 

Just to be clear, there is nothing wrong with the clocks, and there's nothing special about 
the moving clock. Nothing special happens to the clocks due to the high velocities. What is 
happening is that time itself is slowed down, according to an observer in a different refer- 
ence frame. This means that everything is slowed down according to this observer, includ- 
ing our motion and our body clocks. We would appear to move in slow motion, and we age 
slower, compared to the observer in the other reference frame. It is also interesting to note 
that this effect is reciprocal. That is, observers in two inertial reference frames moving with 
respect to each other each see the other's clocks running slow! But this illustrates the central 
idea of special relativity—there is no absolute motion; all inertial frames are equally valid 
for making measurements. 

Finally, a remark on notation: In the previous section we introduced the concept of proper 
time (see equation 35.7). Sometimes you will see the time measured in the rest frame of a clock 
referred to as proper time. The proper time interval used in the above Derivation 35.1 is Atọ. 

It is one thing to postulate and then mathematically prove the effect of time dilation. It 
is, however, altogether different to observe this effect in the laboratory or in nature. Amaz- 
ingly, this has been observed, as discussed in Example 35.2. 


EXAMPLE 35.2 { Muon Decay 


A muon is an unstable subatomic particle with a mean lifetime 7) of only 2.2 ws. This 
lifetime can be observed easily when muons decay at rest in the lab. However, when mu- 
ons are produced in flight at very high speeds, their mean lifetime becomes time dilated. 
In 1977, such an experiment was carried out at the European CERN particle accelerator, 
where the muons were produced with a speed of v = 0.9994c = B = 0.9994. In this case, 


we have for y: i i 


ya P 
J-e V1 -0.9994 


Therefore, the mean lifetime, 7, of the muons is expected to be y = 29. longer at this speed 
than if they were at rest: 


=29. 


T=YTp = 29.(2.2 us) = 64. ps. 


It is quite straightforward to measure this effect by measuring the time between the pro- 

duction and decay of the muons. Alternatively, you could move some distance away from 

the production site and see if the muons still reach you. Without the effect of time dila- 

tion, during its lifetime of 2.2 ws, a muon with this speed could move a distance of only 
x =VT) =(0.9994c) (2.2 js) = 660 m 


Continued— 
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35.3 In-Class Exercise 


A clock on a spaceship shows 

that a time interval of 1.00 s has 
expired. If this clock is observed 
moving with a speed of 0.860c, 
what time period has expired in the 
frame of the stationary observer? 


a) 0.860 s d) 1.77 s 
b) 1.00 s e) 1.96 s 
c) 1.25 s 


vsc 


FIGURE 35.7 Illustration of length 
contraction (not to scale!). 


before it decays. However, with the effect of time dilation, the travel distance becomes 
x =VT=VYT)=(0.9994c) 29. (2.2 ws) =19. km. 


To do this experiment, you just need to see how far away from the muon’s production site 
you can detect the decay products. The CERN experiment verified the relativity predic- 
tion of time dilation. This measurement shows that time dilation is indeed a real effect. 
Particles live longer the faster they move. (However, they live the usual time according 
to clocks in their rest frame.) In fact, giant particle accelerators on the drawing board 
right now will collide muons. For these accelerators, muons need to be transported over 
distances of many kilometers. The fact that these muon colliders are possible at all is due 
to the effect of time dilation. 


Do these relativistic effects relate to subatomic particles only and have no relevance 
for macroscopic objects? No. In 1971, scientists flew four extremely precise atomic clocks 
around the Earth, once in each direction. They observed that the clocks flying eastward 
lost 59+10 ns, while the clocks flying west gained 275421 ns, compared to a ground-based 
atomic clock. Thus, the effect of time dilation was confirmed by this experiment with mac- 
roscopic clocks. Of course, the effect was incredibly small because the speed of an airliner 
is small compared with the speed of light. The clocks lost 59 ns and gained 275 ns in three 
days (259,200 s), a few parts per trillion. The quantitative explanation of this time-dilation 
experiment also involves general relativity. But this is not the point we want to make here. 
The main point is that this experiment produced a measurable effect, and not zero, as we 
would have expected in the absence of time dilation. The basic fact that this experiment 
proves is that time can no longer be considered an absolute quantity. 


Length Contraction 


Relativity implies not only that time is variant and dilated as a function of speed, but also 
that length is not an invariant. We will see that the length L of an object moving with speed 
v has length contraction relative to its length in its own rest frame, its proper length Lo. 


We find that 
he Vai le 
Yy 


_ DERIVATION 35.2 | Length Contraction 


(35.10) 


Imagine that you want to measure the length of a space shuttle (Figure 35.7), that has a 
speed v in your reference frame and a proper length Lọ. The way to measure the length 
without using a meter stick is simple: We can hook up a laser beam to a clock fixed in the 
laboratory. When the tip of the shuttle breaks the laser beam, it starts the clock, and when 
the end of the shuttle passes that same point and the laser beam is not blocked anymore, 
the clock stops. This time interval is Atọ or the proper time, and thus L = vAfp. 

Inside the shuttle, using a clock fixed to the inside of the shuttle, the measured time 
during which the laser beam is blocked by the spaceship is At = yAt, because of time 
dilation. Thus, an astronaut inside the shuttle observes that a moving clock with speed v 
emitted light when passing the spacecraft tip and once again (At later) when passing the 
tail and deduces that Ly = vAt = vyAtp. Thus we have 


L _ vAt -%0 
Lo vyAty y` 


Note that for this thought experiment, it is essential that the length measured is along the 
direction of motion. All lengths perpendicular to the direction of motion remain the same 
(see Figure 35.7). 
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As you can see from Derivations 35.1 and 35.2, the phenomena of time dilation and 
length contraction are quite intimately related. The speed of light being constant for all 
observers implies time dilation, which has been experimentally confirmed many times. 
Time dilation, in turn, implies length contraction. 

The essential fact to remember from our deliberations on length contraction is that 
moving objects are shorter. They don't just appear shorter—they are shorter as measured by 
an observer in the frame in which the subject is moving. This contraction is another mind- 
bending consequence of the postulates of special relativity. 


_EXAMPLE 35.3 (Length Contraction of a NASCAR Race Car 


You see a NASCAR race car (Figure 35.8) go by at a constant speed of v = 89.4 m/s 
(200 mph). When stopped in the pits, the race car has a length of 5.232 m. 


PROBLEM 
What is the change in length of the NASCAR race car from your reference frame in the 
grandstands? Assume the car is moving perpendicular to your line of sight. 


SOLUTION 
The length of the race car will be contracted because of its motion. The proper length of the 
race car is Lọ = 5.232 m. The length in our reference frame is given by equation 35.10: 


2 
L 1 
L===Loy1-(v/c} =L -a 
Y c 


=L,-AL, 


where 
i 2 
at=] 
21C 


is the change in length of the race car. Here we have applied a series expansion (1 - x)!” = 


1- 4x +--+ as we did in equation 35.4. The car’s speed is small compared with the speed 
of light, so v/c < 1 and our expansion is well justified. Thus, the race car appears to be 
shorter by 


Apet.2 


2 


H 5232 "| 89.4 m/s 
Cc 


2 
; | = 232-10 % m. 
2 3.00-10° m/s 


The car’s change in length is smaller than the diameter of a typical atom. So the length 
contraction of objects at everyday speeds is not easy to observe. 


h 


Twin Paradox 


We have seen that a time interval (say, between clock ticks) depends on the speed of the 
object (say, a clock) in the frame of an observer, At = yAt). Let’s perform a little thought 
experiment: 

Astronaut Alice has a twin brother, Bob. At the age of 20, Alice boards a spaceship that 
flies to a space station 3.25 light-years away and then returns. The spaceship is a good one and 
can fly with a speed of 65.0% of the speed of light, resulting in a gamma factor of y = 1.32. The 
total distance traveled by Alice is 2(3.25 light-years) = 6.50 light-years as seen by Bob. 

In Alice’s rest frame, she travels a distance of d = 6.50 light-years/y = 4.92 light-years, 
because the distance between Earth and the space station is length-contracted in her refer- 
ence frame. Thus, the time it takes Alice to complete the trip is 


t = dlv = (4.92c- years)/0.650c = 7.57 years. 


35.4 In-Class Exercise s 


State whether each of the following 
statements is true or false. 


a) For a moving object, its length 
along the direction of motion is 
shorter than when it is at rest. 


b) When you are stationary, a clock 
moving past you at a significant 
fraction of the speed of light 
seems to run faster than the 
watch on your wrist. 


c) When you are moving with a 
speed that is a significant fraction 
of the speed of light, and you 
pass by a stationary observer, you 
observe that your watch seems to 
be running faster than the watch 
of the stationary observer. 


FIGURE 35.8 A NASCAR race car. 
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While the entire trip back and forth takes Alice 7.6 years in Alice's reference frame, time dila- 
tion forces 7.6y = 10.0 years to pass in Bob’s reference frame. Therefore, when Alice steps out 
of the spaceship after her trip, she will be 27.6 years old, whereas Bob is 30.0 years old. 

Now we can also put ourselves into the reference frame of Alice: In Alice’s frame she 
was at rest and Bob was moving at 65.0% of the speed of light. Therefore, Alice should have 
aged 1.32 times more than Bob aged. Because Alice knows that she has aged 7.57 years, she 
might expect her brother Bob to be only (20 + 7.57/1.32 = 25.8) years old when they meet 
again. Both siblings cannot each be younger than the other. This apparent inconsistency is 
called the twin paradox. Which of these two views is right? 

The apparent paradox is resolved when we realize that although Bob remains in an 
inertial reference frame at rest on the Earth for the duration, astronaut Alice lives in two dif- 
ferent inertial frames during her round trip. During the outbound leg, she is moving away 
from Earth and toward the distant space station. When she reaches the space station, she 
turns around and travels back from the space station at a constant speed to Earth. Thus, the 
symmetry is broken between the two twins. 

We can analyze the path of the two twins in space-time by using our techniques of 
light cones and world lines, plotting time in an inertial rest frame versus the position of 
both twins in one direction, the x-direction. We analyze the problem from both the point of 
view of Bob and the point of view of Alice. We start by analyzing the trip in the rest frame 
of stay-at-home twin Bob, as shown in Figure 35.9. Here we scale the axes so that the units 


for both are in years. 


In Figure 35.9, Bobs speed is always zero and he remains at x = 0. A red, vertical line 
represents Bob's trajectory. In contrast, Alice is moving with a speed of 65.0% of the speed 
of light (v = 0.650c) away from Earth. A blue line labeled v = 0.650c depicts Alice’s outbound 
trajectory. We define the positive x-direction as pointing from the Earth to the distant space 
station. Each twin wants to keep in touch with the other. Thus, each twin sends an elec- 


t (years) 


Bob’s reference frame 
Earth 


0 1 2 3 4 


x/c (years) 


FIGURE 35.9 Plot showing the velocity of the two twins in Bob's 
reference frame, which is at rest on Earth. The thick, vertical red line 
represents Bob’s trajectory. The two thick blue lines depict Alice’s tra- 
jectory. Thin red lines labeled by red numbers (corresponding to the 
years since Alice left) represent Bob’s birthday messages. Thin blue 
lines labeled by blue numbers (also corresponding to the years since 
Alice left) depict Alice’s birthday messages. The dashed lines show the 
light cone at t = 0. 


tronic birthday card to the other twin on their birthday in their 
reference frame. These messages travel with the speed of light. 
Bob sends his electronic message directly toward the space sta- 
tion and Alice sends her electronic greeting back directly toward 
Earth. Bob’s messages are shown as red arrows pointing up and 
to the right. Alices messages are shown as blue arrows pointing 
up and to the left. When the message arrows cross the trajectory 
of each of the twins, the respective twin receives and enjoys the 
electronic birthday card. 

After 5 years pass in Bob’s frame and 3.79 years pass in Alice's 
frame, Alice reaches the space station and turns for home. Bob 
is getting a little worried by now because he has received only 
two birthday cards in five years. Alice is not feeling much bet- 
ter, since she has received only one message in 3.79 years. After 
Alice turns around, she receives eight electronic birthday cards 
in the next 3.79 years. Bob receives five more greetings in the 
remaining five years. When Alice arrives back home on Earth, 
she gets a firsthand 30th birthday greeting from Bob, but Alice 
is not ready to celebrate her 28th birthday yet. Alice’s age is 27.6 
years. Alice received a total of ten birthday greetings while Bob 
received only seven. 

Now let’s analyze the same trip from the inertial rest frame 
corresponding to Alices outward-bound leg (Figure 35.10) to 
show that we can get the same answer from Alice's point of view. In 
this reference frame, Bob and Earth are both traveling in the nega- 
tive x-direction with a velocity v = -0.650c. During the outbound 
portion of the trip, Alice's velocity is zero in this frame. The space 
station is traveling toward Alice with a speed of 65.0% of the speed 
of light, so the distance of 3.25 light-years is covered in 3.79 years 
due to length contraction. Note that this part of the two diagrams 
in Figure 35.9 and Figure 35.10 is completely symmetric. 


35.3 Time Dilation and Length Contraction 1143 


t (years) 


Alice’s outbound leg 
reference frame \ 


x/c (years) 


When the space station reaches Alice, the symmetry in the two representations of Fig- 
ures 35.9 and 35.10 is broken. Alice begins to travel with a speed fast enough to catch up 
with Earth in the negative x-direction. To establish a relative speed of 65.0% of the speed 
of light with respect to Earth, Alice must travel with a speed of 91.4% of the speed of light. 
(This relativistic addition of velocities is discussed in Section 35.6.) 

Again Bob receives two birthday greetings in the first five years in his reference frame, 
while Alice again receives one birthday greeting before she starts moving toward Earth. As 
Alice streaks for Earth at a speed of 0.914c, she receives eight birthday greetings, while Bob 
again receives five. When the twins are reunited on Earth, Bob is 30.0 years old and Alice is 
27.6 years old. This result using Alice’s outbound reference frame is the same as the one we 
obtained using Bob’s reference frame. Thus, the twin paradox is resolved. 

Note that we analyzed the twin paradox in terms of special relativity only. You might 
worry about the parts of Alice’s journey that involved acceleration. Alice had to accelerate 
to 65.0% of the speed of light to begin her journey to the space station, and then she had 
to slow down, stop, and reaccelerate back up to a speed of 65.0% of the speed of light back 
toward Earth. Even at a constant acceleration of three times the acceleration of gravity, it 
would take almost three months to reach a speed of 65.0% of the speed of light from rest 
and the same amount of time to stop, starting at a speed of 65.0% of the speed of light. How- 
ever, we could postulate various scenarios to remove these objections or at least minimize 
their importance. For example, we could simply make the trip longer, making the accelera- 
tion phase negligible. Acceleration is necessary to explain the twin paradox because Alice 
must reverse her course to return to Earth, changing her inertial reference frame. However, 
the effects of general relativity are not needed to explain the twin paradox. 


FIGURE 35.10 Plot showing the 
velocity of the two twins in the refer- 
ence frame of Alice’s outbound leg. The 
thick red line represents Bob’s trajec- 
tory. The two thick blue lines depict 
Alice’s trajectory. Thin red lines labeled 
by red numbers corresponding to the 
year represent Bob’s birthday messages. 
Thin blue lines labeled by blue numbers 
corresponding to the year depict Alice’s 
birthday messages. The dashed lines 
represent the light cone at t = 0. 


35.5 In-Class Exercise 


The nearest star to us other than 
the Sun is Proxima Centauri, which 
is 4.22 light-years away. Suppose 
we had a spaceship that could 
travel at a speed of 90.0% of the 
speed of light. If you were in the 
spaceship, how long would it take 
for you to travel from the Sun to 
Proxima Centauri, from your point 
of view? 


a) 2.04 years d) 3.80 years 
b) 2.29 years e) 4.22 years 


c) 3.42 years 
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35.4 Relativistic Frequency Shift 


If time is not invariant any more, then quantities that depend explicitly on time may also be 
expected to change as a function of an object's velocity. The frequency fis one such quantity. 
In Chapter 16 on sound waves, we discussed the Doppler effect—the change in sound’s 
frequency due to the relative motion between observer, source, and medium. We have seen, 
however, that light does not need a medium in which to propagate. Therefore, the relativis- 
tic frequency shift is qualitatively new and only remotely connected to the classical Dop- 
pler effect. (However, it is often informally referred to as the relativistic Doppler effect or the 
Doppler effect for electromagnetic radiation.) If v is the relative velocity between source and 
observer, and the relative motion occurs in a radial direction (either directly toward each 
other or directly away from each other), then the formula for the observed frequency, f, of 
light with given frequency fp is 
fof. (35.11) 


CEV 


where the upper signs (- in the numerator and + in the denominator) are used for motion 
away from each other and the lower signs (+ in the numerator and - in the denominator) 
for motion toward each other. (A transverse Doppler shift also occurs, purely due to time- 
dilation effects, but we will not concern ourselves with this effect here.) 

Because the relationship c = Af between speed, wavelength, and frequency is still valid, 
we get for the wavelength: 


CIV 


A= (35.12) 


CFV 
When looking out through our telescopes into the universe, we find that just about all gal- 
axies send light toward us that is red-shifted, meaning A > Aq (red is the visible color with 
the longest wavelength). This means that all galaxies have v > 0; that is, they are moving 
away from us. (If an object is moving toward us, then A < A, and the light is said to be blue- 
shifted.) In addition, astoundingly, the farther away galaxies are from us, the more they are 
red-shifted. This observation is clear evidence for an ever-expanding universe. 

Often astronomers quote a so-called red-shift parameter. The red-shift parameter 
is often referred to as just the red-shift. This quantity is defined as the ratio of the wave- 
length shift of light divided by the wavelength of that light as observed when the source 
is at rest: 


AA Asay _ fev 


var =e (35.13) 
i cFv 


SOLVED PROBLEM 35.1 | Galactic Red-Shift 


During a deep-space survey, a galaxy is observed with a red-shift of z = 0.450. 


PROBLEM 
With what speed is that galaxy moving away from us? 


SOLUTION 


THINK 

The red-shift is a function of the speed v with which the gal- 
axy moves away from us. We can solve equation 35.13 for the 
speed in terms of the red-shift. 


SKETCH 
Figure 35.11 shows a sketch of the galaxy moving away from 
FIGURE 35.11 A galaxy moving away from Earth (not to scale). Earth. 


RESEARCH 
We start with equation 35.13, relating the red-shift z to the speed v with which the galaxy 
is moving away from us, 


c+v 
z= sia l. 
c-v 
We can rearrange this equation to get 
2 c+v 
c-v 


c(z+1) -v(z-+1) =c+Vv. 


Gathering the multiplicative factors of v on one side and factors of c on the other side, 
we get 


v4 v(z 1) =e(z 1) =e: 


SIMPLIFY 
We can now write an expression for the velocity of the galaxy moving away from us in 
units of the speed of light, 


CALCULATE 
Putting in the numerical values gives us 


y (0450+17 —1 


=0.355359. 
r 2 
(0.450+1) +1 
ROUND 
We report our result to three significant figures, 
Z =0.355. 
c 


DOUBLE-CHECK 
A galaxy moving away from us with a velocity of 35.5% of the speed of light seems rea- 
sonable, in that our answer at least does not exceed the speed of light. 


A 


35.5 Lorentz Transformation 


1145 


35.5 Lorentz Transformation 


In studying time dilation and length contraction, we have seen how time and space intervals 
can be transformed from one inertial reference frame to another. These transformations of 
time and space can be combined in going from one reference frame into another that moves 
with speed v relative to the first one. 

To be specific, suppose we have two reference frames F (with coordinate system x, y, zand 
time t) and F' (with coordinate system x’, y', z' and time 1’) that are at the same point x = x’, 
y=y',z=2 (this arrangement can always be accomplished by a simple shift in the location of 
the origin of the coordinate systems) at the same time t = t' = 0, moving with velocity v relative 
to each other along the x-axis. We want to know how to describe an event in frame F' (which 
is some occurrence, like a firecracker explosion) that has coordinates x, y, z and is happening 
at time t as observed in frame F, using coordinates x’, y', z' and time f' (Figure 35.12). 

Classically, this transformation is given by 


x=x-vt 


(35.14) 
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y Frame F 


z 


FIGURE 35.12 The Lorentz transformation con- 


y Frame F' This transformation is known as the Galilean transformation, which we 


encountered in Chapter 3 on motion in two and three dimensions. These equa- 
tions are correct as long as v is small compared to c. Until we had talked about 
time dilation, the last one of these equations seemed utterly trivial. Now this is 
not the case any more. 

The transformation that is valid for all velocities of magnitude v is called the 
Lorentz transformation, first given by the Dutch physicist Hendrik Lorentz 
(1853-1928): 


nects two reference frames moving at a constant x'=y(x-vt) 


velocity v relative to one another. 


oe (35.15) 
Z =Z 


t=y(t- vx/c’). 
We can also construct the inverse transformation, obtaining 
x=yx'4+ vt) 
y=y 


i (35.16) 
z=z 


t=y(t+ vx'/c’). 


In the limit of small speeds (y =1, B = v/c = 0), the Galilean transformation follows 
from the Lorentz transformation as a special case, as can be easily seen. However, for speeds 
that are not small compared to the speed of light, the Lorentz transformation includes the 
effects of both time dilation and length contraction. 


DERIVATION 35.3 / Lorentz Transformation 


There is an ongoing discussion on what constitutes the “simplest” derivation of the Lorentz 
transformation. Here we follow the paper by J.-M. Lévy, who published this derivation in 
the American Journal of Physics, Vol. 75, No. 7 (2007), pp. 615-618. In this derivation we 
make use of the fact that we have already derived the effect of length contraction (Deriva- 
tion 35.2). 

Let’s look at Figure 35.12. Assume that y = y' = 0, z = z' = 0 and describe the event E in 
Frame F (with coordinate system x, y, z and time t). The green arrow of length x marks the 
position vector of the event E relative to the origin O of frame F. We can now use simple 
vector addition and find that the green arrow OE is the vector sum 


OE =00'+0'F (i) 


OO! is the displacement vector of the origin of the frame F' relative to the origin of F, and 
O'E is the displacement vector from the origin of F' to event E. This vector relation equa- 
tion (i) is valid independent of the frame from which we are evaluating our results, and 
now all we need to do is to express equation (i) in both frames. 

First, let’s evaluate the vector addition equation (i) in frame F where the length of 
the vector OE is simply x and the length of the vector OO' is vt. Because x' is measured 
in frame F', expressing it in frame F results in length contraction; that is, in frame F the 
length of the vector O'E can be expressed as x'/y. This means that in frame F we obtain 
for the vector addition equation (i) the expression 


x=vwt+x'/y. (ii) 


Now let's perform the same task in frame F' (with coordinate system x’, y', z' and time f’). In 
this frame, we find that the length of O'E is x’ and the length of OO 'is vt’. But now the frame 
Fis moving relative to the rest frame F', and therefore in frame F' x is length-contracted, so 
that the length of OE is x/y in frame F'. Consequently, in F' we evaluate the vector addition 
equation (i) as 

x/y=vt+x'. (iii) 


Now we are just about done, and all that is left are some algebraic manipulations. First, 
we can subtract vt from both sides of equation (ii) and then multiply both sides with y, 
resulting in 

y(x-vt)=x', (iv) 


which is the first equation of the Lorentz transformation (equation 35.15). Multiplying 
both sides of equation (iii) with y gives us the first equation of the inverse Lorentz trans- 
formation (equation 35.16), 

x=y(x'+ vt). (v) 


If we then insert the expression for x' from equation (iv) into (v), we find 
x=yy(x- vt)+ vt')= y(x -vt)+ yt > 
xiy =x-vt+vtly=> 
-(1-y°)x =-vt+vt/y. 
Since y=1/,/1-v’/c’, it follows that y = 1/(1 - v’/c’) and therefore 1 - y? = v’/c’. This 


leads to 
-xv I =-vt+ vtly 


-xv/c =-t+t/y 
y(t - xvic”) =, 


which we recognize as the last equation in the Lorentz transformation (equation 35.15). 


Invariants 


Under a Lorentz transformation between inertial frames, the coordinate along the direction 
of relative motion of the two inertial frames (chosen to be the x-coordinate here) changes, 
as does the time. The two coordinates perpendicular to the velocity vector of the relative 
motion (chosen to be the y- and z-coordinates here) remain the same in both frames. They 
are invariants under the Lorentz transformation. 

The question is: What other, if any, kinematical invariants can one construct? At this 
point we do not want to be exhaustive but only to focus on one, which we had introduced 
earlier. This invariant is the space-time interval s* = c’At’ - Ar’ of equation 35.5. 


DERIVATION 35.4 |  Lorentz-Invariance of Space-Time Intervals 


We need to show that the space-time interval is the same in different inertial frames. That 
is, we need to show that s* = s°. Since we have an expression for s? in terms of the coordi- 
nates, and since we know how the coordinates transform under a Lorentz transformation, 
we can construct our proof: 


ar At? a Ar’? 
=¢At?- Ax?- Ay?-Az? 
=¢’y" (At-vAx/c?) -y (Ax -vAty - Ay’ - Az? 
= cy (At? -2vAxAtlc? +v Ax? ct) - y (Ax? -2vAxAt +v At )- Ay* =e’, 


In the second step we simply replaced Ar” by the sum of the squares of the components. 


In the third step we applied the Lorentz transformation to each coordinate interval, and 


in the fourth step we evaluated the squared terms. Now we can multiply out the brackets 
and cancel out terms: 


s? =P y At?-2vy AxAt+ vy Ax Ie -y Ax? +2vy AxAt - vy At? - Ay? - Az? 
=? PAP +v y Axi? -y Ax? -v At’ - Ay’ - Az’ 
= PAP (y -vy Ie)-Ax (Y -v yie )- Ay’ -47°. Continued— 
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35.3 Self-Test Opportunity 


By inserting x from equation (v) in 
Derivation 35.3 into equation (iv), 
one is able to derive the equation 
t = y(ť + vx/c). Can you show this? 


35.6 In-Class Exercise 


Which of the following are invari- 
ants under the classical Galilean 
transformation of equation 35.14? 
(Mark all that apply!) 


a) x c)z 


b) y d) t 
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Here we have underlined the terms that cancel each other in the top line. Now we need to 
evaluate ane ais 
-vrie = 1 vlc _l-vic n 
tie t=vle deve 
Using this identity, we find for the space-time interval: 
Ss? =CAP (y -V 1c?) - Ax? (7 -V 1c?) - Ay’ -Az 
—— anaa. n 
1 1 
= At? — Ax? -Ay - Az? 
=CAr -Ar 


1. 


2 
=S. 


We find indeed that $° = s”, meaning that the space-time interval is invariant under Lorentz 
transformation. 
Other invariants will be introduced in subsequent sections. 


35.6 Relativistic Velocity Transformation 


Let’s return to the problem we touched on in Section 35.2. Suppose you are flying in a 
rocket through space with a speed of c/2 directly toward Earth, and you shine a laser in the 
forward direction. Naively, we might expect that the light of the laser would have a speed of 
c + (c/2) = 1.5c when observed on Earth. This observation would follow from the velocity- 
addition formula in Chapter 3, Ypg =Yps + Vg. Here the subscripts p, g, and s refer to the 
projectile (light, in this case), the ground, and the spaceship. However, according to Ein- 
stein, the light of the laser has a speed c in either the rocket or the Earth reference frame. 

Because the result using the classical velocity-addition formula contradicts the postu- 
late that no speed is greater than c, we clearly need to come up with a new formula to add 
velocities correctly. We will restrict the use of the relativistic velocity addition formula to 
one-dimensional motion of the two frames relative to each other in the positive or negative 
x-directions. If the velocity of an object has a value of u = (u,,u,,u,) in frame F, and if frame 
F' moves with velocity ¥ = (v,0,0) relative to frame F, then the velocity u' = (UpUp) of that 
object in frame F' has the value 


u,= (35.17) 
TE 
2 


u, = aay : 


EA 


2 
c 


The inverse transformation from frame F' to frame F is given by 


u +v 


(35.18) 
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We have restricted all motion to the positive and negative x-directions, just as was done 
to arrive at the formula for the Lorentz transformation. However, t, u', and ¥ are all vec- 
tors and can have positive and negative values, depending on the particular situation these 
transformation equations are applied to. In addition, these formulas can also be used to add 
and subtract two velocities appropriately. 


DERIVATION 35.5 | Velocity Transformation 


To see how a velocity transforms from one frame to another, we can start with the Lorentz 
transformation, which tells us how spatial and time coordinates transform. Then we can 
take the time derivative of the x-coordinate, which gives us the velocity component in the 
direction of the relative motion of the two frames with respect to each other (we call this 
velocity u, because we have already used the symbol v for the velocity of the frames relative 
to each other): 


, _dx'_ y(dx-vdt) 
dt’ y(dt -vdx/c?) 


u 


All we have done up to this point is to express the differentials dx' and dt' in the frame F, 
with the aid of the Lorentz transformation of equations 35.15. Now we cancel out the fac- 
tor of yin the numerator and denominator and find 


dx 
_ dx-vdt ogg” 
dt-vdxic Vv ax 
e dt 


Substituting u, = dx/dt, we then get the velocity transformation for the longitudinal compo- 
nent (the component along the direction of the relative motion between the two frames) as 


Uy -v 
u, = — 


Vuy 
2 
(0 


i= 


Now we can conduct a similar exercise for the transverse components, that is, the com- 
ponents of the velocity vector perpendicular to the direction of relative motion between 
the two frames. We show this explicitly for the y-direction, but the z-direction follows the 
same arguments. Again we take the derivative and Lorentz-transform the differentials, 
recognizing that dy' = dy: 


, dy dy 
dt' y(dt—vdx/c?) 


Dividing the numerator and denominator by dt then leads to the desired result 


dy 
ap u,/ 
y= dt v4 Y 
v dx vu, 
hi- l-7 
ë dt Cc 


Note that in the limit the speeds are small compared to the speed oflight, |v| < cand |u| < c, 
the term vu,/c’ in the denominator of our velocity transformation equation becomes small 
compared to 1, and y tends to 1 so that equations 35.17 and 35.18 approach the classical 


limit of u,= u,- v and u, = u,+ V, u, = u, and u,= uz 


Back to our example: Now you can see that u' = c “plus” v = c/2 does not yield 1.5c, but 


instead 
_ u'+c/2 _ c+c/2 = 


u'c/2 14 ai 
c c 


1+ 


35.4 Self-Test Opportunity 


Start with u, = dx/dt, use the 
inverse Lorentz transformation, and 
show that you arrive at 


Ua 
vuy 


fa 


x 


1+ 
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35.7 In-Class Exercise 


We have just seen that the real sum 
of two positive velocities consis- 
tent with relativity is less than that 
resulting from classical velocity 
addition. What about velocity dif- 
ferences? Assume that two velocity 
vectors v4 and vy both point in the 
positive x-direction. Call the rela- 
tive velocity between the two v,. 
Which of the following is correct? 


a) A 
b) |v, 


A 
classical " relativistic 


liiat aist 


c) I Lede a Felan 

d) Can be either (a) or (c), 
depending on which of the two 
velocities vı and v is larger. 


FIGURE 35.13 Electron moving past 
an alpha particle. 


Therefore this analysis works out just right: The speed of light is the same in every 
reference frame! Thus, equations 35.17 and 35.18 have the proper classical limit and at the 
same time satisfy the postulates of special relativity. 


SOLVED PROBLEM 35.2 | Particles in an Accelerator 


Suppose you have an electron and an alpha particle (nucleus of a helium atom) moving 
through a piece of beam pipe inside a particle accelerator. The particles are traveling in 
the same direction. The speed of the electron is 0.830c and the speed of the alpha particle 
is 0.750c, both measured by a stationary observer in the lab. 


PROBLEM 
What is the speed of the alpha particle as observed from the electron, in units of the speed 
of light? 


SOLUTION 


THINK 

The electron is overtaking the alpha particle, because it is faster, as measured from 
the stationary observer in the lab. One could be tempted to make constructions of the 
kind ¥, -¥,. However, since we now have the relativistic velocity transformation, it is 
far easier to cast this problem in this way. Assume that all given velocities occur in the 
positive x-direction. All we need to do is to be careful which velocities we identify with 
v, u, and uw). We can then use equation 35.17 or equation 35.18 to find our answer. 


SKETCH 
Figure 35.13 is a sketch of the electron passing the alpha particle. 


RESEARCH 
We have two reference frames, our original frame F with origin on Earth, and our frame 
F with origin on the electron, moving with constant velocity v relative to the lab. 

This problem of finding the velocity u, of the alpha particle in the frame of the electron 
involves the relativistic transformation of velocities, where the velocity u, of the alpha par- 
ticle in labs frame is already known. We can then use equation 35.17 to accomplish our goal 
of finding 


SIMPLIFY 

There is not much to simplify in this case. Most of the work here was to define which 
quantity is measured in which frame, and what is the correct relative velocity of the 
frames. 


CALCULATE 


Putting in the numerical values gives us 


ie u,-Vv —  0.750c - 0.830 = —0.2119205c. 
p-s j (0.830c)(0.750c) 
2 E 
ROUND 
We report the result to three significant figures, 
u, = -0.212c 


DOUBLE-CHECK 
The negative sign for the velocity of the alpha particle as seen by the electron makes 
sense because the alpha particle would be seen to be approaching the electron in the 
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negative x-direction. If we calculate the relative velocity between the electron and the 
alpha particle nonrelativistically, we obtain 


Vrel = Valpha ~ Velectron = 9-750¢ - 0.830c = - 0.080c. 


Looking at our solution, we can see that the nonrelativistic velocity difference is modi- 
fied by a factor of |1/(1 — u,v/c’)|. As the velocities of the electron and the alpha particle 
become a significant fraction of the speed of light, this factor will become larger than 1, 
and the magnitude of the relativistic velocity difference will be larger than the magnitude 
of the nonrelativistic difference. Thus, our result seems reasonable. 


35.7 Relativistic Momentum and Energy 


Length, time, and velocity, are not the only concepts that need revision within the theory of 
special relativity. Energy and momentum need revising as well. Again we are guided by the 
principle that physical laws should be invariant under the transformation from one frame 
to another, and that for speeds small compared to the speed of light we should again recover 
the classical relationships derived earlier in the mechanics chapters. 


Momentum 


Classically, momentum is defined as the product of velocity and mass: p= mv. Because we 
have now seen that an object’s speed cannot exceed c, this result implies that either the defi- 
nition of momentum has to be changed or a maximum momentum is possible for a given 
particle. It turns out that the first possibility is the correct one. 

The definition of momentum that is consistent with the theory of special relativity is 


p=y mi, (35.19) 
where m is the rest mass of the particle (mass as measured in a frame where the particle is 
a ; a. 8 1 = 
at rest), u is the velocity of the particle in some frame, y=—————,, and p is the momen- | 
Lewle = 


tum of the particle in the frame. Equation 35.19 is valid only for particles having mass m > 0. 
We discuss massless particles later in this section. (Unfortunately, many older textbooks use 
the notion of relativistic mass, ym. This notion is now almost universally rejected. Mass is 
now considered invariant—that is, independent of the speed at which an object moves in a 
particular reference frame.) v/c 

In Figure 35.14, the two formulas for the momentum are compared. Blue shows the FIGURE 35.14 Momentum as a 
correct formula, and red the classical approximation. The velocity is shown in units of c, function of speed. Blue line: exact 
and the momentum in units of mc. Up to speeds of approximately c/2, the two formulas give formula; red line: nonrelativistic 
pretty much the same result, but then the correct relativistic momentum goes to infinity as approximayion; 
v approaches c. 

Newton’s Second Law does not have to be modified in the relativistic limit. It remains 


~ d 

Fra = 3 P> (35.20) 
where p is the relativistic momentum. 
Energy 
If momentum needs a change of definition, energy can also be expected to be in need of 
revision. 


In our nonrelativistic considerations, we found that the total energy of a particle in the 
absence of an external potential is just its kinetic energy, K = 4mv’. In the relativistic case, 
we find that we have to consider the contribution of the mass to the energy of a particle. 
Einstein found that the energy of a particle with mass m at rest is: 


Ey =mce’. (35.21) 


(Arguably the most famous formula in all of science!) 
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If the particle is in motion, then the energy increases by the same factor y by which 
time is dilated for a moving particle. The general case for the energy is then 


E=yE,= ymce’. (35.22) 


The correct formula for the kinetic energy is obtained by subtracting the “rest energy” from 
the total energy: 


K=E-E, =(y-1)E, =(y-1)me. (35.23) 


The classical formula for kinetic energy worked for us at speeds small compared to the 
speed of light. So how can we recover the classical approximation K = +m? from the gen- 
eral relativistic result? 

This result is actually quite straightforward, because for small speeds we had already 
found that y = 1 + 4? = 1 + 4v’/c’. We can insert this formula into the kinetic energy for- 
mula and get 


Kgmatl y =(y- Dm? =(1+ 4°71 = Lime” = Lv’. (35.24) 


DERIVATION 35.6 { Energy 


Let's go back to the work-kinetic energy theorem and calculate the consequences of using 
the Lorentz transformation. For simplicity we use a one-dimensional case with motion 
along the x-direction only. By definition, we introduced work as the integral of the force, 


we f rax= [Pax 
dt 
Xo Xo 


Here we want to assume that x, is the coordinate at t = 0, and that the particle has 0 speed 
and therefore 0 kinetic energy at t = 0. We can calculate dp/dt by using equation 35.19 and 
taking the time derivative, 


dp _d d mv m d mv dv 
g o= = +(- as -2v/c ae 
dt dt} fy _ 2/2 h-yye at (l-v7/c? jp? dt 
2 m(1-v*/c") mvlce \dv E m dv 
-v/e Q- | dt ave? dt’ 


where we have used the product and chain rules of differentiation. We can insert this 
result into the above integral for the work. By using the substitution of variables dx = vdt, 


we then find 
t v 
We f- Trs f mvdv i 
A (1- oe ye dt A a-ve 


Evaluating the integral we arrive at 


W= a mc =(y-1)mce’. 
J-e i Vive 
Since the work-kinetic energy theorem (see Chapter 5) states that W = AK, and since in 
this case we started with kinetic energy 0, this leads us to: 
K=(y- Ime, 


which is the result of equation 35.23. We also see from this integration that the term mc” 
arises from the contribution of v = 0 and can thus be identified as the rest energy of equa- 
tion 35.21. 
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Momentum-Energy Relationship 


In the classical limit, we found that the kinetic energy and momentum of an object are related 
via K = p’/2m. Therefore, it is appropriate to ask what is the correct general relationship 
between energy and momentum. With E = ymc’ and p = ymv as our starting point, we find 


B= pe +m é. (35.25) 


DERIVATION 35.7 { Energy-Momentum Relation 


We start with our equations for momentum and energy, and square each of them: 


pym > p ymy 


E= yme? >F = ymt. 
The square of the relativistic gamma-factor appears in both equations. Expressed in terms 


of v and c, it is 
ge 1 Z 1l æ 
1-8 1-V/e rue 


Now we can evaluate the expression for the square of the energy, obtaining 


2 2 2 2 2 
P= 1 -mt =£ - + mémé - -méi 
c -yV c -yV c -yV 

24 a 2.22 24 299 
smc +- sme smh +y mc 
c -yV 
zma +p. 


In the second step of this computation, we simply added and subtracted v’ in the nu- 
merator, then realized that we could split the numerator in such a way that the factor 
c’ — v? would just cancel the denominator. In the next step, we rearranged the factors in 
the second term of the sum so that we could factor out y again, and finally recognized 


that ym’? = p°, which gives us our desired result. 


The above energy-momentum relationship is often presented in the form of its 


square root, 
E=Vpet+mrc. (35.26) 


Note also that equation 35.25 can be rewritten in the form 
B- pc =m°*c. (35.27) 


The mass m of a particle is a scalar invariant, and the speed of c in vacuum is also invariant, 
so it follows from this simple rewrite that E? — p*c’ is an invariant, just like the space-time 
interval °? = AP? - Ar’ is an invariant. 

A special case of equation 35.27 is relevant for particles with zero mass. (Photons, the 
subatomic particle representation for all radiation, including visible light, are examples of 
massless particles.) If a particle has m = 0, then the energy-momentum relationship simpli- 
fies considerably, and the momentum becomes proportional to the energy: 


E=pce (form=0). (35.28) 


Speed, Energy, and Momentum 


For particles with m > 0, dividing the absolute value of the momentum p = ymv by the 


energy E = ymc’ gives n 
p_ ymv _ y pe 
= ere 


E ym e e 
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or, equivalently, 


v pe 
goa (35.29) 
c E 
This formula is often very useful for determining the relativistic factor B from the known 
energy and momentum of a particle. However, it also provides another energy-momentum 
relationship that is useful in practice: 
BE 


-PE ape pele 35.30 
B E P A or B ( ) 


EXAMPLE 35.4 | Electron at 0.99c 


We have seen that in some applications it is advantageous to use the energy unit electron-volt 
(eV), 1 eV = 1.602- 10™ J. The rest energy of an electron is Ey = 5.11- 10° eV = 0.511 MeV, 
and its rest mass is m = 0.511 MeV/c’. 


PROBLEM 
If an electron has a speed of 99.0% that of light, what are its total energy, kinetic energy, 
and momentum? 


SOLUTION 


First we calculate y for this case: 
1 1 


y= = 
J -B V1 - (0.990) 

The total energy of a particle is given by 
E = yE, =7.09(0.511 MeV) = 3.62 MeV. 


=7.09. 


The kinetic energy is therefore 
K =(y-1)E, =6.09(0.511 MeV) =3.11 MeV. 
The momentum of this electron is then 


_ BE _(0.990)(3.62 MeV) _ 3.58 MeV/c. 


c c 


Interestingly, we can accelerate electrons to 99% of the speed of light with quite small 
accelerators, which could fit in labs of a typical physics building. However, going above 
0.99c becomes very expensive. To get electrons to 99.9999999% of the speed of light, 
requires a giant particle accelerator. The SLAC linear accelerator at Stanford, over 3 km 
long, is one such machine. 


The equation E = mc’ implies that energy and mass are related and can be converted 
into each other. In chemistry class you may have heard the expression “conservation of 
mass,” which means that the number of atoms of each kind in chemical reactions between 
different molecules has to remain the same. However, this is merely an accounting device, 
and not a strict conservation law. The conservation laws of energy and momentum still hold 
in relativistic kinematics, but the total mass in a reaction is not conserved exactly. This fact 
is particularly evident in decays of particles, and Example 35.5 examines one such case. 


EXAMPLE 35.5 { Kaon Decay 


The neutral kaon is a particle that can decay into a positive pion and a negative pion: 


K? >r +T. 
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Particles will be discussed in much greater detail in Chapter 39, but the kinematics of 
particle decays can be understood just from the principles of relativity. 


PROBLEM 

What is the kinetic energy of each of the two pions after the decay of the kaon? The mass 
of the neutral kaon is 497.65 MeV/c’, and the masses of the positive and negative pions 
are 139.57 MeV/c’ each. Assume that the neutral kaon is at rest before the decay occurs. 


SOLUTION 
Momentum and energy are conserved in this decay. The momentum before and after the 
decay of the kaon is zero. Thus, 


Ppt + Pa- = 0. 


Thus, the magnitudes of the momenta of the two pions are the same. Because the masses 
of the two charged pions are also the same, the kinetic energies of the two pions after the 


decay must be the same: 
art = K> = K, 


where K is the kinetic energy of each pion after the decay. The total energy of the kaon 


before the decay is 
E= Myo roa 5 


because the kaon is at rest. After the decay the energy is 
E=Ep +E, =(mp +K )+m +K). 
Energy conservation means that the total energy before and after the decay is the same: 
2 2 2 
Mol =(m,.¢ +K + )+(m,-c +K; ). 
We can rearrange this equation to get 
oC =m sc -m-e = K+ +K =2K, 


Mg 


remembering that the kinetic energy of the 7° and the 7 are the same. Solving for the 
kinetic energy of each pion gives us 
2 


2 2 
Mogt =M yt -M_C 
K= K T T 
2 


Putting in the values of the masses given in the problem text leads us to the result 


K= 5 (497.65 MeV - 139.57 MeV - 139.57 MeV) =109.26 MeV. 


Note that for the decay of a kaon at rest the entire kinetic energy of the two pions, which 
are the decay products, comes from the mass difference between the kaon and the sum 
of the two pions. 


The possibility to convert mass into energy is used in nuclear fission reactions, where 
heavy atomic nuclei are split into smaller parts, liberating a large amount of kinetic energy 
in the process, which in turn is converted into heat and ultimately electrical energy. This 
is the basis for the nuclear power industry and will be covered in much greater detail in 
Chapter 40 on nuclear physics. There we will also discuss nuclear fusion, which ultimately is 
based on the same mass-energy relation, and which powers most stars and hopefully soon 
will also lead to commercially available fusion reactors for electrical power generation. 


Lorentz Transformation 
Derivation 35.3 showed that the position vector f and t in some frame F can be expressed in 
some other frame F' as position vector 7' and time f' via the Lorentz transformation. What 
about momentum and energy? 
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(a) (b) 
FIGURE 35.15 Momentum vectors 
of the two particles in two different 
inertial frames. (a) Arbitrary frame; 
(b) center-of-mass frame. 


In equation 35.19 the momentum vector is defined as p= mi. From this followed 
equation 35.22 for the energy, E = ymc’. Velocities can be transformed from one frame to 
another using equation 35.17 via the relationship u% = (uy - v)/(1 - vu,/c’). Therefore the 
Lorentz transformation of momentum and energy can be written as 


Px = V\Py VEI) 


Py Py (35.31) 
Pz=P, 
E'=yE-vp,.). 

We leave the proof of this relationship to an end-of-chapter exercise. With the aid of this 


Lorentz transformation, one can show that E? - p’? = E? — pc’, that is, that E? - p*c’ is a 


Lorentz invariant. This proof works in complete analogy to Derivation 35.4 and is also left 
as an end-of-chapter exercise. 


Two-Body Collisions 


Thinking about Lorentz transformations and Lorentz invariants helps in dealing with very 
common problems in relativistic kinematics, those of two-body collisions. We have just 
stated that E’ - p*c’ is a Lorentz invariant. This definition can be extended to the energies 
and momentum vectors of two particles, as observed in a certain frame (Figure 35.15). (We 
use subscripts 1 and 2 to indicate the individual particle.) It is common to introduce the 
quantity S (simply pronounced ess) as 


Ss(E, +E,’ -(P +p” e, (35.32) 


where E, p, are total energy and momentum of particle 1, and E,, p, are the total energy 
and momentum of particle 2. Since F = pe is a Lorentz invariant, so is S. Thus we are free 
to transform our observables into a frame, in which they are easiest to evaluate. The sec- 
tion on two-body collisions in Chapter 8 showed that a convenient frame is the center-of- 
mass frame. We denote the quantities in the center-of-mass frame with a superscript cm. In 
Chapter 8 we had already found that in this frame, the two momentum vectors of the two 
particles are exactly equal in magnitude and opposite in direction, pj” =- p3”. Evaluating 
Sin this frame, we see that 


S=(E™ +EP Y -(P + pee Y e =(E + Ey. 
— 
0 


This shows the physical meaning of S: The square root of S is equal to the sum of the ener- 
gies of the two particles. That is, it is the total available energy in the center-of-mass frame 


JS=E™ +EP. (35.33) 


Thus Js provides information on the maximum energy that can be utilized for physical pro- 
cesses in two-body collisions. Because the energy of each of the two particles can also be writ- 
ten as the sum of kinetic energy plus mass energy, this relationship can also be written as 


Js= K” +me +KP +m’. 


For practical considerations, the other of the two most interesting inertial frames, besides 
the center-of-mass frame, is the laboratory frame. The following example shows useful rela- 
tionships between the laboratory and the center-of-mass frames. 


EXAMPLE 35.6 | Colliders vs. Fixed-Target Accelerators 


Suppose you want to create collisions between two protons in order to produce new 
particles. Two kinds of accelerators can accomplish this. In one, you can have one proton 
at rest in the laboratory, and shoot the other one at it with some kinetic energy. This is 
the fixed-target accelerator scheme. A more complicated way to generate collisions is 
to accelerate the two protons to the same kinetic energy and run them into each other 


35.7 Relativistic Momentum and Energy 1157 


from opposite directions. This technique requires much greater precision, but has a huge 


payoff if large center-of-mass energies are needed. 


PROBLEM 


The relativistic heavy ion collider (RHIC) at Brookhaven National Laboratory can deliver 
proton beams of 250 GeV kinetic energy each, traveling in opposite directions. What 
beam kinetic energy would be needed for a fixed-target accelerator to reach the same 


center-of-mass energy? 


SOLUTION 


The rest mass of the proton is m, = 0.938 GeV/ œ. It is small compared to the kinetic ener- 
gies in this problem, but we still do not want to neglect it in the following. This way we 


will arrive at a formula that is applicable at all beam energies. 


In the center-of-mass frame, our total available energy is (m, = 


Ks" = K”): 
S=(2K™ + 2m y. 


m, = m, and Kj" = 


(i) 


In the lab-frame, which is used by the fixed-target accelerator, we can start from equation 


35.32, which is of course valid in all inertial frames, and evaluate 


S= (ER + Ey -(P® + pefe 2 


=(E®F pone 4 (pY -(P pefe- (pr plab, pee 
E (ERY (pyc + ery - gepe i D gab 


-2(Pi 


-(p} Deye 


lab 


laby 2 
epi e. 


The terms in the square brackets are the squared invariant mass energies of the proton in 
each case; substituting for the terms in the square brackets from equation 35.27 gives 


S=2myct +2EP E - (p. pee. 


One of the protons, say proton 1, is at rest (py? =0, E™ = m,e). This eliminates the scalar 
product above. For the other proton, we can write the total energy as the sum of kinetic 


energy plus mass energy and then obtain 


S= amc" + 2m, (KP Myc )= 4m, co 2m,c 2 Kib (ii) 


Because S is invariant, we can set equations (i) and (ii) equal and then find 


4mjc! + 2m, K™® =(2K™ + 2m, y 


=4(K™ P + 8K™m,? + 4m. 


We solve this for the kinetic energy in the lab and find 
2( Ko y 
= 


Myc 


Kia =4K™ 4 


Clearly, for beam kinetic energies small compared to the proton 
mass energy, the linear term in this expression dominates. (The 
linear term is exactly what a nonrelativistic calculation would 
have found; compare Chapter 8.) But for large kinetic energies, 
the quadratic term dominates, as shown in Figure 35.16. Know- 
ing that the cost of an accelerator increases with the kinetic en- 
ergy, we can thus clearly see that only colliders can be used for 
the very high center-of-mass energies needed for modern par- 
ticle and nuclear physics experiments at the energy frontier. 

Finally, here is the numerical answer: If we insert 250 GeV 
center-of-mass kinetic energy for each of the two beams, 
the value for protons at RHIC, we find that we would need a 
fixed-target accelerator with a beam energy over 134,000 GeV 
(134 TeV). 
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FIGURE 35.16 Equivalent fixed-target beam kinetic energy as a func- 
tion of the center-of-mass kinetic energy in proton-proton collisions. 
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35.8 General Relativity 


So far, we have talked about only special relativity. The theory of general relativity encom- 
passes all of special relativity but, in addition, provides a theory of gravity. We have seen 
one theory of gravity that has been used rather successfully since the time of Newton. In 
the Newtonian theory of gravity, the gravitational force acting on a mass m due to another 
mass M is given as 


p= ome _ 


ma 
g > 
r 


(35.34) 


where we have used Newton's Second Law to relate the force to m and 
the acceleration a. The mass m appears twice in this equation, but there 
is one very fine difference. The mass that appears on the right side of 
these equations is called the inertial mass. This mass is the mass that 
undergoes the acceleration. However, the quantity that takes a role in 
the force of gravity is also a mass, the gravitational mass. Even in our 
most sensitive experimental tests, we find that within experimental 
measurement uncertainties inertial mass and gravitational mass are 
exactly equal. 

The Newtonian theory of gravity served us extremely well. It was 
in almost complete agreement with all experimental observations. 
However, some small problems occurred in precision observations, 
such as a discrepancy in the exact orbit of the planet Mercury, that 
could not be explained with the Newtonian theory of gravity. 

Albert Einstein again had the decisive insight, in 1907: “Ifa person 
falls freely, he will not feel his own weight” (Figure 35.17). This observa- 
tion means that you cannot distinguish if you are in an accelerating 


FIGURE 35.17 Einstein’s observation: A free-falling object reference frame or subject to a gravitational force. This idea led to the 


becomes weightless. 


FIGURE 35.18 The deformation of 
space due to the presence of a massive 
object. (a) One object deforms space 
around it; (b) two objects attract each 
other due to the mutual deformation of 
space. 


famous Equivalence Principle: 


All local freely falling nonrotating laboratories are equivalent for the performance of 
all physical experiments. 


From this principle, we can prove that space and time are locally curved due to the presence 
of masses, and in turn, that curved space-time affects the motion of masses, telling them 
how to move. 

This concept may seem difficult to visualize, but an example might help. Consider a flat 
rubber sheet that symbolizes space in two dimensions. If you put a bowling ball onto this 
rubber sheet, it will deform the sheet in the way shown in Figure 35.18a. Any mass that now 
comes rolling along the surface of the rubber sheet experiences the curvature of the sheet 
and thus moves as if attracted to the bowling ball. From the viewpoint of general relativity, 
however, this scenario is a free motion along the shortest path in curved space-time. In Fig- 
ure 35.18b a second mass comes along, which causes its own deformation of space, leading 
to a mutual attraction, but the principle remains the same. 

One of the most striking predictions of general relativity concerns the motion of light. 
Because light does not have mass, the Newtonian law of gravity would suggest that gravity 
cannot affect the motion of light. The theory of general relativity, however, holds that light 


(a) (b) 


moves through curved space-time along the shortest path and thus should be deflected by 
the presence of large masses. 

Observations by British astronomer Sir Arthur Eddington (1882-1944) during a solar 
eclipse in 1919 confirmed this spectacular prediction. Figure 35.19 shows the photograph 
taken by Eddington’s team during the solar eclipse. 

To visualize what was happening, we again use our rubber sheet analogy. Light from 
a distant star that passes near the Sun is deflected, as in Figure 35.20. The mass of the 
Sun acts like a lens. Light rays that come close to the Sun on either side are deflected, 
as sketched in Figure 35.20. The consequence is that an observer sees two stars, or even 
arcs, instead of just one star. Eddington measured the undeflected directions of the stars 
six months later by photographing stars at night when the Sun was not near the path of 
the light. The observed displacement was about ; the diameter of the image of the distant 
star. General relativity predicted the angular separation of the observed image and the 
actual direction of the star to be 1.74", in good agreement with observed angular separa- 
tion. These measurements could be carried out only during a solar eclipse; otherwise, the 
light from the Sun would simply overpower the light from the stars, and this effect could 
not be measured in this manner. The systematic accuracy of these results has been criti- 
cized, but subsequent measurements in several solar eclipses have 
verified Eddington’s results. 

Recent observations with the Hubble Space Telescope have 
demonstrated gravitational lensing by massive dark objects (Figure 
35.21). Figure 35.21a shows a sketch of the light from a distant gal- 
axy following a curved path around an unseen, massive dark object. 
This effect can produce two or more images of the distant galaxy, 


as illustrated, or can produce arcs of light originating from the dis- Moon 


tant galaxy. Several arcs resulting from the gravitational lensing of 
a massive dark object are visible in Figure 35.21b. 
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FIGURE 35.19 Photograph taken 
by Eddington’s team of a solar eclipse, 
taken May 29, 1919, on the island of 
Principe, near Africa. The horizontal 
bars mark positions of the stars. 
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FIGURE 35.20 Light from a distant star is bent around the 
When light comes close enough to an object of sufficient mass, the Sun. The angle is massively exaggerated for clarity. These stars are 


light cannot escape from the curvature in space-time generated by visible close to the Sun only during a solar eclipse. 


that object. What we mean by “close enough” is defined by the so- 
called Schwarzschild radius: 


2GM 

Rs= ey (35.35) 
2 
Cc 


Every mass has a Schwarzschild radius that can be easily calculated. Classically, this formula 


can be arrived at by setting the escape speed found in Chapter 12: Ves =, | — equal to 
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FIGURE 35.21 (a) Gravitational lensing of a distant galaxy by a massive dark object; (b) arcs due to gravitational lensing around the galaxy 


cluster Abell 2218. 
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35.8 In-Class Exercise 


What is the Schwarzschild radius 
of a black hole with a mass of 14.6 
solar masses (Msun = 1.99 - 10°? kg)? 


a) 43.2 cm 
b) 55.1 m 
c) 1.55 km 
d) 43.1 km 


e) 4.55 - 10° km 


FIGURE 35.22 Artist’s concept 
of LISA (Laser Interferometer Space 
Antenna), which is proposed as the 
next-generation gravitational wave 
detector. 


the speed of light and rearranging. If this radius lies within the interior of the object, noth- 
ing remarkable happens. For example, the Schwarzschild radius of Earth (representing the 
mass of Earth with a point mass of the same magnitude) is 


_2GM; _ 2(6.67-10™ Nm?/kg°)(6.0-10% kg) 
A (3.0-10° m/s% 


Rsg =8.9 mm. 


This radius is less than = inch and obviously much less than the radius of Earth. The 
Schwarzschild radius has physical meaning only if the mass M that gives rise to it is entirely 
contained inside the radius. 

However, at the end of their lives, stars starting their existence with original masses 
larger than about 15 solar masses collapse to such high densities that the radius of the 
resulting object is less than its Schwarzschild radius. No information on this object can then 
escape from it to the outside. We call such an object a black hole. (If we could compact the 
entire Earth to a sphere with less than + inch radius, it would turn into a black hole). Super- 
massive black holes of millions of solar masses are at the center of many galaxies, including 
our own. We have already pointed out the existence of a very massive black hole in Chapter 
12 and showed in Example 12.4 that the mass of this black hole is approximately 3.6- 10° 
times the mass of our Sun. 


Gravitational Waves 


One particularly intriguing prediction of general relativity is the existence of gravitational 
waves. These waves can be created by large masses in strongly accelerated motion. Chapter 
15 already touched on the efforts to detect gravitational waves with modern gravitational 
wave detectors like LIGO (Laser Interferometer Gravitational-Wave Observatory). 
LIGO consists of two observatories, one in Hanford, Washington, and the other in Liv- 
ingston, Louisiana, with a distance of 3002 km between them. An even more sensitive 
gravitational wave observatory is on the drawing board. Tentatively named LISA (Laser 
Interferometer Space Antenna), it will be space-based and will consist of three spacecraft 
arranged in an equilateral triangle of side length 5 million km (Figure 35.22). 

Perhaps the best chance for observing a source of gravitational wave emission comes 
from binary pulsars, which consist of two neutron stars [extremely small (~ 20 km diameter) 
dense stars] orbiting each other at a very close distance, one of which is a pulsar (emitting 
pulses of electromagnetic radiation at very precise time intervals, usually in the range of 
milliseconds to seconds). These binary pulsars emit very intense gravitational waves. Since 
the total energy of the system is conserved, the pulsars’ orbital period decreases in time. 
This effect was first observed in 1974 by Russell Hulse and his thesis advisor Joseph Taylor, 
who shared the 1993 Nobel Prize in Physics for this discovery. They were also able to show 
that the loss in pulsar period length is consistent with the predictions of general relativity. 


35.9 Relativity in Our Daily Lives: GPS 


While you may argue that most relativistic effects are only important in outer space, at 
impossibly large speeds, or at the beginning of our universe, in one area relativity touches 
all of our lives. This application is the Global Positioning System (GPS), which consists 
of 24 satellites that orbit the Earth (Figure 35.23), at an altitude of about 20,000 km above 
ground, with a period one half of a sidereal day (1 sidereal day = the time for the Earth to 
complete one full rotation so that the stars have the same position again in the night sky = 
86,164.09074 s = (1 - 1/365.2425)(86,400 s); see also Example 9.3). 

GPS operates by having clocks on all satellites synchronized to a very high precision. 
The modern atomic clocks on board these satellites have fractional time stability to typically 
1 part in 10”. By sending synchronized timing signals, the satellites enable users with a GPS 
receiver to determine their own location in space and time. Typically, a receiver can detect 
signals from at least four satellites simultaneously. For each satellite, the receiver’s position 
in space 7, and time t, relative to that of satellite i can be determined from the equation 


£=F =clt.=t|, (35.36) 


Because the positions in time and space of each satellite are known, 
equation 35.36 is an equation with four unknown quantities: the 
three spatial coordinates and the time on the clock of the receiver. 
Detecting four satellites gives us four equations for four unknown 
quantities. This system of equations can be solved and provides 
astonishing accuracy of about 1 m. 

For these equations to hold, we must rely on the second postu- 
late of special relativity. However, other relativistic effects also need 
to be included. The satellites move with speeds of approximately 
4 km/s relative to Earth, and time-dilation effects cause frequency 
shifts in the clocks of 1 part in 10’° (satellite atomic clocks slow by 
about 7 «s/day compared to ground-based clocks), which is about 
1000 times too large to be ignored. In addition, gravitational cor- 
rections due to general relativity are at least of the same magnitude. 
Therefore, a correct use of the theory of relativity is essential for the 
proper functioning of the Global Positioning System. 
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FIGURE 35.23 GPS satellite in orbit. (Image courtesy of Lockheed Martin 


Corporation) 


WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= Light always moves at the same speed, independent 
of the velocity of the source and the observer: 
c = 2.99792458 - 10° m/s. 


= The two postulates of special relativity are: 


(i) The laws of physics are the same in every inertial 
reference frame, independent of the motion of this 
reference frame. 


(ii) The speed of light c is the same in every reference 
frame. 


= ‘The dimensionless quantities B < 1 and y= 1 are 
defined as: 


B= lze and y= 


IE - Ji- 


= Time is dilated as a function of the speed of the 
observer, according to 


At 
Ji - (vic? 


where At, is the time measured in the rest frame. 


At = yAt, = 


= Length in the direction of motion is contracted as a 
function of the speed of the observer, according to 


A 
y 


where L, is the proper length, measured in its rest frame. 


The relativistic frequency shift for light from a moving 
source is 
CFV 
F=f > 


CEK 


and the corresponding wavelength correction is 


ae c 
\cFv 


The red-shift parameter is defined as 


AA ctv 
2 = = 
À CHV 


-1. 


The Lorentz transformation for space and time 
coordinates is 
x'=ylx-vt); y'=y; z'=z; t'=y(t-vxl®). 
The relativistic velocity transformation is 
,_ u-v 
a 
1-vulc 
and the inverse transformation is 
_ utv 
1+ vu'/? 
where all velocities are in the same single direction. 
The rest energy of a particle is Ey = mc’. 


The relativistic expression for the momentum is 
P= ym and for the energy is E = yEy = ymc’. 
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= The relationship between energy and momentum is 
given by P = p'e +m. 


= The Lorentz transformation for momentum and energy is 


Pk = VP, - VEC”); pi, = py; P} = pz; E'= y(E—vp,). 


= The Lorentz invariant 
S=(E +E) -+h e 


is the square of the total available energy in the center- 
of-mass frame. 


KEY TERMS 


aether, p. 1133 

inertial reference frame, 
p. 1134 

light cone, p. 1136 

world line, p. 1137 

space-time, p. 1137 

proper time, p. 1137 

time dilation, p. 1138 


length contraction, p. 1140 
proper length, p. 1140 
relativistic frequency shift, 
p. 1144 
red-shifted, p. 1144 
blue-shifted, p. 1144 
red-shift parameter, 
p. 1144 


NEW SYMBOLS AND EQUATIONS 
p=Ẹë/c 


, speed in units of the speed of light 
y=1/4]1- B’, the relativistic factor 
At = yAtp, time dilation 


L =L,/y, length contraction 


u,u', velocity notation used in relativistic velocity transformation 


p= ym, relativistic momentum 


= The equivalence principle of the theory of general 
relativity states that all local freely falling nonrotating 
laboratories are equivalent for the performance of all 


physical experiments. 
= The Schwarzschild radius of a massive object is given 
by 
_ 2GM 
oe 


Galilean transformation, Equivalence Principle, 


p. 1146 p. 1158 
Lorentz transformation, Schwarzschild radius, 
p. 1146 p. 1159 


invariants, p. 1147 

relativistic velocity 
addition, p. 1148 

rest mass, p. 1151 


black hole, p. 1160 
Global Positioning System 
(GPS), p. 1160 


E = yE = ymc’, relativistic energy 


Ey = mc’, energy of a stationary particle (rest energy) with 
mass m 


Js , total available energy in the center-of-mass frame of 
two colliding particles 


Rs= = , Schwarzschild radius 
c 


ANSWERS TO SELF-TEST OPPORTUNITIES 


35.1 1 light-year = (3.00 - 10° m/s)(365.25 days/year) 
(24 hours/day)(3600 s/hour) = 9.47 - 10° m 


35:2 
5% effect: 


Exact: 8=41-7°? =4/1-(1.05)° =0.31=31% of c 


Approximation: 6 = £20- 1) = V2 (1.05 - 1) =0.32 =33% of c 
50% effect: 


Exact: 8=41-y°? =\/1-(1.50) =0.75=75% ofc. 


ae vt')—vt}= y (x'+ vt')— yvt = x'=> (divide by VY) 
x'+vt'-vt/y=x'l y => (subtract x') 

vt'—vt / y=x'(y” -1)=-x'v / 2 > (divide by v) 
t'-t/y=-x'v/e => (rearrange) 

t'tx'v/e =tly=> (multiply with y) 

t=y(t'+x'v/c). 


' ' or ' 
35.4 gees y(dx'+ vdt') „át = mld 
dt y(dt'+vdx'/c’) 142% 1+ Vu, 
e dt' 2 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 

1. The first step in attacking any relativity problem is to identify 
the information. What are the events involved in the problem? 
What are the reference frames? What is the proper time and 
what is the proper length? Review Section 35.3 and be sure you 
know how to recognize the proper time and proper length. 


SOLVED PROBLEM 35.3 (Same Velocity 
E 
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2. Given the subtleties of relativity theory, checking answers 
is very important. Check that time has dilated and length 
has contracted for a moving reference frame relative to a 
stationary frame. 


3. For dealing with the Lorentz transformation equations, 
be sure to identify the two reference frames, as well as the 
direction of the velocity between them and the velocity of any 
motion within each frame. 


For some purposes, particle physicists need to have beams of electrons that have exactly 


the same velocity as beams of protons. For a proton, m 
mœ = 0.511 MeV. 


PROBLEM 


P 


e = 938 MeV. For an electron, 


If you have a proton beam with kinetic energy 2.50 GeV, what is the required kinetic 


energy for the electron beam? 


SOLUTION 
THINK 


Particles with the same velocity v have the same y. We can write expressions for the elec- 


tron and the proton relating y, the total energy, and the rest mass, solve them for y, and 


Electron 


` m V 


equate them. The total energy of a particle is equal to the rest mass plus the kinetic energy. 


We can then solve for the required kinetic energy of the electron. 


SKETCH 


Figure 35.24 is a sketch of an electron and a proton moving with the same velocity. 


RESEARCH 
We can relate the energy E of a particle and y through 


E=yme. 


o —— 


Proton 


FIGURE 35.24 An electron and a 
proton with the same velocity. 


We can therefore write the energy for an electron as E, = ym,c’ and the energy for a pro- 
ton as E, = ym. We can then equate y for the electron and proton: 


E, _ £,y 


2 2° 
mc Myc 


y= 


The energy of the electron can be written as the sum of kinetic energy and rest energy, 


2 , 2 
E, = K, + mc. In the same way, we write for the proton E, = K, + m,c’. 


SIMPLIFY 
We can combine the preceding equations to get 


K. +m e = Ky tme 
3 A 


2 
MC myc 


Solving this for the kinetic energy of the electron, we obtain 


2 
Kp +m,c 


2 
Myc 


2 


—-m,C . 


K. =m e o 


CALCULATE 

Putting in the numerical values gives us 

2500 MeV +938 MeV 
938 MeV 


K, =(0.511 Mev} 


P 


|- (0.511 MeV) =1.36194 MeV. 


Continued— 
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ROUND 


We report our result with three significant figures, 


DOUBLE-CHECK 


K, =1.36 MeV. 


We can double-check our result by calculating y for the electron and the proton. For the 


electron we have 


For the proton, 


_ 136 MeV +0.511 MeV 


= = 3.66. 
M,C 0.511 MeV 
_ E _ 2.50 GeV +938 MeV _ a 
myc” 938 MeV E 


which agrees with our calculated value for the electron within rounding errors. Thus, our 


result seems reasonable. 


S 


MULTIPLE-CHOICE QUESTIONS 


| 35.1 The most important fact we learned about aether is that: 
a) It was experimentally proven not to exist. 
b) Its existence was proven experimentally. 
c) It transmits light in all directions equally. 
d) It transmits light faster in longitudinal direction. 
e) It transmits light slower in longitudinal direction. 
35.2 If spaceship A is traveling at 70% the speed of light 
relative to an observer at rest, and spaceship B is traveling at 
90% the speed of light relative to an observer at rest, which 
of the following have the greatest velocity as measured by an 
observer in spaceship B? 
a) Acannon shot from A to B at 50% the speed of light as 
measured in A's reference frame. 
b) A ball thrown from B to A at 50% the speed of light as 
measured in B’s reference frame. 
c) A particle beam shot from a stationary observer to B at 
70% the speed of light as measured in stationary reference 
frame. 
d) A beam of light shot from A to B traveling at the speed 
of light in A’s reference frame. 
e) All of the above have the same velocity as measured in 
B’s reference frame. 
35.3 A particle of rest mass my travels at a speed v = 0.20c. 
How fast must the particle travel in order for its momentum 
to increase to twice its original momentum? 
a) 0.40c c) 0.38c e) 0.99c 
b) 0.10c d) 0.42c 
35.4 Which quantity is invariant—that is, has the same 
value—in all reference frames? 


d) space-time interval, 
e (At)* - (Ax)” 


a) time interval, At 
b) space interval, Ax 
c) velocity, v 


35.5 Two twins, A and B, are in deep space on similar 
rockets traveling in opposite directions with a relative 
speed of c/4. After a while, twin A turns around and travels 
back toward twin B again, so that their relative speed is 
c/4. When they meet again, is one twin younger, and if so 
which twin is younger? 

d) Each twin thinks 

the other is younger. 


a) Twin A is younger. 

b) Twin B is younger. 

c) The twins are the same age. 
35.6 A proton with a momentum of 3.0 GeV/c is moving 
with what velocity relative to the observer? 

a) 0.31c c) 0.91c e) 3.2c 

b) 0.33c d) 0.95c 

35.7 A square of area 100 m’ that is at rest in the reference 


frame is moving with a speed 312c. Which of the 
following statements is incorrect? 

a) B= ./3/2 

b) y=2 

c) To an observer at rest, it looks like another square with 
an area less than 100 m’. 

d) The length along the moving direction is contracted by a 
factor of 5. 


35.8 Consider a particle moving with a speed less than 0.5c. 
If the speed of the particle is doubled, by what factor will the 
momentum increase? 

a) less than 2 

b) equal to 2 

c) greater than 2 


QUESTIONS 


35.9 In mechanics, one often uses the model of a perfectly 
rigid body to model and determine the motion of physical ob- 
jects (see, for example, Chapter 10 on rotation). Explain how 
this model contradicts Einsteins special theory of relativity. 


35.10 Use light cones and world lines to help solve the 
following problem. Eddie and Martin are throwing water 
balloons very fast at a target. At t = -13 ps, the target is at 
x = 0, Eddie is at x = -2 km, and Martin is at x = 5 km, and 
all three remain in these positions for all time. The target is 
hit at t = 0. Who made the successful shot? Prove this using 
the light cone for the target. When the target is hit, it sends 
out a radio signal. When does Martin know the target has 
been hit? When does Eddie know the target has been hit? 
Use the world lines to show this. Before starting to draw 
your diagrams, consider: If your x position is measured in 
km and you are plotting t versus x/c, what units must t be in, 
to the first significant figure? 


35.11 A gravitational lens should produce a halo effect and 
not arcs. Given that the light travels not only to the right 
and left of the intervening massive object but also to the top 
and bottom, why do we typically see only arcs? 


35.12 Suppose you are explaining the theory of relativity to 
a friend, and you have told him that nothing can go faster 
than 300,000 km/s. He says that is obviously false: Suppose 
a spaceship traveling past you at 200,000 km/s, which is 
perfectly possible according to what you are saying, fires a 
torpedo straight ahead whose speed is 200,000 km/s relative 
to the spaceship, which is also perfectly possible; then, he 
says, the torpedo’s speed is 400,000 km/s. How would you 
answer him? 


35.13 Consider a positively charged particle moving at con- 
stant speed parallel to a current-carrying wire, in the direction 
of the current. As you know (after studying Chapters 27 and 
28), the particle is attracted to the wire by the magnetic force 
due to the current. Now suppose another observer moves 
along with the particle, so according to him the particle is at 
rest. Of course, a particle at rest feels no magnetic force. Does 
that observer see the particle attracted to the wire or not? How 
can that be? (Either answer seems to lead to a contradiction: If 
the particle is attracted, it must be by an electric force because 
there is no magnetic force, but there is no electric field from 

a neutral wire; if the particle is not attracted, you see that the 
particle is, in fact, moving toward the wire.) 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One e and two ee 
indicate increasing level of problem difficulty. 


Sections 35.1 and 35.2 


35.21 Find the speed of light in feet per nanosecond, to 
three significant figures. 
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35.14 At rest, a rocket has an overall length of L. A garage 
at rest (built for the rocket by the lowest bidder) is only L/2 
in length. Luckily, the garage has both a front door and a back 
door, so that when the rocket flies at a speed of v = 0.866c, 

the rocket fits entirely into the garage. However, according 
to the rocket pilot, the rocket has length L and the garage 
has length L/4. How does the rocket pilot observe that the 
rocket does not fit into the garage? 


35.15 A rod at rest on Earth makes an angle of 10° with the 
x-axis. If the rod is moved along the x-axis, what happens to 
this angle, as viewed by an observer on the ground? 


35.16 An astronaut in a spaceship flying toward Earth’s 
Equator at half the speed of light observes Earth to be an 
oblong solid, wider and taller than it appears deep, rotat- 
ing around its long axis. A second astronaut flying toward 
Earth’s North Pole at half the speed of light observes Earth 
to be a similar shape but rotating about its short axis. Why 
does this not present a contradiction? 


35.17 Consider two clocks carried by observers in a refer- 
ence frame moving at speed v in the positive x-direction 
relative to ours. Assume that the two reference frames have 
parallel axes, and that their origins coincide when clocks at 
that point in both frames read zero. Suppose the clocks are 
separated by distance l in the x'-direction in their own refer- 
ence frame; for instance, x' = 0 for one clock and x' = ! for 
the other, with y' = z' = 0 for both. Determine the readings 

t' on both clocks as functions of the time coordinate t in our 
reference frame. 


35.18 Prove that in all cases, two sub-light-speed velocities 
“added” relativistically will always yield a sub-light-speed 
velocity. Consider motion in one spatial dimension only. 


35.19 A famous result in Newtonian dynamics is that if a 
particle in motion collides elastically with an identical particle 
at rest, the two particles emerge from the collision on perpen- 
dicular trajectories. Does the same hold in the special theory 
of relativity? Suppose a particle of rest mass m and total 
energy E collides with an identical particle at rest, the same 
two particles emerging from the collision with new velocities. 
Are those velocities necessarily perpendicular? Explain. 


35.20 Suppose you are watching a spaceship orbiting Earth 
at 80% the speed of light. What is the length of the ship as 
viewed from the center of the orbit? 


35.22 Find the value of g, the gravitational acceleration at 
Earth’s surface, in light-years per year, to three significant 
figures. 


35.23 Michelson and Morley used an interferometer to 
show that the speed of light is constant, regardless of Earth’s 
motion through any perceived luminiferous aether. An 
analogy can be understood from the different times it takes 


1166 Chapter 35 Relativity 


for a rowboat to travel two different round-trip paths in a 
river that flows at a constant velocity (u) downstream. Let 
one path be for a distance D directly across the river, then 
back again; and let the other path be the same distance D di- 
rectly upstream, then back again. Assume that the rowboat 
travels at constant speed, v (with respect to the water), for 
both trips. Neglect the time it takes for the rowboat to turn 
around. Find the ratio of the cross-stream time divided by 
the upstream-downstream time, as a function of the given 
constants. 


35.24 What is the value of y for a particle moving at a 
speed of 0.8c? 


Section 35.3 


35.25 An astronaut on a spaceship traveling at a speed of 
0.50c is holding a meter stick parallel to the direction of 
motion. 


a) What is the length of the meter stick as measured by 
another astronaut on the spaceship? 

b) Ifan observer on Earth could observe the meter stick, 
what would be the length of the meter stick as measured by 
that observer? 


35.26 A spacecraft travels along a straight line from Earth 
to the Moon, a distance of 3.84- 10° m. Its speed measured 
on Earth is 0.50c. 


a) How long does the trip take, according to a clock on 
Earth? 

b) How long does the trip take, according to a clock on the 
spacecraft? 

c) Determine the distance between Earth and the Moon if it 
were measured by a person on the spacecraft. 


35.27 A 30-year-old says goodbye to her 10-year-old son 
and leaves on an interstellar trip. When she returns to Earth, 
both she and her son are 40 years old. What was the speed 
of the spaceship? 


35.28 Ifa muon is moving at 90.0% of the speed of light, 
how does its measured lifetime compare to when it is in the 
rest frame of a laboratory, where its lifetime is 2.2. 10% s? 


35.29 A fire truck 10.0 meters long needs to fit into a garage 
8.00 meters long (at least temporarily). How fast must the 
fire truck be going to fit entirely inside the garage, at least 
temporarily? How long does it take for the truck to get 
inside the garage, from 


a) the garage’s point of view? 
b) the fire truck’s point of view? 


35.30 In Jules Verne’s classic Around the World in Eighty 
Days, Phileas Fogg travels around the world in, according 
to his calculation, 81 days. Due to crossing the International 
Date Line he actually made it only 80 days. How fast would 
he have to go in order to have time dilation make 80 days 

to seem like 81? (Of course, at this speed, it would take a lot 
less than even 1 day to get around the world... .) 


¢35.31 Suppose NASA discovers a planet just like Earth 
orbiting a star just like the Sun. This planet is 35 light-years 
away from our Solar System. NASA quickly plans to send 
astronauts to this planet, but with the condition that the 
astronauts would not age more than 25 years during this 
journey. 

a) At what speed must the spaceship travel, in Earth’s 
reference frame, so that the astronauts age 25 years during 
this journey? 

b) According to the astronauts, what will be the distance of 
their trip? 

e35.32 Consider a meter stick at rest in a reference frame F. 
It lies in the (x,y) plane and makes an angle of 37° with the 
x-axis. The reference frame F now moves with a constant ve- 
locity of v parallel to the x-axis of another reference frame F'. 


a) What is the velocity of the meter stick measured in F' at 
an angle 45° to the x-axis? 

b) What is the length of the meter stick in F' under these 
conditions? 


¢35.33 A wedge-shaped spaceship has a width of 20.0 m, 

a length of 50.0 m, and is shaped like an isosceles triangle. 
What is the angle between the base of the ship and the side 
of the ship as measured by a stationary observer if the ship 
is traveling by at a speed of 0.400c? Plot this angle as a func- 
tion of the speed of the ship. 


Section 35.4 


35.34 How fast must you be traveling relative to a blue light 
(480 nm) for it to appear red (660 nm)? 


35.35 In your physics class you have just learned about the 
relativistic frequency shift, and you decide to amaze your 
friends at a party. You tell them that once you drove through 
a stop light and that when you were pulled over you did 

not get ticketed because you explained to the police of- 

ficer that the relativistic Doppler shift made the red light of 
wavelength 650 nm appear green to you, with a wavelength 
of 520 nm. If your story had been true, how fast would you 
have been traveling? 


35.36 A meteor made of pure kryptonite (Yes, we know: 
There really isn’t such a thing as kryptonite . . .) is moving 
toward Earth. If the meteor eventually hits Earth, the impact 
will cause severe damage, threatening life as we know it. If 

a laser hits the meteor with wavelength 560 nm, the entire 
meteor will blow up. The only laser powerful enough on 
Earth has a 532-nm wavelength. Scientists decide to launch 
the laser in a spacecraft and use special relativity to get the 
right wavelength. The meteor is moving very slowly, so there 
is no correction for relative velocities. At what speed does the 
spaceship need to move so the laser has the right wavelength, 
and should it travel toward or away from the meteor? 


35.37 Radar-based speed detection works by sending an 
electromagnetic wave out from a source and examining 
the Doppler shift of the reflected wave. Suppose a wave of 
frequency 10.6 GHz is sent toward a car moving away at a 


speed of 32.0 km/h. What is the difference between the fre- 
quency of the wave emitted by the source and the frequency 
of the wave an observer in the car would detect? 


35.38 A HeNe laser onboard a spaceship moving toward 

a remote space station emits a beam of red light toward the 
space station. The wavelength of the beam, as measured by a 
wavelength meter on board the spaceship, is 632.8 nm. If the 
astronauts on the space station see the beam as a blue beam 
of light with a measured wavelength of 514.5 nm, what is 
the relative speed of the spaceship with respect to the space 
station? What is the shift parameter z in this case? 


Sections 35.5 and 35.6 


35.39 Sam sees two events as simultaneous: 


(i) Event A occurs at the point (0,0,0) at the instant 0:00:00 
universal time; 


(ii) Event B occurs at the point (500. m,0,0) at the same 
moment. 


Tim, moving past Sam with a velocity of 0.999c%, also ob- 
serves the two events. 


a) Which event occurred first in Tim’s reference frame? 


b) How long after the first event does the second event 
happen in Tim’s reference frame? 


35.40 Use the relativistic velocity addition to reconfirm that 
the speed of light with respect to any inertial reference frame 
is c. Assume one-dimensional motion along a common x-axis. 


35.41 You are driving down a straight highway at a speed of 
v = 50.0 m/s relative to the ground. An oncoming car travels 
with the same speed in the opposite direction. With what 
relative speed do you observe the oncoming car? 


35.42 A rocket ship approaching Earth at 0.90c fires a 
missile toward Earth with a speed of 0.50c, relative to the 
rocket ship. As viewed from Earth, how fast is the missile 
approaching Earth? 


35.43 In the twin paradox example, Alice boards a space- 
ship that flies to a space station 3.25 light-years away and 
then returns with a speed of 0.65c. 


a) Calculate the total distance Alice traveled during the trip, 
as measured by Alice. 


b) With the aforementioned total distance, calculate the 
total time duration for the trip, as measured by Alice. 


35.44 In the twin paradox example, Alice boards a space- 
ship that flies to a space station 3.25 light-years away and 
then returns with a speed of 0.650c. This can be viewed in 
terms of Alice’s reference frame. 


a) Show that Alice must travel with a speed of 0.914c to 
establish a relative speed of 0.650c with respect to Earth 
when Alice is returning back to Earth. 

b) Calculate the time duration for Alice’s return flight 
toward Earth with the aforementioned speed. 


°35.45 Robert, standing at the rear end of a railroad car of 
length 100. m, shoots an arrow toward the front end of the 
car. He measures the velocity of the arrow as 0.300c. Jenny, 
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who was standing on the platform, saw all of this as the train 
passed her with a velocity of 0.750c. Determine the follow- 
ing as observed by Jenny: 


a) the length of the car 

b) the velocity of the arrow 

c) the time taken by arrow to cover the length of the car 
d) the distance covered by the arrow 


ee35.46 Consider motion in one spatial dimension. For any 
velocity v, define parameter 0 via the relation v = c tanh 0, 
where c is the vacuum speed of light. This quantity is vari- 
ously called the velocity parameter or the rapidity corre- 
sponding to velocity v. 


a) Prove that for two velocities, which add according to 

the Lorentzian rule, the corresponding velocity parameters 
simply add algebraically, that is, like Galilean velocities. 

b) Consider two reference frames in motion at speed v in 
the x-direction relative to one another, with axes parallel 
and origins coinciding when clocks at the origin in both 
frames read zero. Write the Lorentz transformation between 
the two coordinate systems entirely in terms of the velocity 
parameter corresponding to v, and the coordinates. 


Section 35.7 


35.47 What is the speed of a particle whose momentum 
p=me? 


35.48 An electron’s rest mass is 0.511 MeV/c’. 


a) How fast must an electron be moving if its energy is to 
be 10 times its rest energy? 


b) What is the momentum of the electron at this speed? 


35.49 The Relativistic Heavy Ion Collider (RHIC) can pro- 
duce colliding beams of gold nuclei with beam kinetic energy 
of A- 100. GeV each in the center-of-mass frame, where A is 
the number of nucleons in gold (197). You can approximate 
the mass energy of a nucleon as approximately 1.00 GeV. 
What is the equivalent fixed-target beam energy in this case? 
(See Example 35.6.) 


35.50 How much work is required to accelerate a proton 
from rest up to a speed of 0.997c? 


35.51 In proton accelerators used to treat cancer patients, 
protons are accelerated to 0.61c. Determine the energy of 
the proton, expressing your answer in MeV. 


e35.52 In some proton accelerators, proton beams are 
directed toward each other for head-on collisions. Suppose 
that in such an accelerator, protons move with a speed rela- 
tive to the lab of 0.9972c. 


a) Calculate the speed of approach of one proton with 
respect to another one with which it is about to collide 

head on. Express your answer as a multiple of c, using six 
significant digits. 

b) What is the kinetic energy of each proton beam (in units 
of MeV) in the laboratory reference frame? 

c) What is the kinetic energy of one of the colliding protons 
(in units of MeV) in the rest frame of the other proton? 
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¢35.53 The hot filament of the electron gun in a cathode ray 
tube releases electrons with nearly zero kinetic energy. The 
electrons are next accelerated under a potential difference 

of 5.00 kV, before being steered toward the phosphor on the 
screen of the tube. 


a) Calculate the kinetic energy acquired by the electron 
under this accelerating potential difference. 

b) Is the electron moving at relativistic speed? 

c) What is the electron’s total energy and momentum? 
(Give both values, relativistic and nonrelativistic, for both 
quantities.) 


35.54 Consider a one-dimensional collision at relativistic 
speeds between two particles with masses m, and m,. Par- 
ticle 1 is initially moving with a speed of 0.700c and collides 
with particle 2, which is initially at rest. After the collision, 
particle 1 recoils with speed 0.500c, while particle 2 starts 
moving with a speed of 0.200c. What is the ratio m,/m,? 


¢35.55 In an elementary-particle experiment, a particle of 
mass m is fired, with momentum mc, at a target particle of 
mass 22m. The two particles form a single new particle 
(completely inelastic collision). Find: 
a) the speed of the projectile before the collision 
b) the mass of the new particle 
c) the speed of the new particle after the collision 
°35.56 Show that momentum and energy transform from 

P : 1 2 ' 
one inertial frame to another as p, = y(p, - vE/c’); py = Py; 
p= pz E' = y(E - vp,). Hint: Look at the derivation for the 
space-time Lorentz transformation. 
35.57 Show that E’ - p? = E? - pc’, that is, that E? - p’c? 
is a Lorentz invariant. Hint: Look at derivation showing that 
the space-time interval is a Lorentz invariant. 


Sections 35.8 and 35.9 


35.58 The deviation of the space-time geometry near the 
gravitating Earth from the flat space-time of the special 
theory of relativity can be gauged by the ratio ®/c*, where 
® is the Newtonian gravitational potential at the Earth’s 
surface. Find the value of this quantity. 


35.59 Calculate the Schwarzschild radius of a black hole 
with the mass of 

a) the Sun. 

b) a proton. How does this result compare with the size 
scale 10™™ m usually associated with a proton? 


35.60 By assuming that the speed of GPS satellites is ap- 
proximately 4.00 km/s relative to Earth, calculate how much 
slower per day the atomic clocks on the satellites run, com- 
pared to stationary atomic clocks on Earth. 


35.61 What is the Schwarzschild radius of the black hole at 
the center of our Milky Way? Hint: The mass of this black 
hole was determined in Example 12.4. 


Additional Problems 


35.62 In order to fit a 50.0-foot-long stretch limousine 
into a 35.0-foot-long garage, how fast would the limousine 
driver have to be moving, in the garage’s reference frame? 
Comment on what happens to the garage in the limousine’s 
reference frame. 


35.63 Using relativistic expressions, compare the momen- 
tum of two electrons, one moving at 2.00- 10° m/s and the 
other moving at 2.00-10° m/s. What is the percentage differ- 
ence between classical momentum values and these values? 


35.64 Rocket A passes Earth at a speed of 0.75c. At the 
same time, rocket B passes Earth moving 0.95c relative to 
Earth in the same direction. How fast is B moving relative to 
A when it passes A? 


35.65 Determine the difference in kinetic energy of an elec- 
tron traveling at 0.9900c and at 0.9999c, first using standard 
Newtonian mechanics and then using special relativity. 


35.66 Right before take-off, a passenger on a plane flying 
from town A to town B synchronizes his clock with the 
clock of his friend who was waiting for him in town B. The 
plane flies with a constant velocity of 240 m/s. The mo- 
ment the plane touches the ground, the two friends check 
simultaneously the indication of their clocks. The clock of 
the passenger on the plane shows that it took exactly 3.00 h 
to travel from A to B. Ignoring any effects of acceleration: 


a) Will the clock of the friend waiting in B show a shorter 
or a longer time interval? 

b) What is the difference between the readings of the two 
clocks? 


35.67 The explosive yield of the atomic bomb dropped on 
Hiroshima near the end of World War II was approximately 
15.0 kilotons of TNT. One kiloton is about 4.18-10!” J of 
energy. Find the amount of mass that was converted into 
energy in this bomb. 


35.68 At what speed will the length of a meter stick look 
90.0 cm? 


35.69 What is the relative speed between two objects ap- 
proaching each other head on, if each is traveling at speed of 
0.600c as measured by an observer on Earth? 


35.70 An old song contains the lines “While driving in my 
Cadillac, what to my surprise; a little Nash Rambler was 
following me, about one-third my size” The singer of that 
song assumes that the Nash Rambler is driving at a similar 
velocity. Suppose, though, rather than actually being one- 
third the Cadillac’s size, the proper length of the Rambler is 
the same as the Cadillac. What would be the velocity of the 
Rambler relative to the Cadillac for the song’s observation to 
be accurate? 


35.71 You shouldnt invoke time dilation due to your 
relative motion with respect to the rest of the world as an 
excuse for being late to class. While it is true that relative 
to those at rest in the classroom, your time runs more 


slowly, the difference is likely to be negligible. Suppose over 
the weekend you drove from your college in the Midwest to 
New York City and back, a round trip of 2200. miles, driving 
for 20.0 hours each direction. By what amount, at most, 
would your watch differ from your professor's watch? 


35.72 A spaceship is traveling at two-thirds of the speed of 
light directly toward a stationary asteroid. If the spaceship 
turns on it headlights, what will be the speed of the light 
traveling from the spaceship to the asteroid as observed by 


a) someone on the spaceship? 
b) someone on the asteroid? 


35.73 Two stationary space stations are separated by a 
distance of 100. light-years, as measured by someone on one 
of the space stations. A spaceship traveling at 0.950c rela- 
tive to the space stations passes by one of the space stations 
heading directly toward the other one. How long will it take 
to reach the other space station, as measured by someone 
on the spaceship? How much time will have passed for a 
traveler on the spaceship as it travels from one space station 
to the other, as measured by someone on one of the space 
stations? Round the answers to the nearest year. 


35.74 An electron is accelerated from rest through a poten- 
tial of 1.0-10° V. What is its final speed? 


35.75 In the age of interstellar travel, an expedition is 
mounted to an interesting star 2000.0 light-years from Earth. 
To make it possible to get volunteers for the expedition, the 
planners guarantee that the round trip to the star will take 

no more than 10.000% of a normal human lifetime. (At that 
time the normal human lifetime is 400.00 years.) What is the 
minimum speed the ship carrying the expedition must travel? 


°35.76 What is the energy of a particle with speed of 0.800c 
and momentum of 1.00- 10°’ N s? 


°35.77 In a high-speed football game, a running back trav- 
eling at 55.0% the speed of light relative to the field throws 
the ball to a receiver running at 65.0% the speed of light 
relative to the field in the same direction. The speed of the 
ball relative to the running back is 80.0% the speed of light. 


a) How fast does the receiver perceive the speed of the ball 
to be? 

b) Ifthe running back shined a flashlight at the receiver, 
how fast would the photons appear to be traveling to the 
receiver? 


°35.78 You have been presented with a source of electrons, 
MC, having kinetic energy equal to 0.305 times the rest 
energy. Suppose you have a pair of detectors that can detect 
passage of the electrons without disturbing them. You wish 
to show that the relativistic expression for momentum is 
correct and the nonrelativistic expression is incorrect. If a 
2.0-m-long baseline between your detectors is used, what 
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is the necessary timing accuracy needed to show that the 
relativistic momentum is correct? 


35.79 A spacecraft travels a distance of 1.00- 10° light- 
years in 20.0 hours, as measured by an observer stationed 
on Earth. How long does the journey take as measured by 
the captain of the spacecraft? 


35.80 More significant than the kinematic features of the 
special theory of relativity are the dynamical processes that 
it describes that Newtonian dynamics does not. Suppose a 
hypothetical particle with rest mass 1.000 GeV/c’ and ki- 
netic energy 1.000 GeV collides with an identical particle at 
rest. Amazingly, the two particles fuse to form a single new 
particle. Total energy and momentum are both conserved in 
the collision. 


a) Find the momentum and speed of the first particle. 
b) Find the rest mass and speed of the new particle. 


e¢35.81 Although it deals with inertial reference frames, 
the special theory of relativity describes accelerating objects 
without difficulty. Of course, uniform acceleration no longer 
means dv/dt = g, where g is a constant, since that would 
have v exceeding c in a finite time. Rather, it means that the 
acceleration experienced by the moving body is constant: 

In each increment of the body’s own proper time dz, the 
body acquires velocity increment dv = gdr as measured in 
the inertial frame in which the body is momentarily at rest. 
(As it accelerates, the body encounters a sequence of such 
frames, each moving with respect to the others.) Given this 
interpretation: 


a) Write a differential equation for the velocity v of the 
body, moving in one spatial dimension, as measured in 

the inertial frame in which the body was initially at rest 

(the “ground frame”). You can simplify your equation, 
remembering that squares and higher powers of differentials 
can be neglected. 


b) Solve this equation for v(t), where both v and t are 
measured in the ground frame. 

c) Verify that your solution behaves appropriately for small 
and large values of t. 

d) Calculate the position of the body x(t), as measured in 
the ground frame. For convenience, assume that the body is 
at rest at ground-frame time t = 0, at ground-frame position 
gale. 

e) Identify the trajectory of the body on a space-time 
diagram (Minkowski diagram, for Hermann Minkowski) 
with coordinates x and ct, as measured in the ground frame. 
f) For g= 9.81 m/ s’, calculate how much time it takes the 
body to accelerate from rest to 70.7% of c, measured in the 
ground frame, and how much ground-frame distance the 
body covers in this time. 
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Quantum Physics 


FIGURE 36.1 An image taken in near darkness with a night-vision device. 


WHAT WE WILL LEARN 


On the basis of the quantum hypothesis, it is possible 


to derive Planck’s radiation law for the power 
radiated in a given frequency interval. The quantum 
approach avoids the ultraviolet catastrophe that 
makes the classical explanation unphysical at short 
wavelengths (high frequencies), and it contains the 
classical radiation laws as limits. 


What we normally think of as a wave, such as 

light, has particle characteristics. The photoelectric 
effect is explained with the quantum hypothesis 

by saying that light consists of elementary quanta 
called photons. The energy of a photon is equal to its 
frequency times Planck’s constant. 


The Compton effect is the scattering of a high- 
energy photon (X-ray) off an electron. The 
observations for the scattering of X-rays are 
explained by kinematics, which assume that the 
photon has particle characteristics. 
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The Heisenberg uncertainty relation stipulates 

that the product of the uncertainty in momentum 
times the uncertainty of position, measured 
simultaneously, has an absolute lower bound. An 
energy-time uncertainty relation has the same lower 
bound as momentum and position. 


Elementary quantum particles have an intrinsic 
property called spin, which has the dimension of 
angular momentum. Spin is quantized. Particles 
are divided into two categories: fermions with spins 
that are half-integer multiples of Planck’s constant 
divided by 27, and bosons with spins of integer 
multiples of Planck’s constant divided by 27. 


The Pauli exclusion principle states that no two 
fermions can occupy the same quantum state at the 
same time. This means that in any given atom, no two 
fermions can have exactly identical quantum numbers, 
which are numbers that characterize the quantum 


state of the particle. Bosons can condense at low 
temperature in such a way that most of them occupy 
the same quantum state. 


= What we normally think of as matter also has wave 
characteristics. The de Broglie wavelength of a particle 
is defined as Planck’s constant divided by the magnitude 
of the particles momentum and is the fundamental 
wavelength associated with a matter wave. 


Night-vision cameras have become standard equipment for law-enforcement and military 
personnel. They contain lenses and produce images like most optical instruments, but their 
main purpose is to capture dim light and intensify it so users can see images with very little 
light (Figure 36.1). The way the camera works depends not on the ray or wave properties of 
light, but on its photon characteristics, which we will discuss in this chapter. 

When light interacts with material objects, it often reveals a particle-like nature, with 
tiny wave packets called photons interacting with individual atoms or molecules or biologi- 
cal cells. In a night-vision camera, photons are converted to electrical signals in a process 
called the photoelectric effect, and the signals are made stronger by devices called photomul- 
tiplier tubes or microchannel plates. (We discuss the processes underlying these devices in 
this chapter.) Then the resulting electrons are converted back to light by striking a phospho- 
rescent screen. The process amplifies light so we can see images in the dark, but it removes 
some detail and all color information, as you can see in Figure 36.1. 

Does the existence of photons mean that light is not a wave after all? We will see in 
this chapter that the difference between a wave and a particle is not clear-cut. At very small 
scales, waves can act like particles, and particles can act like waves. This discovery led to 
revolutionary changes in our understanding of physics, as far-reaching as the changes in 
space and time described by relativity. The remaining chapters of this book are devoted to 
discussion of these changes—known as quantum physics. 


36.1 The Nature of Matter, Space, and Time 


By now you have probably accepted the notion that matter consists of some constituents, 
called atoms. Originally atoms were thought to be indivisible, hence the name atom, which 
derives from the Greek word atoyos (individual, indivisible). We will see that atoms actu- 
ally do have substructure. They consist of a “cloud” of electrons surrounding a nucleus, 
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which in turn consists of neutrons and protons. Physicists currently believe that electrons 
have no substructure, but protons and neutrons are known to each consist of three quarks, 
held together by gluons (see Section 21.2). These quarks and gluons are also thought to be 
elementary—that is, they are thought to lack substructure. How physicists have arrived at 
these deductions and conclusions is the subject of Chapters 37-40. For now, however, it suf- 
fices to point out that matter is granular—it consists of smallest indivisible pieces. 

What about time and space—are they granular, too? In Chapter 35 on relativity, we 
found some rather surprising results on the connection between time and space. However, 
we have not yet considered the question of whether time or space can be subdivided into 
infinitesimally small quantities. Calculus assumes that time is continuous, not granular, 
because limits of At — 0 are used to arrive at the definitions of velocity and acceleration. 
Energy and momentum are related to each other in ways similar to how space and time 
are related. This immediately raises the question whether energy and momentum are con- 
tinuous quantities, or if some smallest granule of energy and some elementary quantity of 
momentum exist. For example, a spinning ball has rotational kinetic energy. By increasing 
its angular speed, we also increase its kinetic energy. But can we make the increment infini- 
tesimally small, or is there some smallest quantum of energy that we are forced to add? 

Let’s start this investigation by taking another look at light. Light can be considered 
an electromagnetic wave, as shown in Chapter 31. In our studies of light, we first explored 
geometric optics in Chapters 32 and 33, examining image formation with mirrors, lenses, 
and other optical instruments. We considered light as rays only, assuming that light moves 
along straight lines. When we looked in Chapter 34 at physical effects such as interference 
and diffraction, we were forced to invoke the wave character of light. In Chapter 34 we 
found that the wave character of light comes into play only when we explore spatial dimen- 
sions on the order of the wavelength of light, and that ray optics is a very good approxima- 
tion for spatial dimensions that are very large compared to the wavelength. 

Does our previous description of light as an electromagnetic wave suffice to describe all 
the phenomena we can observe? The answer is no, as explained in the following sections. 
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FIGURE 36.2 Volcanic lava emits 
light and is a very good example of a 
blackbody radiator. 


When we talked about thermal radiation in Chapter 18, we introduced the idealized con- 
cept of a blackbody. This idealization can be realized to good accuracy by looking at the 
radiation coming from a small hole in a large cavity kept at a temperature T. If we look 
at the visible light that emerges from such a hole at room temperature, the hole appears 
black because all the light that enters the cavity through the hole is scattered and ultimately 
absorbed by the walls. However, at much higher temperatures this hole begins to glow in 
the visible part of the electromagnetic spectrum. Everyday examples of visible light from 
blackbody radiation include the dull red color of the cooking elements of electric stoves, 
the bright light from the filament of an incandescent light bulb, and the light from the Sun 
(Figure 36.2). 

Let's first briefly review what was known about this blackbody radiation from classical 
wave physics and from empirical observations. The Stefan-Boltzmann radiation law for the 
total intensity I (energy radiated per unit time and unit area) of this blackbody radiation is 


I= | €&(A)dA=oT". (36.1) 
J 


Here e(A) is the spectral emittance (often also called the spectral radiance) as a function of 
wavelength. It is the power radiated per unit area and wavelength, and has the SI units of 
[e(A)] = W m”. The integral extends over all possible wavelengths A from zero to infinity, 
and ø is the Stefan-Boltzmann constant, 


o =5.670400(40)-10°° Wm?K~. 


The most important feature of the Stefan-Boltzmann radiation law (equation 36.1) is that 
the total intensity of the radiation grows with the fourth power of the temperature. 


In 1896 German physicist Wilhelm Wien (1864-1928) empirically derived Wien’s law 
to describe the spectral emittance of a blackbody 
Ewien (à) = Fe AT (approximation for small A), (36.2) 
À 
where a and b are constants. Wien’s law succeeded in describing the spectral emittance of 
blackbodies for short wavelengths but was less successful in describing the spectral emit- 
tance for long wavelengths. The Wien displacement law summarizes another important 
experimental finding about the spectral emittance. It states that the spectral emittance peaks 
at a certain wavelength A,,, and that this wavelength depends on the temperature, 


ÀmT =constant =2.90- 10° Km. (36.3) 


Using the representation of light as an electromagnetic wave, the English physicists Lord 
Rayleigh and Sir James Jeans managed to derive an expression for the spectral emittance of 
this blackbody radiation, 

2ackpgT 
€g (A) = x T 


(approximation for large A). (36.4) 


Here c is the speed of light and kg is Boltzmann's constant, 
kp =1.3806503(24)-10 J/K. 


This solution, however, had one glaring fault: as A — 0, this expression diverges. This prob- 
lem later became known as the ultraviolet catastrophe (recall that ultraviolet radiation has 
small wavelengths). If equation 36.4 were correct for all wavelengths, then the integral in 
equation 36.1 would diverge and the intensity radiated by a blackbody would become infi- 
nite at any temperature. Clearly, this is impossible! However, for large wavelengths the result 
obtained by Rayleigh and Jeans fits the experimental observations. 

In order to provide a formula for the spectral emittance that fits the observations at all 
wavelengths, in 1900 the German physicist Max Planck took a radical step. He proposed 
that the energy contained in light and all other electromagnetic radiation interacts with 
solid objects in discrete bundles. He hypothesized that the energy of a bundle is propor- 
tional to the light frequency, 

E=hf, (36.5) 


where h is Planck’s constant and has the value 
h = 6.62606876(52):10** J s. (36.6) 


We have already introduced the energy unit of electron-volt, 1 eV = 1.602178-10"' J, so 
Planck’s constant can also be expressed in terms of the units eV s: h = 4.13567-10 eV s. 

As you will see later in this chapter, many formulas in quantum physics involve Planck’s 
constant divided by 27. Because this is a relatively common occurrence, it is customary to 
use the notation A to denote this ratio: 


h 
h= ee 1.05457 -10% J s =6.5821-10°° eV s. (36.7) 
T 


The wavelength and frequency of light are still related to the speed via c = Af, so we can also 


write, instead of equation 36.5, r 
E=hf=—. (36.8) 

À 

Planck’s radiation law, found by Planck based on the quantized-energy hypothesis, is 


2h P 
g f)= =. (36.9) 
1 2 efIT L] 

Here I-( f) df is the power (amount of energy per unit time) radiated in the frequency range 
between fand f+ df by a blackbody at temperature T per unit surface area of the blackbody 
opening and per unit solid angle. The name for I,(f) is the specific intensity or spectral 
brightness, and its SI unit is W m” sr! Hz". For now, we just write down Planck’s result, 
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FIGURE 36.3 Blackbody radiating through c 
the small black hole in all directions of the 


hemisphere. 
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FIGURE 36.4 Planck spectral emit- 
tance as a function of wavelength for 
three temperatures: 5800 K, 5400 K, 
and 5000 K, from top to bottom. 


but we will revisit it later at the end of this chapter in order to understand its dependence 
on the frequency and temperature. 

Note that the spectral brightness does not depend on direction. Spectral brightness I-(f) 
can be integrated over the entire hemisphere of all possible directions to give the spectral 
emittance €,(f): 


m/2{ 27 


en(f)= f In(floosed= f fP sin 0cos 6d0 
Q olo 


27 mi2 


=r (f) fae f sin Ocos6d6 
0 0 


=I,(f)2az 
=m]r(f). 


Thus, we find that the spectral emittance is exactly a factor m bigger than the spec- 
tral brightness, 


€r(f)=71;(f). 


The factor cos @ in the first integral is the projection of the normal vector to the hole 
n in the direction of radiation, so cos 0 represents the effective reduction of the unit 
emission area as a function of the polar angle. The integral over the solid angle of the 
hemisphere is a double integral over the angles 0 from 0 to 7/2 and ¢ from 0 to 277 
(Figure 36.3). These integrals are easily executed, as shown, because I7(f) does not 
depend on the angles. Combining equation 36.10 with equation 36.9, 


(36.10) 
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ag 


Se ER (36.11) 
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The spectral emittance €7(f) has the SI units of W m° Hz”. 
We can also write the spectral brightness and spectral emittance as functions of 
the wavelength instead of the frequency. To do this, we use c = Af, so 


df djc c 
TIp(A)=1 =I = ; 
r(A) it r(f) an rU) 
Therefore, the spectral brightness as a function of wavelength is given as 
2h? 


Ir(à)= (36.12) 


X a -1) i 


Its SI units are W m™° sr™. As done above, the spectral emittance can be obtained as a func- 
tion of wavelength by integrating the spectral brightness over all emission angles, resulting 
in a multiplicative factor of 7 and giving 


2rhe? 


e(A)= X (ever E 1) > 


(36.13) 


with SI units of W m™”. All four versions of Plancks law (equations 36.9, 36.11, 36.12, and 
36.13) are equally valid. Care must be taken, however, when talking about the spectral bright- 
ness or the spectral emittance. They differ by a factor of 7, as shown, because the spectral emit- 
tance is the integral of the spectral brightness over all emission angles in the hemisphere. 

Figure 36.4 displays the shape of the Planck radiation law for the spectral emittance 
as a function of wavelength for three temperatures. The top curve is calculated for a tem- 
perature of 5800 K, approximately the surface temperature of the Sun. The emittance 
function has a maximum near a wavelength of 500 nm (green-blue), in accordance with 
the result of equation 36.3, the Wien displacement law. The other two curves are for 5400 K, 
peaking at 540 nm (yellow-green), and 5000 K, peaking at 580 nm (orange). Overlaid in 
this figure are the colors of the visible spectrum. 


DERIVATION 36.1 | Radiation Laws 


Let’s show that Wiens law, the Rayleigh-Jeans law, the Stefan-Boltzmann radiation law, and 
the Wien displacement law can be derived from Planck’s radiation law, equation 36.13. 

Wien’s law: For small values of A, the argument of the exponential function in the 
Planck law becomes large, which allows us to write 


1 hel AkgT 
ehclAkeT _ 4 


We then obtain an expression for Wien’s law as a limiting case of Planck's law: 


2mh? _ Amhe? —he/ AkgT 
25 ( ete a) X i : 


€(A)= 


which has the same dependence on wavelength as equation 36.2, with the constants now 
defined as a = 2thc’ and b = hc/k,. 

Rayleigh-Jeans law: For large values of À, the argument of the exponential function in 
the Planck law becomes small. We can expand the exponential function for small argu- 
ments as e* = 1+ x. In this case, we then have e!/*s" _1~hc/AkgT, and we find for large 
values of the wavelength, 


2ahe? a 2mh?  _ 2ackgT 
(AAT 1) A (he/ AkgT) a 


€(A)= 


> 


which is exactly what we wrote down for the Rayleigh-Jeans law in equation 36.4. 

Wien displacement law: For this law, we need to find the wavelength for which e(A) 
reaches a maximum; that is, we need to take the derivative with respect to the wavelength 
and find the root. The derivative is 


de(A)_ d athe 
dd dr 25 (eT _1) 


10h? 2mh? elt MoT 
6f hc/AkyT 2 
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= -5Ak T gftclAksT silt hce"! eT 9 
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Except for the uninteresting case of T — œ, this expression can be zero only if the numera- 
tor is zero. Therefore, we need to solve 


-5ApkpT (eT 1) heel kT — 9, 


where A, is the value of the wavelength for which the Planck radiation law has its maxi- 
mum. If we substitute u = hc/A,,kgT, then this equation reduces to 


sfe" -1)=ue" =>5-5e"% =u. 


This equation can be solved by simple iteration, such as by using a spreadsheet. The 
trivial root is u = 0 , but we are not interested in this solution, which corresponds to an 
infinite wavelength. Therefore, we start our iteration at a finite value, say 1, and compute 5 
- 5e! = 3.1606. Then we use this new value and insert again, finding 5 - 51806 — 4.7880, 
and so on. You will find that you reach convergence very quickly and obtain 

he he 


u= =4.9651>A,,T = . 
AmkgT kg 4.9651 


Continued— 
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Using the values of the constants h,c,kp, we then find 


AT = 2.898-10° K m, 


which is in complete agreement with the experimentally found value of equation 36.3. 
Stefan-Boltzmann law: To obtain the total intensity radiated, I, we need to integrate 
the Planck radiation law over the wavelength, from zero to infinity. We find: 


36.1 In-Class Exercise: 


The visible spectrum of light extends 
from approximately 380 nm (violet- 
blue) to 780 nm (red). What is the 
corresponding range of photon ener- 
gies in units of electron-volts? 


a) 1.59 eV to 3.26 eV 

b) 2.54 - 107” eV to 5.23- 10°" eV 
c) 0.38 - 10" eV to 0.78 - 10” eV 
d) 190 eV to 390 eV 
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FIGURE 36.5 Comparison of Planck's radiation law, the 
Rayleigh-Jeans radiation law, and Wien’s law (using the 
constants from Derivation 36.1) for T = 5000 K. 
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FIGURE 36.6 Data on the spectral radiance of 

microwave background photons as a function of 

frequency. The blue squares indicate data obtained by 

the COBE satellite, while the red curve is a best Planck 

spectrum fit at a temperature of 2.725 K. 
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Inserting the values for Planck's constant, Boltzmann’s constant, and the speed of light, we 
can verify that the Stefan-Boltzmann constant is indeed given by 


=43 _ =5.6704-10Ê Wm” K*. 


Thus, we see that the radiation law derived by Planck contains the previ- 
ously known radiation laws as special cases, as illustrated in Figure 36.5. 

Planck’s law is consistent with Wien’s law for short wavelengths and 
agrees with the Rayleigh-Jeans law at long wavelengths. This success 
gave immediate acceptance to the Planck radiation law for blackbodies, 
even though it was based on the radical assumption of quantized energy 
states. In particular, one can see from Derivation 36.1 how the quantum 
hypothesis resolves and avoids the classical ultraviolet catastrophe dis- 
cussed earlier (see equation 36.4): For a given frequency f, the energy 
hf is needed to create a photon. As the frequency increases, it becomes 
less and less likely that the system can supply the energy needed for the 
creation of a photon. This leads to a cutoff at high frequencies and thus 
at low wavelengths, in agreement with observations. Thus, the observed 
avoidance of the ultraviolet catastrophe is a direct consequence of the 
quantum nature of light. 

The most stunning example of a blackbody spectrum is obtained by 
looking at the cosmic background radiation. This radiation is a remnant 
of the Big Bang and is astonishingly uniform in the entire universe. The 
COBE satellite mission in 1990 and more recently the WMAP satellite 
mission have proven this in amazing detail. As indicated in Figure 36.6, 
the COBE mission found that the cosmic background radiation is that of 
a perfect blackbody at a temperature of 2.725+ 0.001 K; that is, the entire 
universe is a perfect blackbody radiator. George Smoot and John Mather, 
the leaders of the COBE team, received the 2006 Nobel Prize in Physics for 
the achievements of this satellite mission. (A more detailed discussion of 
the cosmic background radiation is presented in Chapter 40.) 

Just as blackbody radiation was used to measure the temperature 
of the universe, blackbody radiation can be used to measure the tem- 
perature of objects without physically touching them. If an object is hot 
enough, it will radiate photons in the visible range, as discussed at the 
beginning of this section. For example, the temperature of molten iron in 
a steel factory can be measured by analyzing the photons radiated from 
the red-hot molten iron. Objects close to room temperature radiate pho- 
tons mainly in the infrared range. Modern infrared thermometers can be 
used to measure a persons temperature by observing the infrared radia- 
tion from the person’s eardrum. Infrared thermometers are also used to 
measure the temperature of food and electrical components. 
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36.3 Photoelectric Effect 


Planck’s hypothesis of some smallest possible discrete energy quanta was originally viewed 
as a computational construction, not as a real revolution in physics. This view changed, 
however, in 1905, with Einstein’s explanation of the photoelectric effect. Einstein solved the 
puzzle of the photoelectric effect by proposing that light behaves as if it consists of localized 
bundles, or quanta, of energy-light. The photoelectric effect was originally discovered by 
Heinrich Hertz in 1886 and definitively demonstrated in 1916 by Robert A. Millikan, who 
quantitatively verified all of Einstein’s predictions. Einstein’s explanation of the photoelec- 
tric effect earned him the 1921 Nobel Prize in Physics. The quantized nature of light was 
conclusively demonstrated in 1923 by Compton, as we will see in Section 36.4. The Ameri- 
can chemist Gilbert Lewis (1875-1946) coined the term photon in 1926 referring to these 
quanta of energy-light. For the remainder of this chapter, photons will be referred to as the 
quanta of light and all electromagnetic radiation. 

In the photoelectric effect, light is able to knock electrons out of the surface of a suit- 
able metal, creating an electric current. To see a practical application of the photoelectric 
effect, we have to look no further than the door of an elevator. How does this door sense 
that someone is standing in the opening? The answer is a photosensor, which usually con- 
sists of a light source and a light receptor utilizing the photoelectric effect. Ifan object, such 
as a person, is located between the light source and the receptor, the receptor no longer 
receives light and triggers electric switches to keep the elevator door open. The same prin- 
ciple applies to modern garage-door openers, which are required to use a photosensor to 
avoid crushing a person with the garage door on the way down. 

A series of experiments can be performed to examine the photo- 
electric effect. Figure 36.7 shows the basic setup. On the left side is a 
light source, which could be a light bulb as shown or a light-emitting 
diode (which is utilized in many photocircuits) or just plain sunlight. Light source 
On the right side is a photosensor, consisting of a piece of metal (cath- 
ode, rectangular shape) and a metal plate (anode, black line) housed in \ 
an evacuated glass container. A metal often used for the photosensor is 


Light filter 


cesium. This photosensor is part of a circuit with a voltage source and an 
ammeter. Between the light source and the photosensor is a filter that lets 
only one color of light through (blue in this case). Experiments yield the | 


following observations: 


= With voltage set at V = 0 and a blue filter, a current is detectable 
in the ammeter. This indicates that electrons are crossing the gap 
between the photo-metal and the other plate. If the intensity of the 
light is increased, the measured current rises as well, indicating 
that more electrons move across the gap. 


electric effect. 


= With a red filter, no current is detectable in the ammeter. This finding does not 
change as a function of the light intensity. 


= With a blue filter and a positive value V, the current flowing through the ammeter rises. 
As voltage is changed to increasingly more negative values, the current measured in the 
ammeter is gradually reduced and then stops at some threshold value of the voltage. 


From these experiments, one can conclude that electrons must get released from the sur- 
face of the metal by the light striking it. These electrons must have a kinetic energy, and 
the maximum of this kinetic energy can be measured by applying a negative voltage to the 
anode (top plate). The electrons need to overcome this voltage to cross the gap from the 
photocathode to the anode plate. If the electrons (charge q = -e) start with a maximum 
kinetic energy of K max from the surface of the cathode and just reach the anode with zero 
kinetic energy after overcoming a potential of V = - V, then, from the work-energy theo- 
rem, we find: 


W =AK + AU =(0- Ky) + ((-€)(-V) -0) = — Kina + Vo =0 => 
eV) = K nax =i mva: (36.14) 


Evacuated 
glass Anode 
container 
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Cesium cathode 


FIGURE 36.7 Schematic circuit diagram for the photo- 
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(The nonrelativistic approximation mv’ for the kinetic energy of the electrons can be 
used here, because the electrons are moving slowly in this case.) The potential Vp is called 
the stopping potential, and for a given material it depends on the color of the light, which 
implies a frequency dependence of the stopping potential. Careful measurements reveal a 
linear dependence of Vo on the frequency f. In addition, below a certain frequency the stop- 
ping potential becomes zero. Light with a lower frequency is not able to give the electrons 
in the photocathode enough energy to escape from its surface. 

The key conceptual problems from the viewpoint of classical wave physics can be sum- 
marized as follows: 


= Classically, a beam of light of any frequency can eject electrons from a metal, as long 
as the light has enough intensity. However, observations show that the incident light 
beam must have a frequency greater than the minimum value fmin regardless of its 
intensity. Einstein’s explanation was that energy of the energy-light quantum (now 
called a photon) is proportional to frequency, E = hf. 


= Classically, the maximum kinetic energy of ejected electrons should increase with 
increasing intensity of the light beam. However, observations show that increasing 
the intensity of the light beam increases the number of electrons ejected per second, 
not their energy; only increasing the frequency of the light increases the energy of 
ejected electrons. 


The physical picture of the photoelectric effect is that a photon with an energy deter- 
mined by equation 36.5 hits an electron at the surface of the metal and ejects it from the 
material, provided the electron gains sufficient energy to overcome the electron’s attraction 
to the material. 

For a given material, a minimum energy is required to free an electron from its surface. 
This minimum energy is called the work function, ¢, and is a constant for a given material. 
The maximum kinetic energy that an electron can have after the collision with the photon 
and being freed from the metal surface is then K max = hf -. Because K nax cannot be nega- 
tive, this equation tells us that there is a minimum (threshold) light frequency 


Jan = pih (36.15) 


necessary for the photoelectric effect to occur, consistent with the experimental results. 
Table 36.1 shows work functions and corresponding threshold frequencies and cutoff wave- 


for Common Elements 


EOE Work Functions and Corresponding Minimum Frequencies and Maximum Wavelengths 


Element ¢ (eV) fmin (107° Hz) Amax (NM) Element ¢ (eV) fmin (107° Hz) Amax (NM) 
Aluminum 4.1 0.99 302 Magnesium Bui 0.89 335 
Beryllium 5 121 248 Mercury 4.5 1.09 276 
Cadmium 4.1 0.99 302 Nickel 5 IEZ 248 
Calcium 2S) 0.70 428 Niobium 4.3 1.04 288 
Carbon 4.8 1.16 258 Potassium Deg) 0.56 539 
Cesium Dell 0.51 590 Platinum 6.3 152 197 
Cobalt 5 EDA 248 Selenium Sll I 25 243 
Copper 4.7 1.14 264 Silver 4.7 1.14 264 
Gold Spil 123 243 Sodium 25 0.56 599 
Iron 4.5 1.09 276 Uranium 3.6 0.87 344 
Lead 4.1 0.99 302 Zinc 4.3 1.04 288 


lengths for various materials. Using the connection between the maximum kinetic energy 
and the stopping potential in equation 36.14, we then find for the frequency dependence of 
the stopping potential in the photoelectric effect, 


eV, =hf -¢. (36.16) 


EXAMPLE 36.1 | Work Function 


Suppose you are using a circuit as depicted on the right side of Figure 36.7 and you have a 
photosensor with an unknown material as the photocathode. When using light of wave- 
length 250 nm (ultraviolet), you find that you have to apply a stopping potential of 2.86 V 
to eliminate the current. When using light of wavelength 400 nm (blue-violet), you 
measure a value of 1.00 V for the stopping potential, and using a wavelength of 630 nm 
(orange) you measure a stopping potential of 0.130 V. 


PROBLEM 
What is the value of the work function of this material? 


SOLUTION 

It is perhaps easiest to solve this problem in graphical form. Equation 36.16 shows that 
the stopping potential, the work function, and the frequency have a linear relationship, 
and because linear relationships can be drawn as straight lines, it is best to convert the 
given wavelengths into corresponding frequencies by using f= c/A. We then plot the stop- 
ping potential Vj as a function of frequency for the three given data points (Figure 36.8). 
When we fit a straight line through these data points, the line gives us a value of -2.1 V at 
f= 0. Using equation 36.16, we then find for the work function: 


eVo( f =0)=-d=> h=-eV( f =0) =-e(-2.1 V) =2.1 eV. 


Looking at Table 36.1, we can see that the material used for this photosensor is probably 
cesium, the material with the lowest work function of all elements listed. 


Chapter 35, on relativity, showed that the momentum and energy of any particle are 
related by E? = p’c’ + mct. A photon has zero mass, so its energy and momentum are 
related by E = pc. (When the symbol p is used with no arrow, it means the magnitude of the 
momentum; however, we may refer to p simply as the momentum.) For the momentum of 
a photon, we can then write, from equation 36.8: 


_E_hf_h 
coc À 


‘Thus, we see that momentum and energy ofa photon are both proportional to the frequency 
and inversely proportional to the wavelength of the corresponding electromagnetic radia- 
tion. A photon acts like a particle, even though it is described by a frequency. Light acts like 
a wave even though it consists of particles called photons. This wave-particle duality of 
light is conceptually hard to grasp, and it kept physicists and philosophers busy for the first 
part of the 20th century. 

Several practical problems are associated with detecting single photons of visible light. 
First, as just shown (In-Class Exercise 36.1), each photon has energy only in the range between 
1.6 and 3.3 eV. Expressed in SI units, this is in the range between 2.6-10""” and 5.2-10°'’J—a 
very small amount of energy. Even the best photocathodes have a quantum efficiency of only 


(36.17) 
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FIGURE 36.8 Applied stopping 
potential as a function of the frequency 
of light for a particular photosensor 
material. 


36.1 Self-Test Opportunity 


Assuming that the work function in 
Example 36.1 indeed has a value of 
2.1 eV, calculate the maximum ki- 
netic energy that emitted electrons 
can have in the three given cases 
of light of different wavelengths 
incident on the photosensor. 
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30% or less for a photon in this energy range, meaning that at most only 30% of the photons 
hitting the photocathode actually manage to knock out an electron. Second, one liberated 
electron represents only a very tiny charge and thus only a very tiny current. To register an 
easily measurable current, many electrons need to be generated from each photoelectron. 
Many practical devices accomplish this with photomultiplier tubes. 

A photomultiplier tube makes use of the fact that an electron that hits a 
metal surface with kinetic energy on the order of 100 eV usually knocks out sev- 
eral electrons in the process. Therefore, a photocathode and an anode are com- 
bined in an evacuated glass tube with several intermediate plates, called dynodes. 
Each dynode is kept at a potential difference of several hundred volts relative to 


Photocathode 
= 


A} ®© its neighbors (Figure 36.9). Commercially available photomultiplier tubes have 

V chains of up to n = 14 dynodes, and each dynode produces on average ņ electrons 

FIGURE 36.9 Schematic drawing of a for each electron that hits it, where ņ can have values of up to 3.5. The total gain 
photomultiplier tube. The blue arrow repre- of such a photomultiplier tube is then n”. For n = 14 and ņy = 3.4, for example, this 
sents a single photon, and the red arrows effect results in a gain factor of 2.76- 10’—that is, almost 28 million electrons are 
represent electrons. produced at the anode for each photoelectron knocked out of the photocathode by a 


single photon. 

Another application of the detection of photons is night-vision devices, technology 
mentioned in the opening of this chapter. A schematic drawing of a night-vision device is 
shown in Figure 36.10. 

A night-vision device uses a photocathode much like a photomultiplier tube. However, 
in this case the entire image is focused on the photocathode by the objective lens. The inci- 
dent photons cause the photocathode to release electrons. A potential difference of around 
1000 V accelerates these electrons into a microchannel plate that contains an array of mil- 
lions of channels that function like miniature photomultiplier tubes, multiplying the num- 


FIGURE 36.10 A night-vision 
device produces an intensified image of 
an object in low-light conditions. 
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ber of electrons by a factor of around 10*. A second potential difference of around 1000 V 
between the microchannel plate and a phosphor screen accelerates the multiplied electrons 
so that they hit the screen and cause the emission green light where they strike the screen, 
forming an intensified image. This light is then focused by the eyepiece to produce an image 
like the one shown in Figure 36.1. This night-vision device works by amplifying low light 
levels. There is another type of night-vision device that uses infrared light emitted by warm 
objects to observe those objects in the dark. 

Other methods are also used to detect single photons and convert them into an electric 
signal. Most notable among these are charge-coupled devices (CCDs) and complementary 
metal oxide semiconductor (CMOS) devices, which form the basis of every digital camera 
and video recorder in stores now. However, an understanding of the physics underlying a 
CCD or a CMOS device requires study of semiconductors. Chapter 38 on atomic physics 
will explain how a CCD works. 


EXAMPLE 36.2 | Photons from a Laser Pointer 


Any object that you see emits photons that travel from this object to your retinas, where 
the photons trigger electric signals that are sent to your brain. Let’s look at a light source 
to begin to understand the numbers of photons involved. 


PROBLEM 
What is the approximate number of photons emitted per second by a 5.00-mW green 
laser pointer? 


SOLUTION 
Green laser pointers usually operate at a wavelength of 532 nm. (Later in this chapter we 
will see the reason for this value.) A wavelength of 532 nm corresponds to a frequency of 
_ c _ 2,998-10° m/s 
A 532-10” m 


With Planck's hypothesis, E = hf, we can now calculate the energy contained in one single 
photon emitted by the green laser pointer: 


=5.635-10!4 Hz. 


E=hf =(6.626-10 ™ J s)(5.635-10'*s"')=3.73-10°” J. 


Because the laser pointer is rated at 5.00 mW, it emits 5.00 mJ of energy each second. The 
number of photons emitted in each second is therefore 
-3 
n= e =1.34-10'°, 
3.73-10 ° J 


In other words, this little handheld laser pointer emits over thirteen million billion pho- 
tons each second! 


DISCUSSION 
The value of Planck’s constant has already been given in units of eV s, so the energy of a 
single photon emitted from this green laser pointer can be expressed in these units as well: 


E=hf =(4.13567-10" eV s)(5.635-10'*s') =2.33 eV. 


Now you may begin to grasp the usefulness of the energy unit eV for dealing with atom- 
ic and quantum phenomena. The typical energy scale for processes in this realm is the 
electron-volt. 
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36.2 In-Class Exercise 


You have a source of light with a 
given intensity and wavelength. 
You reduce the wavelength while 
leaving the intensity the same. 
Which of the following statements 
is true? 


a) You will obtain more photons 
per second from the light source. 


b) You will obtain fewer photons 
per second from the light source. 


c) The number of photons emitted 
per second will remain the same, 
but the energy of each one is 
reduced. 


d) The number of photons emitted 
per second will remain the same, 
but the energy of each one is 
increased. 


e) The number of photons emitted 
per second will remain the same, 
each one will move slower. 


36.2 Self-Test Opportunity 


Calculate the number of photons in 
the visible spectrum emitted each 
second by our Sun. To solve this 
task, you need to know that the 
Sun’s radiation has an intensity of 
1370 W/m? on Earth, which is at a 
distance of 148 million km from the 
Sun. From this information you can 
calculate the total power output 

of the Sun. Then, from examining 
Figure 36.4, you can see that ap- 
proximately + of the photons in the 
Sun’s radiation are in the visible 
spectrum. 
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36.4 Compton Scattering 


FIGURE 36.11 Momentum conser- 


vation in Compton scattering. 


The discussion of the electromagnetic spectrum in Chapter 31 characterized X-rays as 
those electromagnetic waves with frequencies approximately 100 to 100,000 times higher 
than visible light. Using our present picture of the electromagnetic spectrum consisting 
of photons, we see that X-ray photons have energies of hundreds to hundreds of thou- 
sands of electron-volts. X-rays can be produced by accelerating electrons to several thou- 
sand electron-volts (several keV) of kinetic energy and then shooting them into a metal 
foil. The deceleration of the electrons in the foil creates the X-rays. These X-rays are called 
Bremsstrahlung, which is the German word for deceleration radiation. (Another process 
also occurs in which atoms become excited and then emit X-rays of certain energies; this 
process is discussed in Chapter 37.) Classical electromagnetic theory can make certain 
predictions for electromagnetic radiation from accelerated charges, but a complete under- 
standing really requires a theory called quantum electrodynamics, developed in the 1950s 
by American physicists Julian Schwinger (1918-1994) and Richard Feynman (1918-1988) 
and Japanese physicist Sin-Itiro Tomonaga (1906-1979), for which they shared the 1965 
Nobel Prize in Physics. 

For now, consider what happens when an X-ray scatters off an electron. First, what 
does the wave picture of light predict? If a wave hits a stationary small object like an elec- 
tron, Huygens’s Principle tells us that a spherical wave originates from the object, scat- 
tering (reflecting) the incoming wave. The scattered wave has the same frequency and 
wavelength as the incoming wave. However, in 1923, American physicist Arthur Holly 
Compton (1892-1962) discovered that X-rays scattered off electrons at rest produced 
X-rays with longer wavelengths than the original X-rays. A larger wavelength implies 
a smaller frequency, and thus a lower energy and momentum for the X-ray photons, 
according to equation 36.8. 

If one accepts that light photons have particle-like properties of momentum and 
energy, then the interaction of an X-ray and an electron can be analyzed just like the 
scattering of one billiard ball off another. Because photons move with the speed of light, 
and because the X-ray energies are not negligible compared to the mass of the electron, 
we have to employ relativistic dynamics (Chapter 35) and cannot simply employ the 
formulas developed in Chapter 7 on momentum and collisions. However, what stays 
the same is that conservation laws of energy and momentum are used to arrive at the 
desired result. 

Let’s call the energy of the X-ray photon before the collision E and after the colli- 
sion E'. Then the magnitudes of the corresponding photon momenta before and after 
the collision are p = E/c and p' = E'/c. The electron has no momentum before the colli- 
sion because we assume it is at rest. During the collision, it receives a momentum p,. A 
diagram of the scattering process is shown in Figure 36.11. The energy of the electron 
before the collision is simply its rest energy m,c’, and its energy after the collision is 


2 
E,= (p.c) + (mc?) . 
Energy and momentum conservation during the collision then imply 
P'+ Pe =P (36.18) 
E'+E,=E+m,c. (36.19) 


Derivation 36.2 shows that the final wavelength of the X-ray can be expressed as 


a =A+—*(1-cos6), (36.20) 
m,C 
where 0 is the angle between the incoming and outgoing photon. This is the formula for 
Compton scattering, linking the wavelength of the photon after scattering to the wave- 
length of the incoming photon. 


DERIVATION 36.2 { Compton Scattering 


To derive equation 36.20, we isolate p, in equation 36.18 and E, in equation 36.19. For the 
first equation, this results in p, = p- p'. Square both sides, to obtain 

E FRS 2 1 ' . 

pe =(P-P') =p’ + p?-2pp'cosd. (i) 
Rearranging and taking the square of each side for equation 36.19 yields 
E,=E-E'+mc > 
2 
E =(E-E'+mc?] => 
2 
ae +é = (E - E') +mci+ 2(E - E'\m,c’, 

where we have made use of the relativistic energy-momentum relation E} = p,’c° + m?c 


(see Section 35.7) on the left-hand side of the last line of this calculation. We can also use 
the relation between momentum and energy E = pc for the photon and obtain 


pee tmict =(p-p') P +m +2(p-p')m,c’. 
Subtracting the term m,’c* from both sides and then dividing by a common factor c’ gives 
2 \2 1 is 
pe =(p-p') +2(p-p')me. (ii) 


Equations (i) and (ii) have the same left-hand side, and so their right-hand sides must be 
equal as well: 


p + p?-2pp'cosd=(p-p') +2(p-p'\m,c. 
Using (p - p')’ = p? + p° - 2pp’, we then get 
pP + p?-2pp'cos =p’ + p”-2pp'+-2(p- p')m,c=> 
2pp'(1-cos0) =2(p-p')me. 


Now we use the relationship in equation 36.17 between photon momentum and wave- 
length, p = h/A, and find 


24" (1 - cose) =f tle —* (1-cosé) =X'-d, 
AA A À M,C 


which is the result stated in equation 36.20. 


The ratio of the constants h/m,c has the dimension of a length, as can be seen from equation 
36.20. This characteristic of an electron is called the Compton wavelength of the electron 
and has the value 

h 6.626-10% Js 


mc (9.109-10-*! kg)(2.998-10° m/s) 


=2.426-10°? m. (36.21) 


EXAMPLE 36.3 { Compton Scattering 


An X-ray with a frequency of 3.3530-10’” Hz strikes a metal foil and the scattered photon 
is detected at an angle of 32.300 degrees relative to the direction of the original X-ray. 


PROBLEM 
What is the energy of the incoming photon and that of the scattered photon, in units of eV? 


Continued— 
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36.3 Self-Test Opportunity 


The electrons inside a metal are not 
quite at rest, but have kinetic ener- 
gies of a few eV. Why is it permis- 
sible to assume that the electron 

is at rest in the derivation of the 
Compton scattering formula? 
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SOLUTION 

First, let us work on the incoming photon. Converting its frequency into energy is a 
straightforward application of E = hf. Since we want to know the answer in units of eV, we 
should use the value of Planck’s constant in units of eV s: 


E=hf =(4.13567 -10™ eV s)(3.3530-10"° s!)=1.3867-10° keV = 138.67 keV. 


In order to find the energy of the scattered photon, we need to use the Compton scatter- 

ing result (see Figure 36.11). For this equation, we need the wavelength of the incoming 
photon, which we can obtain from the frequency via 

| c _ 2.9979-10* m/s 

Ff  3.3530-10" s* 


Now we use the result we obtained for the scattering of a photon off an electron, including 
the value of the Compton wavelength (equation 36.23): 


= 8941-10? m. 


eA a -cos0) = (8.941 10°? m)+ (2.426-10-” m)(1 - cos(32.300°)) 
m,c 


\'=9.3164-107 m. 
Converting this new wavelength back into energy results finally in 


hc _ (4.13567-10™ eV s)(2.9979-10° m/s) 


E'= ' 12 
A 9.3164-10™ m 


=133.08 keV. 


PROBLEM 

What is the kinetic energy of the electron after the collision? What is the magnitude of the 
momentum of the electron after the collision? Assume that the incoming photon traveled 
along the positive x-axis, that the scattering event takes place in the xy-plane, and use 
momentum units of keV/c. 


SOLUTION 

Energy is conserved in this scattering event of a photon off an electron. (This comes as no 
surprise, because energy conservation was one of the starting principles in the derivation 
of the Compton scattering formula.) Thus, the kinetic energy that the electron receives in 
this scattering process is simply equal to the energy loss endured by the photon: 


K, = E- E' =138.67 keV -133.08 keV =5.59 keV. 


The total energy of the electron is its kinetic energy plus its rest energy, m,c’, 


E, =K; +m, = NAA tmt. 


Solving this equation for the absolute value of the momentum vector of the electron, we 
then find 


1 1 2 1 
Pe =E - mc! = 1 Mx, +m.) -mí =- K? +2K,m,c? =75.79 keV/c. 
c ç c 


ALTERNATIVE SOLUTION 
The electron momentum can also be obtained using momentum conservation: 
Pe=P-P'. 
Because we have calculated the energy of the photon before and after the collision, we can 
obtain the magnitudes of the initial and final photon momentum vectors in units of keV/c: 
p=Elc=138.67 keV/c 
p' =E'/c =133.08 keV/c. 


The initial photon momentum, p, only has an x-component, because we assumed that it 
traveled along the positive x-axis. It follows that 


Px =138.67 keV/c 
Py =0. 


The angle of the outgoing photon was specified in the initial setup of the problem as 32.300 
degrees. We then obtain for the Cartesian components of the final momentum vector 


Px =(133.08 keV/c)cos(32.300°) =112.49 keV/c 
Py =(133.08 keV/c)sin(32.300°) = 71.11 keV/c. 


Thus, we have for the components of the electron momentum, 
Pex = Px — Py =138.67 keV/c - 112.49 keV/c = 26.18 keV/c 
Pe,y = Py — Py =-71.11 keV/c. 


Now we can obtain the absolute value of the momentum vector of the electron by our 
usual procedure of taking the square root of the sum of the squares of the components, 


Pe = feet Bey =75.78 keV/c. 


This is the same result as above, showing that our two methods of solution are consistent 
with each other. 
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36.4 Self-Test Opportunity 


Why do you have to have X-rays to 
observe the Compton effect? Can 
you explain why the Compton effect 
would not be observable for visible 
light? 


36.5 Matter Waves 


So far, we have established that photons are the quantum particles of light and of all other 
electromagnetic radiation. However, everything we have said about the wave nature of light 
is still true; for example, we can demonstrate interference and diffraction, which are typical 
wave phenomena. Looking at light as quantum particles does not invalidate the wave pic- 
ture of light, just as the ray picture of light can be seen as a special limiting case of the more 
general wave description of light. 

Given the quantum character of light and the particle character of electromagnetic 
waves, do things that we ordinarily think of as particles, like electrons and atoms, also have 
wave properties? This is exactly what Prince Louis de Broglie (1892-1987), a French gradu- 
ate student at the time, proposed in 1923. His Ph.D. thesis, all of two pages long, contained 
this hypothesis and it won him the Nobel Prize in Physics in 1929. 

If particles have wave character, then what is the appropriate wavelength? For light, we 
found (equation 36.17) that the momentum of a photon is p = h/A. Thus, de Broglie tried 
the same for particles and proposed as the relevant wavelength for matter waves, 


2 
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(36.22) 


This wavelength, the de Broglie wavelength, depends on the mass m and speed v of a par- 
ticle. Equation 36.22 used the relativistic form of the momentum, p = mvy, but the literature 
often presents the nonrelativistic approximation 


h i MENE 
A=— (nonrelativistic approximation), 
mv 


(36.23) 


described as the de Broglie wavelength. As Figure 36.12 shows for the case of an electron, 
up to speeds of 40% of the speed of light the nonrelativistic approximation is very close to 
the exact result in equation 36.22. 

As you can see from Figure 36.12, the de Broglie wavelength of an electron, even one 
moving at 10% of the speed of light, is on the order of one-tenth of a nanometer. What are 
typical de Broglie wavelengths for macroscopic objects? Example 36.4 shows a calculation. 


EXAMPLE 36.4 | De Broglie Wavelength of a Raindrop 


Raindrop sizes vary from approximately 0.50 mm diameter to 5.0 mm diameter. At the 
lower end of this size range, they fall with speeds of 2 m/s; at the upper end, with speeds 


up to 9 m/s. Continued— 
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FIGURE 36.12 De Broglie wave- 
length of an electron as a function 
of its speed. Red: exact result; gray: 
nonrelativistic approximation. 
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36.3 In-Class Exercise — 


Which of the following statements 
is true? 


a) More massive and faster 
objects have bigger de Broglie 
wavelengths than less massive 
and slower ones. 


b) Less massive and faster 
objects have bigger de Broglie 
wavelengths than more massive 
and slower ones. 


c) More massive and slower 
objects have bigger de Broglie 
wavelengths than less massive 
and faster ones. 


d) Less massive and slower 
objects have bigger de Broglie 
wavelengths than more massive 
and faster ones. 
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36.5 Self-Test Opportunity 


Produce a plot of the de Broglie 
wavelength of an electron as a 
function of its kinetic energy, for 
kinetic energies between 1 and 
1000 eV. Is there a visible differ- 
ence in this range of energies if you 
use a nonrelativistic approximation 
of p =42mK? 


FIGURE 36.13 Double-slit interfer- 
ence for light. 


PROBLEM 
What is the range of de Broglie wavelengths for raindrops? 


SOLUTION 


The mass and diameter of a raindrop are related via 
m=Vp= nrp = 1ard*p, 


where p is density, r is radius, and d is diameter of a drop. The density of water is p = 
1000 kg/m’, so the mass ofa d = 0.50 mm drop is 6.5- 10° kg, and the mass of ad = 5.0-mm 
drop is 6.5- 107 kg. 

For the extremely small speeds under consideration in this example, we are easily jus- 
tified in using the nonrelativistic approximation A = h/mv for the de Broglie wavelength. 
We then obtain for the smallest raindrop 


h 6626-10" Js 
mv (6.5-10® kg)(2 m/s) 


A= =5:107 m 


and for the largest raindrops A = 1-10% m. 


DISCUSSION 

Even the smallest and slowest-moving raindrops have de Broglie wavelengths that are many 
orders of magnitude smaller than diameters of individual atoms, which are approximately 
10™ m. Thus, we can safely ignore all implications of matter waves for macroscopic ob- 
jects. Any object that is big enough for us to see it with the unaided eye, and that moves fast 
enough that we can discern some kind of motion at all, has a de Broglie wavelength so small 
that it rules out any observation of quantum wave phenomena for this object. 


As we have seen in the Compton scattering example, the kinetic energy-momentum rela- 
tionship is given by 


1 1 
p= H -mÅ -1 (K+m?} -mt =+ [Kk +2Kmc’. 
c c c 


Therefore, the de Broglie wavelength can also be written as a function of the kinetic energy 


of a particle: 
h hc 


P VR? +2Kme? 


A= 


So far we have discussed only the theoretical possibility of matter waves, simply by following 
de Broglie’s postulate. Where is the experimental proof? Before we show this proof, it is helpful 
to go back to Chapter 34, the chapter on wave optics, and see what makes a wave a wave. 


Double-Slit Experiment for Particles 


To provide experimental evidence for the existence of matter waves, it is necessary to show 
that objects such as electrons, neutrons, protons, or whole atoms, which have mass and are 
normally thought of as particles, can exhibit wavelike behavior. Chapter 34 showed that the 
two main physical effects that characterize waves are interference and diffraction. What sort 
of experiment could show interference and/or diffraction of matter? 

Young was able to demonstrate the wave character of light by shining light through 
two narrow slits, separated by a distance d. The interference pattern produced in this way 
is shown in Figure 36.13. 

In the double-slit experiment, bright interference fringes appear on the screen a distance 
Laway from the slits. Provided the line from the center of the two slits to a bright fringe makes 
a small angle with the perpendicular to the screen, the distance from this fringe to a neighbor- 
ing fringe is given by 


Ax =—. 36.24 
x F ( ) 


However, in the derivation in Chapter 34 of this formula for the interference maxima, 
it was necessary to use the condition that the width of an individual slit is on the order 
of the wavelength of the light wave. For moderately fast-moving electrons, the de Broglie 
wavelength is on the order of one-tenth of a nanometer or less, and thus is more than three 
orders smaller than the wavelength of visible light. Producing a double slit of sufficiently 
small slit separation d and individual slit width a to carry out a double-slit experiment for 
electrons presents a sizable technical challenge. Also, if we want to use heavier particles, 
such as protons or neutrons, then the technical challenges become even bigger because 
the de Broglie wavelength is inversely proportional to the mass of a particle moving with a 
given speed. 

For this reason, a double-slit experiment to verify the wave character of electrons was 
not carried out right away after de Broglie postulated his revolutionary idea. Instead, an 
experiment in 1927 by American physicists Clinton Davisson (1881-1958) and Lester H. 
Germer (1896-1971), working at the Bell Telephone Laboratories in New Jersey, provided 
proof for the physical existence of matter waves. Davisson and Germer continued their 
earlier work on Bragg scattering of X-rays off crystals and scattered a beam of electrons off 
a nickel crystal, observing interference patterns similar to those produced by X-rays. Today, 
beams of neutrons can also be scattered off crystals; American physicist Clifford G. Shull 
(1915-2001) and Canadian physicist Bertram Brockhouse (1918-2003) received the 1994 
Nobel Prize in Physics for pioneering these techniques. X-rays, electrons, and neutrons all 
provide equivalent Bragg-scattering patterns, proof that matter waves are real. 

Only since the early 1960s has there existed sufficiently precise technology to conduct 
double-slit scattering experiments with electrons. Thus, we can now think about what is 
going to happen in this experiment and then compare our thinking with the outcome of 
the experiment. The basic setup of the experiment is shown in Figure 36.14. An electron is 
emitted from a plate (the plate is heated in order to do this, but we do not show the heater 
here) and then accelerated by a voltage V. It then passes through a double slit (center) on its 
way to the screen above. 

If electrons behave like particles, they will travel in straight lines from the electron gun 
through one of the slits and on to the screen. We then predict that we will see the electrons 
in two lines on the screen—the images of the two slits. We can allow that the electrons might 
get slightly deflected as they pass though a slit, so the distribution of the electrons passing 
through each slit will be somewhat smeared out. Because the slit separation d is very small, 
the two distributions of the electrons passing through the two slits will overlap on the screen. 
This classical particle-like expectation then leads to a distribution of the number of electrons 
hitting a certain region of the screen that is sketched in Figure 36.15a. Here the distribution 
from the electrons passing through the left slit is shown in blue, and that of the electrons 
passing through the right slit in red. Shown in green is the sum of the two, the total intensity 
distribution that should be recorded if our particle-like expectation bears out. 

On the other hand, if electrons show wavelike characteristics, then the intensity 
should be governed by the combined effects of interference and diffraction, just as 
we observed for light in Chapter 34 on wave optics. In this case (compare Section 
34.9), the intensity as a function of the coordinate x along the screen should be: 
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(36.25) 
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FIGURE 36.14 Experimental setup 


for an electron double-slit experiment. 
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FIGURE 36.15 Intensity distri- 
bution (number of electrons hitting 
the screen per unit length) along the 
screen in the electron double-slit 
experiment. (a) Classical particle-like 
expectation; (b) expectation if electrons 
show matter-wave characteristics. 


I(x) (counts) 


Here d is the slit separation, a is the width of the individual slits, and L is the dis- 7 

tance between the double slit and the screen. This is the same terminology used in 

Young's interference experiment with light, but now A is the de Broglie wavelength 2o 

of the electron (equation 36.22). The function I(x) of equation 36.25 is sketched in 

Figure 36.15b. 0 m x 


Figure 36.16 shows what the pattern of electrons striking the screen (yellow 
spots) might look like for an intensity distribution as given in equation 36.25. For 
this calculation, we used a de Broglie wavelength of 12.2 pm, a slit separation of 


FIGURE 36.16 Connection between hits of 
individual electrons on the screen (yellow spots 
in upper part) and count histogram (blue, lower 


3.0 nm, a slit width of 1.0 nm, and a distance to the screen of 1.0 m. The lower part part), with predicted intensity distribution (red 


of this figure shows the counting histogram—that is, the number of electron hitsin curve). 
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FIGURE 36.17 Experimental 
double-slit electron interference pat- 
tern as it develops over time. 


a given interval of the coordinate x along the screen. Overlaid in red over the blue counting 
histogram is the intensity distribution of equation 36.25. 

What is the outcome of the actual experiment? Electrons can be shot through the slits 
and at the screen individually, so the pattern can be observed to emerge as a function of 
time. This experiment was actually performed by P.G. Merli et al. in 1976; the outcome is 
shown in Figure 36.17. The lower right panel shows the outcome of this experiment, with 
the interference fringes clearly visible. The experiment clearly demonstrates that the elec- 
trons show wavelike interference phenomena. 

However, the same figure shows more: You can see that each individual electron leaves 
a mark by hitting a certain very localized area of the screen. Therefore, the idea that each 
electron somehow gets distributed over the entire screen, proportional to the overall inten- 
sity distribution, is not true either. 

Because photons have particle properties, it might be expected that photons striking 
the double slits would exhibit the granularity shown in Figure 36.17. When the double-slit 
experiment is performed using one photon at a time, a pattern similar to that shown for 
electrons in Figure 36.17 is indeed observed. 

So, what makes an individual electron decide where to go? This is the central question 
of quantum physics. Understanding the answer will tell us most of what is essential about 
the atomic quantum world. 

Are both slits essential for this interference pattern to emerge? In other words, does 
the electron somehow move through both slits at the same time? If one slit is closed, the 
interference pattern on the screen disappears, and only one maximum—the image of that 
slit—is produced. The result then corresponds to either the red or the blue curve in Figure 
36.15a, depending on which slit was covered. 

What if, instead, it would be possible to measure which slit the electron moves through 
without closing the other slit? Perhaps this could be accomplished by using the fact that the 
electron has a charge and thus represents a current as it moves through a slit. Perhaps this 
current could be measured as the electron moves through a slit. 


36.4 In-Class Exercise 


Before we go any further, let's see if you can guess the outcome of measuring which slit the 
electron passes through. If we conduct the measurement of the current representing the electron 
passing through the slits, which of the following will be the outcome? 


a) Exactly one-half of each individual electron through the left slit cause the right part 
passes through each of the two slits. of the interference pattern, and the 
electrons passing through the right slit 


b) Each individual electron passes through cause the left part. 


just one slit. The electrons passing 


through the left slit cause the left part d) Each individual electron passes through 
of the interference pattern, and the just one slit, but as we measure which 
electrons passing through the right slit electron passes through which slit, the 
cause the right part. interference pattern on the screen is 


destroyed, and we observe only the 


c) Each individual electron passes through central miasamum-onethe:sereen: 


just one slit. The electrons passing 


We find that any attempt to associate an electron with a particular slit destroys the inter- 
ference pattern. This outcome should become more acceptable when we further explore the 
wave character of electrons and other objects that we normally think of as particles. 


36.6 Uncertainty Relation 


How precisely is it possible to measure physical properties such as location, momentum, 
energy, or time? In addition, to what precision can they be measured simultaneously? This 
question is never considered in classical mechanics, where it is assumed that all dynamic 
quantities can be measured with arbitrary precision with improved instrumentation. 
However, in the subatomic quantum realm, where particles exhibit wave character (de 
Broglie matter waves) and where waves behave like particles (photons), the answer is not 


so simple. How can the precise location of a wave be specified, for example? Perhaps more 
important, does the process of measuring a physical property of a quantum object influence 
the outcome of that measurement, as well as all future measurements? For instance, when 
we measure the position of an object, we typically record the light waves emitted from that 
object. However, these emitted light waves also carry momentum, as we have seen in this 
chapter. Thus, we can already anticipate that the process of measuring a particles position 
and its momentum cannot be done simultaneously with arbitrary precision. 

Let the uncertainty in a measurement of a particle’s position be Ax and the uncertainty in 
the measurement of its momentum be Ap,, in the same sense as is done in statistics. In statis- 
tics, the outcome ofa series of independent measurements of a quantity is quoted in terms of 
the mean value, which is the average of the measurements, plus/minus the standard deviation, 
which is a measure of the width of the distribution of the measurements. When a physical 
measurement is performed in the lab, the result also must be expressed in terms of the average 
value plus/minus the uncertainty in the measurement. This uncertainty can be of statistical or 
systematic origin, but for now we are not concerned with this distinction. 

The astonishing statement arising from quantum physics is that the momentum and 
position of an object cannot be measured simultaneously with arbitrary precision. The more 
precisely we attempt to measure an object's momentum, the less precise the information on 
its position has to become, and vice versa. This physical statement is cast in mathematical 
terms in form of the Heisenberg uncertainty relation, 


Ax-Ap, >4h. (36.26) 


This relation was discovered in 1927 by the German physicist Werner Heisenberg (1901-1976) 
and caused a revolutionary change in our understanding of the measurement process, as 
well as of our fundamental ability to know the physical world. Chapter 37 will return to 
this uncertainty relation and use it for calculations. For now, we just want to motivate this 
relation, and to do this we will use the same considerations suggested by Heisenberg in his 
original paper. This heuristic derivation uses the so-called gamma-ray microscope. 


DERIVATION 36.4 f Gamma-Ray Microscope and the Uncertainty 
~ Relation 


If you want to see something in a microscope, you have to bounce light off that object and 
catch the reflected light in the lens of the microscope. The minimum size Ax of the object 
that you can still resolve with the microscope is limited by diffraction (see Chapter 34), as 
given by 
Ax = aoe x 
2sina d 


(i) 


Here A is the wavelength of the light and a@ is the opening angle (Figure 36.18). In this 
figure, d is the size of the lens opening of the microscope, and ¢ is the distance between 
the object and the lens, which we assume to be large compared to the lens opening; 
then 2 sina = d/¢. To resolve small sizes, we need to employ light with a short wave- 
length, that is, gamma rays. These gamma-ray photons carry a momentum p = h/A (see 
equation 36.17). 

Illuminating our object (an electron) with gamma rays (yellow circle, indicating a 
beam pointing into the page), the photons bounce off the object and get deflected into the 
lens via Compton scattering. In one extreme case, a photon can bounce off the electron 
and get deflected to the right edge of the lens. This photon has a momentum p,,, as shown 
in the figure. Its momentum component in the x-direction is P} x = p,, sina = hsina/A, 
The electron receives the opposite x-momentum component p,, pointing to the left, due 
to recoil. At the other extreme, a photon receives momentum ,, after the collision with 
the electron and gets scattered to the left edge of the microscope, which causes a recoil of 
the electron with the same magnitude as before, but in the opposite direction. 


Continued— 
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Ax 


FIGURE 36.18 Geometry of a 
gamma-ray microscope and the 
momenta of photon-electron 
interaction. 
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We can detect that a photon has entered the microscope, but not where along the dis- 
tance d. This means that it is undetermined which recoil the electron received. Thus, the 
momentum of the electron has an uncertainty of 


Ap, =2 [Py _|= an (ii) 
A 
Combining this equation with (i), we find 
pe 2hsina -h 
A Ax 


We find that the product of the minimum uncertainty in the size of the electron and the 
uncertainty of the momentum of the electron is Planck’s constant, h. 


DISCUSSION 

You may feel that the above argument involves hand waving, and to a certain degree it 
does. The answer we find is a factor of 477 higher than the exact answer for the minimum 
product of momentum and coordinate uncertainties given in equation 36.26. However, 
an exact numerical relation is not the point of the example of the gamma-ray microscope. 
Instead, it shows a certain lower limit of the uncertainties in coordinate and corresponding 
momentum that can be observed simultaneously. This in itself is an astounding fact and a 
consequence of quantum physics. 


Heisenberg also stated another uncertainty relation, for the uncertainties in the measure- 
ment of the energy of an object, AE, and the uncertainty in measuring the time, At. It is for- 
mally similar to the coordinate-momentum uncertainty relation of equation 36.26 and reads 


AE-At> sh. (36.27) 


DERIVATION 36.4 | Energy-Time Uncertainty 


From the coordinate-momentum uncertainty relation, it is straightforward to derive the 
time-energy relation for a nonrelativistic free particle. For such a particle, the energy is all 
kinetic energy, and thus the uncertainty in the energy is 


2 


AE=A 


2 
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The uncertainty in the time is given by 


Multiplying these two results, we find: 
AE- At =(vAp)-(Ax/v) = Ax- Ap > zh, 


where we have used equation 36.26 in the last step here. 


The energy-time uncertainty relation stipulates that classical energy conservation can be 
violated by some amount of energy for some time interval, because the quantum state may 
not have a sharp energy value. The larger the “violation” of energy conservation is, however, 
the shorter the time interval for this “violation” can be. 


Do these uncertainty relations run into conflict with our everyday experience? In other 
words, how important are the fundamental limitations imposed by the uncertainty rela- 
tion? Let us examine an example. 


EXAMPLE 36.5 | Trying to Get Out of a Speeding Ticket 


PROBLEM 

As you drive on the German autobahn, you find that some sections actually do have a 
speed limit. Occasionally the German police set up speed traps in these sections. They 
measure the speed of a vehicle and take a picture of the driver at the same time, as proof that 
they really have the right person committing the offense. A German physics student receives 
such a picture of herself and her car (BMW 318Ci, mass 1462 kg, including the driver and 
the gas in the tank), with a notification that she was driving 132 km/h in a 100 km/h speed 
limit zone. She notices that the picture the police took is very sharp and fixes her position 
down to an uncertainty of 1 mm. She argues that the uncertainty relation prevents the 
police from determining her speed precisely, and she therefore should not get a speeding 
ticket, or at least not get one for more than 30 km/h above the speed limit, which would 
cause her to lose her license. Will this strategy be successful? 


SOLUTION 
If the judge knows physics, the student will not be successful. Here is why: If the mass of 
the car is known precisely enough, then the uncertainty in the speed is given from the 
momentum uncertainty as 1 
Av=—Ap. 
m 

Using the uncertainty relation, we find the momentum uncertainty to be Ap = +h/Ax, 
leading us to a value of the uncertainty in the speed of 

1 h 


Av=—Ap> ‘ 
m 2mAx 


Using the constant (see equation 36.7) f = 1.05457 - 107°% J s and the values of Ax = 10° m 
and m = 1462 kg given in the problem, we find numerically 
-34 
Ayes 1.05457 -10 Js 


> =3.6-10° m/s. 
2(1462 kg)(10° m) 


The result is that the restriction on the minimum measurement uncertainty in the speed due 
to the uncertainty relation is 35 orders of magnitude too small to be useful for the defense! 


The uncertainty relation is perhaps the most important result discussed in this chapter and 
has far-reaching consequences. The uncertainty relation sets a fundamental limit on how 
precisely we can measure and therefore know anything about our world. For macroscopic 
objects, the effect of the uncertainty relation can safely be neglected in almost all applications. 
This is not the point. Instead, the point is that an insurmountable limit exists to the precision 
of measurements of pairs of variables, such as momentum and position, or energy and time. 
The example of the gamma-ray microscope seems to imply that the attempt to measure the 
location somehow imparts a simple recoil onto the object that was to be measured. But in the 
quantum world, the objects normally characterized as particles have wave character, just as 
what we normally understand as a wave has particle character. At its core, the uncertainty 
relation derives from this particle-wave duality. This will be explored in detail in Chapter 
37, where we will learn how to calculate properties with the tools of quantum mechanics. 
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36.5 In-Class Exercise 


In Example 36.5, if all other pa- 
rameters remain the same but the 
mass of the car is twice as big as 
the value stated, then the resulting 
uncertainty in the speed would 
have been 


a) the same. 
b) half as big as in the example. 


c) one-quarter as big as in the 
example. 


d) twice as big as in the example. 


e) four times as big as in the 
example. 


36.6 Self-Test Opportunity 


How precisely would the position 
of the car in Example 36.5 have to 
be fixed in order for the student to 
be successful with her claim that 
she should not have to surrender 
her driver's license because the 
uncertainty in the speed had to be 
larger than 2.00 km/h? 
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36.7 | Spin 


Stern-Gerlach Experiment 


In 1920, two German physicists, Otto Stern (1885-1969) and Walther Gerlach (1889-1979), 
performed one of the most influential experiments in the history of quantum physics. In this 
experiment, they tried to distinguish between a classical and a quantum description of atoms. 
The basic setup of the Stern-Gerlach experiment is shown in Figure 
36.19. An oven produces a gas of (electrically neutral) silver atoms. These 
atoms are allowed to escape from the oven through a hole and form a 
“beam” of silver atoms, which move along a straight line (green dots in 
the figure). The silver atoms then enter a strong inhomogeneous mag- 
netic field, created by a magnet as shown, and continue on to a screen. 
Chapter 28, Section 28.5, alluded to the fact that atoms can have a 
magnetic moment 


where L is the angular momentum. Section 28.5 considered the mag- 
netic moment due only to a charge in a circular orbit, and the angular 
Furnace emitting momentum was the orbital angular momentum. Chapter 27, Section 
silver atoms 27.6, showed that the potential energy of a magnetic dipole in a mag- 


FIGURE 36.19 Basic setup of the Stern-Gerlach netic field is U =- jieB. The force is then given as the negative value of 


experiment. 


the gradient of the potential energy. In a magnetic field that changes 
only as a function of the z-coordinate, the force is 
ð s ƏB 
E =a FB )= p, oz 

Stern and Gerlach tried to determine whether the orbital angular momentum was quantized. 
Sending atoms with a magnetic moment through an inhomogeneous magnetic field causes a 
deflection of the beam, due to the interaction of the field gradient 0B/dz with the z-component 
of magnetic moment of the atom u, Classically, the magnetic moment can have any value 
along the z-axis in the interval between -| ii| and +a , which should produce a line on the 
screen that corresponds to all possible deflections. However, in a quantum picture, only dis- 
crete values of the z-component of the angular momentum are possible, which would produce 
only discrete spots on the screen, separated by empty areas, as illustrated in Figure 36.19. 

We know now that the orbital angular momentum of a silver atom in its ground state 
is zero—this will be shown in Chapter 38, where states of atoms and their orbital angular 
momenta are calculated. Thus, if this experiment had measured the splitting of the beam of 
silver atoms due only to its orbital angular momentum, the experiment would have been a fail- 
ure. However, the total angular momentum of the atom is not just the orbital angular momen- 
tum. In addition, each elementary particle in the atom has an intrinsic angular momentum, 
which has no classical equivalent. The intrinsic angular momentum is called spin. 


Spin of Elementary Particles and the Pauli Exclusion Principle 


All elementary particles have characteristic intrinsic angular momentum, or spin. There are 
two fundamentally different groups of elementary particles: those that have integer values 
(in multiples of Planck’s constant A) of spin, and those that have half-integer values. Some 
elementary particles have spin 0, but for our purposes here, we count this as an integer spin. 

Elementary particles with half-integer spins are called fermions, in honor of the Italian- 
American physicist Enrico Fermi (1901-1954). Fermions include the electron, the proton, and 
the neutron—in other words, all the building blocks of the matter we see around us. A fermion 
with spin +h can come in two different spin quantum states, indicated by ++/ and -+h, which 
by convention represent the projection of its spin onto the z-coordinate axis. We will encounter 
other quantum numbers in the following chapters, but for now all we need to know is that spin 
+h particles come in two varieties, which are usually called spin-up and spin-down. 

Elementary particles with integer values of spin are called bosons, in honor of the 
Indian physicist Satyendra Nath Bose (1894-1974). Photons, which were introduced earlier 
in this chapter as the quanta of light, are examples of bosons and have spin 1h. 
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In Chapters 39 and 40 on elementary particles and nuclear physics, we will return 
to spin and give other examples for half-integer and integer-valued spins of elementary 
particles and try to find a more general organizing principle. For now, we can treat the two 
fundamentally different classes of particles—bosons and fermions—as working concepts. 

One extremely important rule for fermions is the Pauli exclusion principle: No two 
fermions can occupy the same quantum state at the same time at the same location. In any 
given atom, no two fermions can have exactly identical quantum numbers. Because energy 
is quantized, each energy quantum state in a given system can be occupied by at most two 
fermions: one spin-up and the other spin-down. In the remaining chapters of this book, 
we will return repeatedly to the consequences of this Pauli exclusion principle. Chapter 37 
introduces wave functions and then shows that two-particle wave functions for fermions 
and bosons have fundamentally different symmetries. Chapter 38 will show the effects of 
the Pauli exclusion principle in the construction of multi-electron atoms and the resulting 
periodic table of the elements. Chapters 39 and 40 will show that this principle gives rise to 
the Fermi energy inside the nucleus. 


36.8 Spin and Statistics 


Chapter 19 presented the probability distribution function for classical identical particles. 
For these identical particles, the distribution function is called the Maxwell-Boltzmann 


distribution, 3/2 OE 
[Ee BT 


2 (fı 
E)=—|— 
g(E) He 


where E is the energy, T is the temperature, and ky is Boltzmann's constant. (In deriving the 
Maxwell-Boltzmann distribution, we examined only the kinetic energy distribution of mol- 
ecules in a gas, but this function is valid for all energy distributions of classical particles.) In 
this derivation, we neglected all quantum effects. Now we want to examine how quantum 
effects change this distribution. 

The Maxwell-Boltzmann result can be rewritten in a slightly different way for particles 
in discrete energy states E, For a total of N particles in a system, the expected number of 
particles with energy E; is N, and the expected fraction of particles in energy state E; is 
n; = N,/N, where 

H= Ni _ ge ST oo i 
' N Z eE TeV kT 


(36.28) 


Here g; is the degeneracy of energy state E, that is, the number of different states in the sys- 
tem that have the same energy E, The quantity w is called the chemical potential and has the 
same units as energy. The chemical potential is the amount by which the energy of the sys- 
tem would change if an additional particle were added, holding the remaining properties of 
the system fixed. The quantity Z that we have introduced is called the partition function, 


o> g., (36.29) 


The partition function encodes the thermodynamic properties of the system, and taking 
the appropriate derivatives of the partition function can reproduce many of the properties 
of the system. 

The derivation of the Maxwell-Boltzmann distribution assumed that each of the par- 
ticles in the ensemble is a classical particle. What we mean by classical is that all particles 
are distinguishable from one another. However, quantum particles are indistinguishable 
from like particles. (For example, one proton cannot be distinguished from another pro- 
ton.) Thus, the distribution function has to be modified appropriately. 

To see how this can work in practice, let's consider the simplest way of distributing two 
particles into two different states. Label these states a and b (Figure 36.20). First, consider the 
case of distinguishable particles, labeled 1 and 2. This is the classical Maxwell-Boltzmann 
distribution. In this case, there are four different configurations of our system. We can have 
both particles in state a, we can have particle 1 in state a and particle 2 in state b, we can have 
particle 1 in state b and particle 2 in state a, and finally we can have both particles in state b. 
This means that our entire two-particle system can have four different states (configurations) 
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FIGURE 36.20 Distributing two 


particles over two different states. 


N N N 
Distinguishable | ; | 
i | g j à b a b 
N N N 
Bosons | : | | 
a b i = 
N N N 
Fermions ® 
a b oe C 


that it can be in, if the two particles are distinguishable. Next, consider two spin-0 bosons, 
indistinguishable quantum particles. This is known as the Bose-Einstein distribution. In 
this case, both particles can be in state a or both in state b, just as in the case of distinguishable 
particles. However, if one of them is in state a and the other is in state b, then it does not matter 
which one is which, because they are indistinguishable. Therefore, the two-particle system has 
only three different states for bosons, and not four as in the case for distinguishable particles. 
Finally, the easiest case is obtained for two identical spin-+ fermions (for example, two elec- 
trons with “spin-up”). This case is called the Fermi-Dirac distribution. The Pauli exclusion 
principle states that these two identical fermions cannot occupy the same quantum state. (In 
the lowest panel of Figure 36.20, this fact is indicated by the Forbidden sign, a red circle with 
a diagonal bar across, over the two configurations in which both fermions would reside in 
the same state.) In this case, the two-particle system of identical fermions can be in only one 
configuration, where the quantum states a and b are each occupied by one fermion. 

Now let us turn to the more complicated case of the energy distribution for the case of 
a system of 5 particles that share a total of 6 quanta of energy in a one-dimensional model. 
For classical distinguishable particles, the 6 energy quanta can be shared by one particle 
carrying all 6 energy quanta and the other 4 particles each with zero energy. This sharing 
of the total energy of 6 quanta can be written as 6 = 6+0+0+0+0. Since the particles are 
distinguishable, we have to keep track of which one of the 5 carries the 6 quanta, and this 
energy partition then can happen in 5 different ways. The energy can also be distributed as 
6 = 5+1+0+0+0 . Each of the 5 particles can be the carrier of the 5 quanta, and then each of 
the remaining 4 particles can carry the remaining 1. Thus, this particular energy partition 
can happen in g; = 5 4 = 20 different ways. In Figure 36.21, we show all possible partitions 
of these 6 energy quanta into 5 particles. The blue numbers above each diagram show the 
number of different ways the same configuration can happen by exchanging all possible 
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FIGURE 36.21 All possible partitions of 6 quanta of energy for 5 distinguishable particles. 
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particles. The total number of different energy partitions among the 5 particles is the sum 
of all of the numbers listed above each panel and is 210. 

Now we can calculate the probability for each energy state to be occupied by counting 
how many partitions each energy state occurs in, multiplied by how often this partition 
occurs, and then dividing the result by the total number of partitions. 

This is done in Figure 36.22, and the result is represented by the A 


blue squares. For example, let’s look at the probability for a particle oA 
to carry 4 quanta of energy. The only partitions for which the E = 4 z0 
state is populated by a particle are shown in the middle and right l 
panels of Figure 36.21 and only one particle is in each of E = 4 states. 15 
The middle panel represents 20 states and the right panel 30 different & 
states. Since the total number of states is 210, the probability of find- ` io 
ing the E = 4 level occupied is f(4) = (1-20 + 1-30)/210 = 0.238. The 
occupation probabilities for the other values of the energy are found 0.5 
in the same way. 
Also shown in Figure 36.22 is the result (blue line) of the analytic 0.0 > 


exponential function of equation 36.28. It is remarkable that for such 
a small number of particles and energy states, the exponential limit 
is already approximated so well. The temperature T and the chemi- 
cal potential u that appear in equation 36.28 can be extracted from 
the condition that the sum over all occupation probabilities has to add up to the number of 
particles (5 in this case), and that the sum of the products of occupation probability times the 
energy has to add up to the total number of energy quanta in the system (6 in this case). 

Now we can ask how these considerations have to change if we are dealing with indis- 
tinguishable particles. For bosons, we have done most of the work already, because we can 
arrange the bosons as in Figure 36.21. However, since the bosons are indistinguishable, 
permutations of the different particles do not yield new states. Therefore, the weight factors 
that count the number of states for a given arrangement of particles among energy states are 
always 1 for each panel in Figure 36.21. Thus, bosons have only 10 energy partitions, instead 
of the 210 we found for distinguishable particles. If we now want to calculate the probability 
for the occupation of the E = 4 state, then we find it is f(4) = (1+1)/10 = 0.2. 

The resulting distribution for identical bosons is displayed in Figure 36.23 (red symbols) 
and compared to the classical case (blue line) that we just discussed. The distributions are 
remarkably similar, but important small differences appear, which are not just numerical arti- 
facts. For instance, the occupation of the E = 0 level is slightly enhanced in the boson case 
relative to the classical distinguishable particles. As increasingly more 


FIGURE 36.22 Average occupancy for each energy state, 
corresponding to the partitions of the previous figure. 


particles are added to the system, this effect will become increasingly ant 
pronounced. It is again a manifestation of the effect, already discussed, = MB 
that bosons generally like to occupy the same states as other bosons. 2.0 -e BE 
For the problem of distributing the same 6 energy quanta over 5 in 
fermions, it might appear that the fermions can be distributedintothe _ 15 
energy states as in Figure 36.21. However, the Pauli exclusion principle = 
does not allow this. Each energy state can be occupied by at most one ao 
spin-up fermion and one spin-down fermion. Thus, the occupancy 
ae x 0.5 
of each level cannot exceed 2. This eliminates seven partitions from 
Figure 36.21, because these have three or more particles in the same én i i i i 
energy state. The only three partitions left are those shown in Figure 0 1 2 3 4 5 6 
36.24. To illustrate, suppose the system has three spin-up and two E 


spin-down fermions. For the left and right partitions in Figure 36.24, FIGURE 36.23 Comparison of the Maxwell-Boltzmann (MB), 
only one fermion is in a singly occupied state, which therefore has to Bose-Einstein (BE), and Fermi-Dirac (FD) distributions obtained 
be the unpaired spin-up. The middle panel shows three fermions in for the problem of sharing 6 energy quanta among 5 particles. 


N 1 N 3 N 1 


>E >E >E 
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FIGURE 36.24 Possible ways to distribute 6 energy quanta among 5 fermions. 
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36.7 Self-Test Opportunity 


Produce a plot of the average oc- 
cupation numbers for distributing 8 
energy quanta over 5 particles. How 
many total states are available in 
the cases of fermions, bosons, and 
classical particles? 


singly occupied states, and two of these have to be spin-up and one spin-down. Since each 
of the three energy states can hold the spin-up fermion, this middle panel represents a total 
of three states. This means that a total of 5 states are available to this system. Calculating 
the occupation of the E = 4 level now results in f(4) = 1/5 = 0.2 (which is, by chance, just 
the same value as for the bosons). The orange line in Figure 36.23 shows the average occu- 
pations for all energy levels. The occupation for the E = 0 state is suppressed in the case of 
fermions relative to classical particles. 


36.6 In-Class Exercise 


Which of the following distributions are possible ways to distribute 4 energy quanta over 5 fermi- 


ons with spin 4h? 
i| N | 
0 0 0 


N 
JHII sal AUI MININ 012345678 
(a) (b) (o) (d) (e) 


N 


>E 


After having performed this exercise for a very small set of particles, let’s finish this section 
by writing down the distributions for a much larger set of particles present in a physical 
system. For bosons, this limiting Bose-Einstein distribution of the number of particles in a 
given energy state E; is 


1 
= 36.30 
i ET y ee) 
For fermions the Fermi—Dirac distribution is 
=o (36.31) 


(Ee kT +1 


where g; is the degeneracy of the state i. (In our above fermion example, this number is g; = 
for each state, because due to the Pauli exclusion principle each state can only be occupied 
by one spin-up and one spin-down fermion.) 

Sometimes these distributions are expressed by using the definition of the absolute 
activity, 
z= el ST, 


The Bose-Einstein distribution is then written as 


1 
l ehilkeT yz 1 
and the Fermi-Dirac distribution is 
_ &i 
eT 241 


Both distribution functions approach the Maxwell-Boltzmann distribution for negligibly 
small absolute activity, z « 1. 

For energy states that are sufficiently close to one another, the discrete values of the 
energy states E; can be replaced by a continuous energy variable E. Then the probability of 
finding a particle at energy E in the Maxwell-Boltzmann limit can be written as 


Jup(E)= eT (36.32) 


where a is a normalization constant. This ae constant is a function of the chemi- 
cal potential and the degeneracy. In the same way, the probability of finding a particle at 
energy E in the Fermi-Dirac case can be written as 


1 
fro(E)= 35 —: (36.33) 
aeklteT 41 
The Fermi-Dirac distribution with g; = 2 is plotted in Figure 36.25 as a function of the ratio 
of the energy divided by the chemical potential. The function is shown for three different 


temperatures. For kzT « u, this function approaches a step function 
that falls from a value of 2 to 0 at E = u. For higher temperatures, this 
transition from high occupancy to low occupancy becomes increas- 
ingly smoother. 

For the Bose-Einstein case, 


1 
fox (E) = ——_. (36.34) 
BE aetlksT _1 


fen (Œ) 


As we stated, photons are bosons and thus are subject to Bose- 
Einstein statistics. For the special case of photons, the chemical poten- 
tial is zero, and thus the normalization constant in equation 36.34 
has the value a = 1. If the photon energy approaches zero, then e”!/** 
approaches the value 1, and the denominator vanishes in equation 
36.34. This means that the occupation of states with very low energy 
can increase without limit for photons. 

Lets take another look at the Planck radiation formula (equa- 
tion 36.9) for the spectral brightness as a function of the wavelength 


Ip(f)=2he? fife! ead -1), Since E = hf for photons, the denominator contains the fac- 
Elky 


temperatures. 


tor (e -1), which we have just obtained for the Bose-Einstein distribution for photons. 
Thus, the Planck spectral brightness can now be rewritten as a function of photon energy, 


2E? 2E? 


Re Ga 7 1) Re 


Ir(E)= Jor (E). (36.35) 


Thus, the radiation formula obtained by Planck says that the spectral brightness as a func- 
tion of photon energy is proportional to the third power of the energy times the Bose- 
Einstein probability of finding a photon at that energy. 


Bose-Einstein Condensate 


In his original paper in 1924, Bose discussed the blackbody spectrum for 
photons. Einstein extended this work in the same year to atoms with integer 
spin. Einstein noticed that at very low temperature, a large fraction of the 
atoms goes into the lowest energy quantum state: “One part condenses, the 
rest remains a ‘saturated ideal gas?” For this to happen, the atoms must be close 
enough to their neighbors that their de Broglie waves (see equation 36.23) 
overlap with one another. It can be shown that this condition implies, for 
the density p of atoms per unit volume, that p-’ > 2.61, where A is the 
de Broglie wavelength. 

How can we manage to obtain a Bose-Einstein condensate (BEC) in the 
laboratory? Carl Wieman and Eric Cornell used a magnetic trap to collect 
rubidium atoms, which form spin-1 bosons at low temperatures and in a 
strong magnetic field. They used laser cooling to reduce the temperature, but 
this was still not sufficient to reach the temperature for transition to the BEC. 
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Elu 


FIGURE 36.25 Fermi-Dirac distribution for three different 


FIGURE 36.26 Bose-Einstein condensation of rubid- 


ium atoms in a magnetic trap. This picture was produced 
by the Wieman-Cornell group in 1995 and is included in 


By gradually reducing the depth of the trap, they allowed the atoms with their Nobel lecture. (The axes were added by this book's 
higher energies to escape from the trap, leaving only the lower-energy atoms authors.) The middle panel shows the appearance of the 
behind. With this method of evaporative cooling, they managed to cool their Bose-Einstein condensate. In the right panel, almost all 
atoms to temperatures down to a few nK. They then switched off their trap atoms are in the condensate. 


and allowed the trapped collection of atoms to expand. A simple ideal gas of atoms will 
expand due to thermal motion, but the BEC shows up as a second feature that expands only 
at the minimal rate required by the Heisenberg uncertainty principle. A short while later, they 
imaged the expanding cloud, which by this time had reached a spatial extension on the order 
of 0.2 mm, and found the distribution shown in Figure 36.26. This figure shows the results of 
three different experiments at different temperatures. Clearly, the picture at 200 nK is qualita- 
tively different from that at 400 nK. At 200 nK the central peak indicates the presence of the 
BEC. The right panel shows the situation at a temperature of 50 nK, where now essentially 
all the rubidium atoms are part of the BEC. 
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WHAT WE HAVE LEARNED | 
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Only six years after this discovery, this BEC work resulted in the 2001 Nobel Prize in 
Physics for Wieman and Cornell, which they shared with Wolfgang Ketterle, whose group 
had performed similar work on the BEC for other systems at the same time. The study of the 
BEC now flourishes in many laboratories around the world, and we continue to learn many 
astounding facts about atoms, condensates, and quantum mechanics. 


Planck’s constant is h = 6.62606876(52)-10°**J s, and m 
the energy of a photon is E = hf. 


Planck’s radiation law for the power radiated in the 
frequency interval between f and f + df, the spectral 
brightness as a function of frequency, is 


2h f 
2 fiT _ 1° 


I, (f= 


It avoids the ultraviolet divergence that makes its classical 
predecessors unphysical in the high-frequency region, and 
it contains the classical radiation laws as limiting cases. 


The spectral brightness as a function of wavelength is 
2he 


Ir (A) = X aa) 1) . 


The spectral emittance is related to the spectral brightness 
by a simple multiplicative factor of 7, €-(f) = wI;(f). 


Integration of the spectral emittance over all 
frequencies (or wavelengths) yields the radiated 


intensity, I = Í €(A)dA=oT" with the Stefan- 
Boltzmann constant 


_ 2k 


15h? 


= 5.6704:10° W m°? K+. 


What we normally think of as a wave has particle 
character. The photoelectric effect is explained with the 
quantum hypothesis by assigning particle properties 

to the photon, the elementary quantum of light. This 
quantum hypothesis gives the correct frequency 
dependence of the stopping potential, eV) = hf- 4, = 
where @ is the work function. The work function is a 
constant that depends on the material used. 
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The Compton effect describes the photon wavelength à' 
after a photon of wavelength A scatters off an electron as 


pe! fe 
Maal cos0). 


e 


The Compton wavelength of the electron is 


à= L E m. 
M,C 
What we normally think of as matter also has wave 
characteristics. The de Broglie wavelength is defined as 


N= 
p 
This can be demonstrated by performing double-slit type 
interference experiments with electrons. With electrons, we 
find the same kind of interference patterns as for photons. 


The Heisenberg uncertainty relation stipulates that the 
product of the uncertainty in momentum times the 
uncertainty in position has an absolute lower bound, 
Ax- Ap, = 44. The energy-time uncertainty relation is 
AE- At> Fh. 


Elementary quantum particles have an intrinsic property 
called spin, which has the dimension of an angular 
momentum. The spin is quantized, dividing particles into two 
categories: fermions with spins that are half-integer multiples 
of A, and bosons with spins of integer multiples of h. 


The Pauli exclusion principle states that no two fermions 
can occupy the same quantum state at the same time and at 
the same location. In any given atom, no two fermions can 
have exactly identical quantum numbers. 


Bosons can condense at low temperature in such a way 
that a very significant fraction of them occupy the same 
quantum state. 


Pauli exclusion principle, p. 1193 
partition function, p. 1193 
Maxwell-Boltzmann distribution, 


matter waves, p. 1185 
de Broglie wavelength, 
p. 1185 


Heisenberg uncertainty p. 1193 

relation, p. 1189 Bose-Einstein distribution, 
spin, p. 1192 p. 1194 
fermions, p. 1192 Fermi-Dirac distribution, 
bosons, p. 1192 p. 1194 


NEW SYMBOLS AND EQUATIONS 
h = 6.62606876(52)- 10°“ J s, Planck’s constant 


o, work function in photoelectric effect, eV, = hf- 6 


N=A+ La -cos6), Compton scattering formula 
m,c 


A= 2 2.426-10? m, Compton wavelength of an electron 
m 


oC 
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Ax: Ap, > ahs Heisenberg uncertainty relation for 
position and momentum 


AE-At> sh, Heisenberg uncertainty relation for energy 
and time 


ANSWERS TO SELF-TEST OPPORTUNITIES 


36.1 Kmax =f - fmin h = fh- o. 
36.2 148 million km = 148-10°-10° m = 1.48- 101! m 


2 
P= (4r?)i = 4n{148 -10!! m) (1370 Wim?) =3,77-10° W 


= P/4 = 9.43-10” W. 
In 1 second, 9.43.10” J of energy is emitted by the Sun. 


In visible spectrum P;isible 


Assume the average wavelength of the visible photons is 
A = 550 nm. The energy of each photon is then 

3.00-10° m/s 
550-10 m 
/E=(9.43-10 w)/(3.61-10"? J] 


E=hf = ha = (6.626-10™ Js) =3.61:10” J 


N=P 


visible 
=2.6-10“ visible photons per second. 
36.3 Momentum of 1.00 eV electron: m, = 511 keV 


F= (me j + (pc) =(mc + KÌ 


=j +x} -(ne} 


-ffn keV +1.00 -10° kev) -(511 keV) =1.01 keV 


Momentum of 100 keV X-ray: 
2 2 2 2 2 
(me ) +(pc) =(m.c +K] 
pe = K=100 keV 
Momentum of electron is 1% of X-ray, negligible. 


36.4 For visible light, the energy of the photon ranges from 
1.59 eV to 3.27 eV. 


For a 2.26 eV photon, the momentum is 
2 2 2 2 2 
[mc +(pc) =(m.c +K] 
pc = K= 2.26 eV 
Momemtum of 1.00 eV electron: m,c’ = 511 keV 


F= (mè | +(pe) =(m,c? S ky 


pe= ne x} (nef 


2 
-ffn keV +1.00-10° keV] -(511 keV) =1.01 keV 


(PC) photon! (PC)etectron = (2.26 eV)/(1010 eV) = 2.24- 10° 


The momentum of the visible photon is 0.224% of the mo- 
mentum of the electron, negligible. 


36.5 


Electron de Broglie wavelength (nm) 


glu i iiil ei al j= ee > 
1 10 107 10° 


Electron kinetic energy (eV) 
The de Broglie wavelength for an electron with a kinetic 
energy of 1000 eV is 
A = 0.0387879 nm. 
Calculating the momentum nonrelativistically gives us 
A = 0.0388068 nm. 
The difference is small. 


36.6 Av = 2.00 km/h = 0.556 m/s 
1 
-34 
Ax> h h 1.05457 -10 ~~ Js 


x> = = =6.49-10° m. 
2Ap 2mAv 2(1462 kg)(0.556 m/s) 


36.7 Numbers of states are 18, 16, 495, respectively. 


A 
2.0 


f(E) 
5 


0.5 


0.0 
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PROBLEM-SOLVING PRACTICE 


| Problem-Solving Guidelines 

1. The starting point for most calculations involving photons 
or matter waves is to relate the particle properties of energy E 
and momentum p to the wave properties of wavelength A and 
frequency f. The key relations are E = hf, p = E/c = hflc = h/À, 
and A = h/p. 

2. Be careful and consistent in applying units. Often, converting 
all units to meters and kilograms will help keep track of unit 


exponents. Use of electron-volts will often simplify your 
calculations, but be sure to use Planck’s constant with the 
appropriate units: h = 6.626-10 "J s orh=4.136-10 ™ eV s. 


3. For checking your work, it is helpful to keep in mind some 
rough orders of magnitude: the size of an atom is 107° m; the 
mass of an electron is 10™ kg; charge of a proton or electron 
is 10°’? C ; at room temperature, kT = + eV. 


SOLVED PROBLEM 36.1 (Rubidium Bose-Einstein Condensate 
o 


PROBLEM 


What is the minimum density of rubidium atoms needed in a magnetic trap at a tempera- 
ture of 200 nK in order to have a chance to observe the onset of Bose-Einstein condensa- 
tion? (Hint: The mass of a rubidium-87 atom is 1.5- 10” kg.) 


SOLUTION 
THINK 


In our section on the Bose-Einstein condensate, we stated that the rubidium atoms must 
be close enough to one another that they can overlap in a quantum mechanical sense. 
There we quoted this criterion as p-A° > 2.61. Thus, our task amounts to finding the de 
Broglie wavelength of rubidium atoms in thermal motion at a temperature of 200 nK. 


SKETCH 


A A sketch is perhaps not really needed in this case, but in Figure 36.27 we at least try to vi- 
| sualize the relationship of the quantum mechanical extension of the atomic wave function, 
the de Broglie wavelength, to the nearest-neighbor spacing of the atoms in the trap. 


RESEARCH 


We have already stated that the criterion for the density is given as 


FIGURE 36.27 Sketch of overlap- 


ping rubidium atoms in the trap. 


The de Broglie wavelength À was given as 


p- X >261. (i) 
À -5 (ii) 


in equation 36.22. For the momentum p of a rubidium atom we use the fact that the ki- 
netic energy of an atom in a gas is given by the thermal energy at the given temperature, 


SIMPLIFY 


2 
pee : kT > p=[3mkgT. (iii) 


2m 


Inserting equation (iii) into equation (ii), we find for the de Broglie wavelength in this 


case 


h h 


=— =, (iv) 
P f3mkgT 


Solving equation (i) for the density and inserting our formula for the de Broglie wave- 
length in equation (iv) results in 


3/2 


2.61 2.61(3mkgT) 
a W 


CALCULATE 
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Inserting the values of the constants (h = 6.63- 10°**J s, kg = 1.38 - 10°” J/K) and the given 


6.63-10% Js 


Ni A o 
J30.5-10” kg)(1.38-10” J/K)(2-107 K) 


and thus for the density 


p> 261 _1 396-10! m°. 
X 


ROUND 


temperature (T = 200 nK = 2- 10” K), we obtain for the de Broglie wavelength 


=5.9491-10 7 m 


Since the temperature was only given to one significant digit, our answer for the de Bro- 


glie wavelength is A = 6-107 m. Note that this is approximately a factor 1000 larger than 
the atomic diameter of rubidium, which is approximately 5-107'° m. 


ately rounded result is p >1 -10° m”. 


DOUBLE-CHECK 


For the minimum density needed to have a chance to observe the BEC, our appropri- 


Is a density of 10’’atoms/m’ a large or a small number? Let us compare it to the density of 
| water molecules and air molecules. One cubic meter of liquid water contains 3 - 10°° water 


molecules, and one cubic meter of air contains 3-10” nitrogen and oxygen molecules. 
Thus, the gas density of rubidium atoms in the trap is approximately a million times 
lower than the density of air at normal atmospheric conditions. 


If we have one million atoms in a trap at a density of 10'° atoms/m’ in an approxi- 
mately spherical configuration, what is the radius of this sphere? The total volume oc- 


cupied by the million atoms is 


6 
a ig a 


p ~ 10 m° 


ing one million atoms at this density is 


3 1/3 
r= read =30 pm. 
4T 


Because the volume of a sphere is V = +7’, we find that the radius of the sphere contain- 


This makes it clear that the Bose-Einstein condensate could not be imaged directly in the 
experiment conducted by Cornell and Wieman. This is why they needed to turn off the 


able to produce the images of the kind shown in Figure 36.26. 


trap and let its contents expand by at least a factor of 10 in each direction before they were 


Se 


MULTIPLE-CHOICE QUESTIONS 


| 36.1 Ultraviolet light of wavelength 350 nm is incident on 
a material with a stopping potential of 0.25 volts. The work 
function of the material is 
a) 4.0 eV. c) 2.3 eV. 
b) 3.3 eV. d) 5.2 eV. 


36.2 The existence of a cutoff frequency in the photoelectric effect 


a) cannot be explained using classical physics. 

b) shows that the model provided by classical physics is not 
correct in this case. 

c) shows that a photon model of light should be used in this case. 
d) shows that the energy of the photon is proportional to its 
frequency. 

e) All of the above. 


36.3 To have a larger photocurrent, which of the following 
should occur? (select all the correct changes) 

a) brighter light c) higher frequency 

b) dimmer light d) lower frequency 

36.4 Which of the following has the smallest de Broglie 
wavelength? 

a) an electron traveling at 80% the speed of light 

b) a proton traveling at 20% the speed of light 

c) acarbon nucleus traveling at 70% the speed of light 
d) ahelium nucleus traveling at 80% the speed of light 
e) a lithium nucleus traveling at 50% the speed of light 
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36.5 A blackbody is an ideal system that 

a) absorbs 100% of the light incident upon it, but cannot emit 
light of its own. 

b) emits 100% of the light it generates, but cannot absorb 
radiation of its own. 

c) either absorbs 100% of the light incident upon it, or emits 
100% of the radiation it generates. 


d) absorbs 50% of the light incident upon it, and emits 50% of 


the radiation it generates. 
e) blackens completely any body that comes in contact with it 


36.6 Which one of the following statements is true if the intensity 


of a light beam is increased while its frequency is kept the same? 
a) The photons gain higher speeds. 
b) The energy of the photons is increased. 


QUESTIONS 


36.9 Why is a white-hot object hotter than a red-hot object? 


36.10 After having read this chapter, weigh in on the dis- 
cussion of whether an electron is a particle or a wave. 


36.11 If I look ina mirror while wearing a blue shirt, I see 
a blue shirt in my reflection, not a red shirt. But according 
to the Compton effect, the photons that bounce back should 
have a lower energy and therefore a longer wavelength. 
Explain why my reflection shows the same color shirt as I 
am wearing. 


36.12 Vacuum in deep space is not empty, but a boiling sea 
of particles and antiparticles that are constantly forming and 
annihilating each other. Determine the minimum lifetime 
for a proton-antiproton pair to form there without violating 
Heisenberg’s uncertainty relation. 

36.13 Consider a universe where Planck’s constant is 5 J s. 
How would a game of tennis change? Consider the interac- 
tions of individual players with the ball and the interaction 
of the ball with the net. 

36.14 In classical mechanics, for a particle with no net force 
on it, what information is needed in order to predict where 
the particle will be some later time? Why is this prediction 
not possible in quantum mechanics? 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 36.2 

36.19 Calculate the peak wavelengths of 
a) the solar light received by Earth, and 
b) light emitted by the Earth. 


Assume the surface temperatures of the Sun and the Earth 
are 5800. K and 300. K, respectively. 


c) The number of photons per unit time is increased. 

d) The wavelength of the light is increased. 

36.7 Which of the following has the higher temperature? 
a) a white-hot object 
b) a red-hot object 


c) a blue-hot object 


36.8 Electrons having a narrow range of kinetic energies 
are impinging upon a double slit, with separation D 
between the slits. The electrons form a pattern on a 
phosphorescent screen with a separation Ax between the 
fringes on the screen. If the spacing between the slits is 
reduced to D/2, the separation between the fringes will be: 


a) Ax c) Ax/2 
b) 2Ax d) none of these 


36.15 What would a classical physicist expect would be the 
result of shining a brighter UV lamp on a metal surface, in 

terms of the energy of emitted electrons? How does this dif- 
fer from what the theory of the photoelectric effect predicts? 


36.16 Which is more damaging to human tissue, a 60-W 
source of visible light, or a 2-mW source of X-rays? Explain 
your choice. 


36.17 Neutrons are spin + fermions. An unpolarized beam 
of neutrons has an equal number of spins in the + 1/2 and 
-1/2 states. When a beam of unpolarized neutrons is passed 
through unpolarized *He, the neutrons can be absorbed by 
the *He to create “He. If the *He is then polarized, so that 
the spins of the neutrons in the nucleus of the *He are all 
aligned, will the same number of neutrons in the unpolar- 
ized neutron beam be absorbed by the polarized *He? How 
well is each of the two spin states of the unpolarized neutron 
beam absorbed by the *He? 


36.18 You are performing a photoelectric effect experiment. 
Using a photocathode made of cesium, you first illuminate 
it with a green laser beam (A = 514.5 nm) of power 100 mW. 
Next, you double the power of your laser beam, to 200 mW. 
How will the energies per electron of the electrons emitted 
by the cathode compare for the two cases? 


36.20 Calculate the range of temperatures for which the 
peak emission of the blackbody radiation from a hot filament 
occurs within the visible range of the electromagnetic spec- 
trum. Take the visible spectrum as extending from 380 nm to 
780 nm. What is the total intensity of the radiation from the 
filament at these two temperatures? 


36.21 Ultra-high-energy gamma rays are found to come from 
the Equator of our galaxy, with energies up to 3.5- 10° eV. 
What is the wavelength of this light? How does the energy 
of this light compare to the rest mass of a proton? 


36.22 Consider an object at room temperature (20. °C) 
and the radiation it emits. For radiation at the peak of the 
spectral energy density, calculate 


a) the wavelength, c) the energy of one 


b) the frequency, and photon. 


36.23 The temperature of your skin is approximately 35.0 °C. 


a) Assuming that it is a blackbody, what is the peak 
wavelength of the radiation it emits? 

b) Assuming a total surface area of 2.00 m’, what is the total 
power emitted by your skin? 

c) Based on your answer in (b), why don’t you glow as 
brightly as a light bulb? 


36.24 A pure, defect-free semiconductor material will absorb 
the electromagnetic radiation incident on that material only 

if the energy of the individual photons in the incident beam is 
larger than a threshold value known as the “band-gap” of the 
semiconductor. The known room-temperature band-gaps for 
germanium, silicon, and gallium-arsenide, three widely used 
semiconductors, are 0.66 eV, 1.12 eV, and 1.42 eV, respectively. 


a) Determine the room-temperature transparency range of 
these semiconductors. 

b) Compare these with the transparency range of ZnSe, a 
semiconductor with a band-gap of 2.67 eV, and explain the 
yellow color observed experimentally for the ZnSe crystals. 
c) Which of these materials could be used for a light detector 
for the 1550-nm optical communications wavelength? 


36.25 The mass of a dime is 2.268 g, its diameter is 17.91 mm, 
and its thickness is 1.350 mm. Determine 


a) the radiant energy coming out from a dime per second at 
room temperature, 

b) the number of photons leaving the dime per second 
(Assume that all photons have the wavelength of the peak of 
the distribution for this estimate.), and 

c) the volume of air to have energy equal to 1 second of 
radiation from the dime. 


Section 36.3 


36.26 The work function of a certain material is 5.8 eV. 
What is the photoelectric threshold for this material? 


36.27 What is the maximum kinetic energy of the electrons 
ejected from a sodium surface by light of wavelength 470 nm? 


36.28 The threshold wavelength for the photoelectric effect 
in a specific alloy is 400. nm. What is the work function in eV? 


36.29 Ina photoelectric effect experiment, a laser beam of 
unknown wavelength is shined on a cesium cathode (work 
function ¢ = 2.100 eV). It is found that a stopping potential 
of 0.310 V is needed to eliminate the current. Next, the same 
laser is shined on a cathode made of an unknown material, 
and a stopping potential of 0.110 V is found to be needed to 
eliminate the current. 


a) What is the work function for the unknown cathode? 


b) What would be a possible candidate for the material of 
this unknown cathode? 
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36.30 You illuminate a zinc surface with 550-nm light. How 
high do you have to turn up the stopping voltage to squelch 
the photoelectric current completely? 

36.31 White light, A = 400. to 750. nm, falls on barium 

(bb = 2.48 eV). 

a) What is the maximum kinetic energy of electrons ejected 
from it? 

b) Would the longest-wavelength light eject electrons? 

c) What wavelength of light would eject electrons with zero 
kinetic energy? 

°36.32 To determine the work function of the material of a 
photodiode, you measured the maximum kinetic energy of 
1.50 eV corresponding to a certain wavelength. Later on you 
cut down the wavelength by 50.0% and found the maximum 
kinetic energy of the photoelectrons to be 3.80 eV. From this 
information determine 

a) work function of the material, and 

b) the original wavelength. 


Section 36.4 

36.33 X-rays of wavelength A = 0.120 nm are scattered from 
carbon. What is the Compton wavelength shift for photons 
detected at 90.0° angle relative to the incident beam? 

36.34 A 2.0-MeV X-ray photon is scattered from a free 
electron at rest into an angle of 53°. What is the wavelength 
of the scattered photon? 

36.35 A photon with wavelength of 0.30 nm collides with 
an electron that is initially at rest. If the photon rebounds at 
an angle of 160°, how much energy did it lose in the collision? 
°36.36 X-rays having energy of 400.0 keV undergo Comp- 
ton scattering from a target. The scattered rays are detected 
at 25.0° relative to the incident rays. Find 

a) the kinetic energy of the scattered X-ray, and 

b) the kinetic energy of the recoiling electron. 

°36.37 Consider the equivalent of Compton scattering, but 
the case in which a photon scatters off of a free proton. 

a) If 140.-keV X-rays bounce off of a proton at 90.0°, what 
is their fractional change in energy (Ey - E)/E,? 

b) What energy of photon would be necessary to cause a 
1.00% change in energy at 90.0° scattering? 

°36.38 An X-ray photon with an energy of 50.0 keV 
strikes an electron that is initially at rest inside a metal. 
The photon is scattered at an angle of 45°. What is the 
kinetic energy and momentum (magnitude and direction) 
of the electron after the collision? You may use the non- 
relativistic relationship connecting the kinetic energy and 
momentum of the electron. 


Section 36.5 

36.39 Calculate the wavelength of 

a) a2.00 eV photon, and 

b) an electron with kinetic energy 2.00 eV. 
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36.40 What is the de Broglie wavelength of a 2.000- 10°-kg 
car moving at a speed of 100.0 km/h? 


36.41 A nitrogen molecule of mass m = 4.648 - 10” kg has a 
speed of 300.0 m/s. 


a) Determine its de Broglie wavelength. 


b) How far apart are the double slits if a nitrogen molecule 
fringe pattern, with fringes 0.30 cm apart, is observed on a 
screen 70.0 cm in front of the slits? 


36.42 Alpha particles are accelerated through a potential dif- 
ference of 20.0 kV. What is their de Broglie wavelength? 


36.43 Consider an electron whose de Broglie wavelength is 
equal to the wavelength of green light (about 550 nm). 


a) Treating the electron nonrelativistically, what is its speed? 


b) Does your calculation confirm that a nonrelativistic 
treatment is sufficient? 


c) Calculate the kinetic energy of the electron in eV. 


36.44 After you told him about de Broglie’s hypothesis that 
particles of momentum p have wave characteristics with wave- 
length A = h/p, your 60.0-kg roommate starts thinking of his 
fate as a wave and asks you if he could be diffracted when pass- 
ing through the 90.0-cm-wide doorway of your dorm room. 


a) What is the maximum speed at which your roommate 
can pass through the doorway in order to be significantly 
diffracted? 

b) Ifit takes one step to pass through the doorstep, how 
long should it take your roommate to make that step 
(assume the length of his step is 0.75 m) in order for him to 
be diffracted? 

c) What is the answer to your roommate's question? Hint: 
Assume that significant diffraction occurs when the width of 
the diffraction aperture is less that 10.0 times the wavelength 
of the wave being diffracted. 

ee36.45 Consider de Broglie waves for a Newtonian particle 
of mass m, momentum p = my, and energy E = pl (2m), that 
is, waves with wavelength A = h/p and frequency f = E/h. 

a) Calculate the dispersion relation w = w(k) for these waves. 
b) Calculate the phase and group velocities of these waves. 
Which of these corresponds to the classical velocity of the 
particle? 

ee36.46 Now consider de Broglie waves for a (relativistic) 
particle of mass m, momentum p = mvy, and total energy 
E = mey, with y = [1 - (v/c)*]"'”. The waves have wave- 
length A = h/p and frequency f= E/h as before, but with the 
relativistic momentum and energy. 

a) Calculate the dispersion relation for these waves. 


b) Calculate the phase and group velocities of these waves. 
Now which corresponds to the classical velocity of the particle? 


Section 36.6 
36.47 A 50.0-kg particle has a de Broglie wavelength of 20.0 cm. 
a) How fast is the particle moving? 


b) What is the smallest speed uncertainty of the particle if its 
position uncertainty is 20.0 cm? 


36.48 During the period of time required for light to pass 
through a hydrogen atom (r = 0.53-10°'° m), what is the 
least uncertainty in energy for the atom? Express your an- 
swer in electron volts. 


36.49 A free neutron (m = 1.67-10~” kg) has a mean life of 
900. s. What is the uncertainty in its mass (in kg)? 


36.50 Suppose that Fuzzy, a quantum-mechanical duck, lives 
in a world in which Plancks constant A =1.00 J s. Fuzzy has a 
mass of 0.500 kg and initially is known to be within a 0.750-m- 
wide pond. What is the minimum uncertainty in Fuzzy’s 
speed? Assuming that this uncertainty prevails for 5.00 s, how 
far away could Fuzzy be from the pond after 5.00 s? 


36.51 An electron is confined to a box with a dimension of 
20.0 pm. What is the minimum speed the electron can have? 


36.52 A dust particle of mass 1.00- 10% kg and diameter 
5.00 um is confined to a box of length 15.0 wm. 


a) How will you know whether the particle is at rest? 

b) Ifthe particle is not at rest, what will be the range of its 
velocity? 

c) Using the lower range of velocity, how long will it take to 
move a distance of 1.00 mm? 


Section 36.8 


ee36.53 Consider a quantum state of energy E, which can be 
occupied by any number n of some bosonic particles, includ- 
ing n = 0. At absolute temperature T, the probability of finding 
n particles in the state is given by P,, = N exp(-nE/kgT), where 
kg is Boltzmann's constant and the normalization factor N is 
determined by the requirement that all the probabilities sum 
to unity. Calculate the mean or expected value of n, that is, the 
occupancy, of this state, given this probability distribution. 


¢36.54 Consider the same quantum state as the preceding 
problem, with a probability distribution of the same form, 
but with fermionic particles, so that the only possible oc- 
cupation numbers are n = 0 and n = 1. Calculate the mean 
occupancy (n) of the state in this case. 


ee36.55 Consider a system made up of N particles. The av- 
erage energy per particle is given by (E ) = © Be hl") /Z 
where Z is the partition function defined in equation 36.29. 
If this is a two-state system with E, = 0 and E, = Eand g, = 
& = 1, calculate the heat capacity of the system, defined as 
N(d (E )/aT) and approximate its behavior at very high 

and very low temperatures (that is, kT >> 1 and kgT « 1). 


Additional Problems 

36.56 Given that the work function of tungsten is 4.55 eV, 
what is the stopping potential in an experiment using tung- 
sten cathodes at 360 nm? 

36.57 Find the ratios of de Broglie wavelengths of a 100-MeV 
proton to a 100-MeV electron. 

36.58 An Einstein (E) is a unit of measurement equal to 
Avogadro's number (6.02 - 10”) of photons. How much en- 
ergy is contained in 1 Einstein of violet light (A = 400. nm)? 


36.59 In baseball, a 100.-g ball can travel as fast as 100. mph. 
What is the de Broglie wavelength of this ball? The Voyager 
spacecraft, with a mass of about 250. kg, is currently travel- 
ling at 125,000 km/h. What is its de Broglie wavelength? 


36.60 What is the minimum uncertainty in the velocity 
of a 1.0-nanogram particle that is at rest on the head of a 
1.0-mm-wide pin? 

36.61 A photovoltaic device uses monochromatic light of 
wavelength 700. nm that is incident normally on a surface 
of area 10.0 cm’. Calculate the photon flux rate if the light 
intensity is 0.300 W/cm’. 


36.62 The Solar Constant measured by Earth satellites is 
roughly 1400. W/m’. Though the Sun emits light of differ- 
ent wavelengths, the peak of the wavelength spectrum is at 
500. nm. 


a) Find the corresponding photon frequency. 
b) Find the corresponding photon energy. 
c) Find the number flux of photons arriving at Earth, 


assuming that all light emitted by the Sun has the same peak 
wavelength. 


36.63 Two silver plates in vacuum are separated by 1.0 cm 
and have a potential difference of 20. kV between them. 
What is the largest wavelength of light that can be shined on 
the cathode to produce a current through the anode? 


36.64 How many photons per second must strike a sur- 
face of area 10.0 m° to produce a force of 0.100 N on the 
surface, if the photons are monochromatic light of wave- 
length 600. nm? Assume the photons are absorbed. 


36.65 Suppose the wave function describing an electron 
predicts a statistical spread of 1.00-10~* m/s in the electrons 
velocity. What is the corresponding statistical spread in its 
position? 

36.66 What is the temperature of a blackbody whose peak 
emitted wavelength is in the X-ray portion of the spectrum? 
36.67 A nocturnal bird’s eye can detect monochromatic 
light of frequency 5.8-10'* Hz with a power as small as 
2.333- 1071” W. What is the corresponding number of pho- 
tons per second a nocturnal bird’s eye can detect? 
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36.68 A particular ultraviolet laser produces radiation of 
wavelength 355 nm. Suppose this is used in a photoelectric 
experiment with a calcium sample. What will the stopping 
potential be? 


36.69 What is the wavelength of an electron that is acceler- 
ated from rest through a potential difference of 1.00- 10° V? 


36.70 Compton used photons of wavelength 0.0711 nm. 
a) What is the wavelength of the photons scattered at 6 = 180.°? 
b) What is energy of these photons? 


c) If the target were a proton and not an electron, how 
would your answer in (a) change? 


36.71 Calculate the number of photons originating at the 
Sun that are received in the Earth’s upper atmosphere per year. 


36.72 A free electron in a gas is struck by an 8.5-nm X-ray, 
which experiences an increase in wavelength of 1.5 pm. 
How fast is the electron moving after the interaction with 
the X-ray? 


°36.73 An accelerator boosts a proton’s kinetic energy so 
that the de Broglie wavelength of the proton is 3.5-107'° m. 
What are the momentum and energy of the proton? 


36.74 Scintillation detectors for gamma rays transfer the 
energy of a gamma-ray photon to an electron within a crys- 
tal, via the photoelectric effect or Compton scattering. The 
electron transfers its energy to atoms in the crystal, which 
re-emit it as a light flash detected by a photomultiplier tube. 
The charge pulse produced by the photomultiplier tube 

is proportional to the energy originally deposited in the 
crystal; this can be measured so an energy spectrum can be 
displayed. Gamma rays absorbed by the photoelectric ef- 
fect are recorded as a photopeak in the spectrum, at the full 
energy of the gammas. The Compton-scattered electrons 
are also recorded, at a range of lower energies known as 

the Compton plateau. The highest-energy of these form the 
Compton edge of the plateau. Gamma-ray photons scattered 
180.° by the Compton effect appear as a backscatter peak in 
the spectrum. For gamma-ray photons of energy 511 KeV, 
calculate the energies of the Compton edge and the back- 
scatter peak in the spectrum. 
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WHAT WE WILL LEARN 


37.1 Wave Function 


1207 


A particle is described by its complex wave function. 
The absolute square of the complex wave function is 
the probability of finding a particle at some position. 
The integral of the square of the wave function over 

all of space equals 1. 


The Schrédinger equation is the nonrelativistic wave 
equation for a particle in a potential U(x). 


Wave functions that are solutions to the problem of 
a particle confined to an infinite potential well are 
sine functions. The energy values of the solutions are 
proportional to the square of the quantum number 
of the solution. The solutions to the problem of 

a potential of finite height have exponential tails 
reaching into the classically forbidden region. 


If a particle encounters a potential barrier of finite 
height and width, it can tunnel through this barrier, 
even if it has energy less than the height of the barrier. 
The probability for this particle to tunnel through the 


The wave function solutions for the harmonic 
oscillator potential are Hermite polynomials. The 
corresponding energy eigenvalues are equally 
spaced. Oscillator wave functions with n = 0 have 
the minimum product of momentum and position 
uncertainty allowed by the uncertainty principle. 


The correspondence principle states that if the energy 
difference AE between neighboring energy states 
becomes small relative to the total energy E, the 
quantum solution approaches its classical limit. 


The Hamiltonian operator (or simply Hamiltonian, 
for short) is the operator of the total energy. It is 
linear. Thus a linear combination of two solutions 
to the Schrödinger equation, which is based on the 
Hamiltonian, is also a solution. 


The two-particle wave function for (non-interacting) 


bosons is the symmetrized product of one-particle wave 


functions, and the two-particle wave function for (non- 
interacting) fermions is the antisymmetrized product. 


| barrier depends exponentially on the barrier width. 


Chapter 36 introduced some of the basic ideas of quantum physics, including photons, mat- 
ter waves, and the uncertainty principle. In this chapter, we extend these ideas to calcula- 
tions of particle dynamics on the atomic scale. We emphasize physical concepts rather than 
mathematical details, which can become pretty involved in these calculations. However, the 
ideas of quantum mechanics have produced practical discoveries that could not be imag- 
ined with classical physics alone. 

Many early researchers in modern physics had serious doubts about what wave func- 
tions really are and why probability distributions take a central role in predicting results. 
For example, the Danish physicist Niels Bohr (1885-1962) once said, “Anyone who has not 
been shocked by quantum physics has not understood it? And the great American physicist 
Richard Feynman (1918-1988) wrote, “I think I can safely say that nobody understands 
quantum mechanics . . . Do not keep saying to yourself, if you can possibly avoid it, ‘But 
how can it be like that? . . ? Nobody knows how it can be like that? Yet now, in the 21st 
century, quantum mechanics has been established as one of the most accurate and compre- 
hensive areas in all of physics. 

When we talked about light waves and sound waves, we discussed the concepts of 
spherical and planar waves. These waves are specific examples of wave functions that solve 
a particular wave equation. In the same way, we can now ask what is the wave function of 
the electron, or what is the wave function of any other object that we conventionally think 
of as a particle. This question will lead us to look at mechanics in the quantum world and 
introduce us to what is conventionally called quantum mechanics, in which we explore the 
observable consequences of the wavelike behavior of particles. In the last few years there 
have been extensive attempts to go beyond simply understanding quantum systems, to 
manipulate them and to use them for purposes like quantum computing (see Figure 37.1), 
which carry the promise of revolutionizing nanoscience and nanotechnology. 


37.1 | Wave Function 


Let’s briefly review what we have accomplished so far in our investigation of the quan- 
tum world. Again we start with light. In Chapter 36, we saw that the photoelectric effect 
and Compton scattering can be explained only if light has particle properties. However, in 
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Chapter 31 on electromagnetic waves we also saw that light is an electromagnetic wave of 
the form E = E max sin (kx - wt), where x is the wave number and w is the angular frequency. 
We also saw that the intensity of the wave is proportional to the square of the electric field. 
We used this relationship again in Chapter 34 on wave optics to calculate the intensity of the 
interference pattern of two light waves. Because the oscillation of the electric field in space 
and time represents the wave function of light, clearly, for light, the intensity is proportional 
to the square of the wave function. 


What is the corresponding wave function of an electron? Or more generally: What is 


the quantum wave function of any particle? 


In common notation, (r,t) is written for the wave function to denote that it depends 


on the spatial coordinate 7 and the time t. It is common to use the lowercase Greek letter 
psi, y, for the wave function. We could have just as well used y(7,t) to describe the wave 
function, as we did in Chapter 15 when we examined general wave phenomena. However, 
in the early 20th century the pioneers of quantum physics used the symbol y(F,t), which 


(a) 


became the standard notation. In addition, the use of y for the 
wave function, which is not a coordinate or a distance, could be 
confused with our common usage of y. 

A lot of physical insight can be gained by studying mechan- 


x ics problems in one spatial dimension. For the one-dimensional 
wave function, we use the notation (x,t). To start out even 
simpler, we first look at the wave function in coordinate space, 
returning to the time dependence later. If we are interested in 
only the spatial distribution of the wave function, we use the 


(b) 


— (x) 


(c) 


notation p(x). 

What is the wave function w(x) of the electron at the screen 
position in the double-slit experiment of Chapter 36 (Section 
36.5)? Just as for photons, the wave function is proportional to 
the square root of the intensity, with the intensity given by equa- 
tion 36.25. The intensity is shown in Figure 37.2a. Parts (b) and 


FIGURE 37.2 (a) Intensity distribution for electrons at the posi- 
tion of the screen in the electron double-slit experiment; (b,c) two 
possible wave functions corresponding to this intensity distribution. 
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FIGURE 37.3 Intensity distribution (number 
of electrons hitting the screen per unit length) 
along the screen in the electron double-slit ex- 
periment. Yellow histogram: number of electrons 
hitting the screen in a coordinate interval. 


(c) of the same figure show two possible wave functions that 
correspond to this intensity distribution, which differ from each 
other by a multiplicative factor of -1. Note that the wave function 
can have positive and negative values, whereas the intensity has a 
minimum value of zero (that is, it is never negative). 


Wave Function and Probability 


What is the physical meaning of the quantum wave function of a particle? Figure 
37.3 (reprise of Figure 36.16) shows the connection between the positions at which 
the electrons hit the screen and the intensity distribution resulting from double-slit 
interference. 

Clearly, the number of counts per bin of some unit length (yellow histogram), 
and the intensity (blue line) are proportional to each other. The number of counts 
per bin, divided by the total number of electrons, is the probability that an electron 
hits in the interval marked by the bin. Let us denote the bin width by dx, because 
we want to use infinitesimally small bins. Thus, the probability of an electron strik- 
ing in the interval between x and x+dx is proportional to I(x)dx. Finally, because 
we have just established that the intensity is proportional to the square of the wave 
function, we can write for the probability I(x) of the electron hitting the interval 
between x and x+dx, 


TI(x)dx =|p()f dx. (37.1) 


This is equivalent to saying that Wof is the probability density of finding the particle at 
position x. The probability is a dimensionless number between 0 and 1, so the probability 
density must have the physical dimension of inverse length, because dx has the dimension 
of a length. 


Why is the notation of the square of the absolute value of the wave function used in 
equation 37.1, instead of just the square of the wave function? It turns out that wave func- 
tions can have a complex amplitude. Thus, a positive number is ensured only by taking the 
absolute square of this amplitude. 

The probability of finding a particular electron at any position in space must be 1, because 
it must be somewhere in space. This gives the normalization condition for the wave function, 


J Woof a= [vce yod (37.2) 


=00 


where yf(x)* is the complex conjugate of y(x). This normalization condition will allow us 
to determine the amplitude of the wave function. This equation says that the integral of the 
absolute square of the wave function over all of space has the value 1, because if we look every- 
where in space, then the integrated probability of finding the electron somewhere is 1. 

With the aid of complex numbers (see Appendix A for a refresher on complex num- 
bers), we can now write down a convenient form for the coordinate space dependence of 
the wave function of a freely moving particle. This wave function must be a traveling wave, 
since the particle is traveling freely, so it can be expected that the wave function will be 
sinusoidal, like the waveform for an electromagnetic wave. These wave functions depend 
on space and time. Time dependence will be treated later. For now, we focus on the depen- 
dence on the x-coordinate alone, setting t = 0. The particle wave function is written as a 
linear combination of sine and cosine oscillations with wave number K = 277/A, where A is 
the de Broglie wavelength introduced in Chapter 36, 


s(x) = Ccos(kx)+ Dsin(kx). 
Using complex number notation, the same wave function can be written as 
plx) = Ae + Be, (37.3) 


The coefficients C and D, as well as A and B are, in general, complex numbers. The coef- 
ficients A and B can be chosen to suit the particular physical situation, under the condition 
that the overall wave function is normalized, according to equation 37.2. 

Why is it more convenient to use the complex number notation? An answer to this 
question is given in the next subsection in relation to the momentum that corresponds to 
a wave function. 


Momentum 


Suppose we have a freely moving particle with wave function of the form in equation 37.3. 
For now, set B = 0. This will simplify our work, and we will soon learn the significance of 
the B term. Therefore, we have 

(x)= Ae” (37.4) 


as our wave function. What is the momentum associated with this wave function? Accord- 
ing to the de Broglie relation A = h/p, the wave number can be written 


2m 2m 2T p 


A hip h ft 


> 


again using the shorthand notation A = h/27. Consequently, 
p=hk. (37.5) 


What operation applied to the wave function will result in a product of the wave function 
times the momentum? Let us try this Ansatz: 


pute) =- ho. (37.6) 
dx 


Here we have used the notation 


p=-ih— 
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37.1 Self-Test Opportunity 


Using Euler’s formula for complex 
numbers, show that both of the 
expressions given here for w(x) are 
identical, and that the amplitudes 
are related via A + B = C and 

i(A - B) =D. 


1210 Chapter 37 Quantum Mechanics 


to denote the momentum operator; that is, the operator that results in the product of the 
momentum and the wave function when applied to the wave function. This way of writing 
the momentum operator is motivated by noticing that taking the derivative of y(x) = Ae” 
with respect to x is equivalent to multiplying the wave function by the factor ik. However, 
this momentum operator turns out to be more general and works for all wave functions, not 
just that of equation 37.4. 

We can take the derivative and convince ourselves that this Ansatz makes sense for our 
wave function: 


PE W(x) =-ih d atina 4 gies = -ihA(ix)e* =hkAe™ =hkis(x) = p(x). 
dx dx dx 
Thus, our momentum operator applied to the wave function w(x) = Ae’ indeed gives us 
the product of this wave function with its momentum p=/ik. Therefore, it is appropriate 
to interpret our wave function (equation 37.4) as that of a free particle moving with posi- 
tive momentum p=fx. Conversely, a wave function w(x) = Be” describes a free particle 
moving with negative x-component of momentum -p, that is, along the negative x-axis. The 
more general wave function (equation 37.3) therefore describes a superposition of left- and 
right-moving waves. 


Kinetic Energy 


We have found that we can introduce a momentum operator and apply it to the quantum 
wave function of a particle in order to find its momentum. Are there other operators that 
can be applied to wave functions to find the equivalent classical quantities? One such clas- 
sical quantity is the kinetic energy of a particle. Classically, the kinetic energy can be writ- 
ten as K = p*/2m, so, following the idea of equation 37.6, we introduce an operator for the 
kinetic energy as A 
1 2 1f d P d 
Ky(x) oan W(x) 3 ih | W(x) TOE 


T w(x). (37.7) 


This equation can be understood as the general definition of the kinetic energy operator. 
What happens for the special case where this operator is applied to the wave function of a 


freely moving particle with momentum p=fk, one that has a wave function y(x) = Ae“*? 
This gives 
R e re. Rd Ro, 2o P 
se E ies Aé™ =-ik Ad = agit =P Ae = KAe 
2m dx? 2m dx? 2m dx 2m 2m 


Indeed, this works as advertised. The kinetic energy operator applied to the wave func- 
tion of a free particle yields its kinetic energy. Note that inserting the wave function 
(x) = Be“* would have resulted in the same value for the kinetic energy, because (-K) =k’. 
Thus, for the superposition of a left- and a right-moving wave with wave number k, the 


kinetic energy operator applied to the wave function of equation 37.3 results in 


_ nr d (Ae f Be”*)= Kk 
2m dx? 2m 


37.2 Schrodinger Equation 


Given that an electron can be represented by a wave function, what is the equation of motion 
that describes how this wave function depends on space and time? Such an equation would 
give solutions for the wave function that are consistent with the observations discussed so far in 
this chapter. In particular, the solutions should have de Broglie wavelengths of the kind found 
in Chapter 36, and the absolute squares of the solutions should reproduce the double-slit scat- 
tering experiment results. The Austrian physicist Erwin Schrödinger (1887-1961) found such 
an equation in 1925, and it now carries his name. It is the foundation for all of nonrelativistic 
quantum mechanics. By “nonrelativistic” we mean all physical cases where the speeds of the 
objects are small compared to the speed of light, so the kinetic energy can be written as p*/2m. 


K(Ae™ + Be) = (Ae + Be), (37.8) 


The following discussion applies the Schrédinger equation to electrons, but the Schrédinger 
equation also holds for any other object conventionally thought of as a particle. 

For now we look at only one-dimensional problems and investigate their static solution, 
that is, their solutions independent of time. The Schrédinger equation for this case is 


+U(x)i(x) = E(x). (37.9) 
2m dx? 

In this equation, U(x) represents the potential energy, which can be different for different posi- 

tions, and E is the total mechanical energy of the wave. We have already introduced the first 

term in this equation as the operator of the kinetic energy, so we may think of the Schrodinger 

equation as an expression of the law of energy conservation for our wave function, 


(K(x) +U(x)) p(x) = E(x). 


If the potential energy is zero everywhere, then U(x) = 0 and the total energy is equal to the 
kinetic energy. For this case we have already found the solution because the Schrédinger 
equation then simply reduces to equation 37.8. In the absence of a potential energy, the 
solution to the Schrödinger equation is thus (x) = Ae“* + Be. 

What is the solution for a very large potential energy? Physicists like to use the limit 
of an infinite potential energy in order to obtain a simple solution. For an infinite potential 
energy at some point in space, the Schrödinger equation demands that either the energy E 
is infinite or the wave function has the value of zero at that position. We are not interested 
in the unphysical, infinite-energy case, so the wave function has to be zero in this region. 
Therefore, it is physically impossible for a particle to be in a region with infinite potential 
energy. We call this region a forbidden region. 

Starting from the simple limiting cases of zero potential energy and infinite potential 
energy, more-complicated wave function solutions to potential energy distributions can be 
constructed. To find the solution for these wave functions, we have to keep in mind that 


= the wave function must be continuous in space (that is, it must not make any 
“jumps, which would create positions where the derivatives of the wave function 
are undefined), 

= the wave function must be zero in regions with infinite potential energy, as discussed 
just above, and 

= the wave function is normalized (that is, it fulfills the normalization condition of 
equation 37.2). 


37.3 Infinite Potential Well 


37.3 Infinite Potential Well 1211 


Our first example of a potential energy distribution in space is that of an infinite potential 
well. This is the simplest case mathematically and it provides insight into interesting physi- 
cal situations. For an infinite potential well, define the potential energy as a function of the 
spatial coordinate x as 


o0 for x<0 
U(x)=40 for 0<x<a (37.10) 
o0 for x>a. 


For this case, the value is zero for the wave function for all values outside of the coordinate 
space interval between 0 and a (Figure 37.4). In particular, this also implies a value of 0 at 
the interval boundaries. Inside this coordinate space interval, the wave function is of the 
kind found in equation 37.3, y(x) = Ae”"™ + Be™*, As stated before, this solution is math- 
ematically equivalent to y(x) = C cos (kx) + D sin (Kx). This way of writing the wave func- 
tion is advantageous in this case, because we know that (0) = 0. Substituting x = 0 into the 
wave function gives 


Ws(0) =Ccos(k-0)+ Dsin(k-0)=C =0. 


U(x) 


0 x 
0 a 
FIGURE 37.4 An infinite potential 
well. The allowed region with 
non-infinite values of the potential 
is shaded in blue. 
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Thus, the coefficient C must be zero and the cosine term cannot contribute to the solution, 
giving the solution of y(x) = D sin(«x) in the interval between 0 and a. This makes physi- 
cal sense, because the superposition of the left-traveling wave Be“ and the right-traveling 
wave Ae’ results in a standing wave, which is the appropriate solution for a wave trapped 
between two infinitely high potential barriers. 

Thus, our preliminary result is that our wave function can be written as 


0 for x<0 
Wx)=4Dsin(kx) for 0<x<a 
0 for x>a. 


Because our wave functions must be continuous, there are constraints on the possible 
solutions inside the interval between 0 and a, since only those solutions that vanish at the 
boundaries can be used. At x = 0, this happens automatically because the sine function is 
always 0 at this point. However, at x = a the boundary condition is 


s(x =a)=D sin(a) =0. 


This implies that not all values of the wavelength A = 277/k are possible, but only those for 
which 


Ka -2T nn forall n=1,2,3.... 


is fulfilled, because the sine function is zero whenever its argument is an integer multiple 
of m. (Technically, n = 0 is also permitted, but for any finite value of a this implies an 
unphysical infinite wavelength. Negative numbers would also be permitted, but because 
sin (-x) = -sin (x), these do not give us additional solutions beyond those already con- 
tained in the positive integers.) Thus, the possible wavelengths in this potential well are 
only those with 

_ 2a 


A= — forall n=1,2,3,... 
n 


(37.11) 


Then the only possible solutions of the Schrödinger equation for the infinite potential well 
problem are 


0 for x<0 


w(x) = bso" withn 1.23... for 0<x<a 
a 
0 for x>a. 


We are almost done, but we still have to determine the amplitude D of the wave function. In 
order to obtain it, we use the normalization condition (equation 37.2): 


co 0 a co 
1= fpf de= [poof aet [woof de+ f pof ae 
co —oo 0 a 


a 2 


=0+ f 


0 


dx+0 
a 


pain "=| 


2 , 
Therefore, p| =2/a. Any complex number z can be written as z = re” and |z| = r for any 


phase angle 0. The magnitude of D is 4/2/a so in general we can write D = 42 /ae”. For sim- 


plicity, we select this phase angle as 0, and thus we have the complete solution for the wave 
function of a particle confined to a potential well with infinitely high walls: 


0 for x<0 
(x)= Jafe] withn=1,2,3,... for 0<x<a (37.12) 
a a 
0 for x>a. 


In the solution (equation 37.12), each value of n corresponds to a different possible wave 
function for a particle in an infinite well. To distinguish them, each wave function is labeled 
with an index that indicates this number n, the principal quantum number. Thus, y(x) 
denotes the solution for quantum number 1, and so on. Figure 37.5a shows the wave func- 
tion solutions for the lowest four quantum numbers. 

Earlier, we saw that the probability of finding a particle at a given position is propor- 
tional to the absolute square of the wave function. We thus plot in Figure 37.5b the absolute 
square of the wave functions that correspond to the lowest four quantum numbers. This 
shows the relative likelihood of where in the well one could expect to find the particle when 
performing a position measurement. 

The emergence of simple integer numbers—that is, quantum numbers—is a typical 
feature of quantum mechanical systems. Boundary conditions on the wave functions force 
the existence of solutions that are quantized. The discussions of atoms, atomic nuclei, and 
elementary particles in Chapters 38-39 will show that there are different quantum numbers 
in many situations. 

Chapter 15’s solution to a vibrating string has many similarities to the solution for a 
particle in an infinite potential well. Because the string is clamped at both ends, nodes of 
the wave function appear at the ends, allowing only the fundamental oscillation and its har- 
monics. The infinitely high potential outside the interval [0,a] accomplishes the same effect 
of “clamping down” the wave function of a particle at the boundaries of the potential well. 
Therefore, the standing wave solutions to the classical vibrating string and to the quantum 
particle in an infinite potential well are mathematically identical. 

Finally, let’s compare the quantum probability distribution to the classical one for the 
case we have just considered. In the classical case, the particle remains trapped between 0 


and a. Between these two points, it moves with constant speed v =,/2E/m. 
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FIGURE 37.5 (a) Wave functions 
corresponding to the lowest four quan- 
tum numbers in an infinite potential 
well; (b) probability of finding the 
particle with this wave function at any 
particular position in the well. 
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1/a 


0 L >x 
0 al2 a 
FIGURE 37.6 Classical probability 
distribution for finding a particle at 
any particular position trapped in an 
infinite potential well. 


1 


>x 
0 a 


FIGURE 37.7 The four lowest 
energy levels in an infinite potential 
well. The colors of the energy levels 
correspond to the colors of the 
corresponding wave functions in 
Figure 37.5. 


The probability of finding a particle at a given point in space is proportional to the frac- 
tion dt of the total time the particle spends in the vicinity dx of the point x. In turn, this time 
interval dt is inversely proportional to the speed v(x) it has at this point, dt = dx/v(x). Thus 
the classical probability of finding a particle in the interval between x and x + dx is 


I O (37.13) 
v(x) 
If v is independent of position, then the classical probability of finding a particle must be 
a constant as a function of the position. The resulting probability distribution is shown in 
Figure 37.6. 

Comparing this result to the quantum mechanical probability distribution in Figure 
37.5b, we see clear differences. The quantum mechanical probability distribution oscillates 
between 0 and a maximum value of 2/a, whereas the classical value represents the average 
of this oscillation, 1/a. The relationship between classical and quantum mechanical prob- 
ability distributions is discussed in more detail later in this chapter. 


Energy of a Particle 


The Schrödinger equation 37.9 depends on the total energy of a particle. Now that we have 
the complete wave function solution for a particle in an infinite potential well, lets find the 
total energy that corresponds to this solution in this case. Outside the interval between x = 0 
and x = a, the wave function is zero, so the corresponding particle has zero probability of 
residing there. Thus, the outside region does not contribute to the energy. Inside the inter- 
val between 0 and a there is no potential energy. Therefore, the total energy is equal to the 
kinetic energy of the particle. Equation 37.7 tells us how to calculate this kinetic energy: 


K A(x) 
2m dx ` 


For each quantum number n, however, a different result should be expected for the kinetic 
energy and therefore the total energy. Label this total energy corresponding to the quantum 
number n as E,. For the case of the particle in the infinite potential well, 


2 42 
DT a A 


K e z _ [nTx 
=- sin 
2m dx? | Va a 
K (nr\d 2 nTX 
=- cos 
2m\ a |dx|Va a 
ir JE ; k 
= sin 
2m\ a a a 


2 
A zf) War 


“3m 


Ky(x)=- 


The total energy E,, corresponding to the quantum number n is thus proportional to the 
square of n: 


h 2 
= Tr, n=1,2,3,.... (37.14) 


2ma 


The energy also depends inversely on the square of the width of the potential, a, and 
inversely on the mass of the particle, m. These energies can be represented as horizontal 
lines in a plot of energy versus position. Such a plot is called an energy-level diagram and 
is shown in Figure 37.7. Because the energies of these states are lower than the (infinite) 
height of the potential well, the corresponding states are referred to as bound states. The 
infinite potential well has an infinite number of bound states. 


EXAMPLE 37.1 | Electron in a Box 


This solution for an infinite potential well is sometimes called a “particle in a rigid box” 
and it allows us to simply model an electron bound to an atom or a proton bound in an 
atomic nucleus, as the following example shows. 


PROBLEM 
What is the kinetic energy of the wave function with the lowest quantum number for an 
electron confined to a box of width 2.00 A = 2.00-107'° m ? 


SOLUTION 
The mass of the electron is m = 9.109- 107°" kg. In this case, the entire answer amounts 
to calculating 
hea 
ae = 


2ma 


(1.0546-10°* Js)’ a7 
2(9.109-10*! kg)(2.00-10™ m% 


=1.51-10'8 J. 


Alternatively, this energy value can be expressed in units of electron-volts: 


E =(1.51-10"° J)/(1.602-10™° J/eV) =9.43 eV. 


DISCUSSION 

Chapter 38 will show that atoms have typical diameters of 107™™° m, so this example allows 
us to estimate that the typical energy scale for electrons in atoms has to be on the order 
of 10 eV. Real atoms are much more complicated than a simple model of a box with in- 
finitely high walls, but this way of thinking allows educated guesses on the energy scales 
involved in a physical problem. 

Performing the same exercise for a proton (with a mass approximately 2000 times that 
of the electron) confined to a box of width 107° m to 10°“ m, which is the typical dimen- 
sion of an atomic nucleus, yields the answer of 5-10’ eV to 5- 10° eV. We conclude that typi- 
cal nuclear energy scales are on the order of 5 to 50 MeV, a remarkably good first guess. 


Multidimensional Wells 


The idea of a one-dimensional infinite potential well can be extended to that of a two- 
dimensional well in which a particle is confined in the xy-plane, or even to a rectangular 
box in three-dimensional space. We do not give a mathematical derivation of the full solu- 
tion to these situations, but instead stress the general features. 

First, let’s think about what will be different as our calculations are extended from one 
to two spatial dimensions. The potential energy can now be a function of both variables, x 
and y, and so we write it as U(x,y). This means that the wave function also must be written 
as a function of the same two variables, (x,y). In our classical considerations of kinetic 
energy, we saw that this can be written as 


2 2 
-PP 
2m 2m 


In analogy with what we have just derived for the one-dimensional problem (see equation 
37.6), the x- and y-components of the momentum operator can be written as 


pay) =- ih Many) 
X 

g 
Pyw(xy) == ih TA 


The only change relative to the one-dimensional problem is that partial derivatives must be 
used, as is appropriate for multivariable calculus. (A partial derivative with respect to one 
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37.1 In-Class Exercise 


If we reduce the width of the 
potential well to half its original 
value, then the energy of the n = 3 
wave function will 


a) stay the same. 


b) be reduced by a factor of 2. 


) 
) 
c) be reduced by a factor of 4. 
d) be increased by a factor of 2. 
) 


e) be increased by a factor of 4. 


37.2 Self-Test Opportunity 


How do the solutions for the wave 
functions and energies in the 
problem of the infinite potential 
well change if we replace the po- 
tential energy function of equation 
37.10 with one that is still infinite 
outside the interval between 0 and 
a, but has a constant value of c + 0 
inside this interval? 
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37.3 Self-Test Opportunity 


Can you use the same consider- 
ations and write down the wave 
functions and energies for a 
three-dimensional rectangular 
infinite potential well? 


variable treats the other variables as constants.) Then the kinetic energy operator for the 
quantum wave function can be written as 


1 1 
Ky(x,y)=—p(x,y) + —py(x,y) 
2m 2m 
hr o nr ov 
~~ oat at om ay? 
Finally, the two-dimensional Schrödinger equation reads 
7 K IwW(x,y) 7 K FWx,y) 


2m ax? 2m oy” 


yp(x,y). 


+U(x,y)W(x,y) = Ey(x,y). 


To proceed, we need to specify the shape of the potential energy. If the potential energy 
can be written as a product of a function that depends only on x and another that depends 
only on y—that is to say, U(x,y) = U,(x)- U,(y)—then the problem becomes separable. This 
means that the wave function is also a product of two functions, and that each one depends 
on only one variable: w(x,y) = y(x) - p(y). 

Further, if we use the simplifying case of a two-dimensional rectangular infinite poten- 
tial well, 


U(x, y)=U,(x)-U,(y) 


co for x <0 co for y<0 
with: U, (x)=40 for 0<x<a, U,(y)=40 for 0<y<b 
co for x>a co for y>b 


then the solutions we obtain are products of the wave functions obtained in equation 37.12 
in the x- and y-directions. Explicitly, these wave functions are 


(x,y) = (x)- p(y) (37.15) 
0 for x<0 


Wh (x)= [iaf 822] with, 1.2... for 0<x<a 
a a 


0 for x>a 


0 for y<0 


2 a | 
(y= fal 5 [wannan for 0<y<b 


0 for y>b. 


These solutions are displayed in Figure 37.8 for the lowest values of the quantum numbers 
n, and ny, 

In the same way that we arrived at the solution for the energy values corresponding 
to the one-dimensional quantum numbers n in equation 37.14, we obtain for the energies 
corresponding to these two-dimensional wave functions, 

a 2 Kr 
Pan = 2ma a 2mb? 9 


(37.16) 


If, for example, a = b (square potential), then the same energy value can usually be obtained 
in more than one way. For instance, the states with quantum numbers (n, = 1, n, = 2) and 
(n, = 2, n, = 1) have the same energy. This is referred to as “degeneracy.” 

If the potential wells are not rectangular, then the solution usually cannot be written in a 
simple form. However, in many cases the problem can still be solved numerically. Experimen- 
tally, very high (not quite infinite) two-dimensional potential wells for electrons can be gener- 
ated by arranging several atoms on flat surfaces in the shapes of corrals. Figure 37.9 shows one 
such example, where the color coding (large image) or ripples (gray-scale inset) represent the 
probability distributions for the electron wave function inside corrals, consisting of iron atoms 
arranged in different shapes on a flat copper surface. The instrument used first to arrange the 


atoms in the ways shown and second to generate these experimental images is called a scan- 
ning tunneling microscope, which will be discussed in more detail later in this chapter. 
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FIGURE 37.8 Wave functions with 
the lowest quantum numbers in a 
two-dimensional rectangular infinite 
potential well. 


FIGURE 37.9 Two-dimensional 
rectangular quantum corral made of 
individual iron atoms, arranged on a 
copper surface. The color coding inside 
the corral shows the electron wave 
probability density. The gray-scale 
insets show several corrals of different 
shapes, and the ripples indicate the 
electron wave probability density. These 
arrangements were created by using a 
scanning tunneling microscope. 


37.4 Finite Potential Wells 


Let’s return to the one-dimensional case and solve a problem that is a bit more complicated 
than that of a potential well with infinitely high potential outside the well. Now we want to 
obtain a solution for the case where the wall of the well is not infinitely high, but instead 
has a finite height. 

The shape of the finite potential well we want to study is drawn in Figure 37.10: The 
potential energy U(x) is zero inside the interval from 0 to a, is infinite for all values of x < 0, 
and has a finite constant value of U, > 0 for x > a, 


œ for x<0 
U(x)=40 for 0<x<a 
U, for x>a. 


Just as in the case of the infinite potential, we construct a solution for each of the three 
regions separately, and then match these solutions to each other at the boundaries. The 
solution remains the same as before for x < 0, where the wave function must have a constant 
value of 0. In the interval from 0 to a, the wave function again must have the general form of 
(x) = C cos (kx) + D sin (Kx). And again, because the wave function has to be continuous 


U(x) 
a E setts 
0 pa 
0 a 
FIGURE 37.10 Finite potential 
energy well. 
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W(x) 
A 


>x 


a 


FIGURE 37.11 Wave function for 
the finite potential well, with energy 
larger than the potential step. 


and w(0) = 0, the coefficient C must be 0, giving the solution of (x) = Dsin (xx) in the 
interval between 0 and a. 
For x > a, however, there are new effects. In this region the Schrédinger equation is 
_ dye) 


2m dx? 


+ U(x) = E(x). 


Rearranging this equation leads to 


2 
dpl) _ aL SE e, (37.17) 


dx? 
Let us look at the form of this equation: The second derivative of the wave function is 


equal to the wave function itself, multiplied by a constant, 2m(U, - E)/h?. We do not know 
yet what the energy E is going to be, but we can distinguish two different cases already. 


Case 1: Energy Larger Than the Well Depth 


For E > U, we have 2m(U, - E)/h’ < 0, and we obtain oscillatory solutions of the same kind 
as inside the interval between 0 and a, but with a different wavelength and thus a different 
wave number: 


W(x) = Fcos(k'x)+Gsin(k'x) for x >aandE>U,. 


How are the wave numbers x’ and x related to each other? Remember that inside the interval 
[0,a] there is no potential energy, the total energy is all kinetic energy, and we found that 
E=h’k’/2m. For x > a and E> U}, the kinetic energy is then simply E - U,, and thus E - U, = 


h’«'*/2m. Therefore 
2 
K'= [ic a (37.18) 
h 


Thus, the wave number k' < x, and so the wavelength of the spatial oscillation is larger 
in the region with U(x) = U, > 0 than in the region where U(x) = 0. 
The wave function for this case of total energy larger than the height of the potential 
well E > U, is then 
0 for x <0 
w(x)= Dsin(xx) for 0<x<a 
Fcos(k'x)+Gsin(k'x) for x>a. 


How do we determine the complete solution? We must find the values for the ampli- 
tude coefficients D, F, and G. These three numbers can be determined from the following 
three conditions: 


= The wave function must be continuous at the boundary x = a (as explained earlier). 
= The derivative of the wave function must be continuous at x = a (as explained below). 


= The absolute square of the wave function must be normalized to 1. 


The rationale for the second condition is that the momentum is related to the derivative of 
the wave function, so if the derivative of the wave function were discontinuous, then the 
momentum would be undefined at the point of discontinuity. Note that the wave numbers 
K and K' are not further constrained by these conditions, and neither are the possible values 
of the energy E. All energies larger than the value U, will turn out to be possible. 

We do not want to work through all of the algebra at this point; this is usually done 
during an upper-level course on quantum mechanics. From the structure we have worked 
out so far, however, we can already make a sketch (Figure 37.11) of the type of wave func- 
tion that we can expect. This wave function has the features that it is continuous and has a 
continuous derivative everywhere. Also, in general, the oscillations in the region with U > 0 
have a larger wavelength (because of equation 37.18) and amplitude (because of the larger 
wavelength and the first two conditions just above) than those in the region with U = 0. We 
emphasize once more that in this case we do not have just discrete possible wavelengths, but 
an infinite continuum of wavelengths. 


Case 2: Energy Smaller Than the Well Depth, Bound States 


In this case, the energy of the particle is smaller than the depth of the potential well, so 
the wave functions that fulfill the condition E < U, form bound states. Part of our task is 
to find out if there are any bound states at all. Because even the lowest possible energy of a 
wave function in the infinite well has a finite nonzero value, we expect that for very shallow 
potential wells, no bound state occurs. 

For E < U, the constant 2m(U, - E)/h? has a value larger than zero, so instead of oscil- 
latory solutions, we obtain exponential solutions to the differential equation 37.17. To show 
this in quantitative detail, we introduce a constant y: 


y= oe?) (37.19) 


Then the differential equation 37.17 that we have to solve in the region x > a becomes 


2 
O = Pun) 


It has the solution: 


W(x)=Fe™+Ge” for x>aandE<U,. 


(That this is a solution can be verified by taking its second derivative and inserting 
it back into the differential equation.) Discard the exponentially rising solution e” 
because this solution becomes infinite as we approach x — œ. Then our wave func- 
tion would not be normalizable; that is, the integral of the absolute square of the wave 
function could not have the value 1 according to equation 37.2. Thus, G = 0, and our 
solution becomes 


W(x)=Fe™ for x>aandE<U,. 


Again, the wave function for all three regions can be written: 


0 for x<0 
w(x)= Dsin(xx) for 0<x<a 


Fe * for x>a. (37.20) 


The conditions to have a normalized wave function that is continuous and has a continuous 
derivative at x = a provide three equations for the two unknown amplitudes D and F, as well 
as the wave number x. The other constant that appears in this solution, y, is not indepen- 
dent of x. This can be seen by using the defining equation 37.19 for y, and the fact that when 
the potential energy is zero in the region 0 < x < a, the total energy E which is constant is 
simply E = h’«’/2m. This results in 
~ _ 2m(U,—E)  2mU, _2mE _2mU, e 
i t F R 

Before we calculate one representative case in greater detail, let’s first think about the 
general features of the solution that we expect to obtain. Just as in the infinite potential well 
case, the wave function in the finite potential well case oscillates in sine form in the region 
where the potential energy vanishes. However, now the wave function is allowed to “leak” 
into the wall, although it has an exponentially decreasing value as x increases beyond a. 
This leakage allows the wavelength for x < a to be somewhat longer than the wavelength 
of the infinite well wave function because now the function spills over into x > a. A longer 
wavelength implies a smaller wave number. Since the total energy is proportional to the 
square of the wave number, the energy values corresponding to the wave functions in the 
finite potential well can be expected to be lower than their counterparts in the infinite well. 
Another way of stating this result is to say that the wave functions in the infinite well are 
more “localized,” and thus have larger kinetic energies, than their corresponding counter- 
parts in the well of finite depth. 


(37.21) 
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EXAMPLE 37.2 | Finite Potential Well 


PROBLEM 

Suppose an electron is to have at least two bound states in a well of the shape indicated 
in Figure 37.10. If the width is a = 1.30 nm, how high does the potential step U, need to 
be for the wavelength of the n = 2 state to be 20% greater than it would be in an infinite 
potential well of the same width? 


SOLUTION 

This problem must be approached in steps. First, equation 37.11 gave the result for 
the infinite well, A,, = 2a/n for all n = 1,2,3,.... Thus, we obtain for n = 2 the wavelength 
A, = 2a/2 = a. (As usual, at this point we are not going to insert the value for a, but 
leave the result general and insert the numbers only at the very end.) 

A wavelength 20% larger than that for the infinite well in this case is A, = 1.2A, = 
1.2a. The corresponding value of the wave number is thus k} = 27/A, = 27/(1.2a). 
Since the wave number is inversely proportional to the wavelength, and the wave- 
length needs to increase by 20%, the wave number needs to be reduced by the same 
factor: k,= K,/1.2. (Again, we postpone inserting numerical values for the wave num- 
ber until the end.) 

The general wave function for this problem is given by equation 37.20: 


0 for x <0 
(x)= Dsin( xx] for 0<x<a 


Fe for x>a. 


Let’s look at the boundary conditions at x = a. Demanding continuity of the wave func- 
tion requires 


Dsin| ka| = Fe” >sin| ka siri (i) 
2 2 D 


Take the derivative of the wave function, and then look at the continuity condition for the 
derivative of the wave function. The derivative is 


0 for x <0 


ENTA K, Dcos(xx] for 0<x<a 
dx 


-yFe ™* for x>a. 


A continuous first derivative at x = a thus requires 


F 
KD cos(K; a) =- yfe” >- 2 cos(K, a) =—e™, (ii) 
y D 


We have rewritten equations (i) and (ii) so they have the same right-hand sides. Therefore 
their left-hand sides must also be equal, and we obtain 
© cos(a] =sin(xa) 
-—cos| K, a] =sin|K, a| => 
y 


Y=-K, cot x a). (37.22) 


Taking the square of this equation results in 
y= K cot? [x a). (iii) 
However, we also know that we had calculated for y° in equation 37.21 the relationship 


2mU. ; . 
? or ae (iv) 


Combining equations (iii) and (iv) gives 


2mU, 

K? cot” (ka) = m L e> 

2mU, _ 

RO 

A 12 

U,=—2 (1+ cot? (%a)). 
2m 


Ko (14 cot” [x a) = 


Formally, this is our answer. Now we can insert our numbers. We have already noted that 
K= 2m/A= 277/(1.2a); therefore, K,a = 27/1.2. We can then calculate the factor cot? (xa): 


cot? (K a) =cot? (20 / 1.2) =0.3333=Ż. 


Therefore, the potential step has to have a height of 1 + + = = times the energy E, of the 
wave function y». This energy is 
Wey WQr/12ay k 
2m 2m 2.88ma” 
7 (6.626-10 * J sy 
2.88(9.109-10°*! kg)(1.30-10 m}? 
=9.90-10° J=0.618 eV. 


E, 


Our final answer is U} = +E, = 0.823 eV. 
Note that «= K,/1.2 as demanded by the problem. Since E œ x’ for the potential well, 
the energy E, is a factor of (1/1.2)” = 0.694 lower than that of the infinite well. 


DISCUSSION 

This example is fairly typical. It shows how we need to use the conditions of continuity 
of the wave function and its derivatives at boundaries to set up equations allowing us to 
solve for the undetermined constants in the generic solutions. In this case, our generic 
solution was the same type as equation 37.20, with constants U,, D, F, K} y, which were 
to be determined. The equation for the continuity of the wave function was expressed in 
equation (i), and for the continuity of the derivative in equation (ii). A third equation was 
obtained from the relationship between y and K}, expressed in equation 37.21. Because 
k}was specified in the text of the question, we would need four equations to solve for our 
remaining four unknown quantities. The continuity of y and its derivative at the bound- 
ary and the relationship between yand «was enough to solve for U}. To find D and F we 
would need to use the normalization condition (equation 37.2). 


Example 37.2 presented a condition that predetermined the shape of the wave function by 
specifying the desired value of the wave number. A much more conventional problem is to fig- 
ure out what wave functions fit into a potential of given depth. We will do this in the next exam- 
ple. To make our task easier, we simply use the same numbers as in the preceding example. 


EXAMPLE 37.3 | Bound States 


PROBLEM 

If an electron is trapped in a finite potential well of the kind shown in Figure 37.10 with a 
well depth of U, = 0.823 eV and a width a = 1.30 nm, what wave numbers correspond to 
the possible bound states in this well? 


SOLUTION 
The well depth is the same as in Example 37.2, so one solution for the wave number «K 
should correspond to the value 27/(1.2a), the starting point in that example. We also 


Continued— 
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found two conditions for the exponential decay constant y. Equation 37.22 gave y = 
-kcot (ka), and equation 37.21 gave y=/2mU, /h’ -«’. Combining these results gives 


mn ? =- Kcot(Ka) => 
piru “Mu - (kaf =-(Ka)cot (ka). 


We have omitted the index 2 for the wave number k, which we used in the above equations, 
because we want to search for all possible values of « that satisfy this equation. This equation 
usually does not have an algebraic solution, but we can solve it numerically quite straightfor- 
wardly. The numerical constants in our case are a = 1.30 nm and 2am U,/h- = 36.5. Thus, 
we have to solve the equation 


436.5- y? =- ycot y, with y = Ka. 


In Figure 37.12, we plot the two functions 4/36.5- y? (in blue) and -y cot y 
(in red) and find the positions where they intersect. 
—y As you can see, there are only two positions where the two functions have 


8 the same value. Therefore, our potential well of depth U, = 0.823 eV and width 

a = 1.30 nm has only two bound states. Numerically, we find y, = ka = 2.68 

and y, = Ka = 5.23. This second value is nothing other than 277/1.2, because 

this is the value from which the previous example was constructed. However, 

FIGURE 37.12 Finding the wave numbers for the the value of k; = 2.68/a is new information. Note that now xK, # 2k, unlike 


bound states. 


37.2 In-Class Exercise 


If we double the width of the 
potential well to 2.6 nm and leave 
the depth the same as in Example 
37.3, then the number of bound 
states will 


a) stay the same. 
b) increase. 


c) decrease. 


(25) 4L U(x) 


the case of the infinite potential well. 


To conclude our discussion of the bound states in this example, we show in Figure 37.13 
the energies that correspond to the two bound states, overlaid on the shape of the potential 
energy function used for the potential well. 

Finally, Figure 37.14a shows the wave functions that correspond to the two values found 
for the wave number, as functions of the spatial coordinate x/a. The upper graph is for the 
wave function times Va, corresponding to wave number xk, and energy E, and the lower 
graph for K, and E,. The red part of the curve corresponds to the sinusoidal part of the wave 
function in the potential-free region. The blue part is the exponential penetration of the wave 
function into the region where the potential energy is greater than the energy of the electron; 
this is the classically forbidden region. It is apparent from the figure that the two parts of the 
wave functions are properly matched, since the wave function is continuous and has a con- 
tinuous derivative at the boundary x/a = 1. In order to obtain each of these wave functions, we 
have to solve a system of equations of the kind used in the previous example. 

The fact that an electron can penetrate the potential boundary into the classically for- 
bidden region of x > a is a phenomenon that is unique to the quantum world. Classically, the 
electron would simply bounce off the wall, and the electron could be found at some point 
between x = 0 and x = a. In the quantum picture, this is not the case any more. According to 

equation 37.1, the “ania for the electron to be in the spatial interval dx can 
be calculated as II(x)= W x)| dx. 

In Figure 37.14b we have calculated a lW of for both of our bound-state wave 
functions. Integrating the area under the curve gives the result that, for the bound 
state with wave number K}, the probability of finding the electron between x = 
0 and x = a is 96.9% (red area) and the probability of finding the electron in the 
classically forbidden region x > a is 3.1% (blue area). If the electron resides in the 

>x bound state with wave number k,, it has a probability of 18.6% of being found in 


0 1 I I i 1 
0 02 04 06 08 1 1.2 


xla 


1.4 the classically forbidden region, and 81.4% in 0 < x < a. Since the energy of the sec- 
ond state is higher than that of the first state and close to the depth of the potential 


FIGURE 37.13 Energies of the lowest two pos- well, the electron can penetrate farther into the classically forbidden region and 
sible wave functions in the finite potential well. consequently has a greater probability of being found there. 
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Tunneling 
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FIGURE 37.14 (a) The two wave 
functions with lowest values of the 
wave number for a finite potential step 
at x = a as a function of x/a. The red 
color shows the sine function for the 
zero-potential region, and the blue 
color shows the exponential function 
in the classically forbidden region. 

xla (b) Corresponding probability distribu- 
tions to find the electron at a given 
coordinate. The blue area marks the 
probability of finding the electron in 
the classically forbidden region. All 
four plots have scale factors such that 
the boundary at x = a appears at the 
value of 1 on the abscissa and so that 
the areas in part (b) are the probabili- 
ties for finding the particle within the 

xla corresponding abscissa region. 


1.2 1.4 


1.2 14 


If the wave function can reach into the classically forbidden region, then what would hap- 
pen if the potential step of finite height shown in Figure 37.10 has only a finite width? This 37.4 Self-Test Opportunity 
situation is shown in Figure 37.15a, which shows a plot of the potential energy function " 


œ for x<0 


ue 0 for 0<x<a 
U, for a<x<b 


0 for x>b. 
Again, the wave function in the different regions can be written as follows: 


0 for x<0 
Dsin(xx) for 0<x<a 


W(x) = 


Fe for a<x<b 
Gsin(kx +) for x>b. 


Note that the same value can be used for the wave number « on both 
sides of the barrier in this case because the potential is zero in both of 
these regions. In the preceding section we solved for the wave function in 
the region 0 < x < b. The wave function has a sinusoidal part (red curve 
in Figure 37.15b) in the region between 0 and a and an exponentially 
decreasing part (blue curve in part b) between a and b. What is different 
now is that the wave function does not continue to decay exponentially 
beyond x = b, but it oscillates again in sinusoidal fashion for x > b with 
the same wave number «x as between 0 and a. This process is called tun- 
neling. The exact shape of the wave function (green curve in part b) for 
x > b is again determined by matching the wave function and its first 
derivative at the boundary x = b, just as we did before at x = a. 

Figure 37.15c shows the plot of the probability density for this wave 
function. Clearly there is some nonzero probability for the wave function 
to tunnel through the potential energy barrier and emerge on the other 
side. Classically, by contrast, a particle located at 0 < x < a with the same 
total energy would not have enough energy to escape and would remain 
trapped forever in the region 0 < x <a. 


Can you use the conditions of con- 

tinuity of the wave function and its 
derivative at the boundary x = b to 

derive the values of the phase shift 
¢ and the amplitude G in the wave 

function for the tunneling through 

a potential energy step? 


(b) 0 >x 


0 >x 
a b 


FIGURE 37.15 (a) Potential energy step of finite height 
and finite width; (b) wave function tunneling through the 


potential energy barrier; (c) probability density distribution 
for finding the wave function at a position x. 


1224 Chapter 37 Quantum Mechanics 


37.3 In-Class Exercise 


If we want to increase the tun- 
neling probability in this case, we 
should 


a) increase the barrier height and/ 
or increase the barrier width. 


b) increase the barrier height and/ 
or decrease the barrier width. 


c) decrease the barrier height and/ 
or increase the barrier width. 


d) decrease the barrier height and/ 
or decrease the barrier width. 


The transmission coefficient T is defined as the ratio of the absolute square of the 
wave amplitude at the exit of the barrier to the absolute square of the wave amplitude at the 
entrance to the barrier. For the wave function Fe” in the region of the barrier, the trans- 
mission coefficient is found to be 

2 
2 -yb 
Fe” | 
OMe 


2 
- =g? (37.23) 
Wof [pe 


2 pan 


2 


Thus, the transmission coefficient depends exponentially on the width of the barrier, 
b-a. Note that the probability that the particle is to the left of the barrier (x < a) is propor- 
tional to |y(a)|’. The probability it is found to the right of the barrier (x > b) is proportional 
to |y(b)|’. The transmission coefficient T therefore measures the probability that a particle 
hitting the barrier on the left will emerge on the right of the barrier. 

Fascinatingly, this process of tunneling through a potential energy barrier can be 
observed in nature—for example, in the alpha decay of heavy nuclei. It is a crude, but effec- 
tive, model of the alpha decay process to imagine the alpha particle to be trapped inside a 
potential energy barrier formed by the heavy nucleus in roughly the shape shown in Figure 
37.15a. Over time, the wave function of the alpha particle leaks out of the potential energy 
trap. When this happens, we say that the nucleus “alpha decays,” meaning that it emits an 
alpha particle and transmutes into another nucleus. The details of this decay process will be 
covered in greater detail in Chapter 40. 


EXAMPLE 37.4 | Neutron Tunneling 


PROBLEM 

Ifa neutron of kinetic energy 22.4 MeV encounters a rectangular potential energy barrier 
of height 36.2 MeV and width 8.4 fm, what is the probability that the neutron will be able 
to tunnel through this barrier? 


SOLUTION 

The tunneling probability was given in equation 37.23 as Il, = T = e?%~ ®. Knowing 
that the width of the barrier is b - a = 8.4 fm, all we have to do to complete our task is to 
figure out the value of the decay constant y. Equation 37.19 applies in the present case, 


and we can write 
2m(U, - E) 
ia ae ' 
h 


In order to put in numbers, we can write h in units that are very useful in nuclear and 
particle physics: fic = 197.34 MeV fm = hi = 197.34 MeV fm/c. The mass of the neutron 
has the value m, = 1.6749- 10°” kg = 939.57 MeV/c’. If we then insert our constants, we 
find for the decay constant 


= 0.816 fm. 


y= [203957 MeV/c )(36.2 MeV -22.4 MeV) 
(197.34 MeV fm/c)” 


Therefore, we obtain for the tunneling probability 


Tl, = e2v(b-a) _ 4-2(0.816)(84) _ 1 11.10%. 


Scanning Tunneling Microscope 


In 1981 the Swiss physicist Heinrich Rohrer (1933- ) and the German physicist Gerd Bin- 
nig (1947- ) discovered that the tunneling effect can be used to image surfaces of materials 
and, for the first time, obtain images of atoms. They were awarded half of the 1986 Nobel 
Prize in Physics for this discovery. Their work was a conceptual leap and a great technical 


achievement at the time, but the underlying basic physics is actually relatively straightfor- 
ward to understand with the concepts we have developed so far. 

In Figure 37.16a, the potential of an electron in an atom is shown in black. Chapter 23 
showed that this potential is the Coulomb potential, U(r) « 1/r. This potential is represented 
with the black line as a function of one spatial coordinate, and our atom sits at x). We overlay 
a qualitative sketch of the absolute square of the electron wave function in this potential. 
(Chapter 38 will show exact calculations for the hydrogen atom.) In Figure 37.16b-d, a 
second atom, located at x,, is moved closer and closer to the atom located at x). As we move 
the second atom, we monitor the resulting potential distribution, as well as the correspond- 
ing wave function. The potential barrier that prevents the electron from moving from the 
atom at x, to the atom at x, becomes narrower and at the same time lower as the atoms are 
moved closer to each other. Thus, the electron wave function is able to tunnel through the 
barrier. Quantitative calculations show that the tunnel current rises very steeply if the dis- 
tance between the two atoms decreases below a certain point. 

The principle of the scanning tunneling microscope (STM) is to very carefully move 
a tip the size of a single atom closer and closer to the surface of the material that we want 
to probe and to record the current due to tunneling electrons in this process (Figure 37.17). 
How is it possible to produce a tip the size of a single atom? To start with, a very thin wire is 
cut at an angle. This produces a very fine tip, but not the size of a single atom. However, one 
of the atoms at the end will usually stick out just a tiny bit farther than those surrounding 
it. This tiny bit is sufficient, because the tunnel current depends sensitively on the distance. 
Thus this tip acts like a single atom. 

The tip is moved up and down in a feedback loop that attempts to keep the measured tunnel 
current at a constant value. Then the tip is guided over the surface in the scanning path shown 
by the purple line in Figure 37.17a. This process allows us to obtain images of surfaces at an 
atomic resolution. For example, the surface of a piece of platinum is shown in Figure 37.17b. 


(a) (b) 
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FIGURE 37.16 Black lines: po- 
tential of an electron in an atom as a 
function of the coordinate; blue lines: 
sketch of the corresponding electron 
probability distribution. (a) Single iso- 
lated atom; (b, c, d) the situation for 
two atoms at various relative distances. 


FIGURE 37.17 (a) Scanning the 
surface with a single-atom tip; (b) ac- 
tual data for the surface of a platinum 
sample. 


37.5 Harmonic Oscillator 


The three most commonly used potentials in quantum mechanical calculations are the 
potential well, the central 1/r potential, and the oscillator potential. We will address the 
central 1/r potential in Chapter 38, and Sections 37.3 and 37.4 already extensively investi- 
gated the potential well. This leaves only the oscillator potential. 


Classical Harmonic Oscillator 


Chapter 14, which was devoted to a study of harmonic oscillations, showed that oscillators 
occur in many physical situations. Now the question arises: What is the quantum representa- 
tion of a harmonic oscillator? That is, we want to know the possible wave functions and ener- 
gies that correspond to the potential energy function for the following harmonic oscillator: 


U(x)= Lk? = imos’. 


This potential energy function is plotted in Figure 37.18. Here k is the spring constant and 
is measured in units of N/m, while wọ is the angular frequency, wy = 4/k/m. (Note: In this 
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U(x) 


>x 


FIGURE 37.18 Potential energy as 
a function of position for a harmonic 
oscillator. 


U(x) 


Classically allowed 
FIGURE 37.19 Classically allowed 


region for a particle in an oscillator 
potential. 


chapter, we use several symbols that look like a k: k is the symbol for the spring constant, K 
is used for the wave number, K is the value of the kinetic energy, and K is the kinetic energy 
operator. It is easy to confuse them, so be extra careful!) 

Before we go on, let's first review the situation for a classical particle in such a harmonic 
oscillator potential well—for example, a mass on a spring or a pendulum. For a given total 
energy E, the kinetic energy of this particle can be calculated by taking the difference between 
the total energy and the potential energy, K(x) = E - U(x). Keeping in mind that kinetic energy 
cannot assume negative values, we then obtain a region in coordinate space in which the par- 
ticle with a given total energy is allowed to be, denoted “classically allowed” in Figure 37.19. 

The points at which the kinetic energy (blue curve in Figure 37.19) reaches the value 
zero form the boundary of this classically allowed region. These points are called classical 
turning points because a classical oscillator “turns around” here. Outside the turning points 
lies the classically forbidden region (shaded region in Figure 37.19), into which a classical 
particle with total mechanical energy E is never able to penetrate. 


Quantum Harmonic Oscillator 


Now let's investigate the quantum oscillator. Inserting the oscillator potential energy func- 
tion into the general Schrödinger equation 37.9, we find 


K d(x) 2,2 £ 
Ta x(x) = E(x) > 
2 
a. 2 (EL maipx?) Wx) > (37.24) 
A(x) |2mE mo 
dx eons ga ba 
ic h h 


Again we find that the possible values of the energy can assume only discrete values. In this 
case they are 

E, =(n+4)hog, n=0,1,2y-0- (37.25) 
The wave functions have the general form of Gaussians (e) multiplied by special polyno- 
mials, the so-called Hermite polynomials. The wave functions corresponding to the lowest 
values of the energy quantum number n are 


dan” V2 Co 
1 1 x? -x7 1207 
(x)= a | 42 |e" ie (37.26) 
Von Jel o 
1 1 |x x|- 
(x)= a 8—-12—|e* G 
Vor J48 o o 
1 1 x! x? E 
p (x)= - 16— -48—412 |e 7 
Vont J384| ot o 
where the constant ø is defined as 
PER LN (37.27) 
MO 


This constant has the physical dimensions of length and is the half-width of the Gaussian. 
The general form of the wave function for the harmonic oscillator can be written as 


Ws, (x) = —= =H (xo) Ph, 


Tr ae To 


(37.28) 
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The Hermite polynomial H, (x) is a polynomial of rank n; that is, the highest power of x is x”, 
and it can be defined in terms of the derivatives of the Gaussian function: 


m 


H, x)= C1 e £ e”, 
dx” 


DERIVATION 37.1 ( Oscillator Wave Function and Energy 


The entire derivation of the complete solution (equation 37.28) is somewhat lengthy and 
will not be shown here. Still, it is instructive to verify that one of the solutions given in equa- 
tion 37.26 satisfies equation 37.24. We show as an example that (x) is indeed a solution to 
the Schrödinger equation 37.24 with energy E, = (+ + 1)hw,) = =hw. 

Start by taking the second derivative of y(x) with respect to x. To do this more effi- 
ciently, rewrite the wave function as 


Yi (x)= 


1 1l [2 x aad = Axe * 27 
Von! J2\ ¢ 
Here A is just a normalization constant, so the first and second derivatives of this function are 
d ip x2 a) 2 
— Uy, (x)= Ae x 120° =A e x /20 
dx 


2 
oO 


d Ve ee eae ene, 4X ene 
dx? o a 


Inserting this second derivative into the Schrödinger equation results in 


d(x) __|2mE ma 2 w= 
dx? h 2 
Ack gino +A X -x120 = 2mE mw 2 Ax -x?/20° 
o o* P r 
2mE x mw 3 Ae* 20. 
ir ir 
Now factor out the common term Ae* 2” and sort the terms in powers of x: 
-~)2¢2||2mE 3 1 m wy 3]_ : 
Ae z R + I az (a: 0. (i) 
o o h 


Because Ae*! 207 #0, the above equation can be fulfilled for all x only if the coefficients 


multiplying x and x° are both 0. Examining the coefficient for x” we find: 


1 m wp 


This confirms equation 37.27. We further find for the coefficient for x in equation (i): 
2mE iv 
me -2=03 8-3. 


2 2 2 
h o mo 


Using the result of equation 37.27, which we just derived, we then find: 


2 2 
E=3 ae 7 = hay. 
2mo ? m(h/ may) 
Thus, we have shown that y(x) as defined in equation 37.26 is indeed a solution to the 
Schrödinger equation with energy E, as given in equation 37.25. 
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FIGURE 37.20 Oscillator wave functions (blue) corresponding to FIGURE 37.21 Probability distributions for finding an electron in 
the five lowest-energy values (red) of the harmonic oscillator poten- an oscillator potential with a particular energy at a particular point in 
tial (black). The classical turning points for each wave function are space. 


indicated by short vertical green lines. 


It is important to note that the possible energy values in a one-dimensional harmonic 
oscillator are evenly spaced, with a constant energy difference of hw, between neighboring 
energy levels. A wide variety of systems in condensed matter, atomic, and nuclear physics 
exhibit discrete energy spectra with constant spacing between the levels. Any time a physi- 
cal system exhibits this characteristic, it can safely be assumed that it indicates some kind of 
quantum vibration in the system. 

The oscillator wave functions of equation 37.26 are shown in Figure 37.20. To avoid pos- 
sible confusion, notice that two different plots using different vertical axes are superimposed 
on each other here, with a common horizontal x-axis. The black parabola shows the potential 
energy as a function of x, and the red horizontal lines show the possible total energies that 
correspond to solutions of the Schrödinger equation. Both use a vertical axis in energy units. 
The intersections of the red total-energy lines with the potential-energy parabola mark the 
classical turning points and are indicated by the short vertical green lines. However, the blue 
lines show each wave function and do not have the units of energy, and thus correspond to a 
different vertical scale. For each wave function, the ys = 0 line is adjusted to fall on the hori- 
zontal line that marks the energy value that corresponds to this particular wave function. This 
provides an elegant way of displaying the wave functions, their classical turning points, and 
the corresponding energy values, all in the same plot. We can quantitatively show how each 
wave function “leaks” into the classically forbidden region. 

Figure 37.21 shows the probability distributions that correspond to each wave function. 
Again, they are simply the absolute squares of each wave function. Note that the higher the 
quantum number n, the smaller the penetration range of the corresponding wave function 
beyond the classical turning point turns out to be. This result can be understood by looking 
at the shape of the potential U(x): For higher values of the energy E, the potential becomes 
steeper at the position of the classical turning points for that energy. 


37.6 Wave Functions and Measurements 


Suppose we obtain a quantum mechanical wave function for a particular situation. How can 
this wave function be used to gain information about the physical properties of the object 
with which the wave function is associated? How can the position, velocity, momentum, 
kinetic energy, and so on be calculated? 

Equation 37.2 introduced the normalization condition for the wave function, 


fof a= fy ood 


To measure the average value of any observable quantity, apply an operator that corresponds 
to this operation to the wave function w (for example, pw = py). Then multiply the result by 
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y* (to get the probability y*ų in the integrand) and integrate over all of space. For example, 
to figure out the average momentum associated with a wave function, apply the momentum 
operator (equation 37.6) to the wave function, and integrate: 


(p)= T Wi (x)px)dx =- ih f Vo) ydr. (37.29) 


In a similar way, any quantity that is a function of the momentum can be calculated using 
integrals that involve the derivative of the wave function. For example, the average kinetic 
energy can be obtained as 


2 2. 7 2 
(=a iS OPM 3 [Wen oa (37.30) 


It is somewhat more straightforward to find the average values for quantities that depend on 
the position x. To find the average position, we can calculate this integral: 


(x)= f Resear cs (37.31) 


The average values denoted in the angular brackets ( ) are often referred to as expectation 
values, that is, the expected values of the outcomes of measurements. This explanation 
for the formal process of conducting a measurement is rather abstract, so let’s look at an 
example of how to arrive at actual numbers. 


EXAMPLE 37.5 | Position and Energy 


PROBLEM 

What is the average position for an electron (mass m = 9.109- 107°! kg = 511 keV/c’) in 
the n = 0 wave function of the harmonic oscillator potential with an angular frequency 
constant of wg = 1.00-10'° s1? What is its average kinetic energy? 


SOLUTION 
According to equation 37.26, the solution to the Schrödinger equation with the harmonic 
oscillator potential is 


219 _2 1 32 pon 
W(x) = Ae* 27 = en er 
Vo me 
The electron mass and the oscillator angular frequency enter into the width parameter 


o =h/ma@,. Here we again use the notation of the normalization constant A = (vom ) 
to reduce the work in writing down the integrals that follow. 

First, calculate the average position. Following equation 37.31, this observable can 
be calculated as 


(x)= f vapors 


These steps deserve an explanation. First, when we inserted the wave function, we used 
the fact that the wave function is real, with no imaginary part, so in this case y (x) = h(x). 


Continued— 
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FIGURE 37.22 The n = 0 oscillator wave function (blue) and d 
its first (green) and second (red) derivatives as a function of if E = U, then -~= v(x) =0.) 
position. The gray vertical lines mark the classical turning point 
positions. 
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In the next step we removed the constant factor of A” from the integral and multiplied the 
two Gaussians by adding their arguments. Finally, we arrived at our result of 0 for the in- 
tegral by realizing that x is an odd function, and e” 'o” is an even function of x; therefore 
their product must be an odd function of x, resulting in an integral of zero value when the 
integration limits are symmetrical. 

In fact, we could immediately read off this result by looking at Figure 37.21 and no- 
ticing that the probability distribution o) is symmetric with respect to 0. However, 
because the above integral is the first of several similar ones, it is instructive to explicitly 
go through all the steps and then confirm that we indeed find the expected solution. 

After this warm-up, let’s address the more complicated question of the average ki- 
netic energy. According to equation 37.30, we have to solve 


R To æ 
(K)=-5r | ¥ weds 
2 z 2 2 2 2 
=~ fae [20 Tar 1207 Jy. 


Taking the second derivative of the oscillator wave function with n = 0 yields 


4 AP R20 = Age 20° 


dx o 

| ooang 2 ilg 
nr aad =A =- ek 20 
dx oC oC 


These first and second derivatives are plotted in Figure 37.22, where 
the classical turning points are also shown. For the quantum wave 
function, these are the points where the second derivative of the 
wave function has a value of 0. (We can see from equation 37.9 that 


x 
Now we can proceed with the above integration and obtain 


(x)=-4 ere @ pene yy 
2m dx? 


—0o 


a Aire fern 


2m 4 2 


Oo oO 


2 
x 1 gta? 
L Jerr 


—0o 


aR Pi Š- i |a 


2m “ o ce 

a AW 1 2 -x IP ye 2h? f -21° g 
2mo 7 2mo f 

7” Ai 24 242 — 

~ 42 
2mo 2mo 
w 

Amo” 


In the last step we used A’ =1/ (ovr ), which follows from the definition of A. We are 
almost done. Using ø =,/f/may (see equation 37.27), we find 


oo =1ħ 
( “Imamo + 
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Finally, inserting the given value for wy gives us our numerical answer: 
(K)=1he =+(1.055-10™ J s)(1.00-10'° s) 


=2.64-10 1° J 
=1.65 eV. 
DISCUSSION 


Our result amounts to exactly half of the total energy of the oscillator in the n = 0 state! 
Also, note that this answer depends only on the value of the angular frequency wọ and 
not on the mass m. Another particle with a different mass, trapped in the same oscillator 
potential, would have the same average kinetic energy in the n = 0 state. 


Uncertainty Relationship for Oscillator Wave Functions 


Chapter 36 explored the fundamental importance of the Heisenberg uncertainty relation, 
Ax-Ap = sh. At the time, we were able to motivate the relationship only by examining 
the “gamma-ray microscope” that Heisenberg envisioned as a Gedankenexperiment (thought 
experiment) in his original 1927 paper on the uncertainty relation. The same paper also con- 
tained a much more general mathematical proof. We will not reconstruct this proof here. 
However, we can calculate the momentum and position uncertainties for the oscillator wave 
functions that we have found and see what the result is. Let’s do this for the n = 0 state. 


2 
By definition, the square of the uncertainty in position is (Ax)? = (x - (x)) ) We just 


found for the n = 0 state that (x) = 0. In this case (and only when (x) =0), we find (Ax) = (x? ) 
Thus, to find the uncertainty in position, we have to calculate the integral 


(Ax? = (2 ) Z Ja AIP dy 


2 
For this wave function, the uncertainty in momentum is (Ap) = ( p- ( p)) ) = ( P hs because 
the average momentum is also zero. Furthermore, the average kinetic energy, which is 
(K ) = ( P ) i 2m, for this wave function was calculated in Example 37.5. Thus we find that 
K K 
(Ap) =(p?)=2m(K)=2m Š 
4mo? 20° 
h 
Ap =——. 
V20 

Multiplying the two results for the uncertainties in position and momentum, the harmonic 
oscillator in the n = 0 state can be written: 


o A 
Ax: Ap =—=—= =+}. 
V2 v20 ? 
This means that the n = 0 state of the harmonic oscillator is a state with the physically mini- 
mum possible uncertainty. Also, note that this result is independent of the width ø and thus 
does not depend on the angular frequency or mass in the problem. It can also be shown that 


the uncertainty product for an oscillator wave function with quantum number n is given by 
Ax- Ap = (+ + n)h. 


37.5 Self-Test Opportunity 


Calculate the average value of the 
momentum in this state, or simply 
state the result as a result of sym- 
metry arguments. 


37.6 Self-Test Opportunity 


Calculate the average value of the 
kinetic energy in the n = 1,2,3,... 
states of the harmonic oscillator. Is 
there a simple shortcut, or do you 
have to execute the integral for a 
new wave function each time? 
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37.7 Correspondence Principle 


I(x) 


>x 


FIGURE 37.23 Classical probability 
distribution for finding a particle at 

a particular position in an oscillator 
potential (red curve); classical turning 
points (green vertical lines). 


I(x) 


li 


FIGURE 37.24 Same as Figure 
37.23, but now with the probability 
distribution for the n = 20 quantum 
oscillator wave function superimposed. 


When we investigated relativistic mechanics, we found a smooth transition to nonrelativis- 
tic Newtonian mechanics as an object’s speed becomes small compared to the speed of light. 
In the limit v « c, the classical physics case is recovered from the relativistic description. In 
a similar way, we can ask if we can recover the case of classical mechanics from quantum 
mechanics, and in what limit. To address this question, we examine the probability distri- 
bution for finding an electron in the oscillator potential at a particular point in coordinate 
space; then we compare the results for the classical and quantum oscillators. 

Just as we did for the classical particle in a box, we can calculate the classical prob- 
ability distribution for finding a particle with total energy E in an oscillator potential. 
Equation 37.13 states that the classical probability for finding a particle at some point in 
coordinate space is inversely proportional to the particle’s speed at this point. The speed can 
be calculated as a function of position for the harmonic oscillator potential from energy 
conservation, 


E=K+U=4mv 4 Lmax” 
Solving this equation for the speed gives: 
2E 
v= -x on, 


m 
Thus, the classical probability distribution of a particle in a harmonic oscillator potential 
can be written: 


This function is defined only between the two classical turning points located at 


2E 


z 
Ma 


x, 5E 


(The factor of 7 in the denominator of the probability distribution function ensures that 
the integral of this probability function is 1.) Figure 37.23 shows the resulting probability 
distribution, with the turning points marked by the two green vertical lines. 

The quantum probability distributions in Figure 37.21, however, do not seem to agree 
at all with the classical probability distribution in Figure 37.23. In the classical case, the 
probability for finding the particle peaks near the classical turning points. In the quantum 
case shown in Figure 37.21, on the other hand, the probability distribution seems flat or 
even peaked in the middle. From our experience with a particle in a box, we are perhaps 
not surprised that the quantum wave function penetrates partially beyond the classical 
turning point. However, it should cause some concern that the gross features of the prob- 
ability distributions in the classical and the quantum case do seem not to correspond to 
each other at all. 

This conclusion changes when we examine a quantum oscillator wave function for a 
large value of the quantum number n, as done in Figure 37.24 for n = 20. For the higher 
quantum numbers, the quantum oscillator probability distribution still oscillates and still 
penetrates slightly beyond the classical turning points. However, now the probability starts 
to oscillate around an average value that corresponds to the classical limit. 

Recall that the energy difference between neighboring allowed quantum oscillator 
energies is a constant, AE = hay. If this energy difference AE becomes small relative to the 
total energy E, AE/E « 1—which is equivalent to saying that the quantum number (say n) 
is large—the quantum solution approaches its classical limit. This is a general feature of 
quantum mechanics, conventionally called the correspondence principle. 
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37.8 Time-Dependent Schrodinger Equation 


Up to now we have concerned ourselves with only time-independent problems—that is, 
problems that do not change in time. However, electrons and other particles move around. 
What equation can describe the time dependence of the corresponding matter wave? 
Besides describing the dependence on the spatial coordinate x, the wave function now also 
has to depend on the time t. We will still restrict ourselves to motion in one spatial direc- 
tion, and we will assume that the potential energy is constant in time; that is, it is a function 
of the coordinate x only. The time-dependent Schrödinger ~ then becomes 

Ie 3 

-———5 Vt, t)+U(x)V (x,t) =ih— 9 wx, t). (37.32) 

2m Jx? ot 
Here we use the symbol Y (x,t) to denote the quantum wave function and its dependence on 
space and time. At this point we are not interested in the general solutions to this partial dif- 
ferential equation, nor are we interested in deriving it from some general principles. How- 
ever, we would like to see if we can find special solutions that allow us to write the general 
wave function as a product of two functions that depend on only one variable each 


(x,t) = W(x) x(t). 


This attempt to solve a partial differential equation is commonly called “separation of vari- 
ables.” Let us see what happens if we insert this Ansatz into the time-dependent Schrödinger 
equation 37.32: 


2 
ol 


(0S a) +xtOu cone) = indo r X(t). 


We divide both sides of this equation by the product ys(x)x(t) and find 


1 
x(t) 


K g 
LE ovan GD -|n2 x ) 


Now the left-hand side is a function of x only and the right-hand side is a function of t 
only. This equality can hold for all x and t only if each side is equal to the same constant. 
Motivated by the time-independent Schrödinger equation 37.9, we call this constant E, the 
energy that entered into equation 37.9. The left-hand side of this equation then leads to 


2 2 
Eronsa 


Wx) 


2 2 
Fe) + UCC) = E(x), 


which we recognize as our time-independent Schrodinger equation. With the same argu- 
ment, we find for the the right-hand side of our equation 


E=|i nE xo 


a 
i 
Ex- EX) 
x(t) = Ae tlh = Ae 
where we have again introduced the angular frequency w via E = hw. We can set the nor- 


se 
malization constant A to 1, because le“ =1, and thus the normalization condition for the 
wave function is fulfilled. Our overall solution is therefore 


W(x,t)=p(x)e™, (37.33) 
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with y(x) being a normalized solution to the time-independent Schrodinger equation with 
energy E = hw. A wave function of the form of equation 37.33 is called a stationary solution 
or stationary state of the time-dependent Schrodinger equation. The minimum condition 
for the existence of such stationary states is that the potential energy be time independent, 
that is, constant in time. A stationary state is a state with an exact energy if the potential 
energy is constant in time. This is just as in Newtonian mechanics, where the total mechani- 
cal energy E is conserved. Keep in mind that there can be many other solutions to the 
Schrodinger equation 37.32, but the special class of solutions with well-defined energy can 
be written in the separable form of equation 37.33. 


Eigenfunctions and Eigenvalues 


Just as we defined an operator K for the kinetic energy in equation 37.7, we can also intro- 
duce an operator H, which, applied to the wave function, yields a product of the energy 
value times the wave function, 

His(x) = E(x). (37.34) 


If you compare this to the time-independent Schrodinger equation, you see that this opera- 
tor can be formally written as 
i d 
H= +U(x)=K+U. (37.35) 
2m dx? 


This operator H is called the Hamiltonian operator. In linear algebra, if it is possible to 
apply an operator to a function and obtain a constant times that same function, then this 
function is called (x) an eigenfunction and the constant an eigenvalue. Thus, a stationary 
state is an eigenfunction of the Hamiltonian operator H with eigenvalue E. 

The Hamiltonian operator is linear: For any functions €(x) and &,(x) and constants a, 
and a), 


H(a,€ (x) + a9& (x))= a, Hé (x) + aH (x). (37.36) 


Further, if two functions y}(x) and p(x) are solutions with eigenvalues E, and E,, then apply- 
ing the Hamiltonian operator to the linear combination h(x) = aqp (x) + app (x) yields 
Hy(x)=H(a (x) +a (x)) 
=a Hy (x)+ a,Hy, (x) 
=a, Ey (x) +a, Ey, (x). 
Note that (x) = ap (x) + ay (x) is not an eigenfunction to H in the general case that E; # E). 


37.9 Many-Particle Wave Function 


So far we have discussed quantum mechanics only for the case in which a single particle 
is present. To proceed further, we have to discuss the general features of the wave function 
when two or more particles are present. 


Two-Particle Wave Function 


Let’s start with two particles, and let us assume that we know the wave function for the case 
where only one particle is present. Further, let’s again restrict ourselves to the static (time- 
independent) case. Then the Schrödinger equation for the one-particle wave function y(x) 
is given by equation 37.9. If we now put two particles into the same potential, then we need 
to calculate how each of the particles interacts with the external potential, and how they 
interact with each other. The general case of the two particles interacting with each other is 
outside the scope of this book. However, considering the case in which the two particles do 
not interact with each other lets us gain important physical insight and is helpful in many 
physical situations. 

First, let’s think about the notation. We want to characterize the coordinate of particle 
1 by x, and that of particle 2 by x,. Then the single-particle wave function of particle 1 in 


state a will be called y, (x,) and that of particle 2 in state b, ys, (x3). For the two-particle wave 
function as a function of both coordinates x, and x,, we will use the notation V(x,, x,). 

Recall the discussion of spin and statistics in Chapter 36. We now need to discuss three 
different cases: 


Distinguishable Particles—An example is an electron and a neutron in an infinite 
potential well. This is the most straightforward case, because the wave function for the 
two-particle state is simply the product of the two single-particle states: 


W(x, x)= Wy a) (x). (37.37) 


Identical Bosons—An example is two photons inside a mirrored cavity, one of them 
in state a and the other in state b. Since bosons of one species (identical bosons) are 
indistinguishable particles, we cannot say definitely that boson 1 is in state a and the 
identical boson 2 is in state b. It is equally possible that boson 2 is in state a and boson 
1 is in state b. The two-particle wave function has to be symmetric (stay the same) 
under exchange of the indices of the two particles. Instead of just writing the two- 
particle wave function as the product of the single-particle wave functions, we have to 
add an exchange term. The way to write this mathematically is 


Waza) = (ao) Yalan) + Hala) Wo). (37.38) 


Here we use the superscript B to remind us that this is the symmetrized two-particle 
wave function for bosons. The factor 1/ v2 in front of the sum makes sure that the 
two-particle wave function is normalized to 1. 


Identical Fermions—An example is two electrons in an atom, one of them in state a 
and the other in state b. Fermions of one species are also indistinguishable, but they 
cannot occupy the same state simultaneously. The two-particle wave function thus has 
to be antisymmetric (change sign) under the exchange of the indices of the two particles 
so that Y = 0 when a =b, as we discuss below. Mathematically, this is expressed as 


WE Csa) = (alo) Halen) Halen) Wo) (37.39) 


Again we use a superscript, in this case F, to remind us that this is the 
antisymmetrized two-particle wave function for identical fermions. 


You can see that the expressions for the two-particle wave function of bosons (equation 
37.38) and fermions (equation 37.39) differ only in the sign of the exchange term, + for 
bosons and - for fermions. Note that the wave function in equation 37.39 fulfills the basic 
requirement of the Pauli exclusion principle, which states that two fermions cannot occupy 
the same quantum state at the same time. If we set b = a in this equation, then 


1 
W Ca) = (Mal) alt) Walea)elo))=0. 
Further, if we exchange the position of the two fermions, then we find 


WE (aa) = (ala) Wea) Hale) Hole) 


5- (ale) laa) =la): Wo) 


=-W" (x,,%). 


Thus, if we exchange the position of the two fermions, the wave function undergoes a 
sign change. 

This change in sign is central to several current research topics in physics: The sign 
change in the two-fermion wave function severely restricts the use of computer modeling 
for physical systems in which fermions can trade places as part of the time evolution of the 
system. The problem is that this sign change causes many quantities that must be calculated in 
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37.4 In-Class Exercise 


In equation 37.39 the term 

Wa(X>) < yalxı) enters with a negative 
sign, and the term w,(x;) - W(x) 
with a positive sign. How important 
is this sign convention? 


a) This is the only sign possible for 
both terms, because the second 
term is the “exchange term” and 
thus must have a negative sign. 


b) It does not matter which one 
gets which sign; all that matters 
is that they have opposite 
signs. If you multiply the wave 
function by an overall factor of 
-1, then you still obtain a valid 
wave function. 


c) The sign convention for the 
exchange term is arbitrary; it 
could be positive or negative. 
But the first term must always 
be positive. 


d) Both terms can have both 
signs, and each of the four sign 
conventions (++,--,-+,+-) leads 
to a valid wave function. 
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the computer to average out to zero in computer simulations; and then in many situations two 
quantities that must be divided by each other are each very close to zero, which results in huge 
uncertainties in the numerical results. This so-called “fermion sign problem” is universal in 
many-body theoretical physics, and physicists continue to invent many clever approaches to 
try to overcome the computational limitations that it imposes, so far without success. 

Can we also have a symmetric wave function in coordinate space for a two-fermion sys- 
tem? The answer is yes! The requirement of antisymmetrization of the two-fermion wave func- 
tion means that the overall wave function has to satisfy equation 37.39. However, the wave 
function is the product of the spin wave function and the coordinate space wave function. 
Thus, if the spin wave function is symmetric under exchange (two fermions with identical spin 
projection), then the coordinate space wave function has to be antisymmetric. Also, if the spin 
wave function is antisymmetric (two fermions with opposite spin projection), then the coordi- 
nate space wave function has to be symmetric under exchange, as Example 37.6 shows. 


EXAMPLE 37.6 | Hydrogen Molecule 


One of the most impressive examples of the importance of exchange symmetry in the 
wave function is covalent bonding in the hydrogen molecule. A hydrogen molecule con- 
sists of two hydrogen atoms, each consisting of one electron and one proton. In an isolat- 
ed hydrogen atom, the electron is bound to the proton by the Coulomb potential, which 
we saw in Chapter 23 is proportional to 1/r. Chapter 38 will show how to calculate the 
wave function of the electron in the hydrogen atom. For now, we mainly need to know 
only that this wave function has its largest value at the origin, the position of the nucleus, 
and falls off exponentially in the radial direction. 

When two hydrogen atoms are in close proximity to each other, they can interact by 
sharing both of their electrons equally. This process of sharing electrons in the chemical 
bonding process is called covalent bonding, as opposed to ionic bonding, where one or 
more electrons get pulled off one atom and then predominantly orbit the other atom. 

Figure 37.25 shows the antisymmetric (a) and symmetric (b) coordinate-space two- 
electron wave functions for the hydrogen molecule. The top row shows the wave func- 
tion along the axis through both nuclei, which you can compare to the two single-electron 
wave functions centered at +0.37 A, the equilibrium separation 
of the two nuclei in the hydrogen molecule. The middle row 
shows the absolute square of the wave function, which is the 


probability density of finding an electron at a given value of the 
x-coordinate. The bottom row shows the probability density of 
finding the electron in the xy-plane, color-coded so that yellow 
corresponds to the lowest values and black to the highest. 

For the symmetric coordinate-space wave function (Figure 


(a) 


FIGURE 37.25 Coordinate-space electron wave functions in the 
hydrogen molecule: (a) antisymmetric wave function; (b) symmetric 


>x  37.25b), a significant portion of the probability of finding an 
electron is shifted to the region between the two nuclei. This 
means that both nuclei see an attractive potential in the direc- 
tion toward each other, due to the Coulomb interaction of the 
nuclei with the electrons. The depth of this potential due to the 
exchange interaction is 4.52 eV at the equilibrium separation of 
0.74 A, leading to a net attractive force between the two atoms 
that provides the covalent bonding for the H, molecule. The 
condition for this bonding is that the two electrons must have 
(b) opposite spin projections—one spin-up and one spin-down. If 
both have the same spin projection, then the coordinate-space 
wave function needs to be antisymmetric, as shown in Figure 


wave function. Shown are the two-particle wave functions (top row), 37.25a. The resulting net depletion of the electron density in the 
probability densities (middle row) along the major axis, and the den- region between the two nuclei leads to a repulsive potential at 
sity distributions in the two-dimensional plane (bottom row). all distances of the nuclei and thus no bonding. 


Many-Fermion Wave Function 


The structure of equation 37.39 shows that it is the same expression as we obtain for the 
determinant of a two-by-two matrix in the single-particle wave functions: 


l Wa (%) Wa (Xz ) 
V2 lola) Wola) 
This determinant is commonly called a Slater determinant. The Slater determinant can 
be generalized to the case of many fermions in the system. If there are n fermions, then 
the n-fermion wave function is the determinant of an nxn matrix, where the row is a given 
single-particle state and the column is a particle coordinate: 


W(x) WCQ) + Aan) 
1 lh) hl) = pl) 
Jail : : E f 
Pala) Wla) W(X) 


This Slater determinant contains all possible permutations of the single-particle wave 
functions over all particle coordinates. Again, the factor vu! ensures that the many- 
fermion wave function is normalized—that is, that the integral over all space of the 
absolute square of the wave function is 1 when the single-particle wave functions are 
properly normalized. 


W(x, x)= 


PE (26, Xp 09 Xp) = (37.40) 


Quantum Computing 


One of the most active current research areas in quantum mechanics is the field of quantum 
computing. A large number of groups of physicists around the world are using different 
physical systems to try to implement quantum computers. Among the many systems con- 
sidered are chains of trapped atoms, quantum dots in semiconductors, electrons on the sur- 
face of liquid helium, and collections of buckyballs (C4) molecules in the shape of a soccer 
ball). New ideas regarding which quantum systems to use are generated on a regular basis, 
and many groups are working on refining them. What all proposed quantum computers 
have in common is that they work with the many-particle wave function of these systems. 

To understand the potential power of quantum computing, let’s first look at the work- 
ings of a classical computer. A classical computer is based on algorithms that work on 
digitized information, which is stored in “bits?” A bit can be in two states, either on or off. 
Conventionally, the numbers 1 and 0 represent these two states. Note that nothing appears 
between 0 and 1 in today’s conventional computers; it’s all or nothing. A “byte” is a collec- 
tion of 8 bits. Thus, a possible representation for one particular value of a byte could be 
01100010, which means that the 8 bits that make up this byte are in their respective on or 
off positions as indicated by the numbers, one digit for each bit. 

Now consider a quantum two-state system, between which transitions can be induced 
through some interaction with an outside force, but between which transitions do not hap- 
pen spontaneously through emission or absorption of a single photon. Left alone, a particle 
in one of the two states should stay in that state for a long time. 

Conventionally, the two quantum states are denoted as lo) and h) to make an analogy 
with the classical bit that can have either value of 0 or 1. However, in quantum mechanics a 
system can be in a superposition of two states, as noted in the previous section. Therefore, 
the quantum equivalent of the bit, the qubit, is defined as a wave function that is a super- 
position of the two states lo) and l1) 


\¥)=4 1) + coo) 


where c, and cy are complex numbers and represent the probability amplitudes that the 
system is in state [1) and lo}, respectively (Figure 37.26). The numbers c, and cg are not 
completely independent, because the requirement that the sum of the probabilities for the 
particle to be in the state lo) or l) equals 1 necessitates lal + lco =1. 
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FIGURE 37.26 Simple pictorial 


representation of a single qubit. 
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From one qubit it is straightforward to generalize to n qubits, at least from a conceptual 
point of view. Assume a collection of individual two-state systems that are not indepen- 
dent of one another. Then the state of the overall system can be written as the sum of the 
combinations of the individual states. For a system of two qubits, the wave function can be 
written as 


|) =a |11) + co |10) + co |01) + coo [00 
where coo Cor C10 and c,, are again complex numbers, with the normalization condition that 


2 2 2 2 
lnl taol Heol + [Coo] 


=1. For three qubits we can write 


|) = G11 |111) + e19|110) + c01 |101) + e409 |100) 
+o O11) + ¢o19 010) + coo1 |001) + cooo 000). 


We can easily generalize this equation for larger numbers of 
qubits. The number of terms in the wave function for 1 qubit 
is 2, for 2 qubits is 4, and for 3 qubits is 8—the number of terms 
in the wave function for n qubits is 2”. All of the promise of 
quantum computing power arises this number of 2”. If a clas- 
sical computer operates on a register of n bits, then it executes 
n operations simultaneously. However, if a quantum computer 
operates on a register of n qubits, then it executes 2” operations 
simultaneously. A diagram of a particular concept for a quan- 
tum computer is shown in Figure 37.27. 

Many cautionary statements are in order here. First, prob- 
ing the wave function of the qubit states necessarily changes 
the information stored in the qubits. This requires develop- 
ing special error-correction algorithms, which correct an 
error without destroying the quantum state. Second, an actual 
quantum computer that can do more than execute just a few 
simple demonstration operations has yet to be implemented. 


Row of qubits in a 
linear Paul trap forms 
a quantum register 


FIGURE 37.27 Possible implementation of a quantum computer as a 
chain of 8 trapped individual Ca ions inside a Paul trap, which is a device 
that uses oscillating electric fields to trap ions. The figure shows a sche- 
matic drawing of the apparatus, and the inset is a picture of the induced 
fluorescence of the trapped ions. 


Furthermore, quantum computing is by its very construction 
probabilistic in nature. A calculation must be repeated several 
times to obtain a reliable result. Only for a small number of 
algorithms has it been proven that a quantum computer can 


take full advantage of the theoretically possible 2” simultane- 
ous operations. One of these algorithms is the factorization of large integers into prime 
numbers. This problem has attracted a huge amount of interest and also funding, because at 
present the encryption schemes most commonly used rely on the fact that it is impossible to 
use present-day computers to factorize large integers in a human lifetime. By comparison, a 
working quantum computer with approximately 100 qubits could do this job in seconds. 
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In the previous section we discussed the Hamiltonian operator in quantum mechanics, which 
represents the total energy of a particle. However, we used the classical formula K = p’/2m 
for kinetic energy, which is appropriate only for speeds that are small compared to the speed 
of light. In Chapter 35 on relativity, we noted that the more general relationship between 


momentum and energy is given by 
E=+ f pc tric. 


The question then is: Is it possible to construct a framework of quantum physics that is also 
correct for speeds that are not small compared to the speed of light? In other words, can 
we construct a relativistic quantum theory? The first person who figured out how to do this 


was the British physicist Paul Adrien Maurice Dirac (1902-1984). He published his famous 
Dirac equation in 1928 and for this accomplishment shared the 1933 Nobel Prize in Phys- 
ics with Erwin Schrédinger. 

We will not attempt to derive or even motivate the Dirac equation. Most university 
physics departments never even mention this equation in a general introductory course. 
However, we can write it down, explain the notation, compare it to the equivalent non- 
relativistic Schrodinger equation, and explore some of its physical consequences. You can 
treat the following couple of pages as a resource you may want to return to in the course of 
your future studies. Or perhaps seeing this equation will motivate you to explore this topic 
further at the present time. 

The Dirac equation for a “free” particle—that is, a particle that is not subjected to any 
external potential or force—is 


3 
O S55 
ey) = . 
mc“ + ) o.c|W (r,t) =ih—V(F,t). (37.41) 
Yo — ViPi at 

In this equation, c is the speed of light, m is the rest mass of the particle, and p; is the 
momentum operator in one of the three orthogonal directions (x, y, z), which we intro- 
duced in Section 37.1. The symbols Yọ, Yı» Y» Y; refer to the so-called Dirac matrices: 


100 0 0001 0 0 0 -i 001 0 
010 0 010 00 i 0 0 0 0 -1 
OG i a Ol a a eee a ie ee 
00 0 -1 1000 i 0 0 0 0-10 0 


The wave function V(7,t) in equation 37.41 is now a four-component “spinor; instead of 
a one-component scalar, as is the case for the quantum mechanical wave functions that we 


have discussed so far: 
P (r,t) 


Wort) 
W,(7,t)| 
Wi(7,t) 


W(r,t)= 


The Dirac equation 37.41 is the relativistically correct extension of the Schrödinger equa- 
tion 37.32 for the three-dimensional potential-free case: 


2 2 2 2 2 2 
- E E en- in -WGF,2). 
2m Qx2 2m oy” 2m dz” ot 
We can proceed with the solution of the Dirac equation in a manner similar to what we did 
for the Schrödinger equation. For example, we can write the time dependence of the solu- 
tion for the free particle as 
WF t) =P. (37.42) 


The static wave function V(r) satisfies the time-independent Dirac equation with the 
energy eigenvalue E, 


3 
wm? +> ype 


i=1 


W,(7)=EWV(7). (37.43) 


We look for plane-wave solutions of the form moving along one particular coordinate axis, 
conventionally chosen to be the z-axis: 


Wy (7) =w’. (37.44) 


Here p is the momentum of the particle. (Because it is moving along the z-axis, its momen- 
tum component along that axis is also the absolute value of its momentum, that is, the 
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length of its momentum vector.) Also, w is a constant four-component spinor. Inserting this 
Ansatz for V(r) into the static Dirac equation 37.43 results in the matrix equation 


mec 0 pe 0 Wy wi 

0 0 S w. w. 
ne Pe W2 | g| ”2 (37.45) 

pe o0 -m 0 || W3 W3 

0 -p 0 -meJ wa 


The solutions for the possible energies are 


E(p)=+y mc + p’c’. (37.46) 


This is satisfying, because we recover the energy-momentum relationship that we arrived 
at in Chapter 35 by using relativistic mechanics. The upper two components of the spinor 
w, w; and w, then represent the solutions for positive energies: one for “spin-up” and one 
for “spin-down.” The lower two components, w, and w, are the “spin-up” and “spin-down” 
solutions for negative energies. 

The importance of the Dirac equation lies in the fact that it unifies the two extensions 
of classical mechanics into one consistent description. Chapter 35 showed that a relativistic 
description is needed for object speeds that are comparable to the speed of light, and that rela- 
tivistic mechanics contains classical mechanics as a special case for speeds that are small com- 
pared to the speed of light. In Chapter 36 and the present chapter, we have found that we need 
a quantum description for very small systems, and that through the correspondence principle 
classical mechanics also emerges as a special case of quantum mechanics. Dirac’s equation 
contains relativistic quantum mechanics and has nonrelativistic quantum mechanics as a spe- 
cial case; it thus provides a very satisfying and aesthetically appealing general framework. 

What about the negative energy solutions in equation 37.46? How can these be inter- 
preted? So far, in all our discussions of quantum mechanics, we have assumed that the 
energy of a free particle is always positive. This enables us to think of the concept of the 
ground state as the state with lowest energy. However, if states with negative energies are 
available, what prevents an electron placed into a positive energy state from decaying into 
a negative energy state and then on through a sequence of successively lower energy states 
by emitting a photon each time? 

To overcome this problem of endless radiation, Dirac proposed the solution illustrated in 
Figure 37.28: All possible negative energy states are already occupied completely by one spin- 

: up and one spin-down particle. This picture of what we perceive to be empty space as a “sea” 
FIGURE 3 7.28 The Dirac vacuum, of occupied negative-energy electron states is commonly called the Dirac sea. What are these 
where al negative energy-states afe postulated particles in negative energy states? Do they have the same mass as the electron? Are 
completely occupied. ; : j : 
they real or just a thought construction that helped a flawed model survive consistency checks? 
E In particular, is it possible to remove one of these negative energy electrons from the Dirac sea 
and create a hole in its place? 

The answer to this last question is yes. A hole in the Dirac sea acts just like a spin-+ particle 
with the same mass as an electron, but with an opposite charge and spin projection. To create 
2 such a hole in the Dirac sea, one of the Dirac sea electrons must be removed and lifted to a 

positive energy state. Lifting the electron across the forbidden gap from -me to mc’ requires 

—_— _ depositing into the vacuum an energy of at least twice the mass of the electron 

times the speed of light squared (Figure 37.29). Because the mass-energy of the 

electron is 511 keV, at least 1.022 MeV of energy is needed to lift an electron into 
a positive energy state and at the same time create a hole in the Dirac sea. 

This positively charged hole in the Dirac sea with the same mass as the 

(b) ý electron is not just a convenient algebraic trick, but a real particle. The Ameri- 

; & e— can physicist Carl Anderson (1905-1991) discovered this particle, named the 

00 positron, in 1932 with photographic plates exposed to cosmic radiation. This 

experiment provided a triumphant confirmation for Dirac’s theory. Despite this 

(a) success, the idea of the Dirac sea with an infinite number of particles filling all 

FIGURE 37.29 Creation of a hole in the Dirac sea: available energy states does not seem very elegant. In particular, the idea that 

electron-positron pair creation. (a) Energy diagram; the vacuum has infinite energy seems counterintuitive. More-modern quan- 

(b) sketch in coordinate space. tum field theories have replaced some of these conceptual ideas, but the basic 


difficulties of infinite quantities are still present, leading many practitioners to E 
believe that future breakthroughs are needed. 

The positron is the antiparticle to the electron, an example of antimat- 
ter. Every fermion obeys the Dirac equation, and thus the same picture of a 
filled Dirac sea applies to the vacuum ground state. Thus, each fermion has 
an antiparticle. The Italian physicist Emilio Segre (1905-1989) and Ameri- 
can Owen Chamberlain (1920-2006) discovered the antiparticle to the pro- 
ton, the antiproton, in 1955. In 1995, physicists detected the first atoms of 
antihydrogen at CERN. Since 2000, CERN has had an “antimatter factory,” 
in which ultracold antihydrogen atoms are produced and studied. One of the 
many questions to be answered is whether antimatter responds to gravity in 
the same way that regular matter does. 

An antiparticle can also annihilate if it meets its particle partner. This 
annihilation process is sketched in Figure 37.30. In the annihilation process 
the entire mass of both particles is converted into energy. Thus, from the com- 
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bination of quantum theory and relativity emerges a new picture of the rela- FIGURE 37.30 Electron-positron annihilation. 


tionship between mass and energy: Mass and energy can be converted into 
each other, and mass is just one more form of energy. 


EXAMPLE 37.7 | Matter Annihilation 


Matter-antimatter annihilation is a popular energy source in science fiction books and mov- 
ies. This idea conveniently ignores the fact that there is no source of antimatter anywhere on 
Earth or in our Solar System, or, most likely, anywhere in the entire universe. (We will think 
more about why this is so in Chapters 39 and 40 on subatomic physics.) All antimatter that 
could be used as an energy source would have to be created first. Also, at least as much energy 
must be put into this process as could be gained later from the annihilation. Nevertheless, it is 
interesting to figure out how much energy would be released in the annihilation process. 


PROBLEM 
How much energy would be released if you could let a soft drink can full of antiwater 
annihilate with regular water? 


SOLUTION 
A soft drink can holds 0.330 liters of liquid. If this liquid is water, then its mass is 0.330 kg, 
because water has a density of 1000 kg/m’, so that 1 liter of water has a mass of 1 kg. Since 
the mass of an antiparticle (which makes up antimatter) is the same as the mass of the cor- 
responding particle, the mass of the antiwater is also 0.330 kg. Therefore, we need to anni- 
hilate a total of 2 x 0.330 kg of mass (0.330 kg of antiwater and 0.330 kg of water). 

The energy contained in this mass is obtained by multiplying the total mass by the 
square of the speed of light. 


E=mc? =(0.660 kg)(3.00-10° m/s)” =5.94-10'° J. 
To see how much energy this is, let’s ask a follow-up question. 
PROBLEM 
The largest nuclear power plants produce 1200 MW. How long would such a nuclear 


power plant have to operate in order to produce the same amount of energy as the soft 
drink can of antiwater? 


SOLUTION 
A 1200-MW power plant produces 1.2.10’ J of usable energy each second. Thus, the 
number of seconds it takes to produce E = 5.94-10'°J is 
5.94-10'° J 
1.2-10° J/s 


This is a time of more than 1.5 years! 


=4.95-10’ s. 
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WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


= The absolute square of the complex wave function y(x) 
is the probability density of finding a particle at some 
position. The wave function is normalized as 


feof a= fya yod. 


= The operator for the momentum is py(x)=-iħ 2 w(x). 
be 


= The operator for the kinetic energy is 


$ 2 
1| ye ae TU 


I 1 
Ky(x)= x)= 
Ue, Lf- 
= The Schrödinger equation for a particle in a potential 
U(x) is given by 


K d = 
2m 


+U(x)ip(x) = Eyp(x). 


= The wave function solution for a particle confined to an 
infinite well with walls located at x = 0 and x = ais 


0 for x<0 


(x)= faafe =| withn= 1,2,3,.. for 0<x<a 
a 
0 for x>a. 
The corresponding energy eigenvalues are 


29 
AN MEL; Ia 


n — 
2ma 


= ‘The solution for the finite potential 


œ for x<0 
U(x)=}0 for 0<x<a for E>U, 
U, for x>a 
is 
0 for x <0 


w(x)= Dsin(xx) 


Fcos(k'x)+Gsin(k'x) for x>a 


for 0<x<a, 


2m aly 
h 


with k'= |? - 


= The solution for the same finite potential for E < U, is 


0 for x<0 
(x)= Dsin(xx) for 0<x<a, 
Fe” for x>a 
2m(U, -E) _ 2mU, aie 
5 ; 


with y° = 
h 


= Fora potential step of the form 


œ for x<0 
ae 0 for 0<x<a 
U, for a<x<b 
0 for x>b 
the wave function is 
0 for x <0 
Dsin(xx) for 0<x<a 
(x)= 
Fe * for a<x<b 


Gsin(kx +) for x>b. 


The probability for a particle with energy less than the 
barrier height to tunnel through the barrier is 


n -POl _ Fe ‘4 
ah jef ig 


2 
TAF = ¢2r(b-a) 


and thus depends exponentially on the barrier width. 


= The wave function solutions for the harmonic oscillator 
potential U(x) = kx? = tmwgx” are the functions 


1 


TF gii Jux 


where H, is a Hermite polynomial and 


-x° /20° 
Hei 2, 


Wy, (x) = 


ma 
The corresponding energy eigenvalues are equally spaced, 


B,=(n+4)hay, =0,1,2,... 


= We can find the quantum mechanical expectation 


value of a quantity by integrating over the entire space 
y* times the result obtained when the corresponding 
operator acts on wW. The position expectation value is 


= fv coxwxax, 


and the momentum expectation value is 


= f Copucnde=—in f y (x) pods. 


= ‘The ground state (n = 0) oscillator wave function has 


the minimum product of momentum and coordinate 
uncertainty allowed by the uncertainty principle. 


= ‘The correspondence principle states that if the energy 


difference AE between neighboring quantum energy states 


becomes small relative to the total energy E, AE <« E, 
the quantum solution approaches its classical limit. 


= The time-dependent Schrödinger equation is 
iro 


n oe tt t)+U(x)V(x, =n rad t) 
2m dx? 


with the solution (x,t) = w(xe™”. 
= The Hamiltonian operator is 
P d 


H=- +U(x)=K+U(x). 
2m dx? 


It is linear, so a linear combination of two solutions to 
the Schrédinger equation is also a solution. 


= The two-particle wave function for (non-interacting) 
bosons is the symmetrized product of one-particle 
wave functions, 


Waza) = J(u laa) Wal): U(X). 


KEY TERMS 


wave function, p. 1208 
operator, p. 1210 
Schrödinger equation, 


energy-level diagram, p. 1214 
bound states, p. 1214 
separable, p. 1216 


p. 1211 finite potential well, p. 1217 
infinite potential well, tunneling, p. 1223 
p. 1211 transmission coefficient. p. 1224 


principal quantum 


number, p. 1213 (STM), p. 1225 


NEW SYMBOLS AND EQUATIONS 
py(x)=—ih £ W(x), momentum operator 
x 


= a 
aa 5 U(x); 
X 


K(x) = p W(x) = Lf- 4) W(x)= 


kinetic energy ‘nae 


2 2 
— a P UG s(x) = E(x), Schrödinger equation 
m 
Kr 
E, = nw,  n=1,2,3,.. energy eigenvalues, infinite 
2ma? 


potential well 


scanning tunneling microscope 


New Symbols and Equations 1243 


The two-particle wave function for (non-interacting) 
fermions is the antisymmetrized product of one- 
particle wave functions 


WE asa) = (alo) Halen) Hala) M) 


Quantum computing defines a qubit as 
|) =« |1) + co). 


The entanglement of many qubits gives quantum 
computing the (still only theoretical!) ability to evaluate 
many calculations simultaneously and promises a great 
advantage over conventional digital computing. 


= The Dirac equation 


H 


c|Vr, =n TAR t) 


i=l 


is the generalization of the Schrodinger equation for 
the relativistically correct relationship between energy 
and momentum. It leads to negative energy states and 
antiparticles. 


Slater determinant, 

p. 1237 
qubit, p. 1237 
Dirac equation, p. 1239 
Dirac sea, p. 1240 
positron, p. 1241 
antiparticle, p. 1241 
antimatter, p. 1241 
annihilation, p. 1241 


expectation values, p. 1229 
correspondence principle, 
p. 1232 
stationary state, p. 1234 
Hamiltonian operator, 
p. 1234 
eigenfunction, p. 1234 
eigenvalue, p. 1234 


E= (n + tos , n=0,1,2,...,energy eigenvalues, 


harmonic oscillator 


= f w(x) xyp(x)dx, position expectation value 
ir a 


=-——+4U(x)=K+U/(x), Hamiltonian operator 
2m dx? 
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ANSWERS TO SELF-TEST OPPORTUNITIES 


37.1 Use: e*” = cos@ +i sin@ (Euler) 
Wx) = Ae + Be 
= A(cos(xx) + i sin(«x))+ B(cos(xx) - isin(xx)) 
=(A+ B)cos(kx) +i(A- B)sin(xx) 
=Ccos(kx)+ Dsin(kx), where 
C=A+Band D=i(A-B). 


37.2 Adding a constant energy, c, everywhere in space leaves 
the wave function solutions unchanged. However, all ener- 
gies are shifted up by this constant c. 


37.3 The wave function is the product of three one- 
dimensional wave functions, p(x, y, z) = p(x): p(y): p(z) 


0 for x<0 

th (x) =4V2/a sin(n,arx/a) with n, =1,2,3,... for 0<x<a 
0 for x>a 
0 for y<0 

p (y)= V2/b sin(n,ay/b) with n, =1,2,3,...for 0<y<b 
0 for y>b 
0 for z<0 

p (zZ) = V2Ic sin(n,rr2/c) with n, =1,2,3,... for O<z<c 
0 for z>c 

2,2 rae 2,2 
Enna h . Kr ha 2, 


2m ” 2m? ” 2m 

37.4 A continuous wave function at point b requires that 
Fe” =Gsin(xb+ 9), (i) 

and a continuous derivative of the wave function at the same 


point requires that 
~yFe ” =KGcos(kb + p). (ii) 


Divide equation (i) by equation (ii) to obtain tan(xb + p) = =. 
Solve this for the phase shift, ¢, to find the phase shift 


o=tan’ B - Kb. 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 

1. Quantum mechanics dominates all of modern physics, and 
many different systems have been and continue to be investigated. 
However, most of these systems do not have straightforward 
analytic solutions and require the use of computers. On the 
introductory level, most problems can be mapped to (in)finite 
potential wells or harmonic oscillator potentials. 


2. Wave functions are often determined by boundary conditions 
and symmetries. Be sure to exploit these in your solution attempts. 


To get the amplitude G it is easiest to divide equation (ii) by 
K, then square both sides of equation (i) and equation (ii). 
This results in 


Fe” =G sin? (b+ e) 
(yIkP Fe” =G? cos (kb +o). 
Now add these two equations, which yields 


(1+ (y/k)) Fe?” =G. 


Taking the square root gives us the value for G, 


G=41+(y/k? Fe”, 


37.5 Start with the definition and insert the wave function: 
Ta a Pte 
(p)= [V oppad =-in fy a)y) 


W(x) = Ae* 2” 


d Ax -x° 207 
— x)=—e 
J o( ) 2 


T 2 AX Fia A A r 2 2 
= [ae a) a gro je- fre '0" dx =0. 


2 
g oO 


—oco —0o 


37.6 For the harmonic oscillator, we find 


E,=(n++)hw, n=0,1,2... 


(Ky)=B/2="20 
(K )=5 12-72 
(K,)=B, 12-720 
(K,)=6 12:22. 


3. Quantum mechanics and classical mechanics are not 
totally different from each other. Classical mechanics is the 
limit of quantum mechanics when we can neglect that A is 
nonzero. Be sure that your quantum solutions do not violate 
classical mechanics in that limit. 


4. Typically you will find discrete energies for your quantum 
solutions. Fixed energy differences between neighboring 
states point to oscillator potentials, whereas linearly 
increasing energy differences point to infinite potential wells. 


SOLVED PROBLEM 37.1 ( Half-Oscillator 
a 


PROBLEM 
Suppose you know that an electron is confined to a potential of the form 


2.2 
voi * for ae 
x<0 


co 


with a = constant. What is the energy of the first excited state, if the ground state energy 
of the electron in this potential has a value of 3.5 eV? 


SOLUTION 


THINK 
The potential here is a mixture between the infinite potential well, where U(x) = œ outside 
certain regions in space, and the harmonic oscillator potential, U(x) = 4ma 5x’, with the 


constant a=, [+may. The key to solving the present problem is that the only constraint 
that an infinite potential wall imposes on a wave function is that it has to be zero at the 
interface between the infinite and the finite part of the potential function. In the present 
case, this requirement can be written as y(x = 0) = 0. 


SKETCH 
Figure 37.31 sketches the shape of the potential function given in the problem. 


RESEARCH 
We have already established that the wave functions on the left side (x < 0) have to be 
0. On the right side, the wave functions need to be harmonic oscillator wave functions 
of the kind given in equation 37.26, where the lowest-energy wave functions in the har- 
monic oscillator potential are 

1 -x*/20° 


p(x) = Jon"! 


x ae 


1 1 
no- 


x a}? 


1 1 
a(x) Jae de 


1 1 7 
(x) = g~_-12= |e" 
Von" V48| o o 
1 1 $ 7 
(x)= —— 16% -48% 412|e* 2" 
Jon 4384 o o 


with the constant o defined as o =,/fi/mwy, and the energies corresponding to these 
wave functions are 
E, =(n+4)hwg, n=0,1,2,.... 


SIMPLIFY 
Clearly the functions p(x), W(x), w(x), and all other wave functions with even n have 
nonzero values for x = 0 and thus do not qualify as solutions for the present problem of 
the half-oscillator. These are the even-parity wave functions with the property #(-x) = w(x). 
However, the odd-parity wave functions p(x), y(x), and all other wave functions with odd 
n, have the required property that y(x=0) = 0. In general odd-parity wave functions have 
the property #(-x) = -w(x) and thus must vanish at the origin in order to be continuous. 
This means that the ground state for our present system must have the wave function 


x 


1 1 
Y= a Jež 


ek 20° 


Continued— 


Problem-Solving Practice 


U(x) 


x 


FIGURE 37.31 Half-oscillator 
potential. 
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with energy 


Ey = (+ Dhoo = howo 


and the first excited state must have the wave function 


with energy 


E 


1 1 
ex = 8 
ta) Jom’ al o o 


Ex =(3 +5 )hog =F hop. 


From this it follows easily that the ratio of the energy of the first excited state to that of 


the ground state is 


CALCULATE 


By ho _7 
Eas She 3 


The energy of the ground state was given in the problem as 3.5 eV; so we find that 


ROUND 


= Z os = ; -3.5 eV =8.1666666 eV. 


We round to the two significant digits to which the ground state energy was given in the 
problem, and state our final answer as 


DOUBLE-CHECK 


Ex =8.2 eV. 


For oscillator wave functions, it is characteristic that the energy difference between neigh- 
boring energy states is constant. This is also the case for the present setup, in which only 
the odd-parity oscillator wave functions are valid solutions. If one were to calculate the 
energy of the second excited state, then one would find a value of FE, = 12.8 eV. 


3° “gs 


——— 


MULTIPLE-CHOICE QUESTIONS 


| 37.1 The wavelength of an electron in an infinite potential 
is a/2, where a is the width of the infinite potential well. 
Which state is the electron in? 
a) n=3 c) n=4 
b) n=6 d) n=2 
37.2 In an infinite square well, for which of the following 
states will the particle never be found in the exact center of 
the well? 
a) the ground state 
b) the first excited state 
c) the second excited state 


d) any of the above 
e) none of the above 


37.3 The probability of finding an electron in a hydrogen 
atom is directly proportional to 

a) its energy. 

b) its momentum. 

c) its wave function. 

d) the square of its wave function. 


e) the product of the position coordinate and the square of 
the wave function. 


f) none of the above. 


37.4 Is the superposition of two wave functions, which are 
solutions to the Schrödinger equation for the same potential 
energy, also a solution to the Schrédinger equation? 
a) no 
b) yes 
c) depends on potential energy 

¢ EUO) 
d) only if ——— =0 

dx? 

37.5 Let x be the magnitude of the wave number of a 
particle moving in one dimension with velocity v. If the 
velocity of the particle is doubled, to 2v, then the wave 
number is: 
a) K c) K/2 
b) 2k d) none of these 


37.6 An electron is in an infinite square well of width a: 
(U(x) = œ for x < 0 and x > a). If the electron is in the first 
excited state, V(x) = A sin (27rx/a), at what position is the 
probability function a maximum? 
a) 0 c) a/2 

b) a/4 d) 3a/4 


e) at both a/4 
and 3a/4 


37.7 State whether each of the following statements is true 
or false. 


a) The energy of electrons is always discrete. 
b) The energy of a bound electron is continuous. 
c) The energy of a free electron is discrete. 


d) The energy of an electron is discrete when it is bound to 
an ion. 


37.8 State whether each of the following statements is true 
or false. 


a) Ina one-dimensional quantum harmonic oscillator, the 
energy levels are evenly spaced. 

b) In an infinite one-dimensional potential well, the energy 
levels are evenly spaced. 

c) The minimum total energy possible for a classical 
harmonic oscillator is zero. 


d) The correspondence principle states that because the 
minimum possible total energy for the classical simple 
harmonic oscillator is zero, the expected value for the 


QUESTIONS 


37.11 True or False: The larger the amplitude of a 
Schrödinger wave function, the larger its kinetic energy. 
Explain your answer. 


37.12 For a particle trapped in an infinite square well of 
length L, what happens to the probability that the particle is 
found between 0 and L/2 as the particle’s energy increases? 


37.13 Think about what happens to infinite square well 
wave functions as the quantum number n approaches infin- 
ity. Does the probability distribution in that limit obey the 
correspondence principle? Explain. 


37.14 Show by symmetry arguments that the expectation 
value of the momentum for an even-n state of the one- 
dimensional harmonic oscillator is zero. 


37.15 Is it possible for the expectation value of the position 
of an electron to occur at a position where the electrons 
probability function, I(x), is zero? If it is possible, give a 
specific example. 


37.16 Sketch the two lowest energy wave functions for an 
electron in an infinite potential well that is 20 nm wide and 
a finite potential well that is 1 eV deep and is also 20 nm 
wide. Using your sketches, can you determine whether the 
energy levels in the finite potential well will be lower, the 
same, or higher than in the infinite potential well? 


37.17 In the cores of white dwarf stars, carbon nuclei are 
thought to be locked into very ordered lattices because the 
temperature is quite cold, ~10* K. Consider the case of a one- 
dimensional lattice of carbon atoms separated by 20 fm (1 fm = 
1-107! m). Consider the central atom of a row of three atoms 
with this spacing. Approximate the Coulomb potentials of 
the two outside atoms to follow a quadratic relationship, as- 
suming small vibrations; what energy state would the central 
carbon atom be in at this temperature? (Use E = 3/2k,T.) 


a) decrease. 
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fundamental state (n = 0) of the one-dimensional quantum 
harmonic oscillator should also be zero. 

e) The n = 0 state of the one-dimensional quantum harmonic 
oscillator is the state with the minimum possible uncertainty 
AxAp. 

37.9 Simple harmonic oscillation occurs when the potential 
energy function is equal to (1/2)kx*, where k is a constant. What 
happens to the ground state energy level if k is increased? 

a) It increases. 

b) It remain the same. 

c) It decreases. 

37.10 A particle of energy E = 5 eV approaches an energy 
barrier of height U = 8 eV. Quantum mechanically there is a 
finite probability that the particle tunnels through the barrier. 
If the barrier height is slowly decreased, the probability that 
the particle will reflect from the barrier will 


b) increase. c) not change. 


37.18 For a finite square well, you have seen solutions for 
particle energies greater than and less than the well depth. 
Show that these solutions are equal outside the potential 
well if the particle energy is equal to the well depth. Explain 
your answer and the possible difficulty with it. 


37.19 Consider the energies allowed for bound states of a 
half-harmonic oscillator, namely, a potential that is 


1 22 
U(x)= zmax for x>0 
x<0 


co 


Using simple arguments based on the characteristics of 
good wave functions, what are the energies allowed for 
bound states in this potential? 


37.20 Suppose w(x) is a properly normalized wave function 
describing the state of an electron. Consider a second wave 
function, Wrey(x) = etla), for some real number h. How 
does the probability density associated with ,.,, compare to 
that associated with ys? 


37.21 The ground state energy of a particle of mass m with 
potential energy U(x) = U cosh(x/a), where U, and a are 
constants. Show that the ground state energy of the particle 
can be estimated as: 
1 2 
Ep =U, va 2) . 


ma 


37.22 The Schrodinger equation for a nonrelativistic free 
particle of mass m is obtained from the energy relationship 
E = p’/(2m) by replacing E and p with appropriate deriva- 
tive operators, as suggested by the de Broglie relations. 
Using this procedure, derive a quantum wave equation 

for a relativistic particle of mass m, for which the energy 
relation is E’ - pe = mÅ, without taking any square root of 
this relation. 
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PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 37.1 


37.23 A neutron has a kinetic energy of 10.0 MeV. What size 
object is necessary to observe neutron diffraction effects? 

Is there anything in nature of this size that could serve as a 
target to demonstrate the wave nature of 10.0-MeV neutrons? 


37.24 Given the complex function f(x) = (8 + 3i) + (7 - 2i)x 
of the real variable x, what is | f(x)|”¢ 


Section 37.3 


37.25 Determine the two lowest energies of a wave function 
of an electron in a box of width 2.0- 10° m. 


37.26 Determine the lowest 3 energies of the wave function 
of a proton in a box of width 1.0-107'° m. 


37.27 What is the ratio of energy difference between the ground 
state and the first excited state for an infinite square well of 
length L to that of length 2L. That is, find (F, - E,),/(E, - E)r 


37.28 An electron is confined in a one-dimensional infinite 
potential well of 1.0 nm. Calculate the energy difference between 


a) the second excited state and the ground state, and 
b) the wavelength of light emitted by this radiative transition. 


e37.29 Find the wave function for a particle in an infinite 
square well centered at the origin. The walls are at +a/2 
instead of at 0 and a. 


37.30 Example 37.1 calculates the energy of the wave 
function with the lowest quantum number for an electron 
confined to a box of width 2.00 A in the one-dimensional 
case. However, atoms are three-dimensional entities with a 
typical diameter of 1.00 A = 107'° m. It would seem then that 
the next, better approximation would be that of an electron 
trapped in a three-dimensional infinite potential well (a 
potential cube with sides of 1.00 A). 


a) Derive an expression for the electron wave function 
and the corresponding energies for a particle in a three- 
dimensional rectangular infinite potential well. 

b) Calculate the lowest energy allowed for the electron in 
this case. 


Section 37.4 

37.31 An electron is confined to a potential well shaped as 
shown in Figure 37.10. The width of the well is 1.0- 10° m, 
and U, = 2.0 eV. Is the n = 3 state bound in the well? 


37.32 Ifa proton of kinetic energy 18.0 MeV encounters a 
rectangular potential energy barrier of height 29.8 MeV and 
width 1.00- 107! m, what is the probability that the proton 
will tunnel through the barrier? 


37.33 Suppose the kinetic energy of the neutron described 
in Example 37.4 is increased by 15%. By what factor does the 
neutrons probability of tunneling through the barrier increase? 


37.34 A beam of electrons moving in the positive x-direction 
encounters a potential barrier that is 2.51 eV high and 1.00 nm 
wide. Each electron has a kinetic energy of 2.50 eV, and the 
electrons arrive at the barrier at a rate of 1000 electrons/s (1000. 
electrons every second). What is the rate I; in electrons/s at 
which electrons pass through the barrier, on average? What is 
the rate Ip in electrons/s at which electrons reflect back from the 
barrier, on average? Determine and compare the wavelengths of 
the electrons before and after they pass through the barrier. 


Energy 


1000. electron/s 
2.51 eV 
2.50 eV 


¢37.35 Consider an electron approaching a potential barrier 
2.00 nm wide and 7.00 eV high. What is the energy of the electron 
if it has a 10.0% probability of tunneling through this barrier? 


e37.36 Consider an electron in a three-dimensional box—with in- 
finite potential walls—of dimensions 1.00 nm x 2.00 nm x 3.00 nm. 
Find the quantum numbers ny n, n, and energies in eV of the six 
lowest energy levels. Are any of these levels degenerate, that is, do 
any distinct quantum states have identical energies? 


°37.37 Ina scanning tunneling microscope, the probability that 
an electron from the probe will tunnel through a 0.100-nm gap 
is 0.100%. Calculate the work function of the probe of the scan- 
ning tunneling microscope. 


ee37.38 Consider an attractive square-well potential, U(x) = 0 
for x < -a, U(x) = -U, for -æ < x < a where Uj is a positive 
constant, and U(x) = 0 for x > a. For E > 0, the solution of the 
Schrodinger equation in the 3 regions will be the following: 


For x < -a, y(x)=e"* + Re ““* where k? = 2mE/h’ and R is the 
amplitude of a reflected wave. 


For -a <x <a, (x)= Ae" * + Be™* and (K? = 2m(E + U,)/h?. 


For x > a, W(x) = Te“* where T is the amplitude of the transmit- 
ted wave. 


Match w(x) and dib(x)/dx at -a and a and find an expression 
for R. What is the condition for which R = 0 (that is, there is no 
reflected wave)? 


ee37.39 a) Determine the wave function and the energy levels 
for the bound states of an electron in the symmetrical one- 
dimensional potential well of finite depth presented in the figure. 


b) Ifthe U(x) 

penetration 

distance 7) in 

the classically Up 

forbidden 

region is 

defined as 

the distance >x 
at which the 2 
wave function 


decreases to 1/e of its value at the edge of the well, 
determine an expression for this penetration distance. 

c) The electrons in a typical GaAs-GaAlAs quantum-well 
laser diode are confined into a one-dimensional quantum 
well like the one in the figure, of width 1 nm and depth 
0.300 eV. Numerical solutions to the Schrödinger equation 
show that there is only one possible bound state for the 
electrons in this case, with energy of 0.125 eV. Calculate the 
penetration depth in this case. 


Section 37.5 


37.40 An oxygen molecule has a vibrational mode that 
behaves approximately like a simple harmonic oscillator 
with frequency 2.99- 10" rad/s. Calculate the energy of the 
ground state and the first two excited states. 


37.41 An electron in a harmonic potential well emits a pho- 
ton with a wavelength of 360 nm as it undergoes a 3 — 1 
quantum jump. What wavelength photon is emitted in a 

3 — 2 quantum jump? (Hint: The energy of the photon is 
equal to the energy difference between the initial and the 
final state of the electron.) 


37.42 An experimental measurement of the energy levels 
of a hydrogen molecule, H,, shows that the energy levels are 
evenly spaced and separated by about 9- 10” J. A reason- 
able model of one of the hydrogen atoms would then seem 
to be that of a hydrogen atom in a simple harmonic oscilla- 
tor potential. Assuming that the hydrogen atom is attached 
by a spring with a spring constant k to the molecule, what is 
the spring constant k? 


°37.43 Calculate the ground state energy for an electron 

confined to a cube with sides equal to twice the Bohr radius 
(R = 0.0529 nm). Determine the spring constant that would 
give this same ground state energy for a harmonic oscillator. 


37.44 A particle in the harmonic oscillator potential has 
the initial wave function V(x,0) = A [Wo(x) + V,(x)]. Nor- 
malize V(x,0). 

°37.45 The ground state wave function for a harmonic 
oscillator is given by Wy(x)= Aye* 7”, 

a) Determine the normalization constant A). 

b) Determine the probability that a quantum harmonic 
oscillator in the n = 0 state will be found in the classically 
forbidden region. 


Section 37.6 
37.46 A particle is in an infinite square well of width L 
and is in the n = 3 state. What is the probability that, when 


observed, the particle is found to be in the rightmost 10.0% 
of the well? 


37.47 An electron is confined between x = 0 and x = L. The 
wave function of the electron is (x) = Asin(27x/L). The 
wave function is zero for the regions x < 0 and x > L. 

a) Determine the normalization constant A. 


b) What is the probability of finding the electron in the 
region 0 < x < L/3? 
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37.48 Find the probability of finding an electron trapped in 
a one-dimensional infinite well of width 2.00 nm in the n = 2 
state between 0.800 and 0.900 nm (assume that the left edge 
of the well is at x = 0 and the right edge is at x = 2.00 nm). 


e37.49 An electron is trapped in a one-dimensional infinite 
potential well that is L = 300. pm wide. What is the prob- 
ability that one can detect the electron in the first excited 
state in an interval between x = 0.500 L and x = 0.750 L? 


Section 37.8 


°37.50 Find the uncertainty of x for a wave function 
W(x,t)= Ae ei, 


©37.51 Write a plane-wave function y(7,t) for a nonrelativ- 
istic free particle of mass m moving in three dimensions with 
momentum p, including correct time dependence as required 
by the Schrédinger equation. What is the probability density 
associated with this wave? 


37.52 Suppose a quantum particle is in a stationary state 
(energy eigenstate) with a wave function w(x,t). The calcula- 
tion of (2); the expectation value of the particle’s position, 
is shown in the text. Calculate d(x)/dt (not (dx/dt)). 


037.53 Although quantum systems are frequently char- 
acterized by their stationary states or energy eigenstates, a 
quantum particle is not required to be in such a state unless 
its energy has been measured. The actual state of the particle 
is determined by its initial conditions. Suppose a particle of 
mass m in a one-dimensional potential well with infinite walls 
(a “box”) of width a is actually in a state with wave function 


YeD ETY CNV) 


T 


where P, denotes the stationary state with quantum num- 
ber n = 1 and Y, denotes the state with n = 2. Calculate the 
probability density distribution for the position x of the 
particle in this state. 


Section 37.10 


37.54 In Chapter 40 you will see that a nuclear-fusion 
reaction between two protons (creating a deuteron, an 
anti-electron, and a neutrino) releases 0.42 MeV of energy. 
Nuclear fusion is what causes the stars to shine, and we 
know that if we can harness it we can solve the world’s 
energy problems completely. Compare that amount of 
energy with what would be released by the annihilation of 
a proton and an antiproton. 


37.55 Particle-antiparticle pairs are occasionally created out 
of empty space. Looking at energy-time uncertainty, how 
long would such particles be expected to exist if they are: 

a) an electron/positron pair? 

b) a proton/antiproton pair? 

37.56 A positron and an electron annihilate, producing 

two 2.0-MeV gamma rays moving in opposite directions. 
Calculate the kinetic energy of the electron when the kinetic 
energy of the positron is twice that of the electron. 
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Additional Problems 


37.57 How much energy is required to promote the elec- 
tron described in Example 37.1 to its first excited state? 


37.58 Electrons from a scanning tunneling microscope 
encounter a potential barrier that has a height of U = 4.0 eV 
above their total energy. By what factor does the tunneling 
current change if the tip moves a net distance of 0.10 nm 
farther from the surface? 


37.59 An electron is confined in a three-dimensional cubic 
space of L° with infinite potentials. 


a) Write down the normalized solution of the wave 
function in the ground state. 

b) How many energy states are available up to the second 
excited state from the ground state? (Take the electron spin 
into account.) 


37.60 A mass-and-spring harmonic oscillator used for class- 
room demonstrations has angular frequency w = 4.45 s™. If 
this oscillator is oscillating with total (kinetic plus potential) 
energy E = 1.00 J, what is its corresponding quantum excita- 
tion number n? 


37.61 Calculate the energy of the first excited state of a 
proton in an infinite one-dimensional potential well of 
width a = 1.00 nm. 


37.62 A 5.6-MeV alpha particle inside a heavy nucleus en- 
counters a barrier of average height 17 MeV and a width of 
38 fm (1 fm = 1-107!° m). What is the probability that this 
alpha particle will tunnel through the barrier? 


37.63 The neutrons in a parallel beam, each having kinetic 
energy 1/40 eV (which is approximately corresponding to 
“room temperature”), are directed through two slits 0.50 mm 
apart. How far apart will the interference peaks be on a 
screen 1.5 m away? 


37.64 Find the ground state energy (in units of eV) of an 
electron in a one-dimensional quantum box, if the box is of 
length L = 0.100 nm. 


37.65 An approximate one-dimensional quantum well can 
be formed by surrounding a layer of GaAs with layers of 
Al .Ga,_,As. The GaAs layers can be fabricated in thick- 
nesses that are integral multiples of the single-layer thick- 
ness, 0.28 nm. Some electrons in the GaAs layer behave as 
if they were trapped in a box. For simplicity, treat the box 
as an infinite one-dimensional well and ignore the interac- 
tions between the electrons and the Ga and As atoms (such 
interactions are often accounted for by replacing the actual 
electron mass with an effective electron mass). Calculate 
the energy of the ground state in this well for these cases: 


a) 2 GaAs layers 
b) 5 GaAs layers 


37.66 Consider a water vapor molecule in a room 4.00 m x 
10.0 m x 10.0 m. 


a) What is the ground state energy of this molecule, 
treating it as a simple particle in a box? 


b) Compare this energy to the average thermal energy of 
such a molecule, taking the temperature to be 300. K. 

c) What can you conclude from the two numbers you just 
calculated? 


37.67 A neutron moves between rigid walls 8.4 fm apart. 
What is the energy of its fundamental state? 


37.68 A surface is examined using a scanning tunnel- 

ing microscope (STM). For the range of the working gap, 

L, between the tip and the sample surface, assume that the 
electron wave function for the atoms under investigation 
falls off exponentially as [v] =g (00nm)a The tunneling 
current through the STM tip is proportional to the tunnel- 
ing probability. In this situation, what is the ratio of the cur- 
rent when the STM tip is 0.400 nm above a surface feature 
to the current when the tip is 0.420 nm above the surface? 


37.69 An electron is trapped in a one-dimensional infinite 
well of width 2.00 nm. It starts in the n = 4 state, and then 
goes into the n = 2 state, emitting radiation with energy cor- 
responding to the energy difference in the two states. What 
is the wavelength of the radiation? 


37.70 Two long, straight wires that lie along the same line 
have a separation at their tips of 2.00 nm. The potential energy 
of an electron in the gap is about 1.00 eV higher than it is in the 
conduction band of the two wires. Conduction-band electrons 
have enough energy to contribute to the current flowing in the 
wire. What is the probability that a conduction electron in one 
wire will be found in the other wire after arriving at the gap? 


e37.71 Consider an electron that is confined to a one- 
dimensional infinite potential well of width a = 0.10 nm, 
and another electron that is confined by an infinite poten- 
tial well to a three-dimensional cube with sides of length 
a = 0.10 nm. Let the electron confined to the cube be in its 
ground state. Determine the difference in energy and the 
excited state of the one-dimensional electron that minimizes 
the difference in energy with the three-dimensional electron. 


°37.72 An electron with energy of 129 KeV is trapped in 
a potential well defined by an infinite potential at x < 0 
and a potential barrier of finite height U, extending from 
x = 529.2 fm to x = 2116.8 fm (1 fm = 1- 10™™* m) as shown 
in the figure. It is found that the electron can be detected 
U(x) outside the potential well beyond 
the barrier with a probability of 
10%. Calculate the height of the 
potential barrier. 


e37.73 Consider an electron that is confined to the xy-plane 
by a two-dimensional rectangular infinite potential well. 
The width of the well is w in the x-direction and 2w in the y- 
direction. What is the lowest energy that is shared by more 
than one distinct state, that is, where two different states have 
the same energy? 


Atomic Physics 


FIGURE 38.1 A sodium laser (nearly vertical yellow line) is fired into the night 
sky to provide a laser guide star for the adaptive optics of the telescopes of the 
Keck Observatory in Mauna Kea, Hawaii. The long exposure of the photograph make 
the stars appear as (very slightly) curved lines. 
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WHAT WE WILL LEARN 


fe 
| 


The narrow lines observed in the spectra of some 
atoms result from the transitions of electrons from 
one state to another. 


The Bohr model of the atom, which is based on a 
quantization condition for the angular momentum, 
was an early success in explaining the observed 

line spectra in hydrogen. The orbital radii for the 
electrons, as well as the energy levels, obtained in 
the Bohr model are physically correct. However, the 
Bohr model does not obtain the correct values of the 
quantum numbers and is thus intrinsically flawed. 


To go beyond the Bohr model and solve for the 
correct electron wave functions of the hydrogen 
atom, the Schrédinger equation must be solved for 
the electrons in the Coulomb potential of the nucleus. 


The complete solution of the Schrédinger equation 
for the hydrogen atom is the product of the angular 


part and the radial part. The quantum numbers of 
these solutions are: the radial quantum number 

n = 1,2,3, ...; the orbital angular momentum 
quantum number £ = 0,1, ..., n - 1; and the magnetic 
quantum number m = -4,..., l. 


The wave functions in other atoms can be 
understood in a manner similar to the hydrogen 
wave functions. The Pauli exclusion principle 
requires that each possible state be occupied by at 
most two electrons, one with spin down, and one 
with spin up. 


Lasers work on the basis of population inversion, 
in which electrons are lifted into a metastable state, 
and are subsequently stimulated to emit photons 
when the electrons make transitions between the 
metastable state and the ground state. 


Lasers were first developed less than 50 years ago, but they have become common in many 
areas of daily life. You see them in Blu-ray, DVD, and CD players, in bar-code readers in stores, 
even in light shows at rock concerts and other events. They also have important applications 
in science, such as astronomy. Observatories fire lasers into the sky (Figure 38.1) and see how 
the light is distorted by atmospheric disturbance. Computers can then feed this information 
back to adaptive mirrors that have movable sections that correct for atmospheric motion, 
producing steady, sharp images. 

Lasers work by producing photons of light as electrons move between energy levels in 
atoms, a topic we will study in this chapter. The concept of atomic energy levels was part of 
the Bohr model of the atom, which was one of the earliest attempts at applying quantum 
ideas to atomic structure. However, despite some outstanding successes, the Bohr model did 
not fully explain how particles function together within atoms; that explanation requires 
application of the quantum wave mechanics of Chapter 37. We will present an overview of 
this application, skipping over many of the mathematical details, and then show how the 
results underlie the operation of lasers and other modern devices. 

Chapters 36 and 37 surveyed the phenomena that can be explained by the quantiza- 
tion hypothesis, and we solved some simple systems by following the laws imposed by 
quantum mechanics. Now that we have gained at least an introductory understanding 
of quantum mechanics, we have the tools that enable us to understand atoms. 


38.1 | Spectral Lines 


FIGURE 38.2 A prism decomposes 
white light into different colors (wave- 
lengths). 


Chapter 32 showed that the index of refraction of light in a prism depends on the wavelength. 
Figure 38.2 shows how white light (coming in from the left) is split into different wavelength 
components by a prism, due to the dependence of the index of refraction on wavelength. 
Using a prism, a spectrometer can be constructed. This instrument displays the spectral 
components of light emitted by all kinds of objects. Figure 38.3 shows a kind of spectrometer 
often used in introductory physics laboratories. One arm of the spectrometer points toward 
a light source and provides a narrowly focused thin beam of light, which strikes the central 
prism and is then spectrally decomposed. The other spectrometer arm contains the ocular 
lenses and is used for observations. It rotates around a central pivot axis located under the 
center of the prism. The main idea in using the spectrometer is that we can measure the 
angle between the two arms and thus determine the angle of deflection of each color. Know- 


ing the index of refraction of the prism and using Snell’s law, a spectrom- 
eter allows a very precise determination of the wavelengths of light. 

In the late 19th century, spectrometers were used in many labora- 
tories to study gases. Trapping gases in electric discharge tubes allowed 
researchers to send a current through the tube, causing the gas to emit 
light. (The black box in the right part of Figure 38.3 holds the purple- 
glowing electric discharge tube with its power supply.) Incidentally, this 
way of generating light is the basis for neon lights. 

A spectrometer pointed at the Sun will spectrally decompose light 
into a spectrum like the one shown in Figure 38.2—that is, an array of dif- 
ferent colors. Measuring the intensity or spectral emittance of the different 
colors of the Sun's light makes it possible to measure the temperature of the 
Sun’s surface, on the assumption that the Sun emits a blackbody spectrum. 
An expensive spectrometer is not needed to see that the Sun emits a broad 
spectrum of all colors; a child’s toy prism can do the job. 

However if you point your spectrometer at a dis- 
charge tube filled with pure hydrogen and look at the 
spectrum emitted by this gas, you are in for a huge 91.1 nm 
surprise. Instead of a broad continuous spectrum, l 365 nm 
you will find a few thin lines of particular colors. At 
most you can see four lines: red (wavelength 656 nm, Lyman: | 
also historically called H-alpha), teal blue (wavelength as || | 
486 nm, H-beta), deep blue (434 nm, H-gamma), and 
finally violet (410 nm, H-delta). Other discrete lines Paschen: 
appear in the hydrogen spectrum, but they lie outside 
the range of wavelengths accessible by the unaided Visible 
human eye. Still, it is possible to determine the wave- 
lengths of these other spectral lines, and this was done | l 
to very good precision in the 19th century. The lower 
part of Figure 38.4 shows where the hydrogen lines are 
located as a function of their wavelength A. Shown are 
the four visible lines in their own colors. In addition, 


FIGURE 38.3 
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1458 nm 
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the invisible lines are indicated with thin white lines. FIGURE 38.4 Simulated spectral lines of hydrogen in the spectrograph. 


These lines fall into distinct groups, named after their 
discoverers: the Lyman, Balmer, Paschen, and Brack- 
ett series. (Other series, not shown, were discovered at 
wavelengths above 2000 nm.) 

Purely based on studying patterns in the numbers for the wavelengths, the Swiss math- 
ematician and hobbyist-physicist Johann Balmer (1825-1898) found in 1885 an empirical 
formula that predicted the wavelengths in the Balmer group of the hydrogen spectrum: 


2 
n 


n-4 


A =(364.56 nm) ,n=3,4,5,.... (38.1) 
Three years later, the Swedish physicist Johannes Rydberg (1854-1919) was able to general- 
ize the Balmer formula in a way that also included all other line series (Lyman, Paschen, 
Brackett, etc.) in the hydrogen spectrum. The Rydberg formula for the wavelength in the 
hydrogen spectrum is 


1 1 1 
ria, 3" with nı <n. (38.2) 
m m 


The numbers n, and n, are simple integers; Ry is the Rydberg constant for hydrogen and 
has the dimension of an inverse length. The value of Ry is 


R4 =1.097373-10’ m™. 


For n, = 1, n = 2,3,4, ..., ° we obtain the wavelengths of the Lyman series; for n, = 2, 
n, = 3,4,5, ..., ce we obtain the Balmer series; and so on. 
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38.1 Self-Test Opportunity 


Derive the values for the minimum 
wavelengths in each line series 
given in Figure 38.4. 


38.1 In-Class Exercise 


The number of lines in the Brackett 
series with wavelength greater than 
the maximum wavelength in the 
Paschen series is 


a) 1. d) 8. 
b) 2: e) œ. 
c) 4 


38.2 Self-Test Opportunity 


Derive the formula originally given 
by Balmer for the wavelengths of 
the Balmer series (equation 38.1) 
from the more general formula 
given by Rydberg (equation 38.2). 


EXAMPLE 38.1 | Spectral Lines 


PROBLEM 
Figure 38.4 shows the wavelengths of the leftmost line in each of the first four series in the hy- 
drogen spectrum. What are the corresponding values for the rightmost lines in each series? 


SOLUTION 
The wavelengths of the lines in the hydrogen spectrum are described by the Rydberg 
formula (equation 38.2), 


1 1 1 
5 RH 22 
n Ny 


Because n; < n, the term 1/n; is always greater than 1/n}. For a fixed given value of n,, an 
increasing value of n, means the subtraction of a smaller number 1/n3 from 1/n; and thus an 
increase in 1/A. Therefore, the wavelength increases monotonically with increasing 1). 

Now that we understand this dependence, we can see that the leftmost and therefore 
smallest wavelength in each series must correspond to the largest value of n,, which is n, ~ o. 
This is also the reason why the lines become so densely spaced at this end of the series: There 
is an infinite number of values of n, with almost exactly the same wavelength. 

Conversely, the rightmost and therefore largest value of the wavelength in each band 
must correspond to the smallest possible value of n, in each series. Since we have the 
condition n, < n, this smallest possible value is n, min =, + 1. Inserting this condition, 
we find for the maximum wavelength in each series: 


1 


Lyman series: 1, =1, 1) win =1+1=2 
mi 


1 
-rafi — =121.5 nm 
oy 4 


1 1 1 
Balmer series: 1, =2, 1 pin =2+1=3 =Ry => Amax = 656 nm 
i Aie 4 9 
; 1 1 1 
Paschen series: n; =3, ny min =3+1=4 = Ry} —-—|]=> Amax =1875 nm 
i Ha 9 1 


Brackett series: n =4, ny min =4+1=5> 


DISCUSSION 

The maximum wavelength in the Balmer series corresponds to the red H-alpha line in 
the visible spectrum and is thus probably the most prominent line in the entire hydrogen 
spectrum. You can see that the highest values of the wavelengths in each of the first two 
series are lower than the lowest value in the next higher series. However, this changes 
with the Paschen series. Its longest wavelength line has a wavelength of 1875 nm, which 
is greater than all but a few wavelengths in the Brackett series, which has its minimum 
wavelength at a value of 1458 nm. The lines with the highest wavelengths in the Lyman, 
Balmer, and Paschen series are shown in Figure 38.4, whereas the highest wavelength of 
the Brackett series lies far outside the range of wavelengths displayed. 


Before we go on, let’s emphasize the main point: Hydrogen gas can emit light when excited, 
but the light cannot have just any wavelength and only appears at well-defined wavelengths 
described by the Rydberg formula. Chapters 36 and 37, which discussed all kinds of quan- 
tized phenomena, lead us to look for an explanation for the discreteness of the hydrogen 
spectrum within quantum mechanics. In the next section, we describe Bohrs quantum 
description, which is valuable for its insight, its historical significance, and its limited suc- 
cess. Later in this chapter, the rigorous quantum mechanical analysis of the hydrogen atom 
will be presented. 


38.2 Bohr’s Model of the Atom 1255 


Other elements in their gaseous state also show similar line spectra with discrete lines. 
In particular, some elements (such as lithium or sodium) have hydrogen-like spectra in 
their gaseous state. In general, however, the line spectra of other atoms are more compli- 
cated and the hydrogen atom has the simplest spectrum. The characteristic line spectra 
often serve as atomic “fingerprints,” to detect the presence of specific chemical elements. 
Astronomers use this standard technique when they want to determine the elemental com- 
position of stars, for example. 


38.2 Bohr’s Model of the Atom 


Atoms consist of nuclei, which consist of positively charged protons and uncharged neu- 
trons, surrounded by negatively charged electrons orbiting the nucleus and bound to it by 
the Coulomb interaction. In an electrically neutral atom, the number of protons is equal to 
the number of electrons. The ionization of an atom—that is, the removal of one or more 
electrons—causes the remaining ion to be positively charged. The typical size of an atom is on 
the order of d= 10™ m, and the typical size of the atomic nucleus is a factor of 10,000 smaller. 
Hydrogen—the most abundant element in the universe—is also the simplest atom in the uni- 
verse, consisting of only one proton in the central nucleus with one electron orbiting it. 

It is not unusual nowadays for children to learn most of these basic facts about atoms in 
elementary school. However, at the beginning the 20th century the atom was unknown terri- 
tory, and it was not at all clear what its basic structure was. For example, one possible model of 
an atom was the “plum pudding” model. In this model, the entire atom was filled with positive 
charge, and the electrons were equally distributed over the entire atomic volume like raisins 
in a plum pudding. However, the 1909 scattering experiments of Ernest Rutherford, Hans 
Geiger, and Ernest Marsden brought clarity and led to the currently accepted model. The 
physics of the atomic nucleus will be discussed in Chapters 39 and 40. 

After Rutherford’s experiments, physicists believed that electrons orbit around the 
nucleus, not unlike how the Earth and the other planets orbit around the Sun. Let’s write 
down what this means for the simplest atom, hydrogen. Chapter 9 showed that motion in 
a circular orbit requires a constant centripetal acceleration. Because the gravitational force 
acting on the electron due to the nucleus is so weak, the centripetal force is provided by the 
Coulomb force (see Chapter 21). This leads us to 


(38.3) 


where k = 8.98755-10° N m7/C’ is Coulomb’s constant. This equation simply restates 
Newton's Second Law, with the force given by the Coulomb force and the acceleration as 
the centripetal acceleration. 

A remark on the notation of for the mass is in order. Up to now, we have been using 
the letter m for the mass of the electron. However, the electron in a hydrogen atom is not 
moving around the proton; instead, both are moving around a common center of mass. We 
can incorporate this effect by introducing the reduced mass u as 


mii (38.4) 
m+M 

where m = 9.10938215(45) - 107°" kg is the electron mass and M = 1.672621637(83)-10” kg is 
the proton mass. This reduced mass has the numerical value u = 9.10442 - 107°" kg. Because 
the proton mass is a factor of 1836 times bigger than the electron mass, the term M/(M + m) 
is very close to 1, and thus u = m to 1 part in 2000. Thus, we could still use the notation m 
for the mass in this case, and it would be close enough for most purposes. However, we will 
use the reduced mass u from now on. An advantage in using this correct u in our formula- 
tion is that historically, people have introduced a quantum number m in the solution to the 
hydrogen problem, and we want to avoid confusion. Therefore, from now on u stands for 

the (reduced) mass of the electron, and we will save the letter m for later use. 
This classical picture of a mini planetary system of electrons in orbit around a central 
nucleus, which plays the role of the Sun in our Solar System, has immense appeal and gives 
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rise to a symmetry between the macro-cosmos and the micro-cosmos that just rings true. 
Right away, though, it runs into a fatal conceptual flaw: An accelerated charge radiates away 
energy. An electron moving on a classical circular orbit and experiencing constant centrip- 
etal acceleration would quickly lose energy and spiral into the nucleus, thus destroying the 
atom. Niels Bohr addressed this flaw in 1913. 


Quantization of Orbital Angular Momentum 


In 1913 the Danish physicist Niels Bohr (1885-1962) made an ad hoc assumption that the 
angular momentum of the electron in its orbit around the nucleus can assume only discrete 
values. Chapter 10 introduced the angular momentum vector of a point particle as L =7 x p. 
Bohr’s idea was to require that the only possible stable electron orbits should be those with 
angular momentum in integer multiples of h (Planck’s constant divided by 277): 


L= F xp|= ruv=nħ, with n=1,2,3..... (38.5) 


Why demand this condition? Dimensionally it works out, because both angular momentum 
and Planck’s constant have units of kg m? s™! = J s. However, of course, this fact alone is not 
sufficient. In the following discussion, we show that the quantization of angular momentum 
also leads to the quantization of energy. In addition, if the electron energy is quantized, then 
the electron cannot radiate arbitrarily small amounts of energy and spiral into the nucleus. 
Let’s first work out the consequences and predictions of the Bohr postulate and then 
return to the discussion of the meaning of the postulate and the validity of the model. To 
begin the calculation for the Bohr model of the hydrogen atom, start with equation 38.3 
for the centripetal force and multiply both sides with a factor zr’. This leads to: 
: v? 2 2.2 2 
k-z Ri ruke = uvr". 


On the right-hand side, we can now see that u’v?r? is the square of the angular momentum. 
Using Bohr’s quantization condition (equation 38.5), this is equal to n°h?. Therefore, 


ruk? =p vr =t. 


Solving this for the orbital radius r results in 
2 


r= n= an’. (38.6) 


7 uke? 
This equation gives us the allowed radii in the Bohr model of the hydrogen atom. They are 
proportional to the square of the quantum number n, and the proportionality constant ag 
is called the Bohr radius, 
2 
(1.05457 -10% J s) 
m= aT 2 
uke (9.10442-10™ kg)(8.98755-10 N m?/C? (1,6021810 c) 


a) =5.295-10™ m =0.05295 nm =0.5295 A. 


Here we write the Bohr radius in units of nm as well as the unit A, with 1 A=107!°m = 0.1 nm. 
Inserting this result for the Bohr radius back into equation 38.3, we find for the speed v, 


2 

ke 1 |(8988-10° NmC*)(1602-10" c) ae 

v=- |=- =- 2.188-10% m/s =—0.007297c. 
uan n (9.104-10 kg)(5.295-10" m) n n 


This speed is 0.73% of the speed of light for n = 1 and falls monotonically for the higher 
orbits. Therefore, the nonrelativistic approximation that we are using is justified. The total 
energy of the electron in orbit is the sum of its potential and kinetic energies, 


l 2 Ê č l e l, e 1 
E= v —-k—=-—k—=-—k =-E ; 38.7 
3h P 2 075 ( ) 


The second step of this equation uses the general result for satellite motion (see Chap- 
ter 12) that the kinetic energy is exactly half of the magnitude of the potential energy, 
so the total energy is half of the potential energy. (This relation is often referred to as 
the virial theorem.) The constant Eù can be calculated by inserting the values of the 
constants, 


2 
ke? _ (8988-10? N m?/ C?)(1.602-10° C) 
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Ey=——= =2.18-10 "J =13.6 eV. 
2a 2(5.295-10™ mj 
Thus, the allowed energies for electrons in orbit around the nucleus E(eV) 
of the hydrogen atom are E(n = 1) = -13.6 eV, E(n = 2) = -3.40 eV, A 2 
E(n = 3) = -1.51 eV, and so on, approaching zero energy from below 


> r(A) 


as n — œ. Combining equations 38.6 and 38.7 gives E = -Eja)/r. -2f 
Figure 38.5 shows E plotted versus r. We indicate in this figure that 
only certain values of E and r, corresponding to n being an integer in 
equations 38.6 and 38.7, are allowed. —6 


In many textbooks, the Bohr radius is defined in terms of the Eom 
mass of the electron, me rather than the reduced mass, u, of the __,, 
electron in the hydrogen atom: 
K 
aom, = ; 7 
"e make? 14 


The Bohr radius has the value a, =5,292:10'' m using this 
definition. 


Spectral Lines in the Bohr Model 


In the Bohr model, an electron cannot radiate away small amounts of energy and thus spiral 
into the nucleus, because of the condition for quantization of angular momentum. How- 
ever, transitions between states are still allowed. Bohr postulated that an electron in a higher 
energy state with quantum number n, could “jump” to a lower energy state with quantum 
number n, and would emit a photon with energy equal to the difference in the energies 
between the two states. The photon energy is related to its frequency via Planck's relation 
E=hf: E, =E, + hf. For light, the frequency is related to the wavelength via f = c/A, with 
c = the speed of light, giving 


h 
E,, =B,, + (38.8) 


The formula for the energies (equation 38.7) then gives 


This equation is structurally identical to equation 38.2. Furthermore, the product of the 
constants in this equation evaluates to 


2 
ke? (8.988-10 N m?/C? (1.602-10 c) 
=1.097-10" m`". 


2hcay 2(6.626-10™ J s)(2.998-10° m/s)(5.295-10™ m) 
This agrees with the value of the Rydberg constant, which was determined from the experi- 
mental data, to four significant figures. That is, we can identify 


_ ke 


7 2hcay 


H 


n=3 B= =N aAA 


n = 2, BE, = —3.40eV, 7, =2.12A 


n=1,E, = —13.6eV,r, = 0.529 Å 


FIGURE 38.5 Energies and radii for allowed electron orbits in 
the Bohr model of hydrogen. 
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=e 


Given ay = h’/ uke, the Rydberg constant can also be written 
ke uket 
Ry= = : 
2he(h?/ ke”) 4rch? 


In other words, the Bohr model is able to explain the structure of 
the hydrogen line spectrum and can be used to derive the experi- 


n=7,E, = —0.278-eV 
n= 6,.E, = =0:378:eV 
n=5,E, = —0.544 eV 
n = 4, Ey = —0.850 eV 


n = 3,2, = —1,51 eV 


n= 2, E, = —3.40 eV 


FIGURE 38.6 The first few electron transitions corresponding to 


the Balmer series in hydrogen. 


aa = 3.12 eV > À = 397 nm 
AE = 3.02 eV >A = 410 nm 
AE = 2.86 eV >A = 434 nm 


AE = 2.55 eV >A = 486 nm 


AE = 1.89 eV >A = 656 nm 


mentally found value of the Rydberg constant from the fundamen- 
tal constants of the electron mass m (contained in the reduced 
mass u), charge quantum e, Planck’s constant h (equal to 2mh), 
the speed of light c, and Coulomb's constant k. This was properly 
celebrated as an astounding success and lent considerable cre- 
dence to the seemingly ad hoc assumption of a quantized angular 
momentum of the electron in its orbit around the central nucleus. 
Transitions between energy levels can be depicted in an energy- 
level diagram, as is done in Figure 38.6 for the Balmer series. 

However, at its heart the Bohr model assumes that the elec- 
tron is a classical point particle. The model was refined several 
times, but after Louis de Broglie postulated matter waves in 1923 
(see Chapter 36) and Schrödinger published his wave equation 
in 1926 (see Chapter 37), it became clear that the Bohr model 
had to be replaced by a proper quantum mechanical theory of the hydrogen atom. In addi- 
tion to the conceptual problems of a classical point particle, the Bohr model was also flawed 
in that it postulated an orbital angular momentum of 1 f for the lowest energy state—the 
ground state—of hydrogen, in contradiction to experimental evidence that points to orbital 
angular momentum of zero for this state. Nevertheless, the Bohr model is a very instructive 
first attempt at solving the hydrogen problem, and its impressive success in explaining line 
spectra hints that the real solution to the hydrogen atom must somehow be close to what 
the Bohr model postulates. 


38.3 Hydrogen Electron Wave Function 


If we want to improve on the Bohr model of the hydrogen atom, we have to return to what 
we learned about quantum mechanics in Chapter 37 and solve the Schrödinger equation 
for the electron in a Coulomb potential. To find the bound states of the electron, we need to 
solve the time-independent Schrödinger equation and find the energy eigenvalues E„. We 
hope our solution will resemble equation 38.7, E„ = -13.6/n’ eV, because this prediction of 
the Bohr model was found to be in agreement with experimental data. 

A word of caution before we start on this task: Part of the mathematics involved in solv- 
ing this problem is tedious and perhaps as advanced as any we will present. This is the bad 
news. The good news is that this problem is very instructive and allows us to get a glimpse 
of many deep features of quantum mechanics and of ways to illuminate them. The math 
will not be worked out in all its details, and sometimes the outcome of a calculation will 
simply be stated. Do not become discouraged as we study this essential quantum system. 
It not only will help us understand the hydrogen atom, but gives us insight into the entire 
periodic table of the elements. 

The potential in the Schrödinger equation is the Coulomb potential, U (F) = - ke’/r. Note 
that this potential depends only on the radial distance to the origin (where the nucleus is 
located), and not on the angular direction of the electron relative to the nucleus. The hydrogen 
atom is an object in the real world and thus exists in three-dimensional space. According to 
Chapter 37, the Schrédinger equation in three-dimensional space must be written as 


2 72 2 2 2 42 2, 
À ie 1a kynja. Vy LU = Eb. 
2u ax” 2M dy” 2m dz 2u 


The Laplacian operator V” in Cartesian coordinates is V? =3°/ðx? +0°/dy? +0°/dz”. This 
operator appeared in Chapter 37 in the section on multidimensional infinite wells. It is a 
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seemingly straightforward generalization of the second derivative d’/dx’, which appears in 
the one-dimensional Schrédinger equation. 

Now the coordinate system must be chosen. The potential energy term U depends only 
on the radial coordinate r, so it is advantageous to use spherical coordinates n, 0, b, as shown 
in Figure 38.7. Then the Schrödinger equation reads 


2: 
-_V(r,6,6)-k—W(r,0,6) = EW, 0,4), (38.9) 
2u r 


where the Coulomb potential is used for the potential U. 
In spherical coordinates, however, there is a price to pay: The Laplacian operator looks 
much more complicated: 


1a? a | 3 | 1 @& 

ry)+ sin6 — y |+ w. (38.10) 
rar ( r” sing 00 00 r sin’ 0 ag? 
Is this worth the effort? The answer certainly would be yes if the wave function does not 


depend on the angular coordinates but only on the radial one. Therefore, we try this method 
first and look for spherically symmetric solutions. 


Vy = 


Spherically Symmetric Solutions 

Motivated by the Bohr model’s success, we first investigate if there are spherically symmet- 
ric solutions. If these exist, they can only be a function of the radial coordinate r. So let us 
work with this assumption right now and see where it leads us. The Laplacian operator then 
simplifies greatly because the derivatives with respect to 0 and ¢ vanish, leaving us 


Ba 1a ld 
Vir) =< ri) = 


Notice that we replaced the partial derivative by the conventional derivative, because 
the wave function in this case depends on only one variable, r. Thus, for the Schrodinger 
equation, 


(rtr). 


rid e 
- = _(rf(r)) -k =r) = Ey(r). (38.11) 
2ur dr r 
The solution of this differential equation is tedious, but the result is very interesting. We find 
that, similar to the particle in a box or the harmonic oscillator, the energy can assume only 
certain values of E„ given by 
2,4 
SEKE L ihai 
2 r 


This is exactly the form of the energy eigenvalues we obtained in the Bohr quantization 
procedure (equation 38.7) with E, = uk?e*/2h? = 13.6 eV, an energy unit sometimes also 
called 1 Rydberg. 

The wave functions that correspond to the lowest values of the quantum number n are 


wh (r)= Ae"'* 


E = 


n 


p (r)=4, bz e"l% (38.12) 
a 
2 
EA 2 4 er, 
3a 27a 


where the subscript on y represents the corresponding value of n. Here A,, A», A; are nor- 
malization constants that can be determined from the condition that the integral of the 
absolute square of the wave function is 1, 


co 


U(r) dr= fir 


0 


TAO dr =1. 


À. 


FIGURE 38.7 Definition of the 


spherical coordinates. 
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FIGURE 38.8 Spherically symmetric solutions to the hydrogen Schrédinger equation for the lowest three values of the radial quantum number. 
(a) Wave functions; (b) weighted probability densities. The vertical lines in (b) represent the Bohr model predictions. 


Figure 38.8a shows these solutions and Figure 38.8b shows their probability densities, 
weighted with the factor 7° to account for the effect that the volume element increases with 
rising radius. The solutions for the lower three values of the radial quantum number n are 
shown as a function of the radial coordinate divided by the Bohr radius ap. Vertical lines 
indicate the locations of the semiclassical Bohr orbits that correspond to these values of n. 
For n = 1, the maximum of the probability density for the wave function corresponds to the 
Bohr orbit, whereas this is not the case for n > 1. 


EXAMPLE 38.2 | Normalization of the Hydrogen Wave Function 


PROBLEM 

The hydrogen electron wave function corresponding to n = 1 has the form given in equa- 
tion 38.12, y (r)= 4 e™”'™. Using the condition that the integral of the absolute square of 
the wave function is 1, determine A). 


SOLUTION 
The condition that the integral of the absolute square of the wave function is 1 gives us 


J 


Putting in our particular wave function leads to 


co 


U(r ar= fir 


0 


TO dr =1. 


co co 


2 
faze [Aer dr=anA f Pedr, 


0 0 


The definite integral can be expressed as f xe “dx =2/c. Taking c = 2/ay, we get 


0 


© 3 
anA? | edr =47TA |2 a = 7a, A; =1. 
0 


We can solve this equation for A,: 


1 1 
A =-= = =. 
i 3/2 
Tag Vara 
Thus, the hydrogen electron wave function corresponding to n = 1 is 


E rliag 


W(r)= 


1 
Vra?’ 
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Angular Momentum 


Chapter 37 introduced quantum operators for the momentum and kinetic energy, where 
the classical value of the momentum is replaced by a constant times the derivative in coor- 
dinate space, -ihd/dx. In three-dimensional space, the momentum operator is a vector, for 
which each individual component is a partial derivative in the respective direction. In Car- 
tesian coordinates, this is written as 


pw(x,y,z)= 2,22 |ueana) = -ihVi(x, y,z). 
ox oy dz 


This derivative operator is called the gradient, where we use the common shorthand nota- 


tion V. In spherical coordinates the gradient is given by 


ð lð 1 0 
or r00 rsind dp 


Pur.d)-| eag 


Then the equation for the momentum operator becomes 


010 1 ð 
Ər’ r 00 rsinð dd 


pis ye) =-= eag 
Now the angular momentum operator can be written by simply replacing the momentum 
vector by the gradient operator we just introduced: 


Ly =-ih? x Vy. (38.13) 


(Remember, classically the angular momentum is L =7 x p.) According to our rules for 
quantum measurements, we can now calculate the expectation value of the angular momen- 
tum operator, 


(L)= f Wy Lid’r =-ih Í PrE: (38.14) 


It is particularly interesting to look at the outcome of this measurement of the angular 
momentum for the case of spherically symmetric wave functions, that is, wave functions 
that depend on only the radial coordinate r, and not on any angular coordinates 0 or @. 
Then we obtain 


(L)= J P (NLWndr=—in J Y (NF XVb(r)dr =0. (38.15) 


DERIVATION 38.1 | Angular Momentum Expectation Value 


To show that equation 38.15 is true, we use the gradient operator in spherical coordinates. 
Applying it to our spherically symmetric wave function results in 


wun-|243 1 ə 


Ər r 00 rsind dp 


w=? Zu 


because the partial derivatives in the 0 and ¢ directions are both zero when the wave 
function does not depend on either of these angular variables. We have again used the 
notation of the unit vector in the radial direction as f. In terms of the same unit vector, we 
can write the vector 7 as f =rf. Now our vector product in the integral (equation 38.15) 
simplifies to 


-in f Y ydr =n fv nix? Luar 


For any vector, the vector product with itself has the value zero. Thus, rx7=0 and the 
entire integral has the value zero. 
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This is a very general result that holds for any spherically symmetric wave function: A wave 
function that does not depend on the angular coordinates 6 or must have an expectation 
value of zero for the angular momentum. 

Our spherically symmetric solutions ,,(7) for the hydrogen atom, obtained in the pre- 
vious section, depend only on the radius, so all have angular momentum zero. It is not 
permissible to interpret the quantum number n as one of angular momentum, as we did in 
the Bohr model, despite the fact that the energy eigenvalues of our quantum mechanical 
spherically symmetric solutions reproduce exactly the discrete energy values of the Bohr 
model. This fact implies that the Bohr model is fatally flawed: We cannot start with a classical 
particle in orbit around a central nucleus, demand quantization of angular momentum, and 
then obtain consistent results. Despite its astounding success in explaining the hydrogen 
line spectra in great detail and to great precision, the Bohr model is wrong, and its success 
is accidental. 


Full Solution 


Does the Schrédinger equation for hydrogen have solutions that are not spherically sym- 
metric and that have nonzero angular momentum? The answer is yes. Here we will only 
sketch how to get to these solutions. Typically, the mathematics needed to arrive at these 
results is lengthy and complicated. However, it is also instructive and something to look 
forward to in a more advanced course, where this topic will be covered in greater detail. 
In the following discussion, we will introduce many different functions. Keep in mind 
that these are not meant to be memorized. The goal here is for you to understand the gen- 
eral features of the solutions, not their exact form. Even the most seasoned professionals 
in the field do not know all the exact functions by heart and look them up in tables when 
they are needed. 


Separation of Variables 


We start with an assumption that we used successfully in finding solutions for the time- 
dependent Schrödinger equation in one spatial dimension, that of the separation of vari- 
ables. To achieve this, we assume that the full wave function can be written as a product of 
three functions, each of which is a function of only one variable: 


W(r,0,b) = f(r) g(@)h(). (38.16) 


We insert this trial solution into the Schrödinger equation 38.9 to find 
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Now the action of the Laplacian operator (in spherical coordinates, equation 38.10) on this 
product of functions must be evaluated: 
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Inserting this result into the Schrödinger equation and multiplying both sides of the equa- 
tion by the product -2 ur°/ T we arrive at 


Z e osno Zeto) 


Fo or’ g(8)sin6 00 
1 F 2ur e 
+ h(b)+ E+k 
neem o ag? ir r 


Now we can see that some terms depend only on the radial variable r, and not on the angu- 
lar variables 0, ġ, while other terms depend on 6, ¢, but not on r. We rearrange the pre- 
ceding equation to get all r-dependent terms on the left-hand side and all others on the 
right-hand side: 
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This equation can be true only if each side is equal to the same constant. We make a choice 
that may look strange at first, but we call this constant ¢(¢ + 1). 


(38.17) 


Radial Part 


The choice of the integration constant ((¢ + 1) results in the radial equation (left-hand side 
of equation 38.17): 


Tro) aer arta =0(0+1). 


To 


(Again, we replaced the partial derivatives with conventional ones because the function f 
depends on only one variable.) If we multiply this equation by -f(r)h’/2ur’, this equation 
has the form 
1d e UUES 
ELAT E E 
2u dr? r 2ur 


f(r)=Ef(r). (38.18) 


Compare this equation with the Schrödinger equation for the spherically symmetric solution 
(equation 38.11), and you see that the only difference is the term ((¢ + 1)h’/2ur° that plays the 
role of an additional potential, in addition to the Coulomb potential. (For £ = 0 we recover the 
spherically symmetric solution.) What is this additional effective potential term? 

An argument from the orbital motion of a classical particle in a central potential may 
help. To work out our classical argument, let’s start with energy conservation, tuv? + U(r) = 
E. (Remember, this is the classical equivalent of the Schrodinger equation.) Now we can 
split the velocity into radial and tangential parts and get +uv* = +uv? + tuv? = +w? +t por). 
Further note that the angular momentum for the case of a point particle in circular motion 
is L = wrv, = ura. This definition also holds for all motion in a central potential, not just 
circular motion, and the angular momentum is a conserved quantity. Thus, we can write 
+u(wr) = +L7/pr’. Therefore, our classical equation for energy conservation in this case 
reads +uv? + U(r) + L’/2ur’ = E. 

The term ¢(¢ + 1)h7/2ur’ now seems plausible as a term originating from conservation 
of angular momentum, if we are allowed to substitute the quantum mechanical ((¢ + 1)h” 
for the classical L’. Later we will see that these solution functions are also the eigenfunc- 
tions for the quantum mechanical operator corresponding to L? with eigenvalue ¢(¢ + 1)h’; 
so this substitution actually works out just as advertised. Now you can begin to understand 
why the seemingly arbitrary choice for the integration constant /(¢ + 1) was made. The 
term ((¢+ 1)h’/2ur° represents the quantum mechanical angular momentum barrier in the 
rotating system, and we will soon see that / is an integer. We say “barrier” because this term 
is positive and increases as r decreases, just like a potential energy barrier. Figure 38.9 shows 
the effective potential term from equation 38.18 for various values of ¢. 
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What are the solutions to the differential equation for the radial 
function, equation 38.18? In general, they are products of exponen- 
tial functions and polynomials. For very large r, the exponential 


FIGURE 38.9 Effective potential for (from bottom to top) 
angular momentum quantum numbers / = 0, 1, 2, 3, and 4. 
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FIGURE 38.10 Polynomial terms in 


the radial wave function for n = 3. 
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function dominates the asymptotic behavior of the solutions. The 
solutions depend on two quantum numbers. First is the quantum 
number n, which was present in the spherically symmetric solu- 
tions studied earlier. Second is the quantum number £ that we just 
introduced in the separation of variables, which we motivated as 
the quantum number of angular momentum. (The next section will 
give further evidence for this assignment.) For the sake of com- 
pleteness, we write out the solutions for the radial functions, but 
you are not expected to memorize them. 
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These solutions exist only for integers n > ¢ and £ > 0. Therefore, for a given value of n the 
quantum number / can have the values 


0<f<n-1. 
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The term LHH ( 2r/ nao) in equation 38.19 is an associated Laguerre polynomial. These 
polynomials have been tabulated in reference books, and you can look them up. Their exact 
form is not so important for us, except for the following general considerations. The product 
(2r/ nay). HFL (2r/ na) is a polynomial of rank n - 1 for any value of £. This polynomial has 
n- l- 1 positive roots and ¢ roots at r= 0. An example for n = 3 is shown in Figure 38.10, with 
the positive roots of the three possible polynomials indicated by the colored arrows. 

Instead of examining equation 38.19 further in abstract terms, it is perhaps more 
instructive to write down the radial solutions for the lowest values of n and £: 
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Comparing these solutions to those of the spherically symmetric 
problem (equation 38.12) shows that for each value of n, the solutions 
with £ = 0 correspond to the spherically symmetric solutions. 

Because the lowest values of n correspond to the lowest values 
of the energy, the radial functions listed here are overwhelmingly the 
most important for the hydrogen atom. 

If we plot the radial functions for the lowest allowed values of 
the quantum numbers n and /, an interesting picture emerges. Fig- 
ure 38.11a shows the six wave functions listed above. It is important 
to note that the solutions for a radial quantum number n are poly- 


FIGURE 38.11 (a) Radial wave functions for the lowest 
values of the quantum numbers n and 4 (b) corresponding 
weighted probability densities. 


nomials of rank n - 1, multiplied by an exponentially falling term that 
assures that the wave functions approach 0 for very large values of the 
radius r. All wave functions with £ > 0 have a value of 0 at r = 0; only 
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those with / = 0 assume a finite nonzero value at r = 0. (In the figure, it may appear that the 
£ =0 solutions diverge as they approach r= 0, but this is misleading. Ifthe scale were expanded, 
we would see them turn over, because the exponential function has a value of 1 at r = 0.) 

Figure 38.11b shows the probability of finding an electron in a state with quantum 
numbers n and / at a distance r from the nucleus of the hydrogen atom. The wave function 
Fio—the only wave function for n = 1—is colored red, and the two possible wave functions 
for n = 2 ( fo and f,,) blue. The three possible wave functions for n = 3, which are fo fz and 
fz» are shown in green. For the group of wave functions with a given value of n, all weighted 
probability densities plotted in part b peak at a similar distance from the origin. They form 
a shell. This appearance of shells is a universal phenomenon in atomic and in nuclear phys- 
ics and is a unique quantum effect. We will return to the concept of shells repeatedly in our 
discussions of these subjects. 

An interesting side note: The radial wave functions f, ,_; all peak at values of r that cor- 
respond to the radii predicted by the Bohr model for the corresponding quantum number n. 


Angular Part 


Let’s return to the Schrédinger equation in spherical coordinates (equation 38.17): If the 
left-hand side is equal to (Z + 1), so is the right-hand side. 


1 @ 
- hlo). (38.20) 
hlo)sin? 0 d$? 
This equation is still a function of the two variables 0 and ġ. We can rearrange the terms 
and obtain an equation for which all @-dependent terms are on the left-hand side, and all 
-dependent terms are on the right-hand side. This is accomplished by multiplying both 
sides of equation 38.20 by sin? 0 and then moving the first term on the right to the left: 
a 1 g 
sind «(| O 
| 20 hb) ag? 
Again, we have separated the variables, and for this equation to be true, both sides need to 
be equal to the same constant. Let us call this constant m”. (Remember, we use for the 
mass in this chapter, not m.) 
The two resulting ordinary differential equations for the angular variables are 
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Note that the form of the differential equation 38.21 is exactly the same as that of a simple 
harmonic oscillator, which we studied extensively in Chapter 14. Perhaps you can then 
guess the solution to equation 38.21 right away: It is a linear combination of sin(m@) and 
cos(m@). Alternatively, following the commonly used complex notation convention, it is 


hlp) = Ae”? (38.23) 


Here A is a normalization constant, which we can deal with later when we worry about the 
overall normalization of the wave function. What is more important, though, is that the 
same wave function must be obtained when 277 is added to the angle @, because this cor- 
responds to one complete 360° rotation in the xy-plane. This implies that 


ent — motn) _, TiM _ ys m=0,+1,+2..... 


Thus, we have found that our integration constant m must be an integer. 
The solution to equation 38.22 for 0 is not so easy, and we simply state it here: 


g 
m m| . jm d 
g(0)=BP; (cos) = B(-1) inl j ai P,(cos@). (38.24) 
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Here B is another normalization constant. Just as for the constant A above, we ignore it for 
now. The functions P%' are called associated Legendre functions, and the functions P, are 
Legendre polynomials, 
l 
lfd ) ml2( d 
P(x)e——|£| -1 and P?"(x)=(~1)"(1-x"] = 
2 el dx 


P, 
| dx (x) 


for integer non-negative values of l. The first few Legendre polynomials are 
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FIGURE 38.12 Legendre polynomials for 


l =1, 2, 3, 4, and 5. 
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and are shown in Figure 38.12. 
You can see that a Legendre polynomial P, is a polynomial of rank 4. If you take 
the nth-derivative of a polynomial of rank £, with n > £, then you obtain zero. This 
means that an upper limit exists for the integer |m|: 


m| <1=>-1<m<.. 


Therefore, for any value of £ there are 2¢ + 1 possible values of m. The associated Legendre 
functions P/"(cos 0) with the lowest values of £ are 


m=0 m=1 m=2 m=3 
f=0) 1 
l=1| cosé -sin 0 


l=2 1(3cos? 6-1) -3cosOsind 3sin’ 0 


L=3 1(5cos* 8- 3cos6) -3sin6(5cos’ 6-1) 15cosOsin?@ -15sin? 0. 


The expressions for negative values of m do not have to be written separately, because only 
the absolute value of the quantum number m appears in the defining equation 38.24. 

The products of the functions g(6)h(@), properly normalized, are called the spherical 
harmonics Y7’, 


(¢-|m))! (20 +1) 
(¢+|m))! 4T 


Y” (0,p)= P?” (cos 0)”. 


(38.25) 


The spherical harmonics describe the angular dependence of the electron wave func- 
tions for the hydrogen atom. They have a complex phase factor e’”’, but are otherwise 
real-valued. In Figure 38.13, we plot the absolute values of the spherical harmonics. 
The absolute values of these spherical harmonics are symmetric under rotation about 
the z-axis, but in general, for m # 0 this is not the case for the real part or for the imagi- 
nary part. 

What else is special about the spherical harmonics? It can be shown (we will not do 
this here) that they are also eigenfunctions of the operator of the square of the angular 
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FIGURE 38.13 Absolute value of the spherical harmonics for the lowest values of the angular 
momentum quantum numbers. Each box shown extends from -1 to 1 in each Cartesian direction. 


momentum, L’, with eigenvalues /( + 1)h? and of the operator of the projection of the 
angular momentum on the z-axis, L, with eigenvalue mh: 


LY; (0,6) = (0+ DRY? (0,0) (38.26) 
L,Y/"(0,6) =mhYi" (0,0). (38.27) 


Thus, the quantum number / is a measure of the absolute value of the total orbital angular 
momentum—that is, the length of the angular momentum vector—and the quantum number 
m measures the length of the projection of the angular momentum vector along the z-axis. 

You might now be able to guess what the operators L? and L, look like in spherical 
coordinates. They are 


v=-r— ofin- 1 2 


sin 00 00 sin? 0 od” 
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Comparing these two expressions to equations 38.20 and 38.21 shows why equations 38.26 
and 38.27 must be true. The construction of the spherical harmonics as solutions to the 
angular part of a rotationally invariant Schrödinger equation means that they must be 
eigenfunctions to the operators of the square of the angular momentum and of the projec- 
tion of the angular momentum on the symmetry axis. 
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FIGURE 38.14 Wave function 


quantum numbers, energies, and label 
assignments. 


Complete Solution 


Let’s collect the different parts of our complete solution. We have separated the variables 
and constructed the solutions as products of the radial part of the wave function (equation 
38.19) and the angular part (equation 38.25): 


Prem (19,0) = fro Yon (05). (38.28) 


The quantum numbers of these solutions are: the radial quantum number n = 1,2,3...., the 
orbital angular momentum quantum number / = 0,1, ...,.1 - 1, and the so-called mag- 
netic quantum number m = -/,...,/. The energy eigenvalue corresponding to a particular 
solution eigenfunction depends only on the radial quantum number, 


1, 1 pk et 
" n 2h 

The solutions for a given value of the radial quantum number n all peak at a similar dis- 
tance from the center, approximately given by the radius of the corresponding semiclassical 
Bohr orbit r, = na, = n°h’/ uke’. (For the wave functions with maximum possible angular 
momentum quantum number l = n - 1, this is an exact statement.) Thus, the wave func- 
tions for a given radial quantum number n forma shell. The shells are sometimes (especially 
in chemistry) labeled with capital letters according to their radial quantum number: 


letter K LM N O P Q 
n= 1 23 4 5 6 7 


Therefore, the lowest energy shell is the K-shell, and the shells with successively higher 
radial quantum number n follow alphabetically. 

Within a given shell, all wave functions have the same energy. Traditionally, they are 
labeled with letters according to their orbital angular momentum quantum number: 


letter: s p def gh 
f= 01 23 4 5 6 


Here the first two angular momentum states receive the letters s (monopole) and p (dipole), 
and from ¢ = 2 (quadrupole) on the angular momentum states follow the alphabet succes- 
sively, starting with the letter d. (Why this ordering? No real reason, except the historical 
ways in which the nomenclature was developed.) Thus, a 4d state implies that the radial 
quantum number is 4 and the orbital angular momentum quantum number is 2. The ener- 
gies and level assignments are shown in Figure 38.14. 

We can also plot the solution wave functions. We have the choice of displaying the wave 
function, its real part or imaginary part, or its absolute value. All wave functions with m = 0 
are real, and for these we can easily plot the wave function—for example, in slices through 
space. Figure 38.15 shows the wave functions w,,,,,, for the lowest values of the quantum num- 
bers n and £ with m = 0 in a slice through coordinate space, in the xz-plane with y = 0. Blue 
colors imply positive values of the wave function, and red colors indicate negative values. 
Yellow represents values close to zero; a scale is given on the right side. In each case, a region 
between +30 ay is shown in each direction, x and z. As you can see, all s-states (¢ = 0 states) 
appear as concentric circles in this contour plot, because they are all spherically symmetric. 
The states with nonzero angular momentum show beautiful patterns of alternating regions 
of positive and negative values. 

We can see regularities by looking at the patterns that emerge. As n increases, an outer 
shell becomes populated, while the structure of the inner shell wave function with the same 
angular momentum gets preserved and squeezed down, with a spherical node (yellow 
rings) separating it from the neighboring shells. All p-waves show twofold symmetries, as 
expected from dipolar shapes. In the same way, the d-waves exhibit fourfold quadrupole 
structure, and f-waves show a characteristic sixfold symmetry. 

Finally, we list the wave functions for the innermost shells—those with the lowest val- 
ues for the radial quantum numbers and thus lowest energies. In the n = 1 shell, there is only 
one possible wave function, and it is in an s-state: 
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FIGURE 38.15 Hydrogen atom electron wave functions in the xz-plane for y = 0, Warm (x,0,z). The coordinates in the xz-plane are displayed in 
multiples of the classical Bohr radius ao. The scale on the right indicates how the colors in the plots represent the value of Wim. 


Note that the value of the energy eigenvalue that corresponds to this wave function is the 
lowest possible, E; = -13.6 eV. An electron that resides in this state cannot radiate away a 
photon to go to a lower energy state. Therefore, the state with this energy is the ground state 
of the electron in the hydrogen atom, and equation 38.30 is the ground state wave function. 
You can compare equation 38.30 with the results of Example 38.2. 

In the n = 2 shell, one wave function in the s-state is possible, plus three p-waves, for a total 
of four wave functions, all of them corresponding to an energy eigenvalue of E, = -3.40 eV: 
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In the n = 3 shell, there is one wave function in the s-subshell, three wave functions in 
the p-subshell, and five in the d-subshell, for a total of 1 + 3 + 5 = 9 wave functions, all with 
energy E; = -1.51 eV: 
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38.3 Self-Test Opportunity 


Now that we have written down 
the explicit form of the solutions, 
sketch the result of plotting 
Y2,1,1(-8,) OF Wo,1,-1(%8,¢) in the 
way of Figure 38.15. 


38.2 In-Class Exercise —, 


How many wave functions are pos- 
sible in the n = 5 shell? 


a) 9 d) 21 
b) 14 e) 25 
c) 16 


J 


38.4 Self-Test Opportunity 


Verify that equation 38.30 is indeed 
a solution to the hydrogen problem 
by inserting it into the Schrödinger 
equation. For added difficulty, try 
the same exercise for one of the 
functions with n = 2. 
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In general, we can have 2/+1 wave functions with different m for orbital angular 
momentum £. In addition, since we can have n-1 different orbital angular momentum 
states for a given radial quantum number n, the total number N(n) of possible wave func- 
tions in a given shell with radial quantum number n is 


N= S (2041) =. 
¢=0 


Does our procedure of separation of variables ensure that we have found all solutions? We 
will not prove this, but the answer is yes, because the set of solutions that we have found 
form a complete basis for all functions in this space. We will not elaborate on this statement; 
this will be left to an advanced course on quantum physics. 

We add here a postscript to the discussion of the hydrogen atom. This system is surely 
the best-studied system in all of quantum physics, and one of the few for which an exact 
solution is possible. The differential equations that result, as well as their solutions, show 
an incredible amount of structure. It is perhaps surprising that this arguably simplest real 
quantum system exhibits such richness, and perhaps even more surprising that we can con- 
struct a mathematical description that captures this complexity—which is visible, for exam- 
ple, in the plots of Figure 38.15. The fact that the natural world arranges itself in this way 
and then can be captured by our mathematical constructions seems absolutely miraculous. 
We hope that the somewhat tedious mathematical derivations did not obscure the beauty 
that underlies this physical system and the theory that describes it. 


(38.31) 


38.4 Other Atoms 


Now that we have a good understanding of the wave functions, energies, and possible tran- 
sitions between levels for the hydrogen atom, we can ask if we can explain other atoms as 
well. What do we need to change in our formalism to explain other atoms? First, the charge 
Z of the nucleus changes. For hydrogen, we have Z = 1, but for higher values of Z our poten- 
tial needs to change to : 
U(r)=k a 
r 

To be electrically neutral, an atom with Z protons also must have Z electrons. These elec- 
trons will reside in the lowest energy state available to them. It is easy to see into which state 
the first electron can be put: It is the 1s state. We can generalize equation 38.29 from the 
treatment of the hydrogen atom to see that the energy of this first electron is 


pk ze 


E (38.32) 


E= 


We arrive at this result by simply replacing e° by Ze? in the Schrödinger equation. It is a 
useful exercise to examine the mathematics for the hydrogen atom and to convince yourself 
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that equation 38.32 indeed holds. (In equation 38.32 the value of m is the reduced mass, 
calculated using equation 38.4 with M now the mass of the nucleus.) 

Where do we place the second electron? Now the answer is not so straightforward, 
because any given electron will also interact with all other electrons of the same atom, 
which partially serves to shield the charge Z of the nucleus. This problem cannot be solved 
with the exact analytical methods developed earlier. It needs approximation methods that 
are beyond the scope of this book. However, we can still gain some qualitative understand- 
ing with the tools at our disposal. 

The general idea of radial shells and subshells with fixed angular momentum quan- E(eV) 
tum numbers, which we developed for the hydrogen atom, remains valid for other atoms. * €=0€=1€=2£ =3 r 
The partial screening of the Coulomb potential of the nucleus acts differently on different 
levels. The states with / = 0 have probability distributions that are peaked at the origin. For 
these states, we have a low probability that another electron lies closer to the origin, par- 
tially shielding the central potential. For states with larger values of the angular momentum 
quantum number, however, shielding plays a more important role. This leads to the distri- 
bution of energy levels sketched in Figure 38.16. At first glance, this figure looks similar 
to Figure 38.14, which showed the plot for the hydrogen atom. Now, however, the energy 
scale is different by a factor of Z’. The locations of energy levels in the absence of shield- 
ing are shown by the dashed blue lines, while the proper locations of the levels are indi- 
cated by the dark blue solid lines. For a few levels we have also included small black arrows 
that show the shifts. What is the main difference between Figure 38.16 and Figure 38.14? FIGURE 38.16 Energy level scheme 
In Figure 38.16, different angular momentum quantum numbers ¢ for the same values of in atoms with several electrons. 
the main quantum number n result in different energy values, whereas they all have the 
same value for the hydrogen atom. This is due to the other electrons partially shielding the 
nuclear charge in atoms with more than one electron. If we sort the levels by increasing 
energy, starting with the lowest one, we find the progression 1s, 2s, 2p, 3s, 3p, 4s, 3d, 4p, 5s, 
4d, 5p, 65, «... 

Electrons have a spin quantum number ;. Thus, 2(4) + 1 = 2 electrons can occupy each 
wave function with its set of fixed quantum numbers—one electron with “spin up” and the 
other with “spin down? This fact is due to the Pauli exclusion principle. With the Pauli exclusion 
principle and Figure 38.16 in hand, we can determine in which order the electrons are distrib- 
uted over the energy levels, as we fill each level in Figure 38.16 with two electrons successively. 

Appendix D contains the ground state electron configurations for all elements. We use 
the conventional shorthand notation of writing the number of electrons in a given level as 
a superscript right after the notation for the level. For example, fluorine (Z=9) is listed with 
the ground state electron configuration of 1s°2s°2p°. This means that two electrons occupy 
each of the 1s and 2s levels, and that the remaining 5 electrons are in the 2p state. The elec- 
tron configuration of aluminum (Z=13) is listed as [Ne] 35°3p. This means that the occupa- 
tion of the 1s, 2s, and 2p levels in aluminum is the same as in neon (that is, fully occupied), 
and that aluminum has two additional electrons in the 3s state, plus one additional electron 
in the 3p state. 

When all electrons for a given atom are in the lowest possible energy states available to 
them, the atom is in its ground state. Note that as Z increases, electrons sometimes fill an , 
s state in a higher n shell rather than a state with lower n and higher angular momentum. 38.3 In-Class Exercise 
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(For example, see Z = 19, 37, and 55.) This occurs because the angular momentum barrier The element 111 was discovered in 
has made the lower n state correspond to a higher electron energy. 1994 and named Roentgenium in 
Just as in the hydrogen atom, electrons in other atoms can be excited into higher energy 2004. It exists for only a few sec- 


onds before it decays. The electron 
configuration of Roentgenium has 
not been determined yet. What 
would you predict it to be? 


states by photons. However, the resulting line spectra are generally much more complicated 
than that of the hydrogen atom. It is considerably easier to answer the question of how 
much energy it takes to remove the least-bound electron from an atom. The process of 
removing an electron from an atom is called ionization, so we want to know the single- hee 
electron ionization energy. To lift the least-bound electron from its state with energy lower oe a 5d =6s 6p 
than zero to an energy just above zero, the ionization energy is the same as the magnitude of b) [Rn] 4f**5d"°6s"6p° 
the energy of the least-bound occupied level in an atom. Figure 38.17 presents this informa- ) 

tion for every known atom (except for astatine, Z = 85, for which the ionization energy has 
not been measured yet). Now the question is: Can we explain the regularities of the ioniza- d) [Xe] 5f*6d°7s? 
tion energies in this figure? 


c) [Rn] 5f6d°7s? 
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FIGURE 38.17 Single-electron 


ionization energies for all elements. 
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Let's start with hydrogen. The single electron of hydrogen resides in the 1s state in the hydro- 
gen ground state. Its energy is -13.6 eV, so it takes + 13.6 eV to liberate this single electron. 

Helium: Helium has two electrons, and they can both be accommodated in the 1s state. 
With Z = 2, the nuclear Coulomb potential is twice as strong as that of the hydrogen atom. 
The presence of the other electron partially screens this potential, but the second electron 
in the helium atom is still bound more deeply than the single electron in hydrogen. Experi- 
mentally, we find a very large value of 24.6 eV for the ionization energy of helium, the largest 
value for any element. What does this mean for the chemical properties of helium? It is very 
difficult to remove an electron from helium and add it to any other element to form some 
kind of chemical bond. Conversely, it is also not possible to add another electron to the 
n = 1 shell in helium, because it is already completely filled with two electrons. An additional 
electron would have to be added to the n = 2 shell and thus be much more weakly bound to 
helium. Therefore, helium is chemically completely inert, and is called a noble gas. 

Lithium: Because Z = 3, lithium atoms have three electrons as well. The first two reside 
in the 1s state and completely fill the n = 1 level, just as in helium. The third electron needs 
to go in the next higher state, the 2s state. From Figure 38.11b, we see that the radial wave 
function of the 2s state is localized farther away from the center of the atom. We then expect 
it to be a much weaker bond, and indeed, we find an ionization energy of only 5.39 eV for 
lithium. Consequently, lithium acts as an excellent electron donor in chemical reactions. 

Beryllium: This element has four protons and four electrons. The fourth electron also 
fits into the 2s state, filling this angular momentum subshell completely. However, remember 
that for n = 2, we have angular momentum quantum numbers of 0 and 1. Thus, beryllium 
is not a closed-shell atom like helium. The ionization energy of beryllium is 9.32 eV, much 
higher than that of lithium, but also much lower than that of helium. 

Boron through Neon: Now we populate the 2p subshell, which can hold 2(2¢+1) = 
2(2-1+1) = 6 electrons. As we add the first electron into the 2p subshell, it is alone in this 
subshell. Again examining Figure 38.11b for guidance, we see that the 2s and 2p states have 
similar average distance of the radial wave functions from the center. Therefore, the ionization 
energy in boron (Z = 5) is slightly lower than in beryllium, but not nearly as low as in lithium. 
Adding more electrons to the 2p subshell increases the ionization energy successively. Thus, it 
is increasingly difficult to remove an electron from the elements carbon, nitrogen, oxygen, and 
fluorine, so they are not good electron donors in chemical reactions. However, they become 
better electron receptors as we add more electrons to the 2p subshell. In particular, fluorine, 
with only one electron missing from an otherwise closed n = 2 shell, is chemically very aggres- 
sive. Neon (Z = 10) completes the 2p subshell as well as the n = 2 shell. Neon thus has chemical 
properties very similar to those of helium—it is also chemically inert and is a so-called noble 
gas. Because the radial wave functions in the n = 2 shell are on average separated farther from 
the center than those in the n = 1 shell, the electrons in this shell are expected to experience less 
attraction to the central nucleus and thus have lower ionization energies. Comparing the values 
for helium (24.6 eV) and neon (21.6 eV), this expectation is borne out. 
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FIGURE 38.18 Periodic table of the elements. 


Some systematic trends in the progression of ionization energies are becoming evident. 
What looked like a wild and irregular zigzag curve in Figure 38.17 begins to exhibit structure. 
It is this structure that underlies the periodic table of chemical elements (Figure 38.18). 
In the periodic table, elements that fill the n = 1 shell are in the first row, and those that fill 
the n = 2 shell are in the second row. When an electron is added to a new shell, this corre- 
sponds to a new row in the periodic table. In each row, the electrons are added one by one, 
going from left to right. The elements with completely filled subshells, so that any additional 
electron would have to be placed into the next-higher major shell, end up in the rightmost 
column; those that start a new shell are in the leftmost column. 

The first two rows in the periodic table are identical to the first two major shells, but 
in general, a given row in the periodic table is not identical to a major shell. Already in the 
third row, the 3d electrons are missing. Because their energy levels are higher than those 
of the 4s electrons, the 4s electrons are added before the 3d. Because the 4s electrons start 
a new row, the atoms scandium through zinc, in which electrons fill the 3d subshell, are 
members of the fourth row of the periodic table, not the third. 

Elements in a given column have a similar electron configuration in their outermost shell. 
The completely filled inner shells have very little influence on the atom’s interactions with other 
atoms or photons. The electrons in the outermost shells of the atoms, called the valence elec- 
trons, primarily determine the atoms chemical behavior. 
Therefore, elements in a given column are chemically similar 
in many ways. 

Note that the lowest row in Figure 38.18 consists mostly 
of artificially produced atoms. Atoms with atomic number 
larger than 92 (uranium) are not stable and thus not found in 
nature. They can be created in the lab and exist for some time 
before they decay. As a general rule of thumb, the higher the 
atomic number is, the shorter the artificially produced atom 
exists before it decays. Elements 113, 115, 116, and 118 were 
discovered only in the first decade of the 21st century, and 
each exists for only a few milliseconds to seconds before 
decay. (Chapter 40 investigates the reasons for these short 
lifetimes of atoms with high atomic numbers.) 

Using the arrangement of the elements in the periodic 4 ft! 
table, we can display the ionization energies for all elements 
up to Z = 104 ina three-dimensional representation (Figure 
38.19). In general, the ionization energy falls as we moveto FIGURE 38.19 Ionization energies for the elements up to Z = 104 
higher number n in the radial shells. Also, this figure shows (Rutherfordium) in the periodic table. 
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38.4 In-Class Exercise 


The element 118 was discovered 
only in 2006 and exists for only 
approximately 1 millisecond before 
it decays. Less than 10 atoms of 
this element have been produced. 
The ionization energy for 118 has 
not been measured yet. What would 
you predict the value of this ioniza- 
tion energy to be? 


a) approximately 0 eV (the atom is 
unstable) 


b) approximately 2 eV 

c) approximately 5 eV 

d) approximately 10 eV 
) 


e) approximately 20 eV 


that the ionization energy grows as we move from left to right in the periodic table, add- 
ing more electrons to a given angular momentum subshell. This trend indicates how we 
can gain great insights into chemistry from an understanding of the quantum mechanical 
wave functions of electrons in a central Coulomb potential. It seems miraculous that this 
general understanding of atoms with many electrons can be gained from the solution of the 
comparatively simple hydrogen atom with only one electron. Nevertheless, judging from 
experimental data on the ionization energies, the general principle works. 


EXAMPLE 38.3 | Ionization Energy of the Helium Atom 


As discussed in this section, the ionization energy of helium is measured to be 24.6 eV. 
Suppose we have a helium atom (Z = 2) with two electrons in the n = 1 shell. These two 
electrons are in the ground state but interact with each other. 


PROBLEM 


Estimate the ionization energy of helium. 


SOLUTION 
The ground state energy of electrons, if they do not interact with each other, is given by 
equation 38.32: 
uk zZ’ e 
ipen a 
2ħ 


The reduced mass is now closer to the mass of the electron because the mass of the helium 
nucleus is approximately four times more than the mass of a proton. The ground state 
energy for one of the electrons in the helium atom is 


2 r72 4 2 4 

Pa — =-7? a =- Z? (13.6 eV) 
2h 2h 

F =~ 4(13.6 eV)=-54.4 eV. 


We can estimate the energy of the interaction between the two electrons if we imagine 
that the two electrons repel each other because they are both negatively charged. Thus, 
the electrons will try to be as far apart as possible. The Bohr model assumes that the elec- 
trons are in an orbit with a fixed radius, so the two electrons will be on opposite sides of 
the orbit, which means they are separated by the diameter of the orbit. The radius of the 
orbit is given by equation 38.6 with e? replaced by Ze’: 
2 
r= R = 40 = Ay /2. 
pkZe? Z 


The electric potential energy of the two electrons separated by a distance d is given in 
Chapter 23 as U = ke’/d. This energy is positive, which means it decreases the energy 
required to ionize the helium atom. The electric potential energy is 
2 
k ke (8:99-10° N m?/ C? )(1.602-10 C) 
U = = = 
d 2(a)/2) 


=4.36-10" J =27.2 eV. 
(5.295-10 m) 


The difference between the ground state energy and the electric potential energy between 
the two electrons is 27.2 eV, which is close to the measured ionization energy of 24.6 eV. 


DISCUSSION 

This analysis is oversimplified. The actual interaction between the two electrons is more 
complicated. However, we do gain some insight into the magnitude of the energies 
involved. 


X-Ray Production 
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AV 


X-rays have been discussed several times in this book. Argu- 
ably the discovery of X-rays by Wilhelm Conrad Röntgen 
(1845-1923) in 1895 was one of the events that kicked off 
the modern physics era. X-rays are penetrating radiation 
consisting of high-energy photons. Typical photon ener- 
gies used for diagnostic medical X-rays are between 25 keV 
and 140 keV, with mammograms using a typical maximum 
energy of 25 keV and dental X-rays using a typical maxi- 
mum energy of 60 keV. X-rays for baggage screening at air- 
ports have energies up to 160 keV. All of these X-rays can be 
produced by X-ray tubes (Figure 38.20). 

How does an X-ray tube work? The physical principle is straightforward: A 
metal filament is heated and emits electrons from its surface. These electrons are 
then accelerated across an electrostatic potential difference AV. These electrons hit 
the surface of the anode, which is typically made of metal, conventionally tungsten. 
As the electrons hit the surface of the metal, they can produce X-rays in two dif- 
ferent ways. One is bremsstrahlung (German word for “braking radiation”). As the 
electrons penetrate the surface of the metal, they experience a strong deceleration, 
which in turn causes the emission of photons. This process generates a continuous 
distribution of photons that is sketched via the dashed line in Figure 38.21. Note 
that this continuum distribution terminates at a maximum energy, which is given 
by the total kinetic energy gained by the electron from the process of acceleration 
through the electrostatic potential, E nax = eAV being converted to a single photon 


AV heater T A 
Heated filament 
cathode 


Number of photons 


of energy hfmnax = H, The low-energy X-rays cannot penetrate through the walls 
min 

of the X-ray tube. Therefore the X-ray continuum is cut off at lower energies as well, 

as indicated in the figure. 

The other process of producing X-rays is due to the accelerated electrons colliding with 
electrons in the atoms of the anode and knocking them out of their atomic shells. If a deeply 
bound electron from the inner shells gets knocked out, then an electron from the outer shells 
can make a transition into those inner shells and emit a photon of a fixed energy. This process 
is exactly the same as the one that leads to the spectral lines of hydrogen, which was discussed 
extensively in Section 38.2. However, the most important difference is that atoms with Z > 1 
have electrons that are bound more strongly, and correspondingly the photon energies are 
much larger than in the hydrogen line spectrum. The resulting discrete lines appear superim- 
posed as spikes above the bremsstrahlung continuum, as sketched for two transitions in Figure 
38.21. Since the photon energy is given as the difference between the energies of the initial and 
final states of the electron, these discrete peaks are characteristic of the anode material used. 

These lines are named according to the shell (K shell for n = 1, L shell for n = 2, ...) that 
the electron transitions into, and an index (a, B, ...) corresponding to the shell above, from 
which the electron transitions. A K, X-ray corresponds to the transition from the n = 2 to 
the n = 1 shell. 

We can even make predictions for the energies of the X-rays from these transitions of 
the electrons between the atomic shells. In equation 38.32 we have stated that the energy of the 
innermost electron is E, = —wk°*Z’e"/2h" = -(13.6 eV)Z*. Our transition energies should then 
be a factor of Z? bigger than those in the hydrogen atom. We can also take into account that 
for the outer shells the inner electrons partially screen that nuclear charge, which should result 
in a factor of (Z-Zocreen)’ enhancement over the hydrogen case. The screening charge 
Z screen depends only on the electron shell under consideration, but not on the charge of the 
nucleus, Z. Therefore we can predict from our simple considerations that the X-ray energy 
corresponding to a particular transition in the atom should depend on the square of the 
nuclear charge. This means that a plot of the square root of the X-ray energy resulting from 
a particular transition should show a linear dependence on the nuclear charge. This type of 
plot was first produced by Henry Moseley (1887-1915) in 1913, and contributed tremen- 
dously to convincing the scientific community of the validity of atomic models. 
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FIGURE 38.20 Schematic diagram of an X-ray tube. 


Emax = CAV 


Photon energy 


FIGURE 38.21 Sketch of an X-ray spectrum 
with a bremsstrahlung continuum plus sharp lines 
from electron transitions between atomic shells. 


38.5 In-Class Exercise 


As you observe the X-ray spectrum 
in Figure 38.21, you are told that 
one of the lines corresponds to a 
K-shell transition and the other to 
an L-shell transition. Which of the 
following is true? 


a) The line with the higher photon 
energy corresponds to the 
K-shell transition. 


b) The line with the higher photon 
energy corresponds to the 
L-shell transition. 


c) Either line could correspond to 
either transition, depending 
on the electrostatic potential 
difference applied to the X-ray 
tube. 


d) This question cannot be decided, 
unless we know what material 
was used for the anode. 
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FIGURE 38.22 Moseley-type plot 
of the square root of the X-ray energy 
versus the nuclear charge. The blue 
dashed line represents the experimental 
data and the red solid line depicts the 
theoretical prediction. 


> 


Figure 38.22 shows a plot of the type introduced 
- by Moseley for the square root of the X-ray energy of 
the K, transition for all atoms from neon to uranium. 
The blue dashed line represents the experimental data, 
as collected by the National Institute of Standards and 
Technology. The red line is based on the theory that 
the dependence of the X-ray energy on the charge is 
given by (Z — Zecreen) > With Z creen independent of the 
ee a nucleus in question. (For this plot, Z ereen = 1, because 
10 20 30 40 50 60 70 80 90 the other electron still in the K shell will partially 
Z screen the nuclear charge so that it appears 1 less than 
its original value.) One can see that our theory is a 
good approximation to the experimental data, with 
small deviations visible only for the heaviest atoms. 
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(a) (b) 
FIGURE 38.23 Energy levels 
relative to their respective ground 
states for (a) helium and (b) neon 
atoms. 


Originally, the word laser was an acronym for Light Amplification by Stimulated Emission 
of Radiation. Currently the word laser is so common that it is not written in all-capital let- 
ters, as would be the case for an acronym. Lasers, invented in 1960, are now used in all kinds 
of practical applications, such as Blu-ray, DVD and CD players and recorders, laser surgery, 
laser pointers, guidance systems, and precision measurement and survey systems. Lasers 
come in a large variety of sizes, power outputs, beam colors, and materials used. However, a 
few characteristics are common to practically all lasers. First, all lasers must have a medium 
(a gas, liquid, or solid) in which atoms can be excited to a higher energy state. Then it must 
be possible to create a population inversion, in which more atoms are in the excited state 
than in the ground state. Second, a laser has to have a resonator cavity, usually simply a 
pair of parallel mirrors. Third, a laser has to have a means to pump energy into the lasing 
medium. 

We will explain the basic physics involved by using the example of the helium-neon 
(He-Ne) gas laser. The lowest energy levels of helium and neon are sketched in Figure 
38.23. The two valence electrons of helium reside in the lowest possible shell, the 1s shell, as 
discussed in the previous section. The ten electrons of neon fill the 1s, 2s, and 2p subshells. 
The valence electrons of neon in its ground state reside in the 2p shell. 

Figure 38.23 shows the ground states of the two atoms (blue for helium, green for neon) as 
horizontal lines at zero energy. The lowest possible excited state for a single electron in helium 
is the 2s state, which lies at an energy of 20.61 eV above the ground state. Photons carry angular 
momentum ¢ = 1h, and the 1s and 2s states both have angular momentum zero, so it is not pos- 
sible for a photon to cause a transition from the 1s to the 2s state or from the 2s to the 1s state. 

Figure 38.23b shows the lowest energy levels of a single electron in neon atoms. (The 
other nine electrons remain in their respective shells: two each in the 1s and 2s angular 
momentum states, and five in the 2p angular momentum state.) We have visually sepa- 
rated into two columns the states of highest interest for the present purpose (2p, 3p, and 5s; 
solid green lines) from those that are of lesser interest for the present process (3s, 4s, and 
4 p; dotted green lines). The energy difference between the 2p ground state and the 5s excited 
state in neon is 20.66 eV, very close to the 20.61 eV by which the 2s state lies above the 1s state 
in helium. The difference between these two energies is only 0.05 eV, which is very close to 
the average kinetic energy of gas molecules at room temperature (see Example 19.4). The 
energy of the 3p state in neon is 18.70 eV above the ground state. A transition between the 
3p (angular momentum / = 14) to the 5s state (angular momentum 0) is thus possible by 
absorption of a photon of wavelength (see equation 38.8): 


hc 
E;, =E;, ar => 
A= hc —— 1240eVnm _1240 eV nm 
Es; -Ezp (20.66-18.70) eV 1.96 eV 


=633 nm. 


Conversely, the transition from the 5s to the 3p state proceeds via the emission of a 
photon of wavelength 633 nm. This process causes the emission of red light, which is char- 
acteristic for this type of laser. 

You may ask why the 5s state cannot emit a photon and transition to the 4p state. In 
fact, this transition is also observed in practice and corresponds to a photon wavelength 
of 3390 nm. Another possible transition is between the 4s and 3p states, which causes the 
emission of a photon with wavelength of 1150 nm. In total, more than 10 laser transitions 
are known in this system, but for practical purposes the most useful one is the 5s-to-3p 
transition, because it is in the visible region. 


Stimulated Emission and Population Inversion 


Figure 38.24 illustrates the possible interaction processes of photons with atoms. The dis- 
cussion of spectral lines in the first two sections of this chapter examined the connection 
between the transition between states of different energy in atoms and the emission and 
absorption of photons. 

In Figure 38.24a, we depict the emission of a photon from an excited state of an atom 
and the absorption of a photon with the appropriate energy that leads to the formation of 
the excited state in the atom. Figure 38.24b shows what happens if a large number of atoms 
is present in a system, a few of which are in the excited state. The excited atoms decay by 
emitting a photon of fixed energy, but the direction of emission is random. Finally, Figure 
38.24c shows the conditions for stimulated emission: A number of coherent photons, all 
with the same energy and moving in the same spatial direction, are sent into a system of 
atoms, for which the population of atoms in the state with higher energy is greater than 
the population with lower energy. Photons are bosons, so they prefer to occupy quantum 
states that are already occupied by other photons. Thus, the presence of the large number 
of coherent photons causes the preferred emission of photons into the same quantum state 
(same energy and same direction of motion) already occupied by the existing photons. 

For stimulated emission to occur, the coherent photons sent into the system must have 
the same energy as the emitted photons, which is the energy difference between the two 
states in the atom. Then each photon of coherent light sent into the system of atoms can also 
be absorbed by an atom in the lower energy state, lifting it into the higher energy state. If 
more atoms are in the lower energy state than in the higher energy state, the net effect is an 
overall reduction in the number of photons. Thus, “light amplification through stimulated 
emission” can only be successful if the population of atoms in higher energy states is greater 
than the population with lower energy. 
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FIGURE 38.24 Interaction of 
photons (red sine waves) with atoms 
(blue dots for ground state, red dots 
for excited state). (a) Emission and 
absorption processes for an isolated 
atom. (b) Decay of excited atoms 

in a mixture of atoms in the ground 
state and excited state. (c) Stimulated 
emission of photons from a population- 
inverted mixture of atoms in the 
excited and ground states. 


1278 Chapter 38 Atomic Physics 


38.6 In-Class Exercise — 


What is the population ratio of the 
5s state relative to the 3p state at 
a temperature of 5000 K? 


a) L210” d) 0.51 
b) 4.3- 10” e) 2.4 
c) 0.011 
L J 


100% reflective mirror 


99% reflective mirror 


Chapter 19 showed that the probability for atoms (or molecules) in a gas to have an energy 
Eata given temperature T is proportional to the exponential factor e” ‘KT Thus, the ratio of the 


population of the higher energy state to the population of the lower energy state is 
Nhigher _ e AEMkgT 
Mower 


where AE is the energy difference between the higher and the lower energy states. Let’s put 
in some typical numbers. Previously, we found that the energy difference between the 5s 
and 3p states in neon is AE = 1.96 eV. At room temperature (T = 300 K), this means that 
for every atom found in the 3p state, there are only &!°°° 00861710") L1 2.10 atoms in 
the 5s state. (Here we used the expression of the Boltzmann constant in the convenient unit 
of kz = 8.617 - 10° eV/K.) 

Since a positive energy difference AE always implies that e <1, the population of 
the state with higher energy is always less than that with lower energy, if a system of atoms 
is in thermal equilibrium. 

Achieving the population inversion required for light amplification through stimulated 
emission requires systems for which metastable states exist—that is, states that have long 
lifetimes because a simple decay is forbidden. The level scheme of helium and neon in Fig- 
ure 38.23 shows that the 2s state in helium is just such a metastable state, because it cannot 
decay via emission of a single photon. This state can be populated through collisions of the 
helium atoms with electrons, thus “pumping” the excited state. This part of the laser works 
similarly to a simple neon sign, where gas atoms are excited via an electron discharge. The 
helium atoms can then transfer this energy to the neon 
atoms in the 5s state, which has approximately the same 
energy relative to its ground state, through collisions 
between excited helium atoms with neon atoms in the 
ground state. If enough energy is pumped into the system, 
population inversion between the 5s and 3p states in neon 
can be achieved by populating the 5s state faster than it 
can decay into the 3p state. The utilization of a metastable 
state to achieve population inversion is a very common 
theme in all kinds of laser systems. 

Figure 38.25 shows a demonstration model of a helium- 
neon laser. The discharge to pump the lasing medium takes 
place in the gas cell. It is enclosed between a pair of paral- 
lel mirrors, which bounce the coherent photons back and 


-AE/kgT 


FIGURE 38.25 Demonstration model of a laser. The lasing medium, a forth many times to maximize the stimulated emission. The 
mixture of helium and neon gas, is enclosed between two parallel mirrors. mirror on the right side is not perfectly reflective, but only 
The laser beam itself is not visible but is indicated by the red dashed line. 99%; this allows the laser beam to exit from the cell. 


EXAMPLE 38.4 | Number of Photons from a Pulsed Ruby Laser 


A ruby laser consists mostly of alumina ( Al,O,) and a small amount of chromium, which 
is responsible for the red color of the ruby. This laser emits a pulse of light (A = 685 nm) 
with a power of 3.00 kW over a period of 10.0 ns. 


PROBLEM 


How many chromium atoms undergo stimulated emission to produce this pulse? 


SOLUTION 

Each chromium atom that undergoes stimulated emission gives off one photon. The total en- 
ergy of the pulse is equal to the number of photons, which is equal to the number of excited 
chromium atoms, times the energy of each photon. The total energy of the light contained in 
the pulse E,,,1 is equal to the power P of the pulse times the time duration t of the pulse 


Exotat = Pt = (3.00 kW)(10.0 ns) =3.0-10° J. 
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The energy of each photon is 


3.00-10° m/s 


; =2.90-10" J. 
685-10 m 


E=hf =h<=(6.626-10™ Js) 


Thus, the number of chromium atoms N undergoing stimulated emission during the 
pulse is 


yoii 3.00-10°% J 
E 29010”) 


=1.03-104. 


This number of chromium atoms compares with the total number of atoms in the ruby 
of around 10”. 


e 


Research with Lasers 


Lasers come in a huge variety. Typical laser pointers emit light with a power of up to 5 mW 
and typically use semiconductor devices called diodes. Carbon-dioxide lasers, another type 
of gas laser, emit laser beams with wavelengths of 9.6 and 10.6 wm at a power of up to 
100 kW. These lasers are used in industrial applications for cutting and for welding. Other 
devices include chemical lasers, dye lasers, and solid-state lasers. 

Current research on advanced lasers focuses on the generation of extremely short laser 
pulses of duration less than one picosecond (10% s). At this timing resolution, it begins to 
become possible to obtain information on the establishment of chemical bonds in real time. 

Another field of current research interest is that of free-electron lasers, in which the las- 
ing medium is a relativistic electron beam. The electron beam passes through an alternat- 
ing periodic magnetic field, which causes transverse “wiggles” in the electron motion that 
generates coherent electromagnetic radiation. A laser beam generated in this way is tunable 
over a wide range of wavelengths, from millimeters to the visible range. 

By using ions instead of atoms, it is possible to produce X-ray lasers, which are lasers 
with a much higher energy beam because each photon has a higher energy than in the case 
of optical lasers. This is also a very active area of research, in particular because of its poten- 
tial medical and military applications. 

The largest laser in the world was completed in 2009 and is housed at the National 
Ignition Facility (NIF; see Figures 38.26 and 38.27) at the Lawrence Livermore National 
Laboratory in California. It is a pulsed laser consisting of 192 separate beams, and produces 
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FIGURE 38.27 The Cluster 3 beam 
path in Laser Bay 2 of the NIF, which 
contains 6 bundles of 8 beams for a 
total of 48 beam lines. It was completed 
in October 2006, and all 6 bundles 
mirrors Final optics mð were commissioned as operational by 

— December 2006. Laser beams travel over 
FIGURE 38.26 Cutaway drawing of the National Ignition Facility (NIF) laser system. The lasers are 1000 feet before they reach the target 
focused on the fusion pellets in the target chamber. chamber. 
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short-lived laser pulses of total energy 1.8 MJ and duration 4 ns. Thus, the peak power of 


this laser is 


Prax = E/ At =(1.8-10° J)/(4-10° s)=5-10'* W =500 TW. 


This laser at the NIF is used to study nuclear fusion. 


The observed narrow lines in the spectra of atoms are due 
to the transitions of electrons from one state to another. 


The wavelengths of the photons emitted by an excited 
hydrogen atom are given by 


1 1 1 
—=Ry Boo with n, <n, 
À n Ny 


where Ry = 1.097373- 10’ m™ is the Rydberg constant. 


The Bohr model of the atom was an early success in 
explaining the observed line spectra. It is based on the 
quantization condition for the angular momentum 


L=|F x p|=ruv=nh, with n=1,2,3,.... 


The orbital radii in the Bohr model are given by 


2 
2 2 
r= n =a. 


3 uke? 


The Bohr radius is ay = 5.295- 107"! m = 0.05295 nm = 
0.5295 A. 


To go beyond the Bohr model and solve for the correct 
electron wave functions of the hydrogen atom, we need 
to solve the Schrödinger equation for the electron in the 
Coulomb potential of the nucleus, 


3 2 
-Ë yte, 0,p)-k glr, 0,p)=Eplr,0,ġ). 
2u r 


The full solution of the Schrödinger equation for this 
problem can be obtained by separation of variables, 


Wr, 0, p) =f(r)g(O)h(P). 


The angular parts of the solution are spherical 
harmonics, which are simultaneously eigenfunctions 
of the squared angular momentum operator, 
LVY'"(0,6)= €(¢+1)h’Y7"(0,¢), and the operator of 
the z-projection of the angular momentum vector, 
L.Y?"(0,)=mhY?" (0,9). 


EXAM STUDY GUIDE 


The complete solution for the hydrogen eigenfunction 
is the product of the angular part and the radial part, 


Warm (s 0, o) = fol) Yim (0, o). 


The quantum numbers of these solutions are the radial 
quantum number n = 1,2,3,...; the orbital angular 
momentum quantum number / = 0,1,...,.1 — 1; and the 
magnetic quantum number m = -/, ..., l. The energy 
eigenvalue corresponding to a particular solution 
eigenfunction depends only on the radial quantum 
number and is the same as for the Bohr model, 


1 1 uket 
E, S= -E £ ; 
n n 2h 


The hydrogen ground state wave function is 


gO a —— 


eh, 


3/2 
Trae. 


The total number N(n) of possible wave functions in a 
given shell with radial quantum number n is 


Nin=5 (2041) 202. 


¢=0 


The wave functions in other atoms can by understood in 
a manner similar to the hydrogen wave functions. The 
Pauli exclusion principle states that each possible state is 
occupied by at most two electrons, one with spin down, 
and one with spin up. 


The order in which the different angular momentum 
states are filled follows their energies and is 1s, 2s, 2p, 3s, 
3p, 4s, 3d, 4p, 5s, 4d, 5p, 65, .... 


Lasers work on the basis of population inversion. 
The electrons are lifted into a metastable state, and 
undergo stimulated emission of photons with energy 
corresponding to transitions between the metastable 
state and the ground state. 


KEY TERMS 


spectrometer, p. 1252 
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magnetic quantum 
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ionization, p. 1271 


ionization energy, p. 1271 
noble gas, p. 1272 


NEW SYMBOLS AND EQUATIONS 


| Ry = 1.097373-10’ m`, Rydberg constant 


— 


dy = 5.295- 107" m = 0.05295 nm = 0.5295 A, Bohr radius 


Ym (6,0), spherical harmonics 
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periodic table of chemical 
elements, p. 1273 
valence electrons, p. 1273 


laser, p. 1276 


metastable states, p. 1278 


Warm (60,0) = far) Yim(0,h), complete wave function for 
an electron in the hydrogen atom 


38.1 We need to take the limit of n, — œ and find 


1 l1 1l R 
=Ry|—- | aso. With Ry = 1.097373- 10” m™ 
À m om) > n 


we find for the Lyman (n, = 1), Palmer (2), Paschen (3), and 


Brackett (4) series: A min = 91.1 nm, 365 nm, 820 nm, 1458 nm. 


n-4 


derivative: 


ae et |- emi-4 
dr| Trax? | ora? ay 
then take the second derivative: 
gl% 


stimulated emission, p. 1277 


ka ame g% h- r |l- b- “| Insert back: 
dr Jra?! 2 o Ag 

1 
p 2ur 


ara? 


38.2 Balmer n; = 


1 1 1 
2,m =n: —=R - =R 
pom Lert tn, 
2 


4 n 
Therefore, the wavelengths in this series are A = — =| 


(364.5 nm) a 
n 


di = 


. Now cancel common factors and find 


e77% [2 r “4 
am ao 


H n -4 
E : et!% 
3/2 


38.3 wW>,,(x,0,z) has a shape like w,,, (x,0,z), but rotated 90° 
counterclockwise in the xz-plane. 


38.4 Insert the wave function oq (7, 6,6) = 


ket ; ; 
H , which means that our function (4,0,@) is 
z 100 


et!% E=- 


Te 312 © 


indeed a solution to the Schrédinger equation with the cor- 


into the Schrodinger equation rect value for the energy. 
2 2 
Ne eae) kyr) = Ey(r). First, take the 

2ur dr? r 


PROBLEM-SOLVING PRACTICE 


s 


! SOLVED PROBLEM 38.1 
E 


(“Paschen Series” for Doubly Ionized Lithium 


We learned that the Lyman, Balmer, Paschen, Bracket, ... series in the hydrogen spec- 
trum correspond to transitions in the hydrogen atom, in which the (single) electron of 
the hydrogen atom “jumps” between two discrete energy states. We can also observe the 
equivalent line spectra in ions of other atoms with just one electron. Doubly ionized 
lithium is such an ion. 


PROBLEM 
What is the wavelength of the second line of the Paschen series of doubly ionized 
lithium? 


SOLUTION 


THINK 

Lithium has an atomic number of Z = 3. Doubly ionized lithium ions have lost two elec- 
trons from the neutral atom. This leaves one electron in a Coulomb potential, and we ob- 
tain hydrogen-like wave functions. The only difference in our treatment of the hydrogen 


Continued— 
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N= Syn atom is that we have -kZe’/r = —3ke’/r for the Coulomb potential in this case. 
Thus, our systematics for the line spectra obtained for the hydrogen atom still 
hold, but we need to find the Rydberg constant appropriate to the present case. 


SKETCH 

Though the Bohr model of the hydrogen atom has fatal shortcomings, it is still 
useful to sketch a Bohr model (Figure 38.28) to obtain clarity on what transition 
we are trying to calculate. 


RESEARCH 
The wavelengths for hydrogen-like line spectra are given by equation 38.2: 


n=-4, Bracket 


n-=-3, Paschen 
‘N 
2, Balmer 


For the Rydberg constant Ry we had correctly obtained from the Bohr model 


FIGURE 38.28 Second line of the Paschen uk eé 
series (in black). Regs 
4rch 


where p is the reduced mass of the electron (which for this problem is even closer to the 
exact electron mass than in the hydrogen atom, where it only deviated by 1 part in 2000 
from the real value). 

As already discussed, in this case we need to replace ke? by 3ke’ to obtain a Rydberg 
constant for the doubly ionized lithium ion. It is 9 times bigger ((3ke”)* = 9(ke*)” = 9k’e*) 
than the value Ry =1.097373-10’ m` for the hydrogen atom. 

Finally, from the sketch we can see that n, = 3 for the Paschen series, and that the 
second line in the Paschen series must have n, = 5. 


SIMPLIFY 
Inserting 9Ry instead of Ry and n; = 3, n, = 5 into our formula for the wavelengths of the 
transition photons we obtain 


l t 4 
—=9R,,| —-— 
À 3 
or 
i i 
A=|9Ry|—--— 
al z) 
CALCULATE 


Now it is time to put in the numbers: 


-1 
A =|9(1.097373-10” w(e-2] =1.423855-10” m. 


ROUND 

Within the assumptions stated, our result is exact in the sense that we used only the 
measured value of the Rydberg constant and integer value for the transition numbers. 
However, the reduced mass of the electron is not exactly the same for the present problem 
as it is for the hydrogen atom, so we have a deviation on the order of 1 part in 2000, and it 
is prudent to round our result to 3 or at most 4 digits. Our final answer is thus 


A=1.424-107 m =142.4 nm. 


DOUBLE-CHECK 

Figure 38.4 shows that the Paschen lines in hydrogen start at 820 nm. The second line in the 
Paschen spectrum of hydrogen thus must have a wavelength greater than 820 nm. After our 
previous discussion, it is clear that our result should be a factor of 9 smaller in wavelength 
than this value, which it is. So we have additional confidence that our result is realistic. 


A) 


MULTIPLE-CHOICE QUESTIONS 


38.1 The wavelength of the fourth line in the Lyman series is 
a) 80.0nm. b) 85.0nm. c) 90.2nm. d) 94.9 nm. 


38.2 In a hydrogen atom, the electron is in the n = 5 state. 
Which of the following sets could correspond to the 4, m 
states of the electron? 

a) 5, -3 b) 4, -5 c) 3, -2 d) 4, -6 
38.3 The muon has the same charge as an electron but 

a mass that is 207 times greater. The negatively charged 
muon can bind to a proton to form a new type of hydrogen 
atom. How does the binding energy Eg, of the muon in the 
ground state of a muonic hydrogen atom compare with the 
binding energy Ege of an electron in the ground state of a 
conventional hydrogen atom? 


a) [Baul ~ lEpel d) [Es] = 200|E5.I 
b) |Esųl = 100|Ege| €) [Baul ~ [Epel/200 
c) [Epa = |Egel/100 


38.4 Which of the following can be used to explain why 
you cant walk through walls? 


a) Coulomb repulsion d) the Pauli exclusion 
b) the strong nuclear force principle 

c) gravity e) none of the above 
QUESTIONS 


38.9 The common depiction of an atom, with electrons 
tracing elliptical orbits centered on the nucleus, is an icon 
of the Atomic Age. Given what you know of the physics of 
atoms, what’s wrong with this picture? 


38.10 Given that the hydrogen atom has an infinite number 
of energy levels, why can’t a hydrogen atom in the ground 
state absorb all possible wavelengths of light? 


38.11 Compare the difference in energy levels for increas- 
ing n for an infinite square well, a quantum harmonic oscil- 
lator, and the hydrogen atom. 


38.12 What would happen to the energy levels of a hydro- 
gen atom if the Coulomb force doubled in strength? What 
would happen to the sizes of atoms? 


38.13 Which model of the hydrogen atom—the Bohr 
model or the quantum mechanical model—predicts that the 
electron spends more time near the nucleus? 


38.14 For ¢ < 4, which values of £ and m correspond to 
wave functions that have their maximum probability in the 
xy-plane? 

38.15 Hund’s rule, a component of the Aufbauprinzip 
(construction principle), states that as one moves across the 
periodic table, with increasing atomic number, the available 
electron subshells are filled successively with one electron 
in each orbital, their spins all parallel; only when all orbitals 
in a subshell contain one electron are second electrons, with 
spins opposite to the first, placed in the orbitals. Explain 
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38.5 How many antinodes are there in a system with a 
quantum number n = 6? 


a) 12 b) 6 c) 3 d) 5 
38.6 Transition metals can be defined as elements where 


the d shell goes from empty to full. How many transition 
metals are there in each period? 


a) 2 b) 6 c) 10 d) 14 


38.7 What is the shortest wavelength photon that can be 
emitted by singly ionized helium (He*)? 


a) 0.00 nm d) 91.0nm 
b) 22.8 nm e) 365nm 
c) 46.0 nm 


38.8 An electron made a transition between allowed states 
emitting a photon. What physical constants are needed 

to calculate the energy of photon from the measured 
wavelength? (select all that apply) 

a) the Plank constant, h 

b) the basic electric charge, e 

c) the speed of light in vacuum, c 

d) the Stefan-Boltzmann constant, o 


why the ground state electron configurations of successive ele- 
ments should follow this pattern. 


38.16 The energy diagram of a four-level laser is presented in the 


figure, along with Level 4, Ey, N4 
the time rates of 
the various transi- Ra (fast, radiationless transition) 


tions involved 
in the operation 
of such a laser. P (pump 

Explain why the transition) AAS L (slow, laser 


Level 3, E3, N3 


nonradiative transition) 
transitions have 

to be fast (higher ie a 

rate of transi- Rb (fast, radiationless transition) 

tions per second) 

compared to Level 1 (ground state), 
the slower laser E, N, 
transition? 


38.17 The hydrogen atom wave function 99 is zero when 

r = 2a). Does this mean that the electron in that state can never 
be observed at a distance of 2a, from the nucleus or that the 
electron can never be observed passing through the spherical 
surface defined by r = 2a)? Is there a difference between those 
two descriptions? 


38.18 A 10-eV electron collides with (but is not captured by) 
a hydrogen atom in its ground state. Calculate the wavelengths 
of all photons, if any, that might be emitted. 
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PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 38.1 


38.19 What is the shortest wavelength of light that a hydro- 
gen atom will emit? 


38.20 Determine the wavelength of the second line in the 
Paschen series. 


38.21 The Pfund series results from emission/absorption of 
photons due to transitions of electrons in a hydrogen atom 
to/from the n = 5 energy level from/to higher energy levels. 
What are the shortest and longest wavelength photons emitted 
in the Pfund series? Are any of these photons visible? 


38.22 An electron in the second excited state of a hydrogen atom 
jumps to the ground state. What are the possible photon colors 
and wavelengths emitted by the electron as it makes the jump? 


Section 38.2 


38.23 Calculate the energy of the fifth excited state of a hy- 
drogen atom. 


38.24 Hydrogen atoms are bombarded with 13.1-eV electrons. 
Determine the shortest wavelength line the atom will emit. 


38.25 The Rydberg constant with a finite mass of the nucleus 
is given modified by R modifea = Ry/(1+m/M), where m and M 
are masses of an electron and a nucleus, respectively. Calcu- 
late the modified value of the Rydberg constant for 

a) a hydrogen atom, and 

b) a positronium (in a positronium, the “nucleus” is a 
positron, which has the same mass as an electron). 

38.26 A muon is a particle very similar to an electron. It has 
the same charge but its mass is 1.88- 10” kg. 

a) Calculate the reduced mass for a hydrogen-like muonic 
atom consisting of a single proton and a muon. 

b) Calculate the ionization energy for such an atom, 
assuming the muon starts off in its ground state. 

38.27 An excited hydrogen atom emits a photon with an 
energy of 1.133 eV. What were the initial and final states of the 
hydrogen atom before and after emitting the photon? 

38.28 An 8.00-eV photon is absorbed by an electron in the 
n = 2 state of a hydrogen atom. Calculate the final speed of the 
electron. 

38.29 Assume that Bohr’s quantized energy levels applied 
to planetary orbits. Derive an equation similar to equation 
38.6 to find the allowed radius of the orbits and estimate the 
principal quantum number for the Earth’s orbit. 

38.30 Prove that the period of rotation of an electron on the 
nth Bohr orbit is given by: T = n’?I(2cRy), with n = 1,2,3,.... 


Section 38.3 


38.31 What are the largest and smallest possible values for 
the angular momentum L of an electron in the n = 5 shell? 


38.32 Electrons with the same value of quantum number n are 
said to occupy the same electron shell K, L, M, N, etc. Calculate 
the maximum allowed number of electrons for the 


a) K shell, b) L shell, and c) M shell. 


38.33 What is the angle between the total angular momentum 
vector and the z-axis for a hydrogen atom in the stationary 
state (3,2,1)? 


38.34 A hydrogen atom is in its fifth excited state, with prin- 
cipal quantum number n = 6. The atom emits a photon with a 
wavelength of 410 nm. Determine the maximum possible orbital 
angular momentum of the electron after emission. 


°38.35 The radial wave function for hydrogen in the 1s state is 
given by R,,= Ae”. 

a) Calculate the normalization constant Aj. 

b) Calculate the probability density at r = a)/2. 


c) The 1s wave function has a maximum at r = 0 but the 1s 
radial density peaks at r = ap. Explain this difference. 


°38.36 For the wave function poo(r) shown in equation 38.30, 
find the value of r for which the function P(r) = 477r’|o9(r)|7 
is a maximum. 


ee38.37 An electron in a hydrogen atom is in the 2s state. 
Calculate the probability of finding the electron within a Bohr 
radius (a) = 0.05295 nm) of the proton. The ground-state wave 
function for hydrogen is: 


1 r | —r/2 
tl) á o, 
442TA fo 


The integral is a bit tedious, so you may want consider using math- 
ematical programs such as Mathcad, Mathematica, etc., or doing 
the integral online at http://integrals.wolfram.com/index.jsp. 


Section 38.4 


38.38 Calculate the energy needed to change a single ionized 
helium atom into a double ionized helium atom (that is, change 
it from He* into He™*). Compare it to the energy needed to 
ionize the hydrogen atom. Assume that both atoms are in their 
fundamental state. 


38.39 A He’ ion consists of a nucleus (containing two pro- 
tons and two neutrons) and a single electron. Obtain the Bohr 
radius for this system. 


38.40 Obtain the wavelength of the three lowest energy lines 
in the Paschen series spectrum of the He’ ion. 


38.41 The binding energy of an extra electron when As atoms 
are doped in a Si crystal may be approximately calculated by 
considering the Bohr model of a hydrogen atom. 


a) Show the ground energy of hydrogen-like atoms in terms 
of the dielectric constant and the ground state energy of a 
hydrogen atom. 


b) Calculate the binding energy of the extra electron in a Si 
crystal. (The dielectric constant of Si is about 10.0, and the 
effective mass of extra electrons in a Si crystal is about 20.0% of 
that of free electrons.) 


°38.42 What is the wavelength of the first visible line in the 
spectrum of doubly ionized lithium? Begin by writing down 
the formula for the energy levels of the electron in doubly 
ionized lithium—then consider energy-level differences that 
give energies in the appropriate (visible) range. Express the 
answer in terms of “the transition from state n to state n' is 
the first visible, with wavelength X? 


38.43 Following the steps outlined in our treatment of the 
hydrogen atom, apply the Bohr model of the atom to derive 
an expression for 

a) the radius of the nth orbit, 

b) the speed of the electron in the nth orbit, and 

c) the energy levels in a hydrogen-like ionized atom of 
charge number Z that has lost all of its electrons except for 
one electron. Compare the results with the corresponding 
ones for the hydrogen atom. 


38.44 Apply the results in the previous problem to de- 
termine the maximum and minimum wavelengths of the 
spectral lines in the Lyman, Balmer, and Paschen series for a 
singly ionized helium atom (He""). 


Section 38.5 


38.45 Consider an electron in the hydrogen atom. If you 
are able to excite its electron from the n = 1 shell to the n = 2 
shell with a given laser, what kind ofa laser (that is, compare 
wavelengths) will you need to excite that electron again from 
the n = 2 to the n = 3 shell? Explain. 

38.46 A low-power laser has a power of 0.50 mW and a 
beam diameter of 3.0 mm. 

a) Calculate the average light intensity of the laser beam, and 
b) compare it to the intensity of a 100-W light bulb 
producing light viewed from 2.0 m. 

38.47 A ruby laser consists mostly of alumina (Al,O;) and a 
small amount of chromium ions, responsible for its red color. 
One such laser of power 3.00 kW emits light pulse of dura- 
tion 10.0 ns and of wavelength 685 nm. 

a) What is the energy of the photons in the pulse? 

b) Determine the number of chromium atoms undergoing 
stimulated emission to produce this pulse. 

38.48 You hold in your hands both a green 543-nm, 5.00-mW 
laser and a red, 633-nm, 4.00-mW laser. Which one will 
produce more photons per second, and why? 


Additional Problems 

38.49 What is the shortest possible wavelength of the Lyman 
series in hydrogen? 

38.50 How much energy is required to ionize hydrogen 
when the electron is in the nth level? 

38.51 By what percentage is the electron mass changed in using 
the reduced mass for the hydrogen atom? What would the re- 
duced mass be if the proton had the same mass as the electron? 


38.52 Show that the number of different electron states pos- 
sible for a given value of n is 2n’. 
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38.53 Section 38.2 established that an electron, if observed 
in the ground state of hydrogen, would be expected to have 
an observed speed of 0.0073c. For what atomic charge Z 
would an innermost electron have a speed of approximately 
0.500c, when considered classically? 


38.54 A collection of hydrogen atoms have all been placed 
into the n = 4 excited state. What wavelengths of photons 
will be emitted by the hydrogen atoms as they transition 
back to the ground state? 


38.55 Consider a muonic hydrogen atom, in which an 
electron is replaced by a muon of mass 105.66 MeV/c’ that 
orbits a proton. What are the first three energy levels of the 
muon in this type of atom? 


38.56 What is the ionization energy of a hydrogen atom 
excited to the n = 2 state? 


38.57 He’ is a helium atom with one electron missing. 
Treating this like a hydrogen atom, what are the first three 
energy levels of this atom? 


38.58 What is the energy of a transition capable of produc- 
ing light of wavelength 10.6 um? (This is the wavelength of 
light associated with a commonly available infrared laser.) 


38.59 What is the energy of the orbiting electron in a hy- 
drogen atom with a quantum number of 45? 


38.60 A beam of electrons is incident upon a gas of hydro- 
gen atoms. What minimum speed must the electrons have 
to cause the emission of light from the n = 3 to n = 2 transi- 
tion of hydrogen? 


38.61 Find the energy difference between the ground 
state of hydrogen and deuterium (hydrogen with an extra 
neutron in the nucleus). 


38.62 Find the ratio of hydrogen atoms in the n = 2 state 
to the number of hydrogen atoms in the n = 3 state at room 
temperature. 


38.63 An excited hydrogen atom, whose electron is in an 

n =A state, is motionless. When the electron falls into the 
ground state, does it set the atom in motion? If so, with what 
speed? 

38.64 The radius of the n = 1 orbit in the hydrogen atom is 
ay) = 0.053 nm. 


a) Compute the radius of the n = 6 orbit. How many times 
larger is this compared to the n = 1 radius? 

b) Ifan n = 6 electron relaxes to an n = 1 orbit (ground state), 
what is the frequency and wavelength of the emitted radiation? 
What kind of radiation was emitted (visible, infrared, etc.)? 

c) How would your answer in (a) change if the atom was a 
singly ionized helium atom (He’), instead? 

38.65 An electron in a hydrogen atom is in the ground 
state (1s). Calculate the probability of finding the elec- 

tron within a Bohr radius (a) = 0.05295 nm) of the pro- 

ton. The ground state wave function for hydrogen is: 


his (r) =A," =e% ifra. 
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WHAT WE WILL LEARN 


39.1 Reductionism 1287 


The quest to reduce systems into their components is a 
main theme in science and has its present culmination in 
particle physics. While it is equally valid to understand 
complexity and emergent structure, the present chapter 
focuses on reductionism in particle physics. 


Substructure is probed using scattering experiments. 
This chapter defines the concept of a scattering cross 
section. 


Elementary fermions have spin +A and consist of the 
six quarks (up, down, strange, charm, bottom, top), 

the electron, muon, and tau leptons, and the electron-, 
muon-, and tau-neutrinos. Each of these 12 fermions 
has an antiparticle. Quarks have non-integer charges of 
-Że or +4e and cannot be observed in isolation. 


Elementary bosons are the mediators of the interactions 
between the fermions. These bosons include the photon 


(electromagnetic), W- and Z-bosons (electroweak), gluon 


(strong), and graviton (gravitational). The graviton is yet 
to be observed experimentally. Gluons can also interact 
with other gluons. 


Feynman diagrams can represent the interaction of 
fundamental particles pictorially, and calculations can 
be based on an expansion in Feynman diagrams. 


The currently widely accepted model of particle 
interactions is called the standard model. Extensions 
of the standard model, which itself is incomplete, are 
grand unified theories, supersymmetric theories, and 
string theories. 


Elementary quarks and antiquarks can combine to 
form particles, which can be observed in isolation. 
A quark and an antiquark can form a meson (pion, 
kaon, etc.). Three quarks can form a baryon (proton, 
neutron, delta, lambda, etc.). 


Particle physics and astrophysics intersect in the 
study of Big Bang cosmology, its inflationary phase, 
and its electroweak and quark-gluon-plasma phase 
transitions, all of which happened in the first 

three minutes of the existence of the universe. We 
also discuss the origin of the cosmic microwave 
background radiation. 


Cosmology is the study of the largest things we know about: the universe and its time evolu- 
tion. Cosmology is principally a part of astronomy, and finds clues about the early universe 
from studying far-distant galaxies and clusters of galaxies. For example, the collision of two 
galaxies (Figure 39.1) indicates how galaxies might have grown and evolved billions of years 
ago. Strangely enough, some of the other major contributions to cosmology come from 
studying the smallest things we know about: elementary particles and their interactions. 
Understanding how matter and energy interact at the most basic level gives us some idea of 
what the earliest moments of the universe must have been like. 

This chapter examines the most basic components of matter, the elementary parti- 
cles that make up atoms and even the particles within atoms. What is known about these 
basic units is based on quantum mechanics, but we will skip over most of the mathemat- 
ics involved and emphasize the basic concepts instead. Experimental evidence to back up 
these ideas is hard to come by, and usually requires analysis of debris formed by colliding 
particles at speeds very close to the speed of light in enormous particle accelerators. The 
combination of theory and experiment has led to a continual increase in the energy needed 
for further research in this field. Today’s particle colliders are among the largest and most 
powerful instruments ever built. 

However, the study of the tiniest particles and the highest energies involves some of the 
most speculative areas of physics. Particle physicists have developed a model of the most 
basic particles and their interactions, usually referred to as the “standard model.” But even 
the standard model does not explain everything, and new ideas seem to arise every day 
about how to extend or improve the model. This chapter will look at some of these theories 
that may become the standard model of the future. 


39.1 Reductionism 


At least since the times of the ancient Greek philosophers, a central theme has guided our 
attempts to achieve a quantitative scientific understanding of the world around us. This 
central theme is reductionism, which assumes that a system can be understood in terms of 
its subsystems. Figure 39.2 illustrates reductionism in particle physics. 
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FIGURE 39.2 Reductionism in particle physics. 
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In astronomy, we understand that the universe contains hundreds of billions of galax- 
ies, which are each composed of hundreds of billions of star systems. These star systems 
can consist of a central star (and sometimes two or more stars), which is orbited by planets, 
which in turn are orbited by their moons. 

Biologists are trying to understand the entire ecosystem as composed of populations of 
species. Individual organisms of these species contain specialized organs and cells, which 
have nuclei containing chromosomes consisting of DNA. The DNA, which contains the 
genetic code that governs all traits passed on from one generation to the next, is understood 
to be segmented into thousands of genes. Genes are made of usefully readable content, 
called exons, interspersed with “junk, called introns. The exons are made of “words”— 
so-called codons—each of which contains three amino acid base pairs: either the pair of 
adenine (A) and thymine (T), or the pair of cytosine (C) and guanine (G). 

Arguably, physicists have led the charge toward reductionism. Physicists now know that 
matter is composed of molecules, which in turn are made of atoms. The word atom derives 
from the Greek word átomos (atowos: individual, indivisible). In particular, the Greek phi- 
losopher Democritus was the earliest prominent proponent of the atomistic theory of mat- 
ter. The four elements of the Greek atomistic theory were Earth, Air, Fire, and Water, which 
were arranged in a two-by-two matrix of hot-cold and wet-dry opposites (see Figure 39.3), 
and which were thought to be immutable. Aristotle added to these four a fifth element, 
quintessence, which he thought to be the material of which the heavens were made. 

The Greek atomistic theory was forgotten until the Renaissance. Then philosophers, 
physicists, and chemists created a new atomistic view of the world, and it proved to be 
incredibly successful and productive. By 1869 many different kinds of atoms had been iden- 
tified as the elementary building blocks of the chemical elements. The Russian chemist 
Dimitri Mendeleev (1834-1907) took a giant step forward in that year by arranging the 
atoms of the elements in the periodic table. The current count of the different known ele- 
ments is 117: the 111 elements from hydrogen through roentgenium, plus the yet unnamed 
elements 112, 113, 114, 115, 116, and 118. (The element with charge 117 remains undiscov- 
ered up to now, and perhaps does not exist.) 

The idea of simplicity is intimately connected with reductionism. According to the 
idea known as Occam’s razor, when an observation can be explained by several alternative 
theories, the simplest explanation is usually preferable. In addition, physical theories are 
often guided by the search for symmetry and abstract beauty, as well as the more practical 
demands of consistency and reproducibility. While physics is the basic science and is usu- 
ally determined only by measurable facts, at the level discussed here it is also influenced by 
concepts from philosophy and even the arts. 

The fact that so many kinds of atoms exist led many people to speculate at the end of 
the 19th century that atoms were not really the most basic fundamental building blocks of 
matter, and that there must be an underlying, more fundamental structure. This more fun- 
damental structure turned out to be a hierarchy of several layers. The rest of this chapter is 
devoted to peeling back these layers one at a time. 

Nuclear physics and elementary particle physics are devoted to this research and to 
explaining the phenomena that we encounter at the respective size scales. The reductionist 
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ancient Greek philosophy, each shown with its 
regular polyhedron, as assigned by Plato. 


quest to discover the most fundamental level is far from complete. For example, nuclear and 
particle physicists are now using the Large Hadron Collider (LHC, Figure 39.4) at CERN 
(straddling the Swiss-French border, near Geneva), which became operational in 2008. 

Cathedral-size caves located approximately 100 m underground house the largest par- 
ticle detectors ever built. Figure 39.5 shows a construction photo of the partially finished 
ATLAS detector at CERN. Figure 39.6 shows a cutaway construction drawing of the ALICE 
detector at the same LHC complex at CERN. At the LHC, physicists hope to discover hints 
of the next more fundamental level in the hierarchy (if it exists!), and to perform research 
on the most fundamental structure currently known. 


Complexity 

The remainder of this chapter will focus on atomic nuclei, elementary particles, and small- 
est constituents, but reductionism is only one part of science research. The complementary 
research goal is just as important: Finding out how small constituents on one level of the 
size hierarchy work together to create the structure observed on the next-larger level. This is 
the science of complexity—pattern formation, self-organization of systems, and emergence 
of order out of chaos. This part of science is much less mature than the reductionist thread 


FIGURE 39.5 Partially finished construction of the 
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ATLAS detector at CERN-LHC. FIGURE 39.6 Construction drawing of the ALICE detector. 
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that science has followed for the last few centuries. It often relies on computer modeling, 
and is thus not usually included in introductory textbooks. Nevertheless, many stunning 
investigations of complex systems are currently ongoing. 

Examples of complexity on the atomic scale include attempts to understand pattern for- 
mation in complex materials and the self-assembly of nanostructures. Physicists, biochem- 
ists, and microbiologists are forming interdisciplinary collaborations to try to understand the 
mechanism of protein folding to form three-dimensional structure from the encoding of our 
genetic sequence in DNA; the interaction of cells in large multicellular organisms; the precise 
mechanism of evolution and propagation of genetic mutations; and the origins of life and 
of intelligence (biological, as well as artificial). In biology, the establishment of order in ani- 
mal populations (examples are anthills or bird-flight formations) is under intense study. The 
complexities in the spread of epidemics need to be understood. Almost everything in nature 
shows complex patterns, and scientists seek to understand which universal principles govern 
their formation. In meteorology, the goal is to come closer to being able to describe and pre- 
dict the complexity of weather patterns. Human interaction has many complex dimensions 
that can be modeled, such as traffic flow in cities, the rise and fall of social trends and fashions, 
and the movement of market indicators in economies. Even the universe as a whole shows 
fractal patterns in the distribution of its galaxy clusters and superclusters. 

For many or perhaps most of these fields of research, training in just one discipline 
of science is not sufficient. Instead, interdisciplinary teams composed of physical scien- 
tists, mathematicians, engineers, biologists, computer scientists, social scientists, and others 
need to work together to obtain a deeper understanding of these areas. In particular, as our 
ability to shape nature grows faster, the risk of unintended consequences from intervention 
in poorly understood systems increases and demands a deeper exploration. 

But first things first! Let’s take things apart, before we can put them back together. 
What is an elementary particle? 


39.2 Probing Substructure 


For a particle to be considered elementary, it cannot have a substructure of other particles. How 
is substructure discovered? Visual examination can reveal substructure for systems that are 
large enough, but as Chapter 38 showed, atomic radii are only on the order of 10™° m and thus 
too small to see. The only means available to explore dimensions that are smaller than this scale 
is to shoot small particles at atomic targets and observe how they are deflected and scattered. 


Classical Scattering 


Before we proceed to use quantum mechanics, let’s extend the classical theory of momen- 
tum and collisions, which we studied in Chapters 7 and 8. In Chapter 7 we considered 
elastic two-body scattering in two and three spatial dimensions and found that conserva- 
tion of total energy and momentum did not provide enough constraints to predict the final 
momenta from the initial ones. 

Here we want to examine a very simple case of scattering a very small low mass particle 
off a larger and much higher mass spherical target. In the limit that the target is much more 
massive than the projectile, we can consider the target to be stationary. Further, we consider 
only motion along straight-line trajectories, which implies the absence of a force other than 
the contact force at the instant when the particles collide. 

We define the impact parameter b as the perpendicular distance from the incom- 
ing trajectory to the trajectory that would result in a direct head-on collision. What is the 
deflection angle 6 of the new trajectory after the collision relative to the trajectory before 
the collision? A side view is shown in Figure 39.7a. In this figure, we draw in black the acute 
angle ¢, which is the angle of the perpendicular to the target at the point at which the small 
particle makes contact with the target relative to the position vector of the low mass particle 
before scattering. It is given from trigonometry (see the blue right triangle in Figure 39.7a) 
that sin = b/R. We also see from Figure 39.7a that the deflection angle 6 is given by 


0=7-2h=7-2sin '(b/R). 


Therefore, given the impact parameter and the radius of the target, the deflection angle can 
be calculated. Alternatively, given the impact parameter and the deflection angle, the radius 
of the target can be calculated. 

In practice, physicists construct macroscopic scattering targets from very thin foils of 
material. Because nuclei are so small, each particle hits at most one nucleus in a thin foil. 
The impact parameter cannot be predicted or measured. However, one can observe the 
angles at which particles scatter from the foil and make conclusions based on how many 
particles scatter at a particular angle. This situation is sketched in Figure 39.7b. Because a 
tiny nucleus will not get hit multiple times, the more realistic situation is shown in Figure 
39.7c, which shows a thin foil composed of many very small scattering targets, many of 
which are not hit, and some of which are hit (but very likely only once). The angular distri- 
bution of these events is the same as the one shown in Figure 39.7b. 

In addition to a side view of the scattering centers inside the foil, we can also imagine 
a head-on frontal view of the foil as it presents itself to the incoming projectile particles. 
This situation would look something like Figure 39.8, which shows some unit area A of the 
foil (gray square) with the scattering centers indicated by the small blue circles. Assume the 
projectile particles impinge perpendicular to the page. Each scattering center has an effec- 
tive area perpendicular to the stream of projectile particles associated with it. This effective 
area is called the cross section, denoted with the letter o. It has the dimension of an area, 
that is, [o] = m’. However, in nuclear and particle physics the unit m? is not very practical 
because the relevant cross sections are such small fractions of a square meter. Instead, the 
(rather ironically named!) units barn (b) and millibarn (mb) have been introduced as 


1b=10” m? 
1mb=10°! m?. 


Assume that the cross section for each scattering center in the target is the same, and that it 
is small enough that we do not have to worry about the cross sections of different scattering 
centers overlapping. Then the probability IT that any given projectile particle has a scattering 
event can be stated as the sum of the areas of all scattering centers divided by the area A over 
which they are spread. Since each scattering center has the same area ø, the sum of the areas is 
then n,o, where n, is the number of scattering centers contained in the target area A. Thus 


le. 
A 
Ifa large number n, of projectile particles fall on this area A, then the total number of reac- 


tions N,, is the product of the probability that a projectile particle has a scattering event 


times the number Np: 


This equation can be solved for the cross section ø: 
N,„A 
o= 


Np 


n 
The same basic relationship is also useful for quantum mechanical problems. In general, a 
cross section is defined as the number of reactions of a particular kind per second divided 


by the number of projectile particles falling on the target per second and per unit area: 


ae Number of reactions per scattering center/s 


Number of impinging particles/s/m* 


A differential cross section do/dQ. can be defined as the number of reactions that lead to a 
scattering of a particle into some solid angle dQ. per second, divided by the same denomina- 
tor as in the definition of ø above: 


do _ Number of scatterings into solid angle dO. per scattering center/s 


(39.1) 
dQ, Number of impinging particles/s/m* 
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FIGURE 39.7 Classical scattering of a 
very small low mass particle (red dot) off 
a high mass and large one (blue circle). 
(a) Scattering at one particular fixed 
impact parameter; (b) superposition of 
many scattering events at different impact 
parameters; (c) superposition of many 
scattering events of projectile particles off 
small targets within a thin foil. 


FIGURE 39.8 Frontal view of 

a target foil composed of many 
individual, small, randomly distributed 
scattering centers, as it presents itself 
to the impinging projectile particles. 
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(b) 
FIGURE 39.9 (a) Momentum 


transfer for the same deflection angle 
as in Figure 39.7a. (b) Right triangle 
formed by the initial momentum and 
one-half of the momentum transfer. 


Radioactive alpha 
particle source 


The unit of the differential cross section is [da/dQ] = mb/sr. The abbreviation sr stands for 
the unit of solid angle, steradian. Remember that a sphere subtends a solid angle of 477 sr. 
Integrating do/dQ), over the unit sphere gives the total cross section 


o= f (aja 
dQ 
4T 

Before we leave the classical considerations, let’s examine the impulse (momentum trans- 
fer) that the target receives from the projectile. Since the collision is elastic and the target is 
assumed to be much heavier than the projectile, the lengths of the initial and final momen- 
tum vectors of the projectile are the same, pil = lö; and thus form an isosceles triangle. 

Figure 39.9 shows the initial and final momentum vectors for the scattering event 
depicted in Figure 39.7a, together with the momentum transfer (green vector arrow). If the 
deflection angle is bisected, the line crosses the momentum transfer arrow at a right angle. 
This forms a right triangle with angles +0, +77, a. Because the sum of the angles in a triangle 
is always 7r, it follows that +0 + 7 + æ = m, and thus a = +77 - 40. The absolute value of the 


momentum transfer Ap = [Ap] =|p, - P; can then be expressed as a function of the deflec- 
tion angle 0 as 


Ap =2p; cos(a) = 2p; cos( 5 T- = 0) = 2p, sin( : 0). (39.2) 


For backward scattering (0 = 77), the momentum transfer is then at its maximum with value 
2p; and for forward scattering (0 = 0, no collisions) the momentum transfer is zero. Keep in 
mind that we have assumed that the target is much heavier than the projectile. If this is not the 
case, then the above considerations are still true if, instead of using the laboratory frame as was 
done here, the center-of-mass frame is used to calculate the deflection angle and momentum 
transfer. In particular, if the projectile is as heavy or heavier than the target, then no backward 
scattering can be observed in the laboratory frame. (This observation was made in Chapter 7 
for one-dimensional collisions of two carts with different masses on a frictionless track.) 


Rutherford Scattering 


As mentioned in Chapter 38, the experiments of Hans Geiger and Ernest Marsden, and 
their interpretation by Ernest Rutherford, gave definite proof that the atom consists of an 
outer layer of electrons surrounding a nucleus. What did Geiger and (then undergraduate 
student) Marsden actually do? 

Figure 39.10 shows the basic schematic setup of the Geiger- Marsden 


Scintillati F ; : : A 
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5 P P P Yy 


T 
R 


Thin gold foil 


FIGURE 39.10 Basic setup of the Geiger-Marsden 
experiment to scatter alpha particles off gold foils. 


will be discussed in Chapter 40.) For now, all we need to know is that the 
alpha particle is the nucleus of a helium atom and has a charge of +2e. 
The kinetic energy of the alpha particle is typically on the order of 5 MeV. 
Geiger and Marsden scattered these alpha particles off thin gold foils and 
observed the resulting angular distribution. What can we expect from the 
scattering in this setup? 

Let’s first calculate the de Broglie wavelength of a 5-MeV alpha particle. The alpha par- 
ticle has a mass of 3.73 GeV/c’, so a 5-MeV kinetic energy corresponds to a momentum of 
193 MeV/c. (Because the mass is very large compared to the kinetic energy in this case, we 
can use the nonrelativistic approximation p = 42Em.) Thus, the de Broglie wavelength 
of a 5-MeV alpha is 
jafn 4.136-10" eV s 

p 193 MeV/c 


=6.4-10" m. 


The discussion of diffractive scattering of waves in Chapter 34 shows that the angle 
of the diffraction maximum is approximately 6, ~ À/R, where R is the radius of the object 
the waves diffract off—in this case the atom. At the time, the most prominent model of the 
atom was the “plum pudding” model, in which negatively charged electrons were thought 
to be randomly distributed over the volume of the atom, similar to raisins sticking in a plum 
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pudding. The “dough” of the plum pudding was supposed to be the distribution of positive 
charge. Geiger and Marsden expected to see diffractive scattering with angles 


0, ~6-10™m/10 "m =6-10~ rad = 0.003°. 


In other words, they expected extremely forward-peaked angular distributions. (The limita- 
tions imposed by quantum mechanics are discussed in more detail in the next subsection.) 

However, to their surprise, Geiger and Marsden observed a significant amount of scat- 
tering at large angles, and even some scattering at backward angles. When Ernest Ruther- 
ford saw the data, he compared the alpha particles to artillery shells reflected backward by 
tissue paper. This observation led him to formulate the Rutherford model of the atom, with 
a very small positively charged nucleus in the center. 

Rutherford considered the scattering problem for a charged particle with (positive) 
charge Z,e offa target nucleus with (also positive) charge Z,e. The interaction between these 
two particles takes place via the Coulomb potential (see Chapter 23), and the potential 
energy is 

Z Ze 


U =k 2 
7 


(where k is Coulomb's constant). He found that the differential scattering cross section can 


be written as A 
kZ,,Z,€° j al 
do = ‘pt 1 , ( 39. 3) 
dQ | 4K | sin*(+6) ol S 
— Rutherford 
where K is the kinetic energy of the projectile. 
Note that the Rutherford formula (equation 39.3) assumes that the pro- ; 
jectile and target are both point charges. As Figure 39.11 shows, this formula g Ai 
explains extremely well the number of scintillation counts per minute (which 2 
are proportional to the differential cross section) as a function of the deflec- V 102 L 
tion angle. 
The relationship between the scattering angle and the momentum trans- 
fer that was derived above (equation 39.2) then gives 10! + 
do (2kZ,Z,m, y — (39.4) 
dQ, . 10° 


a a i a i a 
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where we have used the nonrelativistic approximation K = p’/2m,, and where 
j oe PP P P fis FIGURE 39.11 Comparison of the Rutherford 
m, is the mass of the projectile. (If we drop the assumption of an infinitely : , 
P scattering formula (red line) to the angular dependence of 
heavy target, then we have to use the reduced mass u = mym,/(m, + M) the scintillation counts per minute (blue dots), as reported 


instead of m,.) by Geiger and Marsden in Phil. Mag. 25 (1913) 604. 


EXAMPLE 39.1 | Backward Scattering of Alpha Particles 


We can get a useful upper limit for the size of the atomic nucleus just from observing that 
5.00-MeV alpha particles can get scattered in the backward direction. 


PROBLEM 
How close can a 5.00-MeV alpha particle get to a gold nucleus if the only interaction 
between them is the Coulomb force? 


SOLUTION 

We can use a straightforward application of conservation of total mechanical energy. Far 
from the nucleus, the alpha particle has kinetic energy of 5.00 MeV and zero potential 
energy. As it approaches the gold nucleus, more and more kinetic energy is converted 
into potential energy. At the point of closest approach, the alpha particle has zero kinetic 


Continued— 
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energy, and all initial kinetic energy has been converted to potential energy. The alpha 
particle has a charge of +2e and the gold nucleus has a charge of +79e, so the electrostatic 
potential energy between them is 


uiy- kOTO = pg? 2079). 
r 


p 
This gives us the equation 
2(79) 


fmin 


ke? =5.00 MeV, 


which we need to solve for the minimum distance r,,,,. The product ke? has the dimen- 


sion of energy times length. We can evaluate it as 
ke” = (8.9876-10°J m/C’)(1.602-107 CY 
= 2.307-10°8J m 
=1.440-10°eVm 
ke =1.44 MeV fm. 
Therefore, we find for the minimum distance: 


_ (1.44 MeV fm)- 2-79 
5.00 MeV 
The upper bound for the radius of the gold nucleus that we obtain from the backscat- 


tering of a 5-MeV alpha particle is 4.55-107'*m, which is approximately a factor of 3000 
smaller than the radius of a gold atom, which is 1.4- 107! m. 


min’ 


= 45.5 fm. 


min 


DISCUSSION 

Later in this chapter we will learn that the radius of a gold nucleus is approximately 7 fm. 
Our upper bound is actually a factor of 7 bigger than the real radius of the gold nucleus, 
but it is astonishing that such a simple experiment and calculation can yield a result for 
the radius of the atomic nucleus of the right order of magnitude. 

Why did we use a 5-MeV alpha particle, and not one with 10 MeV kinetic energy, in 
this example? One reason is that Geiger and Marsden used alpha particles of approximately 
5 MeV kinetic energy. But more importantly, if we use an alpha particle kinetic energy 
that is too high, the Rutherford scattering approximation breaks down, as we will discuss 
in the following. 


The Rutherford scattering formula (equation 39.3) predicts a 1/K* dependence of the dif- 
ferential cross section on the kinetic energy. However, as the kinetic energy becomes higher, 
the alpha particle comes closer to the nucleus. At some point the two nuclei “touch” and the 
Rutherford formula breaks down. This result is shown very impressively in Figure 39.12, 
where the differential cross section for alpha particles deflected off lead at a scattering angle 
0 = 60° is shown as a function of the kinetic energy of the alpha particle projectile. Clearly, 
small kinetic energies show agreement with the Rutherford formula, but above 28 MeV, a 
clear deviation occurs. 


Quantum Limitations 


Lets now use what weve learned so far about quantum mechanics to estimate the order 
of magnitude involved of the various quantities involved in particle scattering. To resolve 
structure of size Ax, projectile particles are needed that have a momentum that is larger 
than the momentum uncertainty Ap, associated with a coordinate space uncertainty Ax. 
The Heisenberg uncertainty relation requires Ax- Ap, = +h (see Chapter 36), so the mini- 
mum momentum needed for a particle to probe a spatial size of Ax is of the order 


h 


Pmin TAx 


The minimum particle energy is then 


ne 
Emin = N Pane +m = gn me. 
Ax 


The product of the constants A and c appears frequently enough that it is 
useful to know it by heart, 


hc =(6.58212-10°© eV s)(2.99792 -10° m/s) = 197.327 MeV fm. 


In Example 39.1 we calculated the combination of the Coulomb constant 
k times the square of the elementary charge quantum e and found that 
this product also has the unit MeV - fm. We can take the ratio of these two 
products with the same units to find a dimensionless number called the 
fine-structure constant a, so named because it first appeared in a theory 
by Arnold Sommerfield to explain the fine structure in spectral lines. His 
theory was incorrect but the constant is significant, as we will see later, as 
the coupling constant for electromagnetic interactions: 
ke? e 1 
iia 


hc 47e,hc 137.036 


This number æ is known to much greater precision than stated here, to 
about one part in a billion. However, for most purposes is it sufficient to 
remember that a =1/137. 

Probing smaller dimensions means using projectile particles with 
higher momenta and energies. Figure 39.13 shows the minimum kinetic 
energies, K = E - mc’, for electrons (mass 511 keV/c’, red curve), pho- 
tons (mass 0, blue line), and alpha particles (mass 3.73 GeV/c’, green 
line) needed to probe structure of size Ax. Note that the curve for the 
electron kinetic energy merges with that of the photon for energies high 
enough that the mass of the electron becomes negligible as compared to 
its kinetic energy. (The same would happen for the alpha particle once 
the kinetic energy exceeds its rest mass of 3.73 GeV/c’, but as we will 
see below, the alpha particle is itself a composite particle, so it does not 
make sense to use it for scattering experiments at these high energies, if 
one wants to probe the substructure of some other object.) Chapter 38 
established that the atomic size is on the order of 10°'° m. Thus, Figure 
39.13 shows that probing structure on the atomic scale requires photons 
with at least a few keV energy or electrons with at least a few tens of eV 
kinetic energy. 

Alternatively, the same order-of- magnitude result can be obtained by 
using the postulate that the de Broglie wavelength, A = h/p, of the probe 
needs to be smaller than the spatial resolution to be explored. Within a 
factor of m, the two answers are the same. (We are only interested in the 
order of magnitude, so a factor of 2 or 77 is not relevant.) 


Quantum Wave Scattering 


The Rutherford scattering formula (equation 39.3) was derived with the 
classical considerations employed above, but it turns out to be correct 
in the quantum mechanical case as well. For the scattering of quantum 
waves, consider a plane wave e”% incident on a target. The target then 
emits a spherical wave that depends on the polar angle 6, as depicted 
in Figure 39.14. (Just as for the classical scattering process, assume no 
dependence on the azimuthal angle, implying symmetry with respect 
to rotation about the z-axis.) Then the wave function for the stationary 
(time-independent) solution of the scattering problem can be written as 
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FIGURE 39.12 Dependence of the differential cross 
section at 60° on the kinetic energy of the alpha particle 
scattering off lead nuclei (blue circles), as reported by 
Eisberg and Porter, Rev. Mod. Phys. 33 (1961) 190. Red 
line: Expectation from Rutherford formula. 
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FIGURE 39.13 Minimum kinetic energy required 
to probe a given distance scale for electrons (red), 
photons (blue), and alpha particles (green). 


FIGURE 39.14 Scattering of a plane wave, moving 
from left to right along the z-direction, with a target 
emitting a spherical wave. 
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the sum of the incident plane wave plus the outgoing spherical wave, which is assumed to 
be emitted from a pointlike distribution without measurable spatial size, 


Pota (T) = Wir) +; (7) =N 


et ro} (39.5) 


Here N is a normalization constant and f(0) is the scattering amplitude. The physical 
meaning of the scattering amplitude can be extracted as follows. The number of imping- 
ing projectile particles per unit area per unit time used for the definition of the differential 
Ê i 
nef -neef = 


cross section (equation 39.1) is the particle density of the incident wave, 
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IN | . The number of particles per unit time scattered into the area dA = r’dQ. is 
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Therefore, we find from our definition of the differential cross section (equation 39.1) that 
do Wf aa Nilo aa 
dO yafaa fao 


=| (0). (39.6) 


That is, the differential cross section is the absolute square of the scattering amplitude. 

If we now relax the condition that the emission of the outgoing spherical wave results 
from a single point, then we can ask how the Rutherford scattering cross section has to be 
modified. The form factor F’(Ap) is the square of the Fourier transform of the charge dis- 
tribution p(r) of the scattering target, 

2 
F*(Ap)= : f prét], (39.7) 
e 


where the volume integral extends over all three-dimensional coordinate space. 
A Fourier transform is a technique that allows us to express a function of one 
variable, such as 7, as a function of another, related variable, such as Ap. 

The form factor determines how the actual charge (or mass) distribu- 
tion influences the cross section. In other words, the form factor measures 
the deviation from the Rutherford pointlike scattering formula (equation 
39.4) with the Ap“ dependence on the momentum transfer, 


ae 


X 2 
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point 


In general terms, the scattering of a point particle shows the least-steep fall- 
off as a function of increasing angle or momentum transfer. Any extended 
source results in a steeper fall-off of the differential cross section, due to 
the form factor. If the form factor could be measured at all values of the 
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70 momentum transfer, then the Fourier transform (equation 39.7) could be 
inverted directly. However, usually this is not feasible with the necessary 


FIGURE 39.15 Scattering of 420-MeV electrons off accuracy. Instead, the usual procedure is to use a charge density distribution 
oxygen. Data: blue circles; fit with form factor: red line, with adjustable parameters—for example, the mean radius—and fit these 
as reported by R. Hofstadter in Annual Reviews of Nuclear parameters to provide the best match with the experimental scattering data. 


Science 7 (1957) 231. 


One example for this procedure is shown in Figure 39.15. 
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A short time after Rutherford’s discovery that the nucleus of an atom is smaller than the 
radius of an atom by a factor of 10,000, it became clear that the atomic nucleus consists of 
positively charged protons and uncharged neutrons. (Neutrons were discovered in 1932 by 
the British physicist James Chadwick (1891-1974).) 

For a brief period in the 1930s, reductionists were very content with the picture pre- 
senting itself. Only three fundamental indivisible fermionic particles were known—the 
positively charged proton, the uncharged neutron, and the negatively charged electron. 
In addition, there was only one known boson, the photon. In 1930 the German physicist 
Wolfgang Pauli (1900-1958) postulated another fermion, the neutrino, to explain the miss- 
ing energy in so-called beta decays. (Beta decays are explained later in this chapter.) In 
addition, in 1935 the Japanese physicist Hideki Yukawa (1907-1981) postulated yet one 
more boson, the pion, as the particle responsible for the so-called strong interaction (also 
addressed later in this chapter). Dirac had predicted antiparticles in 1928, and Anderson 
had found the positron as the antiparticle to the electron in 1932 (see Section 37.10), so 
it was generally accepted that each of the elementary particles also has its antiparticle. It 
seemed that physicists were very close to achieving a satisfactory simple, elegant picture of 
the layer of truly indivisible elementary particles, similar to the Greek ideal of only four or 
five elements. 

However, small problems began to appear in this picture. In 1936 Anderson made 
another discovery of an elementary particle, the muon, by examining cosmic rays. At first 
this muon was thought to be the pion postulated by Yukawa, because it had a mass of 
approximately 100 MeV/c’, as demanded by the Yukawa theory. The real pion was only dis- 
covered 11 years later by Cecil Powell and his collaborators. In 1947, George Rochester and 
Clifford Butler discovered the kaon in cosmic rays as well. Elementary particles were now 
grouped into baryons (neutron, proton, and others), mesons (pion, kaon, and others), and 
leptons (electron, neutrino, muon, and others). Baryons and mesons together are classified 
as hadrons, which are particles that experience the strong force. 

In 1934, Ernest Lawrence (1901-1958) invented the cyclotron, a powerful way to accel- 
erate particles to higher energies, and the era of accelerator-based physics began. Ever- 
bigger accelerators reaching ever-higher energies led to more discoveries of an ever-larger 
zoo of “elementary” particles. Eventually, scientists came to believe that this large num- 
ber of particles meant that another level of substructure existed underneath the layer of 
what was previously considered elementary. In the years 1953 to 1957, Robert Hofstadter 
(1915-1990) and collaborators used the newly invented linear accelerators to perform a 
basic variation of Rutherford scattering with high-energy electrons on protons. Their work 
revealed the charge distributions of nuclei (see, for example, Figure 39.15), but also showed 
that the proton has a substructure. This means that the proton is composed of even smaller, 
more fundamental particles. In 1964, Murray Gell-Mann gave this group of particles that 
make up the proton and other hadrons the name quarks (named after the phrase “Three 
quarks for Muster Mark” from the novel Finnegans Wake by James Joyce). 

In the following discussion, we will summarize the ingredients of the so-called stan- 
dard model of elementary particle physics. It has been in place in its basic form for three 
decades and has withstood a large number of experimental tests. First, we list the basic 
constituents, the set of particles currently considered fundamental/elementary/indivisible. 
These elementary particles are of size less than 107° m, which is the approximate experi- 
mental limit we can reach, and are probably pointlike—that is, of a size much smaller than 
the 10-'° m that we can resolve. Next, we discuss how these particles interact. After these 
steps are completed, we can investigate how the fundamental particles combine to form the 
next-higher level in the hierarchy of matter. 


Elementary Fermions 

The elementary fermions are particles of spin +h, or simply “spin +? (When we say that a 
particle has a spin that is a number, such as the number +, we imply that this number is to 
be multiplied by 4.) Chapter 36 showed that a particles spin is the maximum measurable 
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FIGURE 39.16 Elementary fermions 
of the three generations. 
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value for the component of the particle’s spin angular momentum in any direction. Fermi- 
ons include six quarks having names (or flavors) of up, down, strange, charm, bottom, and 
top. These quarks all have non-integer charges of -że or +żŻe. The other fermions are the 
electron, muon, and tau leptons, and the electron, muon, and tau neutrinos. Each of these 
12 fermions has an antiparticle. 

The original quark flavors of up, down, and strange were introduced by Gell-Mann, 
and the other three flavors were discovered subsequently. The charm flavor was predicted 
theoretically in 1970 by Sheldon Glashow, John Iiopoulos, and Luciano Maiani, and was 
discovered experimentally in the form of the J/is (a meson composed of the charm quark 
and its antiquark) particle in 1974 by groups at Stanford Linear Accelerator Center led by 
Burton Richter and at Brookhaven National Laboratory led by Samuel Ting. The bottom 
flavor was discovered in 1977 at Fermilab by a collaboration led by Leon Lederman. The 
top quark, finally, was discovered simultaneously by two large collaborations, DØ and CDF, 
at Fermilab in 1995. 

Quarks are grouped into three different generations, together with the corresponding 
leptons and neutrinos, as shown in Figure 39.16. (In Figure 39.16, the quarks are indicated by 
the first letter of their name.) Each particle has an antiparticle with the same mass and oppo- 
site charge. Table 39.1 lists the charges, masses, and antiparticles for all elementary fermions. 
The notation for the antiparticle is the same as for the particle, with a horizontal bar added 
above the symbol. The only exceptions are the antiparticles to the electron, muon, and tau 
lepton. For all of these, their charge is indicated by a minus sign in the exponent and their 
positively charged antiparticles are identified by their charge via a plus sign in the exponent. 

Two fundamental conservation laws can be stated at this point: the conservation laws 
for total lepton number and for total quark number. These laws hold for any reaction or 
decay process. The total lepton number /,,., is simply the number of leptons minus the 
number of anti-leptons and is constant in time: 


Laet = My -n7 = constant. (39.9) 


An example of the conservation of total lepton number occurs in the decay of the neutron. 
A neutron decays into a proton, an electron, and an anti-electron-neutrino 


n—>pte +r. (39.10) 
Elementary Fermions 
Particle Antiparticle* 

Name Symbol Charge [e] Mass [MeV/c7] Name Symbol 
Down quark d -1/3 522 Anti-down d 

Up quark u +2/3 2.2+0.8 Anti-up u 
Electron e -1 0.510999 Positron et 
Electron-neutrino V, 0 < 0.0000005 Anti-electron-neutrino D, 
Strange quark S =i) 100+30 Anti-strange s 
Charm quark c +2/3 1250+100 Anti-charm c 
Muon (a -1 105.66 Muon fis 
Muon-neutrino Vy 0 < 0.19 Anti-muon-neutrino Dy 
Bottom quark b -1/3 4200+100 Anti-bottom b 

Top quark t TAS (1.74+0.03)- 10° Anti-top F 

Tau lepton T -1 1776.99 Tau lepton g” 
Tau-neutrino V, 0 < 18.2 Anti-tau-neutrino V 


*The antiparticle to a given particle has the same mass, but opposite charge. 


The total lepton number before the neutron decays is zero. The total lepton number after the 
decay is lae = 1 lepton (e7) - 1 anti-lepton v, = 0, so that the total lepton number before the 
neutron decays is equal to the total lepton number after the decay. The process (equation 
39.10) is the prototypical beta-decay process, which we will study in Chapter 40. 

Until recently, physicists thought not only that laet is conserved, but that lepton num- 
ber is conserved separately for each generation. This would mean that the net number of 
electron-leptons (number of electrons plus number of electron-neutrinos minus number 
of positrons minus number of anti-electron-neutrinos) is conserved, and separately the net 
number of muon-leptons is conserved, and separately the net number of tau-leptons is con- 
served. Indeed, these separate conservation laws are valid if the standard model of elementary 
particle physics holds. However, the process of neutrino oscillations, discussed later in this 
section, invalidates the standard model and the strict conservation laws for each individual 
lepton species, and only the Zet conservation law in the form of equation 39.9 survives. 

In the same way, the net quark number Q,,,, can be defined as the difference between 
the total number of quarks and the total number of antiquarks. It is also constant in time, 


Qnet = Mg -ng = constant. (39.11) 


All physical processes have to obey the fundamental conservation laws of lepton number 
(equation 39.9) and quark number (equation 39.11), in addition to all of the previously 
introduced conservation laws of charge (Chapter 21), energy (Chapter 5), momentum 
(Chapter 7), and angular momentum (Chapter 10). The conservation law of net quark num- 
ber is more often expressed as the law of baryon number conservation. The law of baryon 
number conservation states that the difference between the number of baryons and the 
number of anti-baryons is constant in time. This conservation law was found before quarks 
were discovered. Because baryons are composed of quarks, the baryon number conserva- 
tion law is equivalent to the quark number conservation law stated in equation 39.11. 
Elementary particles have a huge range of masses, as shown in Figure 39.17. From the 
observation of neutrino oscillations, we know that at least one species of neutrino must have a 
nonzero mass, but presently we can state only upper bounds for the neutrino masses, with the 
electron neutrino mass being smaller than 0.5 eV. The light quark masses (u and d) and the 
lepton mass (e`) of the first generation are all of the order 1 MeV. The masses of the second- 
generation quarks (s and c) and leptons (u`) are two to three orders of magnitude larger, in 
the range 100 MeV to GeV. The masses of the third-generation quarks (b and t) and leptons 
(T`) are in the multi-GeV to 100-GeV range. Why these particles have the masses that they 
do is currently not known and is an open research topic. It is thought that a particle called 
the Higgs boson (discussed in the following section) is responsible for the generation of the 
mass of the elementary particles, and a mounting body of evidence suggests that this Higgs 
boson will be discovered at the Large Hadron Collider at CERN. A next-generation linear 
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FIGURE 39.17 Currently best 
values for the masses of the elementary 
fermions. The widths of the boxes 
indicate the measurement uncertainty. 
The arrows indicate that the neutrino 
masses are upper limits. 


1300 


Chapter 39 Elementary Particle Physics 


collider in the works for the future, with the working name International Linear Collider, 
would enable physicists to study the Higgs particle in detail (if it exists at all!). They hope to 
then gain a deeper understanding into what sets the scale for the different particle masses. 

Is it possible that more than these three generations of fundamental fermions exist? 
Yes, it is possible, but we have strong experimental evidence from the decay of W and Z 
bosons that there are indeed only exactly three generations. 

Before we leave the topic of elementary fermions, it is important to point out several 
additional observations that are either poorly understood or point to problems in the stan- 
dard model, possibly hinting at the need for a more fundamental framework. 

First, we need to understand why isolated quarks have never been observed, despite a 
long history of high-precision searches. We will come back to the reason for this when we 
discuss the interaction of quarks with one another. While we can understand the reasons 
why it is impossible to isolate a single free quark, it is still legitimate to ask if it is philosophi- 
cally consistent to speak of a fundamental indivisible particle, if we cannot isolate it. 

Second, it is a puzzle why the combined electrical charge of two up quarks and one 
down quark (we will see below that they combine to make a proton) is exactly the same 
as the charge of the positron (= the opposite of the charge of an electron). Physicists have 
tested this equality to an incredible precision, better than one part in a trillion, but have 
never found any violation of this equality. 

Finally, it is now assured through experimental observations that the three neutrino 
species V, V, V, can change from one species to the other and back again. This phenomenon 
of neutrino species changes, or neutrino oscillations, cannot be explained in the standard 
model of particle physics. 


Fundamental Bosons and Interactions 


What about interactions between the fundamental fermions? How do they exert forces on 
each other? The answer is that on the fundamental level, all forces are mediated through 
the exchange of elementary bosons. A full understanding of this concept requires a grasp of 
quantum field theory, which goes beyond the scope of this book. Some people find it helpful 
to think of this particle exchange as being similar to two people standing on skateboards 
and throwing a heavy ball back and forth, thus exerting forces on each other due to the 
exchange of momentum that goes with the transfer of the ball. However, this picture can 
really be considered only a crude illustration, because it neglects the wave character of the 
bosons exchanged. It also can account only for repulsion, and not attractive interactions. 
In classical mechanics or in relativistic mechanics (see Chapter 35), a free particle can- 
not emit another particle and conserve energy and momentum in the process. However, the 
Heisenberg uncertainty relation (see Chapter 36) allows a violation of energy conservation 
of order AE over a time At < h/AE. Because this “borrowed” energy has to include the mass 
energy m,c’ of the exchange boson, we find At < h/AE < h/myc’. Also, because the exchanged 
boson can travel with at most the speed of light, we then find for the range Ax < cAt and thus 


Ax < — at 
my,C 
Thus, an exchange boson of mass m, can mediate an interaction only over a range that is 
inversely proportional to this mass. Infinite-range forces like the Coulomb force thus require 
an exchange boson that is massless. Table 39.2 lists the elementary bosons of the standard 
model of particle physics, with their spins (all integers, since they are bosons), their masses, 
and their charges. You can see that the W~ boson has a mass of more than 80 GeV/c’. This 
implies an extremely short-range force of 


fic _ 197.33 MeV fm 


- =2.5-10° fm. 
My- C 80, 403 MeV 


Ax(W)< 


Photon 

The photon is the massless spin-1 exchange boson of the electromagnetic interaction. It has 
0 charge. Chapters 21 to 38 examined aspects of the interaction mediated by photons. Since 
the photon spin is 1, it is called a vector boson, as opposed to a scalar boson with spin 0. 
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Name Symbol Spin [fh] Mass [GeV/c"] Charge [e] Interaction* 
Photon y 1 0 0 Electromagnetic 
W boson w 1 80.403+0.029 +1 Weak 

W boson Ww 1 80.403+0.029 -1 Weak 

Z boson Z 1 91.1876+0.0021 0 Weak 

Gluon g 1 0 0 Strong 

Higgs boson (?) H? 0 >150 0 (Mass) 

Graviton (2) G 2 0 0 Gravitation 


*Interaction mediated by this particle. 


W Boson 


Quarks and leptons can also interact via the so-called weak interaction. This interaction 
can change one quark flavor into another by the emission of a lepton and a neutrino. The 
weak interaction is the only interaction that can change quark flavor. One example of such 
a reaction is 


d—ut+e +7,. (39.12) 


The decay of the down quark is similar to the decay of a neutron (equation 39.10), as dis- 
cussed previously in this chapter, but occurring on the fundamental level. The down quark 
has a charge of -że and thus needs to emit a particle with charge -e to convert itself to an up 
quark with charge ++e. This is accomplished by emitting a W boson, which in turn decays 
into an electron and an anti-electron-neutrino. You can convince yourself easily that both 
sides of equation 39.12 have the same net charge, quark number (equation 39.11), and total 
lepton number (equation 39.9). 

It is also important to note that the masses of the particles on the right side of 
equation 39.12 must sum up to a number no greater than the mass on the left side. This 
is required by the conservation of total energy. Table 39.1 shows that the mass of the down 
quark is 5 MeV/c’. This is greater than the mass of the up quark at 2.2 MeV/c’ plus the 
mass of the electron of 0.511 MeV/c’ and the negligible mass of the anti-electron- 
neutrino. In the intermediate stage, the beta-decay process of equation 39.12 may 
require the emission of a W` boson with mass of more 80 GeV/c’, but in going from 
the initial state of this reaction to the final state, energy still must be conserved. The 
intermediate creation and subsequent decay of the W boson is said to be “off-shell” 
(in the sense of “off the energy shell,” that is, not at constant energy), and thus the 
intermediate W boson is called a virtual particle. 

Figure 39.18 shows a slightly different view of the quark masses than presented 
in Figure 39.17, where now the quarks are sorted not by generations but by charge. 
This enables us to generate a picture of all possible beta decays. Since all beta decays 


have to conserve energy, and since the quark mass increases from left to right, only 1 

those reactions are possible that have an arrow that points toward the left side, that 9 

is, from a higher-mass quark to a lower-mass one. In addition, beta decay involves í 

the emission of a charged lepton, and thus only arrows between quarks of different a" 

charge are allowed, that is, no horizontal arrows are possible in the figure. The green | 

arrows show all possible 8” decays. One of them was already written down in equa- 1 MeV/c? 1 GeV/c? 1 TeV/c* 


tion 39.12. The red arrows show all possible B* decays; these are decays that involve m 


a virtual W* boson creation. Beta decays within the same generation of quarks are FIGURE 39.18 All possible beta decays 
most common (solid lines in Figure 39.18). Beta decays that involve the jump into of quarks. The red arrows represent beta+ 
a neighboring generation of quarks are much more rare (dashed lines), and beta decays, and the green arrows beta- decays. 


decays that involve a conversion from generation 3 to generation 1 (dotted lines) Energy conservation requires that all arrows 
are extremely rare point only toward the left, never to the right. 
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39.1 Self-Test Opportunity 


Use Figure 39.18 to write down 
reaction equations similar to equa- 
tion 39.12 for the other most com- 
mon beta-decay processes—those 
that are represented by the solid 
arrows in the figure. 


Z Boson 


So far we have talked about only charged leptons and quarks and their electromagnetic 
and weak interactions. What about uncharged particles? The chapters on electromagne- 
tism showed that uncharged particles do not participate in the electromagnetic interac- 
tion. (The neutron has a magnetic moment, but this is due to the fact that it is a composite 
particle.) Uncharged elementary particles can, however, participate in the weak interaction. 
The mediator of this interaction then necessarily needs to be a charge-0 boson, the Z boson. 
An exchange of an intermediate Z boson is the underlying mechanism of the scattering of 
a neutrino off an electron. 

The W and Z bosons were both postulated in 1968 by a theory developed by the Ameri- 
cans Sheldon Glashow and Steven Weinberg and the Pakistani Abdus Salam. Their for- 
mulation provided a unified description of the electromagnetic interaction and the weak 
interaction, which is now called the electroweak interaction. The scattering of neutrinos off 
electrons was discovered by the Gargamelle collaboration in 1973 at CERN, which provided 
indirect evidence for the existence of the Z boson and convinced the physics community 
of the electroweak theory. The W and Z bosons were discovered in early 1983, right after 
the completion of the CERN SPS accelerator (which is now used as the smaller injector 
ring for the LHC; see Figure 39.4), by the UA1 and UA2 detector collaborations. Glashow, 
Weinberg, and Salam received the 1979 Nobel Prize in Physics for their theoretical work, 
and the 1984 Nobel Prize in Physics was awarded to the Italian Carlo Rubbia, the leader 
of the UA1 collaboration, and the Dutch accelerator physicist Simon van der Meer, whose 
work on stochastic beam cooling made possible the operation of the SPS and the discovery 
of the W and Z bosons. 

Table 39.2 shows that the mass of the Z boson is 91.2 GeV/c’, which is similar to the mass 
of a niobium atom. The Z boson can decay into an electron and a positron, which provides a 
clear experimental signature of the Z boson, allowing it to be detected and studied directly. 


Gluon 


The gluon is the mediator of the strong interaction between quarks. Before we come to the 
gluons, we have to add one more detail about quarks. So far, we have told you that quarks 
come in six flavors. However, they also have another property, which is whimsically called 
color. Quark colors come in three varieties: red (r), blue (b), and green (g). Antiquarks have 
anti-colors: anti-red (F), anti-blue (b), and anti-green (g). 

A gluon carries a combination of one anti-color and one color. From this information 
alone, you might conclude that a total of nine different gluons occur. However, a totally 
color-neutral gluon consisting of equal admixtures of rT ,bb , gg is not possible, so there are 
eight possible gluons. For example, a blue quark can interact with a red quark by exchang- 
ing a br gluon, turning the blue quark into a red one, and the red into a blue one. Since glu- 
ons carry the color charge, they can couple to one another. Thus, gluons can radiate other 
gluons, which no other exchange boson can do. 


Higgs Boson 
In 1964 the British theorist Peter Higgs postulated a boson that couples to all other elementary 
particles, including to itself, in such a way as to give them mass. This boson now is simply 
called the Higgs boson. It has not yet been found. This means that lower boundaries on its 
mass can be established. Currently this lower boundary is on the order of 150 GeV/c’, mainly 
due to experimental results from Higgs particle searches at Fermilab’s Tevatron accelerator. 
Chapter 4 discussed the Higgs boson because of the relationship between force and 
mass. The search for the Higgs boson now enters a new phase with the operation of the 
LHC. The energy of the LHC should be high enough to create the Higgs boson; thus, the 
next few years promise to be incredibly exciting for particle physics. 


Graviton 

We have not yet talked about gravity in the context of quantum mechanics and elemen- 
tary particles. As with the electromagnetic force, the gravitational force has infinite range. 
Thus, the exchange boson must have mass zero. In addition, because of the structure of the 


gravitational interaction as described by general relativity, the spin of this exchange par- 
ticle must be 2. However, the standard model of particle physics does not address gravity 
at all, for two reasons, one experimental and one theoretical. Experimentally, gravity is so 
weak that it has not been possible to observe a graviton directly. However, a detector called 
LIGO may detect gravitons of cosmic origin, such as gravitons emitted by colliding galax- 
ies (see Section 15.9). LIGO currently has installations in Louisiana and Washington State. 
Other similar detectors are under construction or already in operation in other parts of 
the world. However, much more important is that in its present formulation, the standard 
model (especially quantum mechanics) and gravity (as described by general relativity) are 
not compatible theories. This conflict has given rise to a whole new set of theories, includ- 
ing string theories, which we discuss further in Section 39.4. 


Feynman Diagrams 


If virtual particles can be created and destroyed as intermediate steps in reactions, pos- 
sibly multiple times, then calculating anything that can be connected to experimentally 
observable consequences can become very complicated. Calculations might have to take 
into account infinitely many possible processes. Even the question of how to distinguish 
between processes that contribute a lot and those that contribute very little to the final result 
can be an insurmountable challenge. 

The American physicist Richard Feynman (1918-1988) found an ingenious way to 
solve this problem by dividing complex interactions into a few elementary pieces, each 
of which can be represented by a Feynman diagram, which is just a simple drawing. He 
then formulated the rules by which the diagrams can be computed. In this way, he devel- 
oped quantum electrodynamics, for which he shared the 1965 Nobel Prize in Physics with 
Sin-Itiro Tomonaga from Japan and the American Julian Schwinger, who made indepen- 
dent contributions to quantum electrodynamics. Even though quantum electrodynamics 
describes only the interaction of photons and charged particles, the Feynman diagram tech- 
niques have proven to be incredibly useful for all interactions of all particles. 

We cannot pretend to give you a working knowledge of using Feynman diagrams, but 
they provide an excellent pictorial representation of the underlying physics of particle inter- 
actions. We introduce them here with this goal in mind. Start with freely moving particles 
propagating through the vacuum. They are simply represented by a line with an arrow at the 
end, indicating the direction of travel. This line is called a propagator. Conventionally, time 
moves from left to right and the vertical dimension of the diagram is a spatial coordinate 
(Figure 39.19). (Usually it is just assumed that time and space are the standard coordinates, 
so Feynman diagrams do not show the coordinate axes explicitly. After showing the spatial 
coordinate in this figure, we will drop it for the following figures.) A lepton or a quark is 
then simply represented by an arrow from left to right, a photon, W or Z boson by a wavy 
line, and a gluon by a coiled line. (There is no deeper meaning to the different line styles, 
just historical convention.) 

Antiparticles move from right to left—that is to say, backward in time. This statement is 
not just a computational shortcut; it represents a deep underlying symmetry in the physics 
that governs the particle-antiparticle relationship: The fundamental theoretical construct of 
physics is invariant under simultaneous reversal of CPT (charge, parity, time). The parity 
of a particle is an intrinsic property characterized by behavior of the wave function of the 
particle under reflection through the origin of coordinates, when the x, y, and z coordinates 
are replaced by —x, -y, and -z. If the reflected wave function is identical to the original wave 
function, the parity is positive. If the reflected wave function is the negative of the original 
wave function, the parity is negative. 

Inverting the charge and parity of an electron gives a positron. In order to then obtain 
a physically valid process, time must be reversed as well. The propagator lines are usually 
not horizontal, because the spatial coordinate is represented in the vertical direction in a 
Feynman diagram. However, the angle relative to the horizontal is not a measure for the 
momentum or velocity, because a Feynman graph is not intended as a plot from which 
some velocity can be extracted via Ax/At-type arguments. The lengths of the lines that rep- 
resent the different particles also have no physical meaning and are arbitrary. 
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FIGURE 39.19 Feynman 
representations of a freely propagating 
photon, gluon, electron, positron, quark, 
anti-quark, W boson, and Z boson. 
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FIGURE 39.20 Elementary Feynman 
vertices for six different processes: 

(a) emission of a photon by an 
electron, (b) absorption of a photon on 
an electron, (c) emission of a photon 
by a positron, (d) absorption of a 
photon on a positron, (e) electron- 
positron pair creation from a photon, 
(f) electron-positron annihilation into 
a photon. 


(a) (b) 


(c) (d) 


Next we want a diagram that describes the interaction of different particles. Any given 
physical interaction has to have at least two vertices. A vertex is defined as the intersection of 
three propagator lines. Figure 39.20 shows elementary vertices for six different processes. It 
is important to realize that none of these vertices shows a physical process that can happen 
in isolation. For each of these processes, it is impossible to conserve energy and momen- 
tum, provided all lines represent real particles. For example, let’s look at photon emission 
from an electron, process (a) in Figure 39.20. In the rest frame of the electron before the 
emission, all the energy in the system is the rest mass of the electron times c’, because the 
electron has no kinetic energy in this frame. After the emission, the photon receives some 
energy, and the electron experiences the recoil, thus also acquiring kinetic energy. Now 
the total energy in the system in the rest frame is the electron mass energy plus its kinetic 
energy plus the photon energy. Therefore, this process violates energy conservation. From 
this observation comes an important insight: Each vertex must have at least one virtual 
particle, which is off energy shell so that E? + p*c’ + m*c*. Thus, at least two vertices must be 
combined to create a Feynman diagram that can represent a physically possible process. 

Now we are ready to formulate the rules that govern the construction of Feynman dia- 
grams representing real processes: 


= All lines that enter or exit a Feynman diagram must represent a real particle, for 
which the energy-momentum relationship E? = p°? + m’c* holds. 


= All lines that represent a virtual particle, for which E? = p’? + m?c does not hold, 
must start and end inside the diagram—that is, must have both ends connected to a 
vertex. This ensures that these virtual particles cannot be observed in experiments. 


= At each vertex, energy, momentum, charge, quark number, and all three lepton 
numbers must be strictly conserved. 


After these preliminary considerations, we can start to put together real Feynman dia- 
grams. The first physical process we address is the scattering of an electron off a positron 
(or vice versa). 

Figure 39.21 shows four Feynman diagrams, which all have in common that 
an electron and a positron come in and an electron and a positron go out. In all 
four cases, a virtual photon is exchanged. Thus, all four diagrams represent ver- 
sions of the same physical process (called amplitudes) and need to be added. The 
cross section for electron-positron scattering can then be calculated by taking the 
absolute square of this amplitude sum. Note that diagram (a) and diagram (b) in 
Figure 39.21 differ only by the time ordering of the emission of the photon. In 
(a) the photon is first emitted by the electron and then absorbed by the positron, 
and in (b) it is the other way around. Thus, we see that all diagrams that differ 
only in the internal time ordering belong to the same physical process, because 
there is no way of knowing the internal time ordering of the process. Therefore 
both processes (a) and (b) can simply be written as (c), where the instantaneous 
exchange of the photon is implied. Process (d) can be interpreted as an electron- 
positron annihilation into a virtual photon, followed by a pair-creation event. 

Unfortunately, this is not where the process ends. The electron and positron 
can also exchange two photons, as is shown in Figure 39.22 for one of many pos- 


FIGURE 39.21 Four simplest Feynman diagrams sible diagrams, or they can exchange even more photons. For any diagram that 


for electron-positron scattering. 


FIGURE 39.22 One possible two- 
photon exchange diagrams for electron- 
positron scattering. 


involves closed loops of the kind shown in this figure, momentum and energy 

can travel around this loop without constraints. As a result, we have to inte- 

grate over all possible values. Clearly this summation of diagrams with loops can 
become arbitrarily complicated very fast. 

Here is what saves us: For each virtual photon exchanged, the amplitude for the dia- 
gram acquires a multiplicative factor of a = ke?/ħc = 1/137. Thus, the contributions of mul- 
tiphoton diagrams to the overall amplitude sum quickly become smaller, and the series 
converges. 

What we have said so far still does not amount to an actual calculation, but at least it 
lets you understand what is involved in performing this task. In addition, it allows you to 
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draw a quick picture of the lowest-order contributions to a physical process. For example, 
we can draw a Feynman diagram for the beta decay (equation 39.12) of the down quark 
(Figure 39.23). With the aid of this graph it is straightforward to check that the conserva- 
tion laws of charge as well as quark and lepton numbers are observed in this process, that is, 
that the Feynman diagram represents a process that can actually happen physically. 

The weak and the electromagnetic interactions can be treated 


beautifully with Feynman diagrams, because the series of ampli- 39-1 In-Class Exercise >) 
tudes represented by different graphs converge quickly. We can also Which of the following drawings is a valid Feynman 
construct similar Feynman diagrams for the strong interaction. One diagram for the beta decay of the charm quark? 


example is shown in Figure 39.24, where a red up-quark exchanges a 
blue/anti-red gluon with a blue down-quark. (More on color will fol- 


low in Section 39.5.) 


FIGURE 39.23 Feynman diagram 
for the beta decay of the down quark. 


FIGURE 39.24 Simplest Feynman 
graph for a one-gluon exchange in the 


strong interaction. 


However, the picture is much more complicated for the strong interaction, because the 
coupling constant is not œ (which is small compared to 1 in the electromagnetic case), but 
is of the order unity. Thus, in general, series expansions in terms of the Feynman diagrams 
do not converge. Only for scattering at high momentum are these techniques applicable, 
as the expansion of the physical process in terms of Feynman diagrams converges quickly 
enough to be of practical utility. Other methods are needed to perform calculations for the 


strong interaction. 


39.4 Extensions of the Standard Model 


Our current understanding of the interactions in the world around us includes three differ- 
ent forces: the strong force, the electroweak force, and gravity. A general guiding principle 
in our reductionist quest is that different forces can be shown to be just different aspects 


of the same force on the next more 
fundamental level of the reductionist 
hierarchy. This approach has worked 
repeatedly to great satisfaction. Fig- 
ure 39.25 shows a timeline of the 
unification of forces, a figure already 
shown in Chapter 21. 

The chapters on electricity and 
magnetism described these two forces 
as just two aspects of the electromag- 
netic force, as described by the set of 
four Maxwell equations. In Section 
39.3 we learned that the weak force can 
also be unified with electromagnetism 
to form the electroweak force. Conse- 
quently, there have been, and continue 
to be, new attempts to create theories 
that provide further unification of all 
known interactions into one. 


Electricity 


Magnetism 


Gravity 


~1850 


ij: Electromagnetism 


| : Electroweak 
Weak force 


Strong force 


~1970 Now R 
FIGURE 39.25 Time line of the unification of basic forces. 
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In addition, although the standard model of particle interactions has been very suc- 
cessful, many scientists are bothered by the seemingly arbitrary values of the parameters 
in the standard model, such as the quark and lepton masses and the coupling constants. 
Several candidates for a unified theory free of arbitrary parameters have been proposed. 
These theories are mostly based on arguments from a branch of mathematics called group 
theory. However, two essential features are worth discussing: One is the unification energy 
scale, and another is the decay of the proton. 


Unification Energy Scale 


The coupling constant of the electromagnetic interaction is the 
fine-structure constant a, which has the value of 1/137. The cou- 
pling constant of the weak interaction has a value of ~1/30, and the 
x strong interaction has a coupling constant close to 1. The Glashow- 
5s. Weinberg-Salam theory shows that at high energies, the coupling 
constants for the electromagnetic and weak force merge. Based on 
this idea, grand unified theories have been proposed that merge 
all three fundamental interactions at very high energies. Thus, if we 
were able to scatter particles at extremely high momentum transfer 


ı—> Ap, then we would be able to see all coupling constants merge (Fig- 


1 10° 10° 10° 


Ap (GeV) 


FIGURE 39.26 Proposed change of the coupling constants 
of fundamental interactions as a function of momentum transfer 


in a grand unified theory. 


FIGURE 39.27 Inside the Super- 
Kamiokande detector. Normally the 
detector is filled with purified water, 
but here the work of the maintenance 
crew lets us appreciate the scale of the 
detector. 


1 
1012 1015 1018 


ure 39.26). Unfortunately, the kind of momentum transfer required 
to test these theories is way beyond what can be achieved with 
present-day accelerators. However, possible hints on grand unified 
theories may be hidden in the cosmic ray spectrum, which reaches 
energies above 107’eV. 


Proton Decay 


In the preceding section on elementary particles, we introduced absolute conservation 
laws separately for the total number of quarks and for the total number of leptons. How- 
ever, most grand unified theories predict that at the highest energies, quarks and leptons 
merge to be just different aspects of the same fundamental particle, and that the separation 
between quarks and leptons that we observe is only a consequence of the manifestation of 
the low-energy limit of these unified particles. If this is true, then a quark will be able to 
decay into a lepton, and the proton (composed of two up quarks and one down quark; see 
next section) will not be an absolutely stable particle; instead, it will decay exponentially 
with a very long (but not infinite) lifetime on the order of 10%” years. 

Because the age of the universe is only on the order of 10'° years, a very large number 
of protons must be observed to have a chance to observe even one proton decay event. This 
is one of the basic purposes for which the Super-Kamiokande (Super-K) detector was built 
in Japan (Figure 39.27). Super-K is located 1000 m underground and consists of 50,000 tons 
of purified water contained in a cylindrical steel tank of 40 m diameter and 40 m height. 
Super-K has 11,200 photon detectors inside the tank walls. It can detect the Cerenkov light 
(see Chapter 16) emitted from the motion of high-energy particles through the water. In 
1998 the Super-K collaboration was the first to observe neutrino oscillations, alluded to 
previously, which imply that at least one of the neutrino species has nonzero mass. However, 
after several years of running the detector and looking for possible signals, no proton decay 
events have been reported, thus setting severe limits for entire classes of possible grand unified 
theories. The present lower limit on the proton lifetime has been established experimentally as 
>1.6- 10” years, approximately 100 trillion times the current age of the universe. 


EXAMPLE 39.2 | Planck Units 


Max Planck proposed a set of natural units that do not depend on the anthropocen- 
tric choices made in determining the SI units that we currently use (see Chapter 1). He 
looked for combinations of the basic universal physics constants of nature that have the 
dimensions of length, time, mass, and so on. 
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PROBLEM 

Using the universal constants of the speed of light in vacuum, c, Planck’s constant divided 
by 27, h, Coulomb’s constant k = 1/4T€ the universal gravitational constant G, and 
Boltzmann’s constant kp, what are the values of the Planck length, time, temperature, 
mass, and charge in SI units? 


SOLUTION 

The SI unit of the speed of light is [c] = m/s, of Planck’s constant is [A] = kg m’/s, of Cou- 
lomb’s constant is [k] = kg m°/C’/s’, and of Boltzmann's constant is [kg] = kg m/’/s’/K, and 
the unit of the gravitational constant is [G] = kg! m°/s”. 

Our first observation is that the ampere, A, appears only in Coulomb’s constant, and 
that the kelvin, K, appears only in Boltzmann's constant. Therefore, the kinematics-related 
quantities of length, time, mass, and energy cannot contain either of these two constants, 
because they are defined in terms of the MKS base units. If we multiply A G, the kg can- 
cels out in the unit, and we only obtain powers of the m and s units. Multiplication with 
the appropriate power of the speed of light enables us to cancel either one of these. Thus, 
we obtain for the Planck length and the Planck time: 


_ [ac 

Xp = p 
pe AS 

P c C 


For the Planck mass, we must find a combination of h and G that has the kg in some pow- 
er in it, times m/s to some power, which we can cancel out with the appropriate power of 
the speed of light. This can be done by taking the ratio A/G, which has the units [A/G] = 
kg’: s/m. Then we obtain the Planck mass by taking 


The Planck temperature has to have the Boltzmann constant in the denominator, because 
this is the only way we can obtain a K as the unit. The appropriate powers of the Planck 
length, time, and mass can then be used to cancel out the non-K parts of the unit of the 


Boltzmann constant. This results in 
1 lič 
T=]. 
kV G 


A similar procedure finally leads to the Planck charge of 


_ fhe 
Ip = K` 


Numerically, these Planck units work out to the following numbers: 
x, =1.61-10” m 
t, =5.39-10“ s 
m, =2.18-10° kg 
T, =1.42-10” K 
qp =1.88-10™ C. 


The Planck scales for temperature, length, and time are very far away from our usual 
experiences and either astronomically high (temperature) or unimaginably small (length 
and time). The Planck charge, however, is relatively close to the elementary charge quan- 
tum e and differs only by a factor of 1 / Va =4137 =11.7. 


39.2 In-Class Exercise 


The Planck mass is approximately 
the same as the mass of a 
a) Z boson. 
b) gold atom. 
c) leg of a fruit fly. 
d) baseball. 

) 


e) aircraft carrier. 


39.2 Self-Test Opportunity 


What is the value of the Planck 
energy in SI units? 
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(a) 
FIGURE 39.28 (a) Conventional 


Feynman diagram of the interaction of 
point particles; (b) representation of 
the same process as string fusion in 
string theory. 


Supersymmetry and String Theory 


The incredible success of the Dirac theory motivated further extension of the standard 
model of particle physics. Simply based on symmetries, Dirac predicted that visible matter 
has undiscovered partners with negative energy states. This led to the discovery of antimat- 
ter and to the realization that every particle has a partner in the antiparticle world, with the 
same mass but opposite charge. 

Supersymmetric (abbreviated as SUSY) theories propose to do the same for fermi- 
ons and bosons. Supersymmetry postulates for each fermion a supersymmetric bosonic 
partner, and for each boson a supersymmetric fermionic partner. This idea was originally 
proposed in 1973 by the Italian-American Bruno Zumino and by the Austrian-German 
Julius Wess. 

A severe constraint to SUSY theories is that experimental evidence for these supersym- 
metric partners has not yet been discovered. This fact excludes all versions of SUSY theories 
that predict masses below 100 GeV/c’, the energy-mass region that we have thoroughly 
explored with existing particle accelerators, for any of the postulated new particles. How- 
ever, some SUSY extensions of the standard model predict particle masses just above this 
limit. Thus, there is some hope that the rest-energy regime between 100 GeV and 1 TeV, 
which is accessible by the Large Hadron Collider at CERN, will reveal discoveries of mag- 
nitude comparable to the discovery of the positron. 

In addition, many SUSY theories predict the existence of very heavy neutralinos. The 
neutralinos are thought to be mixtures of zinos (SUSY partner of the Z boson), photinos 
(SUSY partner of the photon), and higgsinos (SUSY partner of the Higgs boson). The light- 
est variant of the neutralino is absolutely stable in these theories and is a leading candidate 
for the possible composition of cold dark matter. It is called a WIMP (weakly interacting 
massive particle). Chapter 12 introduced the concept of dark matter as needed to explain 
effects like gravitational lensing and the fact that stars’ orbital velocities around their galax- 
ies are in general too large relative to the amount of visible matter. 

The branch of particle physics theory that has unquestionably attracted more atten- 
tion than any other during the last two decades is string theory. At its most basic level, 
string theory replaces the elementary (zero-dimensional) point particle as the most basic 
constituent of matter with one-dimensional strings of very small lengths, possibly on the 
Planck scale. The elementary particles that we observe in experiment are then simply strings 
vibrating at particular resonance frequencies. Strings can merge and split, giving rise to the 
particle interactions of the standard model of particle physics discussed in the preceding 
section (Figure 39.28). 

While string theory has been around since the late 1960s, it really became dominant 
after the British theorist Michael Green and the American John Schwartz worked out a ver- 
sion of the theory in 1984 that started superstring theory as a path to unify all known forces, 
including gravity. In the popular press, string theory was called “The Theory of Everything.” 
In the mid-1990s, through the work of Edward Witten and many others, it was discovered 
that string theory can be thought of as a certain limit of a perhaps more profound theory, 
which is called M-theory. 

String theories predict additional spatial dimensions. The most popular versions pos- 
tulate a 10- or 11-dimensional space-time. Why, then, can we observe only 3+1 dimen- 
sions? The answer given by string theories is that the extra dimensions are compacted to a 
size so small that we cannot observe them. This can happen at the Planck scale, but it is not 
excluded that the compactification length scale can be as large as a few micrometers. If this 
is correct, then we might expect to find distortion of gravity and deviation from the r° force 
law on this scale. Almost two decades of high-precision searches, however, have not come 
up with positive experimental evidence. String theories are very attractive mathematical 
frameworks in the eyes of particle theorists, but it has not yet been possible to establish 
any irrefutable connection to experimental observables. In 1997, however, Juan Maldacena 
from Argentina and the United States proved that string theory defined in a certain space 
is equivalent to a quantum field theory without gravity on the lower-dimensional boundary 
of that space. In the end, this may turn out to be the best connection to the standard model 
of particle physics and thus connect string theory to observable consequences. 


39.5 Composite Particles 1309 


39.5 Composite Particles 


Once we have a reasonable understanding of the basic fermionic building blocks of mat- 
ter and their interactions via the exchange of fundamental bosons, then we can begin to 
try to understand how they form composite particles. All composite particles formed by 
quarks are called hadrons. Either they are quark-antiquark pairs, called mesons, or they 
are a group of three quarks, called baryons. Each quark has another trait that can be one of 
three values. As already alluded to in Section 39.3, this trait is arbitrarily called color, even 
though it has nothing to do with the common use of the word color as a visual property. 
Finally, all composite particles are color singlets. 

What is a color singlet? Quarks carry something called a color charge, coming in three 
varieties: red (r), green (g), and blue (b). Antiquarks carry anti-colors, which are marked 
with horizontal bars above the letter. Of course, quarks cannot really be imagined as hav- 
ing a physical color, because what we see as color is only light from a very limited range of 
photon energies, energies that are millions of times smaller than the characteristic scales of 
the particle physics world. However, the algebra of additive color mixing works as a perfect 
analogy for the algebra of combining quarks into hadrons. 

Figure 39.29 shows RGB-color selectors from a typical com- 


; . Color: B Color: Color: M 
puter graphics program, where any color can be selected as a mix- Io be |R<——[0]| ,|R<——Ld 
ture of red, green, and blue by picking numbers between 0 and "|G rot “lc 255 G [o] 
255 for each of the three color-components. For example, select- B| o] Be~ [0] b= Ee 
ing a value of 255 for red, 0 for green, and 0 for blue produces a 
pure red (upper left corner). Reversing all three sliders—O for Color: P Color: Si Color: |_| 
red, 255 for green, and 255 for blue—produces cyan. In a certain z, | Re>—— Lo] A —[5s5]| 5.) R —bss 
sense, it is the anti-color to red, 7, because if the RGB values of : = E pa 
cyan and red are added, we obtain 255 for all three RGB values, 
which is the “color” white. Pure red, pure green, and pure blue 
can also be added to obtain white. Thus, white represents the color F i 7 Sil m 
singlet that a combination of equal amounts of all colors or equal terag rE =B a a G —[255] 
amounts of a color and its anti-color add up to. In particle phys- B ——j255 


ics, we also can only have color singlets as physically observable 

particles. Thus, we need either three quarks of different colors, or FIGURE 39.29 Additive color sliders in a computer graphics 
a quark of a certain color and an antiquark with the quark’s anti-  P!9'4™ as a model for duane colors (top fow), antiquark 

color, to obtain particles that we can observe. The first combination GEE Sete IGT a ee ib OES Certo alles) 
is called a baryon and is a fermion (either with spin +A or spin +h), 

and the second is a meson, which is always a boson (either with 

spin 0 or with spin 1A). Three antiquarks with three different anti- 

colors are also a possibility to obtain a color singlet, and they form 

the antibaryons. 


Mesons 


Table 39.3 gives a partial listing of the known mesons. They include all mesons with mass 
less than 1 GeV/c’, and a few mesons with special properties above this mass. Hundreds of 
other mesons are known. 

No meson is absolutely stable; they all decay. The lightest mesons are the pions 7", m, 
a, all with masses of around 140 MeV/c’. The neutral pion decays predominantly via the 
reaction 


T — 2y. (39.13) 


This decay proceeds relatively fast, on a time scale of the order of 10™ s, via the electro- 
magnetic interaction. The charged pions, however, cannot decay in this way because of the 
conservation law of charge. Instead, they have to decay via the weak interaction, predomi- 
nantly via 
+_,,+ 
ee ae (39.14) 
T >u +Vy: 
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EJGELI The Most Important Mesons, Including Their Masses, Lifetimes, Quantum Numbers, and Quark Composition 


Name Sym. m[MeV/c?] Lifetime [s] s S c B Quarks 

Pion a 139.570 2.60-10°° 0 0 0 0 ud 

Pion T 139.570 260 10 0 0 0 0 ud 

Pion T 134.977 gaio” 0 0 0 0 Tp (uu -dd) 
Eta n 547.5 5-10 0 0 0 0 oe (ui +dd -2ss) 
Eta Prime n 957.8 3210" 0 0 0 0 oe (ui 4+dd+ss) 
Rho p 775.5 PADI A 1 0 0 0 ud 

Rho p 155 4.42.10 1 0 0 0 ud 

Rho p? 775.5 PADI A 1 0 0 0 Sq (un -dd) 
Omega w 782.6 7730” 1 0 0 0 gar +dd) 
Phi $ 1019.46 TESS N= 1 0 0 0 s5 

Kaon K 493.68 1.239-10° 0 1 0 0 us 

Kaon K 493.68 1.239-10° 0 =] 0 0 ils 

Kaon RO 497.65 K$:8.96-10"! 0 1 0 0 ds 

Kaon K? 497.65 K S Ka 0 =i 0 0 ds 

K-star ‘Kea 891.7 130-107 1 1 0 0 us 

K-star KE 891.7 130-10 1 =] 0 0 us 

K-star Ke 896.0 131-10” 1 1 0 0 ds 

K-star K’ 896.0 dese 1 =i 0 0 ds 

D meson Di 1869.3 104-10" 0 0 1 0 cd 

D meson D 1869.3 1.04-10°% 0 0 =i 0 cd 

D meson DY 1864.5 AOO 0 0 1 0 cu 

D meson D° 1864.5 4.10-10°° 0 0 -1 0 cu 

D, meson De 1968.2 SOSO 0 1 1 0 cs 

D, meson DA 1968.2 S00 0 -1 -1 0 cs 

J/Psi Jl 3096.9 70510 1 0 0 0 cE 

B-meson Bt 5279.0 1.64-10°" 0 0 0 1 ub 

B-meson Be 5279.0 1.64-10° 0 0 0 =. ub 

B-meson B° 5279.4 1.53-10 0 0 0 1 db 

B-meson Be 5279.4 Paso 0 0 0 =i db 

B,-meson Bo 5367 WAZ 10m 0 =i 0 1 sb 
B,-meson B? 5367 O 0 1 0 -1 sb 
B.-meson Bt 6286 Soler 0 0 1 1 cb 
B.-meson B; 6286 S100 0 0 -1 =i] cb 

Upsilon v 9460.3 Oa 1 0 0 0 bb 


Data from W.-M. Yao et al. (Particle Data Group), J. Phys. G 33, 1 (2006), (http://pdg.Ibl.gov). 


In comparison with neutral pion decay, the decay of the charged pions 10th Sa 


takes practically forever, on the order of 10°* s, which is approximately ‘| 
100 million times longer that the neutral pion decay time. es 

Lets examine the lifetimes of the other mesons. Figure 39.30 > Bee. Wee 
shows three vastly different regions of lifetimes. The area highlighted << g aay 
in yellow shows the decays that proceed via the weak interaction; in > $. I 
white via the electromagnetic interaction; and in pink via the strong = 10 f A ley 
interaction. Because energy must be conserved in every decay, heavier g eae 
mesons can decay into lighter mesons but not vice versa. This decay into 
other mesons happens very fast, if it proceeds via the strong interac- 
tion. There must be a good reason why the kaons and D and B mesons 
live such a comparatively long time. After our discussion of the quark TA 
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model, you can now understand that it is because they contain strange, 
charm, and bottom quarks, respectively, which can only decay via the 
weak interaction into lower-mass quarks of other flavors. 


i i 1 L L i ji L > 
10-74 10-7 10°79 10718 107! 10° 10° 1071? 1078 


Lifetime (s) 


The strangeness quantum number S counts the number of anti- FIGURE 39.30 Plot of the lifetimes and masses for all 


strange quarks in a hadron, minus the number of strange quarks. (It 
is a purely historical artifact that anti-strange quarks are counted with 
positive numbers. For the quantum numbers of charm, C, and bottom, 
B, which count the net number of charm and bottom quarks, the sign is reversed.) Another 
useful quantum number is the isospin, t, and its projection, t,, Even though no real angular 
momentum is involved in this case, the same algebra can be used for isospin as was used for 
conventional spin. In particular, a given isospin t has (2¢+1) states of different projection t,, just 
as a given spin s has (2s+1) states of different projection s,. The charge number Z, the isospin, 
and the strangeness quantum number for the low-mass mesons (below the mass threshold 
where they start to contain quarks other than up, down, and strange) are related via 


Z=t, +485. (39.15) 


Figure 39.31 shows the arrangement of the low-mass mesons of spin 0 (part a) and spin 1h 
(part b) as a function of isospin and strangeness. They form characteristic nonets, which 
the quark model is able to explain beautifully. Figure 39.32 shows the same plot, but now in 
terms of the constituent quarks of the different mesons. In each case, the quark composi- 
tion of the three neutral mesons with S = t, = 0 is a linear combination of the three quark- 
antiquark pairs. The quark charges in Table 39.1 confirm that their charges always add up 
to the corresponding charge of the meson. 

The up and down quarks have isospin +, with projections t, = + for the up quark and 
t, = -+ for the down quark. The isospin for all other quarks and antiquarks (strange, charm, 


z 


2 s=0 


known mesons. The blue dots represent the entries in Table 
39.3, and the red dots are other mesons. 


N 
le 
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FIGURE 39.31 Meson nonets with (a) spin 0 and (b) spin 1h. 
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FIGURE 39.32 Quark composition of the two 


meson nonets. 


FIGURE 39.33 Feynman diagram 


for the beta decay of the neutron. 


bottom, top) is 0. Similar to the case for angular momentum and regular spin, if 
a particle with isospin + is combined with a particle with isospin 0, the resulting 
isospin is +. If two particles with isospin + are combined, the resulting isospin 
can be 0 (where the two isospin vectors are antiparallel) or 1 (where the two 
isospin vectors are parallel). If three particles with isospin + are combined, the 
resulting isospin can be = (all three isospin vectors parallel) or + (one antiparallel 
to the other two). This “algebra of isospin” allows us to construct the observed 
isospin of all mesons from the quark isospins, as is done in Figure 39.32. 


39.3 In-Class Exercise 


Baryons 


Examining Figure 39.32 leads us to conclude that the isospin projections t, of the 
anti-up quark (U) and (d) are 


a) t,(u)=-4, t,(d)=-4 d) t,@)=4, t@)=4 
b) t.@)=-4, t(d)=3. e) t,(0)=0, t,(d)=0 
c) t,(u) =>, t,(d)=-3. 


The most important baryons are listed in Table 39.4. As we have already stated, baryons are 
composed of three quarks each, with one quark of each color. The only stable baryon is the 
proton, the lightest baryon. As discussed previously, a neutron can decay into a proton via 
a beta decay, 


n— pte +r. (39.16) 


This is the same process for the beta decay of the down quark expressed in equation 39.12, 
because in the process in equation 39.16 one of the two down quarks of the neutron decays 
into an up quark, and the other up and down quarks remain unchanged Figure 39.33. 


LEDGERA The Most Important Baryons, Including Their Masses, Lifetimes, Quantum Numbers, and Quark Composition 


Name Symb. m[MeV/c?] Lifetime [s] Z E s S c B Quarks 
Proton p 938.272 o0 1 - S 0 0 0 uud 
Neutron n 939.565 885.7 0 -4 5 0 0 0 udd 
Delta A 1232 5.6-10 4 2 3 4 0 0 0 uuu 
Delta At 1232 BE~ 1 + 3 0 0 0 uud 
Delta A7 1232 5.6.10 1 : ; 0 0 0 udd 
Delta Ne 1232 Sei 2 - : 0 0 0 ddd 
Lambda A 1115.683 2.63-10°"° 0 0 i =] 0 0 uds 
Sigma 5 1189.37 8.02.10 ™ 1 1 2 -1 0 0 uus 
Sigma 3° 1192.64 TANS 0 0 2 =i 0 0 uds 
Sigma > 1197.45 1.48-10°'° 1 1 : 1 0 0 dds 
Xi =i 1314.8 2.90-10°1° 0 : 1 2 0 0 uss 
Xi a 1321.3 1.64-10°"° 1 L 2 0 0 dss 
Omega Oy 1672.5 821-10" -1 0 4 -3 0 0 sss 
Lambda-c N 2286.5 2.0- 107" 1 0 + 0 1 0 udc 
Lambda-b No 5624 123.10 0 0 4 0 0 1 udb 


Data from W.-M. Yao et al. (Particle Data Group), J. Phys. G 33, 1 (2006), (http://pdg.Ibl.gov). 
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FIGURE 39.34 (a) Baryon octet for spin +h and (b) decuplet for spin +f. (b) 


The dominant decays for all heavier baryons are via emission of one or more pions. 
This can be a process that involves the strong interaction only, in which case lifetimes of the 
order of 10” s or shorter are found. If, in addition, a quark needs to change flavor in the 
process, then again much longer lifetimes are seen, typical of the weak interaction. 

In Figure 39.34, the lowest-mass baryons of spin +f and spin +f are arranged as an octet 
and a decuplet as functions of isospin and strangeness, similar to the diagram for mesons 
in Figure 39.31. This arrangement into nonets (for the mesons) and octet and decuplet (for 39.3 Self-Test Opportunity 
the baryons) derives naturally from the underlying quark structure. In particular note the 
omega baryon. Because it has strangeness -3, it is composed of three strange quarks. Its 
existence was predicted by the quark model, and it was subsequently discovered in 1964. 
This was the first great success of the quark model. 


Construct the quark composition for 
the baryons of Figure 39.34 in the 
same way as done in Figure 39.32. 


Lattice-QCD, Confinement, and Asymptotic Freedom 


The sum of the masses of the constituent quarks inside a proton is less than 15 MeV/c’, 
which is only 1.5% of the proton mass. Where does the rest of the proton mass come from? 
Answering this question is very difficult and requires mathematical tools that go beyond the 
scope of this book. However, we can sketch the answer. 

The fundamental theory, including relativity and quantum physics, that describes the 
interaction of quarks and gluons with one another, with themselves, and with the vacuum, 
is called quantum chromodynamics (QCD). As an illustrative example for the kinds of 
processes QCD needs to take into account, Figure 39.35 shows a Feynman diagram of a 
strange quark propagating through the vacuum, emitting and absorbing gluons and virtual 
quark-antiquark pairs. 

Physicists understand the underlying framework of QCD in principle, but it is very 
hard to obtain numerical results. To obtain any prediction that can be compared to experi- 
ment, physicists have built customized supercomputers to simulate QCD. Despite the expo- 
nential growth of computer power during the last few decades, it is fair 
to say that progress in computing observables such as hadron masses has 
been slow. 

Solving the equations of QCD is difficult. One method that allows 
solutions to the equations of QCD is lattice-QCD. In lattice-QCD, quarks 
are assumed to reside only on the vertices of a crystal-like lattice and the 
gluons must travel in straight lines between the quarks. This technique 
builds in cutoffs that allow the calculations to be done. Of course, the real 
world is not a crystal lattice. However, the aim is to carry out the calcula- 
tions for smaller and smaller lattice spacings, and larger and larger lattices FIGURE 39.35 Example of a Feynman diagram of a red 
to do a better job approximating physical reality. strange quark propagating through the QCD vacuum. 
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FIGURE 39.36 Artist's rendition of a proton. The 

red, green, and blue balls represent the location of the 
constituent quarks. The green-magenta (“anti-green”) pair 
of balls on the right represents a virtual quark-antiquark 
pair. The white line represents a high-energy electron 
that scatters off one of the quarks through exchange of a 
photon (wavy line). All these objects are displayed on the 
background of a lattice-QCD calculation of the gluon field, as 
perfomed by the Adelaide, Australia, group. 


FIGURE 39.37 Schematic illustration of the 
fragmentaton of a color flux-tube. 


Figure 39.36 shows the result of a lattice-QCD calculation for a snap- 
shot of the spatial configuration of the gluon field inside a proton. Overlaid 
on this numerical result are drawings of three balls marking the constituent 
quarks of the proton, as well as two balls marking the position of a tempo- 
rarily created virtual quark-antiquark pair. 

Quarks, antiquarks, and gluons all carry color charge. QCD predicts 
that only color-neutral objects can exist in isolation. This means that a sin- 
gle quark or gluon cannot be observed by itself. Very sensitive searches for 
free quarks have been conducted, all of them with negative results. 

Then what happens if we try to remove a quark from a baryon—for 
example, by shooting an electron with very high energy into a proton, try- 
ing to knock out a quark? The quark can acquire a very high momentum 
after the collision with the electron and move rapidly away from the other 
two quarks inside the proton. However, it remains tethered to them by a 
string of gluons called a flux-tube. QCD predicts that the energy contained 
in this flux-tube increases in proportion to its length. Once it is long enough 
and energetic enough, it can rupture and split into two or more color-neutral 
objects—mainly pions. This is illustrated schematically in Figure 39.37, 
which shows a meson consisting of a red quark and an anti-red antiquark. 
The antiquark receives an impulse and moves to the right, stretching the 
gluon flux-tube between them until it ruptures into another quark-antiquark 
pair. These two newly produced particles pair up with the original quark and 
antiquark into two new mesons, which can now move freely away from each 
other. If the impulse that the original quark receives becomes high enough, 
the color flux-tube can also rupture in multiple places, producing a quark- 
antiquark pair at each breakpoint. The result is a group of mesons, which are 
produced in the process of string fragmentation, and which are all travel- 
ing in roughly the same direction. Provided that the initial impulse is large 
enough, the jet formed by this group of newly produced particles can then be 
observed in particle physics detectors. 

This means that all elementary particles carrying color charge—all 
gluons, quarks, and antiquarks—are absolutely confined. Confinement also 
implies that any attempt to remove a quark from its color singlet will only 
produce additional color-singlets, that is, hadrons. 

The color force acts in such a way that the farther away objects with 
color charge move from each other, the more strongly they are attached to 
each other. Does this also mean the opposite, that is to say, that when color- 
charged particles inside a singlet are close to each other, can they then move 
freely? Indeed this is the case. At close distances or high relative momenta, 
color-charged objects experience so-called asymptotic freedom. This was 
predicted by David Gross, Frank Wilczek, and David Politzer in 1973 and 
subsequently confirmed experimentally. They shared the 2004 Nobel Prize 
in Physics for this achievement. 


EXAMPLE 39.3 | Feynman Diagrams of the Decay of Positive Pions 


and Positive Muons 


When high-energy cosmic rays consisting mainly of protons are incident on the Earth's 
atmosphere, reactions take place that produce positive pions. These pions decay with a 
meanlife of 26 ns into a positive muon and a muon neutrino 


+ + 
T >u Vy 


In turn, the positive muons decay with a meanlife of 2.2 us into a positron, an electron 
neutrino, and an anti-muon-neutrino 


pt et +, +T. 


PROBLEM 


Draw the Feynman diagrams representing these two decays. 


SOLUTION 


The positive pion is a meson composed of an up quark and an anti-down quark as shown 


in Figure 39.38. 
This quark-antiquark pair u/d annihilates to produce a W*. The W* then material- 
izes as the lepton/anti-lepton pair v,/j". 


The positive muon that is produced in the decay now emits a W* and transforms into 


an anti-muon-neutrino as shown in Figure 39.39. 
The W* then materializes as the lepton/anti-lepton pair v,/e". 


DISCUSSION 


The decay of positive pions is particularly interesting because the positive pions are produced 
at the top of the Earth’s atmosphere with relatively high energies by reactions of cosmic ray 
protons with the nuclei of nitrogen and oxygen atoms. These pions decay into muons and 
the resulting muons travel at a large fraction of the speed of light. The muons should travel 
at most only 0.66 km before they decay into positrons. However, muons produced by cosmic 
rays are observed at the surface of the Earth. About 10 muons per second pass through your 


hand. One reason the muons reach the surface of the Earth is relativistic time dilation, as dis- 
cussed in Chapter 35, Example 35.2. For a speed B = v/c = 0.998, the time dilation factor is 


1 1 
me _ 
J-e M - (0.998% 


Thus, the muons will travel a distance of 10 km before they decay, allowing the muons to 


=15.8. 


reach the surface of the Earth. A second reason the muons reach the Earth’s surface is that 
the muons can traverse the Earth’s atmosphere without interacting with the nuclei in the 
atoms of the atmospheric gases, because the muon interacts only via the weak force and 


the electromagnetic force, and not via the strong force. 
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FIGURE 39.38 Feynman diagram of 


the decay of a positive pion. 
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FIGURE 39.39 Feynman diagram 


for the decay of a positive muon. 


39.6 Big Bang Cosmology 


The night sky presents an amazing display of light that has 
traveled for many years from distant stars (Figure 39.40). 
Since the dawn of civilization, humans have asked where all 
of this came from (and how, and why). Since the middle of 
the 20th century, scientists have been reasonably sure that 
they know the answer, and the picture is becoming clearer 
in ever more detail. Through the interplay of observational 
astronomy, cosmology, and nuclear and particle physics, 
the models have been refined. 

The entire universe came into being through a singu- 
lar event that we call the Big Bang. This event happened 
(13.73+0.12)- 10° years ago. Although the age of the universe 
cannot be fixed to an uncertainty smaller than 120 million 
years, physicists still are able to state how our universe devel- 
oped in the first fractions of a second after the Big Bang. 

The Planck time is the earliest time after the Big Bang 
for which it makes any sense to try to deduce a history of the universe (Figure 39.41). (See 
Example 39.2.) At a time of 10“ s, the temperature was on the order of 10° K. All forces 
were unified at that time, with gravity separating from the other forces a short time there- 
after. The era of grand unification of the strong and electroweak forces is estimated to have 
lasted to about 10™™ s, when the strong force became separated from the electroweak force. 
At the end of this era, the universe underwent a rapid inflationary expansion. To understand 


FIGURE 39.40 View of the universe from Earth in the visible spectrum, 
using the Aitoff projection in galactic coordinates. This projection shows the 
view over the entire night sky projected onto the ellipse shown here. The 
bright stars and clouds in the central horizontal band belong to the Milky Way. 
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FIGURE 39.41 Temperature of the 
universe as a function of time. The 

red circle with the cross marks the 
current universe, and the vertical gray 
lines mark the approximate boundaries 
between the different epochs. For each 
epoch, we sketch the basic constituents 
at that time. Radiation was present at 
all times and in equilibrium with matter 
until 10” seconds, when the universe 
became transparent to radiation. 


WMAP CMB 


2.7248 K 


June 1992 Earth 


2.7250 K 
Temperatures [K] 
= oe =| 
2.7252 K 210 260 310 


Chapter 39 Elementary Particle Physics 


A 
1039 L w $e oole o @ Proton 
éz ale ‘ @ Neutron 
q 
Fo : 6) @ Electron 
1025 L weel? oe) ° o Neutrino 
1ə£ 1109741 ð k 
aras zoso] O q Quar 
g s D q Antiquark 
1020 L E g Gluon 
E G w W boson 
6 Z Zboson 
4 ot 
K o 
@ ¢ EA A] CMB 
1010 
p ~ Formation of the first stars 
fi 
5 6 
10° + a ob 
F S Y Formation of our solar system 
ze : 
a nl n 
1L is] zi 3 3 E Current universe 
2 3 £ 
Ha © |z < 
L L L L ji i ji > 
10° = 0°" 0" 19° 1 101° 10° 


t (s) 


the necessity for this process to have been part of the history of our universe, we need to 
discuss the concept of inflation in cosmology a little further. 


Inflation 


Three important questions have puzzled astronomers for a long time: 


1. Why is the cosmic microwave background radiation so incredibly isotropic, which 
is to say, smooth and very much the same in every direction? 


2. Why is the universe made entirely of matter and not of antimatter? 


3. Why is the universe so incredibly flat (a term we will explain shortly)? 


All three questions deserve some elaboration to point out how truly startling these facts 
really are. 

First, let's think about the smoothness of the cosmic microwave background. As we saw 
in Chapter 36, the cosmic microwave background (CMB) radiation shows a perfect black- 
body spectrum at a temperature of 2.725 K. CMB radiation was discovered in 1965 by Arno 
Penzias and Robert Woodrow Wilson, who received the Nobel Prize in Physics for this dis- 
covery in 1978. This radiation had been predicted in 1948 by George Gamov, Ralph Alpher, 
and Robert Herman as a consequence of the Big Bang model, which at that 
time was still very speculative and only one of several possible models of the 
time evolution of the universe. Only through the COBE and subsequently 
the WMAP satellite missions was it possible to measure just how isotro- 
pic this radiation is. This discovery earned the 2006 Nobel Prize in Physics 
for George Smoot and John C. Mather. Figure 39.42 shows the picture of 
the universe at microwave wavelengths. This image was produced by the 
team that operated the WMAP satellite. It shows that the fluctuations of 
the temperature of space as a function of direction are only of the order 
of lT T| ~10 *to 10 °. For comparison, the WMAP team also produced a 
temperature map of the surface of Earth for June 1992, for which the fluc- 
tuations are on the order of lT T| ~0.2. 

The smoothness of the CMB is so stunning because the radiation 


FIGURE 39.42 Temperature map of the Cosmic 
Microwave Background (CMB) radiation of the universe. 
Inset: temperature on the surface of Earth in June 1992. 


comes to us from all directions and has the same value for all points in the 
sky, even if they could not have been in causal contact during the history 
of the universe (that is, without inflation). 


Second, presently the universe is filled with matter and almost no antimatter. We 
know that initially matter and antimatter were produced in almost equal amounts and then 
almost completely annihilated into radiation, which now constitutes the cosmic microwave 
background. Estimates are that presently approximately 10'° photons exist for each hadron. 
This means that initially there were 10,000,000,001 matter particles for each 10,000,000,000 
antimatter particles. Where does this very small asymmetry come from? 

Third, after more than 13 billion years, the universe is still expanding, and we still can- 
not decide if it will eventually stop expanding or if it will go on forever. That means that the 
total kinetic energy of the universe is almost exactly equal to the total potential energy, but 
opposite in sign, so that the total energy of the universe must be unbelievably close to zero. 
We thus say that the universe is flat. This is analogous to the situation of shooting off a gun 
from the surface of Earth. If you shoot the gun so that the bullet has an initial speed that 
is large compared to the escape speed, then it will easily leave Earth, whereas if the initial 
speed is smaller than the escape speed, then the bullet will fall down again. Now imagine 
that after billions of years we still cannot decide if the bullet will eventually fall back down 
to Earth or will keep going! (As an aside, we note that very recent results seem to imply 
that the universe is dominated by dark energy, which is slowly causing the re-acceleration 
of the universe, presenting yet another mystery. We have already mentioned this result in 
Chapter 12. Thus it seems likely that, according to what we know now, that the universe will 
continue to expand forever.) 

A model proposed by Alan Guth in 1980 and later expanded on by others answers all 
three questions in the same model framework, one that sounds like science fiction: A very 
short fraction of time after the Big Bang, the universe went through a very rapid period of 
inflation. Figure 39.43 depicts this inflation. The idea is that approximately 10™ s after the Big 
Bang, the universe was at a temperature of around 10” K and in a process of rapid cooling. It 
then became supercooled. This is analogous to freezing rain still being liquid while at a tem- 
perature at which water should be frozen. When the freezing rain hits the ground, the relatively 
small impact shock creates fluctuations that increase exponentially and cause the formation 
of very smooth ice. The supercooled state of the freezing raindrop is a false ground state, and 
small fluctuations cause it to make a transition to the true ground state, ice. At the onset of 
the period of inflation, the universe also entered a false ground state and became supercooled 
(albeit still at astronomically high temperature). The transition to the true ground state caused. 
an exponential expansion in size, resulting in the smoothness of the distribution of matter and 
radiation still seen today in the cosmic microwave background radiation. 
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Quantum 
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1st Stars 
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FIGURE 39.43 Illustration for 
the concept of inflation in the early 
universe. 
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After the reheating of the inflationary period, which may have lasted until 10°” s, the 
universe entered a radiation-dominated era that lasted until approximately 10™ s. During 
this time the temperature T continued to fall gradually and inversely proportional to the 
square root of the time t, 

15-10" K s? 


vt 


The electromagnetic and weak forces parted ways at approximately 10™ s. At that point, the 
W and Z bosons became massive, through a process called spontaneous symmetry breaking, 
and subsequently decayed away rapidly. (Perhaps it is instructive to look at another example 
of spontaneous symmetry breaking, to illustrate the concept: In liquid water, the water mol- 
ecules can have any arrangement and orientation. However, in the process of freezing, this 
symmetry has to be broken to force the molecules into the crystalline structure of ice.) 


T(t)= (39.17) 


Quark-Gluon Plasma 


After 10" s, and lasting until about 10 s, the universe was a mixture of 
quarks, gluons, and leptons, forming a plasma. Despite carrying color 
charges, the quarks and gluons were asymptotically free due to the high 
temperatures. At about 10~ s the universe had cooled to a temperature of 
approximately 2.1-10'* K (180 MeV). Lattice-QCD calculations indicate 
that at this temperature the quarks and gluons coalesced into color singlets. 
Amazingly, the quark-gluon state of matter that dominated the 
early universe from 10°'’ s to 10“ s after the Big Bang can be recreated 
in accelerator-based experiments today. Experiments at the Relativistic 
Heavy Ion Collider in Brookhaven, Long Island (and starting in 2010 at 
the Large Hadron Collider), use colliding beams of gold nuclei with total 
kinetic energy of up to 20 TeV each at RHIC (and up to 550 TeV at the 


FIGURE 39.44 Event display from a gold + gold LHC) to probe the conditions during the early time evolution of the uni- 
collision at the Relativistic Heavy Ion Collider. Each line verse and to produce small volumes of the quark-gluon matter. However, 
represents the track that one of the over 5000 produced this state of matter only lasts less than 10” s in the laboratory before it 
particles has left in the STAR detector. From these tracks explodes into more than 5000 particles, mainly pions. A RHIC event is 
scientists are trying to determine the properties of the displayed in Figure 39.44. 


quark-gluon state that was created transiently during 


the nuclear collision and learn about the history of our 


universe. 


Nucleosynthesis 


As the universe emerged from its quark-gluon phase at a time of 10“*s after 

the Big Bang, it consisted overwhelmingly of photons, electrons, posi- 
trons, neutrinos, and anti-neutrinos. A small number of protons and neutrons—the lightest 
color singlets into which the quarks could condense—were also present. The protons and 
neutrons were constantly converted into each other via the reactions 


eee 
a a a (39.18) 


n+e pty. 


This was easily possible because the temperature was still on the order of 10™ or 10° K, which 
corresponds to 10 to 100 MeV, much larger than the mass difference of the neutron and the 
proton, which is only 1.293 MeV/c’. This means that the protons and neutrons were in equi- 
librium, with their relative numbers determined by the ratio of their Boltzmann factors: 


2 
ig ne aE (39.19) 


Ny 


As the universe reached a temperature of approximately 10'° K (~0.86 MeV), the reactions 
of equation 39.18 proceeded too slowly to maintain equilibrium. At this point, the ratio of 
neutrons to protons froze out at the value e-'”*°*° = 0,222. This means that there were then 
about 22 neutrons for every 100 protons present. At this time, the universe was at an age of 1 
second. However, the temperature was still too high at this time for nuclei to form. Instead, 
all neutrons remained free, and thus free to beta decay according to equation 39.16, with a 
15-minute lifetime. 


After 100 s, the universe had cooled down to 10° K, and due to beta decay, only about 16 
neutrons were left for every 100 protons. This was the point where alpha particles (consisting 
of two neutrons and two protons each) could form, and essentially all available neutrons were 
bound in them. Small traces of deuterium, tritium, helium-3, and lithium (more on these in 
the next chapter) were also formed. Sixteen neutrons and 16 protons can form 8 alpha par- 
ticles. Therefore, the total mass fraction of nucleons trapped inside alpha particles at that time 
was 16 + 16 out of 100 + 16: (16+16)/(100 + 16) ~ 27%. This rough estimate is consistent with 
the observed primordial mass fraction of 23% helium (alpha nucleus + electrons). This suc- 
cessful prediction is considered one of the greatest successes of the Big Bang theory. 

The radiation dominance ended at approximately 10™ s (~ 3000 years), when the tempera- 
ture had reached 10° K. As the temperature fell further below approximately 3000 K (~ 0.25 eV), 
electrons were captured by the protons and alpha particles to form neutral hydrogen and helium 
atoms. A photon needs to have at least 10.2 eV energy to excite a hydrogen atom electron from 
the 1s to the 2s state (see Chapter 38), so the photons then had many fewer electrons to scatter 
from, and thus the opacity of the universe dropped. At that time, photons were able to roam 
freely through the universe and the radiation decoupled from matter. The photons thus showed 
a perfect blackbody spectrum with the temperature of the universe at the time of decoupling. 
The universe was then about 10” s (~ 300,000 years) old. These freely roaming photons are still 
visible today, and they form the cosmic microwave background (CMB). 

Why are the CMB photons now showing a temperature of 2.725 K, approximately 1000 
times lower than the original temperature? The answer is that the photons have been stretched 
due to the expansion of the universe. The scale factor of the universe is now approximately a 
factor R = 1100 times bigger than it was at the time the CMB decoupled. This means that the 
wavelengths of these photons are now A = RA,. According to Wien’s displacement law (see 
Chapter 36), the wavelength À „ at which the blackbody spectrum has its maximum is related 
to the temperature as À mT = const. Consequently, with the expansion of the wavelengths by 
a factor of 1100, the temperature has to fall by the same factor. (Figure 39.41 indicates this 
effect schematically by stretching the wavelength of the CMB photons and shifting the color 
toward the longer wavelengths.) 

What followed in the universe was a period of darkness, of a few million years perhaps, 
before the first stars were formed through the gravitational interaction in the gas of hydro- 
gen and helium atoms. Our own Solar System formed approximately 4.5 billion years ago, 
about 9 billion years after the Big Bang. In Figure 39.41, this point in time corresponds to the 
last gray vertical line, which in this logarithmic scale is only ever so slightly to the left of the 
present, which is marked by the red dot at a time of 4.3- 10” s after the Big Bang. Chapter 
40 will return to the nuclear physics that went into the formation of the heavy elements that 
make up the majority of our Earth. Their presence cannot be explained based on Big Bang 
cosmology alone and requires other events, which we will explore. 

From this short narration of the Big Bang cosmology, it is clear how particle physics at 
the smallest imaginable scales is intimately connected to astronomy at the largest possible 
scales. This amazing connection between the smallest and largest has fascinated physicists 
for the last 60 years and continues to do so, with new results being discovered each year. 
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= The reductionist quest to reduce systems into their = A cross section has the physical dimension of area and is 


component parts is a main theme in science, and has measured in units of barn (b), or millibarn (mb): 
1b 105? moat mb — 1 Qe mm. 


its present culmination in particle physics. While 
an equally valid methodology exists to understand 
complexity and emergent structure, the present 
chapter focuses on reductionism in particle physics. 


2 
2 
= Substructure is probed using scattering experiments. da _|kZ,Z,e 


= The classical Rutherford cross section for scattering 
from a pointlike target by the Coulomb interaction is 


1 


The scattering cross section is defined as dQ, 


Ae Number of reactions per scattering center/s 


Number of impinging particles/s/m? 


4K 


sin'(16) 
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For scattering of a plane wave off a point source, the 
scattering wave function is 


Prorat (7) = Yi (7) + Wp (T= N 


el KOE | 
r 


and the cross section is related to the scattering 


amplitude as 
do 2 
qo. =|f (0) : 


The form factor is the Fourier transform of the density 


distribution, 
2 


F’(Ap)= 


1 f ol7 ee May 
e 


and measures the deviation of the scattering cross 
section from the Rutherford cross section of a pointlike 
target, 


do [5] - F” (Ap). 

dQ dQ point 

Elementary fermions have spin +f and include the six 
quarks (up, down, strange, charm, bottom, top), the 
electron-, muon-, and tau-leptons, and the electron-, 
muon-, and tau-neutrinos. Each of these 12 fermions 
has an antiparticle. Quarks all have non-integer charges 
of -4e or +2e and cannot be observed in isolation. 


Elementary bosons are the mediators of the 

interactions between the fermions. They are the photon 
(electromagnetic), W and Z boson (electroweak), gluon 
(strong), and graviton (gravitational). The graviton is 
yet to be found experimentally. Gluons can also interact 
with other gluons. 


The interaction of fundamental particles can be 
represented pictorially by Feynman diagrams, and 
calculations can be performed based on expressing each 
step of the interaction in terms of Feynman diagrams. 


The standard model of particle physics has several 
possible extensions, none of which has received 
experimental confirmation up to now. At the Planck 
scale, a grand unified theory of all forces is postulated, 


KEY TERMS 


which allows for decay of the proton on very long 
time scales. Supersymmetry is another extension of 
the standard model, which postulates the existence of 
a supersymmetric partner for every known fermion 
and boson. Other theories with fundamental appeal 
are string theories, which hold that the dimensionality 
of space-time is 11, with the other dimensions 
compactified on very small scales. 


Elementary quarks and antiquarks can combine to 
form color singlets, which are particles that can be 
observed in isolation. A quark and an antiquark can 
form a meson (pion, kaon, etc.). Three quarks can 
form baryons (proton, neutron, delta, lambda, etc.). 
The only stable baryon is the proton, and none of the 
mesons is stable. Lifetimes of the unstable particles 
vary from 10” s to 15 minutes. 


Because gluons carry color charge, they can interact with 
other gluons. This leads to confinement of quarks. The 
theory of the interaction of quarks and gluons, quantum 
chromodynamics, can only be solved analytically with 
perturbation theory in the realm of large momentum 
transfer and short distances. There the elementary 
particles show asymptotic freedom. For low-momentum 
transfers and large distances, the only solution method is 
lattice-QCD simulated on a computer. 


The history of the early universe at fractions of a 
second after the Big Bang is dominated by particle 
physics. The early inflationary phase has left traces 

in the isotropy of the cosmic microwave background 
radiation, which originated 300,000 years after the Big 
Bang at a temperature of 3000 K and cooled down to 
the presently observed 2.725 K due to the expansion of 
the universe. The quark-gluon plasma phase transition 
of the early universe can be probed in the laboratory 
with relativistic heavy ion collisions. The primordial 
fraction of 23% helium relative to hydrogen in the 
universe can be explained from the neutron-proton 
mass difference, which fixed the ratio of proton and 
neutron numbers to 
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NEW SYMBOLS AND EQUATIONS 


y Number of reactions per scattering center/s 


, scattering 
Number of impinging particles/s/m? 


cross section 
ke? e 1 


= = = , fine-structure constant 
he = =Amefic 137.036 137 


a= 


Questions 1321 


l n, - n7 = constant, total lepton number 


net — 


Qaret = n, — ng = constant, net quark number 


ANSWERS TO SELF-TEST OPPORTUNITIES 


39.1 c—>s+ ut +v, and t=>b+r +r, 
39.2 The Planck energy is most straightforwardly obtained 
by multiplying the Planck mass with two powers of the 
speed of light: 

he 


E, =m, =4/—— =1.96-10° J =1.22-10° GeV. 
G 


MULTIPLE-CHOICE QUESTIONS 


39.1 The de Broglie wavelength, A, of a 5-MeV alpha particle 
is 6.4 fm, as shown in this chapter, and the closest distance, 

T miw tO the gold nucleus this alpha particle can get is 45.5 fm 
(calculated in Example 39.1). Based on the fact that À < fmin 
one can conclude that, for this Rutherford scattering 
experiment, it is adequate to treat the alpha particle as a 


a) particle. b) wave. 

39.2 Which of the following is a composite particle? (select 
all that apply) 
a) electron c) proton 
b) neutrino d) muon 

39.3 Which of the following formed latest in the universe? 
a) quarks d) helium nuclei 
b) protons and neutrons e) gluons 


c) hydrogen atoms 


39.4 An exchange particle for the weak force is the 


a) photon. c) W boson. e) gluon. 
b) meson. d) graviton. 


QUESTIONS 


39.8 Which of the following reactions cannot occur, and why? 
a) p> mn c) A°(1116) > pK r 

d) A°(1450) — pK r* 

39.9 Between neutron scattering and electromagnetic 
waves scattering (like X-rays or light), which of the two 
would be more appropriate for investigating the scattering 
cross section of the atom as a whole, and which would be 
more appropriate for investigating the nucleus of an atom? 
Which one will depend on Z, the atomic number? 


b) pr — ne* 


39.3 Most of these are already listed in Table 39.4, with the 
exception of the }* and Œ*, which have the same constitu- 
ent quark composition as the È and &, respectively. 


39.5 Which of the following particles does not have integer 
spins? 

a) photon c) w meson 
b) m meson d) v, lepton 

39.6 At about what kinetic energy will the length scale 
probed by the a particle cross over from the classical 


formula to the relativistic formula? 

a) 0.3 GeV c) 3 GeV 

b) 0.03 GeV d) 30 GeV 

39.7 Which of the following experiments proved the 
existence of the nucleus? 

a) the photoelectric effect 

b) the Millikan oil-drop experiment 

c) the Rutherford scattering experiment 

d) the Stern-Gerlach experiment 


39.10 Consider a hypothetical force mediated by the 
exchange of bosons that have the same mass as protons. 
Approximately what would be the maximum range of such 
a force? You may assume that the total energy of these 
particles is simply the rest-mass energy and that they travel 
close to the speed of light. If you do not make these assump- 
tions and instead use the relativistic expression for total 
energy, what happens to your estimate of the maximum 
range of the force? 
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39.11 Looking at Table 39.3, do the constituent quarks 
uniquely define the type of meson? 


39.12 A free neutron decays into a proton and an elec- 

tron (and an anti-neutrino). A free proton has never been 
observed to decay into anything. Why then do we consider 
the neutron to be as “fundamental” (at the nuclear level) a 
particle as the proton? Why do we not consider a neutron to 
be a proton-electron composite? 


39.13 Ina positron annihilation experiment, positrons are 
directed toward a material such as a metal. What are we likely 
to observe in such an experiment, and how might it provide 
information about the momentum of electrons in the metal? 
39.14 Ifthe energy of the virtual photon mediating an electron- 
proton scattering, e +p —> e + p, is given by E, what is the 
range of this electromagnetic interaction in terms of E? 
39.15 Describe the following Feynman diagrams and the 
physical processes they represent: 


(a) (b) (c) 


39.16 The text describes and sketches the basic Feynman 
diagram for the fandamental process involved in the decay 
of the free neutron: One of the neutrons d-quarks converts 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One « and two ee 
indicate increasing level of problem difficulty. 


Section 39.2 


39.23 A 4.50-MeV alpha particle is incident on a platinum 
nucleus (Z = 78). What is the minimum distance of ap- 
proach, rain? 

39.24 A 6.50-MeV alpha particle is incident on a lead 
nucleus. Because of the Coulomb force between them, the 
alpha particle will approach the nucleus only to a minimum 
distance, r 


min’ 

a) Determine fmin: 

b) Ifthe kinetic energy of the alpha particle is increased, 
will the particle’s distance of approach increase, decrease, or 
remain the same? Explain. 

39.25 A 6.50-MeV alpha particle scatters at a 60.0° angle off 
a lead nucleus. Determine the differential scattering cross 
section of the alpha particle. 


39.26 Protons with kinetic energy of 2.00 MeV scatter off 
gold nuclei in a foil target. Each gold nucleus contains 79 
protons. If both the incoming protons and the gold nuclei 
can be treated as point objects, what is the differential scat- 


to a u-quark, emitting a virtual W` boson, which decays 
into an electron and an electron anti-neutrino (the only 
decay energetically possible). Similarly describe and sketch 
the basic (tree-level) Feynman diagram for the fundamental 
process involved in each of the following decays: 

a) me tvt d) KS +9, 
b) To 7 +r e) A> ptm 
c) At pr 


39.17 Does the proposed decay n — p + m` violate any 
conservation rules? 


39.18 Consider the proposed decay 7* — u* + v, + Ve Can 
this decay occur? 


39.19 Consider the proposed reaction 7° + n + K + >*. 
Can this reaction occur? 


39.20 How do we know for certain that the scattering 
process e* + v, — e* + v, proceeds through an intermedi- 
ate Z boson, and cannot proceed through an intermediate 
charged W boson, while both options are possible for 

e +p, S etve 

39.21 What baryons have a quark content of uds? What is 
the mass of these baryons? 


39.22 In the following Feynman diagram for proton- 
neutron scattering, what is the virtual particle? 


tering cross section for the protons to scatter off the gold 
nuclei at an angle of 30.0° from their initial velocity? 


39.27 The de Broglie wavelength, À, of a 5.00-MeV alpha 
particle is 6.40 fm, as shown in this chapter, and the closest 
distance, fmin to the gold nucleus this alpha particle can get 
is 45.5 fm (calculated in Example 39.1). How does the ratio 
Tmin/A vary with the kinetic energy of the alpha particle? 

°39.28 A Geiger-Marsden type experiment is done by bom- 
barding a 1.00-j.m thick gold foil with 8.00-MeV alpha rays. 


Calculate the fraction of particles scattered to an angle 

a) between 5.00° and 6.00° and 

b) between 30.0° and 31.0°. 

(The atomic mass number of gold is 197 and its density is 
19.3 g/cm°.) 

39.29 The differential 
scattering cross section for 
particles to scatter by 55° off 55° \ 
a target is 4.0.10 °% met E 
A detector with an area of 
1.0 cm’ is placed 1.0 m away 
from the target in order to 
detect particles that have been scattered at 55°. If 3.0- 10!” 


Detector 


eco. Area = 1.0 cm? 
Ss 


particles hit the 1.0-mm/-area target every second, how 
many will strike the detector every second? 


39.30 Some particle detectors measure the total number 

of particles integrated over part of a sphere of radius R from 
the target. Assuming symmetry about the axis of the incom- 
ing particle beam, use the Rutherford scattering formula to 
obtain the total number of particles detected as a function of 
the scattering angle 0. 


ee39.31 Evaluate the form factor and the Coulomb scattering 
differential cross section do/dQ, for a beam of electrons scat- 
tering off a uniform-density charged sphere of total charge 
Ze and radius R. Describe the scattering pattern. 


Section 39.3 


39.32 A proton is made of 2 up quarks and a down quark 
(uud). Calculate its charge. 


39.33 Use the fact that the observed magnetic moment of 
the proton is 1.4-10-*° A m° to estimate the speed of the 
quarks. For this estimate, assume that the quarks move in 
circular orbits of radius 0.80 fm and that they all move at the 
same speed and direction. Ignore any relativistic effects. 


39.34 Determine the approximate probing distance of a 
photon with an energy of 2.0 keV. 


39.35 Draw a Feynman diagram for an electron-proton 
scattering, e + p — e + p, mediated by photon exchange. 


39.36 Based on the information in Table 39.2, what is the 
approximate upper bound on the range of a reaction medi- 
ated by the Higgs boson? 

39.37 Draw possible Feynman diagrams for the following 
phenomena: 

a) protons scattering off each other 

b) neutron beta decays to a proton: n — p + e- + T, 

39.38 A proton and neutron interact via the strong nuclear 
force. Their interaction is mediated by a particle called a me- 
son, much like the interaction between charged particles is me- 
diated by photons—the particles of the electromagnetic field. 


a) Perform a rough estimate of the mass of the meson from 
the uncertainty principle and the known dimensions of a 
nucleus (~10-'° m). Assume the meson travels at relativistic 
speed. 

b) Usea line of reasoning similar to the one in part (a) to 
prove that the theoretically expected rest mass of the photon 
is zero. 


Section 39.5 

39.39 How many fundamental fermions are there in a car- 
bon dioxide molecule? 

39.40 Suppose a neutral pion at rest decays into two identi- 
cal photons. 

a) What is the energy of each photon? 

b) What is the frequency of each photon? 


c) To what part of the electromagnetic spectrum does this 
correspond? 
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°39.41 Draw a quark-level Feynman diagram for the decay 
of a neutral kaon into two charged pions, K OTT. 


Section 39.6 


39.42 During the radiation-dominated era of the universe, 
the temperature was falling gradually according to equa- 
tion 39.17. Using Stefan’s Law, find the time dependence 

of background-radiation intensity during the radiation- 
dominated era. 


39.43 Use equation 39.17 to estimate the temperature and 
age of the universe at about the time protons and neutrons 
began to form. 


39.44 Three hundred thousand years after the Big Bang, the 
average temperature of the universe was about 3000 K. 


a) At what wavelength of radiation would the blackbody 
spectrum peak for this temperature? 

b) To what portion of the electromagnetic spectrum does 
this correspond? 


239.45 At about 10% s after the Big Bang, the universe had 
cooled to a temperature of approximately 10” K. 


a) Calculate the thermal energy. 


b) Explain what would happen to most of the hadrons— 
protons and neutrons. 


c) Explain also about the electrons and positrons in terms 
of temperature and time. 


39.46 Three hundred thousand years after the Big Bang, 
the temperature of the universe was 3000 K. Because of 
expansion the temperature of the universe is now 2.75 K. 
Modeling the universe as an ideal gas and assuming that the 
expansion of the universe is adiabatic, calculate how much 
the volume of the universe has changed. If the process is ir- 
reversible, estimate the change in the entropy of the universe 
based on the change in volume. 


°39.47 The fundamental observation underlying the Big 
Bang theory of cosmology is Edwin Hubble's 1929 discov- 
ery that the arrangement of galaxies throughout space is 
expanding. Like the photons of the cosmic microwave back- 
ground, the light from distant galaxies is stretched to longer 
wavelengths by the expansion of the universe. This is not a 
Doppler shift: Except for their local motions around each 
other, the galaxies are essentially at rest in space; it is the 
space itself that expands. The ratio of the wavelength of light 
Avec Earth receives from a galaxy to its wavelength A emit at 
emission is equal to the ratio of the scale factor (e.g., radius 
of curvature) a of the universe at reception to its value at 
emission. The redshift z of the light—which is what Hubble 
could measure—is defined by 1 + Z =A pec/À emit = Frec/ Aemit: 


a) Hubble’s Law states that the redshift z of light from a 
galaxy is proportional to the galaxy’s distance from us (for 
reasonably nearby galaxies): z = c ‘HAs, where c is the 
vacuum speed of light, H is the Hubble constant, and As 

is the distance of the galaxy. Derive this law from the first 
relationships stated in the problem, and determine the 
Hubble constant in terms of the scale-factor function a(t). 
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b) Ifthe present Hubble constant has the value 

H, = 72 (km/s)/Mpc, how far away is a galaxy, the light 
from which has redshift z = 0.10? (The megaparsec 
(Mpc) is a unit of length equal to 3.26- 10° light-years. 
For comparison, the Great Nebula in Andromeda is 
approximately 0.60 Mpc from us.) 


Additional Problems 


39.48 What is the minimum energy of a photon capable of 
producing an electron-positron pair? What is the wave- 
length of this photon? 


39.49 a) Calculate the kinetic energy of a neutron that has 
a de Broglie’s wavelength of 0.15 nm. Compare this with the 
energy of an X-ray photon that has the same wavelength. 


b) Comment on how this would be relevant for 
investigating biological samples with neutrons vs. X-rays. 


39.50 A photon can interact with matter by producing a 
proton-antiproton pair. What is the minimum energy the 
photon must have? 


39.51 Suppose you had been doing an experiment to probe 
structure on a scale such that you needed electrons of 100. eV 
kinetic energy. Then a neutron beam became available to 
you to do the experiment. What energy of neutrons would 
you need to get the same resolution? 


39.52 What is the de Broglie wavelength of an a particle 
that has a kinetic energy of 100. MeV? According to Figure 
39.13, how does this wavelength compare to the distance 
that can be probed by this æ particle? 


39.53 One of the elementary bosons for the electroweak 


interaction is the Z° boson having the mass of 91.1876 GeV/c’. 


Find the order of magnitude of the range of the weak 
interaction. 


39.54 What are the wavelengths of the two photons pro- 
duced when a proton and antiproton at rest annihilate? 


39.55 Estimate the cross section of a A particle decay (into 
pm’, pev.) if the time it takes for this weak interaction to 
occur is ~ 10™ s. 


39.56 Determine the classical differential cross section for 
Rutherford scattering of alpha particles of energy 5.00 MeV 
projected at uranium atoms at an angle of 35.0° from the 
initial direction. Assume point charges for both the target 
and the projectile atoms. 


39.57 The Rutherford experiment successfully demonstrat- 
ed the existence of the nucleus and put limits on the size of 
the nucleus from the scattering of alpha particles from gold 


foils. Assume the alpha particle was fired with a speed of 
about 5.00% of the speed of light. 


a) Derive the upper bound of the radius of nucleus in 
terms of speed of the alpha particle that is scattered in the 
backward direction. 

b) Calculate the approximate radius of the gold nucleus 
with this information. 


39.58 Ifa neutrino beam of 300. GeV energy is passed 
through a 1.00-cm-thick sheet of aluminum, how much of 
the beam is attenuated, if the cross section of interactions is 
given by o(E) = (1.00. 1078 cm? GeV ')E? 


°39.59 An electron-positron pair, traveling toward each 
other with a speed of 0.99c with respect to their center of 
mass, collide and annihilate according to e + e* > y+ y. 
Assuming the observer is at rest with respect to the center of 
mass of the electron-positron pair, what is the wavelength of 
the photons? 


e39.60 A Geiger-Marsden experiment, where a particles 
are scattered off of a thin gold film, yields an intensity of 
particles of I(90°) = 100. counts/s at a scattering angle of 
90° +1°. What will be the intensity of particles at a scatter- 
ing angle of 60° +1° if the scattering obeys the Rutherford 
formula? 


39.61 Electron and positron beams are brought together 
into collision, and pairs of tau-leptons are produced. If the 
angular distribution in the laboratory of the tau-leptons 
varies as (1 + cos’), what fraction of the tau-lepton pairs 
would be captured in a detector that covers only the angles 
60° to 120°? 


39.62 Within three years after it begins operation, the 
proton beam at the Large Hadron Collider at CERN is ex- 
pected to reach a luminosity of 10° cm™s ' (this means that 
in a 1-cm’ area, 10 protons encounter each other every 
second). The cross section for collisions, which could lead 
to direct evidence of the Higgs boson, is approximately 1 pb 
(picobarn). [These numbers were obtained from “Introduc- 
tion to LHC physics,’ by G. Polesello, Journal of Physics: 
Conference Series 53 (2006), 107-116.] If the accelerator 
runs without interruption, approximately how many of 
these Higgs events can one expect in one year at the LHC? 


ee39.63 Evaluate the form factor and the Coulomb-scattering 
differential cross section do/dQ, for a beam of electrons scat- 
tering off a thin spherical shell of total charge Ze and radius a. 
Could this scattering experiment distinguish between the 
thin-shell and solid-sphere charge distributions? Explain. 


Nuclear Physics 
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Our Sun, the giant nuclear fusion reactor that provides almost all 
of our energy resources, taken with the Extreme Ultraviolet Imaging Telescope on 
the SOHO spacecraft using UV light with wavelength 30.4 nm. 
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WHAT WE WILL LEARN 
a 


The atomic nucleus is composed of nearly equal a 
numbers of protons and neutrons (nucleons), 

densely packed so that the nuclear volume increases 
approximately linearly with the mass number (which 

equals the number of nucleons). 


Nucleons interact primarily via the strong interaction, 


Unstable isotopes and their excited states can decay 
in three primary ways. Alpha decay is the emission 
of a helium-4 nucleus. Beta decay is a weak 
interaction process and results in either the emission 
of an anti-neutrino and an electron, the emission of 
a neutrino and a positron, or the capture of an 


electron by the nucleus along with the emission of 
a neutrino. Gamma decay is the emission of a high- 
energy photon. 


which has a short range, on the order of 107° m. 


= Only 251 stable isotopes are known to exist. More than 
2400 unstable isotopes have been discovered up to now, 
with several thousand additional isotopes yet to be 
discovered. 


= Energy can be released from nuclear reactions in 
two primary ways—fission and fusion. In fission, 
a massive nucleus splits into two medium-mass 
nuclei and a few neutrons. In fusion, two light 
nuclei merge into a heavier one. 


= Nuclear masses can be measured very precisely, 
typically with the precision of one part in 100 million. 
From knowing the masses, we can calculate the binding 
energy of the isotopes, as well as the Q-values of 
nuclear reactions. The Q-value determines whether or 
not a reaction is allowed by energy conservation, and is 
used to find how much energy the reaction releases. u 


= Neutron-induced nuclear fission and the ensuing 
chain reactions can be used for nuclear power 
plants, but also for nuclear weapons. 


Nuclear fusion powers most stars and is responsible 
for the creation of the light emitted by stars as 

well as the medium-mass elements up to iron and 
nickel. 


= Several different models of the nucleus can be 
constructed. One model is based on the assumption that 
nuclear matter behaves like a liquid drop. This liquid- 
drop model explains the systematics of the nuclear a 
binding energy. Another model is based on a quantum 
gas of particles trapped inside the nuclear walls. A 
third class of models takes into account the angular 
momentum quantum numbers and yields a shell model 
picture not unlike the electron shells in the atom. 


Elements heavier than iron are predominantly 
produced in supernova explosions. 


= Nuclear physics has many applications in medicine, 
both in diagnostics and in the radiation treatment 
of cancers. 


Almost all of the energy resources used on Earth trace back to nuclear reactions. The over- 
whelming majority of these resources are due to our Sun (Figure 40.1), which at its core is 
a nuclear fusion reactor. Given this dependence on nuclear reactions, it becomes important 
to try to understand them better. 

Chapter 39 explained that most of the mass of an atom resides in a small central region 
called the nucleus. This chapter explores the physics of the nucleus, which offers unique 
insights into the behavior of matter at its most basic level. 

We will examine several models that help explain the properties of the nucleus, par- 
ticularly those that explain the stability of some nuclei and the decay modes of others. That 
most nuclei are unstable, or radioactive, has led to many important applications of nuclear 
physics, including nuclear power, nuclear weapons, and nuclear medicine. In addition, 
studies of nuclear properties have contributed to our understanding of astronomy and of 
the origin of the chemical elements in the life cycles of stars. 


40.1 Nuclear Properties 


Isotopes 


The atomic nucleus consists of two kinds of nucleons: protons and neutrons. These nucle- 
ons are held together by the strong interaction. However, not all combinations of protons 
and neutrons are possible, because of the limitations imposed by the strong interaction, the 
Coulomb interaction, and quantum mechanics. The number of protons, Z, inside a nucleus 
determines the element that is formed. Z is the charge number, which is sometimes called 


the atomic number. For a given element, different numbers of neutrons, N, are possible. 
Nuclei of the same element with different numbers of neutrons are called isotopes. The 
total number of protons and neutrons combined is called the mass number, A 


A=Z+N. (40.1) 


Conventionally, a given nucleus is denoted by the symbol that represents its atom in the 
periodic table, with a superscript for the mass number of the isotope on the left and a sub- 
script for the charge number on the left, and sometimes a subscript for the number of neu- 
trons on the right. For example, the nucleus formed by 8 protons and 9 neutrons is written 
as 12O, and the nucleus formed by 92 protons and 146 neutrons is writen as 735U,4,. This 
is the most complete notation for isotopes. However, most of the time the subscript on the 
right is omitted, because the neutron number is simply N = A - Z and thus can be computed 
easily with the information provided by the sub- and superscripts on the left. Most practic- 
ing nuclear physicists also omit the subscript for the charge number; they simply assume we 
know that uranium has 92 protons and oxygen has 8 protons. Thus, you can see the above 
two isotopes written in many nuclear physics textbooks as 1O (pronounced: “oxygen sev- 
enteen”) and ***U (pronounced: “uranium two-thirty-eight”). In this book, we will carry the 
subscript for the charge number, but not that for the neutron number. The above isotopes of 
oxygen and uranium are thus written as "O and *35U. 

The only two isotopes that have historically received a special name are the hydrogen 
isotopes of deuterium (H = d, an atom made up of a nucleus with a proton and a neutron, 
and a single electron) and tritium (7H = t, an atom made up of a nucleus with a proton and 
two neutrons, and a single electron). 

What kinds of isotopes are found in nature? The answer to this question will occupy 
us several times during the course of this chapter. The overwhelming majority of isotopes 
decay in time. Only 251 stable isotopes are known, and they are shown in Figure 40.2, 
where each of them is marked by a purple square at the point that marks its neutron and 
proton number. 

Right away, we can see that there is no stable isotope with Z > 83 (bismuth). Also, note 
that there are no stable isotopes for Z = 43 (technetium) or for Z = 61 (promethium). Fur- 
ther, it is apparent that only a few stable isotopes occur for each Z value, and they are located 
along a narrow valley in this plot, the “valley of stability” For small values of N, this valley 
follows the N = Z line, which is shown as the diagonal gray line in the plot. However, for 
N ~ 20 the valley of stability begins to veer off this line toward the neutron-rich ( N > Z) side. 
This effect is due to the Coulomb interaction among the protons, which also limits the size of 
the largest nucleus. The next section discusses this feature in more quantitative detail. 
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FIGURE 40.2 Stable isotopes, 
marked with purple squares, as a func- 
tion of the neutron and proton number. 
The gray line marks the N = Z line. 
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FIGURE 40.3 Schematic drawing of 
the nucleon-nucleon potential (blue). 
At the point labeled 77, two-pion 
exchange begins to dominate. At 

the point labeled 7717, three-pion 
exchange becomes important. The 
one-pion exchange Yukawa potential is 
shown in red. 


Nuclear Interactions 


It is not convenient to describe the strong interaction between nucleons based on gluon 
exchange using the formalism of QCD, described in Chapter 39. Instead, it is more effi- 
cient to construct effective interactions based on the exchange of color-singlets between the 
nucleons (which are also color-singlets). Since the least massive color-singlets are mesons, 
and the least massive of these is the pion, description of the nucleon-nucleon interaction in 
terms of pion exchange has been very successful. Historically, these pion exchange poten- 
tials had already been formulated before the strong interaction was understood in terms of 
quarks and gluons, but now we begin to understand why they have been so successful. 

The Japanese physicist Hideki Yukawa (1907-1981) invented the pion exchange poten- 
tial theory in 1935 and won the 1949 Nobel Prize in Physics for this achievement. The 
Yukawa potential is conventionally written in the form 


el Ra 
U(r)=-g EE (40.2) 


where g is a real number and is the effective coupling constant in the same way that ke’ is 
the coupling constant for the Coulomb potential of the electrostatic interaction. Here R, is 
the range of the potential and is given by the pion mass as 
R=- h _ he _ 197.3 MeV fm 
j mC m,e 139.6 MeV 


=1.413 fm. 


The derivative of the one-pion exchange potential with respect to r is greater than zero, so 
the corresponding force (F(r) = -dU(r)/dr) is attractive at all distances r. 

The one-pion exchange potential is a very good approximation to the nucleon-nucleon 
potential at large separation. However, at shorter distances, two- and three-pion exchanges 
dominate the nucleon-nucleon interaction. Here the effective nucleon-nucleon potential is 
strongly repulsive at short distances, thus preventing nucleons from penetrating each other. 
Schematically, the nucleon-nucleon potential is shown in Figure 40.3. It varies depending 
on the spin and isospin projections (proton or neutron) of the two nucleons involved in the 
interaction, but has the general shape shown in the graph, with the minimum located at 
approximately 1 fm. 


Nuclear Radius and Nuclear Density 


Because the strong nuclear interaction is very short-range, what is most important for 
nuclear physics is the nearest-neighbor interaction between nucleons. The repulsive core 
of the potential prevents the nucleons from penetrating each other, so it has become 
common to visualize the nucleus as a roughly spherically shaped and densely packed col- 
lection of nucleons. This means that the volume of the nucleus should be proportional to 
the mass number A. Since the volume of a sphere is proportional to the third power of 
the radius, we find that the third power of the nuclear radius is proportional to its mass 
number, or, alternatively, 


R(A)=R,A™?, (40.3) 


where the constant Ry = 1.12 fm has been determined experimentally. 


EXAMPLE 40.1 { Nuclear Density 


PROBLEM 


What is the nuclear matter density, that is, the mass density inside an atomic nucleus? 


SOLUTION 

Since the nucleus can be approximated by a sphere with radius given by equation 40.3, 
we can calculate its volume. We know the number of nucleons inside the sphere and their 
mass, so we can find the nuclear density as the ratio of the mass over the volume. 


The volume of a nucleus of mass number A is 
AmR(AY 4TRA 

= 

This tells us that on average a nucleon occupies approximately 5.9 fm’ of space inside a 

nucleus. We can then give the number density of nucleons inside the nucleus as 

A A 

V (5.88 fm°)A 


Thus, an atomic nucleus has 0.17 nucleons per cubic-femtometer. The mass of a nucleon 
is approximately 1.67- 10” kg. Multiplying this mass of a single nucleon with the num- 
ber density of nucleons gives us the mass density of atomic nuclei: 


V 


=(5.88 fm? )A. 


=0.170 fm”. 


P= Mdeon = Moucteon é = [1.67 107 kg}(0.170 (107 m >) =2.84-107 kg/m’. 


For comparison, the density of liquid water is 10° kg/m’; thus nuclear matter density is 
approximately 280 trillion times higher than the density of liquid water. 


Electron-scattering experiments of the kind described in Chapter 39 have established that 
the density is approximately constant in the interior of a heavy nucleus, and it falls off grad- 
ually at the surface. The dependence of the number density on the radial coordinate r can 
be described by the Fermi function 

No 


n(r)= Type Re (40.4) 

where R(A) is given by equation 40.3, and the constant a has the value of 0.54 fm 1 
(Figure 40.4). The distance over which the density falls from 90% of its central value 0.9 
to 10% of the central value is conventionally defined as the nuclear surface thickness 
t. By using equation 40.4, we can show that t = 4.4a (see Solved Problem 40.2). Also, = = 
using the numerical value a = 0.54 fm, the nuclear surface thickness for large nuclei © 9 
is found to be approximately t = 2.4 fm. j 

0.1 


Nuclear Lifetimes 
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R(A) r 


The stable isotopes shown in Figure 40.2 are not the only isotopes that can exist. A FIGURE 40.4 Nuclear density profile as a 
huge number of unstable isotopes are produced through natural nuclear decays and function of the radial coordinate. 


interactions, or in the laboratory. The mean lifetime of an unstable isotope, which 
we will also call its nuclear lifetime, is the average time it exists prior to decaying. A quan- 
titative discussion of lifetimes is presented in Section 40.3. Lifetimes vary over an incredible 


range, from greater than the age of the universe to less than Stable 
a microsecond. So far, approximately 2400 unstable iso- 
topes are known to exist in addition to the 251 stable ones. 10!°s 
Theoretical predictions for the number of isotopes that can 
possibly exist range up to approximately 6000, so there are 10°s 
many yet to be discovered. 

Figure 40.5 shows the isotopes for which lifetimes 104s 
have been measured. Each square represents an isotope, 
and the color of each square indicates the isotope’s life- Is 
time, according to the scale shown on the right of the fig- 
ure. In general, lifetimes are longest for isotopes that are 10-5 
near the stable isotopes, with some lifetimes (shown in 
dark red) even exceeding the age of the universe (which m i | i ; i sigs 
is approximately 4.3-10'” s). Farther away from the stable 20 40 60 80 E ie) 
isotopes, lifetimes become rapidly shorter. Note in par- N 


ticular the very short lifetimes ofall isotopes with neutron FIGURE 40.5 Measured lifetimes of the known isotopes. 


1330 Chapter 40 Nuclear Physics 


te, 
> 


<<, 
© S 


A 


(a) 
B 


F 


(b) 
FIGURE 40.6 (a) Ion trap, which is 


used for mass measurements by measur- 
ing the ion’s cyclotron frequency. A 
U.S. silver dollar is shown for scale 
comparison. (b) The configuration of 
the electrodes and magnetic field of the 
ion trap. The green sphere signifies the 
region where the ions are trapped. 


numbers around 130, and then the longer lifetimes for larger neutron numbers and proton 
numbers around 90. These longer lifetimes include the isotopes of the actinides, most nota- 
bly thorium, uranium, and plutonium. Uranium has no stable isotopes, but the isotopes 
2U and 755U have lifetimes of 700 million years and 4.5 billion years, respectively, and thus 
live long enough to still be found in large quantities on Earth. Part of our task in the following 
discussion is to understand the systematic trends of the observed lifetimes. 


Nuclear and Atomic Mass 


The masses of the proton and of the neutron are known to great precision. The values for the 
proton mass and the proton mass-energy equivalent are 


mp = 1.672 621 637(83)-10 7 kg 
mpc =1.503 277 359(75)-10™ J 
=938.272 013(23) MeV 
and for the neutron mass and neutron mass-energy equivalent 
m, =1.674 927 211(84)-10 7 kg 


m,e =1.505 349 505(75)-10™ J 
= 939,565 346(23) MeV. 


The numbers in brackets ( ) indicate that the last two digits are uncertain by the amount in 
brackets, which is a concise notation for the standard + way of denoting the uncertainties. For 
example, the notation 1.672 621 637(83) is equivalent to writing 1.672 621 637 + 0.000 000 083. 
The stated uncertainties in the proton and neutron masses mean that they are known to 
approximately one part in 10 million. Interestingly, what limits the precision for the proton 
and neutron mass is the accuracy to which Avogadro’s constant (Chapter 13) is determined, 
or equivalently, to what precision the SI system standard kg measure is known (Chapter 1). 

Mass measurements for nuclei also reach this precision, even if the isotopes in question 
live only a few seconds or even a fraction of a second. One way to achieve this measure- 
ment is to trap a single ion of a given atom in an electromagnetic trap inside a magnetic 
field (Figure 40.6a) and then measure its cyclotron frequency w = qB/m = m = qB/w (see 
Chapter 27). Ion manipulation and storage are made possible by the electrode configura- 
tions shown in Figure 40.6b. 

Because the charge of the ion is known precisely, because it is an integer multiple of the 
electron charge, and because frequencies can be measured to essentially arbitrary accuracy by 
simply counting cycles, the limit of this type of mass measurement depends on the accuracy 
with which the strength of the magnetic field B can be measured. The magnetic field cannot be 
measured to the necessary accuracy, so we use a known reference atom and measure its cyclo- 
tron frequency in the same trap, thus measuring the unknown mass relative to the known one. 

The reference mass usually chosen is the isotope 4C. Because this isotope consists of 


12 nucleons, the atomic mass unit (u) is defined as exactly 4 of the mass of a 2C atom 
(mass of the nucleus of $C plus the mass of the six electrons bound to the nucleus via the 


Coulomb interaction). The conversion between the u, kg, and MeV/c’ is 


1 u=1.660538782(83)-10~” kg = 931.494028(23) MeV/c’. (40.5) 


«> 


Note that some older references use “amu” instead of “u; and in chemistry the term dalton (Da) 
is often used instead of u. The atomic mass unit is 1 gram divided by Avogadro's number, 


lu=lg/Nyj. 
If masses are stated in terms of the atomic mass unit and the above definition of u is 
used, then the masses of other atoms can be measured relative to that of '2C. This enables 
measurement of high precision because it is not limited by the precision to which Avogadro's 


number is known. For example, the proton and neutron masses can be specified to 10 sig- 
nificant digits (1 in 10 billion accuracy!) as 


m, = 1.007 276 466 77(10) u 
m, =1.008 664 915 97(43) u. (40.6) 


Why use the mass of the neutral atom of 'ZC, including its six electrons, as a refer- 
ence value, instead of the mass of only the nucleus of '2C ? This is simply for convenience, 
because it is very hard to strip all the electrons off an atom and only measure the mass of the 
nucleus. For the same reason, masses of all isotopes are always listed as atomic masses and 
contain the same number of electrons as protons. 

An ion trap like the one shown in Figure 40.6 can yield a precision of one part in 100 mil- 
lion for the mass measurement of an atom with a lifetime of only 1 second. This precision is 
equivalent to measuring the mass of a convoy of 10 large 18-wheel trucks, each of mass 
20 tons, to the accuracy of the weight of a single dime in the pocket of one of the truck drivers! 

The mass of a nucleus is not simply the sum of the masses of the protons and neutrons 
contained in it. Instead, the nucleus is a bound object, and it takes energy to pull it apart 
into its constituents. Chapter 35 showed that energy is stored in the form of mass, and that 
energy and mass are related through the famous Einstein formula E = mc’. Thus, the bind- 
ing energy B(N, Z) of a nucleus that consists of N neutrons and Z protons can be written 
as the difference between the mass-energy of the collection of N neutrons plus Z hydrogen 
atoms (consisting of 1 proton and 1 electron each) and the mass-energy of the atom of mass 
m(N, Z), consisting of N neutrons, Z protons, and Z electrons: 


B(N,Z)=Zm(0,1)c? + Nme -m(N,Z)c’. (40.7) 
Here m(0,1) is the mass of the hydrogen atom with 0 neutrons, 1 proton, and 1 electron, 
m(0,1) =1.007825032 u. 


Note that this value is slightly bigger than the proton mass given in equation 40.6; the dif- 
ference is due to the electron mass. 

While equation 40.7 gives an expression for the total binding energy of a nucleus, it is 
more instructive to examine the binding energy per nucleon, 


B(N,Z) _ B(N,Z) 


(N+Z) A ne 


Figure 40.7 shows the binding energy per nucleon (blue dots) for all stable isotopes as a 
function of the mass number, A. There is a strong increase for small Z, with a spike at Z = 2, a 
data point representing the binding energy of the nucleus of the helium atom—that is, 
the alpha particle. The value of the binding energy per nucleon of the alpha particle is 
B(5He)/A = 7.074 MeV. The curve reaches a maximum at iron (Z = 26) and nickel (Z = 28). 
The highest experimentally measured values of the binding energy per nucleon are 
B(SgNi)/A = 8.795 MeV, B(3¢Fe)/A = 8.792 MeV, and B(5eFe)/A = 8.790 MeV (indicated 
by the yellow circles in Figure 40.7). For Z > 28 and A > 60, the binding energy per 
nucleon falls gradually to a value slightly below 8 MeV. For A > 100 the binding energy 
per nucleon falls very nearly linearly with A, with a slope of 


A(B/A) 
AA 


=~7.1-10° MeV. 
IA>100 


In Section 40.3, we will construct models for the nucleus and try to understand why the 
binding energies of nuclei exhibit the trends shown in Figure 40.7. 

Another way to express how well a nucleus is bound is the mass excess, defined as the 
difference between the mass of a nucleus and the mass number times the atomic mass unit: 
Mass excess = m(N,Z) - A u. 

The mass excess can be expressed in terms of energy units by converting the atomic mass 
units using equation 40.5. The binding energy is defined in terms of the mass of the neutron 
and the hydrogen atom, while the mass excess is defined in terms of the mass of "4C. The mass 
of '¢C is defined to be 12 u, so that its mass excess is zero. Thus, the mass excess and the binding 
energy are similar but are not the same. If the mass excess of a nucleus is very negative, it will 
have a large binding energy per nucleon, as defined by equations 40.7 and 40.8. For example, 
one of the most tightly bound nuclei, 3¢Fe, has a mass excess of -60.6 MeV/c’ and a binding 
energy per nucleon of 8.79 MeV/c’. The mass excesses for nuclei up to Z = 40 are shown in 
Figure 40.8. The valley of stability described in Section 40.1 is clearly visible in this plot. 
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FIGURE 40.7 Binding energy per 


nucleon as a function of the mass 
number for all stable isotopes. 
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FIGURE 40.8 Mass excesses for 
nuclei up to Z = 40. 


40.1 In-Class Exercise 


Which isotope X is needed 
to complete the reaction 
n+733U — 134Xe + 2n + X? 


a) X= 985r d) X = 12Sr 
b) X = "3gXe e) X = "S9Rb 


c) X= 10857 


40.1 Self-Test Opportunity 


Is the reaction d + <C> p + 2C 
exothermic or endothermic? 


Mass excess (MeV/c?) 


Nuclear Reactions and Q-Values 


The calculation of the binding energy of a nuclear isotope in equation 40.7 is a special case 
of a larger class of problems. The binding energy is simply the energy that must be supplied 
to break up one nucleus consisting of N neutrons and Z protons into its individual nucleons. 
In general, we can ask about the net energy change due to any rearrangement of an arbitrary 
group of neutrons and protons from an initial distribution into a final distribution. This rear- 
rangement is called a nuclear reaction, in analogy with chemical reactions in which atoms 
get redistributed among different molecules. In chemical reactions, the number of atoms of 
a given species on the right-hand side (final state) of a reaction equation is exactly the same 
as that on the left-hand side (initial state). In nuclear reactions a similar conservation law 
is observed: Because baryon number is a conserved quantity, the number of nucleons on 
the left-hand side and right-hand side is the same. In addition, the number of protons and 
the number of neutrons are also separately conserved, with reactions that involve the weak 
force constituting the only exception. (The weak force was discussed in Chapter 39, in the 
form of the beta decay of the neutron, or equivalently, of the down quark.) 

In practically all nuclear reactions, the initial state consists of either one or two nuclei, 
but not more, because nuclear sizes and therefore nuclear cross sections (see Chapter 39) 
are so small that the probability of three or more nuclei running into each other simultane- 
ously is negligible. 

The energy difference between the initial and final states is conventionally called the 
Q-value of the reaction. If the masses of all isotopes involved are known, then the Q-value 
is easily computed as the difference in the sum of the masses of the initial state nuclei minus 
the sum of the masses of the final state nuclei. For example, for an initial state composed of 
a deuteron ({H nucleus) and '2C, and a final state composed of an isolated proton and '3C, 
this reaction can be written as ?H + '¢C — p +C, and the Q-value of this reaction is com- 
puted as Q = m(1,1)c? + m(6,6)c - (m(0,1)c* + m(7,6)c’). In this calculation, we have used 
the mass of a hydrogen atom m(0,1) and the mass of a deuterium atom m(1,1). 

Note: An often-used alternative notation for the same reaction is '¢C({H,p)'%C or also 
'2C(d,p)'2C. Such “d,p” reactions are very popular tools for exploring nuclear structure. 

Why is the Q-value an interesting quantity? The answer is the same as in chemistry: The 
Q-value indicates whether the reaction is exothermic (Q > 0) or endothermic (Q < 0)—in 
other words, is energy derived from this reaction, or must energy be put in to make the 
reaction work. Many concepts and applications of nuclear physics depend on the Q-value, 
and we will repeatedly return to it in this chapter. 

If we know the masses of the isotopes, then we can also ask how much energy it takes 
to separate some part of a particular isotope away from the remainder of that nucleus. In 
general, for a division of a nucleus with N neutrons and Z protons into two smaller nuclei 


with neutron numbers N, and N, and proton numbers Z; and Z,, the Q-value of this pro- 
cess can be computed as 
Qo =m(N,Z)c? -m(N,, Z)? -mN Z)? (40.9) 

where N, + N, = Nand Z, + Z, = Z. The negative of the Q-value associated with this separa- 
tion process, —Q)), is called the separation energy, denoted by S; so S = -Q)). If S > 0, then 
energy is required to separate the nucleus into parts 1 and 2, while if Q,, > 0, then energy is 
released when the separation takes place. 

In these separation reactions the number of protons and the numbers of neutrons 
remain the same in the initial and final states, so equation 40.7 can be used and the separa- 
tion energy can be expressed as the difference in binding energies: 


S=B(N,+N2,Z,;+-Z,)- B(N,,Z,)- B(N3,Z2). (40.10) 
In the special case that one of the two nuclei is an alpha particle, this separation energy is 


usually denoted by the symbol S,. Other conventionally quoted separation energies are that 
for proton emission, S,, and single- and double-neutron emission, S,, and S,,,. 


EXAMPLE 40.2 | Separation Energy 


PROBLEM 

The binding energy per nucleon of the tin isotopes '2>Sn, '25Sn, '35Sn, '2)Sn, '25Sn, and 
126Sn are measured as 8.1991 MeV, 8.2778 MeV, 8.3549 MeV, 8.3868 MeV, 8.4167 MeV, 
and 8.4435 MeV, respectively. What are the two-neutron separation energies of the first 
five of these isotopes? 


SOLUTION 

From the given values of the binding energy per nucleon, we can obtain the total binding 
energy of the isotopes by multiplication with their respective number of nucleons. We 
thus find 


6 Sn: B(86,50)=136- 8.1991 MeV =1115.08 MeV 
4Sn: B(84,50)=134- 8.2778 MeV =1109.23 MeV 
132 Sn: B(82,50) =132- 8.3549 MeV =1102.85 MeV 
13)Sn: B(80,50) =130- 8.3868 MeV = 1090.28 MeV 
12 Sn: B(78,50) =128-8.4167 MeV =1077.34 MeV 
126Sn: B(76,50)=126- 8.4435 MeV = 1063.88 MeV. 


Since two neutrons do not form a bound state, the binding energy of the two neutrons is 
zero. Thus, in general, we have for the two-neutron separation energy the simple formula 


Sy, (N,Z) = B(N,Z)- B(N -2,Z). (40.11) 

Using the values for the total binding energies that we have just computed, and inserting 
them into equation 40.11, we then find 

Sza (26 Sn) = (1115.08 - 1109.23) MeV =5.85 MeV 

Syn (129 Sn) = (1109.23 - 1102.85) MeV =6.38 MeV 

Sz, (2 Sn) = (1102.85 - 1090.28) MeV =12.57 MeV 

So, C29 Sn) = (1090.28 - 1077.34) MeV =12.94 MeV 

Sz, (28 Sn) = (1077.34 - 1063.88) MeV =13.46 MeV. 


This is a very interesting result. It shows that it suddenly becomes much harder to remove 
a pair of neutrons from a tin isotope as the neutron number reaches 82. Why is there a 
big jump in the value of the two-neutron separation energy at this neutron number? This 
question will be answered in Section 40.3’s discussion of the nuclear shell model. 
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40.2 | Nuclear Decay 


As we've noted, not all nuclear isotopes found in nature are stable. An example is uranium, 
which can be found on Earth in three naturally occurring isotopes: *35U (99.3% abundance), 
*3U (0.7%), and traces of *35U. They all decay naturally over very long times, and thus are 
still present in appreciable quantities that have survived since the time Earth was formed 
approximately 4.5 billion years ago. In this section, we look at what processes make nuclei 
unstable and cause them to decay over time. We will discuss a, B, and y decays, as well as 
other decays. These nuclear decays are collectively called radioactivity. Radioactivity was 
discovered in 1896 by Pierre (1859-1906) and Marie Curie (1867-1934) and by Henri Bec- 
querel (1852-1908), for which the three shared the 1903 Nobel Prize in Chemistry. 


Exponential Decay Law 


Because the laws of quantum mechanics govern atomic nuclei, all decays can be viewed 
as transitions from one quantum state to another. Thus, they follow quantum mechanical 
probability rules like those for tunneling in Chapters 36 and 37. It is possible to calculate 
most of these decays by using quantum mechanics, but we do not need to do this here. 
All we need to know to understand radioactive decays is that the probability of observ- 
ing a decay in a given set of atomic nuclei in a given time interval dt is proportional to the 
number of nuclei present. Letting the rate of change of the number of nuclei be dN/dt, this 
proportionality can be expressed as 


dN =- ANAt «> SY =-AN, 


NIN, where A is the decay constant. (The minus sign indicates that nuclei are lost as a 
A function of time.) The solution of this differential equation leads to the exponen- 
tial decay law 
-À 

N (Ð = Noe!" N()=N*, (40.12) 
1/2 where N, is the initial number of nuclei and N(t) is the number of nuclei that 

le remain as a function of time. Figure 40.9 shows plots of equation 40.12. 
1/4 The half-life, t,,., is defined as the time it takes a quantity of nuclei of a given 

1/8 ; material to decay to half of its number, 
> 

fie T Mh Ate N(ty2)=4Np. (40.13) 


(a) 
After two half-lives, the population has decreased to one-quarter of its initial 


NIN 
a value, and after three half-lives, to one-eighth. The decay constant can be related 
l to the half-life by inserting equation 40.13 into equation 40.12. This results in 
1/2 -Àt 
N (t) = Noe IN =No e => 
1/4 2 
as en > 
1/8 2 
In+=- Ati 
In2 
>t Wp) = oo (40.14) 
hp T 2hp 3h 
(b) It is also common to talk about the mean lifetime, 7. This is defined as the 
FIGURE 40.9 Exponential decay in time: average time it takes a nucleus to decay if the population of nuclei obeys the expo- 
(a) linear plot; (b) logarithmic plot. nential decay law (equation 40.12). The mean lifetime is obtained by integration: 
t N(t)dt [treat p pe 
J @) : N,(-1/ A" )e C420) 
7=(N(t)) = = =<. (40.15) 


_ 0 

m m 

f neat fna No(-1/A)e [ 
0 0 
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Thus, the mean lifetime 7 is simply the inverse of the decay constant A. Therefore, as an alter- 
native to equation 40.12, the exponential decay law can be written as 


N(t)=Noe"”. 
After one mean lifetime, the population has been reduced by a factor of 1/e: 
N(T)= Nge" =Nole. 


Finally, combining equations 40.15 and 40.14, the half-life t,,. and the mean lifetime 7 are 
related via 


In2 
ti2 ge ee 


Thus, the half-life is not a half of the lifetime, but a factor In2 = 0.693 of the lifetime. For 
example, Chapter 39 quoted the lifetime of the neutron as 885.7 s. This means that its half- 
life is (885.7 s)ln 2 = 613.9 s. 
The mean lifetime 7 of isotopes is the physical quantity displayed in Figure 40.5. What 
kinds of nuclear decays leading to the lifetimes shown in Figure 40.5 are possible in nature? 
The three main nuclear decays are the emission of an alpha particle, the emission Z 
of an electron or positron (or, equivalently, the capture of an electron), and the emis- 
sion of a photon. These decays constitute the three components of what is commonly 
called radioactivity or radioactive decays. They can be very harmful to human health, 
completely harmless, or in some cases even very helpful in medical diagnostics and 
treatment. Their effect on health depends on the type of decay, the energy of the decay 
product, and the radiation dose, that is, the amount of radioactive material present 
and the amount of radiation emitted. Figure 40.10 shows how the different radioac- 
tive decays change the nucleus that decays. The following sections discuss each decay 
channel in more detail. 
In all decays, the decaying nucleus is called the parent and the nucleus it decays 
into is the daughter. If the parent and daughter nucleus are different elements, the pro- 
cess is known as transmutation. Only those decays that obey the conservation laws, >N 
in particular those of energy, charge, and baryon number, are possible. FIGURE 40.10 Nuclear decays in the 


chart of isotopes. 


Alpha Decay 


In an alpha decay (a-decay), the nucleus emits an a-particle, which is the nucleus of a 
helium atom $He. This means that the mass number of the parent nucleus decreases by four 
and the charge number by two, 


4Nuc— 5He+ $5Nuc’. (40.16) 


(The notation Nuc’ is meant to indicate a nucleus that is different in its composition from 
the initial nucleus before the decay.) In general, alpha decays are possible when the energy 
contained in the mass of the a-particle plus the mass of the daughter nucleus m| 775 Nuc] is 
smaller than the mass of the nucleus that undergoes the alpha decay: 


m{ Nuc] >My +m(2-$Nuc’). (40.17) 


Since the binding energy per nucleon of the alpha particle (of mass m,) is very large, 
7.074 MeV, the mass of the alpha particle is comparatively low. In addition, as shown in 
Figure 40.7, the binding energy per nucleon falls very gradually as a function of the mass 
number for nuclei with large mass number A. This makes alpha decay possible for almost 
all unstable isotopes with A > 150. 

Chapter 37 mentioned in passing that alpha decay is an example of tunneling—the trans- 
mission of the wave function of the alpha particle through a classically forbidden region. This 
is illustrated in Figure 40.11, where the total energy of the nuclear system is sketched as a 
function of their separation r between the center of the alpha particle and the center of the 
daughter nucleus. If the four nucleons that constitute the alpha particle are approximately 
in the center of the parent nucleus, then the total energy is approximately just the energy 
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A contained in the mass of the parent nucleus, m(ZNuc)c’, 

w as shown in Figure 40.11 at r= 0. When the alpha particle 

wy and the daughter nucleus are widely separated, r — ©, the 
a interaction between the two becomes negligible, and the 


total energy is the mass-energy of the daughter nucleus 
plus that of the alpha particle, m($-$Nuc'}+m(a))e?, For 
many heavy nuclei, this value of the total energy is lower than 
the value at the center. Therefore, the emission of the alpha 


mG Nuc)c? 


particle from the parent nucleus is energetically favorable. 
However, first the alpha particle has to get out of the 
parent nucleus. Moving the four nucleons of the alpha 


<< 


(m(4_3Nuc) +m(a))c 


particle to one side or the other deforms the nucleus. This 
>r deformation adds excitation to the nucleus, and the poten- 


~Ryuc +Ra 


tial energy increases relative to the value at r = 0. At a con- 
FIGURE 40.11 Sketch of the potential energy of the alpha and the figuration where the alpha particle and daughter nucleus 
daughter nucleus, showing the potential barrier (located at the vertical barely touch, indicated by the vertical dashed line in Fig- 


dashed line) in alpha decay. 


ure 40.11, the potential energy has a maximum, because 
of the Coulomb repulsion between the alpha particle and 
the daughter nucleus. This increase in potential energy forms a potential barrier and pre- 
vents spontaneous alpha decay. However, the wave function of the alpha particle can tunnel 
through this potential barrier, leading to the emission of the alpha particle. The tunneling 
probability and thus the lifetime of the nucleus against alpha decay depends very strongly 
on the shape (mainly width, but also height) of the barrier. 
When the alpha particle escapes from the nucleus, the energy difference between the 
mass-energy of the parent and daughter nuclei, which is the Q-value of the reaction, is con- 
verted into kinetic energy of the alpha particle and the heavy remnant, 


Ka + Kyu =Q = (m(żNuc) -m(-3Nuc'} -m |è. (40.18) 


Total momentum is conserved, so the momentum of the alpha particle and the momentum 
of the daughter nucleus must be equal in magnitude and opposite in direction in the rest 
Pa | = [Prue 
relativistic approximation of K = p’/2m is sufficient. Momentum conservation then means 
that the kinetic energy of the daughter nucleus is related to the kinetic energy of the alpha 
particle via 


frame of the parent nucleus, 


. For the low kinetic energies at work here, a non- 


Me 


A-4y7 1 
Kyuer| 7-2 Nuc = Kymy ®© Kyuc = Ka re 7 
m 7-2 Nuc 
Inserting this result into equation 40.18, the kinetic energy of the alpha particle in the rest 
frame of the parent nucleus is 
m( 3-3 Nuc] 
K — 


a 


(m(4Nuc) -m25 Nuc')-ma |ë. (40.19) 
m( 3-3 Nuc}+m, 


EXAMPLE 40.3 | Roentgenium Decay 

By shooting a beam of $$Ni nuclei on a *43Bi target in December 1994, a group at the GSI 
national laboratory in Germany was able to produce a new element with 111 protons and 
161 neutrons through the reaction $3Ni+7¢3 Bi [//Rg-+n. Here the Rg stands for the 
name Roentgenium, a name that this new element officially received in November 2006. 
The GSI group detected three events in which the new element was produced through the 
signature of successive alpha decays of the new element and its known daughter nuclei. 
One of the three events, with the measured alpha decay times, is shown in Figure 40.12. 


PROBLEM 
The masses of the nuclei in the decay chain are listed in 


>N 
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the nuclear data tables as 272.1536, 268.138728, 264.1246, 


260.1113, 256.098629, and 252.08656 in units of u. What 


alpha energies would you predict? 


SOLUTION 


Since the masses of the isotopes are given, we can calculate 


110 


a, T=0.002042 s 


the Q-value for each decay by using equation 40.18. We can 


a, T=0. 


072s 


then use equation 40.19 to calculate the expected kinetic 
energy of the alpha particle. This is done in the table below 


for each of the decays. 


Qa, T=1 


452s 


The last column of the table compares our predictions 


105 
with the experimental results that were reported by the GSI 


group. As you can see, these numbers are in reasonably at, T=0.572 s 


good agreement with the calculated values. 


DISCUSSION æ, T=66.3 s 


In practice, the masses of the so-called superheavy elements 
with triple-digit charge numbers are mostly determined 


from the measurements of the kinetic energies of the alpha 100 


>N 


particles of the isotopes’ decays. What we list in the table 150 lz 


160 


is only the result of one particular event in one particular FIGURE 40.12 Roentgenium decay chain as observed on Dec. 17, 1994, 
experiment. The isotope masses are determined from best at the GSI. The alpha decay chain proceeds through Meitnerium (Mt), 


fits to all available data. For the heaviest elements, these data 
consist of only a few events, but for charge numbers below 
100, millions of events have been recorded. The fact that the 
observed alpha kinetic energies of the daughter nuclei and their decay times agreed so well 
with previously measured data served to convince the GSI group that they had indeed seen 
the first events of the production of the new element Roentgenium. 


Bohrium (Bh), Dubnium (Db), and Lawrencium (Lr) to Mendelevium (Md). 
The gray boxes indicate isotopes that have been observed up until now. 


Name A Z m [u] m + m[u] Q [MeV] K, [MeV] K, data [MeV] 

Rg 272) Halil 272.1536 

Mt 268 109 268.138728 272.1413313 11.42826 BLES) 10.82 

Bh 264 107 264.1246 268.1272033 10.73523 10.6 10.221 

Db 260 105 260.1113 264.1139033 9.96395 9.8 9.621 

Jli 256 103 256.098629 260.1012323 9.37804 92 92 

Md 252 101 252.08656 256.0891633 8.81729 87 8.463 
Beta Decay 


In a beta decay (8-decay), the nucleus emits an electron e` or a positron e* or captures one 
of its own atomic electrons. Chapter 39 discussed the beta decay of quarks, particularly 
the B -decay of the down quark into the up quark: d—u+e +¥,. Since the neutron is 
composed of two down quarks and an up quark, one way that the B -decay of the down 
quark manifests itself is the 8 -decay of the neutron, n— p+e + 7T,, discussed earlier. The 
general formula of a nuclear B -decay can be written as 


gNuc— z4Nuc'+e +7,. (40.20) 


This means that in nuclear B -decay, the mass number of the nucleus remains the same, but 
the charge number increases by 1. 

Because nuclei are made of neutrons and protons, it might seem that beta decays 
should always be possible. However, the decay can happen only if it is allowed by energy 
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conservation—that is, the combined mass of the electron and the daughter nucleus 
must be smaller than the mass of the parent nucleus. It might be expected that this 
will always work out because of the mass difference of 1.293 MeV/ (or 0.00139 u) 
between neutron and proton, which is quite a bit larger than the electron mass of 
0.511 MeV/c’. Although this argument is correct for free neutrons, it is not always 
true for neutrons bound inside a nucleus. The reason for this is that the nuclear 
interaction favors configurations with equal numbers of neutrons and protons. 
As an example for the effect that this part of the nuclear interaction has, we plot 
in Figure 40.13 the experimentally measured masses (horizontal red lines) of all 
known A = 82 isotopes as a function of the charge number Z. Clearly it is energeti- 
cally possible for the bromine (Z = 35) isotope with mass number 82 to undergo a 
beta-minus decay 82Br > 8’Kr +e +7,, but the beta-minus decay of $?Kr into $2Rb 
is energetically forbidden, because $7Rb has a greater mass than $¢Kr. 

Furthermore, it is also possible that beta decays proceed in the opposite direc- 
FIGURE 40.13 Nuclei of mass number 82. tion inside nuclei. In this B*-decay, a proton is converted into a neutron via the 
Their measured masses are displayed in units emission of a positron and an electron neutrino, p > n + e* + v, For a free proton, 
of the atomie mass'unit u and are shown: as a this process is energetically not possible because the neutron has a higher mass than 


function of the charge number. The black ar- h H inside th | h j 
rows represent beta-decay processes. The purple the proton. However, inside the nucleus the reaction 


arrow represents a double beta decay. 


A 
81.95F 


81.94 


81.93 


Mass (u) 


81.92 


81.91 


4Nuc— 7 4Nuc'+e* +r, (40.21) 


can proceed when the masses of initial and final isotopes are such that the Q-value of this 
reaction is positive. In addition, a proton inside the nucleus can be converted into a neutron 
in another way: electron capture, e+ p — n + v, In this B*-process, the nucleus captures 
one of its own or biting electrons: 


e + ZNuc— z4Nuc' +n. (40.22) 


We use the notation “B*-decay” for both processes, positron emission (equation 40.21) and 
electron capture (equation 40.22). Theoretically, a third way to convert a proton into a neutron 
can occur, via anti-neutrino capture, 7, + p— n+ e*. However, this process is negligible for 
our nuclear physics considerations because the cross section is extremely small and because 
an atom does not have a source of anti-neutrinos present. Consulting Figure 40.13 once again, 
you see that the nuclei on the right-hand side of the figure can all undergo B*-processes. 
Note that the Q-values for the reactions in equations 40.21 and 40.22 are not the same. 
The initial state of the reaction in equation 40.21 consists of Z protons, N = A - Z neutrons, 
and Z electrons, all of which are accounted for in the mass of the initial atom, m(N, Z). The 
final state consists of an atom with Z - 1 protons, N + 1 neutrons, and Z - 1 electrons, plus 
one additional electron, plus the newly created positron and neutrino. This atom has a mass 
m(N + 1, Z - 1), and the electron and positron each have a mass of m, = 0.511 MeV/c’. 
Neglecting the binding energy of the electron and the mass of the neutrino, each of which 
are on the order of 1 eV or less, we then obtain for the Q-value of the positron-emitting 


40.2 In-Class Exercise ~ B*-reaction (equation 40.21) 
The isotopes ®2Kr, $2Rb, &Sr Q(et)=m(N,Z)c? -m(N +1,Z -1)c” - 2(0.511 MeV). 
have masses of 81.9134836 u, 
81.9182086 u, and 81.91840164 u, The initial state of the reaction in equation 40.22 consists of the same atom with Z protons, 
respectively. For which of the B*- N=A-Zneutrons, and Z electrons, and the final state consists of a neutrino and an atom with 
decays of $7Rb, 385r is positron Z - 1 protons, N + 1 neutrons, and Z - 1 electrons. Thus, in this case the Q-value is simply 


emission possible? 


Q(ec)=m(N,Z)c -m(N+1,Z-1c’. 


a) for neither 
i i l! : 
b) only for the 82Rb decay (Remember, the nucleus captured one of its atom’s own electrons!) Therefore, the Q-value 
o of the electron capture (ec) reaction is always 1.022 MeV larger than that for the same 
c) only for the 33Sr decay B*-process that involves positron emission (e*). This implies that for some isotopes only the 
d) for both electron-capture process is possible, not positron emission. 


For alpha decay, we have seen that this process leads to a characteristic energy (equation 
40.19) for the emitted alpha particle, because energy and momentum need to be conserved 
in the decay. However, in beta decays the situation is more complicated. In B-decays as well 
as in positron-emitting B*-decays, the final state consists of three particles that can share the 


decay energy. The emitted neutrinos cannot be observed directly and can carry different 
amounts of energy. Thus, the observed electrons or positrons from these decays do not have 
well-defined kinetic energy values, but instead show a continuous distribution of energies. 


Gamma Decay 


A gamma decay (y-decay) is the emission of a photon from a nucleus and is always the 
product of a de-excitation of an excited nuclear state. Gamma decays are qualitatively dif- 
ferent from alpha or beta decays, because they are the only decay mode that does not cause 
transmutation. Nuclei can enter into excited states in ways similar to how atoms can get into 
excited states, by collisions with other objects. The kinetic energy from these processes can 
be converted into excitation energy, lifting nucleons into higher shells, or causing collective 
vibrations or rotations of the entire nucleus. 

The process of gamma decay in nuclei is similar to the emission of photons in the de- 
excitation of atoms. However, the characteristic electron energies in the atom are on the 
order of eV, whereas the characteristic energies of nuclear excited states are on the order of 
MeV. Thus, the photons emitted in gamma decays typically are a million times more ener- 
getic than the photons emitted in atomic decays. 

The initial and final states of the nucleus have well-defined energies, so the photon 
energy is also, in principle, well defined. However, the excited nuclear states have finite 
lifetimes, 7. Thus, the uncertainty in the energy of the emitted photon, denoted as the width 
T, has a lower limit given by the uncertainty relation: I > hi/r. Thus, if you measure the 
energy of gamma rays resulting from the decay between two specific states with finite 
lifetimes in a nucleus, the distribution will not be a spike at a single energy, but rather the 
distribution will take the form of a peak in energy with a characteristic width in energy. 

Most excited isotopes can de-excite via gamma decay. However, the larger the differ- 
ence between the angular momentum of the initial and that of the final nuclear state, the 
lower the probability for gamma decay becomes. In some isotopes the lowest excited state 
has a large difference in angular momentum from that of the ground state, and soa gamma 
decay is very improbable. These isotopes then form very long-lived “isomer” states. 

Gamma rays emitted from nuclei are very important diagnostic tools for learning 
about nuclear structure. Since a very large number of states exist in any given isotope, a 
large number of gamma rays can be detected at different energies. It then requires inge- 
nious detective work and large photon detector arrays (Figure 40.14) to puzzle together 
the information on nuclear structure contained in these spectra. 

Gamma rays are not only emitted in single-particle transitions resulting from a single 
nucleon jumping from an excited state to another. They can also be emitted from collec- 
tive vibrations of nuclei, as well as from rotating deformed nuclei. 
Superdeformed nuclei, which are cigar-shaped with an axes ratio of 
2:1, were discovered only recently with the aid of gamma-ray spec- 
troscopy. Figure 40.15 shows one example of such a photon spec- 
trum. The most prominent feature of this gamma-ray spectrum of 
1°? Dy is the sequence of gamma-ray peaks with very regular spacing 
of AE = 47.5 keV. These peaks result when a rotating nucleus makes 
transitions between angular momentum states of even-numbered 
multiples of A. 
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Other Decays 


While a-, B-, and y-decays constitute the overwhelming majority of 
radioactive decay modes, we should also mention a few others. 
Light, very neutron-rich isotopes can decay by emission of a ta 
single neutron. Light and very proton-rich isotopes can decay via 
the emission of a proton. Neutron and proton emitters usually have 
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FIGURE 40.14 Gammasphere, the 
world’s most sensitive detector for 
nuclear gamma rays. Gammasphere 
consists of 110 gamma-ray detectors 
cooled by liquid nitrogen surrounding 
the point where the nuclear interactions 
take place. In the photograph, only the 
support structure and the liquid nitrogen 
containers are visible. 
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extremely short lifetimes and are not quite bound nuclei. An exam- 
ple of a neutron emitter is '$Li. The isotope with one more neutron 
than '$Li, '3Li, has been investigated in many labs around the world 


FIGURE 40.15 Gamma-ray spectrum of the superdeformed 
isotope dysprosium-152. The measured gamma rays are identified 
either by the energy (in keV, vertical numbers) or by the angular 
momentum (in units of A, horizontal numbers). 
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40.3 In-Class Exercise —, 


What types of nuclear decays are 

| possible for the isotope 82As? 

| Select all that apply. (Hint: The 

| mass of §2As is 81.925 u, the mass 
of §Ge is 81.930 u, the mass of 

| §Se is 81.917 u, the mass of 3$Ga 
is 77.932 u, and the mass of $He is 
4.002u.) 


| a) alpha decay 
| b) beta decay 


) 

) 

c) positron emission 

d) electron capture 
) 


| e) gamma decay 


2 
8 
20 
8 
50 
82— 


N 
N 
N 
N 


~~~ ip mn 
E Fission $ q 


during the last ten years because it consists of three parts (Li + 2n) that form a bound state 
only if all three are together. There is no bound state of two neutrons, and the neutron emit- 
ter '$Li(3Li + 1n) also is not a bound nucleus. Thus, '}Li is a strange nucleus consisting of a 
core of 3Li and a very large “halo” made of two neutrons. The diameter of this halo has been 
measured to be almost as large as that of a lead nucleus, which consists of 208 nucleons. '3Li 
is therefore a stunning deviation from the nuclear size law expressed in equation 40.3. 

A few isotopes are known to exhibit cluster decays. Cluster decays are the emission 
of nuclei heavier than helium. Almost all known cluster decays are in the form of carbon 
isotopes, '¢C or 14C, and in some very rare cases oxygen, neon, or magnesium nuclei. 

One very important decay mode of heavy nuclei, fission, will be discussed in Section 40.4. 

Many isotopes can have two or more decay modes. Figure 40.16 presents an over- 
view of the dominant decay modes for all known isotopes. Proton-rich isotopes decay via 
B*-decays or proton emission, neutron-rich nuclei via B--decays or neutron emission. For 
heavier nuclei, a-emission becomes dominant, and the heaviest isotopes often decay pre- 
dominantly via spontaneous fission. 

An extremely rare decay mode of some isotopes is double beta decay, which was first 
observed in 1987 in an isotope of selenium, §;Se, by Michael Moe and colleagues at the Uni- 
versity of California—Irvine. Referring back to Figure 40.13 once more, you can see that $;Se 
cannot undergo a simple 8 -decay to $<Br, because its mass is lower than that of $2Br. Thus, 
this reaction is forbidden by energy conservation. However, the mass of Kr is lower. So a 
nucleus of $;Se can be converted to a nucleus of $¢Kr via the double beta-decay reaction 


Sse > @Kr+2e +27,. (40.23) 
The double beta decay is the only reaction that prevents $7Se from being a stable isotope. 
This decay is depicted in Figure 40.17. Chapter 39 noted the beta-decay process involves the 
exchange of a W boson and thus leads to comparatively long lifetimes. A double beta decay 
requires two W boson exchanges and thus leads to extremely long lifetimes. The lifetime 
of $;Se is measured to be 10” years, which is approximately 10 billion times the age of the 
universe! Only 12 isotopes are known to undergo double beta-decay processes (shown in 
yellow in Figure 40.16), and their average lifetimes are all of the same order as that of $;Se. 
Thus double beta-decay event rates are extremely small, making the detection of double 
beta decays very difficult experimentally. 

Research into double beta decays is flourishing. A theoretical possibility of double 
B*-decays exists, but no isotope showing this type of decay has yet been observed. In addi- 
tion, there are ongoing searches for neutrino-less double beta decays. The reaction for this 
process would be the same as in equation 40.23, except that no anti-neutrino is emitted. 
This process can work only if the neutrino is its own antiparticle. If this decay mode would 


Z = 82— 
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FIGURE 40.16 Dominant decay modes for the known isotopes. 


Z = 28— GN 

Z =20— 

E FIGURE 40.17 Part of the chart of nuclides around mass 
E number 82. The gray shaded squares represent stable nuclei. The 


red arrows indicate the directions of the beta decays. The green 
shaded box represents the double beta-decay isotope 82-selenium. 


be observed, it would violate the standard model of particle physics, introduced in Chapter 
39, and it would point toward completely new physics that could be discovered. 


Carbon Dating 


Carbon has two stable isotopes: '2C at 98.90% abundance and '2C at 1.10% abundance. 
All other carbon isotopes, except 14C, decay with half-lives ranging from milliseconds to 
minutes. The exception, 14C, has a half-life of t, ('€C) = (5730 + 40) years. It decays via the 
B -reaction 4C — '7N+e +7, into nitrogen. The Q-value of this reaction is 156.5 keV. 

The '4C isotope is produced in the upper atmosphere at a constant rate via the inter- 
action of cosmic rays with atmospheric nitrogen. Because this isotope is produced at a 
constant rate and decays at a constant rate, the concentration of ‘$C in the atmosphere, and 
thus the ratio of the number of '{C atoms relative to the number of '2C atoms, is constant in 
time, at a value of approximately 1.20 - 10`". The plants on Earth’s surface consume this '{C, 
mainly in the form of CO, molecules. Thus, the ratio of '$C/'¢C is also constant in living 
plants, and consequently all the way up the food chain as well. 

While plants and animals are living and consuming food, their carbon isotope ratio 
stays at a constant value. However, at the moment of death, the intake of '{C ceases and thus 
the ratio {C/'ZC decreases in time as 14C decays. Measuring this ratio in a tissue sample can 
determine how long the plant or animal has been dead. This method can also be used on 
products made from plants or animals, such as textiles or wooden objects. The procedure 
of age determination from radioactive decays, called radiocarbon dating, or just carbon 
dating, revolutionized the field of archeology. It allows us to date samples up to an age of 
approximately 10 half-lifes of 14C, more than 50,000 years. The American physical chemist 
Willard Frank Libby (1908-1980) discovered the method of carbon dating in 1949 and was 
awarded the 1960 Nobel Prize in Chemistry for this achievement. In principle, any other 
long-lived isotope for which the initial concentration is known can be used as a tool for 
dating objects, but carbon dating is by far the most important. 


SOLVED PROBLEM 40.1 | Carbon Dating 


The Shroud of Turin, shown in Figure 40.18, is a large piece of linen cloth that some 
people claim is the burial shroud of Jesus of Nazareth. It is kept in the Cathedral of Saint 
John the Baptist in Turin, Italy, and displayed for viewing only on very rare occasions. 
However, some people expressed doubts concerning the authenticity of this object, and 
other people claim it to be a hoax of medieval origin. In 1988 the Vatican allowed radio- 
carbon dating of the shroud by three laboratories, in Zürich, Oxford, and Arizona, with 
the result that it was shown to be of medieval origin. The testing concluded with a 95% 
confidence level that the shroud was made between 1260 and 1390. 


PROBLEM 
If a textile sample contains (1.08+0.01)-107'” atoms of the ‘$C isotope for each 'ZC iso- 
tope, what is its age? 


SOLUTION 


THINK 
We know that radioactive decays follow an exponential decay law governing the number of 
remaining 4C isotopes as a function of time (equation 40.12). The number of 'ZC isotopes 


Continued— 
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FIGURE 40.18 Example of carbon 
dating: the Shroud of Turin. 
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FIGURE 40.19 Carbon-14 fraction as 
a function time plotted on a semiloga- 
rithmic scale. 


stays constant in time because this isotope is stable. Therefore, the ratio of the two iso- 
topes, fiayo(t) = N(éC,f)/N('C), follows the same exponential decay law. Because we 
know the half-life of C and the initial and final fractions of ‘SC, we can solve the expo- 
nential decay law for the time and obtain our answer. 


SKETCH 

Figure 40.19 serves to remind us that the exponential decay law also holds for the fraction 
of '4C relative to '2C. Given a certain number for the fraction, we can extract the age of 
the sample. 


RESEARCH 
We can use the exponential decay law (equation 40.12) for the number of ‘SC atoms as a 
function of time, 


N(t)=Ne™. 
Since we are given the half-life of the isotope, we need to relate the decay constant A to the 
half-life by using the relationship in equation 40.14, 
t =In2/d. 


SIMPLIFY 
First we write the decay law in terms of the half-life, 


NC Gt) = No $ C)e™ = No G Ce Dhn f 
Dividing both sides by the number of 12C isotopes gives us the fraction of 14C relative to C: 


-tln2/t, 
fanz) = fian (t =0)e 1a 


Now we can solve this equation for the time and find 
fanm(t) 

fanm (t=0) 

| fanm © | __,in2 

fiana(t = 0) hye 


t= 42 | frano(t) | 
In2 | flano(t =0) 


= eo tln2ty2 


=> 


CALCULATE 

Now we are in a position to insert numbers. As we stated above, the half-life of "4C is 
ty('¢C) = (5730+40) years and fiy (t = 0) = 1.20- 10”. The problem specifies f,4)1> (t) = 
(1.08+0.01)- 107”. Thus, we insert the average value into the above equation to find the 
mean value and then the upper and lower quoted uncertainty to find the error bars for 
our solution: 


22 20 | OS) eros yeas 
In2 0 


Inserting a value of 1.09 in the same equation results in a time of 794.787 years (76 years 
less), and a value of 1.07 yields 947.877 years (77 years more). 


ROUND 

From the given uncertainty in our ‘$C fraction, we have extracted the uncertainty in 
our final answer. Thus, we round our final answer to a value of 870 years and quote the 
uncertainty as 80 years: 


t = (870+ 80) years. 


The textile sample in question would have to have been produced in the 12th century, and 
perhaps as early as the 11th and as late as the 13th century. 
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DOUBLE-CHECK 

It is quite reasonable that we find a time that is small compared to the half-life of ‘$C, 
because after one half-life we would have had a remaining concentration of 0.60- 10" 
(= 4-1.20-10°"”), and our problem stated that our sample had only lost 10% of its "4C 
content. In fact, for small values of t/t, the exponential decay function can be expanded 
as "hie 2] —In2-t/ tn. Since 90% of the initial 4C concentration is left over at that 
time, this linear approximation results in 


0.9=1-In2-t/t), >t=6,.-0.1/In2 =0.144t,, = 830 years. 


k 


Note: The assumption that the atmospheric concentration of 'C has always been constant 
is not quite true. Historic changes in the cosmic-ray flux and other events have resulted in 
temporal fluctuations. In addition, since the 1950s the atmospheric concentrations of ‘$C 
and other isotopes have been changed by atmospheric tests of nuclear weapons. However, 
by correlating the results of carbon dating with other sources of age determination (ice 
cores, tree rings, etc.), calibration curves for the numerical results obtained with carbon 
dating have been developed. 


Units of Radioactivity 


How can the radioactivity of a sample be measured? There are two main quantities of inter- 
est. First is the intensity of the products emitted from a particular nuclear decay, that is, the 
number of decays per unit time. Second is the effect that a given type of radiation has on the 
human body. (Note that Figure 40.20 is a radioactivity warning sign.) 

The SI unit of radioactivity is the becquerel (Bq), named in honor of the French physi- 
cist Henri Becquerel (1852-1908), co-discoverer of radioactivity: 


1 Bq =1 nuclear decay/s. (40.24) 


FIGURE 40.20 The trefoil symbol is 
This is an extremely small unit of radioactivity. Another common, non-SI, but generally internationally recognized to indicate 
accepted unit of radioactivity is the curie (Ci), named in honor of the French husband-and- radioactive material. 
wife team of Pierre Curie (1859-1906) and his Polish-born wife Marie Sktodowska-Curie 
(“Madame Curie,’ 1867-1934), who were the other two co-discoverers of radioactivity. Ini- 
tially, the curie was defined as the activity of 1 gram of the isotope *sgRa, which decays via 


a-emission. Currently the curie is defined in terms of the becquerel as 
1 Ci=3.7-10"° Bq 
1 Bq=2.7-10™ Ci. 
Older textbooks still show the rutherford (Rd) unit, 1 Rd = 1 MBq. 
As we stated previously, the number of decays alone is not enough to measure the 
effects of radioactivity. Much more important is the absorbed radiation dose. The SI unit for 


the absorbed dose is the gray (Gy), and it is defined in terms of other SI units as an absorbed 
energy of 1 joule per kilogram of absorbing material, 


(40.25) 


1 Gy =1 J/kg. (40.26) 
A commonly used non-SI unit is the rad (rd). Its conversion to the gray is simply 
1 rd =0.01 Gy 
(40.27) 
1 Gy =100 rd. 


For X-rays and gamma rays, it is also important to measure the amount of ionization 
(separation of electrons from their previously neutral atoms). This quantity is called expo- 
sure and is measured in Coulomb/kilogram. A non-SI unit for exposure is the röntgen (R), 
and it is defined when the material is in air as 


1 R=2.58-10* C/kg of air. (40.28) 


The exposure and absorbed dose are closely related, and for biological tissue we find that 
1 röntgen corresponds to 1 rad, in very good approximation. 
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FIGURE 40.21 Profile of energy 
deposition as a function of penetration 
depth, d. Blue curve: profile for alpha 
particles and heavy ions. Red curve: 
profile for photons and leptons. 
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Damage of biological tissue depends not only on the deposited energy (absorbed dose), 
but also on the type of particle the nuclear decay emitted. Different types of radiation inter- 
act in very different ways with matter, in particular with biological tissue, and have very 
different depth profiles in which they deposit energy. When photons penetrate into matter, 
they lose energy exponentially as a function of depth into the material. Alpha particles and 
heavy nuclei, on the other hand, lose a very small fraction of their energy at the entry point, 
but deposit almost all of their energy at their maximum penetration depth, which is a func- 
tion of the initial energy. Thus, for example, a-particles of a given initial energy all penetrate 
to approximately the same depth in biological tissue and then deposit a very significant 
fraction of their energy at that depth (Figure 40.21). 

Because of the different energy deposition as a function of penetration depth, an 
a-particle is much more damaging to the cell walls of biological tissue than a photon of the 
same energy. Therefore, we introduce the radiation weight factor w,. It is 1 for all photons 
and leptons, independent of their energy. Also, w, = 5 for protons with energy greater than 
2 MeV, and for neutrons with energy either greater than 20 MeV or less than 10 keV. In 
the energy intervals between 10 keV and 100 keV, as well as between 2 MeV and 20 MeV, the 
weight factor has the value of 10 for neutrons. Neutrons are at their most damaging in the 
energy interval between 100 keV and 2 MeV, where the weight factor is w, = 20. The same 
weight factor of 20 is also assigned to a-particles and heavy nuclei. With this weight factor, 
we can then measure the dose equivalent, which is the product of absorbed dose times the 
weight factor. 

The SI unit for the dose equivalent is the sievert (Sv), defined as 


1 Sv =w,(1 Gy). (40.29) 


Again, a non-SI unit is commonly used, the rem (röntgen equivalent, man). It is defined as 


1 rem =w,(1 rd). (40.30) 


Comparing equations 40.30, 40.29, and 40.27, we see that 
1 Sv =100 rem. (40.31) 


Radiation Exposure 


What is the average dose of radiation that a typical U.S. resi- 
dent receives each year? To answer this question, we need to 
? consider many sources of radiation. Perhaps the easiest to 
2 quantify is the dose we receive from cosmic radiation, or cos- 
gf mic rays. This dose strongly depends on the elevation above sea 
at level of the city or town in which you live (Figure 40.22). At sea 
level you receive an annual dose equivalent of 0.26 mSv, whereas 
in Denver your annual dose equivalent is almost 0.5 mSv. If you 
build your dream house on a mountaintop, you may get up to 
1 mSv per year. 
Among other sources of natural radiation, the most 


K 500 T000 1500 2000 2500 30007 * important is radon gas. This gas is part of the air you breathe, 
Elevation above sea level (m) and it deposits its radiation on the inside of your body, in 
FIGURE 40.22 Annual dose equivalent from cosmic rays as a your lungs. This radiation contributes 2 mSv per year to your 


function of elevation of your hometown. 


dose equivalent. You also ingest radioactive isotopes (mainly 

14C and {Î$K) with your food, another 0.4 mSv annually. The 
Earth itself contributes radiation: 0.16 mSv at the Atlantic Coast, 0.3 mSv in the con- 
tinental United States, except for the area around Denver, where the dose equivalent is 
0.63 mSv per year. 

Medical X-rays (dental imaging is 0.01 mSv at the lower end to upper-GI-tract imaging 
of 2.5 mSv at the upper end) and other procedures add an average of 0.5 mSv to your annual 
dose equivalent. Each hour of air travel contributes approximately 0.005 mSv to your dose 
equivalent; the passenger enjoying Gold Elite status (more than 50,000 miles/year flown) 


pays for this with an additional 0.5 to 1 mSv. Other minute sources of radiation (watching 
TV, working on a computer, airport screening, using a camping gas lantern or a smoke 
detector, etc.) contribute a combined 0.1 mSv per year. The total annual exposure dose 
equivalent for the average U.S. resident, the sum of all of the above contributions, is approx- 
imately 3.6 mSv and is broken down by source in Figure 40.23. 

People who work with radiation sources such as X-ray machines or nuclear reactors 
are strictly monitored for radiation exposure. Their maximum annual dose equivalent is not 
allowed to exceed 50 mSv, which is approximately 15 times the dose they receive from the 
natural environmental sources listed here. 


EXAMPLE 40.4 | Chest X-Ray 


Suppose you had a chest X-ray, during which you received a dose of 60. Sv, during your 
last physical. 


PROBLEM 1 


What was your dose in mrem? 


SOLUTION 
The conversion factor for sievert to rem is given by equation 40.31, so you can convert 
your dose as 


100 rem 


(6o. 10° sv] 260107 rem =6.0 mrem. 


PROBLEM 2 
What was the absorbed dose in Gy and mrad? 


SOLUTION 
The radiation weight factor w, for X-rays is 1. Therefore, the absorbed dose according to 
equation 40.29 was 
60. SV _ 
1 Sv/Gy 


uGy Laan 6.0 mrad. 
1 rem/rad 


PROBLEM 3 
How much energy did you absorb, assuming that the X-rays illuminated 15 kg of your 
body? 


SOLUTION 
The Gy (equation 40.26) is defined in terms of the energy absorbed divided by the mass 
over which the energy is absorbed. Thus, the energy you absorbed was 


(60. wGy)(15 kg) =(60.- 10% J/kg)(15 kg) =9.0-10 J. 


PROBLEM 4 
What fraction of your average annual dose of radiation did this chest X-ray represent? 


SOLUTION 
The average annual radiation dose is 3.6 mSv. Thus, the fraction of your annual dose 
was 
60. pSv _ 60.:10°° Sv _ 
3.6mSv 36-10 Sv 


1.7%. 
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FIGURE 40.23 Average annual 
radiation exposure dose equivalent for 
a U.S. resident, in units of mSv. 
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FIGURE 40.24 Illustration for the 
asymmetry term in the mass formula of 
the liquid-drop model. 


Liquid-Drop Model and Empirical Mass Formula 


How can we understand the systematic trends of the binding energy per nucleon, equa- 
tion 40.7, shown in Figure 40.7? One model of the nucleus that yields astonishingly good 
results is the liquid-drop model. In this model, the nucleus is treated as a spherical drop of 
quantum liquid composed of individual nucleons. Because the strong interaction between 
the nucleons inside the nucleus is attractive, each nucleon in the bulk receives a positive 
contribution to the binding energy. Conventionally, this contribution is called the volume 
term and is proportional to the number of nucleons A, 


B (N,Z)=a,A =a, (N +Z). (40.32) 


Here a, is a positive constant that is adjusted to the data. 

Nucleons at the surface of the liquid drop are not surrounded by other nucleons. Thus, 
they have fewer nearest-neighbor interactions and therefore are less bound. Accordingly, 
the model must include a negative term that is proportional to the nuclear surface area. The 
surface area of a spherical drop is proportional to R°, the square of its radius. According to 
equation 40.3, the nuclear radius is proportional to A’. Therefore the surface area of the 
nucleus is proportional to A”’, and the contribution of the nuclear surface to the overall 
binding energy can be parameterized as 


B(N,Z)=-@,A"? =-a(N+ ZY? (40.33) 


with a positive fit constant a,. 

Next, we need to take into account that the protons are all positively charged and thus 
have a repulsive Coulomb interaction with one another. Since the Coulomb potential is 
proportional to the square of the charge number and inversely proportional to the radius, 
we can write for this term: 


Zz? Vig 


BAN,Z)=-4a, 4B =- wane 


(40.34) 


where we have again made use of R « A‘ from equation 40.3. The constant a, can be cal- 
culated if the protons are assumed to be evenly distributed throughout the nucleus. It has 
the value of a, = 0.71 MeV. 

The Coulomb interaction alone might make us conclude that it is most advanta- 
geous just to put neutrons into the nucleus. Because neutrons do not feel the Coulomb 
interaction, the term in equation 40.34 does not contribute to their binding energy, so 
a number of neutrons alone would have a higher binding energy than the same number 
of mixed neutrons and protons. However, we also have to take into consideration that 
protons and neutrons are fermions and thus need to respect the Pauli exclusion prin- 
ciple (see Chapter 36) separately for spin-up and spin-down protons, and for spin-up 
and spin-down neutrons. Just as in the case of the electrons filling shells in the atom 
at higher and higher angular momentum and energy, we also have to fill higher and 
higher energy levels the more protons and neutrons we add. Simply adding neutrons will 
become energetically unfavorable at some point. Thus, filling the nucleus approximately 
equally with protons and neutrons is encouraged by the action of the Pauli exclusion 
principle (Figure 40.24). 

This effect can be parameterized via an asymmetry term, which is negative (represent- 
ing less binding) when the number of protons is different from the number of neutrons. 
This motivates the following expression for the asymmetry term, where A = Z + N in the 
second equality: 

(z-34} a (Z-N} 
B(N,Z)=-a, =-— 


= . (40.35) 
A 4 N+Z 


Finally, the two-body interaction of nucleon pairs depends on their relative spin. This leads 
to higher binding energies for nuclei that have all of their protons paired up and all of their 
neutrons paired up. Thus, an even number of protons in a nucleus results in an additional 
positive contribution to the binding energy. In the same way, an even number of neutrons 
creates a higher binding energy as well. Empirically good results are found with this param- 
eterization for the pairing term: 


(Pre ; (- FEN 
JA E JNE 


By combining equations 40.32 to 40.36, we can write an expression for the binding energy 
as a function of the mass number and charge number of a given nuclide as 


(40.36) 


B,(N,Z)=+a, 


B(N,Z)=B,(N,Z)+B,(N,Z)+B.(N,Z)+B,(N,Z)+B,(N,Z) 


p a (asc 
amea t va 


Dividing this expression by the mass number, the binding energy per nucleon is 


Z 
B(N,Z) z (zı (+e 
ae -a,|—-=| +a : 
At A 2 P. A? 


a, -aA -a, (40.37) 


Now the constants in this expression can be used as fit parameters to obtain the best 
agreement with all binding energies for all nuclei. This procedure to explain the systematic 
trends in the binding energy per nucleon as a function of mass number was first invented 
by the German physicists Hans Bethe and Carl Friedrich von Weizsäcker in 1935, and the 
resulting empirical mass formula (equation 40.37) carries their name. Several fits have 
been published in the literature, all fairly successful. We follow Bertulani and Schechter 
(2002) and use the values 


a, =15.85 MeV, a, =18.34 MeV, a, =0.71 MeV, 


(40.38) 
a, = 92.86 MeV, Ay = 11.46 MeV. 


Figure 40.25 shows the same experimental values of the binding energies as dis- 
played in Figure 40.7, but only for the odd-mass nuclei. For these, the last term 
in equation 40.37 is zero, and then the effect of the other terms in the fit can be 
compared to the experimental data as a function of the mass number A. (The 16k 
curve is more complicated for even-mass nuclei, because they can have either 
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an even number of protons and an even number of neutrons, or an odd number 
of neutrons and an odd number of protons, which changes the sign of the term 12 


in equation 40.36 and thus does not produce a single curve like the one shown 


> 


in Figure 40.7.) The yellow line shows the (constant) volume term. Adding the œ 10 
surface term to it leads to the orange line, which already shows very good agree- $ i 
ment with the experimental data for low mass numbers. Adding the Coulomb = 
term leads to the red line, which is very close to the experimental data, showing ®© 6 m~~ e B/A 
that the Coulomb interaction becomes very important for large nuclei. Finally, V 
adding the asymmetry term leads to the green line, which gives a very good s [| vs 
overall description of all binding energies of all odd-mass nuclei, at least at the 2 r 
resolution of the plot shown here. = os “a a 
The success of the Bethe-Weizsäcker formula (equation 40.37) for the bind- 7 50 100 150 200 
ing energy is conventionally interpreted as strong support for the liquid-drop A 


model of the nucleus. However, it is really only a consequence of the approxi- 
mately spherical shape of nuclei, combined with the fact that the strong inter- 


FIGURE 40.25 Binding energy per nucleon for 
odd-A nuclei. Black dots: experimental data. Lines are 


action is short-range and of the order of the nearest-neighbor spacing of the fits including different terms in the Bethe-Weizsdcker 


nucleons inside a nucleus. mass formula. 
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40.2 Self-Test Opportunity 


Figure 40.13 shows that the masses 
of the A = 82 nuclei with odd number 
of charges lie on a parabola (dashed 
line), and the masses of the A = 82 
nuclei with even number of charges 
lie on another parabola. Explain. 


FIGURE 40.26 The Fermi gas model 
of the nucleus. Protons (purple) and 
neutrons (red) move independently 

and freely throughout the interior of 
the nucleus and are reflected off the 
nuclear surface that confines them. 
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FIGURE 40.27 Density of states 
in the Fermi gas model. Each dot 
represents a possible quantum state. 
The third momentum coordinate is not 
shown in this illustration. 


40.3 Self-Test Opportunity 


Derive equation 40.41. 


Fermi Gas Model 


Judging from the success of the liquid-drop model of the nucleus in reproducing the bind- 
ing energies of nuclei, one might be tempted to think about nucleons as resting in a fixed 
and approximately spherical arrangement inside the nucleus. However, the Heisenberg 
uncertainty relation (see Chapter 36) imposes constraints on quantum particles/waves con- 
fined to such a small volume. Since we need to demand that Ap,- Ax = +h, and since we 
have found out in the present chapter that we need to localize a nucleon inside a nucleus to 
within a few fm, this implies a high uncertainty in momentum, on the order of 100 MeV/c. 
(If you remember our handy rule that Ac =197.33 MeV /fm, this is easy to see.) That means 
that nucleons inside the nucleus cannot be considered to be resting in some fixed configu- 
ration, but that they have fairly high momentum uncertainty and thus momentum inside 
the nucleus. 

The Fermi gas model of the nucleus (invented by the Italian-American physicist 
Enrico Fermi, 1901-1953) considers this and assumes that nucleons can move freely like a 
gas inside the nucleus (Figure 40.26). 

Chapter 37 showed that a particle with mass m and momentum k confined to a cubic box 
of width a in three dimensions, but that can move freely inside the box, has a total energy of 

2 2 2,2 
B= = á L (ntr +r). (40.39) 


[K +h +k = 

2ma 
The Pauli exclusion principle allows each quantum state to be occupied by exactly four 
nucleons (one spin-up and one spin-down proton, and one spin-up and one spin-down 
neutron, for each state). 

We now want to use this information to calculate the density of states dN(E), which 
will tell us how many quantum states reside in an interval dE around a given energy E, for 
the Fermi gas model. 

Figure 40.27 illustrates the possible momentum states that can be occupied by the 
nucleons in a Fermi gas. Each possible quantum state occupies a volume of (77/a)’. Then the 
number of states dN(k) between the absolute value of the momentum k and k-+dk is given by 
the ratio of the volume of the spherical shell with radius k and thickness dk and the volume 
occupied by each quantum state: 

1 2 312 
AN(k)= g 4ak dk _ak 


dk. (40.40) 
(alay 2m 
(The factor + appears in this equation because we examine only the octant of the three- 
dimensional sphere, in which all three momentum coordinates are positive. Negative val- 
ues of the momentum coordinates do not add additional solutions, because the energy is 
proportional to k’.) 

Now we need to convert the density of momentum states dN(k), which we just cal- 
culated, into a density of states dN(E). Equation 40.39 shows that E = h’k’/2m, and there- 
fore k = .{2mE/h, so the derivative of the energy with respect to the wave number can be 
calculated: dE/dk = h’k/m. The differential dk can be expressed in terms of the differential 
dE via 

dE 


aV2E/m_ 


Combining this result with equation 40.40, the density of states as a function of energy is 


dk = 


dN (E) = EE. (40.41) 
T 


The maximum energy required to accommodate all A nucleons in a Fermi gas model is 
called the Fermi energy, Ep. To find the Fermi energy, we need to integrate the density of 
states (equation 40.41) up to the Fermi energy and set this number equal to + A. (Remem- 
ber that each quantum state can be occupied by 4 nucleons.) 


n( Ep ) 
f dN(E)=LA> 


are? gp W2 By pl2 toia 
! W2 243 30h F 4 
2/3 2/3 
K | 3AT K | 32° 
Ez = = n|, (40.42) 
2m| 28 2m| 2 


where n = A/a’ is the nucleon density inside the nucleus. Using the number n = 0.17 fm™° 
for the nucleon density (Example 40.1), a value of 938.9 MeV/c’ as the average of the proton 
and neutron mass, and our handy value of fic = 197.33 MeV fm, we arrive at the numerical 
value of the Fermi energy: 

2/3 


=38 MeV. 


Ep 


2 2. 
_ (197.33 MeV fm/c) z ee 


2(938.9 MeV/c?) | 2 


The density of states for the states occupied by nucleons inside the nuclear potential well is 
sketched in Figure 40.28 as a function of the energy above the bottom of the well. You can see 
that the largest probability for finding a nucleon inside a nucleus corresponds to an energy 
just below the Fermi energy. Note that the case displayed here is for temperature T = 0 eV; 
for nonzero temperatures the vertical drop-off at the Fermi energy is replaced by a more 
gradual decline. 

The Fermi momentum pp is the momentum (magnitude) that corresponds to the Fermi 
energy, 

Pr =4/2mMEp = 270 MeV/c 


kp = pp/h =1.36 fm™. 


Dividing the Fermi momentum by the nucleon mass gives the maximum velocity with 
which nucleons move around inside the nucleus: vp = pp/m = 0.29c. That is, nucleons move 
around inside the nucleus with speeds of up to almost 30% of the speed of light! 

Are these nucleon momentum values inside the nucleus real, or are they an artifact of a 
false interpretation of a quantum result in terms of classical physics? The answer is that they 
are real. This can be shown via particle production in heavy ion collisions, where the maxi- 
mum energy of the produced particle can exceed the beam energy, a result that can be traced 
back directly to the presence of the Fermi motion of the nucleons inside the nucleus. 

The picture of the nucleus that emerges in this model can be illustrated as shown in Figure 
40.29: Nucleons inside the nucleus are bound by a potential of depth Vo, which is the sum of 
the Fermi energy and the separation energy of the least-bound nucleon (S, or S,). Separation 
energies are typically on the order of 8 MeV. Thus, the depth of the nuclear well is approxi- 
mately Vy = 8 MeV + 38 MeV = 46 MeV. This result is valid for all nuclei with A larger than 
about 12, because from then on the nuclear saturation density is a constant n = 0.17 fm™. 

This picture can be refined by introducing a separate Fermi energy for neutrons and 
protons. This gives rise to the asymmetry term (equation 40.35) in the Bethe-Weizsacker 
mass formula (compare also Figure 40.24). 


Shell Model 


Chapter 38 showed that the electrons in atoms arrange themselves in shells because of the 
combined effects of the Coulomb interaction of the electrons with the positively charged 
nucleus, quantum mechanics, and the Pauli exclusion principle. One essential piece of 
experimental evidence that supports the existence of electron shells is the separation (ion- 
ization) energy of the outermost electron as a function of the charge number, which shows 
a pronounced maximum at a shell closure. In Example 40.2, we calculated the two-neutron 
separation energies for a series of tin isotopes and found a pronounced jump of the separation 
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FIGURE 40.28 Density of states as 


a function of energy in the Fermi gas 
model. Here the energy is measured 
relative to the bottom of the potential 
well. 


E 
A poon 
0 
Si» Sp 
0000 
0000 7 
F 
0000 
—Votr 


FIGURE 40.29 Approximation for 
the nuclear potential in the Fermi gas 
model. 
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FIGURE 40.31 Energy levels for neutrons 


in a lead nucleus, calculated for three 

different potentials: harmonic oscillator 
(HO), Woods-Saxon (WS), and Woods-Saxon tials. The left side represents the harmonic oscillator potential, for which the solutions 
with strong spin-orbit coupling (WS+SO). 
The small numbers on the sides of the levels this simple harmonic oscillator potential already reproduces the three lowest magic 
indicate the maximum occupation for the 
level, and the large numbers above the 

states indicate the cumulative sum of the 


occupation numbers. 


35Mey CHET gy at a neutron number of 82. Figure 40.30 shows a 
100 F systematic compilation of two-neutron separation ener- 
30Mev gies for all known isotopes. It is clear that it becomes 
zok harder to remove neutron pairs from a nucleus with a 
25MeV given charge number Z and with fewer neutrons N. This 
2omey CPservation is a consequence of the asymmetry term 
il (equation 40.35) discussed in the context of the liquid- 
f 15Mey drop model. However, the color coding in Figure 40.30 
ao shows sudden jumps at certain neutron numbers, which 
10MeV are superimposed on this general trend of rising two- 
207 5 Mev _ Neutron separation energies as we move from right to left 
in a given isotope chain. It is clear from this figure that 
o% a Cal Ga Ga o ae i 0 MeV the neutron numbers 50, 82, and 126 are special, because 
they exhibit these sudden jumps. When two-proton sepa- 
N ration energies are compiled, a similar picture emerges, 
FIGURE 40.30 Experimentally measured two-neutron separation energies. with sudden jumps at the so-called magic numbers of 50 
and 82 as we move along lines of constant neutron num- 
ber. (There is no nucleus with charge number Z = 126.) 
E (MeV) These and other data indicate that when certain numbers of protons or neutrons 
A occur in a nucleus, a shell is filled. These numbers are called magic numbers. The 
OT s6168 ie = magic numbers indicate that shell closures exist in nuclei just as they exist for the elec- 
m 26 = 1264 tron configurations in atoms. The magic numbers in nuclei are 
Sip 4 - = Id 2, 8, 20, 28, 50, 82, 126, 
3020 : 70 =? and they are the same for neutrons and protons, separately. For comparison, the magic 
i me rn 58 : 8 numbers for the electron configurations are the charge numbers of the noble gases, 
oo ll 2 = , 2, 10, 18, 36, 54, 86. 
p- 7 ss These sets of numbers are similar, but obviously not identical. Chapter 38 showed that 
aoe: i = = these magic numbers indicate shell closures. The shells are formed by maximally occu- 
gË å i 7 pying states with a given orbital angular momentum /, where the maximum occupation 
i of a given state is 2 + 1. In the case of the electrons in an atom, the potential is provided 
“407 34 2 a2 by the Coulomb potential of the nucleus. 
HO ws WS + SO The potential of the nucleons inside the nucleus, on the other hand, is provided 


by the collective action of the other nucleons. Nevertheless, the quantum numbers of 
the nucleons inside the nuclear potential can also be calculated. Figure 40.31 shows the 
energy levels of neutrons inside the lead nucleus, calculated for three different poten- 


were calculated in Chapter 37. These energy levels are equally spaced. Interestingly, 


numbers. A similar agreement is achieved by using the Woods-Saxon potential V(r), 
which has the same dependence on the radial coordinate r as the nucleon density has 
(equation 40.4): 

Yo 


14 el RAN ` 


Again, the surface thickness constant a = 0.54 fm, and the radius is given by equation 
40.3 as R(A) = R,A’”. The depth of the potential is V} = 50 MeV, close to what we obtained 
in the Fermi gas model. The energy levels in this potential cannot be calculated analyti- 
cally, but only with the aid of a computer. It is still possible to assign angular momentum 
quantum numbers to these numerical solutions, though, and so the maximum occupation 
numbers for this Woods-Saxon potential can be calculated. The results of this calculation 
are shown in blue in Figure 40.31. For each level, we again show the maximum occupation 
number. The cumulative occupation numbers are shown only where there is a larger-than- 
average energy gap to the next level. 

The decisive insight into the nuclear shell model was achieved in 1949 by the Ger- 
mans Maria Goeppert Mayer, Otto Hahn, J. Hans, D. Jensen, and Hans Suess. They real- 
ized that an essential part of the nuclear interaction is the coupling between the spin and 


V(r)=- (40.43) 
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the orbital angular momentum. (We do not derive this interaction term 
here, but merely state that it exists; a course on advanced quantum physics 
will fill this gap.) This spin-orbit coupling is also present for electrons, but 
for nucleons it is much larger. If a spin-orbit interaction potential with the 
correct strength is added to the Woods-Saxon potential, then we obtain the 
energy levels shown in green on the right-hand side of Figure 40.31. Now 
we see that the large energy gaps between the levels occur at the magic 
numbers observed in experiment. 

This simple shell model has been refined repeatedly during the last 
half century, and it remains the main workhorse of low-energy nuclear 
structure calculations. Because the numerical solution of the shell model 
for heavy nuclei involves inversion of extremely large matrices, this prob- 
lem still cannot be solved exactly, even using the largest available com- 
puters. Research on the nuclear shell model thus is still a vibrant field, 
focusing on novel approximation techniques and steady refinement of 
nuclear interactions. 


155 AMeV $6Kr + 4;Nb 
10 fm 


-20fm-10fm 0 10fm 20fm 


Other Models of the Nucleus 


The three models presented so far are by no means the only ones. Nuclei are 
a very interesting testing ground for many theoretical models, in particular 
when it comes to understanding collisions of nuclei, in which nuclei can be = eter! Density 
heated and compressed. Models of nuclear collisions involve several subfields | m] 
of physics we have introduced previously: quantum physics, fluid dynamics, 
thermodynamics, and electromagnetism. Nuclei can even undergo thermo- 
dynamic phase transitions between liquid-like and gas-like phases. The study 
of these phenomena, their technical applications, and their interdisciplinary 
relevance has been going on for the past two decades and promises to yield 
more interesting results in the coming decades. 

As one example of a current nuclear model, we show an example from 
our own research. Figure 40.32 shows the time sequence of a computer model 
simulation of a collision of krypton-86 with niobium-93. The nuclei experi- 
ence an off-center collision at an impact parameter of 5 fm. The time between 
two successive frames is 8.0 fm/c = 2.7- 10” s. Displayed is the nuclear den- 
sity, which is color-coded according to the legend on the right-hand side of the 
figure. The compression, deformation, and sideways deflection of the nuclei 
are clearly visible. From the comparison of these and other model simulations 
to experimental data, we are able to draw conclusions on the dynamics and 
thermodynamics of nuclei, and on the properties of nuclear matter. 
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FIGURE 40.32 Time sequence of a nuclear collision, 
as calculated with a nuclear transport model. 


40.4 Nuclear Energy: Fission and Fusion 


Let’s return once again to Figure 40.7, which shows the binding energy per nucleon as a 
function of the mass number for stable isotopes. The iron and nickel nuclei have the larg- 
est binding energy per nucleon and are thus most deeply bound. Any other arrangement 
of nucleons into nuclei, lighter or heavier, is less deeply bound. This suggests that very 
heavy nuclei can be split into two more deeply bound medium-mass nuclei, and obtain 
a positive Q-value (Figure 40.33). This positive Q-value yields useful energy, in a process 
called nuclear fission. In the same way, very light nuclei can be combined into heavier ones 
to give a positive Q-value with associated useful energy output, in the process of nuclear 
fusion. This is the entire physical basis for the energy production in our Sun and almost all 
other stars, for fission and fusion reactor power plants, as well as nuclear weapons. 


Nuclear Fission 


The nuclear fission process represents the splitting of an atomic nucleus into two smaller 
nuclei, often with the emission of one or more neutrons. The two smaller nuclei have mass 
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numbers close to half that of the parent nucleus. As we will see, nuclei that 


undergo fission typically have mass numbers of 230 or greater, so typical 
isotopes resulting from nuclear fission are typically in the mass range of 100 
to 150. Important examples of fission fragments are the isotopes of krypton 


through barium, and some of the lanthanides. These fission fragments tend 
to undergo subsequent radioactive decays, sometimes with very long half- 


lives. Many of them are easily ingested and accumulated in our bodies, so 
they pose great health risks. Examples are technetium-99 (more on this iso- 
tope later), cesium-137 (30-year half-life) and iodine-131 (8-day half-life), 


which is stored in the human thyroid. 
A nucleus that is undergoing fission has to pass through a deformed 
configuration not unlike the one we discussed for a-decay, which is sketched 


in Figure 40.11. A quantitative understanding of the onset of spontaneous 
fission in heavy nuclei requires a criterion in terms of mass number and 
charge number. To develop this criterion, we first parameterize the deforma- 
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ae 100 tion of the nucleus (Figure 40.34) in terms of an ellipsoid with semimajor 


axis length R(1+e), where R is the radius of the same nucleus if it were spher- 


FIGURE 40.33 Energy gain through fission and ical, and € is the deformation parameter. 
fusion reactions. 
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FIGURE 40.34 Nuclear deforma- 


tion and definition of the deformation 


parameter. 


40.4 In-Class Exercise 


Which of the following isotopes has 


the largest fissionability? 


a) 
b) 


235 
92 U 


240 
o4PU 


Ga 


d) ido Fm 


When a nucleus is deformed from its spherical configuration, how is the 
binding energy per nucleon (equation 40.37) affected? The volume term is not 
changed, because it depends only on the number of nucleons, which stays the same. Since 
the charge-to-mass ratio is not changed, the symmetry term should also remain the same, 
independent of deformation. The number of neutron pairs and proton pairs, and therefore 
the pairing term in equation 40.37, also remains constant. However, the surface is slightly 
increased when the sphere is deformed, so the surface term increases as a function of defor- 
mation. In addition, the protons are on average farther apart in the deformed nucleus, so the 
Coulomb term decreases. Niels Bohr (1885-1962) and John Archibald Wheeler (1911-2008) 
showed in 1939 that the change in binding energy as a function of deformation for the surface 
term is (to leading order) given by AB (€) = eB, (N,Z) = -*€a, A”?, and the change in the 
Coulomb term by AB,(e) = -4€7B, (N,Z) = +€°a,A'°Z’. Therefore the total change in the 
binding energy is 
AB(e) = AB. (€) + AB, (€) 
sifa tad 
=le, AZ? ~ 2a, A2), 


If AB(e) > 0, energy can be gained by deforming a nucleus, and it can fission instanta- 
neously. This transition point to spontaneous fission is reached when 
AB(e)=0=> a, A"? Z? -2a,A?”’? =0> 
Z? 2a, _2(18.34 MeV) _ 
A aqa 0.71 MeV 


c 


51.7, 


using the values given in equation 40.38. 

The quantity Z?/A is called the fissionability parameter. Higher fissionability means 
higher likelihood for fission and thus a shorter lifetime for the isotope. 

In Figure 40.16 you can see that spontaneous fission is the dominant decay mode for 
some of the heaviest isotopes. However, in almost all cases where spontaneous fission domi- 
nates, the half-life of the isotope is so short that it does not exist in nature. Much more 
important for the use of nuclear fission in nuclear reactors and nuclear weapons is the very 
long-lived isotope *53U, which has a half-life of 700 million years and which can be found in 
natural uranium deposits at 0.7% abundance. The most abundant uranium isotope is 735U, 
with a natural abundance of 99.3% and a half-life of 4.5 billion years. Both isotopes decay 
overwhelmingly via a-emission and have only a very small probability for spontaneous 
fission. However, *53U fissions almost instantaneously after being hit by a neutron of fairly 
low energy. In this process, it releases two or three neutrons, which can then trigger further 
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induced fission reactions in other *53U nuclei. If sufficient 733U is present, the resulting 
chain reaction will exponentially multiply the number of neutrons in the sample and cause 
a nuclear explosion. However, for this to happen, the uranium needs to be predominantly 
composed of *33U and not 733U (which does not show induced fission with low-energy 
neutrons). Thus, to be useful for nuclear weapons, the concentration of *33U needs to be 
enriched. We speak of weapons-grade uranium if it contains 80% or more *5,U. Enrichment 
can be done by various means, but the dominant technique is to use gas centrifuges for 
isotope separation. 

How much weapons-grade uranium is needed to make a nuclear weapon, that is, what 
is the critical mass? The optimum geometrical arrangement of the uranium is in the shape 
of a sphere. In the bulk of the sphere the neutrons trigger further induced fission reactions, 
whereas on the surface of the sphere, on average, half of the neutrons escape. The criti- 
cal mass of a sphere of *33U is approximately 50 kg. Since uranium has a mass density of 
19.2 times that of water, the radius of a sphere of uranium *33U with critical mass is only 
approximately 8.6 cm. In a nuclear weapon, a sufficient quantity of *33U is kept separated 
in several pieces and then detonated by pushing these separate pieces together via the use 
of conventional chemical explosives. The exact details of this process are closely guarded 
military secrets. 

Quantities of *33U can also be used for nuclear power production in nuclear fission 
reactors. The uranium needed for this is much less enriched than for nuclear weapons. The 
art of reactor construction is to keep the chain reaction controlled and thus avoid runaway 
reactions. This is achieved by using moderator materials, which capture neutrons and thus 
make them unavailable for further induced fission reactions. The April 26, 1986, disaster 
of the reactor core meltdown at the Ukrainian city of Chernobyl was the result of such a 
runaway reaction in which the moderator system failed. 

A second isotope that is very important for nuclear weapons is plutonium-239. %3Pu is 


produced in reactors from 735U via neutron capture and subsequent B” decays: 


Un» U4 y 


U — *s3Np+e +7, 
“Np — Pute +7,. 

This production process of *3;Pu is often referred to as breeding. *5,Pu also undergoes 
neutron-induced fission and has a higher yield of neutrons than 753U. Thus its critical mass 
is only 10 kg, and it is much more valuable for nuclear weapons than *53U. However, breed- 
ing weapons-grade plutonium is not easy because *34Pu can easily capture another neutron 
and turn into *54Pu, which does not show spontaneous fission. Too high a fraction of %54 Pu 
will lead to precritical detonation (fizzle) of a warhead, so the *5,Pu needs to be sufficiently 
pure to be useful for weapons purposes. 

Clearly, nuclear weapons pose a great threat, and increasing numbers of countries 
are acquiring this dangerous technology. After the United States and Russia in the 1950s, 
China, France, Great Britain, Israel, India, Pakistan, and perhaps others (North Korea, Iran, 
South Africa) have become nuclear powers. With every additional country that is able to 
produce nuclear weapons, the danger increases that these could fall into the wrong hands. 
Small nuclear warheads fit into suitcases, and terrorists have turned their attention to them. 
Even detonating a bomb of conventional explosives mixed with radioactive material, a so- 
called dirty bomb, could have devastating consequences. 

Equally clearly, the peaceful use of nuclear power from fission reactions is a way to 
avoid the greenhouse gas emissions associated with conventional power plants that burn 
fossil fuels. However, the storage of radioactive waste with very long half-lives is still a 
problem that is not completely solved. Countries such as Germany, for example, have sworn 
off the use of fission reactors and are turning their attention to alternative carbon-neutral 
energy sources (wind, biofuels, hydro, photovoltaics, and others) to solve the greenhouse 
gas problem. However, with global energy consumption on a very steep rise, it remains to 
be seen if these alternatives to fission power can satisfy the energy needs of the world. 
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EXAMPLE 40.5 | Fission Energy Yield 


PROBLEM 
What is the energy yield per kilogram of uranium for the neutron-induced fission reaction 
of *33U to krypton-92 and three neutrons, if *33U is at 20% enrichment in the reactor? 


SOLUTION 

First we need to write down the reaction equation for this fission reaction. This will tell 
us what the second fission fragment is. The reactant contains a total number of 92 pro- 
tons, the charge number of uranium. Since one of the fission fragments is krypton with 
36 protons, the other fission fragment has Z = 92 - 36 = 56 protons. This means that it is a 
barium nucleus. Counting the total mass number for the reactant, we find A = 236. Sub- 
tracting the mass number of the three neutrons and the mass number 92 of the krypton 
isotope, we find for the mass number of the barium isotope A = 236 - 3 - 92 = 141. Thus, 
the induced fission reaction equation is in this case 


235 141 


n+ “%U— s6Ba+ sar +3n. 


The mass of uranium-235 is 235.0439299 u, the mass of barium-141 is 140.914411 u, the 
mass of krypton-92 is 91.92615621 u, and the mass of a neutron is 1.008664916 u. There- 
fore, the mass difference between the reactants and products is 


235.0439299 — (140.91441 1 + 91.92615621-+ 2-1.008664916) = 0.186033 


atomic mass units. Converting to MeV, the mass-energy difference between the initial 

and final states is 173.3 MeV. This is also the sum of the kinetic energies of the final three 

neutrons plus the two fission fragments minus the kinetic energy of the initial neutron. 
This energy output can also be converted into joules: 


AE =(173.3 MeV)(1.602- 10°? J/MeV) =2.776-10 "J. 


Uranium at a mixture of 80% U-238 and 20% U-235 has an average mass number of 
0.8(238) + 0.2(235) = 237.4. Thus, 237.4 grams of uranium at our given enrichment has 
6.022. 10” uranium atoms (Avogadro's number, see Chapter 13). Of these atoms, 20% are 
uranium-235 and can undergo neutron-induced fission. Therefore, 237.4 g of our urani- 
um sample contains 0.2(6.022- 10”) = 1.2044- 10” uranium-235 atoms, and consequent- 
ly 1 kg of our sample contains 1.2044- 10”/0.2374 = 5.073 - 10” uranium-235 atoms. 

All that is left to do is to multiply the number of atoms times the energy yield per 
atom. Then the total fission energy yield of our uranium mixture is 


(2.776 -10 !1J)(5.073- 107°) = 14.08 -10° J. 


Keep in mind that not all of this energy is available for feeding into the electric grid. Some 
uranium-235 will always be left nonfissioned, and some of the neutrons released will hit 
uranium-238 and breed it into plutonium. 

For comparison, the combustion of 1 kg of gasoline yields a maximum of 4.6- 10’ J. This 
means that the nuclear fission of enriched uranium yields a factor of more than 300,000 
more energy than the combustion of gasoline for the same mass of fuel. 


Nuclear Fusion 


The nuclear fusion process merges light nuclei into heavier ones and thus also increases 
the binding energy per nucleon, as long as the end product of this fusion process is lighter 
than iron. 


Stellar Fusion 

Nuclear fusion is the basic process of energy production in stars. Two main reaction chains, 
discovered in 1938 by Hans Bethe, accomplish this. The first is the proton-proton chain, and 
the second is the CNO cycle. Both of these serve to fuse four hydrogen atomic nuclei into 
one helium nucleus. 
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The proton-proton chain starts with two protons that form a deuteron plus a positron. 
This is a weak interaction process and takes a long time, approximately 10 billion years on 
average (half-life). This explains why the Sun has already existed for approximately 5 billion 
years and did not explode instantaneously after its formation. The newly formed deuteron 
can then quickly capture another proton and form helium-3; the freshly created positron 
annihilates almost instantaneously with an electron: 


p+podtet +r, Q=0.42 MeV 
d+p— 3He+y Q=5.49 MeV 
e+e —>2y Q=1.02 MeV. 


The net result of these three reactions is the fusion of three protons into one helium-3 
nucleus plus three photons and one neutrino. The combined Q-value of the three reactions 
is Quer = (0.42 + 5.49 + 1.02) MeV = 6.93 MeV. 

The next step involves three different reactions through which fusion can proceed toward 
helium-4. In the Sun, 86% of the time, two helium-3 nuclei have a fusion reaction to yield 


3He+ 3He— $He+ p+p 


with a Q-value of 12.86 MeV. Adding the Q-value of this reaction to the Q-values that were 
obtained from the formation of helium-3 gives 


Quer =(2-6.93 + 12.86) MeV =26.7 MeV. 


This is exactly the mass difference between four protons and one helium-4, as expected 
from conservation of energy. 
Alternatively, 14% of the time the helium-3 finds an existing helium-4 in the Sun and 
fuses to 
5He+ SHe— {Be+y. 


This beryllium-7 nucleus then captures an electron to form lithium-7, which in turn has a 
fusion reaction to form two helium-4 nuclei: 


‘Be+e — 3Li+y, 
ZLi+ p— 2 He. 


The production of 26.7 MeV of kinetic energy from the fusion of four protons into one 
helium-4 nucleus is the basic reason why the Sun shines. What happens to this energy? Part 
of it is carried away by neutrinos. Due to the low-interaction cross sections, these neutrinos 
can leave the Sun right away on straight paths. The photons, on the other hand, scatter off 
the electrons and ions in the Sun, become absorbed and re-emitted in random directions, 
and take, on average, approximately 50,000 years to reach the Sun’s surface. 

The CNO cycle is named for the chemical symbols of the elements carbon, nitrogen, 
and oxygen. This cycle is dominant in stars that are significantly more massive than our 
Sun. In the CNO cycle, carbon serves as a catalyst to fuse four protons into one helium-4 
nucleus. This means that at the end of the cycle a carbon-12 nucleus is obtained, just like 
the one that we started with: 


2C+p— BN+y Q=1.95 MeV 

BN—> BCe +r, Q=1.20 MeV 
e +e —2y Q=1.02 MeV 
BC+p— UN+y Q=7.54 MeV 
MN+p— 3O+y Q=7.35 MeV 

BO BN+et+y, Q=1.73 MeV 
e +e —2y Q=1.02 MeV 
BN+p— 2C+ 3He Q=4.96 MeV 


net 4p— SHe+7y+2y, Quet = 26.8 MeV 
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40.5 In-Class Exercise 


With this much hydrogen being 
converted into helium, how much 
longer can the Sun keep shining 

at the current burn rate? (Hint: The 
mass of the Sun is 1.99 - 10% kg, the 
core contains approximately 10% of 
that mass, and approximately half 
of the core mass currently is still 
hydrogen.) 

a) 30,000 years 

b) 2 million years 
c) 100 million years 
d) 5 billion years 

e) 3.3- 1078 years 


These fusion processes need to overcome the Coulomb repulsion between the posi- 
tively charged atomic nuclei. Thus, fusion is restricted to the inner core of the Sun, which 
extends from the center to about 20% of the solar radius. The core contains about 10% of 
the mass of the Sun. In the core, the density is up to 150 tons per cubic meter and the tem- 
perature is approximately 13.6 million K. The high temperatures and densities in the Suns 
core are sufficient for the proton-proton fusion chain to proceed. By contrast, the CNO 
cycle requires somewhat higher temperatures than the Sun provides, and so contributes 
relatively little to the Sun’s total energy output. However, as the Sun ages, it will reach stages 
of stellar evolution when the densities and temperatures in the core will be high enough for 
the CNO cycle to proceed. 


EXAMPLE 40.6 | Fusion in the Sun 


At the beginning of this chapter, we stated that nuclear fusion reactions are responsible 
for almost all of the energy resources at our disposal on Earth. Let's see how the numbers 
work out. 


PROBLEM 

Knowing that the Sun radiates approximately 1370 W/m’ on Earth, how much total en- 
ergy do fusion reactions inside the solar core need to produce per second, and how many 
protons does it take per second to generate this much power? 


SOLUTION 

The Sun is an almost perfect sphere and radiates its power uniformly over the 477 solid 
angle. Thus, if we calculate the surface area of a sphere with the radius of the Earth’s orbit 
around the Sun, we can calculate the total power output. The orbital radius is 1 astro- 
nomical unit, 149.6 million km. Therefore the area of the surface of the sphere we are 
looking for is 


A=4nr’ =47(1.496-10'! mÝ =2.812-10% m’. 


Given that each square meter on Earth receives approximately 1370 W of power, the total 
power output of the Sun is 


Poa = (1.370: 10° W/m? )(2.812-10” m?) =3.85 -10% W (385 yottaWatt). 


As a reminder, 1 W = 1 J/s and 1 eV =1.602178-10-'’ J. The energy released by the fusion 
of four protons into one helium-4 in joules can be calculated: 


26.8 MeV =(26.8-10° )(1.602178-10°"? J) = 4.29-10” J. 


One-quarter of this energy is therefore what we obtain for each proton involved in the 
fusion cycle, 1.07- 10°'? J. Therefore, (3.85- 107° W)/(1.07-107 J) = 3.60-10°° protons 
are needed each second to fuse into helium-4. With a proton mass of 1.6726- 10°?” kg, 
this means that a total mass of (3.60 - 10°) (1.6726 -107 kg) = 6.02. 10" kg (600 million 
metric tons) of protons is converted into helium each second! 


Terrestrial Fusion 


Can the power of fusion be harnessed on Farth? The answer is yes and maybe. In 1952 the first 
hydrogen bomb was detonated by the United States. Hydrogen bombs use nuclear fusion reac- 
tions to achieve maximum energy output. The high temperatures and compressions needed 
to achieve fusion are obtained by using a nuclear bomb of the fission type as a trigger. So yes, 
it is possible to achieve nuclear fusion reactions and to obtain a very large energy release. 
However, the detonation of hydrogen bombs cannot be considered “controlled” fusion. Con- 
trolled fusion as a means of production of useful energy could be the solution to global energy 
problems. During the past four or five decades, very large sums of money have been dedicated 
to obtaining controlled fusion, so far with little success. Achieving the high pressures and 
temperatures needed for thermonuclear fusion has been an elusive goal. 
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Presently, two leading designs promise great 
progress. One is ITER, the international collabo- 
ration to build a thermonuclear fusion reactor 
with magnetic confinement technology. Figure 
40.35 shows a drawing of the central fusion core 
of ITER. The toroidal vacuum chamber of ITER 
is lined with a shield that absorbs heat and neu- 
trons produced in the fusion reactions. The mag- 
net systems that are used to confine the heated 
plasma surround the vacuum chamber. There is 
also a divertor to handle neutral particles that are 
not contained by the magnetic field. 

In 2006 the European Union, the United 
States, China, Russia, Japan, India, and South 
Korea agreed to fund this project jointly and 
selected the construction site, Cadarache, in the 
south of France. The project costs will be approx- 
imately $15 billion, and it will take 10 years to 
complete. It is expected that ITER will provide 
500 MW of power sustained for approximately 10 minutes. This is an improvement of sev- 
eral orders of magnitude over what has been achieved with magnetic confinement fusion 
reactors up to now, and a big step toward break-even—that is, extracting at least as much 
power as has been put in. 

The other very promising approach to fusion is laser fusion. In Livermore, California, 
the U.S. Department of Energy has constructed the National Ignition Facility. Here the 
world’s most powerful lasers are shot into small hollow cylinders (hohlraum) and the X-rays 
released from the interaction of the lasers with the hohlraum walls compress the nuclear 
fusion fuel in the interior, thus achieving fusion ignition. An overview of the laser assembly 
of the National Ignition Facility is shown at the end of Chapter 38. Figure 40.36a gives a 
schematic overview of the laser-induced fusion process, Figure 40.36b shows one of the 
hohlraum cylinders, and Figure 40.36c shows the target chamber, in which the hohlraum 
targets will be ignited and in which the fusion energy that is released will be recaptured. 


Fusion 
ignition 
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FIGURE 40.35 Drawing of the planned central fusion reactor of the ITER facility, 
now under construction in Cadarache, France. 


FIGURE 40.36 (a) Description 

of nuclear fusion in the National 
Ignition Facility. (b) A hohlraum 
cylinder is just a few millimeters wide 
(less than the size of a dime), with 
beam entrance holes at either end. 

It contains the fusion fuel capsule, 
which is the size of a small pea or 
pencil eraser. (c) A technician checks 
the NIF target chamber while in the 
Target Chamber Service System lift. 
Technicians must dress in full body 
suits to protect the chamber from any 
lint or microscopic particles. The target 
positioner, which holds the target 
during a shot, is on the right. 
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40.5 Nuclear Astrophysics 
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The interface of nuclear physics, particle physics, and astrophysics is one of the most fas- 
cinating areas of current physics research. Laboratory experiments, computer simulations, 
model studies, and calculations can be performed to answer basic questions about the uni- 
verse. Several aspects of this interdisciplinary field were discussed in Chapter 39. However, 
one of the most interesting questions to be studied is the origin of the chemical elements. 
So far, we have discovered that the Big Bang (see Chapter 39) was able to create almost all 
of the hydrogen and most of the helium in the universe. Fusion reactions in stars, as we 
have just seen, generate helium as well. On the other hand, the elements that we observe 
around us are different. The Earth is predominantly composed of iron, silicon, oxygen, alu- 
minum, sodium, and other elements. Elements as heavy as uranium can be found in sizable 


0 20 40 60 80 100 quantities. Our own bodies consist mainly of oxygen (at 65% of our weight), carbon (18%), 


FIGURE 40.37 Abundance of the 
chemical elements in our Solar System by 
weight. 


FIGURE 40.38 The Crab Nebula, a 


supernova remnant. 


hydrogen (3%), calcium (1.5%), phosphorus (1%), and traces of many other elements. Fig- 
ure 40.37 shows the percentage abundance by weight of the elements in the Solar System. 
Hydrogen and helium dominate, but all stable elements can be found, and even thorium 
and uranium exist in appreciable quantities. 

Where do the heavier elements come from? To answer this question, we have to exam- 
ine the later stages in a star’s life. For example, let’s study a star of the mass of about 20 times 
the mass of the Sun. The combination of nuclear physics and stellar modeling shows that 
a star this massive uses up its hydrogen fuel much faster than the Sun does, and after only 
10 million years its core is predominantly composed of helium. These helium-4 nuclei then 
fuse to carbon-12 through the so-called triple-alpha process, 


4 4 8 
jgHe+ ,He {Be 


§Be+ jHe— 'gCty. 


This two-step process is necessary because {Be is not stable and has a half-life of only 6.7- 10” s 
and decays back into two helium-4 nuclei. Therefore, the density of helium-4 needs to be very 
high for this process to proceed. It then takes approximately 1 million years for much of the 
helium to be converted into carbon. As the core temperature rises, it eventually becomes suffi- 
cient to overcome the Coulomb repulsion of ever-heavier nuclei. This leads to the production 
of nuclei such as oxygen, neon, silicon, and then finally iron and nickel. 

As we have seen, the stable iron and nickel isotopes have the highest binding energy 
per nucleon. The production of elements heavier than iron and nickel through fusion pro- 
cesses is thus not possible. This also means that the core of the star can no longer produce 
energy through nuclear fusion processes. This iron core of our 20-solar-mass star has a 
mass of 1 solar mass. Once the fusion energy output ceases, the thermal pressure due to the 
fusion photons vanishes, and the core starts collapsing from the gravitational pull. Capture 
of a significant fraction of the electrons on the protons, p + e — n + ve accelerates the 
collapse. After only a few milliseconds, the center of the core has been compressed to the 
density of nuclear matter and a shock wave begins to propagate radially outward through 
the core, causing the star to explode and become a supernova. 

Exactly how the core-collapse supernova explosion process works in detail is still under 
intensive investigation. However, the experimental observations of supernovas are clear. The 
total energy emitted in the form of photons and neutrinos is on the order of 10“ J to 10*° J, 
which corresponds to the energy release of more than a billion billion billion (10”) hydro- 
gen bombs ignited simultaneously. What’s left behind is a neutron star that is very small 
(radius approximately 10 km) and incredibly dense (mass of approximately 1.5 solar masses 
at nuclear matter density). As the neutron star is formed, angular momentum is conserved, 
so that it rotates very quickly. As a neutron star spins, it can emit “lighthouse beams” of 
radio waves, light, and/or X-rays. Such a rotating neutron star is called a pulsar. Pulsars 
have been observed to rotate as fast as 40 times per second! The rotational speed of the Sun 
is 4.6- 107 rotations/s (one rotation every 25 days). 

As a result of the supernova explosion, matter is thrown into interstellar space and 
forms clouds of dust and gas, which are some of the most picturesque objects in the uni- 
verse. Figure 40.38 shows the famous Crab Nebula, which is the remnant of a supernova 


that exploded 6500 light-years from Earth and was observed in the year 1054. It was so 
bright that it could be seen during bright daylight, even though the explosion happened 
at a distance almost half a billion times greater than the distance to the Sun. 

In the process of a supernova explosion, the isotopes that exist outside the core 
are bombarded by an incredibly high flux of neutrons. They capture these neutrons 
very rapidly and also undergo fast B -decays, thus adding to their neutron and proton 
numbers. The path of this so-called r-process (r = rapid) through the isotope chart is 
sketched in Figure 40.39. It takes only seconds to populate the r-process isotopes, which 
then decay back toward the valley of stability. This process is understood qualitatively, 
but not in quantitative detail. However, astronomers generally agree that the elemental 
abundance observed in the Solar System (see Figure 40.37) is the result of such a super- 
nova explosion more than 5 billion years ago. Our Solar System formed from the ashes 
of that supernova. The vast majority of the atoms around us and inside our bodies are 
thus at least 5 billion years old. These atoms are simply recycled again. 
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FIGURE 40.39 Path of the r-process 
(red with yellow arrows) through the 
isotope landscape. Light gray: postulated 
isotopes. Gray: known isotopes. Black: 
stable isotopes. 


40.6 Nuclear Medicine 


Nuclear medicine is a flourishing subfield of medicine, where nuclear phys- cq 
ics finds direct applications in diagnostics and the treatment of patients. Great 
progress continues to be made by using more-precise tools for delivering 
radiation to the relevant areas of patients’ bodies. There has also been steady 
improvement of detection equipment, resulting in the continual lowering of 
the minimum radiation doses needed for diagnostic tests. Progress in basic 
nuclear physics research thus translates directly into medical advances. 
Radiation of various kinds is used for cancer treatment. The idea is 
straightforward: Concentrate the radiation on tumor cells that need to be 
destroyed, while at the same time trying to avoid irradiating healthy tissues. 
This treatment option is particularly attractive in cases where the tumor can- 
not be removed surgically or where the surgery area needs to be treated post- 
operatively. Brain cancers in particular have been successfully treated with 
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radiation methods, a process that is being refined steadily. FIGURE 40.40 Decay scheme of cobalt-60. 


The most common radiation treatment of cancers is based on gamma rays. 
This technology uses a very strong radioactive photon source, usually $9Co. 
This isotope B -decays into an excited state of nickel via 8Co — S3Ni+e +7, 
with a Q-value of 318 keV. The half-life for this process is 5.27 years. Once 
populated, the excited state of $§Ni then decays promptly into the ground state 
via the emission of two high-energy gamma rays (Figure 40.40). Thus, this 
isotope delivers two high-energy gamma rays, but still has a very long half- 
life. Since $$Co is straightforwardly produced with 99% purity in reactors via 
neutron capture on the stable isotope 33Co, it is an ideal isotope for medical 
purposes, but also for other purposes, such as food irradiation. 

The radioactive cobalt is contained behind thick shielding. Narrow chan- 
nels in the shielding allow photons to escape in well-defined directions to be 


used as a beam for radiation. This is the basis for the gamma-knife setup FIGURE 40.41 Gamma-knife cancer treatment 
(invented in 1968), mainly used to treat inoperable brain cancers (Figure 40.41). facility at Scripps Memorial Hospital, La Jolla, CA. 


For each patient, a custom radiation collimator in the shape of a very thick hel- 
met is designed, for which the many channels through the shielding all point to 
a certain point inside the patient's head where the cancer tumor is located. 


The last few years have seen a very strong increase in research into cancer treatment with 
heavy ion beams, which, like a-particles, deposit most of their energy near their maximum 
penetration depth and so allow for greater depth control in the deposited radiation dose. Great 


advances in radiation treatment can be expected from the use of this method in the future. 


In the field of imaging, the most important technology is based on nuclear magnetic 
resonance (NMR). The imaging technology based on NMR is called magnetic resonance 
imaging (MRI). How does NMR/MRI work? Particles such as protons have an intrinsic 
magnetic dipole moment, as discussed in Chapter 28. When protons are placed in a strong 
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FIGURE 40.42 Image slices 
through a human head, obtained via 
MRI techniques. 


magnetic field, their spin and therefore their magnetic dipole moment can have only two 
directions: parallel or antiparallel to the external field. The difference in energy between the 
two states is given by the difference in magnetic potential energy, which is 24B, where y is 
the component of the proton’s magnetic moment along the direction of the external field. 
This potential energy difference was discussed in Chapter 27. 

A time-varying electric field at the proper frequency can induce some of the protons 
to flip the direction of their magnetic dipole moments from parallel to antiparallel to the 
external field, and the protons thereby gain potential energy. Because the magnetic poten- 
tial energy can have only two possible values, the energy required to flip the direction is a 
discrete value, depending on the magnitude of the external field. Chapter 36 showed that 
the energy delivered by the field is proportional to the frequency. Thus, only one given 
oscillation frequency will cause the dipole moment to flip. If the time-varying electric field 
is switched off, the protons in the higher energy state, with dipole moments that are not 
aligned with the field, will flip back to being parallel with the field, emitting photons of a 
well-defined energy that can be detected. 

A magnetic resonance imaging device uses the physical principle of nuclear magnetic 
resonance just described. This technique can image the location of the protons in a human 
body by introducing a time-varying electric field, and then varying the magnetic field in a 
known, precise manner to produce a three-dimensional picture of the distribution of tissue 
containing hydrogen. The quality of this imaging depends on the strength of the external 
magnetic field. Figure 40.42 shows results of an MRI. 

We close with an interesting example of the diagnostic use of nuclear radia- 
tion. The element technetium (Z = 43) has no stable isotopes. The longest-lived 
technetium isotope is 43 Tc, with a half-life of 4.2 million years. For one medi- 
cal diagnostic purpose, however, the isotope 43Tc is most valuable. Its lowest 
E, = 140.5 keV energy levels, their angular momentum values, and their half-lives are shown 

in Figure 40.43. The state with angular momentum +A is an isomeric state, 
because its angular momentum is more than 1h different from either of the 
two lower-energy states. Thus, it is relatively long-lived and decays with a 
half-life of 6.02 h into the j = +f state via the emission of a photon with energy 


E = 142.7 keV, j = 4, hy = 6.02h 
E; = 2.17 keV eas 
E = 140.5 keV, j = 3, f2 = 19 ns 


E=0j=5 of 2.17 keV. This is followed by a very quick decay to the ground state, with a 
FIGURE 40.43 Lowest energy levels of technetium, half-life of only 19 ns, via the emission of a 140.5-keV photon. Thus, the decay 
their angular momenta in unit of Planck's constant, of als delivers high-energy photons over several hours after the initial prep- 
and their half-lives. aration of the isotope. Since a 140.5-keV photon easily penetrates biological 


tissue, this isotope can be used for diagnostic purposes. 

In a technetium scan, 43Tc is injected into the patient. After a few minutes to a few 
hours, a picture can be taken of the patient with a gamma-ray camera to monitor where 
in the body the technetium has traveled. Certain cancers result in an increased local con- 
centration of 3Tc near the tumor, and appear as black areas in the gamma-ray picture. 
The patient shown in Figure 40.44 fortunately turned out to be cancer-free. (The black dot 
near the left elbow is the injection point.) 33Tc is thus a great example of the medical use of 
specific isotopes. 

FIGURE 40.44 Technetium scan of 
a female patient. Dark areas show an ’ Æ 


increased concentration of the techne- 
tium-99 isotope in the body. 
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WHAT WE HAVE LEARNED | EXAM STUDY GUIDE 


The atomic nucleus consists of protons and neutrons, 
collectively called nucleons. Nuclei with different 
numbers of neutrons, but the same number of protons, 
are called isotopes of the same element. The mass 
number of an isotope is the sum of the number of 
protons and the number of neutrons, A = Z + N. 


The interaction between the nucleons is short-range and 
can effectively be described by potentials based on pion 
exchange. 


Nuclei are approximately spherical in shape, with the 
radius of the sphere depending on the mass number, 
R(A) = RA’, and Ry = 1.12 fm. 


The number density of nuclear matter in the interior 
of a nucleus is n = 0.17 fm~’, and the mass density is 
P = Myucleon!! = 2.8- 10 kg/m’. The dependence of the 
number/mass density on the radial coordinate is given 
by the Fermi function n(r) = n)/[1 + ef" RA)/2) with 
a = 0.54 fm. 


There are 251 stable isotopes and more than 2400 
known unstable isotopes, with lifetimes from fractions 
of seconds to many times the age of the universe. 


Nuclear mass is measured in multiples of the atomic mass 
unit, 1 u = 1.660538782- 10” kg = 931.494028 MeV/c’, with 
the definition of 1 u as 1/12 of the mass of the '2C atom. 


The mass of a nucleus with Z protons and N neutrons 

is smaller than the sum of the masses of the individual 
nucleons, and the binding energy is defined as that mass 
difference times c’, B(N, Z) = Zm, + Nm, - m(N, Z)c’. 


The mass excess of a nucleus is defined as the difference 
between the mass of a nucleus expressed in atomic mass 
units and the mass number: mass excess = m(N, Z) — A u. 


The binding energy of different isotopes can be 
reproduced well by the Bethe-Weizsäcker formula for 
the liquid-drop model, as the sum of volume, surface, 
Coulomb, asymmetry, and pairing contributions, 


B(N,Z)=a, A-a, A”? -a Z A 
2 Z 
si N | 4-1/2 
-a (z-Ł4) A +apl(-1) +(-1) ja l 


The Q-value of a given nuclear reaction is the difference 
between the sum of the mass-energies of the initial 
nuclei minus that of the final nuclei. 


The Fermi gas model approximates the nucleus as a 
quantum gas of nucleons that can move freely inside the 
nucleus but are confined by the nuclear surface. 

The density of states in the Fermi gas model is 

dN(E) = m’ E? dE (2P mah’). 


The Fermi energy is 
Mo 
E 2m)(30 no) =38 MeV. 


The nuclear shell model predicts angular momentum 
shells inside the nucleus similar to the electron shells in 
the atom. It is able to reproduce the magic numbers of 2, 
8, 20, 28, 50, 82, 126. 


Nuclear decays show exponential decay laws, 
N(t) = Noe. The decay constant A, half-life t,» and 
mean lifetime 7 are related via tı} = In2/A = 7 In2. 


In a-decay, a nucleus emits the nucleus of the helium-4: 
4Nuc— 3He+ $5Nuc. 
In a B -decay, an electron and an anti-neutrino are 


emitted: 
A Jee. 
zNuc— 7,,Nuc+e +n. 


A B*-decay can proceed via a positron emission: 


A A 
ZNuc— 3 Nue+e* +r, 
or the capture of an electron: 
"E TOE 
e + 7Nuc— z3 Nuc +n. 


A y-decay is the emission of a high-energy photon from 
an excited state of a nucleus, a process that does not 
transmute the nucleus. 


The SI unit for radioactivity is the becquerel, 

1 Bq = 1 nuclear decay/s. The SI unit for the absorbed 
dose is the gray, 1 Gy = 1 J/kg. The SI unit for the dose 
equivalent is the sievert, 1 Sv = w,(1 Gy), where the 
radiation weight factor w, varies between 1 and 20, 
depending on the type and energy of the emitted particle. 


Nuclear fission is the splitting of a very heavy nucleus 
into two medium-mass nuclei, usually with the 
associated emission of one or a few neutrons. This 
process is the physical basis for nuclear power plants, as 
well as nuclear weapons. 


Nuclear fusion is the merging of two light nuclei into 
a heavier one. Nuclear fusion is the basic process that 
powers the stars. The two most common fusion chains 
are the proton-proton chain and the CNO chain. 


Nuclear astrophysics research is employed to explain, 
among other things, the abundance of the chemical 
elements in our Solar System. 


Nuclear medicine uses nuclear physics for medical 
diagnostics and cancer radiation treatment. 
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KEY TERMS 


nucleons, p. 1326 
isotopes, p. 1327 
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p. 1330 
binding energy, p. 1331 
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alpha decay, p. 1335 

beta decay, p. 1337 

gamma decay, p. 1339 
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becquerel (Bq), p. 1343 

curie (Ci), p. 1343 

liquid-drop model, p. 1346 
empirical mass formula, p. 1347 
Fermi gas model, p. 1348 

Fermi energy, p. 1348 

magic numbers, p. 1350 
nuclear fission, p. 1351 

nuclear fusion, p. 1351 
deformation parameter, p. 1352 


chain reaction, p. 1353 
critical mass, p. 1353 
breeding, p. 1353 
proton-proton chain, 
p. 1355 
CNO cycle, p. 1355 
supernova, p. 1358 
nuclear medicine, 
p. 1359 
gamma knife, p. 1359 


ANSWERS TO SELF-TEST OPPORTUNITIES 


40.1 Particle Mass (u) 
d 2.014101778 
12 
Aa 12 
p 1.007825032 
Be 13.00573861 


Q =(2.014101778 u)? +(12 u)c* - 
((1.007825032 u)c* +(13.00573861 u)? )= 


(0.000538128 u) c? =0.501263 MeV, positive, exothermic. 


PROBLEM-SOLVING PRACTICE 


Problem-Solving Guidelines 
1. Remember that the nucleus is the prototypical quantum 
system. The Pauli exclusion principle and the uncertainty 
relation provide essential tools for working out relationships 
of momenta, energies, and sizes. 


2. When it comes to binding energies, you should first 
consider the options provided by the liquid-drop formula. 


40.2 First let’s look at only the odd-charge nuclei. Using the 
mass formula, we see that they have the same values for the 
volume term, surface term, and pairing term. The asymme- 
try term and the Coulomb term together combine to yield 
the parabolic shape. The even-charge nuclei have a similar 
parabola that is offset vertically relative to the odd-charge 
nuclei by the pairing term. 


40.3 


2 2 
gee” gg Sea AT ae 
m m h Av2E/m 
342 3 2 33/2 
dN(E) ak dE aœ 2mE/h dE _ am E'?4AE. 


2m hEm 2m Elm Vrt 


3. If you need to solve a problem involving nuclear decays, 
first make sure which decay process is involved. You can do this 
by comparing the initial and final nuclei involved in the decay. 
Then you need to make sure you respect the conservation laws 
(lepton number, baryon number, momentum, energy, charge, 
etc.) in your decay process. Calculating the Q-value is a good 
idea, because it lets you find out if a decay is possible or not. 


SOLVED PROBLEM 40.2 (Nuclear Surface 


PROBLEM 


The nuclear surface thickness t is defined as the distance over which the nuclear density falls 
from 90% to 10% of its central value. Derive a relationship between this surface thickness 
and the parameters of the Fermi function (equation 40.4). What are the distances over which 
the nuclear density falls from 80% to 20%, and from 70% to 30%, of its central value? 


SOLUTION 
THINK 


Equation 40.4 gives the Fermi function for the nuclear density n(r) as a function of the 
radial coordinate r. It contains the 3 parameters no, R(A), and a, 


n 
n(r) =———_2—_., 
Le RA 
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Section 40.1 established that the empirical value of the parameters are a = 0.54 fm, nọ = 
0.17 fm”, and R(A) = R, A’? with R, = 1.12 fm. Since ny is a multiplicative constant in 
the Fermi function, it cannot have any influence on the thickness of the nuclear surface. 
However, it is not quite as easy to see if R(A) or a determine the surface thickness. 


SKETCH 

Figure 40.45 shows the Fermi function for three different values of 
the nuclear radius R. It is clear from this sketch that the nuclear sur- 
face thickness t is independent of R. Thus our desired expression for 
the nuclear surface thickness can only be a function of the param- 
eter a. 


RESEARCH 
Our starting point is the Fermi function, which gives us the density as 
a function the radial coordinate, n(r), 


PAs) 


no 14e 


r (fm) 


FIGURE 40.45 Fermi function for three different nuclear 
radii. 


Here we have simply written R instead of R(A) to simplify our no- 
tation, recognizing from our sketch that the particular value of the 
nuclear radius will have no influence on the nuclear surface thickness. 
We need to invert this function so that we obtain the radial coordinate 
as a function of the density, r(m/n,). Then the thickness is defined as 


t=r(10%)-1(90%). 


SIMPLIFY 
We solve our expression above for r by taking the inverse of both sides and then subtract- 
ing 1 from both sides 


n = 
ap el RM 
n 


fo] = et Bila 
n 


Now we can take the natural log and find 


nf- =(r- Rya. 
n 


Multiplication of both sides with a and addition of R then results in 


> 


r= Reale 1 
n 


which is our desired expression of the radial coordinate as a function of the density, 
r(n/ng). By using this expression for n = 0.1m) and n = 0.9/9 we can express the surface 
thickness as 


t=r(0.1)-r(0.9)=r= 


In ls - 1 -ln 
0.1 
CALCULATE 
We have obtained the desired relationship between the parameter a of the Fermi function 
and the nuclear surface thickness, t ~ 4.4a. Using a = 0.54 fm, we find that the surface 


R+aln Lj 
0.1 


ae 
0.9 | 


t = 4.394454. 


R+aln Ai 
0.9 


t=a =a(In9-In0.1|=2aIn9 


Continued— 
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thickness of nuclei is 2.4 fm. What remains to be calculated are the thicknesses of the 
regions over which the density falls off from 80% to 20%, and from 70% to 30%: 


nfo -tof 
0.2 0.8 
ma 
0.3 0.7 
ROUND 


Since the constant a = 0.54 fm is given only to 2 significant figures, it does not make sense 
to specify our result to a greater precision than this, and our final answer is 


r(0.2)-r(0.8)=1.5 fm 
r(0.3)-r(0.7)=0.92 fm. 


r(0.2)- r(0.8) = (0.54 fm) =1.4972 fm 


r(0.3)-r(0.7) = (0.54 fm) =0.91508 fm. 


DOUBLE-CHECK 

As you can see from the sketch, the Fermi function falls off almost linearly between 
nin = 0.9 and n/n; = 0.1. Since the density interval between n/n = 0.7 and n/nọ = 0.3 is 
half of that between 0.9 and 0.1, we expect that the distance over which this fall-off occurs 
is approximately half of the nuclear surface thickness. (Remember: The surface thickness 
is defined as the distance over which the density falls off from 0.9 to 0.1 of the central 
density!) We found that the thickness is t = 2.4 fm, so it is thus not unreasonable to find 
r(0.3) - r(0.7) = 0.92 fm. 


ee 


MULTIPLE-CHOICE QUESTIONS 


| 40.1 Radium-226 decays by emitting an alpha particle. 
What is the daughter nucleus? 


a) Rd 


b) Rn 


a) alpha decay 
b) beta decay 


c) Bi d) Pb 
40.2 Which of the following decay modes is due to a 
transition between states of the same nucleus? 

c) gamma decay 

d) none of the above 


d) anucleus with greater charge number, but not one with a 
smaller charge number. 


e) anucleus with either greater or smaller charge number. 
40.5 The strong force (select all that apply) 

d) All of the above are true. 
e) None of the above are 


a) is only attractive. 
b) does not act on electrons. 
c) only acts over a few fm. true. 


40.3 In neutron stars, which are roughly 90% neutrons 
and supported almost entirely by nuclear forces, which 
of the following binding-energy terms becomes relatively 
dominant compared to ordinary nuclei? 


d) all of the above 
e) none of the above 


a) the Coulomb term 
b) the asymmetry term 
c) the pairing term 
40.4 When a target nucleus is bombarded by an appropriate 
beam of particles, it is possible to produce 

a) aless massive nucleus, but not a more massive one. 

b) amore massive nucleus, but not a less massive one. 


c) anucleus with smaller charge number, but not one with a 
greater charge number. 


40.6 Cobalt has a stable isotope, *’Co, and 22 radioactive 
isotopes. The most stable radioactive isotope is Co. What 
is the dominant decay mode of this “Co isotope? 


a) B* b) 6 c) p d) n 

40.7 The mass of an atom (atomic mass) is equal to 

a) the sum of the masses of the protons. 

b) the sum of the masses of protons and neutrons. 

c) the sum of the masses of protons, neutrons and electrons. 


d) the sum of the masses of protons, neutrons, and 
electrons minus the atom’s binding energy. 


QUESTIONS 


40.8 What is more dangerous, a radioactive material with a 
short half-life or a long one? 


40.9 Apart from fatigue, what is another reason the Federal 
Aviation Administration limits the number of hours 
intercontinental pilots can travel annually? 


40.10 Why are there magic numbers in the nuclear shell model? 


40.11 The binding energy of He is lower than that of }H. 
Provide a plausible explanation, considering the Coulomb 
interaction between two protons in 3He. 


40.12 Which of the following quantities is conserved during 
a nuclear reaction, and how? 

a) charge d) linear momentum 

b) the number of nucleons, A e) angular momentum 

c) mass-energy 


40.13 Some food is treated with gamma radiation to kill 
bacteria. Why is there not a concern that people who eat such 
food might be consuming food containing gamma radiation? 


40.14 Refer to the subsection “Terrestrial Fusion” in Section 
40.4 to see how achieving controlled fusion would be the 
solution to mankind's energy problems, and how difficult it 

is to do. Why is it so hard? The Sun does it all the time (see 
the previous subsection, “Stellar Fusion”). Do we need to 
understand better how the Sun works to build a useful nuclear 
fusion reactor? 


40.15 Why are atomic nuclei more or less limited in size and 
neutron-proton ratios? That is, why are there no stable nuclei 
with 10 times as many neutrons as protons, and why are there 
no atomic nuclei the size of marbles? 

40.16 A nuclear reaction of the kind }He + C — X + ais 
called a pick-up nuclear reaction. 

a) Why is it called a pick-up reaction, that is, what is picked 
up, what picked it up, and where did it come from? 


PROBLEMS 


A blue problem number indicates a worked-out solution is 
available in the Student Solutions Manual. One e and two ee 
indicate increasing level of problem difficulty. 


Section 40.1 
40.22 Estimate the volume of the uranium-235 nucleus. 


40.23 Using the table of isotopes in Appendix B, calculate 
the binding energies of the following nuclei. 

a) “Li b) °C c) "Fe d) *Rb 
40.24 According to the standard notation, find the number 
of protons, nucleons, neutrons, and electrons of '34Xe. 


40.25 Using the Fermi function, determine the relative 
change in density (dn(r)/dr)/np at the nuclear surface, r = R(A). 


Problems 1365 


b) What is the resulting nucleus X? 
c) What is the Q-value of this reaction? 
d) Is this reaction endothermic or exothermic? 


40.17 Isospin, or isotopic spin, is a quantum variable 
describing the relationship between protons and neutrons 
in nuclear and particle physics. (Strictly, it describes the 
relationship between u- and d-quarks, as described in 
Chapter 39, but isospin was introduced before the advent 
of the quark model.) It has the same algebraic properties 
as quantum angular momentum: The proton and neutron 
form an iso-doublet of states, with total-isospin quantum 
number 5; the proton is the t, = ++ state, the neutron the 
t, = -4 state, where z refers to a direction in an abstract 
isospin space. 

a) What isospin states can be constructed from two 
nucleons, that is, two t = + objects? To what nuclei do these 
states correspond? 

b) What isospin states can be constructed from three 
nucleons? To what nuclei do these correspond? 

40.18 Before you look it up, make a prediction of the 
spin (intrinsic spin, i.e., actual angular momentum) of the 
deuteron, ?H. Explain your reasoning. Hint: Nucleons are 
fermions. 


40.19 ”Ar is an isotope with a half-life of 269 yr. If it decays 
through beta-minus emission, what isotope will result? 


40.20 A neutron star is essentially a gigantic nucleus with 
mass 1.35 times that of the Sun, or mass number of order 
10°”. It consists of approximately 99% neutrons, the rest 
being protons and an equal number of electrons. Explain 
the physics that determines these features. 


40.21 What is the nuclear configuration of the daughter 
nucleus associated with the alpha decay of Hf (A = 157, 
Z=72)? 


°40.26 Calculate the binding energy for the following two 
uranium isotopes: 


a) 795U, which consists of 92 protons, 92 electrons, and 
146 neutrons, with a total mass of 238.0507826 u. 
b) 733U, which consists of 92 protons, 92 electrons, and 
143 neutrons, with a total mass of 235.0439299 u. 


The atomic mass unit u = 1.66- 10” kg. Which isotope is 
more stable (or less unstable)? 


Section 40.2 


40.27 Write down equations to describe the B -decay of the 
following atoms: 


a) 8Co b) °H c) 4c 
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40.28 Write down equations to describe the alpha decay of 
the following atoms: 


a) 22RH b) 241 Am 
40.29 How much energy is released in the beta decay of C? 


40.30 A certain radioactive isotope decays to one-eighth its 
original amount in 5.0 h. 


a) What is its half-life? 
40.31 A certain radioactive isotope decays to one-eighth its 


original amount in 5.00 h. How long would it take for 10.0% 
of it to decay? 


b) What is its mean lifetime? 


40.32 Determine the decay constant of radium-226, which 
has a half-life of 1600 yr. 


40.33 A 1.00-gram sample of radioactively decaying 
thorium-228 decays via B -emission, and 75 counts are 
recorded in one day in a detector that has 10.0% efficiency 
(that is, 10.0% of all events that occur are actually recorded 
by the detector). What is the lifetime of this isotope? 


40.34 The half-life of a sample of 10™ atoms that decay by 
alpha emission is 10 min. How many alpha particles are 
emitted between the time interval 100 min and 200 min? 


e40.35 The specific activity of a radioactive material is 
the number of disintegrations per second per gram of 
radioactive atoms. 


a) Given the half-life of '“C of 5730 yr, calculate the specific 
activity of MC, Express your result in disintegrations per 
second per gram, becquerel per gram, and curie per gram. 
b) Calculate the initial activity of a 5.00-g piece of wood. 


c) How many “C disintegrations have occurred in a 5.00-g 
piece of wood that was cut from a tree January 1, 1700? 


40.36 During a trip to a historic excavation site, an 
archeologist found a piece of charcoal. Analysis of the 
charcoal found the activity of '“C in the sample to be 
0.42 Bq. If the mass of the charcoal is 7.2 g, estimate the 
approximate age of the site. 


40.37 In 2008, crime scene investigators discover the 
bones of a person who appeared to have been the victim of 
a brutal crime, which had occurred a long time ago. They 
would like to know the year when the person was murdered. 
Using carbon dating, they determine that the rate of change 
of the '4C is 0.268 Bq per gram of carbon. The rate of change 
of C in the bones of a person who had just died is 0.270 Bq 
per gram of carbon. What year was the victim killed? The 
half-life of 4C is 5.73 - 10° yr. 

40.38 Physicists blow stuff up better than anyone else. The 
figure of merit for blowing stuff up is the fraction of initial 
rest mass converted into energy in the process. Looking up 
the necessary data, calculate this fraction for the following 
processes: 

a) chemical combustion of hydrogen: 2H, + O, — 2H,O 

b) nuclear fission: n + 733U — §2Kr + Ba +5n 


c) thermonuclear fusion: $Li+ {H — {Be +n 
d) decay of free neutron: n —> p+e +7, 

e) decay of muon: w >€ +v, +7, 

f) electron-positron annihilation: e + e*— 2y 


ee40.39 An unstable nucleus A decays to an unstable 
nucleus B, which in turn decays to a stable nucleus. If at 
t = 0 s there are N; and Ngo nuclei present, derive an 
expression for Nz the number of B nuclei present, as a 
function of time. 


ee40.40 Ina simple case of chain radioactive decay, a 
parent radioactive species of nuclei, A, decays with a decay 
constant À; into a daughter radioactive species of nuclei, 
B, which then decays with a decay constant A, to a stable 
element C. 


a) Write the equations describing the number of nuclei in 
each of the three species as a function of time, and derive 
an expression for the number of daughter nuclei, N,, as a 
function of time, and for the activity of the daughter nuclei, 
A,, as a function of time. 

b) Discuss the results in the case when A, >A, (A, = 10A,) 
and when A, >> A, (A, =100 A,) 


Section 40.3 


40.41 Consider the Bethe-Weizsacker formula for the case 
of odd A nuclei. Show that the formula can be written as a 
quadratic in Z—and thus, that for any given A, the binding 
energies of the isotopes having that A take a quadratic form, 
B=a+bZ+cZ’. Find the most deeply bound isotope (the 
most stable one) having A = 117 using your result. 


ee40.42 The neutron drip line is defined to be the point at 
which the neutron separation energy for any isotope of an 
element is negative. That is, the neutron is unbound. Using 
the Bethe-Weizsacker mass formula, find the neutron drip 
line for the element Sn. Find this value using S, and S,,,. Plot 
both S,, and S,,,/2 as a function of neutron number. 


Section 40.4 


40.43 A nuclear fission power plant produces about 
1.50 GW of electrical power. Assume that the plant has 
an overall efficiency of 35.0% and that each fission event 
produces 200. MeV of energy. Calculate the mass of **°U 
consumed each day. 


40.44 a) What is the energy released in the fusion reaction 
+H + 7H — $He + Q? 

b) The oceans have a total mass of water of 1.50-10'° kg, 
and 0.0300% of this quantity is deuterium, {H. If all the 
deuterium in the oceans were fused by controlled fusion 
into $He, how many joules of energy would be released? 

c) World power consumption is about 1.00- 10° W. If 
consumption were to stay constant and all problems arising 
from ocean water consumption (including those of political, 
meteorological, and ecological nature) could be avoided, how 
many years would the energy calculated in part (b) last? 


40.45 The Sun radiates energy at the rate of 3.85-10°° W. 


a) At what rate, in kg/s, is the Sun’s mass converted into 
energy? 

b) Why is this result different from the rate calculated in 
Example 40.6, 6.02.10"! kg protons being converted into 
helium each second? 

c) Assuming that the current mass of the Sun is 1.99- 10° kg 
and that it radiated at the same rate for its entire lifetime 
of 4.50- 10° yr, what percentage of the Suns mass was 
converted into energy during its entire lifetime? 


40.46 Consider the following fusion reaction, which allows 
stars to produce progressively heavier elements: 

3He + He — {Be + y. The mass of 3He is 3.016029 u, the mass 
of SHe is 4.002603 u, and the mass of {Be is 7.0169298 u. 

The atomic mass unit is u =1.66-10°~’ kg. Assuming the 

Be atom is at rest after the reaction and neglecting any 
potential energy between the atoms and kinetic energy 

of the He nuclei, calculate the minimum possible energy 
and maximum possible wavelength of the photon y that is 
released in this reaction. 


40.47 Estimate the temperature that would be needed to 
make the fusion reaction ;He + He — $He + p + p go. 
°40.48 Consider a hypothetical fission process where a 
'STe nucleus splits into two identical $¢Fe nuclei without 
producing any other particles or radiation. The mass of '3)Te 
is 119.904040 u, and the mass of $?Fe is 59.934078 u. At the 
moment when the two Fe nuclei form, but before they start 
moving away due to Coulomb repulsion, how far apart are 
the two Fe nuclei? 


40.49 The mass excess of a nucleus is defined as the 
difference between the atomic mass (in atomic mass units, u), 
and the mass number of the nucleus, A. Using the mass- 
energy conversion 1 u = 931.49 MeV/ c’, this mass excess is 
usually expressed in units of keV. The table below presents 
the mass excess for several nuclides (per Berkeley National 
Lab NuBase data base): 


No | Nuclide | Mass Mass Excess Am _ | Atomic mass 
Number A |(keV/c”) (u) 

1 in 1 8071.3 1.00866491 
2 Cf 252 76034 
256 Fm 256 85496 
4 10 Ba 140 -83271 
5 Xe 140 -72990 
6 pd 112 -86336 
7 Mo 109 -67250 


a) Calculate the atomic mass (in atomic mass units) for 
each of the elements in the table. For reference, the atomic 
mass of the neutron is included. 

b) Using your results in (a), determine the mass-energy 
difference between the initial and final state for the 
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following possible fission reactions: 
252 140 109 
əsCf — Ba + 42Mo + 3n and 


256 f 140 112 
too Fm—=— “sXe + 4Pd+4n 


c) Will these reactions occur spontaneously? 


Section 40.5 


40.50 Neutron stars are sometimes approximated to be 
nothing more than large atomic nuclei (but with many more 
neutrons). Assuming that a neutron star is as dense as an 
atomic nucleus, estimate the number of nucleons in the star 
for a 10.0-km-diameter star. 


40.51 What is the average kinetic energy of protons at the 
center of a star where the temperature is 1.00 -107 K ? What 
is the average velocity of those protons? 


°40.52 Billions of years ago, our Solar System was created 
out of the remnants of exploding stars. Nuclear scientists 
believe that two isotopes of uranium, *°U and **U, were 
created in equal amounts at the time of a stellar explosion. 
However, today 99.28% of uranium is in the form of 

°°8U) and only 0.72% is in the form of **°U. Assuming a 
simplified model in which all of the matter in the Solar 
System originated in a single exploding star, estimate the 
approximate time of this explosion. 


Section 40.6 


40.53 A drug containing 33Tc (t; = 6.05 h) with an 
activity of 1.50 Ci is to be injected into a patient at 

9.30 a.m. You are to prepare the sample 2.50 h before the 
injection (at 7:00 a.m.). What activity should the drug have 
at the preparation time (7:00 a.m.)? 


40.54 Consider a 42.58-MHz photon needed to produce 
NMR transition in free protons in a magnetic field of 1.000 T. 
What is the wavelength of the photon, its energy, and the 
region of the spectrum in which it lies? Could it be harmful 
to the human body? 


40.55 The radon isotope *”’Rn, which has a half-life 

of 3.825 days, is used for medical purposes such as 
radiotherapy. How long does it take until ”’Rn decays to 
10.00% of its initial quantity? 


40.56 Radiation therapy is one of the modalities for cancer 
treatment. Based on the approximate mass of a tumor, 
oncologists can calculate the radiation dose necessary to treat 
their patients. Suppose a patient has a 50.0-g tumor and needs 
to receive 0.180 J of energy to kill the cancer cells. What rad 
(radiation absorbed dose) should the patient receive? 


Additional Problems 

40.57 The nucleus of sodium-22 ({jNa) has a mass of 
21.994435 u. How much work would be needed to take this 
nucleus completely apart into its constituent pieces (protons 
and neutrons)? 


40.58 A Geiger counter initially records 7210 counts per 
second. After 45 min it records 4585 counts/s. Ignore any 
uncertainty in the counts and find the half-life of the material. 
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40.59 How close can a 5.00-MeV alpha particle get to a 
uranium-238 nucleus, assuming the only interaction is 
Coulomb? 


40.60 **’Pu decays with a half-life of 24,100 yr via a 5.25- 
MeV alpha particle. If you have a 1.00 kg spherical sample of 
Pu, find the initial activity in Bq. 


40.61 The activity of a sample of *'°Bi (with a half-life 
of 5.01 days) was measured to be 1.000 Ci. What is the 
activity of this sample after 1 yr? 


40.62 Assuming carbon makes up 14% of the mass of 
a human body, calculate the activity of a 75-kg person 
considering only the beta decays of carbon-14. 


40.63 *Li is an isotope that has a lifetime of less than one 
second. Its mass is 8.022485 u. Calculate its binding energy 
in MeV. 


40.64 What is the total energy released in the decay 

n— pte +n? 

40.65 A gallon of regular gasoline (density of 737 kg/m’) 
contains about 131 MJ of chemical energy. How much 
energy is contained in the rest mass of this gallon? 


40.66 10% atoms of a radioactive sample remain after 10 
half-lives. How many atoms remain after 20 half-lives? 


40.67 Calculate the binding energy per nucleon of 
a) 3He (4.002603 u). c) 7H (3.016050 u). 
b) 3He (3.016030 u). d) 7H (2.014102 u). 


40.68 The mean lifetime for a radioactive nucleus is 4300 s. 
What is its half-life? 


40.69 *\*Pb has a half-life of 26.8 min. How many minutes 
must elapse for 90.0% of a given sample of *’*Pb atoms to 
decay? 


°40.70 A 10.0-g fragment of charcoal is to be carbon dated. 
Measurements show a “C activity of 100. decays/min. Date 
the tree that this charcoal came from. 


e40.71 After a tree has been chopped down and burned 

to produce ash, the carbon isotopes in the ash are found to 
have a ratio for ‘*C to °C of 1.300- 107”. Experimental tests 
on the '“C atoms reveal that '*C is a beta emitter with a half- 
life of 5730 years. At an archeological excavation, a skeleton 
is found next to a campfire with some wood ash. If 50.0 g of 
carbon from the ash in the campfire emits betas at a rate of 
20.0 per h, how old is the campfire? 


°40.72 If your mass is 70.0 kg and you have a lifetime of 
three score and ten (70.0 yr), how many proton decays 
would you expect to have in your body during your life 
(assume your body is entirely composed of water)? Use a 
half-life of 1.00- 10% yr. 


40.73 You have developed a grand unified theory which 
predicts the following things about the decay of the proton: 
(1) protons never get any older, in the sense that their 
probability of decay per unit time never changes, and 

(2) half the protons in any given collection of protons will 
have decayed in 1.80- 10” yr. You are given experimental 
facilities to test your theory: A tank containing 1.00-10* tons 
of water and sensors to record proton decays. You will be 
allowed access to this facility for two years. How many proton 
decays will occur in this period if your theory is correct? 


40.74 The precession frequency of the protons in a 
laboratory NMR spectrometer is 15.35850 MHz. The 
magnetic moment of the proton is 1.410608 - 10-*°J/T, while 
its spin angular momentum is 0.5272863-10-**J s. Calculate 
the magnitude of the magnetic field in which the protons 
are immersed. 


°40.75 Two species of radioactive nuclei, A and B, each 
with an initial population Np, start decaying. After a time of 
100. s it is observed that N, = 100 N}. If 7, = 27,, find the 
value of Tg. 


+e40.76 The most common isotope of uranium, *35U, 
produces radon *4¢Rn through the following sequence of 
decays: 

BU Mth +a, hth Pat B+ Fe 

Pa MU 6 +0, BU Arha 

Th — aha, Ra — Rn + a. 
A sample of 73$U will build up equilibrium concentrations 
of its daughter nuclei down to *4¢Ra; the concentrations 
of each are such that each daughter is produced as fast 
as it decays. The *;¢Ra decays to *s¢Rn, which escapes 
as a gas. (The a particles also escape, as helium; this is a 
source of much of the helium found on Earth.) In high 
concentrations, the radon is a health hazard in buildings 
built on soil or foundations containing uranium ores, as it 
can be inhaled. 
a) Look up the necessary data, and calculate the rate at 
which 1.00 kg of an equilibrium mixture of 733U and its first 
five daughters produces *42Rn (mass per unit time). 
b) What activity (in curies per unit time) of radon does this 
represent? 


Appendix A 


Mathematics Primer 


1. Algebra A-1 

1.1 Basics A-1 

1.2 Exponents A-2 

1.3 Logarithms A-2 

1.4 Linear Equations A-3 

2. Geometry A-3 

2.1 Geometrical Shapes in Two Dimensions A-3 

2.2 Geometrical Shapes in Three Dimensions A-3 

3. Trigonometry A-3 

3.1 Right Triangles A-3 

3.2 General Triangles A-5 

4. Calculus A-6 

4.1 Derivatives A-6 

4.2 Integrals A-6 

5. Complex Numbers A-7 

Example A.1 Mandelbrot Set A-8 
Notation: 


The letters a, b, c, x, and y represent real numbers. 
The letters i, j, m, and n represent integer numbers. 
The Greek letters a, 8, and y represent angles, which are measured in radians. 


1. Algebra 


1.1 Basics 
Factors: 


ax +bx+cx=(at+tb+c)x 


(a+by =a +2ab+b° 


(a—by =a —2ab +b? 
(a+b)(a—b)=a° —b? 


Quadratic equation: 
An equation of the form 


ax’ +bx+c=0 
for given values of a, b , and c has the two solutions: 


ae —b+ Vb? — 4ac 


2a 
and 
—b—Vb’ —4ac 
x = ———— 
2a 


The solutions of this quadratic equation are called roots. The roots are real numbers if b? > 4ac. 


(A.1) 
(A.2) 
(A.3) 


(A.4) 


(A.5) 


(A.6) 
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1.2 Exponents 
If a is a number, a” is the product of a with itself n times: 
a" =axaxax:Xa (A.7) 
—— m 
n factors 


The number n is called the exponent. However, an exponent does not have to be a positive 
number or an integer. Any real number x can be used as an exponent. 


gee (A.8) 
aw 
a =1 (A.9) 
a =a (A.10) 
Roots: 
oP =a (A.11) 
a” =q (A.12) 
Multiplication and division: 
ad =a? (A.13) 
2 ga (A.14) 
a 
(a y =a” (A.15) 


1.3 Logarithms 


The logarithm is the inverse function of the exponential function of the previous section: 
y=a@ 4x =log, y (A.16) 


The notation log, y indicates the logarithm of y with respect to the base a. Since the exponen- 
tial and logarithm are inverse functions of each other, we can also write the identity: 


x =log, (a®)=a'®* (for any base a) (A.17) 


The two bases most commonly used are base 10, the common logarithm base, and base e, the 
natural logarithm base. The numerical value of e is 


e = 2718281828... (A.18) 
Base 10: 
y =10" Sx =logyy y (A.19) 
Base e: 
y= 4 x=lny (A.20) 


This book follows the convention of using In to indicate the logarithm with respect to the base e. 
The rules for calculating with logarithms follow from the rules of calculating with exponents: 


log(ab) =loga+logb (A.21) 
loela =loga-logb (A.22) 
log(a*)=xloga (A.23) 
log1 =0 (A.24) 


Since these rules are valid for any base, the subscript indicating the base is omitted. 


1.4 Linear Equations 
The general form of a linear equation is 


y=ax+b (A.25) 


where a and b are constants. The graph of y versus x is a straight line; a is the slope of this 
line, and b is the y-intercept. See Figure A.1. 

The slope of the line can be calculated by inserting two different values, x, and x,, into 
the linear equation and calculating the resulting values, y, and y,: 


MED Ey (A.26) 
X,-x, Ax 


If a = 0, then the line will be horizontal; if a > 0, then the line will rise as x increases as 
shown in the example of Figure A.1; if a < 0, then the line will fall as x increases. 


2. Geometry 


2.1 Geometrical Shapes in Two Dimensions 


Figure A.2 lists the area, A, and perimeter length or circumference, C, of common two- 
dimensional geometrical objects. 


| a | a | aj | 4 | a b 


| h 
l | b sa L i 
a c 
Square Rectangle Circle Triangle 
A=a@ A=ab A=ar A=%ch 
C= 4a C=2(a+ b) C=2ar C=at+bt+c 


FIGURE A.2 Area, A, and perimeter length, C, for square, rectangle, circle, and triangle. 


2.2 Geometrical Shapes in Three Dimensions 


Figure A.3 lists the volume, V, and surface area, A, of common three-dimensional geo- 
metrical objects. 


a / o a y Ex | 
al | | b | ) h 
EE | | 
—— 
Cube Rectangle Sphere Cylinder 
V=a V = abc V= Sar V=arh 
A = 6a? A = 2(ab + ac + bc) A=A4nr A =2nr? + 2arh 


FIGURE A.3 Volume, V, and surface area, A, for cube, rectangular box, sphere, and cylinder. 


3. Trigonometry 


It is important to note that for the following all angles need to be measured in radians. 


3.1 Right Triangles 


A right triangle is a triangle for which one of the three angles is a right angle, that is, an 
angle of exactly 90° (7/2 rad) (indicated by the small square in Figure A.4). The hypot- 
enuse is the side opposite the 90° angle. Conventionally, one uses the letter c to mark the 
hypotenuse. 
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y. 
A 
a>0 
b 
= 2 


FIGURE A.1 Graphical representation 
of a linear equation. 


ai 


a — cy 


FIGURE A.4 Definition of the side 
lengths a, b, c, and angles for the right 
triangle. 
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FIGURE A.5 The trigonometric 


functions sin, cos, tan, and cot. 


Pythagorean Theorem: 
a+b =c (A.27) 
Definition of trigonometric functions (see Figure A.5): 


a _ opposite side 


sina = (A.28) 
c hypotenuse 
ee b _ adjacent side (A.29) 
c hypotenuse 
tana = cae (A.30) 
cosa b 


cota =—— = = (A.31) 


1 
csca=—— = © (A.32) 
sina a 
c 
seca = =^ (A.33) 
cosa b 


Inverse trigonometric functions (the notations sin™!, cos’, etc., are used in this book): 


sin’ us arcsin & =a (A.34) 
c c 
(A.35) 
j p> a 
2 
} +> a 


tan — arctan ĉa (A.36) 
b b 
-1 b 
cot — arccot—=a (A.37) 
a 
csc Z arccsc oe a (A.38) 
a a 
sec | 2 arcsec = a (A.39) 
b b 
All trigonometric functions are periodic: 
sin(a +27) =sina (A.40) 
cos(a+27) = cosa (A.41) 
tan(a+ m)= tan (A.42) 
cot(a + T)=cota (A.43) 
Other relations between the trigonometric functions: 
sin’a+cos’a=1 (A.44) 
sin(-a@) =- sina (A.45) 
cos(-@) = cosg (A.46) 
sin(a + 77/2)=+cosa (A.47) 
sin(aw+7r)=-sina (A.48) 
cos(at7/2)=F sina (A.49) 
cos(a+ 77)=-cosa (A.50) 
Addition formulas: 
sin(a+ p) = sin acos B + cosa sin B (A.51) 
cos(a + B)=cosacos BF sin asin B (A.52) 
Small-angle approximations: 
sina~a-1a* +- (for lel« 1) (A.53) 
cosa~l-to? ++. (for le|<«1) (A.54) 


For small angles, for |a| <1, it is often acceptable to use the small-angle approximations 
cosa =] and sina = tana =a. 


3.2 General Triangles 
The three angles of any triangle add up to 7 rads (see Figure A.6): 


a+B+y=7 (A.55) 


Law of cosines: 


C=a +b- 2abcosy (A.56) 


(This is a generalization of the Pythagorean Theorem for the case where the angle y has a 
value that is not 90°, or 77/2 rads.) 
Law of sines: 
sina sinf _ siny 


A.57 
a b ë ( ) 
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Na af 
b 


FIGURE A.6 Definition of the sides 
and angles for a general triangle. 
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4. Calculus 


4.1 Derivatives 
Polynomials: 


Trigonometric functions: 


Exponentials and logarithms: 


Product rule: 


df (x) 
dx 


dg(x) 
dx 


s+ fea] 


d 
A (fg) 


Chain rule: 


dy _ dy du 
dx du dx 


4.2 Integrals 


All indefinite integrals have an additive integration constant, c. 
Polynomials: 


feite (forn#-1) 
n+l 
foa =In|x|+c 


1 1 
J dx =—tan! Zag 
+x? a a 


1 
ie 
f : dx=sin! +¢ tan! —~ 
Va =x" lal Væ -x° 


dx =1n +c 


+c 


(A.58) 


(A.59) 


(A.60) 


(A.61) 


(A.62) 


(A.63) 


(A.64) 


(A.65) 


(A.66) 


(A.67) 


(A.68) 


(A.69) 


(A.70) 


(A.71) 


(A.72) 


dx +c (A.73) 
3/2 2 
(2+) a Va? +? 
t ere (A.74) 
2 7\3/2 "| 2 2 ` 
(a +x ) a +x 
Trigonometric functions: 
f sin(ax)dx=-Žcos(ax)+ c (A.75) 
J c0s(ax)dx == sin(ax) + (A.76) 
a 
Exponentials: 
[eax =e +c (A.77) 
a 


5. Complex Numbers 


We are all familiar with real numbers, which can be sorted along a number line in order of 
increasing value, from -2% to +2. These real numbers are embedded in a much larger set of 
numbers, called the complex numbers. Complex numbers are defined in terms of their real 
part and their imaginary part. The space of complex numbers is a plane, for which the real 
numbers form one axis, labeled R(z) in Figure A.7. The imaginary part forms the other 
axis, labeled S(z) in Figure A.7. (It is conventional to use the Old German script letters R 
and I to represent the real and imaginary parts of complex numbers.) 

A complex number z is defined in terms of its real part, x, its imaginary part, y, and 
Euler’s constant, i: 


z=x+iy (A.78) 


Euler’s constant is defined as: 


2 


ï =-1 (A.79) 


Both the real part, x = R(z), and the imaginary part, y = 3(z), of a complex number are 
real numbers. Addition, subtraction, multiplication, and division of complex numbers are 
defined in analogy to those operations for real numbers, with i? = -1: 


(a+ib)+(c+id)=(a+c)+i(b+d) (A.80) 
(a+ib)-(c+id)=(a-c)+i(b-d) (A.81) 
(a+ib)(c+id) = (ac —bd)+i(ad + bc) (A.82) 
a+ib (cd+bd)+i(bc-ad) 
a ae (A.83) 


For each complex number z there exists a complex conjugate z*, which has the same 
real part, but an imaginary part with the opposite sign: 


z=x+iy&z*=x-iy (A.84) 


We can then express the real and imaginary parts of a complex number in terms of the 
number and its complex conjugate: 


R(z)= F(z +z") (A.85) 


S(z) = Fi(z* -z). (A.86) 
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>R(z) 


FIGURE A.7 The complex plane. 
The horizontal axis is formed by the 
real part of complex numbers and the 
vertical axis by the imaginary part. 
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S(c) 
E 
| <} i 
E 
-2 -1 0 


FIGURE A.8 Mandelbrot set in the 
complex plane. 


Just like a two-dimensional vector, a complex number, z = x + iy, has the magnitude |z| 
as well as angle 0 with respect to the axis of positive real numbers, as indicated in Figure A.7: 


ef = zz" (A.87) 


a Sz) = tan” i(z* -z) 


d=tan 
R(z) (z*+z) 


(A.88) 


We can thus write the complex number z = x + iy in terms of the magnitude and the “phase 
angle”: 


Zz =|z|(cosd+ isin 0) (A.89) 
An interesting and most useful identity is Euler’s formula: 
e? =cos0+isind (A.90) 
With the aid of this identity, we can write, for any complex number, z, 


e”? (A.91) 


z =|z 
We can thus take a complex number z to any power n: 


P or (A.92) 


EXAMPLE A.1 / Mandelbrot Set 


We can put our knowledge of complex numbers and their multiplication to good use by 
examining the Mandelbrot set, defined as the set of all points c in the complex plane for 
which the series of iterations 


Zayi =24¢, with% =c 


does not escape to infinity; that is, for which |z„| remains finite for all iterations. 

This iteration prescription is seemingly simple. For example, we can see that any 
number for which |c| > 2 cannot be part of the Mandelbrot set. However, if we plot the 
points of the Mandelbrot set in the complex plane, a strangely beautiful object emerges. 
In Figure A.8, the black points are part of the Mandelbrot set, and the remaining points 
are color-coded by how fast z,, escapes to infinity. 


Appendix B 


Isotope Masses, Binding Energies, and Half-Lives 


Only isotopes with half-lives longer than 1 h are listed. 


Z N Sym m(amu) B(MeV) Spin % 71/2(S) Z N Sym m(amu) B(MeV) Spin % 71/2(S) 
(0) H 1.007825032 0.000 1/2+ 99.985 stable 14 16 Si 2919737702 8.521 0+ 3.0872 stable 
1 J H 2.014101778 TI l+ 0.0115 stable 14 17 Si 30.97536323 8.458 3/2+ 9.44E+03 
Lo 2 H 3.016049278 2.827 1/2+ 3.89E+08 14 18 Si 31.97414808 8.482 0+ 5.42E+09 
Di He 3.016029319 2573 1/2+ 0.0001 stable ls IG P  30.9737615 8.481 1/2+ 100 stable 
a 2 He 4.002603254 7.074 0+ 100 stable iy P 31.9739072 8.464 1+ 1.23E+06 
3 8 Li 6.0151223 5392 l+ S stable 15 18 Pi S229 772.53) 8.514 1/2+ 2.19E+06 
3 4 Li 7.0160040 5.606 3/2- 92.41 stable 16 16 S  31.9720707 8.493 0+ 94.93 stable 
4 3 Be 7.0169292 SA 3/2- 4.59E+06 16 17 S  32.97145876 8.498 3/2+ 0.76 stable 
4 5 Be 9.0121821 6.463 3/2- 100 stable 16 «618 S 33.9678668 8.583 0+ 4.29 stable 
4 6 Be 10.0135337 6.498 0+ 4.76E+13 IG IS) S 34.9690322 8.538 3/2+ 7.56E+06 
SES B 10.01293699 6.475 3+ 19.9 stable I6 20 S 35.96708076 8.575 0+ 0.02 stable 
5 © B 11.00930541 6.928 3/2- 80.1 stable O 2 S 37.9711634 8.449 0+ 1.02E+04 
6 6 CG ip 7.680 0+ 98.89 stable 17s Cl 34.9688527 8.520 3/2+ 75.78 stable 
GO 7 C  13.00335484 7.470 1/2- 1.11 stable ily i) Cl 35.9683069 8.522 2+ 9.49E+12 
6 68 C 14.0032420 7:520 0+ 1.81E+11 20) Cl 36.9659026 8.570 3/2+ 24,22 stable 
a os N 14.003074 7.476 1+ 99.632 stable 18 18 Ar 35.96754511 8.520 0+ 0.3365 stable 
qT g N 15.0001089 7.699 1/2- 0.368 stable 18 «19 Ar 36.966776 8.527 3/2+ 3.02E+06 
8 8 O 15.99491463 7.976 0+ 99.757 stable 18 20 AGS 729 6273239 8.614 OE 0.0632 stable 
SES O 16.999131 TN 5/2+ 0.038 stable WE Ar 38.9643134 8.563 7/2- 8.48E+09 
8 10 O 17.999163 7.767 0+ 0.205 stable i Ar 39,9623831 8.595 0+ 99.6 stable 
yy S F 18.0009377 7.632 l+ 6.59E+03 18223 Ar 40.9645008 8.534 7/2- 6.56E+03 
io) F  18.99840322 WHIP 1/2+ 100 stable 18 24 Ar 41.963046 8.556 0+ 1.04E+09 
WO LO Ne 19.99244018 8.032 0+ 90.48 stable 19 20 K 38.9637069 8:397 3/2+ 93.258 stable 
O Ne 20.99384668 7.972 3/2+ 0.27 stable ey PL K = 39.9639987 8.538 4- 0.0117 4.03E+16 
IO 1 Ne 21.9913855 8.080 0+ 9.25 stable IEI 2 K 40.9618254 8.576 3/2+ 6.7302 stable 
th Na 21.9944368 7.916 3+ 8.21E+07 19 23 K 41.962403 8.551 2- 4.45E+04 
W Na 22.9897697 8.111 3/2+ 100 stable 19 24 K 42.960716 8.577 3/2+ 8.03E+04 
iit 1g} Na 23.9909633 8.063 4+ 5.39E+04 20 20 Ca 39.96259098 8.551 0+ 96.941 stable 
iA 12 Mg 23.9850419 8.261 0+ 78.99 stable 20 21 Ca 40.9622783 8.547 7/2- Bob te, 
W2 iB} Mg 24.9858370 8.223 5/2+ 10 stable 20 22 Ca 41.9586183 8.617 0+ 0.647 stable 
12 14 Mg 25.9825930 8.334 0+ 11.01 stable 20S) Ca 42.95876663 8.601 7/2- 0.135 stable 
12EG Mg 27.9838767 8.272 0+ 7.53E+04 20 24 Ca 43.9554811 8.658 0+ 2.086 stable 
BES Al 25.98689169 8.150 Sar 2.33E+13 AQ 5) Ca 44.956186 8.631 7/2- 1.40E+07 
13 14 Al 26.9815384 8.332 5/2+ 100 stable 20 26 Ca 45.9536928 8.669 0+ 0.004 stable 
14 14 Si 27.97692653 8.448 0+ 9223 stable 207 Ca 46.9545465 8.639 7/2- 3.92E+05 
14 15 Si 28.9764947 8.449 1/2+ 4.6832 stable 2023 Ca 47.9525335 8.666 0+ 0.187 1.89E+26 
Continued— 
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A-10 Appendix B Isotope Masses, Binding Energies, and Half-Lives 


Z N Sym m (amu) B(MeV) Spin h T172 (S) Z N Sym m (amu) B(MeV) Spin h T172 (S) 
D ed Sc 42.9611507 8.531 7/2- 1.40E+04 28 31 Ni 58.9343516 8.737 3/2- 2.40E+12 
Al 238) Sc 43.9594030 8.557 Dae 1.41E+04 2 Be Ni 59.93078637 = 8.781 0+ 26.223 stable 
21 24 Sc 44.9559102 8.619 7/2- 100 stable 28 33 Ni 60.93105603 m8765 3/2- 1.1399 stable 
21) 25 Sc 45.9551703 8.622 4+ 7.24E+06 28 34 Ni 61.92834512 8.795 0+ 3.6345 stable 
AML NS Sc 46.9524080 8.665 7/2- 2.89E+05 28135 Ni 62.9296729 8.763 1/2- 3 19E+09 
21 27, Sc 47.952231 8.656 6+ 1.57E+05 28 36 Ni 63.92796596 8.777 0+ 0.9256 stable 
2222, Ti 43.9596902 8.533 0+ 1.89E+09 297 Ni 64.9300880 8.736 5/2- 9.06E+03 
2), 93 Ti 44.9581243 8.556 7/2- 1.11E+04 28 38 Ni 65.92913933 8.739 0+ 1.97E+05 
22 24 Ti 45.9526295 8.656 0+ 8.25 stable 29S Cu 60.9334622 8.715 3/2- 1.20E+04 
BY PS Ti 46.9517638 8.661 5/2- 7.44 stable 29 34 Cu 62.92959747 T 8.752 3/2- 69.17 stable 
2226 Ti 47.9479471 8.723 0+ TOMP stable 290m5 Cu 63.9297679 8.739 1+ 4.57E+04 
2D, Ay Ti 48.9478700 8.711 7/2- 5.41 stable 29G Cu 64.9277929 8.757 3/2- 30.83 stable 
DO PA Ti 49.9447921 8.756 0+ 5.18 stable 29 38 Cu 66.9277503 8.737 3/2- 2.23E+05 
2A PS V 47.9522545 8.623 4+ 1.38E+06 20m2 Zn 61.93432976 8.679 0+ 3.31E+04 
2326) V 48.9485161 8.683 7/2- 2.85E+07 30 34 Zn 63.9291466 8.736 0+ 48.63 stable 
PA if V 49.9471609 8.696 6+ 0.25 4.42E+24 3) 25 Zn 64.929245 8.724 5/2- 2.11E+07 
2302S V 50.9439617 8.742 7/2- 99.75 stable 30 36 Zn 65.92603342 8.760 0+ 27.9 stable 
24 24 Cr 47.95403032 8.572 0+ 7.76E+04 a) 27 Zn 66.92712730 8.734 5/2- 4.1 stable 
24 26 Cr 49.94604462 8.701 0+ 4.345 4.10E+25 30 38 Zn 67.92484949 8.756 0+ 18.75 stable 
24 27 Cr 50.9447718 8.712 7/2- 2.39E+06 30 40 Zn 69.9253193 8.730 0+ 0.62 stable 
24 28 Cr 51.9405119 8.776 0+ 83.789 stable 30 42 Zn 71.926858 8.692 0+ 1.68E+05 
24 29 Cr 52.9406513 8.760 3/2- 9.501 stable ail 35 Ga 65.93158901 8.669 0+ 3.42E+04 
24 30 Cr 53.9388804 8.778 0+ 2.365 stable 31 36 Ga 66.9282049 8.708 3/2- 2.82E+05 
25 27 Mn _ 519155655 8.670 6+ 4.83E+05 sil ai Ga 67.92798008 8.701 la 4.06E+03 
25 28 Mn 52.9412947 8.734 7/2- 1.18E+14 31 38 Ga 68.9255736 8.725 3/2- 60.108 stable 
25 29 Mn 539103589 8.738 she 2.70E+07 31 40 Ga 70.9247013 8.718 3/2- 39.892 stable 
25 30 Mn 54.9380471 8.765 5/2- 100 stable 31 41 Ga 71.9263663 8.687 a= 5.08E+04 
25531 Mn 55.9389094 8.738 3+ 9.28E+03 31 42 Ga 72.92517468 8.694 3/2- 1.75E+04 
26 26 Fe 51.948114 8.610 0+ 2.98E+04 32 34 Ge 65.93384345 8.626 0+ 8.14E+03 
26 28 Fen 55:9396127, 8.736 0+ 5.845 stable 32 36 Ge 67.92809424 8.688 0+ 2.34E+07 
Ay 2D Fe 54.9382980 8.747 3/2- 8.61E+07 327 Ge 68.927972 8.681 5/2- 1.41E+05 
26 30 Fe 55.93493748 8.790 0+ 91.754 stable ay, Bhs) Ge 69.92424 8.722 0+ 20.84 stable 
26 31 Fe 56.93539397 8.770 1/2- 2.119 stable 3 38) Ge 70.9249540 8.703 1/2- 9.88E+05 
26 32 BE SORES QEP 0+ 0.282 stable 32 40 Ge 71.92207582 8.732 0+ 27.54 stable 
A 38) Fe 58.9348880 8.755 3/2- 3.85E+06 32 4l Ge 72.92345895 8.705 Pa IE stable 
26 34 Fe 59.934072 8.756 0+ 4.73E+13 32 42 Gem 73:92 777 80725 0+ 36.28 stable 
DI Bs) Co 54.942003 8.670 7/2- 6.31E+04 32 43 Ge 74.92285895 8.696 1/2- 4.97E+03 
279 Co 55.9398439 8.695 4+ 6.68E+06 32 44 Ge 75.92140256 8.705 O+ 7.61 stable 
27m0 Co 56.936296 8.742 7/2- 2.35E+07 32 45 Ge 76.92354859 8.671 7/2+ 4.07E+04 
Da l Co  57.935757 8.739 2+ 6.12E+06 32 46 Ge 77922853 8.672 0+ DOE TOS 
BY By Co 58.93319505 8.768 7/2- 100 stable ge) is) As 70.92711243 8.664 5/2- 2.35E+05 
af 338) Co 59.9338222 8.747 Si 1.66E+08 a3) 3h) As 71.92675228 8.660 2- 9.33E+04 
2734 Co 60.9324758 8.756 7/2- 5.94E+03 33 40 As 72.92382484 8.690 3/2- 6.94E+06 
28 28 Ni 55.94213202 8.643 0+ 5.25E+05 33 4l As 73.92392869 8.680 2- 1.54E+06 
28m9 Ni 56.939800 8.671 3/2- 1.28E+05 33 42 As 74.92159648 8.701 3/2- 100 stable 
28 30 Ni 57.9353462 8.732 0+ 68.077 stable 33 43 As 75.92239402 8.683 2- 9.31E+04 
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Z N Sym m(amu) B(MeV) Spin % 71/2(S) Z N Sym m(amu) B(MeV) Spin % 71/2(S) 
33 44 As 76.92064729 8.696 3/2- 1.40E+05 38 E50 Sr 87.9056143 8.733 0+ 82.58 stable 

33 45 As 77.92182728 8.674 2- 5.44E+03 38 51 Sr 88.9074529 8.706 5/2+ 4.37E+06 
34 38 Se 71.92711235 8.645 0+ 7.26E+05 3852 Sr 89.907738 8.696 0+ 9.08E+08 
34 39 Se 72.92676535 8.641 Ose 2.57E+04 3959 Sr 90.9102031 8.664 Oa 3.47E+04 
34 40 Se 73.92247644 8.688 0+ 0.89 stable 38 54 Sr 91.9110299 8.649 0+ 9.76E+03 
34 41 Se 74.92252337 8.679 BPs 1.03E+07 39 46 Y 84.91643304 8.628 (1/2)- 9.65E+03 
34 42 Se 75.9192141 8.711 0+ 9.37 stable 39 47 Y 85.914886 8.638 4- 5.31E+04 
34 43 Se 76.91991404 8.695 1/2- 7.63 stable 39 48 Y 86.9108778 8.675 1/2- 2.88E+05 
34 44 Se 77.91730909 8.718 0+ BET stable 39 49 Y 87.9095034 8.683 4- 9.21E+06 
34 45 Se 78.9184998 8.696 Wess 2.05E+13 3950 Y 88.9058483 8.714 1/2- 100 stable 

34 46 Se 79.9165213 8.711 0+ 49.61 stable se) Sil Y  89.90715189 8.693 2- 2.31E+05 
34 48 Se 81.9166994 8.693 0+ 8.73 NLVA SE S Y  90.907305 8.685 1/2- 5.06E+06 
35 40 Br 74.92577621 8.628 3/2- 5.80E+03 3953 Y 91.9089468 8.662 2- 1.27E+04 
35 41 Br 75.924541 8.636 I= 5.83E+04 39 54 Y 92909583 8.649 1/2- 3.66E+04 
35 42 Br 76.92137908 8.667 3/2- 2.06E+05 40 46 Zr 85.91647359 8.612 0+ 5.94E+04 
35 44 Br 78.91833709 8.688 3/2- 50.69 stable 40 47 Zr 86.91481625 8.624 (9/2)+ 6.05E+03 
35 46 Br 80.9162906 8.696 3/2- 49.31 stable 40 48 Zr 87.9102269 8.666 0+ 7.21E+06 
35 47 Br 81.9168047 8.682 = 1.27E+05 40 49 Zr 88.908889 8.673 9/2+ 2.83E+05 
35 48 Br 82.915180 8.693 3/2- 8.64E+03 40 50 Zr 89.9047037 8.710 0+ 51.45 stable 

36 40 Kr 75.9259483 8.609 0+ 5.33E+04 40 51 Zr 90.90564577 8:693 Sae ZA stable 

36 41 Kr 76.92467 8.617 5/2 4.46E+03 40 52 Zr 91.9050401 8.693 0+ AMS) stable 

36 42 Kr 77.9203948 8.661 0+ 0.35 6.31E+28 40 53 Zr 92.9064756 8.672 5/2+ 4.83E+13 
36 43 Kr 78.920083 8.657 1/2- 1.26E+05 40 54 Zr 93.90631519 8.667 0+ 17.38 stable 

36 44 Kr 79.9163790 8.693 0+ 2.23 stable 40 55 Zr 94.9080426 8.644 SPE 5.53E+06 
36 45 Kr 80.9165923 8.683 7/2+ 722P 40 56 Zr 959082757 8.635 0+ 2.8 KSE 27 
36 46 Kr 81.9134836 8.711 0+ 11.58 stable 40 57 Zr 96.9109507 8.604 1/2+ 6.08E+04 
36 47 Kr 82.9141361 8.696 9/2+ 11.49 stable 41 48 Nb (9/2+) 6.84E+03 
36 48 Kr 83.911507 8.717 0+ 57 stable 41 48 Nb 88.9134955 8.617 (1/2)- 4.25E+03 
36 49 Kr 84.9125270 8.699 9/2+ 3.40E+08 41 49 Nb 89.911265 8.633 8+ 5.26E+04 
36 50 Kr 85.91061073 = 8.712 0+ 175 stable 41 50 Nb 90.9069905 8.671 9/2+ 2.14E+10 
36 Sil Kr 86.9133543 8.675 5/2+ 4.57E+03 41 51 Nb 91.9071924 8.662 7+ 1.09E+15 
3652 Kr 87.914447 8.657 0+ 1.02E+04 41 52 Nb 92.90637806 8.664 9/2+ 100 stable 

37 44 Rb 80.918996 8.645 3/2- 1.65E+04 41 53 Nb 93.9072839 8.649 6+ 6.40E+11 
37 46 Rb 82.915110 8.675 5/2- 7.45E+06 41 54 Nb 94.9068352 8.647 9/2+ 3.02E+06 
37 47 Rb 83.91438482 8.676 2- 2.83E+06 41 55 Nb 95.9081001 8.629 6+ 8.41E+04 
37 48 Rb 84.9117893 8.697 5/2- 72.17 stable 41 56 Nb 96.9080971 8.623 9/2+ 4.32E+03 
37 49 Rb 85.91116742 8.697 2- 1.61E+06 42 48 Mo 89.9139369 8.597 0+ 2.04E+04 
I S) Rb 86.9091835 8.711 3/2- 27.83 1.50E+18 42 50 Mo 91.9068105 8.658 0+ 14.84 stable 

38 42 Sr 79.92452101 8.579 0+ 6.38E+03 42 51 Mo 92.90681261 8.651 5/2+ 1.26E+11 
38 44 Sr 81.918402 8.636 0+ 2.21E+06 42 52 Mo 93.9050876 8.662 0+ 9225 stable 

38 45 Sr 82.9175567 8.638 7/2+ Asse O)sy 42 53 Mo 94.9058415 8.649 S2 SOA stable 

38 46 Sr 83.91342528 8.677 0+ 0.56 stable 42 54 Mo 95.90467890 8.654 0+ 16.68 stable 

38 47 Sr 84.9129328 8.676 9/2+ 5.60E+06 42 55 Mo 96.90602147 8.635 J S5 stable 

38 48 Sr 85.9092602 8.708 0+ 9.86 stable 42 56 Mo 97.9054078 8.635 0+ 24.13 stable 

38 49 Sr 86.9088793 8.705 Ope 7 stable 42 57 Mo 98.90771187 8.608 1/2+ 2.37E+05 
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Appendix B Isotope Masses, Binding Energies, and Half-Lives 


Z N Sym m(amu) 8B (MeV) Spin h T172 (S) Z N Sym m (amu) B(MeV) Spin % 71/2(S) 
42 58 Mo 99.90747734 8.605 oi 9.63 3.78E+26 48 58 Cd 105.9064594 8.539 0+ 1.25 stable 
43 50 Tc 92.91024898 8.609 9/2+ 9.90E+03 48 59 Cd 106.9066179 8.533 5/2+ 2.34E+04 
43 51 Tc 93.9096563 8.609 7+ 1.76E+04 48 60 Cd 107.9041837 8.550 0+ 0.89 stable 
43 52 Tc 94.90765708 8.623 9/2+ 7.20E+04 48 61 Cd 108.904982 8.539 5/2+ 4.00E+07 
43 53 TEM 95907871 8.615 Wee 3.70E+05 48 62 Cd 109.9030056 = 8.551 0+ 12.49 stable 
43 54 Tc 96.90636536 8.624 9/2+ 1.33E+14 48 63 Cd 110.9041781 8.537 1/24 12:8 stable 
43 55 Te 97.90721597 8.610 (6)+ 1.32E+14 48 64 Cd 111.9027578 8.545 0+ 24.13 stable 
43 56 Tc 98.90625475 8.614 9/2+ 6.65E+12 48 65 Cd 112.9044017 8.527 L 12 293E PS 
44 51 Ru 94.91041293 8.587 5/2+ 5.91E+03 48 66 Cd 113.9033585 = 8.532 0+ 28.73 stable 
44 52 Ru 95.90759784 8.609 0+ 5.54 stable 48 67 Cd 114.905431 8.511 IVP 1.93E+05 
44 53 Ru 96.9075547 8.604 5/2+ 2.51E+05 48 68 Cd 115.9047558 8.512 0+ 7.49 9.15E+26 
44 54 Ru 97.90528713 8.620 0+ 1.87 stable 48 69 Cd 116.9072186 8.489 1/2+ 8.96E+03 
44 55 Ru T 98.9059393 8.609 5/2+ 12.76 stable 49 60 In 108.9071505 8.513 9/2+ 1.51E+04 
44 56 Ru 99.90421948 8.619 0+ 12.6 stable 49 6l In 109.9071653 8.509 7+ 1.76E+04 
44 57 Ru 100.9055821 8.601 5/2+ 17.06 stable 49 62 In 110.90511 8.522 9/2+ 2.42E+05 
44 58 Ru 101.9043493 8.607 0+ SIRS o) stable 49 64 In 112.904061 8.523 9/2+ 4.29 stable 
44 59 Ru 102.9063238 8.584 3/2+ 3.39E+06 49 66 In 114.9038785 8.517 Me Sl 1.39E+22 
44 60 Ru 103.9054301 8.587 0+ 18.62 stable 50 60 Sn 109.9078428 8.496 0+ 1.48E+04 
44 6l Ru 104.9077503 8.562 3/2+ 1.60E+04 50 62 Sn 111.9048208 8.514 0+ 0.97 stable 
44 62 Ru 105.9073269 = 8.561 0+ 3.23E+07 50 63 Sn 112.9051734 8.507 1/2+ 9.94E+06 
45 54 Rh 98.9081321 8.580 1/2- 1.39E+06 50 64 Sn 113.9027818 8.523 0+ 0.66 stable 
45 55 Rh 99.90812155 8.575 l= 7.49E+04 50 65 Sn 114.9033424 8.514 1/2+ 0.34 stable 
45 56 Rh 100.9061636 8.588 1/2- 1.04E+08 50 66 Sn 115.9017441 8.523 0+ 14.54 stable 
45 57 Rh 101.9068432 8.577 a= 1.79E+07 50 67 Sn 116.9029517 8.510 1/2+ 7.68 stable 
45 58 Rh 102.9055043 8.584 1/2- 100 stable 50 68 Sn 117.9016063 8.517 0+ 24.22 stable 
45 60 Rh 104.9056938 8.573 7/2+ 1.27E+05 50 69 Sn 118.9033076 8.499 V2 ES) stable 
46 54 Pd 99.90850589 8.564 0+ 3.14E+05 50 70 Sn 119.9021966 8.505 0+ 32.58 stable 
46 55 Pd 100.9082892 8.561 (5/2+ 3.05E+04 SO 71 Sn 120.9042369 8.485 S2 9.76E+04 
46 56 Pd 101.9056077 8.580 0+ 1.02 stable a) 72 Sn 121.9034401 8.488 0+ 4.63 stable 
46 57 Pd 102.9060873 8.571 5/2+ 1.47E+06 5075 Sn 122.9057208 8.467 11/2- PETO 
46 58 Pd 103.9040358 8.585 0+ 11.14 stable 50 74 Sn 123.9052739 8.467 0+ wo, stable 
46 59 Pd 104.9050840 8.571 ae o stable a) 7/5 Sn 124.907785 8.446 11/2- 8.33E+05 
46 60 Pd 105.9034857 8.580 0+ 2733 stable 50 76 Sn 125.9076533 8.444 0+ STSEEN 
46 6l Pd 106.9051285 8.561 5/2+ 2.05E+14 5077 Sn 126.9103510 8.421 (11/2-) 7.56E+03 
46 62 Pd 107.9038945 8.567 0+ 26.46 stable 51 66 Sb 116.9048359 8.488 5/2+ 1.01E+04 
46 63 Pd 108.9059535 8.545 5/2+ 4.93E+04 51 68 Sb 118.9039465 8.488 5/2+ 1.37E+05 
46 64 Pd 109.9051533 8.547 0+ E72 stable oil (os) Sb 119.905072 8.476 8- 4.98E+05 
46 66 Pd 111.9073141 8.521 0+ 7.57E+04 Sl 70) Sb 120.9038180 8.482 5/2 Al stable 
47 56 Ag 102.9089727 8.538 7/2+ 3.96E+03 51 71 Sb 121.9051754 8.468 2- 2.35E+05 
47 57 Ag 103.9086282 8.536 5+ 4.14E+03 al 72 Sb 122.9042157 8.472 7/2+ 42.79 stable 
47 58 Ag 104.9065287 8.550 1/2- 3.57E+06 le) Sb 123.9059375 8.456 = 5.20E+06 
47 60 Ag 106.905093 8.554 1/2- 51.839 stable 51 74 Sb 124.9052478 8.458 7/2+ 8.70E+07 
47 62 Ag 108.9047555 8.548 1/2- 48.161 stable pul 743) Sb 125.9072482 8.440 (8-) 1.08E+06 
47 64 Ag 110.9052947 8.535 1/2- 6.44E+05 51 76 Sb 126.9069146 8.440 7/2+ 3.30 E05 
47 65 Ag 111.9070048 8.516 2(-) 1.13E+04 2177 Sb 127.9091673 8.421 8- 3.24E+04 
47 66 Ag 112.9065666 8.516 1/2- 1.93E+04 Bil Hs} Sb 128.9091501 8.418 Wet 1.58E+04 
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Z N Sym m(amu) B(MeV) Spin % 71/2(S) Z N Sym m(amu) 8B (MeV) Spin % 71/2(S) 
52 64 Te 115.9084203 8.456 0+ 8.96E+03 55 74 Cs 128.9060634 8.416 1/2+ 1.15E+05 
Be (5) Te 116.90864 8.451 1/2+ SIA Bins 08) 55 76 Cs 130.9054639 8.415 5/2+ 8.37E+05 
52 66 Te 117.9058276 8.470 0+ 5.18E+05 SS H Cs 131.906430 8.406 2+ 5.60E+05 
a (o// Te 118.9064081 8.462 1/2+ 5.77E+04 SI VAs) Cs 132.9054469 8.410 7/2+ 100 stable 
52 68 Te 119.9040202 8.477 0+ 0.09 stable 55079 Cs 133.9067134 8.399 4+ 6.51E+07 
Be. (si) Te 120.9049364 8.467 Iya 1.45E+06 25) 80) Cs 134.905972 8.401 7/2+ P25 ENS 
ay, 740) Te 121.9030471 8.478 0+ 255 stable SS Gill Cs 135907307 8.390 SAF 1.14E+06 
52 71 Te 122.9042730 8.466 Wa OE ESIE T22 35 82 Cs 136.9070895 8.389 7/2+ 9.48E+08 
Be I Te 123.9028180 8.473 0+ 4.74 stable 56 70 Ba 125.9112502 8.380 0+ 6.01E+03 
Be. 78) Te 124.9044285 8.458 1/2 7.07 stable 56 72 Ba 127.90831 8.396 0+ 2.10E+05 
52 74 Te 125.9033095 8.463 0+ 18.84 stable 56 73 Ba 128.9086794 8.391 1/2+ 8.03E+03 
By 7S Te 126.905217 8.446 3/2+ 3.37E+04 56 74 Ba 129.9063105 8.406 0+ 0.106 stable 
52 76 Te 127.9044631 8.449 0+ 31.74 2.43E+32 56175 Ba 130.9069308 8.399 1/2+ 9.94E+05 
Sy Hil Te 128.906596 8.430 3/2+ 4.18E+03 56 76 Ba 131.9050562 8.409 0+ 0.101 stable 
5278 Te 129.9062244 8.430 0+ 34.08 8.51E+28 56 77 Ba 132.9060024 8.400 1/2+ 3.32E+08 
52 80 Te 131.9085238 8.408 0+ 2.77E+05 56 78 Ba 133.9045033 8.408 0+ 2.417 stable 
5367 I 119.9100482 8.424 25 4.86E+03 ao 7) Ba 134.9056827 8.397 Sse OBEY stable 
53 68 I 120.9073668 8.442 5/2+ 7.63E+03 56 80 Ba 135.9045701 8.403 0+ 7.854 stable 
5370 I 122.9055979 8.449 5/2+ 4.78E+04 56 81 Ba 136.905824 8.392 3/2+ 11.232 stable 
Be) zi I 123.9062114 8.441 25 3.61E+05 56 82 Ba 137.9052413 8.393 0+ 71.698 stable 
53072 I 124.9046242 8.450 5/2+ 5.13E+06 56 83 Ba 138.908836 8.367 7/2- 4.98E+03 
Sek Jo I 125.9056242 8.440 25 1.13E+06 56 84 Ba 139.91060 8.353 0+ 1.10E+06 
53 74 I 126.9044727 8.445 5/2+ 100 stable S IA La 131.910110 8.368 25 1.73E+04 
53 76 I 128.9049877 8.436 7/2+ 4.95E+14 57 76 La 132.908218 8.379 5/2+ 1.41E+04 
Dome I 129.9066742 8.421 BRE 4.45E+04 BY ahs) La 134.9069768 8.383 5/2+ 7.02E+04 
53178 I 130.9061246 8.422 7/2+ 6.93E+05 57 80 La 136.90647 8.382 7/2+ 1.89E+12 
59 JS I 131.9079945 8.406 4+ 8.26E+03 57 till La 137.9071068 = 8.375 5+ 0.09 3.31E+18 
53 80 I 132.9078065 8.405 7/2+ 7.49E+04 57 82 La 138.9063482 8.378 7/2+ 99.91 stable 
5982 I 134.91005 8.385 Tire 2.37E+04 By es) La 139.9094726 8.355 ae 1.45E+05 
54 68 Xe 121.9085484 8.425 0+ 7.24E+04 57 84 La 140.910958 8.343 (7/2+) 1.41E+04 
54 69 Xe 122.908480 8.421 (1/2)+ 7.49E+03 57 85 La 141.9140791 8.321 25 5.46E+03 
54 70 Xe 123.9058942 8.438 0+ 0.09 stable 58 74 Ce 131.9114605 8.352 0+ 1.26E+04 
54 71 Xe 124.906398 8.431 (1/2)+ 6.08E+04 ae 7 Ce IASS 8.350 9/2- 1.76E+04 
54 72 Xe 125.9042736 8.444 0+ 0.09 stable 58 75 Ce EASD e0) 1/2+ 5.83E+03 
54 73 Xe 126.905184 8.434 1/2+ 3.14E+06 58 76 Ce 133.9089248 8.366 0+ 2.73E+05 
54 74 Xe 127.9035313 8.443 0+ ESD; stable SOM, Ce 134.9091514 8.362 1/2(+) 6.37E+04 
54 75 Xe 128.9047794 8.431 1/2+ 26.44 stable 58 78 Cems 5:907172 8.373 0+ 0.185 stable 
54 76 Xe 129.903508 8.438 0+ 4.08 stable 5 72 Ce 136.9078056 8.367 3/2+ 3.24E+04 
54 77 Xe 130.9050824 8.424 ae AIG stable 58 80 Cem 3 729059913577, 0+ 0.251 stable 
54 78 Xe 131.9041535 8.428 0+ 26.89 stable 58 81 Ce 138.9066466 8.370 3/2+ 1.19E+07 
54 79 Xe 132.905906 8.413 SPs 4.53E+05 58982 Ce 139.905434 8.376 0+ 88.45 stable 
54 80 Xe 133.9053945 8.414 0+ 10.44 stable ye) (28) Ce 140.908271 8.355 7/2- 2.81E+06 
54 81 Xe 134.90721 8.398 SP 3.29E+04 58 84 Ce 141.909241 8.347 0+ 11.114 1.58E+24 
54 82 Xe 135.9072188 8.396 0+ 8.87 DOSE 27 58 85 Ce 142.9123812 8.325 3/2- 1.19E+05 
5972 Cs 126.9074175 8.412 1/2+ 2.25E+04 58 86 Ce 143.913643 8.315 0+ 2.46E+07 
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Appendix B Isotope Masses, Binding Energies, and Half-Lives 


Z N Sym m(amu) B(MeV) Spin h T172 (S) Z N Sym m (amu) B(MeV) Spin % 71/2(S) 

ae) A Pr 136.910687 8.341 5/2+ 4.61E+03 63 88 Eu 150.919848 8.239 5/2+ 47.81 stable 

59 80 Pr 138.9089384 8.349 5/2+ 1.59E+04 63 89 Eu 151.921744 8.227 3- 4.27E+08 
5982 Pr 140.9076477 8.354 5/2+ 100 stable 6290 Bu 52-9 211229 8.229 5/2 Za) stable 

Si) ts) Pr 141.910041 8.336 a= 6.88E+04 63 91 Eu 1'53:922976 8.217 3- 2.71E+08 
59 84 Pr 142.9108122 8.329 7/2+ 1.17E+06 63 92 Eu 154.92289 8.217 5/2+ 1.50E+08 
Be) ho Pr 144.9145069 8.302 7/2+ 2.15E+04 63m9 Eu 155.9247522 = 8.205 0+ 1.31E+06 
60 78 Nd 137.91195 8.325 oi 1.81E+04 63 94 Eu 156.9254236 8.200 5/2+ 5.46E+04 
60 80 Nd 139.90931 8.338 0+ 2.91E+05 64 82 Gd 145.9183106 8.250 0+ 4.17E+06 
60 81 Nd 140.9096099 8.336 3/2+ 8.96E+03 64 83 Gd 146.919090 8.243 7/2- TOE TOS 
60 82 Nd 141.907719 8.346 0+ 27.2 stable 64 84 Gd 147.918110 8.248 0+ 230E +09 
60 83 Nd 142.90981 8.330 7/2- 12.2 stable 64 85 Gd 148.919339 8.239 7/2- 8.02E+05 
60 84 Nd 143.910083 8.327 0+ 23.8 2HE E22 64 86 Gd 149.9186589 8.243 0+ 5.64E+13 
60 85 Nd 144.91257 8.309 7/2- 83 stable 64 87 Gd 150.9203485 8.231 7/2- 1.07E+07 
60 86 Nd 145.913116 8.304 0+ 172 stable 64 88 Gd 151.919789 8.233 0+ 0.2 3.41E+21 
60 87 Nd 146.916096 8.284 5/2- 9.49E+05 64 89 Gd 152.9217495 8.220 3/2- 2.09F+07 
60 88 Nd 147.916889 8.277 0+ 5.7 stable 64 90 Gd 153.9208623 8.225 0+ 2.18 stable 

60 89 Nd 148.920145 8.255 5/2- 6.22E+03 64 91 Gd 154.922619 8.213 3/2- 14.8 stable 

60 90 Nd 149.920887 8.250 0+ 5.6 3.47E+26 64 92 Gdla51922122 8.215 0+ 20.47 stable 

61 82 Pm 142.9109276 8.318 5/24 229E+07 64 93 Gd 156.9239567 8.204 3/2- 15.65 stable 

61 83 Pm 143.912586 8.305 = 3.14E+07 64 94 Gd 157.924103 8.202 0+ 24.84 stable 

61 84 Pm 144.9127439 8.303 5/2+ 5.58E+08 64 95 Gd 158.9263861 8.188 3/2- 6.65E+04 
61 85 Pm 145.914696 8.289 = 1.74E+08 64 96 Gd 159.9270541 8.183 0+ 21.86 stable 

61 86 Pm 146.9151339 8.284 712+ 8.27E+07 65 82 Tb 146.9240446 8.207 (1/2+) 6.12E+03 
61 87 Pm 147.9174746 8.268 i= 4.64E+05 @a 3) Tb 147.9242717 8.204 2- 3.60E+03 
61 88 Pm 148.91833 8.262 7/2+ FOTE TOS 65 84 Tb 148.9232459 8.210 1/2+ 1.48E+04 
61 89 Pm 149.92098 8.244 (1-) 9.65E+03 63185 Tb 149.9236597 8.206 (2)- 1.25E+04 
61 90 Pm 150.921207 8.241 5/2+ 1.02E+05 65 86 Tb 150.9230982 8.209 1/2(+) 6.34E+04 
62 80 Sm 141.9151976 8.286 0+ 4.35E+03 65 87 Tb 151.9240744 8.202 2- 6.30E+04 
62 82 Sm 143.911998 8.304 0+ 3.07 stable 65 88 Tb 152.9234346 8.205 5/2+ 2.02E+05 
62 83 Sm 144.913407 8.293 7/2- 2.94E+07 65 89 Tb 153.9246862 8.197 0(+) 7.74E+04 
62 84 Sm 145.913038 8.294 0+ SA ale 65 90 Tb 154.9235052 8.203 3/2+ 4.60E+05 
62 85 Sm 146.914894 8.281 7/2- 14.99 3.34E+18 65 Sil Tb 155.924744 8.195 = 4.62E+05 
62 86 Sm 147.914819 8.280 0+ 11.24 221E 65092 Tb 156.9240212 8.198 3/2+ 2.24E+09 
62 87 Sm 148.91718 8.263 7/2- 13.82 6.31E+22 a 25} Tb 157.9254103 8.189 J= 5.68E+09 
62 88 Sm 149.9172730 8.262 0+ 7.38 stable 65 94 Tb 158.9253431 8.189 3/2+ 100 stable 

62 89 Sm 150.919929 8.244 5/2- 2.84E+09 65 95 Tb 159.9271640 8.177 = 6.25E+06 
62 90 Sm 151.9197282 8.244 0+ 26.75 stable 65 96 Tb 160.9275663 8.174 3/2+ 5.94E+05 
62 91 Sm 152.922097 8.229 3/2+ 1.67E+05 66 86 Dy 151.9247140 8.193 0+ 8.57E+03 
62,92) Smi 153.9222053)8:227 0+ 223 stable 66 87 Dy 152.9257647 8.186 7/2(-) 2.30E+04 
62 94 Sm 155.9255279 8.205 0+ 3.38E+04 66 88 Dy 153.9244220 8.193 0+ 9.46E+13 
6382 Eu 144.9162652 8.269 5/2+ 5.12E+05 66 89 Dy 154.9257538 8.184 3/2- 3.56E+04 
63 83 Eu 145.91720 8.262 4- 3.97E+05 66 90 Dy 155.9242783 8.192 0+ 0.06 stable 

63 84 Eu 146.916742 8.264 5/2+ 2.08E+06 66 91 Dy 156.9254661 8.185 3/2- 2.93E+04 
6385 Eu 147.91815 8.254 a= 4.71E+06 66 92 Dy 157.924405 8.190 0+ 0.1 stable 

63 86 Eu 148.917930 8.254 5/2+ 8.04E+06 66 93 Dy 158.925736 8.182 3/2- 1.25E+07 
63 87 Eu 149.9197018 8.241 5(- 1.16E+09 66 94 Dy 159.925194 8.184 0+ 2.34 stable 


A-15 


Z N Sym m(amu) B(MeV) Spin % 71/2(S) Z N Sym m (amu) B(MeV) Spin h T172 (S) 

66 95 Dy 160.926930 8.173 5/2+ 18.91 stable 70 106 Yb 175.942571 8.064 0+ 12.76 stable 

66 96 Dy 161.926795 8.173 0+ 255l stable 70 107 Yb 176.9452571 8.050 9/2+ 6.88E+03 
66 97 Dy 162.928728 8.162 5/2- 24.9 stable 70 108 Yb 177.9466467 8.043 0+ 4.43E+03 
66 98 Dy 163.9291712 8.159 0+ 28.18 stable TASS Lu 168.937649 8.086 7/2+ 123E405 
66 99 Dy 164.93170 8.144 7/2+ 8.40E+03 lee 99 Lu 169.9384722 8.082 0+ 1.74E+05 
66 100 Dy 165.9328032 8.137 0+ 2.94E+05 71 100 Lu 170.93791 8.085 7/2+ 7.A2E+05 
67 94 Ho 160.9278548 8.163 7/2- 8.93E+03 TAS NOLS 719390822 8078 4- 5.79E+05 
67 96 Ho 162.9287303 8.157 7/2- 1.44E+11 ZA 1025 hu :72°933927, 8.079 7/2+ 4.32E+07 
67 98 Ho 164.9303221 8.147 7/2- 100 stable 71 103 Lu 173.940334 8.071 (1)- 1.04E+08 
67 99 Ho 165.9322842 8.135 0- 9.63E+04 71 104 [Lu 174.94077 8.069 7/2+ 97A1 stable 

67 100 Ho = 166.933127 8.130 7/2- 1.12E+04 71 105 Lu 175.9426824 8.059 I= 259 1.29E+18 
68 90 Er 157.9298935 8.148 0+ 8.24E+03 71 106 Lu 176.9437550 8.053 7/2+ 5.82E+05 
68 92 Er  159.92908 8152 0+ 1.03E+05 71 108 Lu 178.9473274 8.035 7/2(+) 1.65E+04 
68 93 ETpl609S 8.146 3/2- 1.16E+04 72 98 Hf 169.939609 8.071 0+ 5.76E+04 
68 94 Er 161.928775 8.152 0+ 0.14 stable 7299) Hf 170.940492 8.066 7/2+ 4.36E+04 
68 95 Er 162.9300327 8.145 5/2- 4.50E+03 72 100 Hf 171.9394483 8.072 0+ 5.90E+07 
68 96 Er 163.929198 8.149 0+ 1.61 stable 72 101 Hf 172.940513 8.066 1/2- 8.50E+04 
68 97 Er 164.930726 8.140 5/2- 3.73E+04 72 102 Hf 173.940044 8.069 0+ 0.16 6.31E+22 
68 98 Er 165.9302900 8.142 O+ 33.61 stable 72 103 Hf 174.9415024 8.061 5/2- 6.05E+06 
68 99 Er 166.932046 8.132 Tete DIDS) stable 72 104 Hf 175.941406 8.061 0+ 5.26 stable 

68 100 Er _ 167.9323702 8.130 0+ 26.78 stable 72 105 Hf 176.9432207 8.052 7/2- 18.6 stable 

68 101 Er 168.9345881 8.117 1/2- 8.12E+05 72 106 Hf 177.9436988 8.049 0+ 27.28 stable 

68 102 Er 169.935461 8.112 0+ 14.93 stable 72 107 Hf 178.9458161 8.039 9/2+ 13.62 stable 

68 103 Er 170938026 8.098 5/2- 2.71E+04 72 108 Hf 179.94655 8.035 0+ 35.08 stable 

68 104 Er 171.9393521 8.090 0+ 1.77E+05 72 109 Hf 180.9490991 8.022 1/2- 3.66E+06 
69 94 Tm 162.9326500 8.125 1/2+ 6.52E+03 72 110 Hf 181.9505541 8.015 0+ 2.84E+14 
69 96 Tm 164.932433 8.126 1/2+ 1.08E+05 72 111 Hf 182.9535304 8.000 (3/2-) 3.84E+03 
69 97 Tm 165.9335541 8.119 Dae 2.77E+04 72 112 Hf 183.9554465 7.991 0+ 1.48E+04 
69 98 Tm 166.9328516 8.123 1/2+ 7.99E+05 73 100 Ta 172.94354 8.044 5/2- 1.13E+04 
69 99 Tm 167.9341728 8.115 3+ 8.04E+06 73 101 Ta 173.944256 8.040 3(+) 3.78E+03 
69 100 Tm 168.934212 8.114 1/2+ 100 stable 73 102 Ta 174.9437 8.044 7/2+ 3.78E+04 
69 101 Tm 169.9358014 8.106 l= 1.11E+07 73 103 Ta 175.944857 8.039 l= 2.91E+04 
69 102 Tm 170.936426 8.102 1/2+ 6.05E+07 73 104 Ta 176.9444724 8.041 7/2+ 2.04E+05 
69 103 Tm 171.9384 8.091 2- 2.29E+05 73 105 Ta 177.9457782 8.034 z= 8.50E+03 
69 104 Tm 172.9396036 8.084 1/2+ 2.97E+04 73 106 Ta 178.94593 8.034 7/2+ 5.74E+07 
70 94 Yb 163.9344894 8.109 0+ 4.54E+03 73 107 Ta 179.9474648 8.026 1+ 0.012 2.93E+04 
70 96 Yb 165.9338796 = 8.112 0+ 2.04E+05 73 108 Ta 180.9479958 8.023 7/2+ 99.988 stable 

70 98 Yb 167.9338969 8.112 0+ 0.13 stable 73 109 Ta 181.9501518 8.013 3- 9.89E+06 
TQ) BY Yb 168.9351871 8.104 72E 2.77E+06 73 110 Ta 182.9513726 8.007 72+ 4.41E+05 
70 100 Yb 169.934759 8.107 0+ 3.04 stable 73 111 Ta 183.954008 7.994 (5-) 3.13E+04 
70 101 Yb 170.936323 8.098 1/2- 14.28 stable 74 102 W 175.945634 8.030 0+ 9.00E+03 
70 102 Yb _ 171.9363777 8.097 O+ DI stable 74 103 W 176.946643 8.025 (1/2-) 8.10E+03 
70 103 Yb _ 172.938208 8.087 5/2- 16.13 stable 74 104 W 177.9458762 8.029 0+ 1.87E+06 
70 104 Yb 173.9388621 8.084 0+ 31.83 stable 74 106 W 179.9467045 8.025 0+ 0.12 stable 

70 105 Yb 174.941273 8.071 7/2- 3.62E+05 74 107 W 180.9481972 8.018 92 1.05E+07 
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Appendix B Isotope Masses, Binding Energies, and Half-Lives 


Z N Sym m(amu) 8B (MeV) Spin h T172 (S) Z N Sym m (amu) B(MeV) Spin % 71/2(S) 
74 108 W 181.9482042 8.018 0+ 26.5 stable 78 109 Pt 186.960587 7.941 3/2- 8.46E+03 
74 109 182.950223 8.008 1/2- 14.31 stable 78 110 Pt 187.9593954 7.948 0+ 8.81E+05 
74 110 W_ 183.9509312 8.005 0+ 30.64 stable 78 111 Pt 188.9608337 7.941 3/2- 3.91E+04 
74 111 W 184.9534193 7.993 3/2- 6.49E+06 7S PS99599 317 79147 0+ 0.014 205P 
74 112 W 185.9543641 7.989 0+ 28.43 stable Ths Mls} We IOs’ WEE 3/2- 2.47E+05 
TA W_ 8695716037975 3/2- 8.54E+04 78 114 Pt 191.961038 7.942 0+ 0.782 stable 
74 114 W 187.9584891 7.969 0+ 6.00E+06 78 115 Pt 192.9629874 7.934 1/2- 1.58E+09 
75 106 Re 180.9500679 8.004 5/2+ 7.16E+04 78 116 Pt 193.9626803 7.936 0+ 32.967 stable 
Ws MO Re EESLI 7.999 7+ 2. S1E+05 78 117 Pt 194.9647911 Wed) 1/2- 33.832 stable 
ss MOY RE Dae 4.57E+04 78 118 Pt 195.9649515 7.927 0+ 25.242 stable 
75 108 Re _ 182.9508198 8.001 5/2+ 6.05E+06 78 119 Pt 196.9673402 7.916 1/2- 7.16E+04 
73 lOS SRE WE83:9525203 7.993 oe 3.28E+06 78 120 Pt 197.9678928 7.914 0+ 7.163 stable 
Zo O Re 184:952.955 7-991 5/2+ 37.4 stable 78 122 Pt 199.9714407 7.899 0+ 4.50E+04 
75 Re 185.9549861 7.981 I= 3.21E+05 78 124 Pt 201.97574 7.881 0+ 1.56E+05 
Jom Re gG 953733 7.978 5/2 626 1.37E+18 79 112 Au _ 190.9637042 7.925 3/2+ 1.14E+04 
75 113 Re 187.9581144 7.967 i= 6.13E+04 79 113 Au 191.964813 7.920 I= 1.78E+04 
75 114 Re _ 188.959229 7.962 5/2+ 8.75E+04 79 114 Au 192.9641497 7.924 3/2+ 6.35E+04 
76 105 Os 180.953244 7.983 1/2- 6.30E+03 TO SPA 9339653653. 7919 I= 1.37E+05 
76 106 Os 181.9521102 7.990 0+ 7.96E+04 79 116 Au 194.9650346 7.921 3/2+ 1.61E+07 
76 107 Os 182.9531261 7.985 9/2+ 4.68E+04 79 117 Au _ 195.9665698 =—7.915 2- 5.33E+05 
76 108 Os 183.9524891 7.989 0+ 0.02 stable 79 118 Au _ 196.9665687 7.916 3/2+ 100 stable 
76 109 Os 184.9540423 7.981 1/2- 8.09E+06 79 119 Au _ 197.9682423 7.909 2- 2.33E+05 
76 110 Os 185.9538382 7.983 0+ 159 GIE T22 79 120 Au _ 198.9687652 7.907 3/2+ 2.71E+05 
76 111 Os 186.9557505 7.974 1/2- 1.96 stable 80 112 Hg 191.9656343 7.912 0+ 1.75E+04 
76 112 Os 187.9558382 7.974 0+ 13.24 stable 80 113 Hg 192.9666654 7.908 3/2- 1.37E+04 
76 113 Os 188.9581475 7.963 3/2- IEE stable 80 114 Hg 193.9654394 7.915 0+ 1.64E+10 
76 114 Os 189.958447 7.962 0+ 26.26 stable 80 115 Hg 194.9667201 7.909 1/2- 3.79E+04 
76 115 Os 190.9609297 7.951 9/2- 1.33E+06 80 116 Hg 195.9658326 7.914 0+ 0.15 stable 
76 116 Os 191.9614807 7.948 0+ 40.78 stable 80 117 Hg 196.9672129 7.909 1/2- 2.34E+05 
76 117 Os 192.9641516 7.936 3/2- 1.08E+05 80 118 Hg _ 197.966769 HEN 0+ Oy stable 
76 118 Os 193.9651821 7.932 0+ 1.89E+08 80 119 Hg 198.9682799 7.905 1/2- 16.87 stable 
77 107 r  183.957476 7959 5= 1.11E+04 80 120 Hg _ 199.968326 7.906 0+ 2351 stable 
77 108 Ir 184.956698 7.964 5/2- 5.18E+04 80 121 Hg 200.9703023 7.898 3/2- 13.18 stable 
77 109 Ir 185.9579461 7.958 5+ 5.99E+04 80 122 Hg 201.970643 7.897 0+ 29.86 stable 
Hy MOE) Me Ue 7.20E+03 80 123 Hg 202.9728725 7.887 5/2- 4.03E+06 
77 110 Ir 186.9573634 7.962 3/2+ 3.78E+04 80 124 Hg 203.9734939 7.886 0+ 6.87 stable 
7 VE 879588531 7.955 i= 1.49E+05 81 114 Tl 194.9697743 7.891 1/2+ 4.18E+03 
77 112 Ir 188.9587189 = 7.956 3/2+ 1.14E+06 81 115 Tl 195.9704812 7.888 2- 6.62E+03 
77 113 Ir 189.960546 7.948 (4)+ 1.02E+06 81 116 TI 196.9695745 7.893 1/27 1.02E+04 
77 114 Ir 190.960594 7.948 3/2) 37.3 stable 81 117 Tl 197.9704835 7.890 2- 1.91E+04 
77 115 Ir 191.962605 7939 4(+) 6.38E+06 81 118 Tl 198.969877 7.894 1/2+ 2.67E+04 
77 116 Ir 192.9629264 7.938 3/2 O27, stable 81 119 Tl 199.9709627 7.890 2- 9.42E+04 
77 NN SE 939650784 7.928 = 6.89E+04 81 120 Tl 200.9708189 7.891 1/2+ 2.62E+05 
77 118 Ir 194.9659796 = 7.925 3/2+ 9.00E+03 81 121 Tl 201.9721058 7.886 2- 1.06E+06 
78 107 Pt 184.960619 7.940 2+ 4.25E+03 81 122 Tl 202.9723442 7.886 1/2+ 29.524 stable 
78 108 Pt 185.9593508 7.947 0+ 7.20E+03 81 123 Tl 203.9738635 7.880 2- 1.19E+08 


A-17 


Z N Sym m(amu) 8B (MeV) Spin % 71/2(S) Z N Sym m(amu) 8B (MeV) Spin h T172 (S) 
81 124 Tl 204.9744275 7.878 1/2+ 70.476 stable 88 138 Ra 226.0254098 7.662 0+ 5.05E+10 
82 116 Pb 197.972034 7.879 0+ 8.64E+03 88 140 Ra 228.0310703 7.642 0+ 1.81E+08 
82 117 Pb 198.9729167 7.876 3/2- 5.40E+03 88 142 Ra 230.0370564 7.622 0+ 5.58E+03 
82 118 Pb 199.9718267 7.882 0+ 7.74E+04 89 135 Ac 224.0217229 7.670 0- 1.04E+04 
82 119 Pb 200.9728845 7.878 5/2- 3.36E+04 89 136 Ac 225.0232296 7.666 (3/2-) 8.64E+05 
82 120 Pb 201.9721591 7.882 0+ 1.66E+12 89 137 Ac 226.0260981 7.656 (1-) 1.06E+05 
82121 Pb 2029733905 7.877 5/2- 1.87E+05 SOM ome ACHE 22 7.027752 11 7.651 3/2- 6.87E+08 
82 122 Pb 203.9730436 7.880 0+ 1.4 4.42E+24 So E Ae 2 28:03 0202639 3(+) 2.21E+04 
82 123 Pb 204.9744818 7.874 5/2- 4.83E+14 89 140 Ac 229.0330152 7.633 (3/2+) 3.78E+03 
82 124 Pb 205.9744653 7.875 0+ 24.1 stable 90 137 Th 227.0277041 7.647 3/2+ 1.62E+06 
82 125 Pb 206.9758969 7.870 1/2- 22.1 stable 90 138 Th 228.0287411 7.645 0+ 6.03E+07 
82 126 Pb 207.9766521 7.867 0+ 52.4 stable 90 139 Th 229.0317624 7.635 5/2+ 2.49E+11 
82 127 Pb 208.9810901 7.849 9/2+ 1.17E+04 90 140 Th 230.0331338 7.631 0+ 2.38E+12 
82 128 Pb 209.9841885 7.836 0+ 7.03E+08 90 141 Th 231.0363043 7.620 5/2+ 9.18E+04 
82 130 Pb 211.9918975 7.804 0+ 3.83E+04 90 142 Th 232.0380553 7.615 0+ 100 4.43E+17 
83 118 Bi 200.977009 7.855 9/2- 6.48E+03 90 144 Th 234.0436012 7.597 0+ 2.08E+06 
83 119 Bi 201.9777423 7.852 5+ 6.19E+03 91 137 Pa 228.0310514 7.632 (3+) 7.92E+04 
83 120 Bi 202.976876 7.858 9/2- 4.23E+04 91 138 Pa 229.0320968 7.630 (5/2+) 1.30E+05 
83 121 Bi 203.9778127 7.854 6+ 4.04E+04 91 139 Pa 230.0345408 7.622 (2-) 1.50E+06 
83 122 Bi 204.9773894 7.857 9/2- 1.32E+06 91 140 Pa 231.035884 7.618 3/2- 100 1.03E+12 
83 123 Bi 205.9784991 7.853 6+ 5.39E+05 91 141 Pa 232.0385916 7.609 (2-) 1.13E+05 
83 124 Bi 206.9784707 7.854 9/2- 9.95E+08 91 142 Pa 233.0402473 7.605 3/2- 2.33E+06 
83 125 Bi 207.9797422 7.850 (5)+ 1.16E+13 91 143 Pa 234.0433081 7595 4+ 2.41E+04 
83 126 Bi 208.9803987 7.848 9/2- 100 stable 91 148 Pa 239.05726 7.550 (3/2)(-) 6.37E+03 
83 127 Bi 209.9841204 7.833 = 4.33E+05 92 138 U  230.0339398 7.621 0+ 1.80E+06 
Se 29B 2199128577303 1(-) 3.63E+03 ODS SW 23120362937 a7 olls (5/2) 3.63E+05 
84 120 Po 203.9803181 7.839 0+ 1.27E+04 92 140 U 232053715627 02 0+ 2.17E+09 
84 121 Po 204.9812033 7.836 5/2- 5.98E+03 92 141 U 233.0396352 7.604 5/2+ 5.01E+12 
84 122 Po 205.9804811 7.841 0+ 7.60E+05 92 142 U 234.0409521 7.601 0+ 0.0055 7.74E+12 
84 123 Po 206.9815932 7.837 5/2- 2.09E+04 92 143 U 235.0439299 7.591 7/2- 0.72 2.22E+16 
84 124 Po 207.9812457 7.839 0+ 9.14E+07 92 144 U 236.045568 7.586 0+ 7.38E+14 
84 125 Po 208.9824304 7.835 1/2- SPPE EOI 92 145 U 237.0487302 7.576 1/2+ 5.83E+05 
84 126 Po 209.9828737 7.834 0+ 1.20E+07 92 146 U 238.0507882 7.570 0+ 99,275 1.41E+17 
85 122 At 206.9857835 7.814 9/2- 6.48E+03 92 148 U 240.056592 1592 0+ 5.08E+04 
85 123 At 207.98659 7.812 6+ 5.87E+03 93 141 Np 234.042895 7.590 (0+) 3.80E+05 
85 124 At 208.9861731 7.815 9/2- 1.95E+04 93 142 Np 235.0440633 7.587 5/2+ 3.42E+07 
85 125 At 209.9871477 7.812 SH 2.92E+04 93 143 Np 236.0465696 7.579 (6-) 4.86E+12 
85 126 At 210.9874963 7.811 9/2- 2.60E+04 93 143 Np 1(-) 8.10E+04 
86 124 Rn 209.9896962 7.797 0+ 8.71E+03 93 144 Np 237.0481734 7.575 5/24 6.75E+13 
86 125 Rn 210.9906005 7.794 1/2- 5.26E+04 93 145 Np 238.0509464 7.566 Mae 1.83E+05 
86 136 Rn 22210175777 7.694 0+ 3.30E+05 93 146 Np 2391052939 ISI! 5/2+ 2.04E+05 
86 138 Rn 224.02409 7.671 0+ 6.41E+03 93 147 Np 240.0561622 7.550 (5+) SPA ETOS 
88 135 Ra 223.0185022 7.685 3/2+ 9.88E+05 94 140 Pu 234.0433171 7.585 0+ 3.17E+04 
88 136 Ra 224.0202118 7.680 0+ 3.16E+05 94 142 Pu 236.046058 7.578 0+ 9.01E+07 
88 137 Ra 225.0236116 7.668 1/2+ 1.29E+06 94 143 Pu 237.0484097 7.571 7/2- 3.91E+06 
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Appendix B Isotope Masses, Binding Energies, and Half-Lives 


Z N Sym m(amu) B(MeV) Spin h T172 (S) Z N Sym m (amu) B(MeV) Spin h T172 (S) 
94 144 Pu 238.0495599 7.568 0+ 2.77E+09 97 151 Bk 248.073086 7.491 (6+) 2.84E+08 
94 145 Pu 239.0521634 7.560 1/2+ 7.60E+11 97 151 Bk 1(-) 8.53E+04 
94 146 Pu 240.0538135 7.556 0+ 2.07E+11 97 152 Bk 249.0749867 7.486 7/2+ 2.76E+07 
94 147 Pu 241.0568515 7.546 5/2+ 4.53E+08 97 153 Bk 250.0783165 7.476 a= 1.16E+04 
94 148 Pu 242.0587426 7.541 0+ 1.18E+13 98 148 Cf 246.0688053 7.499 0+ 1.29E+05 
94 149 Pu 243.0620031 7.531 7/2+ 1.78E+04 98 149 Cf 247.0710006 7.493 (7/2+) 1.12E+04 
94 150 Pu 244.0642039 7.525 0+ DSS EHIS 98 150 Cf 248.0721849 7.491 0+ 2.88E+07 
94 151 Pu 245.0677472 7.514 (9/2-) 3.78E+04 98 151 Cf 249.0748535 7.483 9/2- 1.11E+10 
94 152 Pu 246.0702046 7.507 0+ 9.37E+05 98 152 Cf 250.0764061 7.480 0+ 4.12E+08 
94 153 Pu 247.07407 7.494 1/2+ 1.96E+05 98 153 Cf 251.0795868 7.470 1/2+ 2.83E+10 
95 142 Am 237.049996 7.561 5/2(-) 4.39E+03 98 154 Cf 252.0816258 7.465 0+ 8.34E+07 
95 143 Am 238.0519843 7556 1+ 5.87E+03 98 155 Cf 253.0851331 7.455 (7/2+) 1.54E+06 
95 144 Am 239.0530245 7.554 5/2- 4.28E+04 98 156 Cf 254.0873229 7.449 0+ 5.23E+06 
95 145 Am 240.0553002 7.547 (3-) 1.83E+05 98 157 Cf 255.091046 7.438 (9/2+) 5.04E+03 
95 146 Am 241.0568291 7.543 5/2- 1.36E+10 99 150 Es 249.076411 7.474 7/2(+) 6.12E+03 
95 147 Am 242.0595492 7.535 l= 5.77E+04 99 151 Es 250.078612 7.469 (6+) 3.10E+04 
95 148 Am 243.0613811 7.530 5/2- 2.32E+11 Oe) ill RE 1(-) 7.99E+03 
95 149 Am 244.0642848 7.521 (6-) 3.64E+04 99 152 Es 251.0799921 7.466 (3/2-) 1.19E+05 
95 150 Am 245.0664521 7.515 (5/2)+ 7.38E+03 99 153 Es 252.0829785 7.457 (5-) 4.07E+07 
96 142 Cm 238.0530287 7.548 0+ 8.64E+03 99 154 Es 253.0848247 7.453 Wat 1.77E+06 
96 143 Cm 239.054957 7.543 (7/2-) 1.04E+04 99 155 Es 254.088022 7.444 (7+) 2.38E+07 
96 144 Cm 240.0555295 7.543 0+ 2.33E+06 99 156 Es 255.0902731 7.438 (7/2+) 3.44E+06 
96 145 Cm 241.057653 7.537 1/2+ 2.83E+06 Of) ley 18s (8+) 2.74E+04 
96 146 Cm 242.0588358 7.534 0+ 1.41E+07 100 151 Fm = 251.081575 7.457 (9/2-) 1.91E+04 
96 147 Cm 243.0613891 S2 5/2+ 9.18E+08 100 152 Fm 252.0824669 7.456 0+ 9.14E+04 
96 148 Cm 244.0627526 7.524 O+ 5.71E+08 100 153 Fm 253.0851852 7.448 1/2+ 2.59E+05 
96 149 Cm 245.0654912 7.516 7/2+ 2.68E+11 100 154 Fm 254.0868542 7.445 0+ 1.17E+04 
96 150 Cm 246.0672237 7.511 0+ 1.49E+11 100 155 Fm 255.0899622 7.436 7/2+ 7.23E+04 
96 151 Cm _ 247.0703535 7.502 9/2- 4.92E+14 100 156 Fm 256.0917731 7.432 0+ 9.46E+03 
96 152 Cm 248.0723485 7.497 0+ 1.07E+13 100 157) Fm 257.0951047 = 7.422 (9/2+) 8.68E+06 
96 153 Cm 249.0759534 7.486 1/2+ 3.85E+03 101 155 Md 256.094059 7.420 (0-,1-) 4.69E+03 
96 154 Cm 250.078357 7.479 0+ 3.06E+11 101 156 Md 257.0955414 7.418 (7/2-) 1.99E+04 
97 146 Bk 243.0630076 7.517 (3/2-) 1.62E+04 101 157 Md 258.0984313 7.410 (8-) 4.45E+06 
97 147 Bk 244.0651808 7.511 (1-) 1.57E+04 101 157 Md 256.09360 (1-) 3.60E+03 
97 148 Bk 245.0663616 7.509 3/2- 4.27E+05 101 158 Md 259.100509 7.405 (7/2-) 5.76E+03 
97 149 Bk 246.0686729 7.503 2(-) 1.56E+05 101 159 Md 260.103652 7.396 2.40E+06 
97 150 Bk 247.0703071 7.499 (3/2-) 4.35E+10 103 159 Lr 262.109634 7.374 1.30E+04 


Appendix C 


Element Properties 


Potassium [Ar]4s! 


Z Charge number (number of protons in the nucleus = number of electrons) 
p Mass density at standard temperature (20 °C = 293.15 K) and pressure 
(1 atmosphere) 
m Standard atomic weight (average mass of an atom, abundance-weighted average 
of the isotope masses) 
T netting Temperature of melting point (transition point between solid and liquid phase) at 
1 atm pressure 
Tboiling Temperature of boiling point (transition point between liquid and gas phase) at 
1 atm pressure 
La Heat of melting/fusion 
Ly Heat of vaporization 
Ej Ionization energy (energy to remove least bound electron) 
Electron Tie dao an L 
Z Sym Name Configuration p(g/cm*) m(g/mol) (K) (K) (kJ/mol) (kJ/mol)  £,(eV) 
dal Hydrogen,,, 1s! 8.988-10°° 1.00794 14.01 20.28 0.117 0.904 13.5984 
© 2 He Helium, Is? 786-10 4.002602 — 422 0.0829 24.5874 
a Li Lithium [He]2s' 0.534 6.941 453.69 1615 3.00 147.1 5917 
4 Be Beryllium [He]2s” 1.85 9.012182 1560 2742 Tiss XI 927 
5 B Boron [He]2s? 2p! 2.34 10.811 2349 4200 50.2 480 8.2980 
6 C — Carbongrarhite  [He]2 2p? 2.267 12.0107 3800 4300 117 710.9 11.2603 
7 N Nitrogen,,. [He]2s” 2p° 1.251-10° 14.0067 63.1526 77.36 0.72 5.56 14.5341 
v ©) Oxygengas [He]2s” 2p* 1.429-10° 15.9994 54.36 90.20 0.444 6.82 13.6181 
oO Fluorine sas [He]2s? 2p iL Fo WO 18.998403 5353 85.03 0.510 6.62 17.4228 
© 10 Ne Neongs (Hel2s*2p® 9002-10% 201797 2456 2707 0335 171 215645 
11 Na Sodium [Ne]3s' 0.968 22.989770 370.87 1156 2.60 97.42 5.1391 
12 Mg Magnesium [Ne]3s" 1.738 24.3050 923 1363 8.48 128 7.6462 
13 Al Aluminum [Ne]3s? 3p' 2.70 26.981538 933.47 D2 10.71 294.0 5.9858 
TSi Silicon [Ne]3s? 3p? 2.3290 28.0855 1687 3538 50.21 359 8.1517 
15 P  Phosphoruswate [Ne]3s? 3p" 1.823 30.973761 317.3 550 0.66 124 10.4867 
16 $ Sulfur [Ne]3s? 3p" 1.92-2.07 32.065 388.36 7178 W727 45 10.3600 
17 CI Chlorine [Ne]3s? 3p" 3.2-10° 35.453 171.6 239.11 6.406 20.41 12.9676 


0.89 39.0983 336.53 1032 WM 4.3407 


A-19 


A-20 


Appendix C Element Properties 


Electron Tnelting Thoiting em D 
Z Sym Name Configuration p(g/cm°) m(g/mol) (K) (K) (kJ/mol) (kJ/mol) £,(eV) 
20 Ca Calcium [Ar]4s? 1.55 40.078 1115 1757 BoA 1547 6.1132 
21 Sc Scandium [Ar]3d 4s? 2.985 44.955910 1814 3109 14.1 3327 6.5615 
22 Ti Titanium [Ar]3d? 4s 4.506 47.867 1941 3560 14.15 425 6.8281 
23 V Vanadium [Ar]3d° 45 6.0 50.9415 2183 3680 21.5 459 6.7462 
24 Cr Chromium [Ar]3d° 4s 7.19 51.9961 2180 2944 21.0 339.5 6.7665 
25 Mn Manganese [Ar]3d° 4s? 72i 54.938049 1519 2334 12.91 2 7.4340 
26 Fe Iron [Ar]3d° 4s” 7.874 55.845 1811 3134 13.81 340 7.9024 
27. Co Cobalt [Ar]3d’ 4s? 8.90 58.933200 1768 3200 16.06 377 7.8810 
28 Ni Nickel [Ar]3d° 4s? 8.908 58.6934 1728 3186 17.48 377.5 7.6398 
29 Cu Copper [Ar]3d" 4s" 8.94 63.546 1357.77 2835 13.26 300.4 7.7264 
30 Zn Zinc [Ar]3d" 45 7.14 65.409 692.68 1180 7.32 123.6 9.3942 
31 Ga Gallium [Ar]3d" 4s’ 4p! 5.91 69.723 302.9146 2477 5.59 254 5.9993 
32 Ge Germanium [Ar]3d'° 4s? 4p* 5.323 72.64 1211.40 3106 36.94 334 7.8994 
33 As Arsenic [Ar]3d" 4s 4p° 5.727 74.92160 1090 887 24.44 34.76 9.7886 
34 Se Selenium [Ar]3d" 45° 4p“ 4.28-4.81 78.96 494 958 6.69 95.48 9.7524 
35 Br  Brominejigquid [Ar]3d" 4s’ 4p° 3.1028 79.904 265.8 332.0 10.571 29.96 11.8138 
L 36 Kr Kryptong, —[Ar]3d"°4s aps 3.749-10* 83.798 11579 11993 L64 908 139996 | 
37 Rb Rubidium [Kr]5s' 1.532 85.4678 312.46 961 2.19 TOIT 4.1771 
38 Sr Strontium [Kr]5s? 2.64 87.62 1050 1655 743 136.9 5.6949 
39 Y — Yttrium [Kr]4d! 5s? 4.472 88.90585 1799 3609 11.42 365 6.2173 
40 Zr Zirconium [Kr]4d? 5s" 6.52 91.224 2128 4682 14 573 6.6339 
41 Nb Niobium [Kr]4d* 5s! 8.57 92.90638 2750 5017 30 689.9 6.7589 
42 Mo Molybdenum  [Kr]4d° 5s" 10.28 95.94 2896 4912 37.48 617 7.0924 
43 Tc Technetium [Kr]4d° 5s” 11 (98) 2430 4538 33.29 585.2 7.28 
44 Ru Ruthenium [Kr]4d’ 5s' 12.45 101.07 2607 4423 38.59 591.6 7.3605 
45 Rh Rhodium [Kr]4d° 5s! 12.41 102.90550 2237 3968 26.59 494 7.4589 
46 Pd Palladium [Kr]4d"° 12.023 106.42 1828.05 3236 16.74 362 8.3369 
47 Ag Silver [Kr]4d" 5s! 10.49 107.8682 1234.93 2435 11.28 250.58 7.5762 
48 Cd Cadmium [Kr]4d" 55° 8.65 112.411 594.22 1040 6.21 99.87 8.9938 
49 In Indium [Kr]4d"° 5s? 5p! pel 114.818 429.7485 2345 3.281 231.8 5.7864 
50 Sn Tinynite [Kr]4d"° 5s* 5p” 7.365 118.710 505.08 2875 7.03 296.1 7.3439 
51 Sb Antimony [Kr]4d" 5s* 5p° 6.697 121.760 903.78 1860 19.79 193.43 8.6084 
52 Te Tellurium [Kr]4d"° 5s* 5p* 6.24 127.60 722.66 1261 17.49 114.1 9.0096 
55 l Iodine [Kr]4d" 5s° 5p° 4.933 126.90447 386.85 457.4 15.52 41.57 10.4513 
| 54 Xe Xenong, [Kjad 5s°Sp°  5.894.10° 131293 161.4 16503 227 1264 12.1298 

55 Cs Cesium [Xe]6s! 1.93 132.90545 301.59 944 2.09 63.9 3.8939 
56 Ba Barium [Xe]6s? 3.51 137.327 1000 2170 7.12 1403 5.2117 
57 La Lanthanum [Xe]5d" 6s" 6.162 138.9055 1193 3737 6.20 402.1 5.5769 
58 Ce Cerium [Xe]4f" 5d" 6s” 6.770 140.116 1068 3716 5.46 398 5.5387 
59 Pr Praseodymium [Xe]4f? 6s 6.77 140.90765 1208 3793 6.89 331 5.473 
60 Nd Neodymium [Xe]4f* 6s 7.01 144.24 1297 3347 7.14 289 5.5250 
61 Pm _ Promethium [Xe]4f° 6s” 7.26 (145) 1315 3273 7.13 289 5.582 
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Electron Ten esting G Ly 
Z Sym Name Configuration p(g/cm°) m(g/mol) (K) (K) (kJ/mol) (kJ/mol) £,(eV) 
62 Sm Samarium [Xe]4f° 65° 7.52 150.36 1345 2067 8.62 165 5.6437 
63 Eu Europium [Xe]4f" 6s 5.264 151.964 1099 1802 92 176 5.6704 
64 Gd Gadolinium [Xe]4f’ 5d" 6s 7.90 157.25 1585 3546 10.05 301.3 6.1498 
65 Tb Terbium [Xe]4f? 6s” 8.23 158.92534 1629 3503 10.15 293 5.8638 
66 Dy Dysprosium [Xe]4f"° 6s” 8.540 162.500 1680 2840 11.06 280 5.9389 
67 Ho Holmium [Xe]4f"! 6s? 8.79 164.93032 1734 2993 17.0 265 6.0215 
68 Er Erbium [Xe]4f’? 6s” 9.066 167.259 1802 3141 19.90 280 6.1077 
69 Tm Thulium [Xe]4f"? 6s 9.32 168.93421 1818 2223 16.84 247 6.1843 
70 Yb Ytterbium [Xe]4f 6s? 6.90 173.04 1097 1469 7.66 159 6.2542 
71 Lu Lutetium [Xe]4f 5d’ 6s 9.841 174.967 1925 3675 22 414 5.4259 
72 Hf Hafnium [Xe]4f"* 5d 65 13.31 178.49 2506 4876 27.2 571 6.8251 
73 Ta Tantalum [Xe]4f 5d 65 16.69 180.9479 3290 5731 36.57 732.8 7.5496 
74 W Tungsten [Xe]4f"* 5d* 6s” 19.25 183.84 3695 5828 52.31 806.7 7.8640 
75 Re Rhenium [Xe]4f 5d? 6s” 21.02 186.207 3459 5869 60.3 704 7.8335 
76 Os Osmium [Xe]4f 5d° 6s” 22.61 190.23 3306 5285 57.85 738 8.4382 
77 Ir Iridium [Xe]4f" 5d’ 6s 22.56 192.217 2739 4701 41.12 563 8.9670 
78 Pt Platinum [Xe]4f!* 5d’ 6s" 21.45 195.078 2041.4 4098 22.17 469 8.9588 
79 Au Gold [Xe]4f"* 5d" 6s" 19.3 196.96655 1337.33 3129 12.55 324 9.2255 
80 Hg Mercuryjiquid [Xe]4f" 5d" 65 13.534 200.59 234.32 629.88 2.29 59.11 10.4375 
81 TI Thallium [Xe]4f* 5d" 6s" 6p' 11.85 204.3833 577 1746 4.14 165 6.1082 
82 Pb Lead [Xe]4f'* 5d" 6s* 6p? 11.34 207.2 600.61 2022 4.77 179.5 7.4167 
83 Bi Bismuth [Xe]4f'* 5d" 6s" 6p? 9.78 208.98038 544.7 1837 11.30 151 7.2855 
84 Po Polonium [Xe]4f'* 5d" 6s” 6p* 9.320 (209) 527 1235 13 102.91 8.414 
85 At  Astatine [Xe]4f'* 5d" 6s" 6p? ? (210) ? ? ? ? 2 
o 86 Rn Radon [Xelaf"* sd esep" 9.7310 (222) 202 2113 3247 1810 107485 

87 Fr Francium [Rn]7s' 1.87 (223) ~300 ~950 ~2 ~65 4.0727 
88 Ra Radium [Rn]7s° 55 (226) 973 2010 8.5 113 5.2784 
89 Ac Actinium [Rn]6d" 75 10 (227) 1323 3471 14 400 5.17 
90 Th Thorium [Rn]6d° 7s Wey 232.0381 2115 5061 13.81 514 6.3067 
91 Pa  Protactinum [Rn]5f? 6d" 7s 15.37 231.03588 1841 ~4300 12.34 481 5.89 
92 U Uranium [Rn]5f° 6d! 7s 19.1 238.02891 1405.3 4404 9.14 417.1 6.1941 
93 Np Neptunium [Rn]5f* 6d’ 7s* 20.45 (237) 910 4273 3.20 336 6.2657 
94 Pu Plutonium [Rn]5f° 7s” 19.816 (244) 912.5 3505 2.82 333.5 6.0260 
95 Am Americium [Rn]5f7 7s* 12 (243) 1449 2880 14.39 238.5 5.9738 
96 Cm Curium [Rn]5f" 6d’ 7s* 13.51 (247) 1613 3383 ~15 ? 5.9914 
97 Bk Berkelium [Rn]5f? 7s” -14 (247) 1259 ? ? ? 6.1979 
98 Cf Californium [Rn]5f"° 73 15.1 (251) 1173 1743 2 ? 6.2817 
99 Es Einsteinium [Rn]5f"! 7s 8.84 (252) 1133 2 ? ? 6.42 

100 Fm Fermium EAS 7s" ? (257) 1800 ? 2 2 6.50 

101 Md Mendelevium [Rn]5f"° 73 ? (258) 1100 ? ? ? 6.58 

102 No Nobelium [Rn]5f"* 7s 2 (259) 2 2 2 2 6.65 
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A-22 Appendix C Element Properties 


Electron T melting Thoiting L L 


Z Sym Name Configuration p(g/cm°) m(g/mol) (K) (K) (kJ/mol) (kJ/mol) E, (eV) 
103 Lr Lawrencium [Rn]5f"* 7s? 7p" 2 (262) 2 2 2 2 4.9 
104 Rf Rutherfordium [Rn]5f' 6d? 7s? 2 (261) 2 2 2 2 6 
105 Db Dubnium [Rn]5f"* 6d? 7s 2 (262) 2 2 2 2 2 
106 Sg Seaborgium [Rn]5f"* 6d* 7s 2 (266) 2 2 ? ? ? 
107 Bh Bohrium [Rn]5f"* 6d° 75 2 (264) 2 2 2 2 2 
108 Hs  Hassium [Rn]5f"* 6d° 7s 2 (277) 2 2 2 g 2 
109 Mt Meitnerium [Rn]5f"* 6d’ 7° ? (276) ? ? ? ? ? 
110 Ds Darmstadtium *[Rn]5f'4 6d? 7s! ? (281) ? ? ? ? ? 
111 Rg Roentgenium *[Rn]5f'* 6d? 7s? ? (280) ? ? ? ? ? 
112 *[Rn]5f 6d" 75 2 (285) 2 2 2 2 2 
113 “[Rnl5; 6d 7s 7p R (284) 2 2 2 2 2 
114 AR Ga Js 7p e (289) ? ? ? 2 ? 
115 *[Rn]5f 6d'°7s° 7p> ? (288) ? ? ? ? ? 
116 RA Ga 7s 7p R (293) 2 2 2 2 2 


(longest-lived 
*Predicted isotope) 


Answers to Selected Questions 


and Problems 


Chapter 1: Overview 


Multiple Choice 
1.1c.1.3 d.1.5 a. 1.7 b. L9 c. 


Problems 
1.29 (a) Three. (b) Four. (c) One. (d) Six. (e) One. (f) Two. (g) Three. 
1.31 6.34. 1.33 1- 107 cm. 1.35 1.94822: 10° inches. 1.37 1-10° mm. 
1.39 1 wPa. 1.41 2420 cm. 1.43 356,000 km = 221000 miles; 
407,000 km = 253000 miles. 1.45 Xota] = 5: 107° m; Xag = 9: 10° m. 
1.47 120 millifurlongs/microfortnight. 1.49 76 times the surface 
area of Earth. 1.51 1.56 barrels is equivalent to 1.10- 10* cubic 
inches. 1.53 (a) Vs = 1.41 x 107” m?. (b) V_ = 1.08 x 107! m’. 
(c) ps = 1.41 x 10° kg/m°. (d) pg = 5.52 x 10° kg/m*. 1.55 100 cm. 
1.57 Ax = 21.8 m and Ay = 33.5 m. 
1.59 A=2.52 +1.59 

B=5.52 -1.59 

C=-62-39 
1.61 (2,-3). 1.63 D=2%-3%. 
1.65 A=65.0% 437.5), B=-56.7ż +19.5, C=-15.4%-19.79, 


D=80.2% - 40.99. 1.67 3.27 km. 1.69 D=-15V22+[32+15V2)j-3, 
|D|= 57 paces. 1.71 f= 16°, a = 41° and 0 =140°. 


Additional Problems 


1.73 2-10. 1.75 al = 58.3 m, 
1.77 


B| = 58.3 m. 


y [m] 


lal =58.3 m, |2| =58.3 m. 


1.79 63.7 m at -57.1° or 303° (equivalent angles). 1.81 A = 63.3 at 
68.7°; B = 175 at -59.0°. 1.83 446 at 267°. 1.85 (a) 1.70- 10° at 295.9°. 
(b) 1.61- 10° at 292°. 1.87 1.00-10° N. 1.89 (a) 125 miles. (b) 240° 

or -120° (from positive x-axis or E). (c) 167 miles. 1.91 3.79 km at 
21.9° W of N. 1.93 5.62-10’ km. 1.95 9630 inches. 1.97 1.4-10'! m, 
18° from the Sun. 


Chapter 2: Motion in a Straight Line 


Multiple Choice 
2.1 'e, 2.316, 2.5 e, 27d. 2.9'a. 


Problems 

2.25 distance = 66.0 m; displacement = 30.0 km south. 2.27 0 m/s. 

2.29 (a) 4.0 m/s. (b) -0.20 m/s. (c) 1.4 m/s. (d) 2 : 1. (e) [-5,-4], [1,2], 
and [4,5]. 2.31 4.0 m/s. 2.33 average speed: 40.0 m/s; average velocity: 
34.0 m/s. 2.35 2.4 m/s’ in the backward direction. 2.37 10.0 m/s’. 
2.39 -1.0- 107 m/s”. 2.41 (a) 650 m/s. (b) 0.66 s and -0.98 s. (c) 8.3 m/s”. 


(d) a(t) [m/s] 


100 


2.43 -1200 cm. 2.45 x = 23 m. 2.47 x = 18 m. 2.49 (a) At t = 4.00 s, 
the speed is 20.0 m/s. At t = 14.0 s, the speed is 12.0 m/s. (b) 232 m. 
2.51 (a) 17.7 s. (b) -1.08 m/s”. 2.53 33.3 m/s. 2.55 20.0 m. 

2.57 (a) 2.50 m/s. (b) 10.0 m. 2.59 (a) 5.1 m/s. (b) 3.8 m. 2.61 2.33 s. 
2.63 viy = /gy. 2.65 (a) 16 s. (b) 0.84 m/s. 2.67 (a) 61.3 m. (b) 7.83 s. 
2.69 (a) 0.97 s. (b) ty = 1.6tg. (c) 4.6 m. 2.71 29 m/s. 2.73 (a) 3.52 s. 
(b) 0.515 s. 


Additional Problems 


2.75 395 m. 2.77 2.85 s. 2.79 40.0 m/s. 2.81 (a) 33 m. (b) -2.4 m/s’. 
2.83 The trains collide. 2.85 570 m. 2.87 290 m/s. 2.89 (a) 2.46 m/s”. 
(b) 273 m. 2.91 (a) v = 1.7 cos (0.46t/s — 0.31)m/s — 0.2 m/s, a = (-0.80sin 
(0.46t/s - 0.31)m/s”. (b) 0.67 s, 7.5 s, 14 s, 21 s and 28 s. 2.93 (a) 18 hours. 


(b) x [km] 
320 


120 
49 


N |S 


h 
4 


AP-1 


AP-2 Answers to Selected Questions and Problems 


2.95 (a) 37.9 m/s. (b) -26.8 m/s. (c) 1.13 s. 2.97 693 m. 


Chapter 3: Motion in Two and 
Three Dimensions 


Multiple Choice 
3.1 c. 3.3 d. 3.5 c. 3.7 a. 3.9 a. 3.11 a. 3.13 a. 


Problems 

3.33 2.8 m/s. 3.35 3.06 km 67.5° north of east. 3.37 (a) 174 m. (b) 21.8 m/s, 
44.6° north of west. 3.39 30.0 m/s horizontally and 19.6 m/s vertically. 
3.41 4.69 s. 3.43 4:1. 3.45 (a) 7.3 m. (b) 9.1 m/s. 3.47 6.61 m. 

3.49 (a) 60 m. (b) 75°. (c) 31 m. 3.51 initial: 24.6 m/s at 47.3°; final: 
20.2 m/s at 34.3°. 3.53 81 m/s. 3.55 3.47 m/s. 3.57 5. 3.59 (a) 62.0 m/s. 
(b) 62.3 m/s. 3.61 14.3 s. 3.63 3.94 m/s. 3.65 (a) 17.7°. (b) 7.62 s. 

(c) 0°. (d) 7.26 s. (e) (0.0001% + 5.33f) m/s. 3.67 95.4 m/s. 


Additional Problems 


3.69 26.0 m/s. 3.71 25° below the horizontal. 3.73 helicopter: 14.9 m/s; 
box: 100. m/s. 3.75 37.7 m/s at 84.1° above the horizontal. 3.77 7. 
3.79 9.07 s. 3.81 1.00 m/s. 3.83 2.7 s. 3.85 (a) 19 m. (b) 2.0 s. 3.87 
No. After the burglar reaches a horizontal displacement of 5.5 m, he 
has dropped 8.4 m from the first rooftop and cannot reach the second 
rooftop. 3.89 (a) Yes. (b) 49.0 m/s at 57.8° above the horizontal. 

3.91 9.2 m/s. 3.93 8.87 km before the target; 0.180 s window of 
opportunity. 3.95 (a) 77.4 m/s at 49.7° below the horizontal. 

(b) 178 m. (c) 63.4 m/s at 38.0° below the horizontal. 


Chapter 4: Force 


Multiple Choice 
4.1 d. 4.3 d. 4.5 a. 4.7 c. 4.9 a. 4.11 b. 


Problems 

4.23 (a) 0.167 N. (b) 0.102 kg. 4.25 229 Ib. 4.27 4.32 m/s’. 4.29 (a) 21.8 N. 
(b) 14.0 N. (c) 7.84 N. 4.31 183 N. 4.33 (a) 1.1 m/s2. (b) 4.4 N. 

4.35 m, = 0.050 kg; 0 = 220°. 4.37 (a) 441 N. (b) 531 N. 4.39 (a) 2.60 m/s”. 
(b) 0.346 N. 4.41 49.2°. 4.43 (a) 471 N. (b) 377 N. 4.45 Left: 44 N; right: 
57 N. 4.47 0.69 m/s? downward. 4.49 280 N. 4.51 807 N. 4.53 85.0 m. 
4.55 5.84 N. 4.57 (a) 300 N. (b) 500 N. (c) Initially the force of friction 
is 506 N. After the refrigerator is in motion, the force of friction is the 
force of kinetic friction, 407 N. 4.59 18 m/s. 4.61 2.30 m/s”. 

4.63 4.56 m/s”. 


Additional Problems 


4.65 (a) 4.22 m/s”. (b) 26.7 m. 4.67 (a) 59 N. (b) 77 N. 4.69 2.45 m/s’. 
4.71 (a) 243 N. (b) 46.4 N. (c) 3.05 m/s. 4.73 1.40 m/s”. 4.75 6760 N. 
4.77 (a) 30 N. (b) 0.75. 4.79 9.2°, 4.81 (a) 1.69- 107° kg/m. (b) 0.0274 N. 
4.83 (a) 18.6 N. (b) a, = 6.07 m/s’; a, = 2.49 m/s”. 4.85 1.72 m/s’. 
4.87 (a) a, = 5.2 m/s’; a, = 3.4 m/s’. (b) 35 N. 4.89 (a) 32.6°. 

(b) 243 N. 4.91 (a) 3.34 m/s”. (b) 6.57 m/s”. 


Chapter 5: Kinetic Energy, Work, 
and Power 


Multiple Choice 
5.1 c. 5.3 b. 5.5 e. 5.7 c. 5.9 b. 


Problems 

5.15 (a) 4.50- 10° J. (b) 1.80- 107 J. (c) 9.00 - 10° J. 5.17 4.38- 10° J. 
5.19 v = 12.0 m/s. 5.21 3.50- 10° J. 5.23 -9.52 m/s. 5.25 7.85 J. 
5.27 5.41 -107 J. 5.29 1.25 J. 5.31 u = 0.123. 5.33 44 m/s. 5.35 16 J. 
5.37 (a) W = 1.60 -10° J. (b) v= 56.6 m/s. 5.39 2.40 - 107 N/m. 
5.41 17.6 m/s. 5.43 3.43 m/s. 5.45 2.00- 10° W; The power released 
by the car. 5.46 F = 1990 kN. 5.47 450 W. 5.49 3.33 -10° J. 


Additional Problems 


5.51 9.12 kJ. 5.53 42 kW = 56 hp. 5.55 63 hp. 5.57 44 m/s. 
5.59 5.1 m/s. 5.61 25 N. 5.63 366 kJ. 5.65 v; = 23.9 m/s in the 
direction of F} . 5.67 35.3°. 


Chapter 6: Potential Energy and 
Energy Conservation 


Multiple Choice 
6.1 a. 6.3 e. 6.5 d. 6.7 d. 6.9 a. 


Problems 

6.27 29 J. 6.29 0.0869 J. 6.31 1.93- 10° J. 6.33 12 J. 6.35 (a) F(y) = 

2by - 3ay’. (b) F(y) = -cU)cos (cy). 6.37 9.90 m/s. 6.39 19 m/s. 

6.41 (a) 8.7 J. (b) 18 m/s. 6.43 28.0 m/s. 6.45 (a) 1.20 J. (b) 0 J. 

6.47 (a) 3.89 J. (b) 2.79 m/s. 6.49 5.37 m/s. 6.51 16.9 kJ. 6.53 39 kJ. 
6.55 7.65 J. 6.57 (a) 8.92 m/s. (b) 4.07 m/s. (c) -8.92 J. 6.59 x = 42 m, 
y= 24m. 6.61 (a) 13.0 m/s. (b) 12.2 m/s. (c) 2.00- 10°! m; 6.70 m. 


Additional Problems 


6.63 41.0- 10“ J. 6.65 2.0- 10° J. 6.67 521 J. 6.69 1.6 m. 6.71 3.8 m/s. 
6.73 8.85 m/s. 6.75 1.27 -10° m. 6.77 2.21 kJ. 6.79 (a) -1.02 - 107} J 
(lost to friction). (b) 138 N/m. 6.81 (a) 12.5 J. (b) 3.13; 9.38 J. 


(c) 12.5 J. (d) by a factor of 1/4. (e) by a factor of 1/4. 6.83 E w= 2.50 J, 

Vmax = 2.24 m/s, A, = 22.4 cm. 6.85 (a) any (b) . (c) mv"/2. 
Ukg 2uUkg 

(d) -mv’/2. 6.87 (a) 667 J. (b) 667 J. (c) 667 J. (d) 0 J. (e) OJ. 


Chapter 7: Momentum and Collisions 


Multiple Choice 
7.1 b. 7.3 b, d. 7.5 e. 7.7 c. 7.9 c. 


Problems 

7.21 (a) 1.5. (b) 1.0. 7.23 p, = 3.51 kg m/s, p, = 5.61 kg m/s. 

7.25 30500 N, 0.874 s. 7.27 (a) 675 N s opposite to v. (b) 625 N s 
opposite to v. (c) 136 kg m/s opposite to v. 7.29 0.0144 m/s; 2.42 m/s; 
10.4 m/s; 773 months. 7.31 (a) 3.15- 10° m/s. (b) 5.50 - 107 m/s. 

7.33 (a) -810. m/s. (b) 43.0 km. 7.35 4.77 m/s. 7.37 -0.22 m/s. 

7.39 1.26 m/s. 7.41 21.4 m/s at an angle of 41.4° above the horizontal. 


7.43 -34.5 km/s. 7.45 vp = 0.433 m/s, vy = -1.30 m/s. 
7.47 Position-Time: 


t=11s t(s) 
Velocity- Time: 


Force-Time: 
P, mv i= Yz) 
F(N) hae 
1 
Foprrrrr eterno F; 
l t 
2 
-F, miecsScescaes ' F 
(m/s) 


7.49 3.94- 10 m/s. 7.51 0.930 m/s; -23.8°. 7.53 vj, = 582 m/s in the 
positive y-direction, and vf = 416 m/s at 36.2° below the positive 
x-axis. 7.55 Betty: 206 J; Sally: 121 J; The ratio K;/K; is not equal 

to one, so the collision is inelastic. 7.57 6.0 m/s. 7.59 smaller car: 
-48.2g; larger car: 16.1g. 7.61 42.0 m/s. 7.63 7.00 m/s. 

7.65 


Object h; [cm] h; [cm] E 

Range golf ball 85.0 62.6 0.858 
Tennis ball 85.0 43.1 0.712 
Billiard ball 85.0 54.9 0.804 
Hand ball 85.0 48.1 0:752 
Wooden ball 85.0 30.9 0.603 
Steel ball bearing 85.0 30.3 0.597 
Glass marble 85.0 36.8 0.658 
Ball of rubber bands 85.0 58.3 0.828 
Hollow, hard plastic balls 85.0 40.2 0.688 


7.67 40.7°. 7.69 0.675 m. 7.71 € = 0.688, K;/K; = 0.605. 


Additional Problems 


7.73 (a) 0.63 m/s. (b) No. 7.75 1.79 s. 7.77 2.99-10° m/s. 7.79 -0.190 m/s. 


7.81 Average force is 52400 N; 97.0g. 7.83 30.0 kg m/s. 7.85 The 
momentum vector of the formation is 0.0865 kg m/s x + 3.05 kg 
m/s9. The 115-g bird would have a speed of 26.5 m/s at 1.63° east 


Answers to Selected Questions and Problems AP-3 


of north. 7.87 (a) The distance between the first ball and the pallina 

is 2.0 m and the distance between the second ball and the pallina is 
1.7 m. (b) The distance between the first ball and the pallina is 0.98 

m and the distance between the second ball and the pallina is 0.76 m. 
7.89 The speed is 2v, in the direction of 10° below the horizontal. 7.91 
15.9°. 


7.93 P(kg m/s) 


4.00 


-20.0 1.00 2.00 2.20 3.00 4.00 


1.00 2.00 2.20 3.00 4.00 5.00 


—47.0 


7.95 At least four keys; key ring: 0.12 m/s; phone: 0.92 m/s. 7.97 22.0 m/s 
at 0.216° to the right of the initial direction. 7.99 1.37 N; 0.20 s. 

7.101 (a) -(14.9 m/s) &. (b) E mec, = Emeci =14.1 kJ. 7-103 (a) 1.73 m/s. 
(b) 106°. 7.105 1.16- 10” kg germanium. 


Chapter 8: Systems of Particles 
and Extended Objects 


Multiple Choice 
8.1 c. 8.3 d. 8.5 e. 8.7 b. 8.9 b. 8.11 a. 


Problems 


8.25 (a) 4670 km. (b) 742,200 km. 8.27 (-0.500 m,-2.00 m ). 

8.29 (a) 2.5£ m/s. (b) Before the collision, ¥; = 1.5 m/s and v., = -2.5 m/s. 
After the collision, V, = -1.5% m/s and v< = 2.5x m/s with respect to 
the center of mass. 8.31 (a) -0.769 m/s (to the left). (b) 0.769 m/s (to 
the right). (c) -1.50 m/s (to the left). (d) 1.77 m/s (to the right). 

8.33 0.00603c. 8.35 126 N in the direction of the water’s velocity. 

8.37 (a) Jspec, toy = 81.6 8. (b) J,pec, chem = 408 S, Jspec, toy =O: 200 ye. chem: 


8.39 5.52 h. 8.41 (a) 11100 kg/s. (b) 1.63- 10* m/s. (c) 88.4 m/s’. 8.43 
11 
(16.9 cm,17.3 cm). 8.45 (6.67 cm,11.5 cm). 8.47 0.29 m. 8.49 o, 


Additional Problems 


8.51 6.5: 10™™ m. 8.53 0.14 ft/s away from the direction the cannons 
fire. 8.55 (a) 0.87 m/s. (b) 55 J. 8.57 9.09 m/s horizontally. 8.59 4.1 
km/s. 8.61 (a) 2.24 m/s”. (b) 32.4 m/s’. (c) 3380 m/s. 

6a (4 + 37)a 


8.63 (12.0 cm,5.00 cm). 8.65 


> 


8+a7 847 


AP-4 Answers to Selected Questions and Problems 


8.67 69.3 s. 8.69 (a) (-5.0î + 12j) kg m/s. (b) (4.07 +6.07) kg m/s. 
(c) (-9.0i + 6.0) kg m/s. 8.71 88.2 N. 


Chapter 9: Circular Motion 


Multiple Choice 
9.1 d. 9.3 b. 9.5 c. 9.7 c. 9.9 a. 9.11 a. 


Problems 


9.27 rad = 1.57 rad. 9.29 3.07-10° m at 13.94° below the surface of 
the Earth. 9.31 (a) a = 0.697 rad/3°. (b) 0 = 8.72 rad. 9.33 Ad,, = 


4.8 m, Ad); = 3.6 m. 9.35 (a) v4 = 266.44277 m/s, vg = 266.44396 m/s, 
are in the direction of the Earth's rotation eastward. Av = 1.19 mm/s. 
(b) 1.19- 107 rad/s. (c) 14.6 hours. (d) At the equator there is no 
difference between the velocities at A and B, so the period is Tp = %. 
This means the pendulum does not rotate. 9.37 æ = -6.54 rad/s”. 
9.39 -4.8 rad/s”. 9.41 (a) w, = 0.209 rad/s. (b) v = 0.200 m/s. 

(c) w, = 2.00 rad/s’; w, = 0.400 rad/s”. (d) œ, = 2.00 - 10° rad/s’; 

a3 = 1.00 - 10” rad/s’. 9.43 (a) 7.0 rad/s. (b) 2.5 rad/s. 

(c) -2.5-10° rad/s”. 9.45 (a) A@= 2.72 rad. (b) a = 3.20 m/s’, 

v = 8.53 m/s; position of the point: -0.456x + 0.206). 9.47 6 mg. 


2 
9.49 At= |S. 9.51 9.4 m/s. 9.53 13.2°. 9.55 (a) Vero friction = 


pda 
TER Rg (sind, cos) 
AS L Re tand.(b) vmn =A cost asino 


cos@ 
(c) Vero friction = 62-6 M/S, Vmin = 26.3 m/s and Vmax = 149 m/s. 


Additional Problems 


9.57 (a) 0.52 rad/s. (b) a = -0.087 rad/s”. (c) a, = 0.79 m/s”. 9.59 (a) 54.3 
revolutions. (b) 12.1 rev/s. 9.61 a = -0.105 rad/s’; A@ = 1.89- 10° rad. 
9.63 4.2 rotations. 9.65 5.93- 10° m/s”. 9.67 (a) 32.6 s™!. (b) -2.10 s”. 

(c) 278 m. 9.69 N = -80.3 N. 9.71 (a) a, = 62.5 m/s’; F, = 5.00-10° N. 
(b) w=5790 N. 9.73 48 m. 9.75 (a) a = 0.471 rad/s’. (b) a, = 39.1 m/s” 
and a = 0.471 rad/s”. (c) a = 39.1 m/s’ at 0 = 1.90°. 9.77 (a) v=5.10 m/s. 
(b) T= 736N. 


Chapter 10: Rotation 


Multiple Choice 
10.1 b. 10.3 b. 10.5 c. 10.7 c. 10.9 b. 10.11 b. 10.13 e. 10.15 c. 


Problems 

10.35 1.12-10° kg m°. 10.37 (a) The solid sphere reaches the bottom first. 
(b) The ice cube travels faster than the solid ball at the base of the incline. 
(c) 4.91 m/s. 10.41 5.0 m. 10.43 8.07 m/s”. 10.45 (a) 2.17 Nm. 

(b) 52.7 rad/s. (c) 219 J. 10.47 (a) 7.27-10 kg m°. (b) 2.28 s. 

10.49 (a) tihrow = 7-7 s. (b) 5.4 m/s. (C) fihrow = 7-7 S, 5.4 m/s. 

10.51 3.30 rad/s”. 10.53 (a) 0.577 m. (b) 0.184 m. 10.55 (a) 6.0 rad/s”. 


(b) 150 N m. (c) 1900 rad. (d) 280 KJ. (e) 280 kJ. 10.57 (a) 9.704- 10°” kg m’. 


(b) 3.7-10° kg m°. (c) 1.2-10"* kg m°. (d) 1.2- 10”. 


5J(R-h} ah 
10 


10.59 w= 


n: (b) ho= 
2MR 
10.61 (a) 0.150 rad/s. (b) 0.900 m/s 10.63 0.195 rad/s. 


Additional Problems 


10.65 E = 1.01- 107 J, 7= 17,300 N m. 10.67 (a) 1.95- 10“ kg m’. 
(b) 2.06- 10” J. 10.69 29.2 rad/s. 10.71 11.0 m/s. 10.73 0.34 kg m°. 
10.75 3.80- 10* s. 10.77 (a) 260 kg. (b) -15 N m. (c) 3.6 revolutions. 
10.79 c= 0.38. 


Chapter 11: Static Equilibrium 


Multiple Choice 
11.1 c. 11.3 b .11.5 a. 11.7 c. 


Problems 
10002 -800x71 

2x3 
11.25 368 N each. 11.27 42.1 N clockwise. 11.29 (a) 6m,g. (b) 7/5. 
11.31 287 N; 939 N. 11.33 The forces are: 740 N on the end farthest from 
the bricks, 1200 N on the end nearest the bricks. Both forces are upward. 
11.35 777 N downward. 


mel” TyÊ +P 
— =. (b) T (c) -r 
INP +P 


11.39 88.5 N. 11.41 29 N. 11.43 T= 2450 N; F,, = 8070 N; Ff, = 1220 N. 
11.45 m = 25.5 kg. 11.47 0.25. 11.49 32.0°. 11.51 (a) The right support 
applies an upward force of 133 N. The left support applies an upward 
force of 279 N. (b) 2.14 m from the left edge of the board. 

11.53 (a) 0.206 m. (b) 0.088 m. 11.55 d = 3.14 m. 11.57 unstable: 

Xo = 0; stable: x = +b. 11.59 Person A can stand at the far edge of the 
board without tipping it. 


11.23 


11.37 (a) 


Additional Problems 


11.61 x,, = 2.54 m. 11.63 27.0°. 11.65 X = 2.74 m. 11.67 M, = 0.689 kg. 
11.69 (a) T, = 2.0-10? N; T,= 330 N. (b) f= 690 N. 11.71 m, = 0.030 
kg, m, = 0.030 kg, m; = 0.096 kg. 11.73 99.6 N in the right chain and 
135 N in the left chain. 11.75 (a) 61 N. (b) 13° above the horizontal. 


Chapter 12: Gravitation 


Multiple Choice 
12.1 a. 12.3 c. 12.5 c. 12.7 e. 12.9 a. 12.11 c. 


Problems 
12.27 3.46 mm. 
12.29 x= 


Mı 
12.31 4.36- 10” N in the positive y-direction. 12.33 This weight of the 
object on the new planet is aa the weight of the object on the surface of the 
Earth. 12.35 (a) 3190 km. (b) 0.055%. 12.37 1.00. 12.39 V2. 12.43 2.5 km. 
12.45 (a) 4.72- 10” m/s. (b) 1.07- 107 J. 12.47 7140 s = 1.98 hours. 


2 
DG) E-m SM p ga Mm. 
2 2mr? r 
2 
-GMm + 4 |Q Mm? + as 
(c) Trin = m ; 


2E 


| 2 
-GMm-,|G?M?n? pE 
2 m 


2E 


Tmax 


2ĽPE 
GM m l 
12.51 7.51 km/s, 5920 s. 12.53 before: 7770 m/s, after: 8150 m/s. 
12.55 (a) 5.908 km. (b) 2.954 km. (c) 8.872 mm. 12.57 (a) 3.132- 10° J. 
(b) 3.121-10°J. 


(d) go SMM and e=,/1+ 


Additional Problems 

12.59 The force on the Moon due to the Sun is 4.38- 10” N toward the 
Sun. The force on the Moon due to the Earth is 1.98- 10” N toward the 
Moon. The total force on the Moon is 2.40- 10” N toward the Sun. 
12.61 2.94- 107 N. The ratio of the ball forces to the weight of the small 
balls is 4.11-107° :1. 12.63 2.45-10'° J. 12.65 2.02- 10’ m. 

12.67 (a) (9.67 m/s”)m. (b) 30.1° above the horizontal. (c) 45.0° = 2 
radians. 12.69 (a) increases by 3.287%. (b) decreases by 3.287%. 

12.71 1.9890- 10% kg. 12.73 (a) 6.28- 10 m/s, which is very fast. The speed 
about the equator of the Earth is 120 times smaller. (b) 2.66- 10” m/s”, 
(c) 2.71-10™ times bigger than on Earth. (d) 3.30- 106. (e) 1.89- 10° m. 
12.75 For the new orbit, the distance at perihelion is 6.72- 10° km, 
the distance at aphelion is 1.09-10* km, and the orbital period is 
8.23-10° s = 2.28 hours. 


Chapter 13: Solids and Fluids 


Multiple Choice 
13.1 a. 13.3 d. 13.5 F, < F; < F,. 13.7 d. 13.9 e. 13.11 b. 


Problems 

13.23 1.3- 10”. 13.25 0.08 mm. 13.27 0.3 m. 13.29 density: 

1.06-10° kg/m’; pressure: 1.10-10° Pa. 13.31 294 mm. 13.33 (a) 20.8 cm. 
(b) 21.7 cm. (c) 24.4 cm. 13.35 6233 m. 13.37 1.13 m. 13.39 10. pennies. 
13.41 (a) 9320 N. (b) 491 N. (c) 49.1 N. 13.43 1.17-10° m°. 

13.45 (a) 46.7 N. (b) 4.76 kg. (c) 0.779 m/s”. 13.47 (a) 1.088-10°N. 
(b) 9.242-10°, which is a 17.75% increase from using hydrogen. 
13.49 9.81-10° N/m’. 13.51 (a) 2.00 m°/s. (b) 609 m/s”. (c) 5610 m/s”. 
13.53 The velocity of the water at the valve is 4.5 m/s and the velocity 
of a drop of water from rest is 4.4 m/s. 13.55 (a) v, = 20.5 m/s. 

(b) p, = 95.0 kPa. (c) h = 2.14 m. 13.57 2.15-107 m’. 


Additional Problems 


13.59 32700 N. 13.61 (a) 10. N. (b) Seawater is slightly denser than 
freshwater (1030 kg/m’ vs. 1000 kg/m’), so the pressure inside the 
barrel will be slightly increased compared to the fresh water case. The 
cork would have flown out of the barrel somewhat before it became 
full. 13.63 12.5 m/s. 13.65 (a) 0.683 g/cm’. (b) 0.853 g/cm’. 

13.67 1.32 MPa. 13.69 (a) 250. m/s. (b) 14.6 kPa. (c) 585 KN. 

13.71 14.16 m/s. 13.73 0.39. 13.75 176 kPa. 


Chapter 14: Oscillations 


Multiple Choice 
14.1 c. 14.3 b. 14.5 b. 14.7 a. 14.9 w, > wp > 0, > Wy = We 14.11 b. 


Problems 
14.21 125 N/m. 14.23 20. Hz. 14.25 (a) k= 19.5 N/m. (b) The frequency 
is 1.41 Hz. 


14.27 f=— a 
T 


Answers to Selected Questions and Problems AP-5 


14.29 A = 2.35 cm. 14.31 (a) T = 2.01 s. (b) T = 1.82 s. (c) T = 2.26 s. 
(d) There is no period, or, T = œ. 14.33 T = 1.10 s. 14.35 (a) x = IN12. 


(b) x= 0. 14.37 (a) I -2 MÉ. (b) T=27 36L. (c) 52 cm. 
30 45g 


14.39 (a) x(0) = 1.00 m; v(0)= 2.72 m/s; a(0) = -2.47 m/s”. 


2| 7 


(b) K(t)=(2.5) 77 cos | i nz] (©) t= 1.67 s. 14.41 (a) 4.0 J. (b) 1.9 m/s. 


14.43 (a) Xmax = 2.82 m. (b) t = 0.677 s. 
1/6 


24) 3 | 4B’ 
14.45 (a) 0-4) . (b) o= >= 


Vm | a‘ 
14.47 17 s. 14.49 1.82 s 14.51 (a) k = 126 N/m. (b) Vax = 12.6 m/s. 
(c) te = 34.3 s. 14.53 (a) 0.15 m. (b) 2.0 m. (c) 0.039 m. 14.55 The 
amplitude of the mass's oscillation will be greatest at a frequency of 
2.0 s' with an amplitude of 0.43 m. At a frequency of 15 s™ the 
amplitude will be half of the maximum. 


Additional Problems 


14.57 x =% 
2 
14.59 (a) x(t) = (1.00 m)sin[(1.00 rad/s)¢]. (b) x(t) = (1.12 m)sin[(1.00 rad/s)t 
+ 0.464 rad]. 14.61 1.0- 10° N/m. 14.63 8.8 m/s”. 14.65 n = 561; t= 1126s. 
14.67 f= 2.23 Hz. 14.69 Q = 4.10. 10". 14.71 5060 s. 
A -1/2 
14.73 (a) T -2 f L(a x‘) 
=A 2m 


proportional to A. (c) T= BA 


dx. (b) The period is inversely 


l-a/2) : er 
( 5 ) where B is a constant. The period is 


proportional to are ) 


Chapter 15: Waves 


Multiple Choice 
15.1 a. 15.3 c. 15.5 d. 15.7 a. 


Problems 

15.17 The resolution time in air is tay = 0.20 m/(343 m/s) = 5.83- 10% s. 
The resolution time in water is tnax = 0.20 m/(1500 m/s) = 1.33- 10“ s. 
If an individual can only resolve a time difference of 5.83-10~ s, they 

will not be able to distinguish a time difference of 1.33- 10 s. 

15.19 (a) 0.00200 m. (b) 6.37 waves. (c) 127 cycles. (d) 0.157 m. 

(e) 20 m/s. 15.21 (a) The force on the first spring is: F} = k(-2x, + x3). 

Similarly, the force on the last spring is F, = k (x,_ -2x,,). The force acting 
on the second particle to the n-1 particle obeys: F, = k( x)_, -2x; + Xj11). 


Ka 
2(n+1) 
- 100.7t + 2.68). 15.25 (a) 52.4 m™. (b) 0.100 s. (c) 62.8 s™. (d) 1.20 m/s. 
(e) 77/6. 15.27 2.30 times longer. 15.29 The sound in the air reaches 
Alice 0.255 seconds before the sound from the wire does. 

15.31 (b) 6 


(b) ol , for K=1, .. n. 15.23 y(x t) = (8.91 mm)sin(10.5 mlx 


t=0 t=1 t=2 t=3 


yim) 


10 20 
x(m) 


AP-6 Answers to Selected Questions and Problems 


15.33 280 km. 15.35 360. W. 15.37 (a) 419 Hz. (b) 1.03 m/s’. 
15.39 (a) 170 m/s. (b) 87 Hz. 15.41 720 N. 

15.43 f (x,t) = (1.00 cm)sin((20.0 m™')x + (150. s”’)£), g(x) = 
(1.00 cm) sin ((20.0 m™')x - (150. s™’)t); 7.50 m/s. 

15.45 z(m) 


t(s) 


z(t) does not depend on the location of the wave sources at the edges 
of the pool. 


Additional Problems 


15.49 (a) 69.2 Hz. (b) 54.7 Hz. 15.51 (a) 80.0 ms. (b) 7.85 m/s. 

(c) 617 m/s’. 15.53 136 m/s. 15.55 0.0627. 15.57 fy = fi; v2 = vı/ V3; 
A, = À ,/ 43. 15.59 (a) 1.27 Hz. (b) 1.60 m/s. (c) 0.26 N. 

15.61 v = 410. m/s; Vmax = 6.43 m/s .15.63 310 Hz. 

15.65 (a) +x 


(b) 100. m/s. (c) 31.4 rad/m. (d) 300. N. 
(e) D(z,t) = (0.0300 m) cos (10.07 rad/m)x - 27 rad)(500. s“)t). 


Chapter 16: Sound 


Multiple Choice 
16.1 b. 16.3 c. 16.5 c. 16.7 a. 16.9 b. 


Problems 


16.21 172 m. 16.23 (a) 343 m/s. (b) 20 °C. 16.25 1.0- 10” N/m’; 
This value is some nine orders of magnitude larger than the actual 
value. Light waves are electromagnetic oscillations that do not 
require the motion of glass molecules, or the hypothetical ether for 
transmission. 16.27 6.32 Pa. 16.29 6.2: 10 W/m’. 16.31 2810 m. 
16.33 0.700 m. 16.35 -20.0 m. 16.37 (a) 0.34 W/m?. (b) 120 dB. 

(c) 0.046 m. 16.39 (a) 2.2°. (b) 10.°. 16.41 (a) 33 m/s. (b) 1300 Hz. 
16.43 (a) 50.3°. (b) 26.8 km. 16.45 (a) 900 Hz. (b) 30 m/s. (c) 17 m. 
16.47 0.78 m. 16.49 8.20 cm. 16.51 7.1 kHz. 


Additional Problems 
16.53 425 Hz. 16.55 2.26 s. 


16.57 
Note Frequency (Hz) Length (m) 
G4 392 0.438 
A4 440 0.390 
B4 494 0.347 
F5 698 0.246 
C6 1046 0.164 


16.59 80.0 dB. 16.61 6.00 m/s. 16.63 37 Hz. 16.65 109 Hz. 
16.67 (a) In the Youngs modulus case, 5p(x,t) = Y-Žôx(x+t)}. 
x 


In the bulk modulus case, 5p(x,t) = B- ôx(x,t). 
3 ox 
(b) 5p(x.t) =-B—Acos(xx- ot) = BkAsin( Kx- wt); 


The pressure amplitude for the Young’s modulus case is ô Pmax = -YKA 
and is 5 Pmax = -BKA in the bulk modulus case. 16.69 Pp o = 2.87- 10° Pa, 
Piz. = 28.7 Pa, Aoo = 1.11- 107™ m, Ajo, = 1.11- 107m. 


Chapter 17: Temperature 


Multiple Choice 
17.1 a. 17.3 c. 17.5 d. 17.7 a. 17.9 c. 


Problems 


17.23 -21.8 °C. 17.25 -89.4 °C. 17.27 (a) 190 K. (b) -110 °F. 

17.29 574.59 °F = 574.59 K. 17.31 7780 kg/m’. 17.33 Result: 250 °C. 
17.35 4.1 mm. 17.37 115 °C. 17.39 3.0 m. 17.41 23 hours and 59.4 
minutes. 17.43 180 °C. 17.45 L = 0.16 m. 17.47 3.4: 10° mm. 

17.49 46 um downward. 17.51 B(T = 20.0 °C) = 1.82- 10/°C. 


Additional Problems 


17.53 300 cm. 17.55 0.204 L. 17.57 10. mm. 17.59 1.5 mm. 
17.61 6.8 mm. 17.63 10. °C. 17.65 0.30%. 17.67 9 kN. 
17.69 B = 6.00- 10% °C. 17.71 (a) 97.2 Hz. (b) 93.7 Hz. (c) 97.1 Hz. 


Chapter 18: Heat and the First Law 
of Thermodynamics 


Multiple Choice 
18.1 d. 18.3 b. 18.5 a. 18.7 b. 18.9 f. 


Problems 

18.23 (a) 9.8- 10* J. (b) If the body converts 100% of food energy into 
mechanical energy, then the number of doughnuts needed is 0.094. 
The body usually converts only 30% of the energy consumed. This 
corresponds to 0.31 of a doughnut. 18.25 40. J. 


18.27 

Specific Heat Density Final 
Material (KJ/kgK) (g/cm?) Temperature °C 
Lead 0.129 11.34 22.684 
Copper 0.386 8.94 22.290 
Steel 0.448 7.85 22.284 
Aluminum 0.900 2.375 22.468 
Glass 0.840 2.5 22.476 
Ice 2.22 0.9167 22.491 
Water 4.19 1.00 22.239 
Steam 2.01 5.974-10 8350 


18.29 280 K. 18.31 25800 J. 18.33 130 J/(kg K); The brick is made 
of lead. 18.35 32.4 °C. 18.37 330 g. 18.39 20000 s; 2090 s. 

18.41 (a) None of the water boils away. (b) The aluminum will 
completely solidify. (c) 45 °C. (d) No, it is not possible without the 
specific heat of aluminum in its liquid phase. 18.43 291 g. 

18.45 384 W/(m K). 18.47 5780 K. 18.49 86.0 s. 18.51 1.8 kW. 


18.53 (a) 592 W/m”. (b) 224 K. 18.55 (a) f= 5.88-10'° T Hz/K. 
(b) 3.53-10'* Hz. (c) 1.608- 101! Hz. (d) 1.76- 10” Hz. 


Additional Problems 

18.57 11 ft? °F h/BTU. 18.59 4.2 K. 18.61 2.0 -10° W/(m K). 

18.63 6.0 -10° W/m”. 18.65 (a) 7.00 °C. (b) 0.00 °C. 18.67 3.99- 10° W. 
18.69 87.1:1. 18.71 (a) 4.0-10° J. (b) $12. 


Chapter 19: Ideal Gases 


Multiple Choice 
19.1 a. 19.3 c. 19.5 a. 19.7 b. 19.9 d. 


Problems 

19.25 342 kPa. 19.27 (a) 260 kPa. (b) 8.8%. 19.29 374 K. 19.31 354 m/s. 

19.33 416 kPa. 19.35 699 L. 19.37 200. kPa. 19.39 2.16 cm. 

19.41 (a) 3.77-107'” Pa. (b) 260. m/s. (c) 261 km. 19.43 The rms speed 

of UF; is 1.01 times that of %UEF,. 19.45 28.1 kPa. 19.47 (a) He: 

6.69- 1077! J; N: 1.12-10°° J. (b) He: constant volume: 12.5 J/(mol K); 

constant pressure: 20.8 J/(mol K); N: constant volume: 20.8 J/(mol K); 

N: constant pressure: 29.1 J/(mol K). (c) Mee 915 YN, =7/5. 

19.49 41.6 J. 19.51 92.3 J. 19.53 (a) 4.72- 10“ kPa. (b) 189 K. 

19.55 37.6 atm; 826 K. 19.57 Qi = Wp = 2.53 kJ, W»; = -0.776 kJ, 

Qz; = -1.94 kJ, W3; = -1.16 kJ, Q3, = 0 

zL Meji ; Th) =h _y-1 Mgh 
RI R 

(b) 5.39 km, 241 K; 7.27 km, 222 K. (c) 5950 m, 293.2 K. 

19.61 (a) 469 m/s. (b) 1750 m/s. 19.63 rms speed: 700. m/s; average 

speed: 644 m/s. 


19.59 (a) A= wl 


Additional Problems 


19.65 83.1 J. 19.67 (a) 8.39- 10” atoms (b) 6.07 - 107” J. (c) 1350 m/s. 
19.69 (a) 3.2-10° Pa. (b) 410 cm’. 19.71 2.16 m/mol, likely 
hydrogen gas. 19.73 (a) 17 kJ. (b) 1.5 kPa. 19.75 12.2 atm. 

19.77 2-10” J; The energy depends only on temperature, not on the 
identity of the gas. 19.79 0.560 L. 


Chapter 20: The Second Law 
of Thermodynamics 


Multiple Choice 
20.1 d. 20.3 a. 20.5 c. 20.7 d. 20.9 a. 


Problems 


20.23 At = 96.5 s. 
20.25 (a) 


E 


2 


(b) W,, = -90.0 J, Q = -225 J, W53 = 0 J, Q33 = 135 J, W3; = 49.4 J, 
and Q;, = 49.4 J. (c) € = 0.180. 


Answers to Selected Questions and Problems AP-7 


20.27 (a) 


(b) K = (T, - T,)/(T3 - T, - Ty + T,). 20.29 (a) 0.7000. (b) 1430 J. 

(c) Q, = 430. J. 20.31 1%. 20.33 efficiency: 0.33; T, : T, = 2: 3. 20.35 48 cal. 
20.37 r = 1.75. 20.39 (a) p, = 101 kPa, V, = 1.20- 10° mî; T, = 586 K, p, = 
507 kPa, V, = 1.20- 10° mî; T, = 2930 K, p, = 101 kPa, V; = 6.00 - 107° mî; 
T; = 2930 K. (b) € = 0.288. (c) Emax = 0.800. 20.41 (a) ASy = -12.1 J/K, 
AS; = 85.0 J/K. (b) AS,.g = 0 J/K (no change in entropy). (c) AS.ystem = 
72.9 J/K. 20.43 (a) € = 0.250. (b) 0. 20.45 ky In2. 20.47 S; „ = 0 (exact); 

S3 yp = 3-18 - 10” J/K. 20.49 5.936 -10'* W/K. 


Additional Problems 


20.51 0.96. 20.53 5.96%. 20.55 AS =0.0386 J/K. 20.57 For two dice the 
entropy is doubled, and for three dice the entropy is tripled. 20.59 77.2 K. 
20.61 € = 1.00. 20.63 (a) Emax = 0.471. (b) € = 0.333. (c) T;= 31.4 °C. 
20.65 AS, diabatic = 0 (exact), “AS = -4.51 J/K, AS,. therm = 4.51 J/K. 
20.67 € = 0.253. 


isobar — 


Chapter 21: Electrostatics 


Multiple Choice 
21.1 b. 21.3 b. 21.5 b. 21.7 a. 21.9 c. 


Problems 
21.27 96470 C. 21.29 3.12- 10” electrons. 21.31 31.7 C. 21.33 (a) 5.00-10!° 
conduction electrons/cm’. (b) There are 5.88- 107 conduction electrons 
in the doped silicon sample for every conduction electron in the copper 
sample. 21.35 1.05- 10” G; The force is attractive. 21.37 -2.9-10° N. 
21.39 127 N. 21.41 q = 2.02: 10°C. 21.43 3.1 N. 21.45 (a) 0. (b) talV2. 
21.47 Fnet, 2 =(-1.22-108 N)x +(7.25-10" N)J; [Pact 2|=1.42-108 N. 
21.49 No; T = -0.582 N. 21.51 -3.7-10 °C = -2.3-10™ e. 
21.55 5.71- 10”? C. 
21.57 n = 1: F, = 8.24- 10° N; F, ı = 3.63- 10” N 
n=2:F,=5.15-10°N; F, = 227-107 N 
n= 3: F;=1.02-10°N; F, 3=449-10°N 
n= 4: F, =3.22-10™ N; É, g= 142-10 N. 
21.59 4.41-10°*°. 


Additional Problems 


21.61 -4.80 NÎ. 21.63 (a) 67.9 N. (b) 4.06 - 1078 m/s”. 21.65 114 N. 
21.67 -65 pC. 21.69 1.65-10°” e; 9.39-10°"’ kg. 21.71 0.169 pC. 
21.73 m, = 50.4 g. 21.75 q =1.1 pC. 21.77 -24.1 cm. 21.79 3.04 nC. 
21.81 2.8 m. 


Chapter 22: Electric Fields 
and Gauss’s Law 


Multiple Choice 
22.1 e. 22.3 a. 22.5 d. 22.7 c. 22.9 a. 


AP-8 Answers to Selected Questions and Problems 


Problems 
22.23 5.75-10* N/C. 22.25 192.53° counterclockwise from the positive 
x-axis. 22.27 0.56 m and 4.4 m. 22.29 E =-kp /x?; The field strength 
falls off more rapidly perpendicular to the dipole axis. 
22.31 (3.7 m/s} + (2.4 m/s)). 22.33 E = (-Q/me,7R?)j. 

kQ l; |e kQ j; 
dj@+P} (4 N+P 
22.37 4.12- 10° N/C. 22.39 3.46-107'° N m. 22.41 0.189 m. 
22.43 (a) v= /2h(g -QE/ M). (b) If the value g - QE /M is less than 
zero the value is non-real and the body does not move. 
22.45 (a) 0.0141 N/C. (b) 1.35- 10% m/s”. (c) toward the wire. 
22.47 -1.00 - 10` C. 22.49 60.0 N/C into the face of the cube. 
22.51 Since the radius of the balloon never reaches R, the charge 
enclosed is constant and the electric field does not change. 
22.53 (a) -54.0 N/C. (b) 0 N/C. (c) 0.360 N/C. (d) 4.97 - 107? C/m’. 
22.55 -6.77 - 10° C. 22.57 1.13- 10° N/C directed from the positive plate 
to the negative plate. 22.59 Q = (4/5)TAR?. 22.61 (a) 4.5- 108 N/C. 


22.35 E(d)= 


(b) 2.0-10° N/C. (c) 0, since it is in the conducting shell. (d) -1.6- 10’ N/C. 


22.63 (a) 1.13-10° N/C in the negative x-direction. (b) 4.52-10° N/C in 
the positive x-direction. 22.65 (a) E = (Qr/4ma’e,)f. (b) E = (Q/47e,r°¥. 
(c) 


The discontinuity at r = a is due to the surface charge density of the 
gold. The charge on the gold layer causes a sudden spike in the total 
charge resulting in a discontinuity in the electric fields. 

22.67 E, = 8.63-10* N/C, E, = 4.33-10* N/C. 


Additional Problems 


22.69 0. 22.71 1.45- 10° N/C directed away from the y-axis. 
22.73 (a) -5.00 uC. (b) 0. 22.75 2.64- 10’? m/s”, 22.77 4.31- 107° C/m. 
22.79 3.1- 10" electrons. 22.81 274.76 N/C. 22.83 7.13- 104 N/C. 
y 
22.85 (a) +0 


50.0 cm 


Qa 


2T 3/2 |" 
a 


(e) The total charge induced is equal to the charge in magnitude. 


Chapter 23: Electric Potential 


Multiple Choice 
23.1 a. 23.3 c. 23.5 a. 23.7 a. 23.9 a & c. 


Problems 
23.21 0.266 m. 23.23 3.85- 107!” J. 23.25 3.10-10° m/s. 23.27 (a) 0.0293 m. 
(b) 7.9 cm. (c) 247 km/s. 23.29 (a) 18 kV. (b) -72 kV. 23.31 6.95.10” 
electrons. 23.33 11.2 MV. 23.35 847 V. 23.37 (a) 7.19 kV. (b) 10.8 kV. 
23.39 480 V. 23.41 (a) Xmax = 1. (b) Ey (2e7! - 1). 23.43 70. V/m. 
23.45 11.2 m/s”. 23.47 (a) 10x V/m’. (b) 3.83- 10? m/s”. (c) 2.84-10° m/s. 
= kqj a R x 
23.49 E(7)= a (k++). 
-a WF _ _\ 2 a 
23.51 (a) Eùr) -e rl’ (b) pl?) -2 ald eI? (yo, 
a a a 


(d) 2e V 


23.53 2.31- 10" J = 1.44 MeV. 23.55 140000 eV. 23.57 vı = 0.105 m/s, 
v, = 0.0658 m/s. 


Additional Problems 


23.59 field: 0; potential: 12 V. 23.61 1.98-10° V. 23.63 2.0-10° V. 
23.65 5.00-10° V; 1.39- 10” C. 23.67 (a) 4:1. (b) 100/3 uC. 23.69 2.0J. 
23.71 first sphere: 3.00- 10° N/C; second sphere: 6.00 - 10° N/C. 
23.73 (a) 46.8 V. (b) 7.29 cm. 23.75 (a) 9.4- 10* V. (b) 0.84-10°°C. 


23.77 (a) V(x)= : | Iı + 12 |fors> ss 
TEy\X-xXy X-Xy 


1 
V(x)= n 92 | toy xX, <x <x, and 
ATE) | Xy-X = X-X 
V(x)= : n 2 for x < xx. (b) x = 11.0 m, x = 0.250 m. 
Amey |x, -xX = =X_-X 


1 qı q2 
(c) E= + 
ATE, (x - x) (x -xf 


for x > X1,X>, 


for xı < x <x, and 


1 
E= -— for x < X4,x>. 


trel (a-a) (ra) 


23.79 (a) V= F g1 . (b) V= 1 B (c) The electric field is 


TEg| R ATE 
dependent on direction, so this is not possible. 


Chapter 24: Capacitors 


Multiple Choice 
24.1 b. 24.3 c. 24.5 c. 24.7 d. 24.9. a. 


Problems 
24.25 1.13-10° km”. 24.27 8.99 -10° m. 24.29 7.09-10* F. 24.31 (a) 64.0 F 
(b) 4.5 V7. 24.33 1.33 pF. 24.35 4.3 nF. 24.37 (a) 2.7 nF. (b) 3.101 nF 
24.39 C,/1275. 24.41 0.0360 J. 24.43 1.0- 10° FV7/m*. 24.45 1.00 F; 
7.10- 10” J. 24.47 (a) 72.0 nJ. (b) 36.0 nJ. (c) 9.00 nJ. (d) 18.0 nJ; The 
energy lost is the difference between the initial and final energies of 
the system. 24.49 3.89- 10°. 24.51 2.2-10°° C/m 24.53 70.8 pF. 

mel (K-+1)V k+1 


24.55 q ; . 24.57 (a) 12.6 KV/M. (b) 6.00 nC. 
2In(r/n) 
(c) 4.89 nC. 
(8.85-102E/m )(1.00-10m)(10.0-102m] r 
24.59 C „= =8.85-10' F 


1.00:1074m , 

-8 
7 i PAR 4 g (8.85-10 c) 7 
dair = (8-85: 107"! F)(1.00- 10° V)= 8.85 -10° C, U,i, = = 


=f 2 8.85-10°"'F] 
4.425-10°J 


80.4 


Additional Problems 


24.61 5.5- 10° C. 24.63 210%. 24.65 1.5 km. 24.67 V, = 0.30 V. 

24.69 4.0 - 10`" F. 24.71 0.79 nF. 24.73 (a) 5.40. (b) 0.129 uC. 

(c) 5.42- 10° N/C. (d) 5.42- 10° N/C. 24.75 9.5-107° N in the direction 
of the motion of the dielectric material. 24.77 (a) Cy = 35 pF, 

U, = 1.0-107 J. (b) C' = 92 pF, U=3.8-10°°J. (c) No. 24.79 (a) 0.74 nC. 
(b) 36 nJ. (c) 1.2-10° V/m. 24.81 45.0 uC. 

24.83 (b) 


4.425- 10° J, Uwater = =5.51-107 J. 


oe 
+Httttttt+ 


(c) V = m? sin? 0/(24). (d) v; = 2.00- 10°. 


Chapter 25: Current and Resistance 


Multiple Choice 
25.1 d. 25.3 c. 25.5 c. 25.7 c. 25.9. 25.11 c. 


Problems 

25.27 Current density: 318 A/m?; Drift speed: 3.30- 10° m/s. 

25.29 (a) 5.85-10” cm™. (b) 133 A/m’. (c) 1.42- 10°? m/s. 

25.31 Rg = 1.12 mm. 25.33 between 9 and 10 gauge wire. 25.35 3. 
25.39 0.0200 Q. 25.41 (a) -84%. (b) 540%. (c) At room temperature, 
V4 = 0.43 mm/s. At 77 K the speed is Vy = 2.7 mm/s. 25.43 2.571 Q. 
25.45 (a) 1.5 Q. (b) 1.1 Q. (c) When two bulbs are put in series, it is 
expected that they glow dimmer than only one bulb. This would mean 
the one bulb would be hotter and thus have a larger resistance. 

25.47 Req = 60.9 Q. 25.49 (a) Req = 12.00 Q. (b) i= 1.00 A. (c) AV; = 1.00 V. 
25.51 (a) AV, = 5.41 V, AV, = 10.8 V, AV; = AV, = 2.70 V, AV; = AV, = 
1.08 V. (b) i, = i = 1.00 A, i = i = i; = ig = 0.500 A. 25.53 86.0% 
brighter. 25.55 7.56 Q. 25.57 (a) 8.5 W. (b) AV, = 81 V and AV, = AV, = 
40. V. 25.59 P, = 16.0 W; P, = 18.0 W; P; = 17.3 W. 25.61 (a) Ro = 64.6 mQ. 
(b) i= 9.99 mA. (c) b = 1.31 mm. (d) 0.772 s. (e) 4.99 mW. (f) Electric 
power is lost via heat. 


Answers to Selected Questions and Problems AP-9 


Additional Problems 


25.63 10. A. 25.65 L = 1.00 m. 25.67 (a) 0.0450 W. (b) When resistors 
are connected in parallel, the power delivered to the 200 0 by 9 V 
battery is 9.00 times greater than in series configuration. 25.69 25.0 W. 
25.71 9.00 W. 25.73 (a) 3.2-10°° A. (b) 640 KW. (c) 6.3- 10 Q. 

25.75 (a) V, = 55.0 V. (b) i= 27.5 A. (c) P= 1.01 kW. 25.77 2.7 s. 
25.79 23.8:1. 25.81 (a) EJ. (b) pJ’; CE’. 


Chapter 26: Direct Current Circuits 


Multiple Choice 
26.1 a. 26.3 b. 26.5 b. 26.7 c. 26.9 d, e & f. 


Problems 


R : : ; 
2 AV; The resistors in series 


R 
26.23 v- 1_JAV, V= 


Ri+ R Ri+ R 
construct a voltage divider. The voltage AV is divided between the 
two resistors with potential drop proportional to their respective 
resistances. 26.25 R = 40 Q, Vamp =120 V. 

26.27 (a) 


Live Battery 


Dead Battery 


Starter 


(b) starter: 150. A; live battery: 150. A; dead battery: 0.496 A. 
26.29 i, = 0.20 A, i, = 0.20 A, i; = 0.40 A, P, = 1.2 W, Pp = 2.4 W. 


26.31 i, = 0.251 A clockwise, i, = 0.375 A counterclockwise, i; = 0.152 A 
counterclockwise, i, = 0.625 A clockwise, i; = 0.222 A clockwise, 
is = 0.403 A clockwise, P(Vemf1) = 1.33 W, P(Vemes) = 4.84 W. 


26.33 Ry = (1+ J3 )R 26.35 Rshunt = MAMIE Ron =10.1 mQ; 


1/100 through the ammeter and 99/100 through the shunt. 

26.37 V» = 2.99 V, Vp: = 3.02 V. Increasing Ro will reduce the error 
since the voltmeter will draw less current. 26.39 (a) 6.00 A each. 

(b) 0.012 A. 26.41 8.99 s. 26.43 2.40- 10“ C; 41.6 ps, 26.45 4.35 ms. 
26.47 89 s. 26.49 22 kV, 0.020 pE. 26.51 (a) 2.22 V. (b) 4.94 pJ. (c) 1.41 pJ. 


26.53 g -1)c/2. 


Additional Problems 


26.55 (a) The shunt resistor carries most of the load so that the 
ammeter is not damaged. 


1 
shunt shunt 


AP-10 Answers to Selected Questions and Problems 


(b) 7.5 mQ. 26.57 C = 80 nF, R=10 kQ. 26.59 (a) 225 mA. (b) 18.5 mA. 
26.61 3.8 s. 26.63 P, = 7.44 mW, P, = 4.30 W, P; = 7.23 W. 

26.65 (a) 1.22- 10“ s. (b) 68.5 uC. 26.67 (a) 0.693 7. (b) 1:4. (c) 10.0 ps. 
(d) 6.93 us. 26.69 i, = 469 mA. 26.71 2C. 


Chapter 27: Magnetism 


Multiple Choice 
27.1 a. 27.3 e. 27.5 a. 27.7 a,c,d,e. 


Problems 


27.21 9.4- 10” T. 27.23 |F =7.62- 10“ N, Direction of the force is in 
the yz-plane, 0 = 23.2° above the negative y-axis. 27.25 B = 3.37- 10° T. 


27.27 aP- q(E + vB), dK __ gB5. 27.29 6.82 T. 27.31 The 
dt dt 


proton will create a spiral with a velocity of 3.0- 10° m/s along the 
z-axis, with the circular motion having a speed of 2.2- 10° m/s anda 
radius of 4.7 mm. 27.33 1:4; The electric field must have magnitude 
E = vB and point in the positive y-direction in order for the particles to 
move in a straight line. 27.35 (a) 1.71 T. (b) 4.62 cm. (c) 2.02- 10° m/s. 
27.37 m = 0.408 kg. 27.39 15.0 N; This is the same as the force on a 
wire of the same length with the same current and magnetic field. 


iB P n 
27.41 0.92- 10° rad/s”, 27.43 0%. 27.45 0.14 T. 27.47 1.8 rad/s’. 


> A a 
27.51 (a) Ep =-0.32y N. (b) 0.62 N directed 15° from the x-axis toward 
the negative z-axis. (c) Faet = 0. (d) 7 = 0.025 N m and rotates along the 
y-axis in counterclockwise fashion. (e) The coil rotates in a counter- 


clockwise fashion as seen from above. 27.53 (a) holes. (b) 2.3- 10” e/m’. 


Additional Problems 


27.55 7.39. 10° N. 27.57 2.33 -10° A. 27.59 2.00- 10° m/s in the positive 
x-direction. 27.61 (a) 1.89- 10% T. (b) none. (c) 4.71 -10% us. 27.63 0.031 m, 
3.8- 107s. 27.65 2- 10° m/s. 27.67 B = -4.23 - 10° ê T. 27.69 6.97°. 

27.71 (b) 10.4 mm. (c) T =1.31-10” s, f= 7.62- 10 Hz. (d) 114 mm. 


Chapter 28: Magnetic Fields 
of Moving Charges 


Multiple Choice 
28.1 b. 28.3 c. 28.5 d. 28.7 c. 28.9 a. 


Problems 
28.27 parallel to the x-axis through (0,4,0), carrying a current in the 
opposite direction of the first wire. 28.29 7.5° below the x-axis. 
28.31 45° in the x-y plane at a height of b. 28.33 204 A. 
28.35 (a) -1.89-10° NÎ. (b) F=1.89-10 NX. (c) F=0 N. 
28.37 9.42- 10” T at 45.0° from the negative x-direction toward the 
positive y-axis. 28.39 B, = 0; B, = 1.08- 10% T; B, = 2.70- 10° T; 
By =1.69- 10% T. 28.41 Yes. 28.43 9.4- 10° T. 
28.45 Ifr < R B,ep= Holo p2 -R(R+r)e™ P} 
If r > R then r B 
BoloR’ 2 -2e7!]. 

r 


My R(-2/e) 


o 
B,>R = 


28.47 4:3. 28.49 (a) 1.3- 10° T. (b) 1.0- 10° T. 
28.51 1.9- 10`" kg m/s. 28.53 0.20 K. 28.55 55. 28.57 1.12- 10 Am’. 
28.59 (a) L=IÐ=(2/5)mR°Ð. (b) p =q0R?/5. (c) Ye = -e /(2m). 


Additional Problems 


28.61 4.00 mT into the page. 28.63 4.1- 10° A. 28.65 18,000 turns. 
28.67 24.5 mT. 28.69 q = 0.491 C. 28.71 1.25. 107 4N m. 

28.73 (a) -7.28-10'° m/s”. (b) -1.19- 10"! m/s”. 28.75 (a) 1.06- 10^ N m. 
(b) 1.72 rad/s. 28.77 4.42 A counterclockwise (as viewed from the bar 
magnet). 
r r 


28.79 B= uoJ — 
Moof 3R 


Chapter 29: Electromagnetic Induction 


Multiple Choice 
29.1 d. 29.3 a. 29.5 a. 29.7 d. 


Problems 
29.23 1.89- 10° V. Pa 0: 5 
Vo 
29.27 AVing = Bott 10” coset; i=- Home VWO osot, 
bR; 2bR, Ry mgR 
29.29 (a) 7.07 mA. (b) clockwise. 29.31 0.558 V. 29.33 Vierm ers 
w 
29.35 6.24- 107 V. 29.37 17.5 Hz. 29.39 (a) 0.370 A. (b) 0.2617 A, 102.7 W. 
29.41 V (10v) 
4.00 
4.00 8.00 / (ms) 
-4.00 


29.43 (a) 1.00 us. (b) 0; 8.65 pA; 10.0 uA. 29.45 11 V. 29.47 (a) 6.0 A. 
(b) 3.0 A. (c) 3.0 A. (d) -18 V. (e) -18 V. (f) 0. (g) 0. 29.49 1.0-10° m°. 
29.51 (a) 6.4- 10% J/m*. (b) 7.07- 10? kg/m*. 29.53 4.17- 10° °C. 29.55 1:1. 


Additional Problems 
29.57 7.54- 10° V. 29.59 It does not change. 29.61 up = 9.95-10~* J/m?, 
Uy = 9.95-10°* J/m?; 4B =1,00-10°. 29.63 0.0866 H. 29.65 10.0 V; 
ug 
The induced current is counterclockwise. 29.67 2.0 m?. 29.69 0.275 H. 


29.71 (a) i, = 4.00 mA; i, = 2.00 mA. (b) 2.00 mW. (c) 0.300 mN. 
29.73 9.4 uV. 29.75 (a) 0.257 mN. (b) 25.8 uW. (c) 25.7 uW. 


Chapter 30: Electromagnetic 
Oscillations and Currents 


Multiple Choice 
30.1 d. 30.3 b. 30.5 d. 30.7 d. 


Problems 

30.23 9.42- 10 s. 30.25 7.15 mE. 30.27 1.19 ms, 3.25 ms, 5.63 ms. 
30.29 t = (L/R)ln(2). 30.31 251 Hz. 30.33 500. rad/s. 30.35 295 Q; 
40.7 mA. 30.37 (a) 2240 rad/s. (b) 0.400 A. 30.39 117 Q. 30.41 537 V. 
30.43 (a) Imax = 34 A. (b) 0 = 0.816 rad. (c) C' = 757 WE, I nax = 50. A, 


¢' = 0 rad. 30.45 (a) C = 1.33 nF; Use a capacitor of capacitance 1.00 
nE. (b) 124 kHz, 30.47 Q=(I/R),/L/C. 30.49 (a) 18.4 kHz. (b) 2.25 
W. 30.51 (a) 0.392 pF. (b) 11.9 Q. 30.53 (a) 1.1 V. (b) 0. 30.55 2.03 W. 
30.57 (a) 14 V. (b) 9.0 V. 


Additional Problems 


30.59 2.53- 10`” F 30.61 (a) 0.77 A. (b) 160 V. 30.63 1.45 Q. 
30.65 (a) 0.101 A. (b) 7.02- 10™ s. 30.67 (a) 10.0 Q. (b) 7.50 Q. 
(c) 5.97-10°° H. (d) 26.7 kHz. 30.69 (a) 1.01- 10° J/m*. (b) 10.1 A. 


30.71 P= LIRR(I -cos( 20t). 30.73 377 Hz. 30.75 1990 Hz. 


Chapter 31: Electromagnetic Waves 


Multiple Choice 
31.1 c. 31.3 b. 31.5 a. 31.7 c. 


Problems 


31.21 2.5- 10” T. 31.23 10.0 pA. 

; A|di di 
31.25 ig= T La EP T 
31.27 0.984 ft. 31.29 (a) 0.03 s. (b) 0.24 s; When the signal travels by 
the cable is not noticeable. However, via satellite, Alice will receive a 
response from her fiancé after 0.5 s, which is quite noticeable. 
31.31 4-10" Hz to 8-10" Hz. 31.33 3.2 mH. 31.35 (a) 1.3 W/m’. 
(b) 1.2 W/m?. (c) 0.12 W/m”. 31.37 1.70- 10° V/m. 
31.39 S v = 13.3 W/m? (a) U = 4.43 -10° J/m*. (b) B = 3.33 - 107 T. 
31.41 (a) I = 1.27 -107 W/m”. The intensity is much larger than the 
intensity of sunlight on Earth (1400 W/m’). (b) Epms = 6.93 - 104 V/m. 
(c) Save = 1.27 -107 W/m?. (d) S(x, t) = 3-10’ W/m’ sin?(10’ x m™ - 
4-10™t Hz). (e) B,ns = 2.31 - 10™“ T. 31.43 (a) E = 726 V/m, B = 2.42 uT. 
(b) P, = 3.33 Pa, F = 2.50 uN. 31.45 3.27 -107% N. 31.47 15.1 mW. 
31.49 (a) w = 3.08- 10° N = 3.08 nN. (b) I = 1.59 kW/m?, 
P, = 5.31 N/m’. (c) N = 185 lasers. 31.51 2.50 mW. 
31.53 L = 1.13-10* W/m”, E = 2.92- 10° V/m, B = 9.74- 10% T. 


Additional Problems 


31.55 Estai = 518 KW h. 31.57 3.88 - 10° V/m. 31.59 136 W. 

31.61 100 V/m. 31.63 6.3 cm. 31.65 (a) 7.07 -10° T. (b) 38.0 W. 
31.67 (a) Eps = 775 V/m. (b) E, = 8.34- 107” J. 31.69 2.07- 10’ m/s’. 
31.71 S = 1.66- 10° W/m”. (b) Fins = 8.96: 107! N. 31.73 t = 8.94 h 
(or 8 hours 57 minutes); N = 4.00 - 10”. 


Chapter 32: Geometric Optics 


Multiple Choice 
32.1 c. 32.3 a. 32.5b. 


Problems 
32.21 -1.0 m. 32.23 6 m. 32.25 -13 cm. 32.27 0.389. 32.29 -3.0 m. 
32.33 Oair = 42°, Os water = 63° Gag = 902: 32.35 52.4°. 32.37 16.3°. 
32.39 1.35%. 


c,water coil — 


Additional Problems 


32.43 (a) The image distance is 50.0 cm into the mirror. (b) The 
image has the same height, h = 2.00 m. (c) The image is upright. 


Answers to Selected Questions and Problems AP-11 


(d) The image is virtual. 32.45 If the object is placed at 15.0 cm, the 
image will be real and at a distance of 30.0 cm from the mirror. If 
the object is placed at 5.00 cm, the image will be virtual and -10.0 cm 
from the mirror. 32.47 128.0°. 32.49 The critical angle in water is 
9.03° greater than the critical angle in air. 32.51 28.9° with respect to 
the normal. 32.53 1.92 m. 32.55 (a) B(X,t) > -B(X,-t). (b) They do 
not transmit light unidirectionally. 32.57 1.40 rad/s. 


Chapter 33: Lenses and Optical 
Instruments 


Multiple Choice 
33.1 b. 33.3 c. 33.5 a. 33.7 b. 33.9 b. 33.11 b. 


Problems 


33.29 3.0. 33.31 0.198 m. 33.33 1.5; inverted. 
33.35 (a) 48.0 cm. 


33.37 5.00. 33.39 6.00 cm. 33.41 -8.5 mm, inverted, virtual. 
33.43 (a) 2f. (b) -2. 
(c) d, d, 


<_< 


o,l 
(d) virtual, inverted, larger. 
33.45 18.2 cm. 33.47 (a) 2.50 cm. (b) 2.3 cm. 33.49 (a) 40. cm. 
(b) -125 cm; The negative indicates the image is on the same side as 
the object. (c) 59 cm. (d) 1.7 diopter. (e) converging. 
33.51 39 cm; 50. cm. 33.53 28.75 cm; 9.86 cm; The ratio of angular 
near 0,34, 


m norm 


33.55 (a) 3.5- 10° mm. (b) 2.5 - 10° mm. 33.57 4.0 times that of the 
original lens. 33.59 2.4 cm. 33.61 4.00 cm. 33.63 (a) 20.0 mm. 
(b) 9.7 mm. 33.65 20.0, inverted. 33.67 -20.0. 33.69 1.3 m. 


magnifications is 


Additional Problems 


33.73 -4 diopter. 33.75 13 cm. 33.77 18 cm from the lens, on the 
same side of the lens as the object. 33.79 -1.4 diopter. 33.81 8.84 cm. 
33.83 0.243 mm. 33.85 190 cm to the right of the object; 5.0 cm. 
33.87 nearsighted; 0.12 m. 33.89 1.3 in; magnification -0.070. 
33.91 38.0 cm. 33.93 8.33 cm. 33.95 1.0 diopter. 


AP-12 Answers to Selected Questions and Problems 


Chapter 34: Wave Optics 


Multiple Choice 
34.1 c. 34.3 d. 34.5 a. 34.7 b. 


Problems 

34.19 (a) 421.9 nm. (b) 1.999- 108 m/s. 34.21 87.5 nm. 34.23 1.0 m. 
34.25 1.05 mm. 34.27 420 nm. 34.29 139 nm. 34.31 1.50. 34.33 720.3 nm. 
34.35 17.0- 10°. 34.37 1230 nm. 34.39 600. nm. 34.41 2.7-10° degrees. 
34.43 Hubble Space Telescope: 1.3- 107° degrees; Keck Telescope: 
3.1-10°° degrees; Arecibo radio telescope: 0.048 degrees; The 
Arecibo radio telescope is worse than the other telescopes in terms 
of angular resolution. The Keck Telescope is better than the Hubble 
Space Telescope due to its larger diameter. 34.45 (a) 7.7 -10° 
degrees. (b) 11 km. 34.47 31. 34.49 (a) a = 10A. (b) d= 100A. 

(c) a/d = 1:10. (d) Without A, there is insufficient information to find 
a or d. 34.51 449 nm. 34.53 400 nm, 600 nm. 


Additional Problems 


34.55 1.25-10*lines/cm. 34.57 0.593 m. 34.59 665 nm. 34.61 30.0 mm. 
34.63 104 nm. 34.65 667. 34.67 2.1 km. 34.69 122 nm. 34.71 2.1 pm. 


34.73 (3) 89. 


Chapter 35: Relativity 


Multiple Choice 
35.1 a. 35.3 c. 35.5 a. 35.7 c. 


Problems 


35.21 0.984 ft/ns. 35.23 1) v?-u 35.25 (a) one meter. (b) 0.87 m. 
35.27 0.94c. 35.29 (a) t, = 4.44- 10% s. (b) L = 6.40 m. 35.31 (a) 0.81c. 


(b) 20. ly. 35.33 77.7°. 

90 
80 
70 
60 
50 
40 
30 


Angle vs Speed 


0’ (degrees) 


T T 
04 06 08 10 


T 
0 0.2 


v 

c 
35.35 0.22c. 35.37 314 Hz. 35.39 (a) B. (b) 3.73- 10s. 
35.41 -100. m/s. 35.43 (a) 4.9 ly. (b) 7.6 y. 35.45 (a) 66.14 m. (b) 0.8514c. 
(c) 2.06 ps. (d) 529 m. 35.47 0.707c. 35.49 4.02 GeV. 35.51 1200 MeV. 
35.53 (a) 5 keV. (b) 0.139c. (c) The relativistic and classical energies are 
Eg = 516 keV and 5.00 keV respectively. The relativistic and classical 
momenta are 71.7 keV/c and 71.5 keV/c respectively. 35.55 (a) oN 2. 
(b) V17m. (c) V18. 35.59 (a) 2.954 km. (b) 2.485 - 10! m; Ifa 
proton had a classical space-time description it would be a bizarre, 
unphysical object, known as naked singularity. 35.61 0.0735 AU. 


Additional Problems 


35.63 1.82-10°”” kg m/s. 35.65 32.5 MeV. 35.67 0.678 g. 35.69 0.882c. 
35.71 0.484 ns, too small to detect. 35.73 As measured by someone 
on the spaceship, t, = 32.9 years. As seen by someone on the space 
station, t, = 105 years. 35.75 0.99995c. 35.77 (a) 0.736c = 2.21- 10° m/s. 
(b) The photons would appear to be travelling at the speed of light. 
35.79 18.0 hours. 
2 

$ 

c 


35.81 (a) dv=g dr. (b) v(t): ——*— 


fire]? 


(c) In the time gt < c, i.e., the Newtonian limit, v(t) = gt. In the 


2 2 
Einsteinian (relativistic) limit, lim v(t) =c. (d) x(t) =a 1+ B : 
t—+co g c 


(e) The trajectory is part of a branch of a hyperbola on a Minkowski 
diagram. (f) 354 days, 0.401 light years. 


Chapter 36: Quantum Physics 


Multiple Choice 
36.1 b. 36.3 a, c. 36.5 c. 36.7 c. 


Problems 
36.19 (a) 5.00- 107 m. (b) 9.67- 10% m. 36.21 3.5- 10`"? m; The energy 
of the gamma ray is 3700 times greater than the rest mass of a proton. 
36.23 (a) 9.42 um. (b) 1.02 kW. (c) Your wavelength is not in the 
visible spectrum. 36.25 (a) E = 0.243 J. (b) n = 1.21- 10° photons per 
second. (c) Vp = 1.49- 10° m*. 36.27 0.34 eV. 36.29 (a) 2.30 eV. 
(b) potassium or sodium. 36.31 (a) 0.622 eV. (b) 5.00- 10? nm. 
(c) 500 nm. 36.33 2.42 - 10`"? m. 36.35 64 eV. 36.37 (a) 1.49- 10 
(b) 9.48 MeV. 36.39 (a) 600 nm. (b) 0.867 nm. 36.41 (a) 47.52 pm. 
(b) 11 nm. 36.43 (a) 1300 m/s. (b) This speed is much less than the 
speed of light, so the non-relativistic approximation is sufficient. 
(c) 5.0 peV. 

hk? p p 


36.45 (a) o(k)==—. (b) y =Z, y =, 

4am 2m m 
36.47 (a) 6.63- 10 m/s. (b) 5.27 - 10% m/s. 36.49 6.52 -10% kg. 
36.51 1.45 m/s. 


phase velocity. 


al 
kpT 
36.53 (n)= 2 
t= ee, 
ool 
; onz] Î 
kgT 
36.55 C = Nkg z B . Fork,T>1, cx Nhe A . 
——|+1 
exo] | 
E ; E 
For 0<kgT<«<1, C= Nkpg|—— aa 
or B i exp ka? 


Additional Problems 

36.57 0.02333. 36.59 For the baseball: 1.48 - 107% m. For the spacecraft: 
7.63-10' m. 36.61 1.06- 10"? s. 36.63 62 pm. 36.65 0.579 m. 36.67 61. 
36.69 388 nm. 36.71 3-10". 36.73 p =1.89- 10” N m, E = 5.68-10™ J. 


Chapter 37: Quantum Mechanics 


Multiple Choice 
37.1 c. 37.3 d. 37.5 b. 37.7 d. 37.9 a. 


Problems 


37.23 9.05 fm; Since protons and neutrons have a diameter of about 

1.00 fm, they would be useful targets to demonstrate the wave nature of 
10.0-MeV neutrons. 37.25 0.094 eV, 0.38 eV. 37.27 4. 

37.29 


0 for x <-a/2andx>a/2 
(x)= can =) for -a/2< x <a/2 with even n 
Va a 
Pia Oe for -a/2<x<a/2 with odd n 
Va a 
37.31 No. 37.33 5.9. 37.35 6.99 eV. 37.37 45.5 eV. 
Ae” for x <-a/2 


37.39 (a) (x)= Ceos(xx)-+D sin(xx) for -—a/2<x<a/2 


Fe * for x >a/2 


TEN a oe ae ey ee 
y \2m(Uo-E) Jamu, - 2) 


37.41 720 nm. 37.43 101 eV; 85.5 kN/m. 

1 
37.45 (a) A)=————. (b) 0.157. 37.47 (a) A=,]~. (b) 0.402. 
Yro 
37.49 0.250. 37.51 W(7,t) = Ae PT)” ip ttlamh _ 42 


2 2 
Zian “= 1+4 cos” ae +4cos Mile cos at p 
a a a a maz 


= 


37.53 [w(x.1) 


37.55 (a) 3.22.10” s. (b) 1.75.10” s. 


Additional Problems 
37.57 28.2 eV. 3 


2 sin sin 2” sin TA; 0< x,y,z <L. (b) 14. 
L L L L 

37.61 8.21-10 * eV. 37.63 4.0 pm. 37.65 (a) 1.2 eV. (b) 0.19 eV. 
37.67 2.9 MeV. 37.69 1.10-10° nm. 37.71 38 eV. 37.73 (2,2) and (1,4). 


37.59 (a) w= 


Chapter 38: Atomic Physics 


Multiple Choice 
38.1 d. 38.3 d. 38.5 b. 38.7 b. 


Problems 


38.19 91.2 nm. 38.21 2279 nm, 7458 nm; No. 38.23 -0.378 eV. 
38.25 (a) 1.0968 - 10’ m™!. (b) 5.4869 - 10° m™'. 38.27 initial: 6; final: 3. 
2 


38.29 r= 


5 ns 2.523-107, 
GMm 
38.31 4.716-10- “J s and 0 J s. 38.33 65.9°. 
2 
38.35 (a) A, = ——. (b) e"“/ap. 
agl? 


Answers to Selected Questions and Problems AP-13 


38.37 0.03432. 38.39 a)/2. 
38.41 (a) = (b) 27.2 MeV. 


2 2 2 
38.43 (a) a (b) == KE (c) Ey=—— Ey, 
0 n 


38.45 656 nm; A laser with a wavelength of about 5.4 times bigger is 
needed. 38.47 (a) 30.0 pJ. (b) 1.03-10"* atoms. 


Additional Problems 

38.49 91.16 nm. 38.51 0.05445%, 4.554- 107°! kg. 38.53 The element 
is thulium (Th). 38.55 -2528 eV, -632 eV, -281 eV. 38.57 -54.4 eV, 
-13.6 eV, -6.05 eV. 38.59 -6.72 meV. 38.61 3.70- 10” eV. 

38.63 Yes. v = 4.07 m/s. 38.65 0.323. 


Chapter 39: Elementary 
Particle Physics 


Multiple Choice 
39.1 a. 39.3 c. 39.5 d. 39.7 c. 


Problems 
39.23 49.9 fm. 39.25 1.32-10°7” m/sr. 39.27 f nin/À is proportional to 
WK . 39.29 120. particles per second. 


3 
39.31 F*(Ap)=—*7P_ sin APR - ApR cos ApR 
Ze( Apy h h h 
do (2kZ,Zem,)| 3m? (Apr) (ApR)_{ Apr) 
= p sin - cos 
39.33 2.2-10° m/s. 
39.35 ee we 
y 
ae ™p 
39.37 (a) P — ~P (b) a. ge 
E : 
i Ww e 
p ee i 
~~ 
Yi 
39.39 154. 
39.41 d —— d 
. | | l 
— n T7 


Nyi u 
Ga 


39.43 2.1- 10! K; 5.1 -10° s. 39.45 (a) 9- 10° eV. 
1 da 


39.47 (a) H -+ 
a dt 


| . (b) 420 Mpc. 
rec 


AP-14 Answers to Selected Questions and Problems 


Additional Problems 


39.49 (a) 0.03636 eV, over 200,000 times smaller. 39.51 54.4 meV. 
39.53 10°'8 m. 39.55 9-104 m°. 39.57 (a) 316 ke?/mv”. (b) 48.8 fm. 
39.59 340 fm. 39.61 13/32. 
sin[(Ap)a/n] do _ 
(Ap)aih ° dO 


2 
2Ze’m, 
4TEg 


39.63 F(Ap)= 


(Apýř | (Ap)a/ñ 


Yes. 


Chapter 40: Nuclear Physics 


Multiple Choice 
40.1 b. 40.3 b. 40.5 d. 40.7 d. 


Problems 

40.23 (a) 39 MeV. (b) 92 MeV. (c) 489 MeV. ACY 731 MeV. 
40.25 -0.46 fm‘, 40. 27 (a) 8Co > a Se +7,. 

(b) ÎH > 3He* + Le +%.(c) 4C > Nt + Le +7,. 
40.29 0.352 MeV. 40.31 0.253 h. 40.33 e 10” yr. 

40.35 (a)1.65-10'' disint/(g s) = 1.65- 10™ Bq/g = 4.45 Ci/g. 
(b) 1.15 Bq. (c) 1.11 - 10” disint. 40.37 1946 or 1947. 


1 | sin[(Ap)a/ħ] |: 


eat, 


: À 

40.39 Ng(t)= Naoe™ +| Ngo - Nig 
B-AA Ag — Àa 
40.41 '1/Sn. 40.43 4.51 kg. 40.45 (a) 4.28- 10° kg/s. (c) 0.030%. 


40.47 13.8 GK. 


40.49 
Mass Mass excess, 
No Nudide number, A Am (keV/c°) Atomic mass (u) 
1 1 1 8071.3 1.0087 
o” 
2 beg 252 76034 252.08 
ae 256 85496 256.09 
100FM 
á 140 -83271 139.91 
56Ba 
5 id 140 -72990 139.92 
545€ 
6 112 -86336 111.91 
pd 
7 T 109 -67250 108.93 
42Mo 


(b) AEç¢ = 202341 keV and AEpm = 212537 keV. (c) Yes. 
40.51 2-107'°J; 4.98 - 10° m/s. 40.53 2.00 Ci. 40.55 12.71 days. 


Additional Problems 


40.57 168.512 MeV. 40.59 53.0 fm. 40.61 1.17- 10” Ci. 
40.63 41.279 MeV. 40.65 2.51 - 10” J. 40.67 (a) 7.074 MeV. 
(b) 2.573 MeV. (c) 2.827 MeV. (d) 1.112 MeV. 40.69 89.0 min. 
40.71 6- 10“ years. 40.73 2.57 - 10* decays 40.75 10.9 s. 
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centripetal acceleration, 287-289 
centripetal force, 289-290 
conical pendulum, 290-291, 290f 
constant angular acceleration, 294-295 
defined, 280 
Formula 1 racing, 296-298 
hammer throw, 295-296, 296f 
NASCAR racing, 298-300 
point particles in, 313-314 
polar coordinates, 280-281 
radial acceleration, 286-287 
revolution and rotation of Earth, 285-286 
roller coaster ride and, 291-293 
simple harmonic motion and, 463-464 
summary of, 293-294 
tangential acceleration, 286-287 
Clapeyron, Benoit Paul Emile, 618 
Clausius statement of Second Law of 
Thermodynamics, 665 


Clocks 

atomic, 445f, 456 

most accurate clock, 14 
Closed path, 585-586 

losed-path process, 588 

Closed system, 585-586 

entropy of, 668, 671 

Cluster decays, 1340 

CNO cycle, 1355-1356 

Coaxial cable, capacitance of, 791 
Coefficient of kinetic friction, 118, 119t, 125 
Coefficient of performance 


Q 


of heat pump, 653 
of refrigerator, 653 
Coefficient of restitution, 227-228 
Coefficient of static friction, 119, 119t, 125 
Cohen-Tannoudji, Claude, 562 
Coherent light, 1100 
Coherent sources, sound interference and, 533 
Collisions 
average force on golf ball, 215 
ballistic pendulum, 221-222 
billiards and chaos, 228-229 
center-of-mass momentum, 252-253 
coefficient of restitution, 227-228 
curling, 218-220 
elastic collisions in one dimension, 210, 
212-215 
elastic collisions in two/three dimensions, 
216-220 
equal masses, 213-214 
explosions, 224-225 
head-on collision, 221 
kinetic energy and, 212, 216, 218-220, 
222-223 
one object initially at rest, 214 
partially inelastic collisions, 227-228 
particle physics, 226 
totally inelastic collisions, 210, 220-227 
two-body and Lorentz transformation, 1156 
of two vehicles and Newton’ laws, 117 
with walls, 216, 228 
Color, 1309, 1314 
Combined heat and power (CHP), 657-658 
Comet Hale-Bopp, 992f, 993 
Commutator, 880, 880f 
Complementary metal oxide semiconductor 
(CMOS), 1181 
Components, of vectors, 25 
addition using, 26 
Composite particles, 1309-1315 
baryons, 1312-1313 
lattice QCD, 1313-1314 
mesons, 1309-1312 
overview of, 1309 
Compression 
defined, 101 
linear, 422 
overview, 421-422 
volume, 422 


Compression ratio, Otto cycle, 659 
Compression stroke, 658, 658f 
Compton, Arthur Holly, 1182 
Compton scattering, 1181-1185 
Computers 

hard drives, 947-948 

heat in, 605 
Concave mirror 

focal length of, 1033 

focal point of, 1033 

image formation by, 1033-1036 

magnification of, 1036 

mirror equation for, 1035-1036 

sign conventions for, 1035 

spherical aberration, 1039-1040 
Concert, relative sound levels at, 530-531 
Concrete 

linear expansion coefficient, 564t 

speed of sound in, 528t 
Condensation point, 594 
Conductance, 811 
Conduction, 596-599 

cost of warming house in winter, 

596-599 

defined, 596 

microscopic basis of, 815-816 

roof insulation, 597 
Conductivity, 812 
Conductors 

characteristics of, 689 

defined, 688 

examples of, 689 

semiconductors, 689 

superconductors, 689-690 
Conical pendulum, 290-291, 290f 
Conservation laws 

of angular momentum, 338-339 

of electric charge, 686-687, 840 

of mechanical energy, 177-181 

of momentum, 210-211 
Conservative forces 

conservation of mechanical energy and, 

177-178 

defined, 171 

gravitational force as, 172 

overview of, 171-172 

potential energy and, 173-174 

spring force as, 172 
Constant acceleration, 47-55 

airplane takeoff, 48-50 

ball thrown straight up, 52-53 

derivation of equations, 47-48 

equations for, 48 

free fall, 51-53 

melon drop and shooting arrow, 54-55 

reaction time, 53 

top fuel race car acceleration, 50-51 
Constant angular acceleration, 294-295 
Constant force 

power for, 158-159 


scalar product of work done by, 148 
work done by, 145-151 
Constant-pressure process, 589 
Constant-temperature process, 589 
Constant-volume process, 588 
Constructive interference, 509 
light waves and, 1100 
sound waves, 533, 533f 
Contact force, 101 
Contact lenses, 1073 
Continuity, equation of, 435 
Convection, 599-602 
defined, 596 
forced-air heating as, 600 
Gulf Stream, 600-602 
weather and, 582 
Converging lens, 1062f 
contact lens, 1073, 1073f 
corrective lenses, 1072 
defined, 1062 
image characteristics for, 1065t 
image formation and, 1062-1063, 1063f 
magnifier, 1067 
overview of, 1062-1063 
sign conventions for, 1065 
systems of two or more lenses, 1068-1071 
Converging mirror 
image formation, 1033-1035, 1038 
spherical aberration, 1039-1040 
Conversion 
British system and, 12-13 
SI unit system, 12-13 
Convex mirror, image formation by, 1037-1038 
Copernicus, Nicolaus, 395 
Copper 
linear expansion coefficient, 564t 
resistivity and temperature coefficient of, 812t 
specific heat of, 590t 
work function of, 1179t 
Cornell, Eric, 594, 1197-1198 
Corrective lenses, 1072-1073 
Correspondence principle, 1232 
Cosmic Background Explorer (COBE) 
satellite, 573 
Cosmic microwave background radiation, 
573, 1316 
Cosmic rays 
Earth’s magnetic field and, 866 
radiation exposure and, 1344 
Cosmology, 1287 
Coulomb, 12t, 686 
Coulomb, Charles Augustin de, 123, 686 
Coulomb’ constant, 692 
Coulomb’s Law, 692-698 
charged balls, 695-697 
equilibrium position and, 694-695 
Gauss’s Law and, 727-728 
Newton's law of gravitation and, 699 
superposition principle, 693 
Covalent bonding, 1236 
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Crab Nebula, 1358-1359, 1358f 
Critical damping, 473-474 
Critical mass, 1353 
Cross product, 327-328 
Cross section, 1291 
Crystal lattice, 815 
Crystal structure, x-ray diffraction and, 
1121-1122 
Curie, 1343 
Curie, Marie, 1334, 1343 
Curie, Pierre, 1334, 1343 
Curie’s Law, 912 
Curie temperature, 913 
Curl, Robert, 419 
Curling, 218-220 
Current 
alternating, 807, 934 
ammeter, 847-849 
defined, 806 
diodes and, 827 
direct, 807 
direction of flow, 807 
displacement current, 994-995 
drift velocity and, 808-809 
eddy, 933-934 
electromagnetic induction and, 926-927 
electromagnetic rail accelerator, 898-900 
electromotive force, 816 
examples of range of, 806, 807f 
high-voltage direct current power 
transmission, 825-826 
iontophoresis, 807-808 
Kirchhoff’s Rules and, 839-842 
Lenz’s Law, 932-933 
magnetic fields due to, 894-903 
overview of, 805-807 
rectifiers, 981-982 
resistivity and resistance, 811-816 
root-mean-square (rms) current, 975 
voltmeter, 847 
Current density, 808-811 
Cut-off ratio, 662 
Cyclotron frequency, 874 
Cyclotrons, 874-875, 1297 
Cylinder 
change in volume, 22 
moment of inertia of, 315-316, 319-320 
volume of, 17-19, 261-262 
Cylindrical capacitor, 779 
Cylindrical coordinates 
defined, 260 
volume integrals, 261 
volume of cylinder by, 262 
Cylindrical symmetry, electric field and, 729-730 


D 


Dalton, John, 622 
Dalton’s law, 622-623 
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Damped harmonic motion, 470-477 
bungee jumping, 472-473 
critical, 473-474 
energy loss in, 475-477 
large, 473 
overdamping, 473 
quality of oscillator and, 476 
small, 470-472 
underdamping, 471 

Damped oscillations, 964-965 

Damping 
defined, 470 
as nonconservative force, 173 
overdamping, 473 
underdamping, 471 

Dams, 141, 142f 

Dark energy, 407, 574 

Dark matter, 405-407, 574 

Davisson, Clinton, 1187 

de Broglie, Louis, 1258 

de Broglie wavelength, 1185-1186 

Deceleration, 44 

Decibels, 529 

Deck of cards and Poincaré recurrence, 651-652 

Defibrillator, 787-788, 787f£ 

Deformation 
compression, 421-422 
shear, 421, 422 
stretching, 421 

Deformation parameter, 1352 

Degree Celsius, 12t 

Degrees, conversion to radians, 281 

Degrees of freedom, 628-630 
microscopic states as, 670 

Déja vu, 651 

Delacroix, Eugène, 229, 229f 

Delta II rocket, 256f 

Density 
determining, 432-433, 433f 
nuclear, 1329 
speed of sound and, 527 

Depth 
apparent, 1043-1044 
pressure-depth relationship, 425-426 

Depth of field, 1075 

Destructive interference, 509 
light waves and, 1100 
sound waves, 533, 533f 

Detroit Metropolitan Wayne County (DTW) 

airport, 77f 

Deuterium, 1327 

Deuteron, 1355 

Deviatory stress, 421 

Diamagnetism, 912 

Diamonds 
characteristics of, 419 
index of refraction, 1042t 
linear expansion coefficient, 564t 
magnetic susceptibility, 911t 
speed of sound in, 528t 


Diatomic gases, 627 
specific heat at, 629 
Diatoms, 1058f, 1059 
Dielectric constant, 788, 789t 
Dielectrics, 788-793 
coaxial cable as, 791 
constant for, 788, 789t 
defined, 788 
electric permittivity of, 788 
nonpolar, 792 
parallel plate capacitor, 790 
polar, 791-792 
purpose of, 788 
strength of, 788, 788t 
Dielectric strength, 788 
Diesel engines, 662 
Difference formulas, 44-45 
Differential equation, 457 
Diffraction 
by circular opening, 1113-1114 
defined, 1109 
double-slit, 1114-1115 
gratings, 1115-1120 
Huygens’s Principle and, 1109-1110 
overview of, 1109-1110 
single-slit diffraction, 1110-1113 
x-ray diffraction and crystal structure, 
1121-1122 
Diffraction gratings, 1115-1120 
Blu-ray discs, 1119-1120 
CD or DVD as, 1117-1119 
dispersion and, 1116 
resolving power of, 1116 
Diffuse reflection, 1029 
Digital camera, 1074-1077 
Dilution refrigerator, 562, 562f 
Diodes 
defined, 827 
light-emitting diode (LED), 827, 827f 
symbol for, 827 
Diopters, 1065 
Dirac, Paul Adrien Maurice, 1238, 1297 
Dirac equation, 1238-1241 
Dirac sea, 1240 
Direct current 
defined, 807 
rectifiers and, 981-982 
Direct current circuits, 838-854 
general observations on circuit networks, 846 
Kirchhoff’s Loop Rule, 840-842 
Kirchhoff’s Rules and, 839-842 
multiloop circuits, 843-846 
RC circuits, 849-854 
single-loop circuits, 842-843 
Direct-current generator, 937-938 
Dirty bomb, 1353 
Dispersion, diffraction gratings and, 1116 
Displacement 
finding from acceleration, 46 
spring force, 153-154 


Displacement current, 994-995 
Displacement vector, 23-24 
characteristics of, 37 
compared to distance, 38-40 
defined, 37 
distance, 38-40 
Distance 
compared to displacement, 38-40 
defined, 38 
trip segment problem, 38-40 
Diverging lens, 1062f 
contact lens, 1073, 1073f 
corrective lenses, 1072 
defined, 1064 
image formation and, 1064-1065, 1064f 
overview of, 1064-1065 
system of two or more lenses, 1068-1069 
Diving, angular momentum, 338-339, 339f 
Domain, 912 
Doppler effect, 536-542 
Cherenkov radiation, 541, 541f 
Concorde and angle of Mach cone, 542 
defined, 356f, 536 
for electromagnetic radiation, 1144 
Mach cone and, 540-541 
trains and, 538, 538f 
in two- and three-dimensional space, 
538-539 
ultrasound measurement of blood flow and, 
539-540 
weather reports and, 540 
Dot product, 146 
Double-slit diffraction, 1114-1115 
Double-slit experiment, 1186-1188 
Double-slit interference, 1101-1104 
Down quark, 687-688 
Drag coefficient, 122 
Drag force, 121 
Drift velocity 
in copper wire, 809-811 
defined, 808 
Driven AC circuits, 965-968 
alternating driving emf, 965 
with capacitors, 966-967 
with inductor, 967-968 
with resistor, 965-966 
Driving emf, 965 
DSL filter, 972 
DVD, as diffraction gratings, 1117-1119 
Dynamic equilibrium, 107 
Dynamic range, 530 
Dynamics, 101 
Dynamo effect, 867 
Dysnomia, 385 


E 


Earth, 381f 
asteroid impact, 394-395, 395f 


atmosphere and Maxwell speed distribution 
and, 635-636 

average pressure at sea level, 425 

center of mass for Earth-Moon system, 
248-249 

centripetal acceleration due to Earth’s 
rotation, 289 

electromagnetic force and, 102 

escape speed and, 393-394 

gases of, 623, 623t 


global warming and thermal energy transfer, 


603-604 
gravitational potential, 395 
gravitation inside, 389-391 
gravitation near surface of, 387-388 
as infinite reservoir of charge, 690 
length scale for, 15 
magnet field of, 866-868, 867f, 869f 
mass of, 16 
measuring size of Earth’s molten core, 505 
orbit and relative size of, 385f 
physical data for, 386t 
revolution and rotation of, 285-286 


rise in sea level, due to thermal expansion of, 


572-573 
rotational kinetic energy of, 320 
Schwarzschild radius of, 1160 
seismic waves and core of, 504-505 
surface area of, 10 
surface temperature of, 559, 560f, 571-573 
Van Allen radiation belts, 866-867, 867f 
Earthquakes 
seismic waves, 504-505, 504f 
tsunami and, 503-504, 503f 
Echolocation, 529, 529f 
Eddington, Arthur, 1159 
Eddy currents, 933-934 
Efficiency 
of Carnot engine, 654-656 
diesel engine, 662 
energy crisis and, 663-664 
of engine, 652 
of gasoline-powered internal combustion 
engine, 660-662 
of hybrid car, 663 
maximum efficiency of electric power plant, 
657-658 
of Otto cycle, 659-660 
of refrigerator, 653 
Efflux, speed of, 440 
Eigenfunctions, 1234 
Eigenvalue, 1234, 1259 
Einstein, Albert, 1177, 1197 
biographical perspective on, 1134 
postulates and reference frames, 1134-1137 
Einstein’s Cross, 1132f, 1133 
Elastic collisions, 210 
average force on golf ball, 215 
coefficient of restitution, 227-228 
collision with walls, 216 


curling, 218-220 
defined, 212 
equal masses, 213-214 
in one dimension, 212-215 
one object initially at rest, 214 
in two/three dimensions, 216-220 
Elasticity 
modulus of, 421 
of solids, 421 
Elastic limit, 421 
Electric charge, 685-688 
conservation law of, 686-687, 840 
Earth as infinite reservoir of charge, 690 
electrostatic charging, 690-692 
induced charge, 690 
insulators and conductors, 688-690 
law of, 686 
negative charge, 685 
net charge, 688 
positive charge, 685 
quantized, 687 
symbol/equivalent/expression for, 12t 
Electric circuits 
ammeter and, 847-849 
branches, 839 
capacitors in, 780-783 
defined, 776 
direct current circuits, 839-854 
energy and power in, 825-827 
general observations on circuit networks, 846 
junctions, 839 
multiloop circuits, 843-846 
overview of, 776 
of pacemaker, 852-853 
power source for, 776 
RC circuits, 849-854 
resistors in parallel, 821-824 
resistors in series, 818-821 
single-loop circuits, 842-843 
symbols for, 776f 
voltmeter and, 847 
Wheatstone bridge, 845-846 
Electric current. See Current 
Electric dipole 
defined, 716 
in electric field, 722-725 
electric field due to, 716 
water and, 717 
Electric dipole moment, 716 
of water, 717 
Electric energy density, 784 
Electric field, 710-735, 718-719 
compared to magnetic field, 866 
constant, and electric potential energy, 747 
crossed fields, 876, 876f 
cylindrical symmetry, 729-730 
defined, 711-712 
determining from electric potential, 755 
dipole in, 722-725 
due to dipole, 716-717 
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due to general charge distribution, 717-720 
due to point charges, 714-715 

electric flux of, 725-726 
electromagnetic induction and, 928 
equipotential surfaces and lines, 752-755 
field lines, 712-714 

finding from electric potential, 759-761 
finite line of charge, 718-719 

force due to, 721-725 

Gauss’s Law, 726-728, 996t, 997 
graphical extraction of, 760-761 

human physiology and, 725 

induced, 939 

induced magnetic field and, 993-994 
Maxwell-Ampere Law, 994 

nonpolar dielectrics in, 792 

of parallel plate capacitor, 774-775, 775f 
planar symmetry, 730-731 

polar dielectrics in, 791-792 

ring of charge, 719-720 

rotational symmetry, 730 

sharks and detecting, 711 

sharp points and lighting rods, 734-735 
shielding, 728-729 

spherical symmetry and, 731-732 

from sunlight, 1006 

superposition principle for total, 711-712 
time projection chamber, 721-722 
translational symmetry, 730 

units of magnitude for, 748 

water and, 717 


Electric field lines, 712-714 


defined, 712 

general observations, 714 

point charge, 713, 713f 

two point charges of opposite sign, 713, 714f 
two point charges with same sign, 713, 714f 


Electric flux, 725-726 


defined, 725 
Gauss’s Law and, 727 
through a cube, 726 


Electric generators, 937-938 


as emf device, 816 


Electricity, history of unification of fundamental 


forces, 684-685, 685f, 1305 


Electric motor, 937-938 
Electric permittivity 


of dielectric, 788 
of free space, 692, 897 


Electric potential, 745-763 


batteries, 749-750 

battery-powered cars, 750 

continuous charge distribution, 758 
defined, 747-748 

determining from electric field, 755 
electric potential energy, 746-747 
energy gain of proton, 748-749 
equipotential surfaces and lines, 752-755 
finding electric field from, 759-761 

finite line of charge, 758-759 
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of fixed and moving positive charges, 756-757 
human body and, 745f, 746 
Kirchhoff’s Loop Rule and, 840-842 
of parallel plate capacitor, 774-775, 775f 
of point charge, 755-756 
superposition of, 758 
symbol/equivalent/expression for, 12t 
of system of point charges, 757-758 
Van de Graaff generator, 751-752 
Electric potential energy 
defined, 746 
of system of point charges, 761-763 
Electric power, high-voltage direct current power 
transmission, 825-826 
Electric power plant, maximum efficiency of, 
657-658 
Electric resistance, symbol/equivalent/expression 
for, 12t 
Electrocardiogram, 852, 852f 
Electrocorticography, 725 
Electromagnetic force 
defined, 102, 996 
history of unification of fundamental forces, 
684-685, 685f 
unification energy scale and, 1306 
Electromagnetic induction, 925-948 
computer hard drives, 947-948 
eddy currents, 933-934 
energy of magnetic field and, 946 
Faraday’s experiments, 926-927 
Faraday’s Law of Induction, 928-932 
in flat loop inside magnetic field, 929-930 
Gauss’s Law for Magnetic Fields, 928 
generators and motors, 937-938 
induced electric field, 939 
inductance of solenoid, 939-940 
Lenz’s Law, 932-933 
magnetic flux and, 928 
metal detector, 934-935 
mutual induction, 940-943 
potential difference induced by changing 
magnetic field, 930-931 
potential difference induced by moving loop, 
931-932 
potential difference induced on wire moving 
in magnetic field, 935-936 
pulled conducting rod, 936-937 
pulse induction, 934 
regenerative braking, 938 
RL circuits and, 943-946 
satellite tethered to Space Shuttle, 936 
self-inductance, 940-941 
Electromagnetic oscillations and currents 
damped oscillations in RLC circuits, 964-965 
defined, 959 
driven AC circuits, 965-968 
energy and power in AC circuits, 975-979 
LC circuits, 959-964 
overview of, 960-961 
rectifiers, 981-982 


series RLC circuit, 968-975 
transformers, 979-981 
Electromagnetic radiation, 141 
Electromagnetic rail accelerator, 898-900 
Electromagnetic spectrum, 1001, 1001f 
Electromagnetic waves, 992-1014 
characteristics of, 493, 996 
communication frequency bands, 1002-1003 
defined, 996 
displacement current, 994-995 
Faraday’s law of induction, 996t, 998-999 
Gauss’s law for electric fields, 996t, 997 
Gauss’s law for magnetic fields, 996t, 997-998 
induced magnetic fields, 993-994 
Maxwell-Ampere Law, 994, 996t, 999 
Maxwell’s equations and, 996-999, 1014 
momentum of, 1006-1007 
plane wave, 997 
polarization, 1010-1013 
Poynting vector and energy transport, 
1004-1005 
radiation pressure, 1006-1009 
root-mean-square electric and magnetic fields 
from sunlight, 1006 
solar panels to charge electric car, 1005 
solar stationary satellites, 1008-1009 
spectrum of, 1000-1002, 1000f, 1101f 
speed of light, 1000 
traveling, 1003-1004 
Electromotive force, 816 
Electrons, 1171-1172 
in atomic box, 1215 
charge of, 686 
de Broglie wavelength of, 1185 
defined, 685 
double-slit experiment for, 1186-1188 
forces between, 699 
mass of, 15 
reduced mass of, 1255 
spin, 910, 1271 
valence, 1273 
Electron volt, 144, 749 
Electroscope, 690-692, 690f-691f 
Electrostatic force, 692-698 
charged balls, 695-697 
electrostatic precipitator, 697 
equilibrium position, 694-695 
inside atom, 692-693 
laser printer, 698 
Electrostatic precipitator, 697 
Electrostatics, 683-700 
conservation law of electric charge, 686-687 
Coulomb’s Law, 692-699 
defined, 685 
Earth as infinite reservoir of charge, 690 
electric charge and, 685-688 
electromagentism, 684-685 
electrostatic charging, 690-692 
electrostatic force, 692-698 
electrostatic precipitator, 697 


induced charge, 690 
insulators and conductors, 688-690 
laser printer, 698 
Newton's law of gravitation and, 699 
superposition principle, 693 
Electrostatic shielding, 728-729 
Elementary bosons, 1300-1303 
gluons, 1302 
graviton, 1302-1303 
Higgs boson, 1302 
photons, 1300 
W boson, 1301 
Z boson, 1302 
Elementary fermions, 1297-1300 
law of baryon number conservation, 1299 
mass of, 1299-1300, 1299f 
net quark number, 1299 
neutrino oscillations, 1300 
summary of, 1298t 
total lepton number, 1298-1299 
Elementary particle physics 
Big Bang, 1315-1319 
classical scattering, 1290-1292 
complexity and, 1289-1290 
composite particles, 1309-1315 
elementary fermions, 1297-1300 
extensions of standard model, 1305-1308 
Feynman diagrams, 1303-1305 
fine-structure constant, 1295 
fundamental bosons and interactions, 
1300-1303 
historical perspective on, 1297 
overview of, 1289-1290 
photon decay, 1306 
quantum wave scattering, 1295-1296 
reductionism and, 1287-1290 
Rutherford scattering, 1292-1294 
standard model of, 1297-1305 
string theory, 1308 
supersymmetry, 1308 
unification energy scale, 1306 
Elements, periodic table of chemical 
elements, 1273 
Elevator cable, 501 
Ellipse, 396 
emf (electromotive force), 816 
driving, 965 
motional, 929 
emf device, 816 
Emissivity, 602 
Empirical mass formula, 1347 
Endothermic reaction, chemical energy and, 141 
Energy 
in AC circuits, 975-977 
concept of, 142-143 
in daily lives, 141-143, 142f 
dark, 407 
in electric circuits, 825-827 
electromagnetic waves and, 1004-1006 
energy-time uncertainty, 1190-1191 
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harmonic oscillation, 466-469 Equipartition of energy, 628 Fermi National Accelerator Laboratory, 225-226 
hydroelectric dams, 169, 170 Equipartition theorem Fermions, 1192 
kinetic (See Kinetic energy) defined, 624 elementary, 1297-1300 
in LC circuit, 961-963 degrees of freedom and, 628-629 identical, 1235 
Lorentz transformation for, 1155-1156 derivation of, 624-626 many-fermions wave function, 1237 
loss in damped harmonic motion, 475-477 Equipotential surfaces and lines, 752-755 Pauli exclusion principle, 1192-1193 
of magnetic field, 946 Equivalence Principle, 1160 supersymmetry and, 1308 
mass on spring, 467-468 Eris, 385 Fermi problems, 23 
mechanical, 177-181 Escape speed, 392-394 Ferromagnetism, 912-913 
nighttime illumination, 140f, 141 Estimation Fert, Albert, 948 
of pendulum, 468-469 dentist example, 23 Feynman, Richard, 1182, 1207, 1303 
potential (See Potential energy) Fermi and, 22-23 Feynman diagrams 
relativistic, 1151-1157 as problem-solving strategy, 22-23 decay of positive pions and muons, 
stored in capacitors, 784-788 scientific notation and, 9-10 1314-1315 
symbol/equivalent/expression for, 12t Ethyl alcohol overview of, 1303-1305 
thermal, 583 index of refraction, 1042t rules for, 1304 
total, 187 volume expansion coefficient, 569t Fine-structure constant, 1295 
two-body collisions, 1156 Exa-, 13t Finite potential wells, 1217-1225 
unit for, 158 Exhaust stroke, 658, 658f bound states in, 1219-1222 
to warm water, 590-591 Expectation values, 1229 defined, 1217 
of wave, 505-506 Explosions, as totally inelastic collision, 224-225 energy larger than well depth, 1218 
work and, 145-153 Extreme Ultraviolet Imaging Telescope, 1325 energy smaller than well depth, 
Energy crisis, efficiency and, 663-664 Extrinsic semiconductors, 689 1219-1222 
Energy efficiency rating (EER), 653 Eyes expectation values, 1229 
Energy-level diagram, 1214, 1258 accommodations, 1071 tunneling and, 1223-1225 
Energy-time uncertainty, 1190-1191 contact lenses, 1073 Fink, Yoel, 1029 
Engines corrective lenses, 1072-1073 Fire hose recoil, 255 
Carnot engine, 654-657 far point, 1071 First Law of Thermodynamics 
diesel, 662 hyperopia, 1072 adiabatic processes, 588 
efficiency of, 652 LASIK surgery, 1073-1074 closed-path processes, 588 
gasoline-powered combustion engine, myopia, 1072 constant-pressure processes, 589 
660-662 near point, 1067, 1067f, 1071-1072 constant-temperature processes, 589 
heat, 652-654 overview of, 1071, 1071f constant-volume processes, 588 
hybrid cars, 662-663 defined, 586 
ideal, 654-658 free expansion, 589 
internal combustion engine, 652 F heat engine and, 652 
jet, 652, 652f isobaric processes, 589 
Otto cycle, 658-660 Fahrenheit, Gabriel, 558 isochoric processes, 588 
steam, 649f, 650 Fahrenheit temperature scale, 558 isothermal processes, 589 
Entropy, 666-672 Falling object refrigerator and, 652 
change for freezing water, 668 falling vase, 144-145 truck sliding to stop, 587-588 
change for warming water, 669 kinetic energy of, 144-145 weightlifter and, 586-587 
of closed system, 668 Farad, 12t, 776 Fitzgerald, George, 1134 
defined, 666-667 Faraday, Michael, 729, 729f, 776 Fixed-target accelerator, 1156-1157 
entropy death, 672 experiments by, 926-927 Fluid motion, 432 
increase during free expansion of gas, Law of Induction, 928-932 airplanes, 437 
671-672 Faraday cage, 729, 729f Bernoulli’s equation, 434-438 
microscopic interpretation of, 669-672 Faraday’s Law of Induction draining a tube, 440-441 
Entropy death, 672 electromagnetic waves, 996t, 998-999 equation of continuity, 435 
Environment, defining heat and, 582-583 induced electric field and, 939 incompressible flow, 434 
Equation of continuity, 435 magnetic flux and, 929 irrotational flow, 434 
Equilibrium Maxwell's equations and, 996t, 998-999 laminar flow, 434 
dynamic, 107 overview of, 928-932 Magnus effect, 438 
multidimensional surfaces and saddle self-inductance, 940 nonviscous fluid, 434 
points, 367 Fermat’s Principle, 1043 overview of ideal, 434 
neutral, 367 Fermi, Enrico, 22-23, 1192, 1348 race cars and, 437 
stable, 366-367 Fermi-Dirac distribution, 1194-1197 Reynolds number, 444 
static, 107, 355-366 Fermi energy, 1348-1349 speed of efflux, 440 
thermal, 651 Fermi gas model, 1348-1349 spray bottle, 438 


unstable, 367 Fermilab, 1298 Torricelli’s Theorem, 440 
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turbulent flow, 434, 444-445 
Venturi tube, 439-440 
Fluids. See also Fluid motion 
barometric altitude relation for gases, 
427-428 
barometric pressure formula, 427 
buoyant force, 430-432 
determining density and, 432-433, 433f 
gauge pressure and barometers, 426-427 
hot-air balloon, 432 
hydraulic lift, 429, 429f 
hypodermic needle and, 442 
Pascal’s Principle, 428-429 
pressure-depth relationship, 425-426 
specific heat of, 589-592 
viscosity, 442-444 
Flux linkage, 939 
Flybrid, 340-341 
FM transmission, 1003 
f-number, 1074 
Foams, 421 
Focal length, of concave mirror, 1033 
Focal point, of concave mirror, 1033 
Football 
hang time, 82-83 
spin and, 83-84 
Foot-pound per second, 158 
Force, 100-126 
bridge and, 102-103, 103f 
buoyant, 430-432 
central, 400 
conservative, 171-173 
contact, 101 
drag, 121 
electric field, 721-725 
electromagnetic, 102 
electrostatic, 692-698 
force multiplier, 112 
friction force, 102, 118-126 
fundamental, 102 
gravitational (See Gravitational force) 
history of unification of fundamental forces, 
684-685, 685f, 1305 
magnetic, 868-871 
momentum and, 207 
net (See Net force) 
Newtons laws and, 106-109 
nonconservative, 171-173 
normal, 101-102, 105-106, 106f 
nuclear, 102 
overview of types of, 101-103 
potential energy and, 174-177 
restoring, 154 
ropes and pulleys, 109-112 
spring, 102, 153-157 
symbol/equivalent/expression for, 12t 
typical magnitudes for different forces, 
104-105, 105t 
variable, 152-153 
work and, 145-153 


Forced harmonic motion, 477-479 
Force multiplier, 112 
Formula 1 racing, 296-298 
Fosbury, Dick, 255, 255f 
Foster-Seeley discriminator, 1003 
Franklin, Benjamin, 686, 735 
Free-body diagram 
Atwood machine, 116f 
block pushed off table by spring, 188 
charged balls, 695f 
compressed spring, 156f 
conical pendulum, 290f 
defined, 106 
force multiplier: two pulleys and mass, 112f 
Formula 1 racing, 297f 
NASCAR racing, 299f 
person standing on ladder, 364f 
pulling sled, 125f 
roller coaster, 292 
roll of toilet paper, 329f 
seesaw, 358f 
snowboarding, 114f 
snowboarding with friction, 120f 
still rings, 110f 
two blocks connected by rope, 115f, 124f 
two books on table, 113f 
yo-yo, 330f 
Free expansion, 589 
Free fall 
ball thrown straight up, 52-53 
defined, 51 
melon drop and shooting arrow, 54-55 
overview, 51-52 
reaction time test, 53 
shoot the monkey and, 75-76 
Frequency 
angular (See Angular frequency) 
breakpoint, 973 
cyclotron, 874 
Doppler effect and, 536-537 
electromagnetic waves, 1000-1002 
fundamental, 511 
musical tones and, 542-543 
pendulum motion, 465-466 
relativistic frequency shift, 1144-1145 
resonance, 511 
simple harmonic motion, 461 
symbol/equivalent/expression for, 12t 
Frequency filters, 972-974 
Friction force, 102f, 118-126 
air resistance, 121-122 
applications of, 123-126 
characteristics of, 118 
defined, 102 
dissipation of mechanical energy into internal 
excitation energy, 173, 186-187 
kinetic, 118 
lubricants and auto racing engines, 123 
as nonconservative force, 172-173, 186-187 
pulling sled, 124-126 


realistic snowboarding, 120-121 
sky diving, 122 
static, 118-120 
tires for race cars, 118, 123 
tribology, 123 
two blocks connected by rope, 123-124 
in viscous media, 122 
Friction force microscopes, 123 
Friederich, Walter, 1121 
Fringe field, 775 
f-stops, 1074 
Fuller, Buckminster, 419 
Fullerenes, 419, 419f 
Fullwave rectifier, 981 
Fundamental forces of nature 
defined, 102 
gravity as, 102 
history of unification of, 684-685, 685f, 1305, 
1315-1316 
Fundamental frequency, 511 
Fusion, National Ignition Facility (NIF), 
786-787, 787£ 


G 


Galilean transformation, 85, 1146 
Galileo, 108 
Galileo Galilei, 324, 395 
Gamma decay, 1339 
Gamma-knife setup, 1359, 1359f 
Gamma-ray microscope, 1189-1190 
Gamma rays, 1002, 1135, 1339 
Gamov, George, 573, 1316 
Gas centrifuge, 288 
Gases. See also Ideal gases 
Avogadro's law, 617 
barometric altitude relation for, 427-428 
barometric pressure formula, 427 
Boyle’s law, 616 
characteristics of, 420, 615-616 
Charles’s law, 616 
defined, 420, 615 
diatomic, 627 
of Earth’s atmosphere, 623, 623t 
entropy increase during free expansion of gas, 
671-672 
equipartition theorem, 623-626 
gauge pressure and barometers, 426-427 
Gay-Lussac’s law, 617 
hot-air balloon, 432 
latent heat and phase transitions, 592-596 
manometer, 427 
Maxwell kinetic energy distribution, 636-637 
Maxwell speed distribution, 634-636 
mean free path, 638-640 
monatomic, 626 
partial pressure, 622 
Pascal’s Principle, 428-429 
polyatomic, 627 


pressure-depth relationship, 425-426 
speed of sound in, 526-528, 528t 
universal gas constant, 617 
Gas molecule, 615 
Gasoline 
thermal expansion of, 570-571 
volume expansion coefficient, 569t 
Gauge pressure, 426 
Gauss, 869 
Gaussian surface, 727 
Gaussian wave packets, 508-509, 509f 
Gauss’s Law, 389, 726-735 
Coulomb’s Law and, 727-728 
cylindrical capacitor and, 779 
cylindrical symmetry, 729-730 
defined, 727 
for electric fields, 996t, 997 
for magnetic fields, 928, 996t, 997-998 
nonuniform spherical charge distribution, 
732-734 
parallel plate capacitor and, 777-778 
planar symmetry and, 730-731 
shielding and, 728-729 
spherical capacitor and, 779-780 
spherical symmetry and, 731-732 
Gay-Lussac, Joseph Louis, 617 
Gay-Lussac’s law, 617 
Ideal Gas law and, 619, 619f 
Geiger, Hans, 1255, 1292 
Gell-Mann, Murray, 1297, 1298 
Gels, 421 
Gemini, force of gravity due to, 386-387 
General relativity 
black holes and, 1159-1160 
Equivalence Principle, 1160 
gravitational waves, 1160 
light and, 1158-1159 
overview of, 1158-1159 
Generators 
electric, 937-938 
simple alternating-current, 937-938 
simple direct-current, 937-938 
Van de Graaff generator, 751-752 
GEO-600, 515 
Geometric optics, 1026-1051 
apparent depth and, 1043-1044 
chromatic dispersion, 1050-1051 
curved mirrors, 1033-1041 
defined, 1026 
Fermat’s Principle and, 1043 
light rays and shadows, 1026-1029 
mirages, 1049-1050 
optical fibers, 1047-1049 
rainbows, 1025f, 1026, 1050-1051, 1051f 
reflection and plane mirrors, 1029-1033 
refraction and Snell’s law, 1041-1051 
spherical aberration, 1039-1040 
total internal reflection, 1046 
Geostationary satellites, 400, 402-403 
Geosynchronous satellite, 403 


Gerlach, Walter, 1191-1192 
Germer, Lester H., 1187 
g-factor, 910 
Giant magnetoresistance (GMR), 948 
Glacial period, 572 
Glashow, Sheldon, 1298, 1302 
Glashow-Weinberg-Salam theory, 1306 
Glass 
index of refraction, 1042t 
linear expansion coefficient, 564t 
specific heat of, 590t 
states of matter and, 420-421 
Global Positioning System (GPS) 
atomics clocks and, 14 
relativity and, 1160-1161 
Global warming, 571-572, 603-605 
greenhouse effect, 604 
thermal energy transfer and, 603-604 
Gluons, 687-688, 1172, 1302 
Gold 
linear expansion coefficient, 564t 
resistivity and temperature coefficient of, 812t 
work function of, 1179t 
Golf 
average force on golf ball, 215 
backspin, 438 
heat on golf course, 621-622 
Gradient, 759 
Grand Coulee Dam, 142f, 925f 
Grand unified theories, 1306 
Granular medium, 420 
Graphite 
characteristics of, 419 
magnetic susceptibility, 911t 
Gravitation, 381-407 
Coulomb’s Law and Newtons Law of, 699 
dark matter and, 405-407 
gravitational tear from black hole, 389 
influence of celestial objects, 386-387 
inside Earth, 389-391 
Kepler’s laws and planetary motion, 395-400 
near surface of Earth, 387-388 
Newton's law of, 382-387 
overview of, 382 
satellite orbits, 400-405 
superposition of gravitational forces, 383-385 
universal gravitational constant, 383 
Gravitational acceleration 
ball thrown straight up, 52-53 
defined, 51 
melon drop and shooting arrow, 54-55 
overview, 51-52 
reaction time test, 53 
Gravitational acceleration constant, 103, 382-383 
Gravitational force 
as conservative force, 172 
defined, 102 
from sphere, 384-385 
spring constant of, 391 
superposition of, 383-385 
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weight and, 103-104 
work done by, 149-150 
work-kinetic energy theorem and, 149-150 
Gravitational force vector, 103-104, 103f 
Gravitational lensing, 405-406 
Gravitational mass, 104 
Gravitational potential energy 
asteroid impact, 394-395, 395f 
bungee jumper, 184 
escape speed, 392-394 
formula for, 174, 392 
overview of, 169-170, 391-392 
Gravitational waves, 493, 514-515, 1160 
Graviton, 1302-1303 
Gravity. See also Gravitation 
center of, 248 
history of unification of fundamental forces, 
684-685, 685f, 1305, 1315-1316 
Newton's law of, 382-387 
Gray, 12t 
Green, Michael, 1308 
Greenhouse effect, 604 
Ground, 690 
Grounding, 690 
Grinberg, Peter, 948 
Guitars, wave on a string, 500 
Gulf Stream, 600-602 
Guth, Alan, 1317 
Gyroscopes, 338, 338f 


H 


Hadrons, 1297, 1309 
Hagen, Gotthilf Heinrich Ludwig, 442 
Hagen-Poiseuille Law, 442 
Hahn, Otto, 1350 
Hale-Bopp comet, 992f, 993 
Half-life, 1334 
Half-sphere, center of mass for, 
263-264 
Halfwave rectifier, 981 
Hall effect, 881-883 
Hall potential difference, 882 
Hamiltonian operator, 1234 
Hammer throw, 295-296, 296f 
Hans, J., 1350 
Harmonic, 511 
Harmonic motion 
damped, 470-477 
forced, 477-479 
resonance and, 477-479 
Harmonic oscillations 
clocks and, 445f, 456 
energy, 466-469 
mass on spring, 467-468 
phase space, 479-480 
simple harmonic motion, 456-464 
speed on trapeze, 469 
work and, 466-469 
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Harmonic oscillators 
classic, 1225-1226 
quantum, 1226-1228 
uncertainty relationship for oscillator wave 
function, 1231 
HDTV transmitters, 1003 
Head-on collision, 221 
Hearing, limits of human, 532 
Heat. See also Thermal energy transfer 
defined, 557, 582-583 
energy content of candy bar, 584 
on golf course, 621-622 
latent heat and phase transitions, 
592-596 
measuring temperature and, 558, 563 
mechanical equivalent of, 583-584 
specific, 589-592 
units of measurement for, 583-584 
work and, 584-586 
Heat capacity, 589 
Heat death, 672 
Heat engines 
defined, 652 
overview of, 652-654 
Second Law of Thermodynamics and, 664, 
664f, 665f 
Heat pump, 653-654 
Hectares, 13-14 
Heisenberg, Werner, 1189 
Heliocentric model, 395 
Helium, 418 
electrostatic force inside atom, 692-693 
as gas in Earth’s atmosphere, 623t 
helium-neon gas laser, 1276-1277 
index of refraction, 1042t 
ionization energy of, 1272, 1274 
molar specific heat of, 627t 
speed of sound in, 528t 
Helium-neon gas laser, 1276-1277 
Helmholtz coil, 904-905, 905f 
Henry, 12t, 939 
Henry, Joseph, 926, 939 
Herman, Robert, 1316 
Hertz, 12t, 284, 996 
Hertz, Heinrich Rudolf, 284, 996, 1004, 1177 
Higgs, Peter, 105, 1302 
Higgs boson, 1302 
Higgsinos, 1308 
Higgs particle, 105 
High-pass filter, 972 
High-Tc superconductors, 689-690 
High-voltage direct current (HVDC) 
transmission lines, 826 
Hofstadter, Robert, 1297 
Hooke, Robert, 154 
Hooke’s Law, 154 
Hoover Dam, 105, 105f, 421f 
Horsepower, 158 
Horseshoe Falls, 168f, 169 
Hot-air balloon, 432 


Houses 
cost of warming house in winter, 596-599 


radiant barriers in house insulation, 602, 602f 


roof insulation, 596 
Hubble, Edwin, 1081 


Hubble Space Telescope, 1081-1082, 1081f, 1286 


gravitational lensing and, 1159, 1159f 
gyroscopes, 338 
Rayleigh’s Criterion for, 1114 
Human body 
body temperature, 561 
brain probe and resistance, 819-821 
defibrillator and, 787-788, 787f 
Doppler ultrasound measurement of blood 
flow, 539-540 
electric fields and physiology of, 725 
electric potential and, 745f, 746 
eyes and lenses, 1071-1072 
frequency of human voice, 543 
iontophoresis, 807-808 
length scale for, 15 
life expectancy, 16 
limits of human hearing, 532 
mass of single cell, 16 
near point of eyes, 1067, 1067f 
neurons as RC circuit, 854 
number of atoms in, 9 
pacemaker and circuit elements, 851-854 
resistance of, 817 
weight, 104 
Human cannonball, 181-183 
Huygens, Christiaan, 1098 
Huygens construction, 1098, 1098f 
Huygens’s Principle, 1098 
diffraction and, 1109-1110 
Snell's Law and, 1098-1099 
Hybrid cars, 662-663, 938 
Hydraulic lift, 429, 429f 
Hydrodynamic modeling, 444-445, 445f 
Hydroelectric dams, 169, 170 
Hydroelectric power, 169 
Hydrogen 
Bohr model of hydrogen atom, 1256-1258 
characteristics of, 418-419 
energy-level diagram, 1258 
ionization energy, 1271-1272 
isotopes, 1327 
magnetic susceptibility, 911t 
Maxwell speed distribution for, 635, 635f 
molar specific heat of, 627t 
orbital magnetic moment of, 909-910 
speed of sound in, 528t 
wave function, 1236 
Hydrogen bomb, 1356 
Hydrogen electron wave function, 
1258-1270 
angular momentum, 1261-1262 
full solution for, 1262-1270 
normalization of, 1260 
shells, 1265 


spherical harmonics, 1266-1267 
spherically symmetric solutions, 1259-1260 


Hyperopia, 1072 


Hypodermic needle, 442 
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Ice 


index of refraction, 1042t 
specific heat of, 590t 
warming to water, 594-595 


Iceberg, floating, 431 


Ideal engines 


Carnot engine, 654-657 
defined, 654 


Ideal gases, 617-623 


adiabatic processes for, 630-634 

cooling a balloon, 620 

Dalton’s law, 622-623 

equipartition theorem, 623-626 

gas in cylinder, 619-620 

heat on golf course, 621-622 

kinetic theory of, 623-624 

Maxwell kinetic energy distribution, 636-637 

Maxwell speed distribution, 634-636 

specific heat of, 626-630 

work done by ideal gas at constant 
temperature, 622 


Ideal gas law 


Boltzmann constant and, 619 
defined, 617 

derivation of, 618 

universal gas constant, 617 


Ideal projectile motion, 74-78 


defined, 74-78 

equations for x- and y-components of, 75 
shape of projectile’s trajectory, 76-77 
shoot the monkey, 75-76, 75f 

time dependence of velocity vector, 77-78 


Iliopoulos, John, 1298 
Image 


defined, 1030 
real, 1030 
virtual, 1030 


Image formation 


by concave mirror, 1033-1036 
converging lens and, 1062-1063, 1063f 
by convex mirror, 1037-1038 
diverging lens and, 1064-1065, 1064f 
by plane mirror, 1030-1033 

by thin lens, 1066 

of two-lens system, 1069-1071 


Impedance, 969 


Impedance matching, 981 


Impulse 


baseball home run, 209 

defined, 208 

momentum and, 208-210 

seat belts/air bags and, 210, 210f 


Inclined-plane problems 
ball rolling through loop, 324-326 
race down incline, 324 
snowboarding, 113-115 
sphere rolling down, 322-323 
Incoherent light, 1100 
Incompressible flow, 434 
Index of refraction, 1041-1042, 1042t 
Indifferent stable, 367 
Induced charge, 690 
Inductance 
defined, 939 
mutual induction, 940-943 
self-inductance, 940-941 
of solenoid, 939-940 
symbol/equivalent/expression for, 12t 
unknown, in series RLC circuit, 977-979 
Induction, charging by, 692 
Inductive reactance, 968 
Inductor, 940 
driven AC circuits, 967-968 
in LC circuit, 960-963 
RLC circuit, 964-965 
RL circuits, 943-946 
in series RLC circuit, 968-972 
Inelastic collisions 
ballistic pendulum, 221-222 
coefficient of restitution, 227-228 
explosions, 224-225 
head-on collision, 221 
overview of, 220 
partially, 227-228 
totally, 210, 220-227 
Inertia, law of, 108 
Inertial mass, 104 
Inertial reference frame, 1134 
Infinite potential well, 1211-1217 
energy of particle in, 1214-1215 
multidimensional, 1215-1217 
overview of, 1211-1213 
particle in rigid box, 1215 
principal quantum number, 1213 
separable, 1216 
Inflation, 1316-1318 
Infrared waves, 1001, 1001f 
Instantaneous acceleration, 43 
Instantaneous velocity, 40 
Insulation 
radiant barriers in house insulation, 602, 602f 
roof, 596 
thermal, 599 
Insulators 
characteristics of, 689 
defined, 688 
examples of, 689 
Intake stroke, 658, 658f 
Interference 
constructive, 509, 533, 533f, 1100 
defined, 1100 
destructive, 509, 533, 533f, 1100 


double-slit interference, 1101-1104 
interferometer, 1107-1109 
Newton's rings, 1106-1107 
sound waves and, 533-535, 533f 
thin-film interference, 1104-1106 
of waves, 509-510, 509f, 510f 
Interferometer, 1107-1109, 1108f, 1134 
Interglacial periods, 572 
Internal combustion engine, 652 
diesel, 662 
efficiency of gasoline-powered, 660-662 
Otto cycle, 658-660 
International nuclear fusion reactor facility 
(ITER), 142 
International Space Station (ISS), 246f, 247 
International system of units. See SI unit system 
Interstate 35W bridge, 366, 366f 
Intrinsic semiconductors, 689 
Invariants, under Lorentz transformation, 
1147-1148 
Ionic bonding, 1236 
Ionization, 1271 
Ionization energy, 1271-1272 
Iontophoresis, 807-808 
Iron 
resistivity and temperature coefficient of, 812t 
work function of, 1179t 
Irreversible processes 
entropy and, 667 
thermodynamic processes as, 650-651 
Irrotational flow, 434 
Isobaric process, 589 
Isochoric process, 588 
Isolated system, 178 
defined, 177 
total energy and, 187 
Isotherm, 589 
Isothermal process 
Carnot engine and, 654 
defined, 589 
entropy change, 668 
Itaipú Dam, 142f, 826 
ITER fusion reactor, 562-563, 563f, 1357, 1357f 


J 


James Webb space Telescope, 1082, 1082f 
Jeans, James, 1173 
Jensen, D., 1350 
Jet engine, 652, 652f 
Joule, 12t 
defined, 143, 583 
examples of objects with various energies, 
143, 143f 
Joule, James Prescott, 583 
Junction, circuits, 839 
Jupiter 
orbit and relative size of, 385f 
physical data for, 386t 
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K 


Kaon, 1154-1155 
Kapton, 1009 
Katal, 12t 
Keck Observatory, 1251f 
Kelvin-Planck statement of the Second Law of 
Thermodynamics, 664 
Kelvin temperature scale, 558, 559 
Kepler, Johannes, 395 
Kepler's laws of planetary motion, 395-400 
black hole in center of Milky Way, 399 
ellipses, 396 
first law: orbits, 396 
orbital period of Sedna, 398 
overview, 395 
second law: areas, 396 
second law: conservation of angular 
momentum, 400 
third law: periods, 397 
Ketterle, Wolfgang, 594, 1198 
Kilocalorie, 583 
Kilograms 
abbreviation for, 11t 
conversion to pounds, 104 
defined, 11, 14 
Kilowatt-hour, 158 
Kinematics, 36 
Kinetic energy 
average, of air molecultes, 626 
catapult, 178-180 
characteristics of, 143 
collisions and, 212, 216, 222-223 
conservation of mechanical energy and, 
177-181 
decay of radon, 225-226 
defined, 143 
energy gain of proton, 748-749 
examples of objects with various energies, 
143, 143f 
falling vase, 144-145 
lost in totally inelastic collision, 222-223 
Maxwell kinetic energy distribution, 636-637 
momentum and, 208 
object in rolling motion, 322 
of particle, 1186 
relativistic, 1152 
of rotation, 313-314 
rotational kinetic energy of Earth, 320 
wave functions and, 1210, 1229-1231 
work and, 145-146 
work-kinetic energy theorem, 149 
Kinetic friction 
coefficient of, 118, 119t 
defined, 118 
overview of, 118 
snowboarder with friction, 120-121 
Kinetic theory of ideal gas 
average kinetic energy of air molecules, 626 
defined, 623-624 
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equipartition theorem, 624-626 
Maxwell speed distribution, 634-636 
Kirchhoff’s Junction Rule, 839-840 
general observations on circuit networks, 846 
multiloop circuits and, 843-846 
Kirchhoff’s Loop Rule, 840-842 
general observations on circuit networks, 846 
multiloop circuits and, 843-846 
RL circuits and, 943 
Knipping, Paul, 1121 
Kroto, Harold, 419 
Krypton 
as gas in Earth’s atmosphere, 623t 
molar specific heat of, 627t 
speed of sound in, 528t 
Kuiper Belt, 385, 385f, 386, 400 
Kyoto Protocol, 604 


L 


Ladder, person standing on, as static equilibrium 
problem, 364-366 
Laminar flow 
defined, 434 
streamlines as, 434, 434f 
Laplace, Marquis Pierre-Simon, 229 
Laplace’s Demon, 229 
Large Hadron Collider, 563, 1289, 1318 
Laser cooling, 562, 562f 
population inversion, 1278 
Laser fusion, 1357, 1357f 
Laser pointer, 1007-1008 
Laser printers, 698 
Lasers 
applications for, 1276 
as coherent light, 1100 
helium-neon gas laser, 1276-1277 
National Ignition Facility (NIF), 
786-787, 787£ 
number of photons in pulsed ruby laser, 
1278-1279 
origin of word, 1276 
overview of, 1252, 1276-1277 
photons from laser pointer, 1181 
research with, 1279-1280 
stimulated emission, 1276-1277 
Laser tweezers, 1083-1084 
LASIK surgery, 1073-1074 
Latent heat of fusion, 592, 593t 
Latent heat of vaporization, 592, 593t 
Lattice QCD, 1313-1314 
Law of Malus, 1011 
Lawrence, Ernest, 1297 
Lawrence Livermore National Laboratory, 1279 
LC circuits 
analysis of, 961-963 
characteristics of, 963-964 
defined, 959 
overview of, 960-961 


LCD screen, 1013 
Lead 
linear expansion coefficient, 564t 
magnetic susceptibility, 911t 
resistivity and temperature coefficient of, 812t 
specific heat of, 590t 
speed of sound in, 528t 
work function of, 1179t 
Lederman, Leon, 1298 
Leibniz, Gottfried, 106 
Length contraction, 1140-1141 
Length scales, 14-15 
Lennard-Jones potential, 175-177 
Lenses 
camera and, 1074-1077 
contact lenses, 1073 
converging, 1062-1063 
corrective, 1072-1073 
diverging, 1064-1065 
formation of, 1062 
Lens-Maker’s Formula, 1059-1061 
magnifier, 1067, 1067f 
microscope, 1077-1078 
near point, 1067, 1067f 
objective, 1077 
overview of, 1059, 1062, 1062f 
systems of two or more lenses, 1068-1071 
telescopes and, 1078-1083 
thin, 1059, 1066 
thin-film interference and coating of, 1106 
Thin-Lens Equation, 1061-1062 
zoom, 1069 
Lens-Maker’s Formula, 1059-1061 
Lenz’s Law, 932-933 
eddy currents and, 933-934 
self-inductance, 940 
Leptons, 1297 
total lepton number, 1298-1299 
weak interaction, 1301 
Lévy, J.-M., 1146 
Lewis, Carl, 44-45 
Lewis, Gilbert, 1177 
Liberty Leading the People (Delacroix), 229, 229f 
Life expectancy, human, 16 
Lifting object. See also Ropes and pulleys 
weightlifting, 150-151 
Light. See also Light waves 
apparent depth and, 1043-1044 
chromatic dispersion, 1050-1051 
coherent, 1100 
curved mirrors and, 1033-1041 
displacement of light rays in transparent 
material, 1044-1046 
as electromagnetic wave, 493 
as electromagnetic waves, 993 
Fermat’s Principle, 1043 
general relativity and, 1158-1159 
incoherent, 1100 
lightening and speed of, 527, 527f 
light rays and shadows, 1026-1029 


light wave, 1026-1028, 1097-1100 
mirages, 1049-1050 
optical fibers, 1047-1049 
polarization, 1010-1013, 1051 
rainbow, 1050-1051, 1051f 
reflection and plane mirrors, 1029-1033 
refraction, 1041-1051 
Snell’s Law, 1042-1043 
speed of, 526, 1000, 1134, 1135 
total internal reflection, 1046 
unpolarized, 1010 
visible, 1001, 1001f 
wave-particle duality light, 1179-1180 
white, 1050 
Light bulb, temperature dependence of light 
bulb’s resistance, 826-827 
Light cone, 1136-1137 
Light-emitting diode (LED), 827, 827f 
Lightening rods, 734-735 
Lightning, 684 
sharp points and lighting rods, 734-735 
speed of sound and, 527, 527f 
Light rays, 1026-1027 
Light waves 
coherent light, 1100 
constructive interference, 1100-1101 
destructive interference, 1100-1101 
diffraction, 1109-1110 
diffraction by circular opening, 1113-1114 
diffraction gratings, 1115-1120 
double-slit diffraction, 1114-1115 
double-slit interference, 1101-1104 
Huygens’s Principle, 1098 
incoherent light, 1100 
interferometer, 1107-1109 
Newton's rings, 1106-1107 
overview of, 1097-1098 
single-slit diffraction, 1110-1113 
thin-film interference, 1104-1106 
LIGO (Laser Interferometer Gravitational- Wave 
Observatory), 514, 514f, 1160, 1303 
Linear expansion, thermal expansion, 
564-565 
Linear expansion coefficient, 564-565, 564t 
Linear momentum. See Momentum 
Linear velocity 
relationship to angular velocity, 284-285, 
293-294 
revolution and rotation of Earth, 285-286 
rolling motion and, 323-324 
Line spectra, 1255 
Liquid-drop model, 1346-1347 
Liquids 
characteristics of, 420 
defined, 420 
latent heat and phase transitions, 592-596 
pressure-depth relationship, 425-426 
speed of sound in, 526-528, 528t 
LISA (Laser Interferometer Space Antenna), 
515, 1160 


Lithium 
ionization energy, 1272 
magnetic susceptibility, 911t 
Lithium ion battery, 749-750 
Litvinov, Sergey, 295 
Lodestones, 684 
Longitudinal coding, 947-948 
Longitudinal waves, 495, 495f 
Loops 
defined, 840 
multiloop circuits, 843-846 
single-loop circuits, 842-843 
Lorentz, Hendrik, 1134, 1146 
Lorentz transformation, 1145-1148 
for energy and momentum, 1155-1156 
invariants and, 1147-1148 
two-body collisions, 1156 
Loudspeaker, force on voice coil of, 879 
Low-pass filter, 972 
Lubricants 
auto racing and, 123 
buckyballs, 123 
Lumen, 12t 
Luminiferous aether, 1133 
Lux, 12t 


M 


Mach angle, 541 
Mach cone, 541, 542 
Mackinac Bridge, thermal expansion of, 
564-565, 564f 
Magic numbers, 1350 
Maglev trains, 877-878, 878f 
Magnetic declination, 867, 867f 
Magnetic dipole moment, 881 
ferromagnetism and, 912 
of orbiting electron, 909 
Magnetic field. See also Electromagnetic 
induction 
Ampere’s law, 903-904 
Biot-Savart Law and, 893-894 
compared to electric field, 866 
crossed fields, 876, 876f 
from current distribution, 894-903 
cyclotron and, 874-875 
defined, 866 
direction of, 866 
displacement current, 994-995 
due to current-carrying wire loop, 900-902 
of Earth, 866-868, 867f, 869f, 873-874 
electromagnetic rail accelerator, 898-900 
energy of, 946 
Gauss’s Law for, 928, 996t, 997-998 
Hall effect and, 881-883 
Helmholtz coil, 904-905, 905f 
induced, 993-994 
inside long, straight wire, 904 
from long, straight wire, 894-895 


magnetic levitation and, 877-878, 878f 
mass spectrometer, 875 
Maxwell-Ampere Law, 994 
motion of charged particles in, 871-878 
paths of moving charged particles in constant, 
871-872 
right-hand rule 1, 894, 894f 
right-hand rule 3, 895 
solar wind and Earth’s, 872-873 
of solenoids, 905-907 
from sunlight, 1006 
superposition of, 868 
symbol/equivalent/expression for, 12t 
time projection chamber and, 872 
of toroidal magnet, 907-908 
from two, parallel wires, 896 
units of strength of, 869 
velocity selector, 876-877 
wave equation for, 1014 
Magnetic field lines 
from coaxial wire loops, 905, 905f 
defined, 866 
Helmholtz coil, 905, 905f 
of Sun, 864f, 865 
Magnetic field strength, 911 
Magnetic flux 
defined, 928 
Faraday’s law and, 929 
inductance of solenoid and, 939 
Lenz’s Law and, 933-934 
symbol/equivalent/expression for, 12t 
unit of, 929 
Magnetic force 
cathode ray tube and, 869-870 
on current-carrying wire, 878-879 
defined, 868 
magnitude of, 868 
right-hand rule 1, 868, 868f, 878, 878f 
right-hand rule 2, 880, 880f 
torque on current-carrying loop, 880 
on voice coil of loudspeaker, 879 
on wire loop, 897-898 
work and, 868-869 
Magnetic levitation, 877-878, 878f 
Magnetic material 
defined, 909 
diamagnetism, 912 
ferromagnetism, 912-913 
magnetic susceptibility, 911, 911t 
paramagnetism, 912 
Magnetic moment, 1192 
Magnetic monopoles, 865, 928, 996 
Magnetic permeability of free space, 894, 897, 940 
Magnetic quantum number, 1268 
Magnetic resonance imagers (MRI), 815, 913, 
1359-1360 
Magnetic susceptibility, 911, 911t 
Magnetism. See also Electromagnetic induction 
diamagnetism, 912 
electromagentism, 684-685 
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ferromagnetism, 912-913 
history of unification of fundamental forces, 
684-685, 685f 
north and south magnetic poles, 865 
paramagnetism, 912 
permanent magnets, 865-868 
relative magnetic permeability, 912 
superconductivity and, 913-914 
Magnetization 
defined, 910-911 
magnetic susceptibility, 911, 911t 
Magnets 
atoms as, 909-910 
electromagnets, 893 
permanent, 865-868 
toroidal, 907 
Magnification 
angular, 1067 
of concave mirror, 1036 
of microscope, 1078 
of refracting telescope, 1080 
Magnifier, 1067, 1067f 
Magnus effect, 438 
Maiani, Luciano, 1298 
Maldecena, Juan, 1308 
Manometer, 427, 427f 
Mantissa 
defined, 9 
significant figures and, 10 
Marconi, Guglielmo, 1004 
Marginally stable, 367 
Mariotte, Edme, 616 
Mariotte’s law, 616 
Mars 
force of gravity due to, 386-387 
orbit and relative size of, 385f 
physical data for, 386t 
rocket launch to, 257-258 
Mars Climate Orbiter spacecraft, 13 
Marsden, Ernest, 1255, 1292 
Mass 
critical, 1353 
defined, 104 
gravitational, 104 
Higgs particle and, 105 
inertial, 104 
range of mass scales, 15-16 
reduced, 1255 
rest, 1151 
units for, 104 
vs. weight, 104 
Mass density, 12 
Mass number, 1327, 1347 
Mass scales, 15-16 
Mass spectrometer, 875 
Mather, John, 573, 1316 
Matter, states of, 420-421 
Matter waves, 1185-1188 
de Broglie wavelength and, 1185-1186 
double-slit experiment for, 1186-1188 
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Maxwell, James Clerk, 993 
Maxwell-Ampere Law, 994, 996t, 999 
Maxwell-Boltzmann distribution, 1193-1197 
Maxwell/Boltzmann kinetic energy 
distribution, 636 
Maxwell/Boltzmann speed distribution, 634 
Maxwell kinetic energy distribution, 636-637 
Maxwellľ’s equations 
defined, 996 
derivation of, 1014 
Faraday’s law of induction, 996t, 998-999 
Gauss’s law for electric fields, 996t, 997 
Gauss’s law for magnetic fields, 996t, 997-998 
Maxwell-Ampere Law, 996t, 999 
summary of, 996t 
Maxwell's Law of Induction, 993 
Maxwell speed distribution, 634-636 
nuclear fusion of Sun and, 638 
Mayer, Maria Goeppert, 1350 
Mean free path, 638-640 
Mean lifetime, 1334-1335 
Mechanical energy, 177-181 
catapult, 178-180 
defined, 177 
human cannonball, 181-183 
law of conservation, 177-181 
spring force, 181 
Mechanics, 36 
Mega-ton, 144 
Meissner effect, 914, 914f 
Melting point, 592-593, 593t 
Mendeleev, Dimitri, 1288 
Mercury 
magnetic susceptibility, 911t 
orbit and relative size of, 385f 
physical data for, 386t 
resistivity and temperature coefficient of, 812t 
volume expansion coefficient, 569t 
work function of, 1179t 
Mesons, 1297, 1309-1312 
defined, 1309 
lifetime for, 1311 
list of, 1310t 
Metal detector, 934-935 
Metastable states, 1278 
Methane 
as gas in Earth’s atmosphere, 623t 
molar specific heat of, 627t 
Metrology, 14 
Michelson, Albert, 1107, 1134 
Microchannel plates, 1171 
Microscope 
atomic and friction force, 123 
gamma-ray, 1189-1190 
magnification of, 1078 
parts of, 1077-1078, 1078f 
scanning tunneling microscope, 1224-1225 
Microscopic states 
defined, 670 
entropy and, 669-672 


Microwave oven, 725 
Microwaves, 1001-1002 
Milankovitch Hypothesis, 572 
Milky Way, 382, 382f 
black hole in center of, 382, 399 
mass of, 16 
Milliampere-hour (mAh), 816 
Millikan, Robert A., 687, 1177 
Mirages, 1049-1050 
Mirror image, 1031 
Mirrors 
concave, 1033-1036 
converging, 1033-1035, 1038 
convex, 1037-1038 
curved, 1033-1041 
full-length, 1032-1033 
law of reflection, 1030 
magnification, 1036 
omnidirectional dielectric mirror, 1029 
optic axis, 1031 
parabolic, 1040-1041 
perfect, 1029 
plane, 1029-1033, 1030-1033 
reflecting telescopes and, 1080-1081 
MKSA system, 11, 686 
Modern physics, 1097 
Modulus of elasticity, 421 
Moe, Michael, 1340 
Molar mass, 420 
Molar specific heat, 590 
Mole 
abbreviation for, 11t 
defined, 616 
overview of, 617 
Molecules, Lennard-Jones potential, 175-177 
Mole fraction, 623 
Moment, 327 
Moment arm, 327 
Moment of inertia, 314-320 
constants for various objects, 319-320 
cylinders, 315-316, 319-320 
defined, 314 
mass of object, 319 
for object with constant mass density, 315 
parallel-axis theorem, 320-321 
for rectangular block, 317, 319-320 
for sphere, 317-320 
for wheel, 316-317 
Momentum, 206-211 
angular (See Angular momentum) 
center-of-mass, 251-256 
conservation of, 210-211, 217 
defined, 206 
elastic collisions in one dimension, 212-215 
elastic collisions in two/three dimensions, 
216-220 
electromagnetic waves and, 1006-1007 
force and, 207 
impulse and, 208-210 
kinetic energy and, 208 


Lorentz transformation for, 1155-1156 
operator, 1210 
overview of, 206-207 
partially inelastic collisions, 227-228 
of photon, 1179 
quantization of orbital angular momentum, 
1256-1257 
relativistic, 1151-1157 
rocket motion, 256-257 
seat belts/air bags and, 210 
totally inelastic collisions, 220-227 
of various object, 207t 
wave functions and, 1209-1210, 1229 
Monatomic gases, 626 
Moon, 381f 
center of mass for Earth-Moon system, 248-249 
force of gravity due to, 386-387 
tunnel through, 461-462 
Moore, Gordon, 689 
Moore's Law, 689 
Morley, Edward, 1134 
Moseley, Henry, 1275-1276 
Motion. See also Projectile motion 
pendulum, 464-466 
periodic, 456 
relative motion, 84-88 
simple harmonic, 456-464 
Motional emf, 929 
Motors, electric, 937-938 
Mount Everest, air pressure at, 428 
Moving walkway, 85, 85f 
Multidimensional surfaces, stability and, 367 
Multiloop circuits, 843-846 
Muons, 688, 1297, 1309 
decay of, 1138-1140, 1314-1315 
Music 
guitars and wave on a string, 500 
half-open and open pipes, 543-544 
pipe organ, 544-545, 544f 
resonance and, 542-544 
tones, 542-543 
Musical tones, 542-543 
Mutual induction, 940-943 
defined, 940 
overview of, 940-941 
of solenoid and coil, 942-943 
Myopia, 1072 


N 


Nanotechnology, 419 
NASCAR racing, 298-300 
length contraction of NASCAR race car, 1141 
National Ignition Facility (NIF), 142, 786-787, 
787£, 1279-1280, 1279f, 1357, 1357£ 
National Institute of Standards and Technology 
(NIST) 
research by, 14 
role of, 14 


National Synchrotron Light Source, 1122 
Near point, 1067, 1067f, 1071-1072 
Negative charge, 685 
Neon 
as gas in Earth’s atmosphere, 623t 
helium-neon gas laser, 1276-1277 
molar specific heat of, 627t 
Neptune 
orbit and relative size of, 385f 
physical data for, 386t 
Net charge, 688 
Net force 
defined, 105 
Newton's first law and, 107-108 
normal force and, 105-106 
static equilibrium and, 355 
Net quark number, 1299 
Net torque 
defined, 328 
static equilibrium and, 355 
Neutral equilibrium, 367 
Neutralinos, 1308 
Neutrino, 1299, 1300 
Neutrons, 1172, 1302 
charged particles of, 687-688, 688f 
discovery of, 1297 
isotopes and, 1326-1327 
mass-energy equivalent for, 1330 
mass for, 1330 
spin, 910 
tunneling, 1224 
Neutron stars, 339-340 
Newton, 12t, 104 
Newton, Isaac, 101, 102, 104, 106 
Newtons first law 
defined, 107 
dynamic equilibrium, 107 
kinetic friction, 118 
as law of inertia, 108 
overview of, 107-108 
of rotation, 329 
static equilibrium, 107 
tug-of-war competition and, 110 
two books on table, 113 
Newton's law of gravity, 382-387 
Coulomb's Law and, 699 
general relativity and, 1158 
gravitation inside Earth, 390-391 
influence of celestial objects, 386-387 


superposition of gravitational forces, 383-385 


universal gravitational constant, 383 
Newton's rings, 1106-1107 
Newton’s second law 
center of mass, 251 
collision of two vehicles, 117 
conical pendulum and, 291 
defined, 107 
equipartition theorem and, 625 
momentum and, 207 
overview of, 108 


for rotation, 328-329 
simple harmonic motion and, 457 
snowboarding, 113-115, 120 


two blocks connected by rope, 116, 123-124 


work-kinetic energy theorem and, 149 
Newton's third law 
airplane lift and, 437 
Atwood machine, 116-117 
center of mass, 252 
collision of two vehicles, 117, 211, 220, 221 
curveball in baseball and, 438 
defined, 107 
equipartition theorem and, 625 
overview of, 108-109 
recoil, 253 
tug-of-war competition, 109-110 
two books on table, 113 
Niagara Falls, 168f, 169 
Nichrome, 812, 815 
Nighttime illumination, 140f, 141 
Night-vision devices, 1170f, 1171, 
1180-1181, 1180f 
Nitrogen 
as gas in Earth’s atmosphere, 623t 
Maxwell speed distribution for, 635, 635f 
molar specific heat of, 627t 
Noble gas, 1272 
Nonconservative force, 171-173 
air resistance as, 173 
damping force as, 173 
defined, 171 
friction force as, 172-173, 186-187 
work-energy theorem and, 186-189 
Nonlinear dynamics, 480 
Non-ohmic resistors, 816-817 
Nonpolar dielectrics, 792 
Nonviscous fluid, 434 
Normal force 
collisions with walls, 216 
defined, 101-102, 105-106, 106f 
North magnetic pole, 865 
magnetic declination and, 867, 867f 
n-type semiconductor, 689 
Nuclear astrophysics, 1358-1359 
Nuclear decay, 1334-1345 
alpha decay, 1335-1336 
beta decay, 1337-1339 
carbon dating, 1341-1343 
exponential decay law, 1334-1335 
gamma decay, 1339 
other decays, 1339-1341 
radiation exposure, 1344-1345 
Roentgenium decay, 1336-1337 
units of radioactivity, 1343-1344 
Nuclear fission, 142, 1155, 1351-1354 
chain reaction, 1353 
critical mass and, 1353 
defined, 1351 
deformation parameter, 1352 
energy yield, 1354 


Index I-17 


nuclear power, 1353 
nuclear weapons, 1353 
overview of, 1351-1352 
Nuclear fusion, 1354-1357 
CNO cycle, 1355-1356 
defined, 1351 
as energy source, 1356-1357 
hydrogen bomb, 1356 
laser fusion, 1357, 1357f 
overview of, 142 
proton-proton chain, 1355 
stellar fusion, 1354-1355 
sun and, 1355, 1356 
Nuclear lifetimes, 1329-1330 
Nuclear magnetic resonance (NMR), 1359-1360 
Nuclear medicine, 1359-1360 
Nuclear physics, 191-192, 1325-1360 
carbon dating, 1341-1343 
isotopes, 1326-1327 
models for, 1346-1351 
nuclear and atomic mass, 1330-1331 
nuclear astrophysics, 1358-1359 
nuclear decay, 1334-1345 
nuclear density, 1329 
nuclear fission, 1351-1354 
nuclear fusion, 1354-1357 
nuclear interactions, 1328 
nuclear lifetimes, 1329-1330 
nuclear medicine, 1359-1360 
nuclear radius, 1328 
nuclear reactions and Q-values, 1332-1333 
separation energy, 1333 
Nuclear power, 1353-1354 
Nuclear reaction, 1332-1333 
Nuclear weapons, 1353 
Nucleons, 1326-1327, 1328 
Nucleosynthesis, 1318-1319 
Nucleus 
empirical mass formula, 1347 
Fermi gas model, 1348-1349 
liquid-drop model of, 1346-1347 
Shell model, 1349-1351 
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Objective lens, 1077 
Oersted, Hans, 893, 926 
Ohm, 12t, 811 
Ohm, Georg Simon, 811 
Ohmic resistors, 816-817 
Ohmmeter, 847 
Ohm's Law 
defined, 811 
overview of, 816-817 
potential drop, 817 
resistors in parallel and, 821 
resistors in series and, 818 
Omnidirectional dielectric mirror, 1029 


One-dimensional motion. See Straight-line motion 


1-18 Index 


Optical fibers, 1047-1049 
Optical instruments. See also Lenses 
laser tweezers, 1083-1084 
Optic axis, 1031 
Optics. See Lenses 
Orbital angular momentum number, 1268 
Orbital magnetic moment, 909-910 
Order, of the fringe, 1102 
Oscillations 
chaotic motion, 480 
harmonic (See Harmonic oscillations) 
pendulum motion, 464-466 
phase space, 479-480 
point attractor, 480 
Oshkosh, Wisconsin, 279f, 280 
Otto cycle, 658-660 
compression ratio, 659 
efficiency of, 659-660 
overview of, 658-659, 658f 
steps in, 658 
Overdamping, 473 
Oxygen, 418 
as gas in Earth’s atmosphere, 623t 
magnetic susceptibility, 911t 
molar specific heat of, 627t 


P 


Pacemaker, 851-854 
Parabolic mirrors, 1040-1041 
Parallel-axis theorem, 320-321 
Parallel connection 
capacitors in, 780-781 
resistors in, 821-824 
Parallel plate capacitor, 774-775, 775f, 777-778 
area of, 778 
with dielectric, 790 
Paramagnetism, 912 
Partial pressure, 622 
Particle in rigid box, 1215 
Particle physics, 226. See also Elementary 
particle physics 
Particles 
de Broglie wavelength of, 1185 
distinguishable, 1235 
double-slit experiment for, 1186-1188 
energy of, in infinite potential well, 
1214-1215 
kinetic energy of, 1186 
Partition function, 1193 
Pascal, 12t, 425 
Pascal’s Principle, 428-429 
Path-dependent process, 585 
Pauli, Wolfgang, 1297 
Pauli exclusion principle, 1192-1193 
Pendulum motion, 464-465 
chaotic motion and, 480 
energy of, 468-469 
frequency, 465-466 


overview, 464-465 
period, 465-466 
restricted, 466 
Penzias, Arno, 573, 1316 
Perihelion, 396 
Period 
pendulum motion, 465-466 
in simple harmonic motion, 460 
Periodic motion 
defined, 456 
simple harmonic motion, 456-464 
Periodic table of chemical elements, 1273, 
1288, 1327 
Period of rotation, 284 
Permanent magnets, 865-868 
Perpendicular encoding, 948 
Phase changes, 592-596 
Phase space, 479-480 
Phase transitions 
defined, 592 
latent heat and, 592-596 
warming ice to water and water to steam, 
594-595 
work done vaporizing water, 595-596 
Phasor, 966 
Phillips, William D., 562 
Philosophiae Naturalis Principia Mathematica 
(Newton), 389 
Photinos, 1308 
Photoelectric effect, 1171 
overview of, 1177-1178 
photomultiplier tubes, 1180-1181, 1180f 
wave-particle duality light, 1179-1180 
work function, 1178-1179 
Photomultiplier tubes, 1171, 1180-1181, 1180f 
Photons 
as bosons, 1192 
defined, 1177, 1300 
gamma decay and, 1339 
from laser pointer, 1181 
lasers and, 1277 
mass of, 16 
momentum of, 1179 
photon decay, 1306 
in pulsed ruby laser, 1278-1279 
wave-particle duality of light and, 1179-1180 
x-ray production and, 1275 
Photovoltaic cells, 142 
to charge electric car, 1005 
Physical optics, 1097 
Piano, tuning, 512 
Pions, 1297, 1309, 1310t 
decay of positive, 1314-1315 
pion exchange potential theory, 1328 
Planar converging lens, 1062f 
Planar diverging lens, 1062f 
Planar symmetry, electric field and, 730-731 
Planck, Max, 1173, 1306 
Planck’s constant, 343, 1173 
Planck’s radiation law, 1173-1174 


Planck units, 1306-1307 
Plane mirror 
full-length, 1032-1033 
image formed by, 1030-1033 
law of reflection and, 1030 
optic axis, 1031 
Plane-polarized wave, 1010 
Planets 
Kepler’s laws of planetary motion, 395-400 
orbits and relative sizes of, 385f 
physical data for, 386t 
Plane waves, 503, 503f 
electromagnetic waves, 997 
Huygens construction for, 1098, 1098f 
Plasma, 420 
defined, 563, 593 
in high-temperature research, 563 
temperature of quark-gluon plasma, 637 
Pleiades star cluster, 556f, 557 
Pluto, 385 
Plutonium, 1329 
Poincaré, Henry, 651 
Poincaré recurrence time, 651 
Point attractor, 480 
Point charge 
electric field due to, 714-715 
electric field lines, 713, 731f 
electric potential of, 755-756 
equipotential surfaces and lines, 753-755 
Point location of an object, 36 
Poiseuille, 442 
Poiseuille, Jean Louis Marie, 442 
Polar coordinates 
defined, 280-281 
locating point with Cartesian and polar 
coordinates, 282 
relationship to Cartesian coordinates, 
280-281 
Polar dielectrics, 791-792 
Polarization 
applications of, 1013 
Blu-ray discs and, 1120 
electromagnetic waves and, 1010-1013 
Law of Malus, 1011 
with polarizer, 1010-1011 
by reflection, 1051 
three polarizers and, 1011-1012 
Polarizer, 1010-1011 
Pollux, 386-387 
Polyatomic gases, 627 
specific heat at, 629 
Position graphs, 37 
Position vector 
characteristics of, 37 
defined, 37 
symbol for, 37 
Positive charge, 685 
Positron, 1240 
Potential drop, 817 
across resistor in circuit, 823-824 


Potential energy, 169-192 
block pushed off table by spring, 
187-189 
bungee jumper, 184 
catapult, 178-180 
conservation of mechanical energy, 
177-181 
conservative forces and, 171-173, 173-174 
defined, 169 
electric, 746-747 
force and, 174-177 
gravitational, 169-170, 174 
human cannonball, 181-183 
hydroelectric dams, 169, 170 
Lennard-Jones potential, 175-177 
for magnetic dipole moment, 881 
nonconservative forces and, 171-173, 
186-189 
object hanging from spring, 185-186 
roller coasters and, 190-192 
spring force, 174, 181-186 
work and, 173-174 
work-energy theorem and, 186 
Potential energy curves 
equilibrium points, 190 
turning points, 191 
Potential well, 191 
finite, 1217-1225 
infinite, 1211-1217 
Powell, Cecil, 1297 
Power, 157-159 
for accelerating a car, 158-159 
in AC circuits, 975-977 
average, 157 
for constant force, 158-159 
defined, 157 
in electric circuits, 825-827 
high-voltage direct current power 
transmission, 825-826 
symbol/equivalent/expression for, 12t 
units for, 158 
of wave, 506-508 
Power factor, 976 
Power lines, 825-826 
Power stroke, 658, 658f 
Poynting, John, 1004 
Poynting vector, 1004-1005 
Precession, 341-342 
Pressure 
absolute, 426 
in adiabatic processes, 630-631 
air pressure at Mount Everest, 428 
average pressure at sea level, 425 
barometer, 426-427, 426f 
barometric pressure formula, 427 
Bernoulli’s equation, 434-438 
Boyle's law and, 616 
defined, 425 
gauge, 426 
Gay-Lussac’s law, 617 


hydraulic lift, 429, 429f 
manometer, 427, 427f 
partial, 622 
Pascal’s Principle, 428-429 
pressure-depth relationship, 425-426 
pV-diagrams, 585-586 
specific heat at constant, 628 
spray bottle, 438 
submarine, 426 
symbol/equivalent/expression for, 12t 
Venturi tube, 439-440 
work done by changes in, 584-586 
Primary thermometer, 563 
Principal quantum number, 1213 
Principia (Newton), 389 
Principle of least time, 1043 
Probability, wave functions and, 1208-1209 
Problem-solving strategies, 16-23 
estimation and, 22-23 
examining limits of an equation, 21 
general tips for, 17 
ratios, 21-22 
Sears Tower example, 20-21 
volume of cylinder example, 17-19 
Project Avogadro, 14 
Projectile motion 
air resistance and, 83 
ballistic pendulum, 221-222 
batting a baseball, 81 
catapult, 178-180 
defined, 72 
escape speed, 392-394 
football hang time, 82-83 
ideal projectile motion, 74-78 
maximum height of projectile, 78-83 
range of projectile, 78-83 
realistic motion, 83-84 
relative motion, 84-88 
shape of projectile’s trajectory, 76-77 
shoot the monkey, 75-76, 75f 
spin, 83-84 
throwing a baseball, 79-81 
Proper time, 1137 
Proton-proton chain, 1355 
Protons, 1172 
charged particles of, 687-688, 688f 
charge of, 686 
discovery of, 1297 
energy gain of, 748-749 
mass-energy equivalent for, 1330 
mass number and, 1327 
mass of, 15, 1330 
spin, 910 
velocity selector, 876-877 
p-type semiconductor, 689 
Pulleys. See Ropes and pulleys 
Pulsars, 340 
Pulse induction, 934 
pV-diagrams, overview of, 585-586 
P (primary) waves, 504-505 
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Q 


Quality factor, 976 
Quantum chromodynamics (QCD), 1313 
Quantum computing, 1237-1238 
Quantum electrodynamics, 699, 1182, 1303 
Quantum mechanics, 1206-1241 
antimatter, 1238-1241 
correspondence principle, 1232 
finite potential wells, 1217-1225 
harmonic oscillator, 1225-1228 
hydrogen electron wave function, 1258-1270 
infinite potential well, 1211-1217 
many-particle wave function, 1234-1238 
overview, 1207 
quantum computing, 1237-1238 
Schrödinger equation and, 1210-1211 
time-dependent Schödinger equation, 
1233-1234 
tunneling and, 1223-1225 
wave functions, 1207-1210, 1228-1231 
Quantum physics, 1170-1198 
blackbody radiation, 1172-1176 
Bose-Einstein condensates, 1197-1198 
Compton scattering, 1181-1185 
de Broglie wavelength, 1185-1186 
double-slit experiment, 1186-1188 
matter waves, 1185-1188 
nature of matter, space and time, 1171-1172 
Pauli exclusion principle, 1192-1193 
photoelectric effect, 1177-1181 
photomultiplier tubes, 1180-1181, 1180f 
spin, 1192-1198 
Stern-Gerlach experiment, 1191-1192 
uncertainty relation, 1188-1191 
Quantum wave scattering, 1295-1296 
Quark-gluon plasma, 637, 1318 
Quarks, 687-688, 1172, 1297 
composite particles, 1309-1313 
defined, 1297 
fermions and, 1298 
net quark number, 1299 
weak interaction, 1301 
Quasar, 1133 
Quasi-stellar object, 1133 
Q-values, 1332-1333 


R 


Race cars. See Automobiles 
Radial acceleration, 286-287 
Radial quantum number, 1268 
Radians, 12t 
conversion from degrees to, 281 
Radiant barrier, 602-603 
Radiation, 602-603 
average annual exposure, 1344-1345 
blackbody, 1172-1176 
blackbody and, 602-603 
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Cherenkov radiation, 541, 541f 
chest x-ray and, 1345 
defined, 596 
electromagnetic waves and pressure from, 
1006-1009 
laser pointer and pressure from, 1007-1008 
Planck’s radiation law, 1173-1174 
Rayleigh-Jeans law, 1173, 1175 
spectral emittance, 1172 
Stefan-Boltzman radiation law, 1172, 1176 
for treatment of cancer, 1359 
Wien displacement law, 1173, 1175 
Radioactivity, 1334. See also Nuclear decay 
units of, 1343-1344 
Radiocarbon dating, 1341-1343 
Radio waves 
defined, 1001 
as electromagnetic wave, 493 
frequency bands, 1002-1003 
Radon, 225-226, 1344 
Rail gun, 898-900 
Rainbows, 1025f, 1026, 1050-1051, 1051f 
Rayleigh, Lord, 1173 
Rayleigh-Jeans law, 1173, 1175 
Rayleigh’s Criterion, 1113-1114 
Rays, law of, 1027 
RC circuits, 849-854 
charging a capacitor, 849-850 
discharging capacitor, 850-851 
neurons as, 854 
pacemaker, 851-854 
pacemaker and, 851-854 
time required to charge capacitor, 851 
Reaction time, determining, 52 
Real image, 1030 
Recoil, 253-255 
cannon, 253-254 
fire hose, 255 
rocket motion, 256-259 
Rectifier, 981-982 
Recursion relation, 257 
Red-shifted, 1144 
Red-shift parameter, 1144 
Reduced mass, 1255 
Reductionism, 418 
elementary particle physics and, 1287-1290 
Reflection 
diffuse, 1029 
law of, 1030 
plane mirrors and, 1030-1033 
polarization by, 1051 
of sound waves, 529, 529f 
specular, 1029 
total internal reflection, 1046 
waves, 501-502 
Refracting telescope, 1079-1080 
angular magnification of, 1079 
magnification of, 1080 
Refraction 
apparent depth and, 1043-1044 


chromatic dispersion, 1050-1051 

defined, 1042 

displacement of light rays in transparent 
material, 1044-1046 

Fermat’s Principle, 1043 

human eye and, 1071 

index of, 1041-1042, 1042t 

mirages, 1049-1050 

Snell’s Law, 1042-1043 


Refrigerators 


coefficient of performance, 653 

defined, 652 

efficiency and, 663-664, 663f 

overview of, 652-653 

Second Law of Thermodynamics and, 
664-665 


Regenerative brakes, 663 


Relative magnetic permeability, 912 


Relative motion, 84-88 


Re 


airplane in crosswind, 86-87, 86f 
driving through rain, 87 

Galilean transformation, 85 
moving walkway, 85, 85f 

relative velocity, 84-86 

ative velocity, 84-86 


Relativistic Doppler effect, 1144 


Re 


ativistic frequency shift, 1144-1145 


Relativistic Heavy Ion Collider (RHIC), 445, 563, 


1157, 1318 


Relativistic velocity addition, 1148 


Relativistic velocity transformation, 1148-1151 


Relativity 


beta and gamma, 1135-1136 

black holes and, 1159-1160 

Einstein’s Cross, 1132f, 1133 

Einstein's postulates and reference frames, 
1134-1137 

Equivalence Principle, 1160 

general theory of, 1133, 1158-1160 

Global Positioning System (GPS) and, 
1160-1161 

gravitational waves, 1160 

length contraction, 1140-1141 

light cone, 1136-1137 

Lorentz transformation, 1145-1148 

momentum and energy, 1151-1157 

relativistic frequency shift, 1144-1145 

relativistic velocity transformation, 
1148-1151 

search for aether and, 1133-1134 

space-time intervals, 1137 

special theory of, 1133 

time dilation, 1138-1140 

twin paradox, 1141-1143 

velocity addition relationship, 1148-1149 


Research 


at high-temperature frontier, 562-563 
at low-temperature frontier, 561-562 


Resistance 


brain probe and, 819-821 


of copper wire, 814 
defined, 811 
of human body, 817 
internal resistance of battery, 818-819 
microscopic basis of conduction of solids, 
815-816 
overview of, 811-812 
size convention for wires, 813-814, 813t 
superconductors and temperature, 815 
temperature and, 814-815 
temperature dependence of light bulb’s 
resistance, 826-827 
Wheatstone bridge, 845-846 
Resistivity 
defined, 811 
overview of, 811-812 
temperature and, 814-815 
temperature coefficient of, 812t, 814-815 
of various metal conductors, 812t 
Resistors 
color codes for, 814, 814f 
driven AC circuits, 965-966 
electromotive force, 816 
with nonconstant cross section, 819 
ohmic and non-ohmic, 816-817 
Ohm's Law and, 816 
in parallel connection, 821-824 
potential drop, 817, 823-824 
RLC circuit, 964-965 
in series connection, 818-821 
in series RLC circuit, 968-972 
symbol for, 816 
Resolution, of telescope or camera, 1113-1114 
Resolving power, of diffraction gratings, 1116 
Resonance 
circuit in, 969 
forced harmonic motion and, 477-479 
Resonance frequency, 511 
Resonance shape, 478 
Resonant angular frequency, 970 
Resonant angular speed, 478 
Rest mass, 1151 
Restoring force, 154 
Restricted pendulum, 466 
Resultant vector, 25 
Reversible processes 
entropy and, 667 
thermodynamic processes as, 650-651 
Reynolds number, 444 
Richter, Burton, 1298 
Right-hand rule 1 
magnetic field and, 894, 894f 
magnetic force and, 868, 868f, 878, 878f 
Right-hand rule 2, magnetic force, 880, 880f 
Right-hand rule 3, magnetic field, 895 
RLC circuit 
AM radio transmission and, 1003 
with capacitor, 966-967 
defined, 964 
frequency filters, 972-974 


impedance, 969 
with inductor, 967-968 
overview of, 964-965 
power factor, 976 
quality factor, 976 
with resistor, 965-966 
resonance, 970 
resonant angular frequency, 970 
series of, 968-975 
RL circuit, 943-946 
Rochester, George, 1297 
Rock concert, relative sound levels at, 530-531 
Rocket motion, 256-259 
rocket launch to Mars, 257-258 
thrust, 258 
Roentgenium decay, 1336-1337 
Rohrer, Heinrich, 1224 
Roller coasters 
linear speed at top of vertical loop, 291-293 
potential energy and, 190-192 
Rolling motion 
ball rolling through loop, 324-326 
race down incline, 324 
sphere rolling down inclined plane, 322-323 
without slipping, 322-326 
Röntgen, Wilhelm, 1121, 1275 
Roof insulation, 597 
Root-mean-square (rms) current, 975 
Root-mean-square speed, 624 
Ropes and pulleys, 109-112 
Atwood machine, 116-117 
force multiplier, 112 
overview, 109 
still rings, 110-111 
tension, 109 
tug-of-war competition, 109-110 
two blocks connected by rope, 115-116, 
123-124 
work and, 151 
Rotation, 312-343 
about an axis through the center of mass, 
315-316 
angular momentum, 335-341, 343 
Atwood machine, 331-332, 334-335 
axis of, 314 
driving screw, 333-334 
of Earth, 285-286 
falling roll of toilet paper, 329-330 
kinetic energy of, 313-314 
moment-of-inertia calculations, 314-320 
Newton's first law for, 329 
Newton's second law for, 328-329 
parallel-axis theorem, 320-321 
precession, 341-342 
rolling motion without slipping, 322-326 
rotational kinetic energy of Earth, 320 
tightening bold, 333 
torque and, 327-328 
work done by torque, 332-335 
yo-yo, 330-331 


Rotational inertia, 314 

Rotational motion, in static equilibrium, 355 
Rotational symmetry, electric field and, 730 
Rubbia, Carlo, 1302 

Rutherford, Ernest, 1255, 1292, 1297 
Rutherford scattering, 1292-1294 

Rydberg, Johannes, 1253 

Rydberg constant, 1253, 1257-1258 
Rydberg formula, 1253 


S 


Saddle points, 367 
Salam, Abdus, 1302 
São Paulo, Brazil, 826 
Satellites, 400-405 
energy of, 402 
geostationary, 400, 402-403 
geosynchronous, 403 
in orbit, 401-402 
satellite TV dish, 403-405 
solar stationary satellites, 1008-1009 
tethered to space shuttle, 936 
Saturn 
orbit and relative size of, 385f 
physical data for, 386t 
Savart, Felix, 894 
Scalar 
defined, 23 
examples of, 23 
multiplication of vector with, 27 
Scalar product, 146-148, 327 
angle between two positive vectors, 147 
commutative property, 146 
defined, 146 
distributive property, 147 
dot product, 146 
geometrical interpretation of, 148 
for unit vectors, 147 
work done by constant force, 148 
Scanning tunneling microscope, 1224-1225 
Scattering 
backward scattering of alpha particles, 
1293-1294 
classical, 1290-1292 
cross section, 1291 
quantum limitations, 1294-1295 
quantum wave scattering, 1295-1296 
Rutherford, 1292-1294 
Schrödinger, Erwin, 1238, 1258 
Schrödinger equation 
defined, 1210-1211 
eigenfunctions, 1234 
eigenvalue, 1234 
forbidden region and, 1211 
Hamiltonian operator, 1234 
harmonic oscillator and, 1226, 1227 
stationary state, 1234 
in three-dimensional space, 1258 
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time-dependent, 1233-1234 
two-particle wave functions and, 1234-1236 
wave functions and, 1210-1211 
Schwartz, John, 1308 
Schwarzschild radius, 1159-1160 
Schwinger, Julian, 1182, 1303 
Scientific notation, 9-10 
Screw, tightening, 333-334 
Scuba diving, 614f, 615 
Sculpture, abstract, as static equilibrium problem, 
362-364 
Sea levels, rise in, due to thermal expansion of 
water, 572-573 
Sears Tower, view from, 20-21 
Seasonally adjusted energy efficiency rating 
(SEER), 653 
Seasons, 396 
Seat belts, 210, 210f 
Second, 11, 11t 
Secondary rainbow, 1050-1051, 1051f 
Secondary thermometer, 563 
Second Law of Thermodynamics, 664-672 
Carnots Theorem and, 665-666 
Clausius statement of, 665 
defined, 664 
entropy and, 666-672 
heat engines and, 664 
Kelvin-Planck statement of, 664 
overview of, 664-665 
refrigerators and, 664-665 
Sedna, 385, 398 
Seesaw, as static equilibrium problem, 357-359 
Segrè, Emilio, 1241 
Segway, 370, 370f 
Seismic waves, 495, 504-505, 504f 
measuring size of Earth’s molten core, 505 
other sources of, 505 
P (primary) waves, 504-505 
S (secondary) waves, 504-505 
Self-inductance, 940-941 
Semiconductors 
defined, 689 
doping, 689 
extrinsic, 689 
intrinsic, 689 
n-type, 689 
overview of, 689 
p-type, 689 
thermistor, 815 
Sensitive dependence on initial conditions, 480 
Separation energy, 1333 
Series connection 
capacitors in, 781-782 
resistors in, 818-821 
Series RLC circuit 
AM radio receiver, 977 
band-pass filter, 972-974 
crossover circuit for audio speakers, 974-975 
frequency filters, 972-974 
impedance, 969 
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overview, 968-970 
quality factor, 976 
resonance, 970 
resonant angular frequency, 970 
unknown inductance in, 977-979 
Seven Sisters, 556f 
Shadows 
law of rays, 1027 
light rays and, 1026-1029 
Shanghai Maglev Train, 877-878, 878f 
Sharks, detecting electric fields and, 711 
Shear modulus, 422, 423f 
Shear stress 
defined, 422 
overview, 421-422 
wall mount for flat-panel TV, 423 
Shell model, 1349-1351 
Shells, 1265, 1273 
Shielding, 728-729 
Shock wave, 541 
Shoot the monkey, 75-76, 75f 
Shroud of Turin, 1341-1343 
Shull, Clifford G., 1187 
Siemens, 12t, 811 
Sievert, 12t 
Significant figures, 10-11 
Simple harmonic motion, 456-464 
acceleration, 459-460 
amplitude, 457 
angular speed, 457 
block on spring, 462-463 
circular motion and, 463-464 
defined, 456 
frequency, 461 
initial conditions, 458-460 
period in, 460 
position, 459-460 
spring force and, 456-457 
tunnel through moon, 461-462 
velocity, 459-460 
Sinai, Yakov, 228 
Sinai billiards, 228 
Single-loop circuits, 842-843, 960, 964 
Single-slit diffraction, 1110-1113 
Sinusoidal waves, 496-497, 496f 
SI unit system, 11-14 
base units names/abbreviations, 11t 
common derived units, 12t 
conversion and, 12-13 
defined, 11 
notation convention for, 11 


research on measures and standards, 14 


standard prefixes of, 12, 13 
two dimensionless units, 12t 
units of land area, 13-14 
Skate boarding, Lennard-Jones potential, 
176-177 
Sky diving, 122 
Slater determinant, 1237 
Smalley, Richard, 419 


Smoot, George, 573, 1316 
Snell's Law, 59 
apparent depth and, 1043-1044 
defined, 1042-1043 
derived for refraction, 1098-1099 
displacement of light rays in transparent 
material, 1044-1046 
Fermat’s Principle and, 1043 
Snowboarding 
with friction, 120-121 
Newton's second law and, 113-115, 120 
SOAR telescope, 1080, 1080f 
Solar cells, as emf device, 816 
Solar energy 
overview of, 141-142, 142f 
problems with, 142 
solar panels to charge electric car, 1005 
Solar stationary satellites, 1008-1009 
Solar system 
escape speed and, 393-394 
length scales and, 15 
orbits and relative size of planets, 385f 
overview of, 385-386 
physical data for, 386t 
Solar wind, Earth’s magnetic field and, 866, 867f, 
873-874 
Solenoid 
Ampere’s law and, 906 
defined, 905 
ideal, 906 
inductance of, 939-940 
mutual induction of, 942-943 
toroidal, 907-908 
Solenoids, 905-907 
Solids 
characteristics of, 420 
defined, 420 
elasticity of, 421 
latent heat and phase transitions, 592-596 
specific heat of, 589-592 
speed of sound in, 526-528, 528t 
stress and strain, 421-424 
Sound 
active noise cancellation, 535, 535f 
defined, 525 
Doppler effect, 536-542 
frequency, 542-543 
interference, 533-535, 533f 
lightening and, 527, 527f 
limits of human hearing, 532 
relative levels of, 530-531 
relative sound levels at rock concert, 530-531 
resonance and music, 542-545 
speed of, 526-528, 528t 
Sound waves, 524-545 
active noise cancellation, 535, 535f 
beats, 534-535 
characteristics of, 525 
Cherenkov radiation, 541, 541f 
Doppler effect, 536-542 


echolocation, 529, 529f 
intensity of, 529-530 
interference, 533-535, 533f 
limits of human hearing, 532 
as longitudinal pressure waves, 525 
Mach cone, 540-541 
reflection of, 529, 529f 
relative intensity and dynamic range, 
530, 530t 
speed of, 526-528 
ultrasound waves, 529, 529f 
velocity, 526-528 
South magnetic pole, 865 
magnetic declination and, 867, 867f 
Space Shuttle Columbia, 100f, 101 
initial acceleration of, 258 
satellite tethered to, 936 
thermal insulation, 599 
Space-time, 1137 
Space-time intervals, 1137 
Speakers, crossover circuit for audio speakers, 
974-975 
Specific heat 
at constant pressure, 628 
at constant volume, 627-628, 629 
defined, 589 
for diatomic gas, 629 
of ideal gas, 626-630 
molar, 590 
for polyatomic gas, 629 
ratio of, 630 
for selected substances, 590t 
Specific intensity, 1173 
Spectral brightness, 1173-1174 
Spectral emittance, 1172 
Spectral lines 
in Bohr’s model, 1257-1258 
overview, 1252-1255 
Spectrometer, 1252-1255 
Specular reflection, 1029 
Speed 
average, 42-43 
compare to velocity, 40, 42 
defined, 42 
of light, 526, 1000 
of rotation of Earth, 285-286 
sky diving and, 122 
of sound, 526-528, 528t 
terminal, 121-122 
on trapeze, 469 
Speed of efflux, 440 
Sphere 
ball rolling through loop, 324-326 
force of gravity inside hollow, 389-390 
gravitational force from, 384-385 
moment of inertia for, 317-320 
race down incline, 324 
rolling down inclined plane, 322-323 
Spherical aberration, 1039-1040 
Spherical capacitor, 779-780 


Spherical coordinates 
defined, 260 
volume integrals, 261 
Spherical harmonics, 1266-1267 
Spherical symmetry, electric field and, 731-732 
Spherical waves, 502-503, 503f 
Spin, 343, 1192-1198, 1297-1298 
Bose-Einstein distribution, 1193-1197 
defined, 910 
Fermi-Dirac distribution, 1194-1197 
magnitude of, 909-910 


Maxwell-Boltzmann distribution, 1193-1197 


Pauli exclusion principle, 1192-1193 
projectile motion and, 83-84 
Spin-down, 1192, 1271 
Spinning top, precession and, 341-342 
Spin-up, 1192, 1271 
Spiral galaxy M74, 313f 
Spitzer Space Telescope, 7f, 8 
Spray bottle, 438 
Spring constant, 456 
defined, 154 
determining, 154-155 
of gravitational force, 391 
Spring force, 102f 
bungee jumper, 184 
as conservative force, 172 
defined, 102, 153 
Hookes Law, 154 
human cannonball, 181-183 
mechanical energy, 181 
overview, 153, 153f 
potential energy of object hanging from 
spring, 185-186 
as restoring force, 154 
simple harmonic motion and, 456-457 
work and, 155-157, 181-186 
Springs 
amplitude, 181 
block on spring, 462-463 
block pushed off table by, 187-189 
compressing, 155-157 
energy and mass on spring, 467-468 
maximum deformation, 154 
simple harmonic motion, 456-460, 462-463 
spring constant, 154-155 
Stability 
dynamic adjustments for, 369-370 
multidimensional surfaces and, 367 
pushing a box, 368-369 
quantitative condition for, 366-367 
saddle points, 367 
Stable equilibrium points, 190 
Stadium wave, 494 
Standard temperature and pressure (STP), 616 
Standing waves, 510-513 
defined, 510 
half-open and open pipes, 543-544, 544f 
resonance frequency, 511 
on a string, 510-511 


tuning a piano, 512 
two- and three-dimensions, 513 
Stars 
death of, 339-340 
stellar fusion, 1354-1355 
supernova, 1358-1359 
STAR TPC of Relativistic Heavy Collider, 722, 
872-873 
States of matter, 420-421 
latent heat and phase transitions, 592-596 


Static electricity, 683f, 684. See also Electrostatics 


Static equilibrium, 355-366 
abstract sculpture, 362-364 
conditions for, 355-357 
defined, 107, 355 
equations, 357 
examples involving, 357-366 
experimentally locating center of mass, 
356-357 
force on biceps, 359-360 
net torque and, 355 
person standing on ladder, 364-366 
pivot point choice, 356, 359 
seesaw, 357-359 
stability of structures and, 366-370 
stacking blocks, 360-361 
Static friction 
coefficient of, 119, 119t 
defined, 119 
overview of, 118-120 
Stationary state, 1234 
Steam 
specific heat of, 590t 
warming water to, 594-595 
Steam engines, 649f, 650 
Steam locomotives, 649f, 650 
Stefan-Boltzman constant, 602 
Stefan-Boltzman equation, 602 
Stefan-Boltzman radiation law, 1172, 1176 
Step-down transformer, 979 
Step-up transformer, 979 
Steradian, 12t 
Stern, Otto, 1191-1192 
Stern-Gerlach experiment, 1191-1192 
Still rings, 110-111 
Stimulated emission, 1276-1277 
Stopping potential, 1178 
Straight-line motion 
acceleration vector, 43-44 
average velocity, 40-41 
computer solutions and difference formulas, 
44-45 
constant acceleration motions problems, 
47-55 
displacement defined, 37-38 
distance, 38-40 
finding displacement and velocity from 
acceleration, 46 
free fall, 51-52 
instantaneous velocity, 40 
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position graphs, 37 
position vector, 36-37 
reducing motion in more than one dimension 
to one dimension, 56-59 
speed, 42-43 
velocity vector, 40-43 
Strain 
bulk modulus, 422, 422t 
defined, 421 
modulus of elasticity, 421 
overview of, 421-422 
relationship to stress, 421-424 
shear modulus, 422, 423t 
Young’s modulus, 422, 422t 
Strange quark, 688 
Streamline, as laminar flow, 434, 434f 
Stress 
breaking stress for common materials, 424t 
bulk modulus, 422, 422t 
compression, 422 
defined, 421 
modulus of elasticity, 421 
overview of, 421-422 
relationship to strain, 421-424 
shearing, 422 
shear modulus, 422, 423t 
stretching, 421-422 
wall mount for flat-panel TV, 423 
Young’s modulus, 422, 422t 
Stretching 
overview, 421-422 
stretched wire, 423-424 
String 
resonance frequency, 511 
standing wave on, 510-513 
tuning a piano, 512 
waves on, 500 
String theories, 514, 1308 
Strong force, 684 
defined, 102 
history of unification of fundamental forces, 
684-685, 685f, 1305, 1315-1316 
unification energy scale, 1306 
Sublimation, 593 
Submarine, 426 
Suess, Hans, 1350 
Sun 
magnetic field lines, 864f, 865 
mass of, 16, 399 
Maxwell speed distribution and nuclear 
fusion of, 638 
nuclear fusion and, 1355, 1356 
as nuclear fusion reactor, 1325f, 1326 
orbit and relative size of, 385f 
physical data for, 386t 
temperature in center and surface of, 
559, 560f 
Sunlight 
polarization, 1010-1013 
radiation pressure from, 1006-1007 
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root-mean-square electric and magnetic fields 
from, 1006 
Supercapacitors, 792-793 
Superconductors 
applications for, 815 
defined, 689, 815 
high-Te, 689-690 
high-temperature, 914 
magnetism and, 913-914 
Meissner effect, 914, 914f 
temperature and, 815 
Super-Kamiokande detector, 1306, 1306f 
Supernova explosion, 339-340, 445, 445f, 
1358-1359 
Superposition principle, 383-385 
electrostatic force, 693 
of waves, 508-509 
Supersonic source, 541 
Supersymmetry, 1308 
Supertankers, 205f, 206 
Surface waves, 503-504, 503f 
Suspension bridges, 102-103, 103f 
SUSY theories, 1308 
S (secondary) waves, 504-505 
Systems of particles, center of mass, 250-251 


T 


Tachometer, 284, 284f 
Tachyons, 1136 
Taipei 101 tower, 354f, 355, 370 
TAMA, 515 
Tangential acceleration, 286-287 
Tau quark, 688 
Technetium scan, 1360, 1360f 
Telescopes, 1083-1084 
CHANDRA X-ray Observatory, 1082, 1083f 
Hubble Space Telescope, 1081-1082, 1081f 
James Webb space Telescope, 1082, 1082f 
parabolic mirror and, 1041, 1041f 
Rayleigh’s Criterion, 1113-1114 
reflecting, 1080-1081 
refracting, 1079-1080 
resolution of, 1113-1114 
Television 
frequency bands, 1002-1003 
HDTV transmitters, 1003 
parabolic reflection and satellite TV 
antennas, 1040 
polarization and LCD screens, 1013 
Temperature, 557-574 
absolute zero, 558-559 
Charles’s law, 616 
converting, 560 
defined, 557-558 
Gay-Lussac’s law, 617 
heat transfer and, 557-558 
measuring, 558, 563 
of quark-gluon plasma, 637 


ranges of, 559-563 
research at high-temperature frontier, 
562-563 
research at low-temperature frontier, 
561-562 
resistivity and, 814-815 
room temperature, 561 
scales for, 558-559 
speed of sound and, 527-528 
of stars, 557 
surface temperature of Earth, 571-573 
symbol/equivalent/expression for, 12t 
temperature dependence of light bulb’s 
resistance, 826-827 
thermal energy and, 583 
thermal expansion and, 563-571 
thermistor, 815 
of universe, 573-574 
viscosity and, 442 
work done by ideal gas at constant 
temperature, 622 
Zeroth Law of Thermodynamics, 558 
Temperature coefficient of electric resistivity, 
812t, 814-815 
Temperature scales 
Celsius, 558 
converting, 560 
Fahrenheit, 558 
Kelvin, 558 
Tennis balls 
spin and, 83-84 
topspin and Bernoulli effect, 438 
Tensile strength, 424 
Tension 
defined, 101, 421 
overview, 421-422 
ropes and pulleys, 109 
Terminal speed, 121 
Tesla, 12t, 869 
Tesla, Nikola, 869 
Test charge, 712 
Tevatron, 226 
Thermal conductivity, 596 
Thermal contact, 563 
Thermal energy, 141, 557, 583 
Thermal energy transfer 
calorimeter, 591-592 
conduction, 596-599 
convection, 582, 599-602 
global warming, 603-605 
heat in computers, 605 
radiation, 602-603 
Thermal equilibrium, 557, 651 
Thermal expansion, 563-571 
area expansion, 567-569 
of bimetallic strip, 564, 565-567 
expansion of plate with hole in it, 567-569 
of gasoline, 570-571 
linear expansion, 564-567 
of Mackinac Bridge, 564-565 


uses of, 563-564 
volume expansion, 569-571 
Thermal insulation, 596-599 
Thermal resistance, 596 
Thermistors, 815 
Thermodynamic process 
Carnot engine and, 654 
defined, 584 
kinds of, 588-589 
reversible and irreversible processes, 650-651 
work done in, 584-586 
Thermodynamics 
Atkinson cycle, 663 
Carnot engine, 654-657 
diesel engine, 662 
entropy and, 666-672 
First Law of, 586-589 
gasoline-powered internal combustion 
engine, 660-662 
heat engine and, 652-654 
heat pump, 653-654 
hybrid cars, 662-663 
ideal engines, 654-658 
Otto cycle, 658-660 
overview of concept, 557 
refrigerator, 652-653 
Second Law of (See Second Law of 
Thermodynamics) 
Third Law of Thermodynamics, 559 
Zeroth Law of Thermodynamics, 558 
Thermometers 
calibrating, 563 
measuring temperature, 558, 563 
primary, 563 
secondary, 563 
types of, 563 
Zeroth Law of Thermodynamics and, 558 
Thermosphere, 636 
Thin-film interference, 1104-1106 
Thin films, 1104-1106 
Thin lens 
defined, 1059 
equation for, 1061-1062 
image formed by, 1066 
Thin-Lens Equation, 1061-1062 
Third Law of Thermodynamics, 559 
Thomson, William, 558 
Thorium, 1329 
Three-dimensional coordinate system, 72-73 
Thrust, of rocket, 258 
Thrust SSC car, 649f, 650 
Time 
defined, 16 
energy-time uncertainty, 1190-1191 
football hang time, 82-83 
Lorentz-invariance of space-time intervals, 
1147-1148 
NIST and timekeeping, 14 
proper, 1137 
space-time intervals, 1137 


time dependence of velocity, 41 
time dependence of velocity vector in ideal 
projectile motion, 77-78 
time dilation, 1138-1140 
time scales, 16 
Time constant, 850 
Time dilation, 1138-1140 
twin paradox and, 1141-1143 
Time projection chamber, 721-722, 872 
transverse momentum of particle in, 872-873 
Time scales, 15 
Ting, Samuel, 1298 
Toilet paper, falling roll of, 329-330 
Tomonaga, Sin-Itiro, 1182, 1303 
Tones, musical, 542-543 
Top fuel race car acceleration (constant 
acceleration), 50-51 
Top quark, 688 
Toroidal magnet, 907 
Toroids, 907-908 
Torque 
Atwood machine, 334-335 
Atwood machine and, 331-332 
defined, 327, 328 
driving screw, 333-334 
falling roll of toilet paper, 330 
of magnetic dipole moment, 881 
on magnetic force of current-carrying 
loop, 880 
net, 328 
tightening bolt, 333 
units of, 327 
work done by, 332-335 
work-kinetic energy theorem, 333 
yo-yo, 331 
Torr, 425 
Torricelli, Evangelista, 425 
Torricelli’s Theorem, 440 
Total energy, 187 
Total internal reflection, 1046 
Total lepton number, 1298 
Totally inelastic collisions, 210 
ballistic pendulum, 221-222 
coefficient of restitution, 227-228 
decay of radon, 225-226 
explosions, 224-225 
forensic science and, 222-223 
head-on collision, 221 
kinetic energy lost in, 222-223 
particle physics, 226 
Trains 
Doppler effect and, 538 
Maglev trains, 877-878, 878f 
Trajectory, shape of, in two dimensions, 76-77 
Transformers 
defined, 979 
impedance matching, 981 
step-down, 979 
step-up, 979 
Translational motion, in static equilibrium, 355 


Translational symmetry, electric field and, 730 
Transmission coefficient, 1224 
Transmutation, 1335 
Transverse waves, 495, 495f 
Trapeze, speed on, 469 
Traveling electromagnetic waves, 1003-1004 
Tribology, 123 
Triple point of eater, 563 
Tritium, 1327 
Tsunami, 503-504, 503f 
Tug-of-war competition, 109-110 
Tunneling, 192 
defined, 1223 
neutron, 1224 
scanning tunneling microscope, 1224-1225 
transmission coefficient, 1224 
Turbulent flow, 434, 444-445 
Turning points, 191 
Tweeter, 974 
Twin paradox, 1141-1143 
Two- and three-dimensional motion 
airplane in crosswind, 86-87, 86f 
air resistance, 83 
batting a baseball, 81 
defined, 72 
driving through rain, 87 
football hang time, 82-83 
ideal projectile motion, 74-78 
maximum height of projectile, 78-83 
range of projectile, 78-83 
realistic projectile motion, 83-84 
relative motion, 84-88 
shape of projectile’s trajectory, 76-77 
spin, 83-84 
three-dimensional coordinate system, 72-73 
throwing a baseball, 79-81 
time dependence of velocity vector, 77-78 
Two-dimensional objects, center of mass, 
264-265 


ltimate stress, 424 


Itracentrifuge, 288, 288f 
trasound waves, 529, 529f 
Doppler effect and measuring blood flow, 
539-540 
Ultraviolet catastrophe, 1173 


U 
Ultracapacitors, 792 
U 
U 


Ultraviolet rays, 1001 

Uncertainty relation, 1188-1191 
energy-time uncertainty, 1190-1191 
gamma-ray microscope, 1189-1190 

Underdamping, 471 

Units of measurement 

common derived units, 11-12 

of land area, 13-14 

length scales, 14-15 

mass scales, 15-16 


Index 


notation convention, 11-12 
prefixes, 13t 
research on measures and standards, 14 
scientific notation, 9-10 
significant figures, 10-11 
SI unit system, 11-13 
time scales, 15 
Unit vectors 
defined, 27 
scalar product for, 147 


G 


niversal gas constant, 617 
Universal gravitational constant, 383 
Universe 
age of, 16 
temperature of, 573-574 
npolarized light, 1010 
nstable equilibrium, 367 
nstable equilibrium points, 190 
p quark, 687-688 
ranium, 418, 1329-1330, 1352-1354 
gas centrifuge and, 288 


Geel sere 


magnetic susceptibility, 911t 

work function of, 1179t 
Uranus 

orbit and relative size of, 385f 

physical data for, 386t 


V 


Valence electrons, 1273 
Valley of stability, 1327, 1345, 1359 
Van Allen, James A., 866-867 
Van Allen radiation belts, 866-867, 867f 
Van de Graaff, Robert J., 751 
Van de Graaff generator, 751-752 
van der Meer, Simon, 1302 
Vaporization, work done in water, 595-596 
Variable force, work and, 152-153 
Vector (cross) product, 327-328 
Vectors, 23-28 
acceleration, 43-44, 73 
addition 
component method, 26 
graphical, 25, 26f 
axial, 327 
cartesian representation of, 25 
circular motion and, 281 
components of, 25 
defined, 23 
displacement vector, 23-24, 37-40 
gravitational force vector, 103-104, 105f 
length and direction of, 27-28 
multiplication, with scalar, 27 
position, 37 
product (cross) of, 327-328 
scalar product of, 146-148 
subtraction, graphical method, 25 
unit vectors, 27 
velocity, 40-43 
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Velocity 
angular, 283-285 
average, 40-41, 42-43 
catapult, 178-180 
compared to speed, 40, 42 


computer solutions and difference formulas, 


44-45 
defined, 40 
finding from acceleration, 46 
Galilean transformation, 85 
instantaneous, 40 
in a plane, 73-74 
relative, 84-86 
relativistic velocity addition, 1148 
relativistic velocity transformation, 
1148-1151 
rocket motion, 256-257 
rolling motion, 323-324 
simple harmonic motion, 459-460 
sky diving and, 122 
sound waves, 526-528 
time dependence of, 41 
units for, 12 
wave, 496-497 
Velocity selector, 876-877 
Velocity vector, 40-43 
ideal projectile motion, 77-78 
Venturi tube, 439-440 
Virgo, 515 
Virtual image, 1030 
Virtual particle, 1301 
Viscosity 
overview, 442-443 
of various material, 442t 
Visible light, 1001, 1001f 
Volt, 12t, 748 
Volta, Alessandro, 748, 926 
Voltage 
AC-circuit with capacitor, 966-967 
AC-circuit with inductor, 967-968 
AC-circuit with resistor, 965-966 
of emf devices, 816 
transformers, 979-981 
Voltaic pile, 926 
Voltmeter 
defined, 847 
in simple circuit, 847 
Volume 
in adiabatic processes, 630-631 
Boyle's law and, 616 
change in, 22 
Charles’s law, 616 
compression, 422 
of cylinder, 17-19, 261-262 
pV-diagrams, 585-586 
specific heat at constant, 627-628 
units for, 12 
volume integrals, 260-261 
work done by changes in, 584-586 


Volume expansion, thermal expansion, 569-571 


Volume expansion coefficient, 569-570, 569t 
Volume integrals, 260-261 

von Laue, Max, 1121 

Voyager 2, 394 


Ww 


Water 
conductivity of, 689 
in Earth’s atmosphere, 623 
electric dipole moment of, 717 
energy required to warm, 590-591 
entropy change for freezing, 668 
entropy change for warming, 669 
index of refraction, 1042t 
magnetic susceptibility, 911t 
pressure-depth relationship, 
425-426 
specific heat of, 590t 
speed of sound in, 528t 
thermal expansion of, 569-570, 570f 
triple point of, 563 
viscosity of, 442 
volume expansion coefficient, 569t 
warming ice to, 594-595 
warming to steam, 594-595 
work done in vaporizing, 595-596 
Watt, 12t, 158, 825 
Wave equation, 498-502 
defined, 498 
derivation of, 498-499, 1014 
elevator cable, 501 
for magnetic field, 1014 
Maxwell’s equations and, 969-999, 1014 
solutions of, 499-500 
waves on string, 500 
Wave front, 496, 1026, 1026f 
Wave functions, 1207-1210 
defined, 1208 
finite potential wells, 1217-1225 
of hydrogen electron, 1258-1270 
hydrogen molecule, 1236 
infinite potential wells, 1211-1217 
kinetic energy and, 1210 
many-fermion, 1237 
momentum and, 1209-1210, 1229 
overview, 1207-1208 
position and kinetic energy, 1229-1231 
probability and, 1208-1209 
Schrédinger equation and, 1210-1211, 
1233-1234 
Slater determinant, 1237 
stationary state, 1234 
tunneling, 1223-1225 
two-particle, 1234-1236 
uncertainty relationship for oscillator wave 
function, 1231 
Wavelength 
defined, 496 


electromagnetic waves, 1000-1002 
spectral lines and, 1252-1255 
Wave number, 497 
Wave optics, 1097-1122 
Blu-ray discs, 1119-1120 
diffraction, 1109-1110 


diffraction by circular opening, 1113-1114 


diffraction gratings, 1115-1120 
double-slit diffraction, 1114-1115 
double-slit interference, 1101-1104 
Huygens’s Principle, 1098 
interference, 1100-1101 
interferometer, 1107-1109 
lens coating, 1106 
light wave overview, 1097-1100 
Newton's rings, 1106-1107 
single-slit diffraction, 1110-1113 
thin-film interference, 1104-1106 
x-ray diffraction and crystal structure, 
1121-1122 
Wave-particle duality light, 1179-1180 
Waves, 492-515 
coupled oscillators, 494-495 
defined, 493 
diffraction, 1109-1110 


electromagnetic (See Electromagnetic waves) 


energy of, 505-506 

Gaussian wave packets, 508-509, 509f 
gravitational, 493, 514-515, 1160 
infrared, 1001, 1001f 

intensity of, 506-507 
interference of, 509-510, 509f, 510f 
light as, 1026-1027, 1097-1100 
longitudinal, 495, 495f 
longitudinal pressure waves, 525-529 
overview of, 493-494 

P (primary), 504-505 

phase, 497 

plane-polarized, 1010 

plane waves, 503, 997 

power of, 506-508 

reflected, 501-502 

research on, 513-515 

resonance frequency, 511 

S (secondary), 504-505 

seismic, 495, 504-505 

shock, 541 

sinusoidal, 496-497, 496f 

sound (See Sound waves) 
spherical, 502-503 

stadium, 494 

standing, 510-513 

on string, 500 

superposition principle, 508-509 
surface, 503-504 

transverse, 495, 495f 

tsunami, 503-504 

velocity, 496-497 

wave equation, 498-502 
wavelength, 496 


Wave Swinger, 290-291, 290f 
W boson, 1301 
Weak force, 684 
defined, 102 
history of unification of fundamental forces, 
684-685, 685f, 1315-1316 
unification energy scale, 1306 
Weak interaction, 1301 
Weather 
convection and, 582 
Gulf Stream, 600-602 
Weather reports, Doppler effect and, 540 
Webb, James E., 1082 
Weber, 12t, 929 
Weight 
defined, 103 
gravitational force and, 103-104 
vs. mass, 104 
units for, 104 
Weightlifting 
First Law of Thermodynamics and, 586-587 
gravitational potential energy and, 169-170 
work done by, 150-151 
Weinberg, Steven, 1302 
Weizsacker, Carl Friedrich von, 1347 
Weller, Ronny, 150 
Wess, Julius, 1308 
Wheatstone bridge, 845-846 
Wheels, moment of inertia for, 316-317 
Whirlpool Galaxy, 1058f 
Wieman, Carl, 594, 1197-1198 
Wien, Wilhelm, 1173 
Wien displacement law, 1173, 1175 
Wilkinson, Laura, 339f 
Wilkinson Microwave Anisotropy Probe 
(WMAP) satellite, 573 
Wilson, Robert, 573, 1316 
WIMP, 1308 
Wind farms, 141, 141f 
Wind instruments, half-open and open pipes, 
543-544, 544f 


Wire 
magnetic field due to current-carrying wire 
loop, 900-902 
magnetic field from long straight, 894-895 
magnetic field from two parallel, 896 
magnetic field inside long, straight wire, 904 
potential difference induced on wire moving 
in magnetic field, 935-936 
size conventions for, 813-814, 813t 
stretched, 423-424 
Witten, Edward, 1308 
WMAP (Wilkinson Microwave Anisotropy 
Probe) mission, 406 
Woofer, 974 
Work 
conservative force and, 171-173 
constant force and, 145-151 
defined, 145 
done by Carnot engine, 656-657 
done by torque, 332-335 
done in lifting and lowering an object, 
150-151 
by gravitational force, 149-150 
harmonic oscillation, 466-469 
heat and, 584-586 
by ideal gas at constant temperature, 622 
by ideal gas in adiabatic process, 634 
kinetic energy and, 145-146 
lifting with pulleys, 151 
magnetic force and, 868-869 
one-dimensional case, 149 
potential energy and, 173-174 
power and, 157-159 
scalar product, 148 
spring force, 155-157, 181-186 
variable force and, 152-153 
weightlifting, 150-151 
work-kinetic energy theorem, 149 
Work-energy theorem 
nonconservative forces and, 186-189 
potential energy and, 186 
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Work function, 1178-1179 
Work-kinetic energy theorem 
constant torque, 333 
defined, 149 
gravitational force and, 149-150 
Newton's second law and, 149 
World line, 1137 


X 


X-rays 
chest x-ray and radiation exposure, 1345 
Compton scattering, 1181-1185 
defined, 1002 
diffraction of, 1121-1122 
overview of, 1275-1276 
production of, 1275-1276 


Y 


Yotta-, 13t 
Young, John, 383f 
Young, Thomas, 1101 
Young’s double-slit experiment, 1101-1104 
Young’s modulus, 422, 422t 
speed of sound and, 526 
Yo-yo, 330-331 
Yukawa, Hideki, 1297, 1328 


Z 


Z boson, 1302 

Zeroth Law of Thermodynamics, 558 
Zinos, 1308 

Zoom lens, 1069 

Zumino, Bruno, 1308 
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